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Abstract

It has recently been demonstrated that locality of spatial supports in the parametrization
of coefficients in elliptic PDEs can lead to improved convergence rates of sparse polynomial
expansions of the corresponding parameter-dependent solutions. These results by themselves
do not yield practically realizable approximations, since they do not cover the approximation
of the arising expansion coefficients, which are functions of the spatial variable. In this
work, we study the combined spatial and parametric approximability for elliptic PDEs with
affine or lognormal parametrizations of the diffusion coeflicients and corresponding Taylor,
Jacobi, and Hermite expansions, to obtain fully discrete approximations. Our analysis yields
convergence rates of the fully discrete approximation in terms of the total number of degrees
of freedom. The main vehicle consists in /P summability results for the coefficient sequences
measured in higher-order Hilbertian Sobolev norms. We also discuss similar results for non-
Hilbertian Sobolev norms which arise naturally when using adaptive spatial discretizations.

1 Introduction

Parametric PDEs are of interest for modeling many complex phenomena, where the involved pa-
rameters may be of deterministic or stochastic nature. Their numerical treatment was initiated
in the 1990s, see [18, 19, 22, 23] for general references. It has recently drawn much attention
in the case where the number of involved parameters is very large [6, 7], or countably infinite
[12, 13, 9].

In this paper, we consider the elliptic diffusion equation

—div(aVu) = f, (1.1)

set on a given bounded Lipschitz domain D C R™ (say with m = 1,2 or 3), for some fixed
right-hand side f, homogeneous Dirichlet boundary conditions uj9p = 0, and spatially variable
scalar diffusion coefficient a. Using the notation V = H}(D) and V' = H=Y(D), for any f € V',
the weak formulation of (1.1) in V/,

/ aVu-Vo = (f,o)yy, veHND), (1.2)
D

has a unique solution v € V' whenever the diffusion coefficient a satisfies 0 < r < a < R < o0.
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We consider diffusion coefficients having a parametrized form a = a(y), where y = (y;);>1 is
a sequence of real-valued parameters ranging in some set U C RY. The resulting solution map

u — u(y), (1.3)

acts from U to the solution space V. The objective is to achieve numerical approximation of
this complex map by a small number of parameters with some guaranteed error in a given norm.
Two relevant types of parametrizations have been the object of intensive study.

The first one is the so-called affine form

a=aly)=a+ Yy (1.4)

Jj=z1

where a and (1););>1 are given functions in L°°(D), and the parameters y; range in [—1,1]. The
parameter domain is thus

U=[-1,1" (1.5)
and the solution map is well-defined under the so-called uniform ellipticity assumption
Z Y| <a—r, ae onD, (1.6)
j>1

for some 7 > 0. An equivalent condition is that a € L*°(D) is such that essinfa > 0 and

Hw - 0 <1. (1.7)

In this case, the approximation error is often measured in L>(U, V) or L?(U,V, o) where do is
some product probability measure on U.
The second one is the so-called lognormal form

a=exp(b), b=0bly)=> v, (1.8)

j>1

where the y; are i.i.d. standard Gaussian random variables. In this case, we have U = RN and
the error is measured in L?(U,V,~) where

dy(y) == Q) a(y;) dy;, g(t) = \/12—7Tet2/2- (1.9)
j>1

Note that the above countably infinite-dimensional setting comprises its finite-dimensional
counterpart by setting 1; = 0 for j large enough. In both affine and lognormal cases, a powerful
strategy for the approximation of the solution map is based on the truncation of polynomial

expansions of the general form

uly) = > wy u(y). (1.10)

veF
Here F is the set of finitely supported sequences of non-negative integers, and
bu(y) = H v (Y5), v =(v)>1, (1.11)

Jj=1

where (¢p)n>0 is a family of univariate polynomials such that ¢9 = 1 and deg(¢,) = n. The
approximation strategy consists in defining

un(y) = Z Uy ¢V(y)7 (112)

IIEAn



where A,, is a selection of n indices from F. If the ¢, are normalized so that |¢,(y)| < 1 for all
y € U, then the truncation error can be controlled in L*> (U, V) by

lu = tnll ey < Y llullv. (1.13)
vEAp

If the ¢, constitute an orthonormal basis of L?(U) for some given measure, then the truncation
error in L?(U, V) for the same measure is given by
1/2
2
le —wnll 2wy = | D lwld ] (1.14)
vEAy

These estimates justify the use of best n-term trunctations, that is, taking A, to be the index
set corresponding to the n largest ||u,||yv. With such a choice, classical results on best n-term
approximation in sequence spaces [14] show that if 0 < p < g,

1/q

(luwllv)ver € O(F) = | D Il <COn™*, s:=
vé¢An

, (1.15)

= =
Q|

where C' := ||(||Juy||v)ver|ler. In particular, the tails in the right-hand sides of (1.13) and (1.14)
decrease like n™% where s = %— land s = %—% respectively, provided that (||u,||v)ver € P (F),
with p < 1 and p < 2, respectively. A central objective is therefore to establish /7 summability
results for the coefficient sequence in the given expansion, with p as small as possible.

In the affine case, we consider two types of expansions. The first type are the Taylor (or

power) series of the form

v 1 124
Sttty = —07u(y =0), = JJEZE (1.16)
veF j=1

with the convention that 0! = 1. The second type are the orthogonal Jacobi series of the form
S o). ) =10 v [ al)dl)ioty) (117)
veF j>1 v

where (Jj)r>0 is the sequence of Jacobi polynomials on [—1, 1] normalized with respect to the
Jacobi probability measure

/1 Tk () da p(t)dt = 1, (1.18)
—1

where dg 5(t) = ca5(1 —t)*(1 + )% and co 5 = (fjl(l —1)%(1 +t)Pdt)~!. Therefore (J,),er is
an orthonormal basis of L?(U, o), where

do(y) = Q) da,s(y;) dy; (1.19)
i>1

One particular example corresponding to the values @ = =0 and dyo(t) = % is the family of
tensorized Legendre polynomials.
In the lognormal case, we consider Hermite series of the form

S w ). 1) =T, v [ u) B dw). (1.20)

veF j=1



with (Hy)k>0 being the sequence of Hermite polynomials normalized according to

/R|Hk(t)|29(t) dt =1, (1.21)

and dry given by (1.9). In this case U = R and (H,),cr is an orthonormal basis of L?(U, ).

In the affine case, the first /7 summability results have been obtained in [13] for the Taylor
and Legendre coefficient sequences, under the conditions that (1.6) holds and (|1}~ );>1 €
(P(N), for some 0 < p < 1. In the lognormal case, similar results have been first obtained
in [21] for the Hermite coefficients under the conditions that (j||1;|/z=)j>1 € ¢*(N), for some
0 < p < 1. Such results yield algebraic convergence rates n~° that are free from the curse
of dimensionality, in the sense that they hold for countably many variables y;. One of their
intrinsic limitations is that the conditions on the functions 1); are expressed only through their
L norms. In particular, they do not take into account their support properties, and the
possible gain in summability when these supports have limited overlap.

A different approach to summability results that takes into account the support properties
has recently been proposed in [3] for the affine case and [4] for the lognormal case. This approach
gives significant improvements on the provable range of /¥ summability when the 1); have disjoint
supports, or limited overlap, such as splines, finite elements or wavelet bases. The main results
are the following for the affine and lognormal case, respectively.

Theorem 1.1. Let 0 < ¢ < 0o and 0 < p < 2 be such that % = %—i— . Assume that a € L°(D)
is such that essinfa > 0, and that there exists a sequence p = (p;)j>1 of numbers strictly larger
than 1 such that (p}l)jzl € V4(N) and such that

0 — H 2]21 p;il;]
a

<1. (1.22)
LOO

Then (||tu||v)ver and (||vy||v)ver belong to (P(F).

Theorem 1.2. Let 0 < g < o0 and 0 < p < 2 be such that % = % + % Assume that there exists
a sequence p = (p;)j>1 of positive numbers such that (pj_l)jzl € (1(N) and such that

D ool <oo. (1.23)
Then the sequence (||wy||v)ver belongs to (P(F).

While the above results allow us to establish algebraic convergence rates of the properly
truncated series (1.12) in terms of the number n of retained coefficients, they do not yet yield
practically realizable approximations. Indeed, the coefficients w, € {t,,v,,w,} belong to the
infinite dimensional space V' and should themselves be approximated by means of spatial dis-
cretizations. Such discretizations are typically performed by means of finite elements or wavelets,
and the number n, of allocated degrees of freedom may vary with the retained index v.

In the present paper, we address this issue and establish several results that describe the
rate of convergence in terms of the total number of degrees of freedom N =} A, Mw. Our
main vehicle is to investigate the /P summability of the sequence (||luy||),er for the various
coefficients u, € {t,,v,,w,}, where ||-|| is a norm associated to a higher-order smoothness class
in V, for example the Sobolev space H*(D) for some k > 1. These new summability results are
stated in §2, and their implications on the convergence rate of spatial-parametric discretization



methods are discussed in §3 using finite element spaces for the spatial discretization. The proof
of the convergence results is given in §4-5-6 for the Taylor, Jacobi and Hermite coefficients,
respectively. The smoothness classes considered in these results are Hilbertian Sobolev spaces.
In order to analyze the potential benefit of a fully adaptive space-parameter discretization, it is
interesting to consider also non-Hilbertian Sobolev or Besov classes which are known to govern
the rate of nonlinear approximation methods such as adaptive finite elements or wavelets. Some
first results in this direction are given in §7.

Finally, we illustrate in §8 the various results in this paper for a specific affine parametrization
of the diffusion coefficient by a wavelet decomposition. For this specific example, one main
finding is that the convergence rate in terms of N for the space-parameter approximation is
typically higher when using nonlinear approximation both in the spatial and parametric variable.

The approximation results obtained in this paper may be viewed as a benchmark for the
performance of concrete numerical strategies, such as non-adaptive or adaptive space-parameter
Galerkin methods.

2 Summability results

The results established in the further sections §4-5-6-7 of this paper give sufficient conditions
for /P summability of the sequences (||uy || x)ver where u, € {t,,v,,w,} and || - ||x is a norm of
a relevant smoothness class X of V = H}(D).

One first such class that appears in a natural manner is the space

W:={veV : Ave L*D)}. (2.1)
This space is equipped with the norm
[ollw == [Av]| 2. (2.2)

Note that the above is a norm since Av = 0 implies v = 0 when v € V due to the boundary
condition. By elliptic regularity theory, it is also known that W coincides with the Sobolev
space V N H?(D) with equivalent norms, in the case where the domain D is convex or of C'%!
smoothness, see [17, Theorems 3.2.1.3 and 2.4.2.5]. Our first result, established in §4.1, concerns
the Taylor coefficients in the case of the affine parametrization (1.4). Here, and in the rest of
the paper, we use the notation

vl = (3 1Da0?) (23)
=1

for the Euclidean norm of the gradient.

Theorem 2.1. Let 0 < ¢ < 0o and 0 < p < 2 be such that % = %%— . Assume that a € L>(D)

is such that essinfa > 0, and that there exists a sequence p = (p;)j>1 of numbers strictly larger

than 1 such that (pj_l)jzl € ¢1(N) and such that

zj'z{/’j’l/’j‘ 1. (2.4)
a Loo

5

Assume in addition that the right side f in (1.1) belongs to L?>(D) and that @ and all functions
¥; belong to Wh°°(D) and that

Yo pilVelll <o, (2.5)

i>1 Lo



Then the sequence (||t,||w)ver belongs to (P(F). In particular, when D is conver or of C'b!
smoothness, the same holds for (||ty| g2)ver-

Remark 2.2. The first condition (2.4) in the above theorem is the same as (1.22) in Theorem
1.1. However, the additional condition (2.5) puts further constraints on the choice of the
sequence p. For this reason, we expect that the two values py := inf{p > 0 : (||tu||v)ver €
P(F)} and pw = inf{p > 0 : (||[tu]|w)ver € P(F)} may in general differ in the sense that
py < pw. This remark also applies to the next results dealing with higher-order smoothness
and other types of polynomial expansions.

Higher-order smoothness can be treated under more stringent conditions on the smoothness
of the functions f, a, 1; and of the domain D. For any integer k£ > 2 we introduce the space

Wk.={veV : Ave H*3D)}. (2.6)
In particular W2 = W defined above. This space is equipped with the norm
[vllwr == | Av]| gr-2, (2.7)

and coincides with the Sobolev space V N H¥(D) with equivalent norms if the domain D has
C*=1L1 smoothness, see [17, Theorem 2.5.1.1]. The following result, established in §4.2, gener-
alizes Theorem 2.1 to such spaces.

Theorem 2.3. Let 0 < g < 0o and 0 < p < 2 be suchthat%: %—l—%, and let k > 2 be an
integer. Assume that a € L>(D) is such that essinfa > 0, and that there exists a sequence
p = (pj)j>1 of numbers strictly larger than 1 such that (pj_l)jzl € (U(N) and such that (2.4)
holds. Assume in addition that the right side f in (1.1) belongs to H*=2(D), that the domain

D has C*=21 smoothness, that @ and all functions ; belong to Wk=1°(D) and that

sup ij\Do‘zbj] <00 . (2.8)
lor| <k—1 j>1 .00
Then the sequence (||t |y« )ver belongs to P(F). In particular, when D has Ck~11 smoothness,
the same holds for (||t,| gr)ver-

We also present in §4.3 some variants of these results using fractional Sobolev spaces and
weighted Sobolev spaces for polygonal domains. In the case of Jacobi expansions, the following
analogous results are established in §5 under the exact same assumptions.

Theorem 2.4. The sequence (||vy||yx)ver belongs to (P(F), under the same assumptions as
those of Theorem 2.1 when k =2 and of Theorem 2.3 when k > 2.

Finally, in the case of the lognormal parametrization (1.8), we establish in §6 the following
analog to Theorem 2.1.

Theorem 2.5. Let 0 < ¢ < o0 and 0 < p < 2 be such that % = % + % Assume that the right
side f in (1.1) belongs to L*(D) and that @ and all functions 1; belong to W1H>°(D). Assume in

addition that there exists a sequence p = (pj);>1 of positive numbers such that (p]l)jzl € (1(N)
and such that

Yonilslll Do psl Vel < oo (2.9)

i>1 e |31

LOO
Then w € LF(U,W,~) for all k > 0 and the sequence (|w, |lw)ver belongs to P(F). In particu-

lar, when D is convex or of CY' smoothness, the same holds for (||w,| g2)ver-



The proof of this result is given in §6. For higher-order smoothness, an analogous result
seems to be valid, namely: under the assumption that the domain D has C¥~2! smoothness,
that @ and all functions v; belong to W*~1°°(D) and that (2.8) holds, then the sequence
(llwy |lyy7% )ver belongs to ¢P(F). However, the proof of this result seems to require heavy tech-
nical and notational developments, and we therefore do not attempt to include it in this paper.

3 Space-parameter approximation

We recall that polynomial approximations are typically obtained by truncation of the general
series (1.10) according to

Uy, 1= Z Uy G (3.1)

veEA,

When taking for A,, a set corresponding to the n largest ||u, ||y, the rate of convergence of such
approximations is governed by the /P summability of the (||u,|v),cr. However, the approxi-
mation wu, is still picked from an infinite-dimensional space, namely

Vi, =V ®@span{¢, : v € A,}. (3.2)

The summability results for the W* or H¥ norms of the coefficients u, stated in the previous
section allow us to introduce further spatial discretization resulting in approximations picked
from finite-dimensional spaces, and to analyze the rate of convergence in terms of the dimension
of such spaces. As already noted in Remark 2.2, since the conditions in these results become
more stringent as k increases, we generally obtain that

(lww | e Jver € E7F(F), (3.3)

for some sequence
P1<p2 <t < P (3.4)

Generally speaking, we assume that

(luvllv)ver € 7 (F), (3.5)

and that for some given regularity class X C V of interest, we have that

(luvllx)ver € £2X(F), (3.6)

for some py < px.
The spatial discretization is based on a sequence (V},),~0 of subspaces of V' with dimension

dim(V},) = n. (3.7

One instance is obtained by considering Lagrange finite elements on a family of quasi-uniform
regular simplicial partitions (73)n>0 of mesh size h, up to isoparametric transformations in the
case of curved domains. Since D is a bounded domain of R™, the dimension n of V,, is related
to the corresponding mesh size

n~h™™ (3.8)

We assume that such spaces have the following approzimation property: there is a constant
Cx >0andt >0,

mig lv—wvally < COxntv|lx, n>0, veX, (3.9)
Un€Vn



where X C V is the regularity class for which (3.6) holds.

For example, with X = H¥(D), classical error estimates [10] yield the convergence rate
t = % by using Lagrange finite elements of order at least £ — 1 on quasi-uniform partitions.
Note that the spaces W* introduced in the previous section do not always coincide with H*(D).
For example, for k¥ = 2 and dimension m = 2, we know that W is strictly larger than H?(D)
when D is a polygon with re-entrant corner. In this case, it is well known that the optimal
rate t = 1/2 is yet attained with X = W, when using spaces V,, associated to meshes (7 )n>0
with proper refinement near the re-entrant corners where the functions v € W might have
singularities.

The relevant finite element discretization are therefore typically generated by uniform or
non-uniform refinement from a coarse triangulation of D. Note that not all values of n > 0 may
be met in this process. However, up to completing the sequence by V,, := Vj, where 1 is the
largest attained value below n, we reach the same approximation estimate (3.9) with spaces V,
of dimension at most n.

We apply spatial discretization in (3.1) by replacing each u, € V' by some u,,,, € V,,,, where
we allow the number of degrees of freedom n, to depend on v. This variability is critical for
the resulting convergence rate in terms of the total number of degrees of freedom. Thus, with

Il:::(nu)ueAna (3'10)

the resulting approximant

Un = Y Uy, Gu, (3.11)

veEA,

belongs to the space
Vo= P Vi, @ Rey). (3.12)

veA,

This space is characterized by the total number of degrees of freedom for each V,,, :

N =dim(Vo) = Y n. (3.13)
veEA,

We again take for A,, a set corresponding to n largest ||u,||v.
If the coefficients u, belong to the smoothness space X, there exist u, ,, € V,, such that

luy =ty v < Cxny || x (3.14)

We may in particular take for u, ,, the V-orthogonal projection of u, onto V;,,.
We may then write for a given norm V,

(3.15)

= wnlly < flu = wnlly + || 3 (0 =0, )0

IIEAn V

In the case of Taylor series (or more general polynomial series where the ¢, are uniformly
bounded by 1 over U), taking V = L*°(U, V'), we control the first term by

1

lu=unly < Y llwlly <Cn™% 5= — =1, C:=|[(luwlv)verleov, (3.16)
VA bv
and the second term by
| 3w, < ox 3 ngtlulx. (3.17)
IIEAn I/EAn



We now allocate the degrees of freedom, that is, the values of n,, in order to minimize N for
a given total error. Leaving aside the multiplicative constants, this amounts to solving the
constrained minimization problem

min{ Z ny Z n, Huy || x < nfs}. (3.18)
veEA, veA,

Up to introducing multiplicative constants, we treat the n, as real numbers, and using a La-
grange multiplier we obtain

ny = nlluy || x I, (3.19)
for some 1 > 0 independent of v € A,,. Its value is determined by the saturated constraint

= ulx =07t ) Huqu“, (3.20)

veEAy veA,

i (3wl FF) (3.21)

vEA,

and therefore

Combining this with (3.19) and summing over v € A,,, we find

14t

N=ni (X hwlF) (3:22)

veEAn
We now distinguish between two cases.
1. px < t+_1 in which case >, cn [Juslly T is bounded independently of the set A,. Since
the global error is controlled by n~*, we obtain a bound of the form
lu — unlly < CN (3.23)
Note that this is the convergence rate for the spatial discretization of a single v € X as

given by (3.9).

1
2. px > t%: in this case 3 ,cx Jluy[lx™ may not be uniformly bounded and we estimate it
using Holder’s inequality that gives

1
u T <Cnd, §:=1————>0.
>l 5
According to (3.22), we thus have
N < o™ (3.24)

Combining this with the fact that the global error is controlled by n™%, we obtain a bound
of the form .
S
— <CN™" =— 3.25
Hu unHV — Y r s + (1 +t)(5 ( )

Note that
st st

= — < -1
t+s+1—-py t+s+1—py
On the other hand, since the second expression increases with s as long as s > p)_(1 -1,

and since the actual value of s is p(/l —1> p;(l — 1, we find that r > Ii — 1. In summary,
we find that

(3.26)

1 1
— —1<r<—-1. (3.27)
bx bv



In the case of Jacobi or Hermite series (or more general orthonormal polynomial expansions),
taking V = L?(U, V) with the appropriate probability measure, we control the first term by
1/2
_ 1
Ju—unly = D lwlf | <on7 = —
pbv
véAy

1
5 C=luwlvverllev,  (3.28)

and the second term by

1/2 1/2
b, <Z [ uu,nu|ﬁ/> < Cx <Z nﬂH%H?x) - (329)
I/eAn

I/eAn

H > (uy =y, )y
veEA,

Proceeding in a similar way as in the previous case for the optimal allocation of the degrees of

freedom, we now obtain
142t

2 lf2
N=nf (3 ) (3.30)

veA,

This leads to the following two cases which are discussed in the same way as before:

1. px < %—H in which case we obtain the global error bound (3.23).

2. px > %—H in which case we obtain the global error bound (3.25), with rate now given by

- , 3.31
s+i+3—py (351
which satisfies
1 1 1 1
— << ——= (3.32)
px 2 py 2

We summarize the above discussion with the following result.

Theorem 3.1. Assume that the discretization spaces (Vy,)n>0 satisfy the approximation property
(3.9) for a certain smoothness class X C V and that (||uy||x)ver belongs to (P(F) for some
0 < p < 2. Then, for each n there exists a vector n:= (ny,),ecp, Such that

min [|u — uylly < CN~RR (3.33)
Un€Vn

where N =3 .\ n, =dim(Vy). HereV is L>(U, V') in the case of Taylor series, L*(U,V,0)

in the case of Jacobi series and L?(U,V,v) in the case of Hermite series. The rate t corresponds

to the spatial approzimation of a single v € X as given by (3.9). The rate r is given by (3.25)

in the first case and by (3.31) in the second case. The constant C in (3.33) depends on the
quantities ||(||uy||v)ver|lerv and ||(||uy || x)verllerx , as well as on the constant Cx in (3.9).

Remark 3.2. The idea of optimizing the allocation of spatial degrees of freedom for the different
coefficients w,, in the expansion (1.10) has also been developed in [15] using a slightly different
approach. Here, one uses a nested hierarchy (Vor)i>0 of space discretization and PVQk denotes
a V-stable projector on the space Vi, so that the approximation property (3.9) now takes the

form
llv — PVQkUHV < Cx2ikt||v||x, k>0. (3.34)

The approximations of the solution map are of the form

ug =Y On(uy)du(y) (3.35)

(kov)eG

10



where G is a finite subset of Ny x F, and where the 0 (u,) are multiscale components defined
by
op(v) == Py, v — Py, v, k>1, d&(v) = Pyv. (3.36)

In [15], the proposed set G consists of pairs (k,v) that satisfy
2k < a, (3.37)

for some appropriately chosen (a, ), er. This leads to an approximation of the form

uG =Y Pyt du(y), (3.38)

veEA

where A is the set of v such that a,, > 1 and k(v) is the largest k£ such that (3.37) holds. This
approximation is therefore similar to that proposed in (3.11), and optimizing the choice of the
sequence (o, ),er leads to similar convergence rates as given in Theorem 3.1.

4 Summability of Taylor expansions

4.1 H?-regularity

Establishing the 7 summability in Theorem 2.1 will be based on a weighted ¢? estimate ex-
pressed in the following result.

Theorem 4.1. Assume that a € L*>°(D) is such that essinfa > 0, and that there exists a
sequence p = (p;)j>1 of positive numbers such that (2.4) holds. Assume in addition that the
right side f in (1.1) belongs to L*(D) and that @ and all functions 1b; belong to Wh*°(D) and
that (2.5) holds. Then

S ltlw)? < oo, o i=TT07 - (41)

veF j>1

Before giving the proof of this theorem, let us explain why it implies Theorem 2.1. With
0 <g<ooand0< p< 2such that % = % + %, we obtain by Holder’s inequality that

1/p 1/2 1/q
(ZHMI’&V) S(Z(PV||tu||W)2> (Zf"”) : (4.2)

veF veF veF

From the factorization

_ _ 1
DTN | DRI | Pt n
VEF 7=1n>0 =1t TP

we easily conclude that the second factor on the right of (4.2) is finite under the assumption
that the p; are strictly larger than 1 and (pj_l)jzl € (4(N). Therefore (||t,||w)ver belongs to
P(F).

In the next proof we use the observation that for a given instance of the elliptic PDE (1.1),
when f € L? and a € W™ is a strictly positive function, the equation can be written in the
strong form

—aAu—Va-Vu = f, (4.4)
where all terms in this identity belong to L?(D).

Proof of Theorem 4.1: We first observe that it suffices to prove the result in the case
where p; = 1 for all j > 1. Indeed, the condition (2.4) for a general positive sequence p is
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equivalent to the same condition with all p; = 1 when the functions ¢; are replaced by the
functions p;1;. This amounts to considering the solution map

y = a(y) = ulpy), py:=(pjy;)j>1- (4.5)

Therefore, the result established in this particular case gives that Y .7 |[t,[|}, < oo, for the
Taylor coefficients of @ which are given by t,, = p¥t,, which is equivalent to (4.1). We thus next
assume that p; = 1 for all j and establish ¢* summability of the ||,||w, under the condition
that for some 0 < 6 < 1 holds

Z%? <. (4.6)

i>1 oo

We first observe that since 0 < Gpin < @ < Gmax < 00, we have the norm equivalences
_ 2 — 2 — 2
aninlvl < [ al Vol < ol (47)
D
and
minlolfy < [ alof? < oy, (4.8
D

It will be more convenient to work with the above equivalent norms for V' and W. We thus
introduce the quantities

d, ::/ alVt,[> and ¢, :=/ alAt,|?, (4.9)
D D

and prove that ) ¢, < oo. For this purpose, we also introduce the quantities

= Z d, and C,:= Z Cy. (4.10)

lv|=n lv|=n

We first recall the argument from [3] showing that ) . rd, < co. Applying %3” at y =0 to
the variational formulation

/Da(y)Vu(y) Vv ={(f,v)yr vy, veV, (4.11)

yields the recursion identity

/awy-w:— > /z/;]wy e, Vo, veV, (4.12)
D

Jjé€supp(v
with e; = (0,...,0,1,0,...) the Kronecker sequence of index j. Taking v = ¢, as a test function
and applying Young’s inequality gives
4 <3 / Vel +g 3 [ Wil (113)
j esupp(v Jj€supp(v)

From (4.6), the first term on the right does not exceed §dl,. Summing over |v| = n, we thus

obtain
f )
<305 X [ wlivte,
| |=n j€supp(v)
9
=5Dt5 ¥ [ (Swl)iver
2 o PN
0 0
< ZDp+ ~Dyp_1,
S5 +2 1
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where we have again used (4.6). This shows that

D, <kDjp_1<---<kg"Dy, K=—=<1, (4.14)

2
with Dy = dy = [, a|Vu(0)[* < % < 00, and in particular that >, zdy =3, 50 Dn < 0.

We next turn to estimating the quantities C,,. For this we observe that for any y € U the
function a(y) belongs to W1*°(D). This allows to use the strong form (4.4)

—a(y)Au(y) — Va(y) - Vu(y) = f, (4.15)

where equality holds in L?(D). Applying 50" at y = 0, for any v # 0, gives

—alAt, =Va Vi, + > (WjAt,_e, + V- Vi), (4.16)

Jj€supp(v)

which shows by recursion that At, € L?(D) for all v € F. Integrating against At,, and applying
Young’s inequality we find that, for any € > 0,

% )> /mnm Pre Y /wnm 2 [ (valian

JESUPP JESUPP
DY /wmtu S Y /\wm eJP+—/ Val[Vt, 2.
JESUPp je€supp(v

The first three terms on the right are bounded by (g + eB)c,, where

B = H\Vay > \V%]HLOO < . (4.17)

Summing over |v| = n, and exchanging the summations in j and v in the last three terms, we

thus obtain 9 9 N

(Dn "’anl)- (4'18)

4samin

We next choose € > 0 small enough so that g +eB < %, so that

0 B
W <7Cn1+ADp + D), 7= <1, A= — . A1
Cn < 7O+ ADn 4 Do) 7i= 55 < 2etmn(2 — 0 — 2B) (4.19)

Since we have already seen that D,, < Dyr™, we find that
Cp <7Cp_1+ ADp(1 + mil)m". (4.20)

We now choose a ¢ such that
k<T <0<, (4.21)

and observe that C,,_1 < C§"~! implies that C,, < (76 1C + ADy(1 + k~1))d". We thus find
by induction that
ADQ(l + Ii_l)
it U SR ¥ <0}
1—76"1 } ’
and in particular that > crc, =), Cn < 00. O

Cp < max {C’o, (4.22)
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4.2 Higher-order regularity

Similar to W or H? regularity, the proof of Z summability in Theorem 2.3 can be derived by
the same argument from weighted ¢? estimate expressed in the following result, analogous to
Theorem 4.1.

Theorem 4.2. Assume that a € L*>°(D) is such that essinfa > 0, and that there exists a
sequence p = (p;)j>1 of positive numbers such that (2.4) holds. Assume in addition that the
right side f in (1.1) belongs to H*=2(D) for integer k > 2, that the domain D has CF=2!
smoothness, that a and all functions 1); belong to Wk=1%(D), and that (2.8) holds. Then

S ltllws)? < oo, o= 07 (4.23)

veF j=1

In proving this result, we use the following fact on elliptic regularity for a single instance
of the elliptic PDE (1.1). Here, we use D to denote the partial derivative of order « in the
space variable z, in order to avoid confusion with the partial derivative 0" with respect to the
parametric variable y.

Lemma 4.3. Let k > 2 be an integer and assume that a € W*=1°(D) is a strictly positive
function, f € H*2(D) and that the domain D has C*~2' smoothness. Then it holds that
u € H*Y(D) and that for all |a| < k — 2, the equation

—aADu Y (g) VD% VDO~ 3 (g) DPaAD* Py = DO, (4.24)
f<a B<a,B#0

holds in L*(D), where (g) denotes the usual binomial coefficient of multi-indices.

Proof: We proceed by induction on k. The case k = 2 is just the strong form (4.4). For
k > 2, assuming the result at order k — 1, we find that D®Au € L? for all |a| < k — 3, or
equivalently Au € H*=3(D). Since D has C*~2! smoothness, and f € H*2(D) ¢ H*3(D),
classical elliptic regularity theory [17, Theorem 2.5.1.1] implies that « € H*~1(D). Then, since
a € WF=1%°(D) we may use the Leibniz rule when applying D® to (4.4) for |a| < k —2 and we
obtain (4.24) where each term belongs to L?(D). 0

Proof of Theorem 4.2: We proceed by induction on k, reducing again to the case where
p; = 1 for all j, as in the proof of Theorem 4.1 which gives the case k = 2. Since the arguments
in the induction step are in essence similar to those used in the proof of this previous theorem,
up to more involved notations, we mainly sketch them.

For a given order « of spatial differentiation, we introduce

v

= / alADt,|?, (4.25)
D
and prove that ) ¢ < oo for all |a] = k — 2. For this purpose, we introduce the quantities

Cr= Y (4.26)

lv|=n
and prove by induction on k that

Cg < M|a‘l<a|na‘, n > O, (4.27)

14



for some constant My, and 0 < ki < 1 that can be assumed to be non-decreasing with k. For
k = 2, this was established in the proof of Theorem 4.1. Note that the induction assumption for
all |a| < k — 3, combined with the fact that D has C*~2! smoothness, also means, by elliptic
regularity, that

Do ltlrpy =D D 1D tliep) < Mi-akiiy, (4.28)
lv|=n

[vl=n[B|<k—1

up to a multiplicative change in the constants Mj_.
Using the strong form (4.24) for a = a(y) and u = u(y), and applylng 10 at y = 0, for any
v # 0, gives

—aADt, = Y (;) DSaAD Pt + <g> VDPa . VD> Pt

B<aB#0 f<a
+> < > S (DPAD P, + VDY - VD, ).
Bla j€Esupp(v)

Integrating against AD®t,, and applying Young’s inequality we find that, for any £ > 0,

o «@ N o 1 « _ a—
o<e > <B>/D\DﬁauAD ty\2+4—€ > <ﬁ>/D]D5aHAD At, |2

c
B<a,f#0 B<a,B#0
« 1 «
+e VDPa||AD, | + — ( >/ VD’a||VD* P, |?
B;(ﬁ)/l)r japuf+ 3 (5) [ we |
3 X [wlarpeg ¥ / lIAD ., P
JESupp (v) JEsupp(v
« (0% «a a—
e ¥ (5) T fpensonreg 3 (5) 2 [inean el
p<a,B#0 jéesupp(v ﬁ<a,ﬁ7ﬁ0 Jjé€supp(v
Bl ay |2 . o B . a—pf 2
+€Z< > | > / IV D4 || AD, | +4€Z <5> | > /D\VD ¥j| VD P, |
B<a j€supp(v) B<a Jj€supp(v)
After summation over |v| = n, the left side is CY and the contribution of the odd numbered
terms is bounded according to
9 (63
Z(T1+T3+T5+T7+T9)§ 5 +Be) O (4.29)
lv|=n
where
— @ B B X\ (D8 B
B=|> <ﬁ>(yvu al+ 3 IVDPyh+ Y- <ﬁ>(m al + 2 D7), < oo (430)
B<o Jj=1 B<a,f7#0 Jj=1
The contribution of Ty is bounded by
Y Ty < C“‘ (4.31)

[v[=n
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The contributions of the remaining terms can be bounded by

S G+Ti+Ts+T) <4 Y (Y ID%E+ Y 1D%4I5:), (4.32)

[v|=n |BI<k—1 |v|=n [v|=n—1

where A is a finite constant that depends on €, @, vj, k and m. From the induction assumption
(4.28) we thus have

Z (T2 + Ty + Tg + TlO) < AMkfl(ﬁzfl + HZ:%) (433)

lv|=n
We take € > 0 small enough so that g + Be < 1 and therefore obtain that

2AM,;,_,

_ 0
7—g—2p: TR K

Cn < KRGy + =g -2B: ©

1. (4.34)

By a similar argument as in the proof of Theorem 4.1, this yields the existence of constants M
and kp_1 < ki < 1 such that
Cy < Mgk}, n>0, (4.35)

which is the claimed estimate at order k. O

4.3 Fractional and weighted regularity

The summability results expressed by Theorem 2.3 are derived for Sobolev spaces of integer
order. In view of the induction argument on k used in the proof, we cannot treat fractional
Sobolev spaces in a similar way. However, such spaces are well known to be obtainable by
interpolation of Sobolev spaces of integer order. For example, when using the real interpolation
method, for 0 < 6 < 1 we have

HFE=D(D) = [HY(D), H*(D)]p.2, (4.36)
as well as
VA HTED(D) = [V, V N HY(D)]s. (4.37)

More generally, for any 0 < § < 1 and 0 < r < oo, we may consider the real interpolation space
[V, Wk]g’r, or the complex interpolation space [V, W*]y. We refer to [8] for a general introduction
to interpolation spaces. If Z is any of these spaces, we have the interpolation inequality

1-60 [4
HtVHZ < CHtqu HtVHWk- (4-38)
The following result generalizes Theorem 2.3 to these smoothness spaces.

Corollary 4.4. Assume that a € L>®(D) is such that essinfa > 0, and that there exists a
sequence p = (p;)j>1 of positive numbers such that (2.4) holds. Assume in addition that the
right side f in (1.1) belongs to H*=2(D), that the domain D has C*=21 smoothness, and that
a and all functions v; belong to Wk=1°(D). Assume that (2.8) holds with the sequence p
replaced by a different sequence p = (p;)j>1 of positive numbers such that p; < p;. Then for
any 0 < 0 <1 and 0 < r < oo we have

S (@ ltllz)? < o0, 57 =] 57, (4.39)

veEF Jjz1

where Z = [V, Wk]g,r or Z = [V,W¥)y, and pj = pjl._gﬁg.
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Proof. By our assumptions, we have
D0 ltllv)® < oo and Y (0 [ltullwe)? < oo (4.40)
veF veF

Using the interpolation inequality (4.38), we obtain

Y@ lltllz)? < ) (0" tullv PO (2" Ity )*? < oo, (4.41)
veF veF
by Hoélder’s inequality. O

As already noted, the spaces W coincide with the Sobolev space V N H* only when the
domain D has C*~1l-smooth boundary. In addition, Theorem 4.2 requires that D has at least
C*=21.smooth boundary. One way to circumvent this limitation is to search for analogous
results when the spaces W* are replaced by suitable weighted Sobolev spaces. Such spaces are
particularly relevant to the case where D is a polygon or polyhedron, possibly with re-entreant
corners. We discuss the adaptation of Theorems 4.1 and 4.2 to this situation.

To simplify the exposition, we confine the discussion to space dimension m = 2 and shall
assume in the following that D C R? is a bounded polygon with J vertices. For j = 1,...,J,
we denote by c; these vertices and define for any x € D the truncated distances

ri(xz) =1 Adist(z, c;). (4.42)

For g € R, we define
Op(x) == [ i)’ (4.43)
i>1

For any integer £ > 0 and 6 € R, we define the Kondrat’ev spaces
K§(D) :={u : ®y_p05u € L*(D) : |a| < k}. (4.44)

For k = 0, we also write L3(D) = KJ(D). These weighted spaces are relevant to us for two
reasons. First, the Dirichlet problem for the Poisson equation in a polygon D admits a shift
theorem in these weighted spaces: for all & > 2, there exists n > 0 depending on D and a
constant C' depending on D and k, such that, for |8] < 7,

lull s, < CllAu| o2 (4.45)

Second, the approximation property (3.9) remains valid for the space X = Kg 1 (D) with the
same rate t = 21 as for X = H¥(D), if we use Lagrange finite element spaces (V},)n>0 of
degree at least k — 1 and with appropriate mesh refinement near the corners of D (see [5, 16],
[1, Eqn. (0.3)] and the references there). In the case k = 2, it is known that W C K7, (D)
for || small enough. Specifically, for the homogeneous Dirichlet boundary conditions presently
considered, when D is a polygon with straight sides, || < 7/wmar Where Wy, €]0,27] denotes
the maximal interior opening angle at the corners of D. Therefore, the same assumptions as

those in Theorem 2.1 imply the result
> (Pltullkz, )? < oo (4.46)
veEF

in the case where D is a polygon. One can adapt the proof of Theorem 2.1 in order to show
that (4.46) holds under the assumption

> i@y Vsl < oo, (4.47)

i>1 Lo
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where v = max{1 — 6,0}. For |§] < 1 (e.g., for polygonal domains D with reentrant corners),
this assumption is slightly weaker than (2.5) due to the presence of weight functions ®. which
vanish at the corners of the domain, thereby allowing the 1; to be singular at these points.
For k£ > 2, we conjecture that, under similar assumptions, Theorem 4.2 extends to a polygonal
domain with W* replaced by K} (D) for [0] small enough.

5 Jacobi expansions

We now prove Theorem 2.4, transferring the results for Taylor expansions in the previous sec-
tions to Jacobi series. The corresponding univariate Jacobi polynomials (Jj)x>0 are orthonormal
with respect to the probability measure d, 5(t) dt on [—1,1] with «, 8 > —1, where

B I(a+B+2)
da,p(t) = 20+ (o + 1)I(B + 1)

(1—8)*(1+1)°. (5.1)
For the corresponding orthonormal polynomials, one has the Rodrigues’ formula

Coz,ﬁ k
Jelt) = ()1 (- 0Fa -0 1)), 52)

where 08"6 =1 and

, kel (5.3)

o _ Ck+a+B+1)ET(kE+a+B+D)T(a+1)I(B+1)
ko N'k+a+1)T(k+8+1)I'(a+F+2)

Notable special cases are Legendre polynomials for the uniform measure, where « = g = 0, and

Chebyshev polynomials, where o = 3 = —%. On U, we consider the product measure
do(y) = ) da,s(y;) dy;, (5.4)
j>1

and recall that the tensor product polynomials J, (y) = Hj>1 Jy(y;), v € F, are an orthonormal

J
basis of L?(U, o). Our aim is now to quantify the summability of W* norms of Jacobi coefficients

oy = /U u(y) o (y) do(y), veF, (5.5)

as stated in Theorem 2.4. This assertion on ¢ summability will again be derived from a result
on weighted ¢? summability.
Theorem 5.1. Under the assumptions of Theorem 2.1 when k = 2 and of Theorem 2.3 when
k> 2,
_ 2
> (@ o lonllwe)” <00, @y i= ] " (5.6)
vEF j>1

Proof. Closely following the proof of [3, Thm. 3.1], for y,z € U, we set T,z := (yj + (1 -
\yj\)pjzj)]Zl and wy(z) = u(Tyz). For each y € U, let ay := a(y) = a + > ;> y;¢; and
Yy = (1 —|y;])pjvj. Then wy solves the modified affine-parametric problem

/D(dy + Z zji/)y,j>wa(z) -Vuodr = /D fode, veV, (5.7)

Jj=1
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with Taylor coefficients

tow = 0wy, (0) = - (TTO g )) 0 ut). (58)

T >l

We have the following y-uniform bounds: on the one hand,

-1
lay ey < | (a= D lesl) || L <o (5.9)
, (D)
j=21
as well as
| D%ay|| oo (py < H|Daa| + Zma%'HLw oy <00 lal <k (5.10)
= (D)
on the other hand,
H Zj21|¢y,j| - 2]21 pilvjl — ijl pilysllv;]
ay . N a— 221‘%”%“ o
L**(D) L**(D) (5.11)
< 2]21 pil;l <1
L= (D)
and
|20l .y < [ pitD 0,y < 000 Tad <k 1. (5.12)
j=1 j>1
By Theorem 4.1 for k = 2 and Theorem 4.2 for k > 2, we thus obtain
1 v 2 2
S| w O = 3 Ml < € < ox, (513)
veF veF
with C' > 0 independent of y. Moreover, by (5.2) and integration by parts,
1., (1—y7)"
w= [ u) L) doty) =a, [ S0rul) [[ 52— do () (5.14)
U v v i1 ’
and consequently
— v v 1 v 2 y(1+|y|)2yj
S a2 ol < [ X o), 10 - ) 5= daty
veF Uver : j>1 (5.15)
1., 2 '
< [ S |Zerwo,, ot <
veF
with C as in (5.13). O

Proof of Theorem 2.4. From Theorem 5.1, we obtain the ¢? summability of (||v,||y+)ver
using a Holder estimate analogous to (4.2) which was used in the proof of Theorems 2.1 and
2.3, but this time using

(H aypjyj> . € (9(F). (5.16)

J=1
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To see that this holds true under the given assumptions, note first that for some ¢,t > 0
depending on «, 3, we have cz’ﬁ <1+ ck! for k € Ny, and

prq”H 1—|—cy H(ij (14 ck') ><H1+C’0J ) (5.17)

vEF j>1 i>1 k=0 j>1

where in the last step we have used that pyi, := min;>1 p; > 1, with C' > 0 depending on ¢, t,
¢, and pmin. The infinite product on the right converges precisely when (pj_l) j>1 € Y4(N), and
we thus have (5.16). O

Remark 5.2. The above arguments also apply to tensor product Jacobi measures with variable
parameter sequences (o);>1, (8;);>1 with a;, 8; > —1, that is,

do(y) = X) da, 5, (y;) dy;. (5.18)
j>1

provided that there exists a fixed polynomial ) such that czj B < Q(k), k € Ny. Since @ can
be chosen to satisfy Q(0) = 1 without loss (up to increasing the degree by one), the estimate
(5.17) remains valid also in this case.

Remark 5.3. The summability results established in §4.3 for the fractional and weighted
Sobolev norms of Taylor coefficients also easily extend to the Jacobi coefficients by similar
arguments. In particular, under the assumptions of Theorem 4.4, we also obtain

Y (@ llowll2)” < oo (5.19)
veF

with p; as defined there.

6 Hermite expansions

We now turn to lognormal diffusion coefficients of the form a = exp(b) and the proof of Theorem
2.5. This proof is more involved that those of the previous results, but follows in part a similar
route as the proof of Theorem 1.2 from [4]. For this reason, we only sketch below the arguments
when they are the same, and we detail the part that differs significantly.

By similar arguments as in [4, §2], one shows that under the assumptions of Theorem 2.5,
one has for almost every y € U = RN in the sense of the Gaussian product measure 7,

16(y)||ree < oo and ||Vb(y)||Le < oo, (6.1)

where we have used the notation ||[V|/pe~ = |||V¥|||L~, from which one concludes u(y) € W
for such y. In addition, one has the moment bounds

E(exp(k[Ibllz)), E(exp(k[Vbllz<)), E(lully,), E(lully) < oo (6.2)

for all 0 < k < oco. Moreover, following the lines of [4, Theorem 3.3], we also obtain

Solwli= L [ 10wl i) (63)

veF lull oo <r

b= > (;)W. (6.4)

[l oo <r

where
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Here, we recall from [4] the notation
<V> = H <Vj>, w,veF (6.5)
1% P51 \H

with the convention

(”) =0, ifm>n. (6.6)

m

The central estimate for the proof of Theorem 2.5 is the following.

Theorem 6.1. Let r > 1 be an integer, and let (p;j);>1 be a positive sequence such that

pr < b 9-—1+<1—i>2 (6.7)
Lo(D)
and
> 0Vl <00, (6.8)
j=>1 L>(D)
Then
/WWu 3 dr(y) < (6.9)
|Iu||zoo<r

Proof. We first establish a bound pointwise a.e. in y. Let thus y € U with ||b(y)||z~ < oo and
IVb(y)||L= < oo be fixed. Since a(y) € WH°(D) and u(y) € W, we have

a(y)Au(y) = —f = Va(y) - Vu(y) (6.10)
in L?(D). Similarly to [4, Lemma 3.1], using the notation
Sy={veF:v<pandv#pu}, perF, (6.11)
for u # 0 we obtain
L _ K u—v v o 2 u—v . v
cavuly) == 3 ()oraw sou) - 3 (4)90"vat)- Vo). 012)
veSy 0<v<u
We now establish bounds for
1w
o=y /D )|V u(y) P dz, =Y L o / )| A u(y)[? du, (6.13)
BEAL

where

A= {u € F: lul = e <7}, (6.14)
Under the given assumptions, [4, Theorem 4.1] yields

op < %0y with § := /rK/Inf < 1, (6.15)

and it remains to bound 6. Note first that 0* "a(y) = a(y)yY* " and

V(a()e" ™) = aly)" Vby) +aly) Y (= vtV (6.16)

Jj€supp(p—v)
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Here and further we use the notation

=[v¢7 and |9 =] vl (6.17)

j=21 j=21

Thus multiplication of (6.12) by p?* Ad*u(y)/u!, integration over D, and summation over y € Ay,
yield

0 < 51+ 859+ S3+ Sy, (6.18)
where
_ “le rr v "
Spi= > Z I (1) A0 u(y)||Ad"u(y)] dz, (6.19)
HEA, vES,
Sy = Z / V)| Vb(y)| |V u(y) || Ad*u(y)| dx, (6.20)
MGAk
(ol v
s0= 3 % [ P o wh)l 90 )80 o) (6:21)
neEA, veES,

2 —v—e;
-Y Y Y [ s v st . (622

— VUV
€A, vES, jesupp(u—v) (1

| gV [y |H—V
e(pu,v) = \/g% (6.23)

we can proceed exactly as in the proof of [4, Theorem 4.1] to show

Introducing the functions

v k=1 k—t N\ 3
)" 1A u(y)| p"| A" u(y)) (VrK)"" \2 4
Si=> Z/ e(p, v de < (Y S ——by) 67, (6.24)
) o | k
HEA, VES, \/ﬁ \/’17 =0 (k 6)
For S5, by the Cauchy-Schwarz inequality we immediately obtain
S2 < [IVb(y)llzoe v ok (6.25)
Proceeding again as in [4, Theorem 4.1] also gives
p|VO"u(y)| p|A0" uly)|
Sy = / Vb(y dx
HEAL VES,
k—1 (VK ) 1 (6.26)
rK)*— 2 1
< IV (3 W‘”> o,
=0
By (6.15),
k—1
K k—{
7(\/F ) oy < 5k00, (6'27)
(k—0)!
(=0
and consequently
k 1
Sy + 53 < 2”Vb(y)”Loo55(O'oé'k)§. (6.28)
In order to bound S4, we introduce
. pu v— ej‘wl,u v—e;
8(/’[/7 V) = Z ' . e‘ ' Pj’v¢]‘7 (629)
! i)

jesupp(p—v)
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and thus obtain

P IV u(y)| pt| A0 u(y)|
Sy = / S épy dz. (6.30)
fh S V! V!

By Cauchy-Schwarz on the summations over p and v, the expression on the right is bounded
from above by

1 1
J VO uly IRE P A u(y)]® ~ . :
JRO P SETRIATALIUI NS SIRTEUEIS SR N
HeEA, vES, HEAL veSy,
On the one hand, using that pu!/v! < rlt="l we estimate

p—rv—e; W}‘M*V*Gj

k
YRR DD DD D ]
=1 77

veSy veSy jesupp(u—v)
|u—vi=t (6.32)

<Z 2N v S p |1‘ﬁ| <KZ z/2 <\/—K6fK

j>1 |T|=0—-1

On the other hand, with R, j := {u € Ay: v € S,,}, we have
P’V u(y)|? P’V u .
D PRI o SWITACLITIY SR R TE
HEAL VESH (=0 veh, NERu,k
where, for each v € Ay,

DRI DI S\

P

HER, HER, Jj€supp(u—v) (n—v ej)' (6.34)
Kk—ﬁ—l :
<6025 gy Y P |7/)| < k-0 KT
j>1 7|=k—t—1 : (k—t-1)

Combining (6.31) with (6.32) and (6.34) and using Cauchy-Schwarz for the integral over D
yields

k-1 k—0—1 N5 1 1
where we have used that by (6.15)7
k—1 —1
(\/7_"K)k_£_1 1 ln H)k ! k—1

In summary, from (6.24), (6.28), and (6.36) we obtain the recursive estimate

k—1 1

X (VrEK)E=*t \2 1 1,1

O'kﬁ(i WO’[ O']g—i-COQ(SQO'kQ:, (637)
=0

or
<2\|Vb = +1/5 leK (6.38)
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We now prove by induction that

&k < 2@05k, Co = max{&o, CO} (6.39)

This evidently holds true for £ = 0. Assuming that 5, < 2@'06£ for 0 < ¢ < k, either 6, =0, in
which case there is nothing to prove, or

. F=1 n g)k—0\ 2 S
52 < (ﬂ(Z%) +1> 202, (6.40)

Since

> L [ awlsotump ds

2
scmw{éammmwﬁmxrwwmwm@Léawwmwﬁm} (6.42)
where C > 0 depends on r, K, K, §, but not on y. The estimate (6.9) now follows with

10" u(y)lfy < eXP(Hb(y)HLoo(m)/Da(y)!AWU(y)\de (6.43)

and the boundedness of moments (6.2), similarly to [4, Theorem 4.2]. O

Note that under the assumptions of Theorem 2.5, any (p;);>1 such that (2.9) holds can
be rescaled, without affecting the ¢? summability of (,0;1)]'21, such that the condition (6.7) in
Theorem 6.1 holds. Using Theorem 6.1 and (6.3), we can thus conclude the proof of Theorem
2.5, by means of a Holder inequality, exactly as in [4, Section 5], choosing r depending on p.

7 Towards space-parameter adaptivity

The space-parameter approximation results presented in §3 are based on analyzing the error
resulting from space discretization of each coefficient u,, in (1.10). The error analysis is based
on the available /P summability for both sequences (||u, ||y ) er and (||u,||x ) er where X is a
regularity class that satisfies the spatial approrimation property

Umi‘r/l v —wvally < Oxn7tv|lx, n>0, veX, (7.1)
for a family of n-dimensional subspaces (V},)n>0. We have focused our attention on the Hilber-
tian Sobolev spaces H® for which (7.1) holds with ¢ = 3’7;—1 when using finite element spaces V,
of sufficiently high order on either uniformly refined meshes, or locally refined meshes in the
case of polygonal domains.

We next would like to consider adaptive space discretizations, such as adaptive finite ele-
ments or wavelet methods. In this setting, the space V,, is no longer a linear space. For instance,
in an adaptive wavelet method, it is described as the set of all possible n-term combinations in
the given wavelet basis (1) )aes, that is,

Vi = { Dot (e €RY, #(B) < n} (7.2)

AEE
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Therefore, when using such spaces, the resulting approximant u, given in (3.11), may be rewrit-
ten in the space-parameter basis (¢ ® (by)(A’,,)eSX; according to

Un = Z Z (SW 1/})\ X ¢V7 (73)

veEN, N\EE,

where #(FE,) = n,. When imposing the number of degrees of freedom N = > \ n,, this
means that u, can be picked as any N-term approximation

Un = Z Ch\v Py @ ¢y, (74)
(Avy)EGN
where #(Gyn) = N. The error of best N-term approximation is a natural benchmark for

space-parameter adaptive methods, as developed in [2, 20].

One advantage of nonlinear families (V},),>1 such as given by (7.2) is that the smoothness
conditions that govern a given approximation rate n~! are substantially weaker than with their
linear counterparts. Typical results, see e.g. [11, 14], are the following: if D C R™ is a bounded
Lipschitz domain, for s > 1 and t = % the approximation property (7.1) holds for the Sobolev
spaces

1 1 -1
X = W (D), ;<mmﬁ5+8m}, (7.5)
and more general Besov spaces
1 1 s-1
X =B (D - < = . 7.6
(D), — <Gt (7.6)

The limit case % = % + %1 also holds if ¢ < 7. These results hold provided that the degree of

the chosen finite elements, or degree of polynomial reproduction of the chosen wavelet systems,
is larger than s — 1.

Since these spaces are larger than H® when 7 < 2, we may hope that the summability index
px of (Jluy|lx)ver is smaller when using such non-Hilbertian spaces for X, thereby leading to
improved rates of space-parameter approximation when using best N-term approximations of
the form (7.4).

In the following, we discuss this improved summability in a simple case. We give a result
for the Taylor and Jacobi coefficients in the case of affine parameter dependence (1.4). For
1 <7 <2, we introduce the Banach space

B":={veV : Aue L (D)}, (7.7)
endowed with the norm and semi-norm
[vllBr = [[vllv + [vlBr,  [v]Br = [|Av]L-. (7.8)
Note that if D is convex and 1 < 7 < 2, we have by elliptic regularity that B™ = W?27(D).

Theorem 7.1. Let 1 < 7 < 2. Assume that a € L>(D) is such that essinfa > 0, and that
there exists a sequence p = (p;j)j>1 of positive numbers and a sequence p = (pj)j>1 of numbers
strictly larger than 1, such that

sz'21 pipjlb;l
a

=0<1, (7.9)
LOO
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and that (,5;1)]'21 € (1(N) where § + % = L. Assume in addition that the right side f in (1.1)
belongs to H=1(D) N L7(D), and that @ and all functions v; belong to WH>°(D) where

Z ;| Vij]

7j>1

S (W ltuller)” < oo, p =] 07 (7.11)

veF Jjz1

< 0. (7.10)

00

Then

Proof. We take p; = 1, up to rescaling. We notice that when a € Whe(D), we can write the
equation in the strong form —aAu = Va - Vu + f, where all terms in the equality belong to
H~YD) and to L™(D). Hence

—a(y)Au(y) = Va(y) - Vu(y) + f, (7.12)

for all y € U, and we can differentiate at y = 0, which leads to the identities
—aAt, =Va Vi, + > ViV o+ Y Al (7.13)
j€supp(v) j€supp(v)
where all terms in the equality belong to H~!(D) and to L(D). So pointwise
IAL| < C(;Vty\ + Y nj\VtV_ejD 100> wilAt ., (7.14)
Jj€supp(v) j€Esupp(v)

R A\ e il - - ;
where k; := S IV and wj := S or Tl 5O that > .~ k; = > ;53 wj =1, and where C > 1 is

a fixed constant. We elevate to the power 7 and use the observation that for any € > 0, there
exists a constant C' = C(e,7) > 1 such that for any a,b > 0,

(a+b)" <Ca” +(1+e)b". (7.15)

Taking e small enough, so that § := (1 + )™ < 1, and using the convexity of z +— |2|7, we
obtain
AL [T < c(mVr + Y nj\wy_ejr) +6 S wlatl, (7.16)
jesupp(v) jesupp(v)

for some fixed C' > 1. Integrating and summing over |v| = n thus gives
Z Jat Iz, < c( Z IVGIIE-+ D0 VGBI ) +8 > AL (7.17)
lv|=n—1 [v|=n—1

Since we have

H Zj21_ﬁj|7/)j|

=0 <1, (7.18)
LOO

with (ﬁ;l)jzl € (9(N) where %4—% = L1 application of Theorem 1.1 gives us that (||t,|v)yer €

(7(F). Since we assumed 7 < 2, this implies that (||[Vt,|r7)ver € £7(F). Since § < 1, we
conclude by summing (7.17) over n that

Do lIAL 7 < oo,

veF

which implies the ¢7 summability of (||t,||p7),cr. O
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Remark 7.2. By proceeding in a similar way as in the proof of Theorem 5.1, we may extend
the above result to Jacobi coefficients under the same assumptions: one has

> (ay " o) < o0 (7.19)
vEF

with a, as in Theorem 5.1.

If p; > 1 and (p;);>1 € ¢4(N), by Holder’s inequality we obtain

L _T_
>l < (@ ler)) T ()T S =t (7.20)

veF veF veF

This needs to be compared to (4.2), which based on the same condition (7.10) constraining g
only gives % = % + % Concerning the spatial approximation rate ¢, we observe the following:

for space dimension m = 1, we directly obtain the rate t = % = 1 for nonlinear approximation
in V of elements of B™ = W?27(D) with 7 > 1; for m = 2, we still have B™ = W?27(D) for

7 > 1 using the above elliptic regularity result, which then again gives ¢t = % = %; whereas
for m = 3, we obtain t = % = % under the stronger condition 7 > g. In summary, nonlinear

approximation in space gives us the same spatial approximation rate with better summability
of the corresponding higher-order norms.

We next use interpolation, similarly to Theorem 4.4, to extend the above results to cases
where (7.10) is not satisfied for any p; > 1.

Corollary 7.3. Let 1 < 7 < 2. Assume that a € L*(D) is such that essinfa > 0, that f
n (1.1) belongs to H~Y(D) N L7(D) and that @ and all functions v; belong to WH(D). In
addition, assume that there exist sequences (pj);>1, (pj)j>1 of positive numbers such that

sz‘21ﬁj|¢j| ZP‘\Vw’
J J

! < o0, (7.21)
“ i>1

oo

<1,
Loo

where p;/p; > 1 and (p;/p;)j>1 € L(N) with —i—% = 1. Then with p; = ,6}79,0? and p¥ =

Hj21ﬁ;j,f0rall0<0<1 and 0 <r < oo,

Z(ﬁ”“t,,Hz)C < oo and Z(a;lﬁ”HvyHZ)C < 00, 11y <1 — 1)9, (7.22)
veF veF C 2 T 2

where Z = [V, B7)g, or Z = [V, By, and where a,, is defined in Theorem 5.1.

Proof. From the interpolation inequality (4.38), there exists C' > 0 such that
1-60 0
]z < Clitully Mt

for all v € F. By Holder’s inequality,

(Z(ﬁ”HtquDC)é < C(Z(ﬁ”thHv)(lG)C(pyHtVHBT)GC)é

veF veF
1-6 6
<c(X (0 IIv)®) * (e lblie)T) "
veF veF

and the right-hand side is finite by Theorems 1.1 and 7.1. The analogous statement for the
Jacobi coefficients follows with Remark 7.2. U
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We now verify that the interpolation spaces considered above indeed have the expected
approximation properties.

Proposition 7.4. Let 0 < 0 <1 and 0 < r < co. Consider a nonlinear family (V;,)n>1 which

satisfies the approximation property (7.1) for X = B™ and t = L for some 7 > 1. Then, for

m
any 0 < 0 <1 and 0 <1 < 00, the approximation property

min [jv = va[lv < Cz n=m ||z, n>0, (7.23)

Un€Vn
holds for Z = [V, By, or Z = [V, B7]s.
Proof. Since for any admissible pair (V, X) of Banach spaces, one has
[V, X)o © [V, X]o € [V, Xl (7.24)

it is sufficient to consider Z = [V, B7|g oo. Now for any v € V and w € X, we may write

min o~ vally < o - wly + min |- vallv < o —wly +Cxn Y wlx.  (7.25)
vn€Vn v €V
Therefore
min [[v — v,|ly < min{|jv — w||y + Cxn ™™ |wl|x}. (7.26)
vn €V weX

The right-hand side is the K-functional K (v, C' nTVm VX ), which by definition of interpola-
tion spaces satisfies
K(v,Cxn V™ v, X) < C%n™0™||v]|z (7.27)

when v € Z, thereby proving (7.23) with Cy := C%. O

8 Multiresolution representation of a(y)

We finally illustrate our results in the particular case of an affine wavelet-type parametrization
of the coefficient a(y). Our focus will be on Jacobi expansions in L*(U,V, o). Concerning
analogous results for Taylor approximation in L (U, V'), see Remark 8.6. We refer to [11]
for a general treatment of wavelets and their adaptation to a bounded domain D C R™, and
summarize below the main properties that are needed in our analysis.

Assumptions 8.1. Let (¢y)xes be a family of wavelet basis functions, where the scale-space
indices X comprise dilation and translation parameters, with the convention that the scale | of
¥y is denoted by || := 1, and where the number of wavelets on level |\| = 1 is proportional to
2mL - Moreover, we assume the wavelets at each given scale to have finite overlap, that is, there
exists M > 0 such that for all x € D and [,

#{X [N =land ¥y(z) #0} < M. (8.1)

For simplicity, we take a = 1, assume D and f to be smooth, and fix an ordering (A(j))j>1 of
the indices from coarser to finer scales, for which we set ¥; := ;). We consider wavelets with
P\ € WH(D) for some k € N, that are normalized such that

[l = 22, (8.2)
for an o € (0,K) and C > 0 chosen such that (1.6) holds. The partial derivatives behave like
| D ahy || oo ~ 27 (@ IHDIA (8.3)

for [u] < k.
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For ease of exposition, we assume in what follows that a is not an integer. Under the above
assumptions, for 0 < 8 < a we have

sup 37 29[y (2)] < o0 (8.4)
A

xeD
as a consequence of (8.1). Therefore, with

pj =1+ 2B jB/m (8.5)
with ¢ > 0 is sufficiently small, we have (2.4), and thus obtain the following from Theorem 1.1.

Proposition 8.2. Under Assumptions 8.1 one has (|[vy||v)ver € °(F) for anyp > (2+3)71,
and consequently

—S
Hu - Z v,y LAV} <Cn? (8.6)
IIEAn
holds for any s < &. Here, C' := |V )verller with s =1 — 1, and A, is the set of indices
m p 2

v corresponding to the n largest ||v, ||y .

8.1 Sobolev regularity

In order to make use of our results for higher-order spatial regularity, we observe that for any
B<a—(k—1)and p;:= 2000 ~ j8/m also

|u|ssui£)—1Hj§ ﬁle“%(fﬂ)IHLm < o0, (8.7)

Based on Theorems 2.3 and 2.4, which concern integer-order Sobolev regularity, and on Theorem
3.1, we obtain the following conclusions for the fully discrete approximations.

Corollary 8.3. Let Assumptions 8.1 hold with o > 1. Let k € {2,...,[«]}, and let the spatial
approzimation spaces (Vi )n>0 satisfy the approrimation property

min ||w — wy|ly < Crpn”|w|| g, (8.8)

wWn€Vn

with t = % Then for any r < 5, there exists a constant C' > 0 such that the following holds:
for each n there exists n = (n,),ecp, such that

min ||u — un | 2@y,e) < CN ™R, (8.9)

Un€Va
where N =3\ ny, = dim(Vy).

Proof. Theorems 2.3 and 2.4 can be applied when k — 1 < « with integer £ > 2. Since by
assumption « is not an integer, the largest value for k that we can use is thus k = [a|. Then

Theorems 2.3 and 2.4 yield (||v,||gr)ver € (P(F) for p > (% +4)7t > (=it 4 Lyl By

m
Theorem 3.1 with V = L?(U,V, ), we obtain the overall convergence rate min{r,t}, where

st
T = . 8.10
t+s+gz—pt o
. a . a—k+1 | 1y-1 : a
Taking s — = and p — (“== + 5)7 ", we obtain r — 5. O
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Remark 8.4. Provided that the approximation property in (8.8) holds for sufficiently large k,
one has min{r, ¢} = r. For instance, as soon as 1+ 1o < k < [a] (where a > 1), the conclusion
in the above corollary reads as follows: for any § > 0, there exists a constant C' > 0 such that,
for each n, there exists n = (n,),en, such that

. —2 45
nin lu = unllL2@y,p) < ON 72072, (8.11)
where N := 3 .\ n, = dim(V4). Conversely, one has min{r,t} =t in (8.9) only when an
artificially low value of k is used. This corresponds to the situation when one is limited to a
certain order of spatial approximation ¢ that is lower than what could in principle be exploited
for the given a.

We now show that the restriction to a > 1 in Corollary 8.3 can be removed using the
interpolation argument from Corollary 4.4. Under Assumptions 8.1, the hypotheses of this
corollary are satisfied for k := [a] + 1, and by our smoothness assumption on D, for 0 < 6 < 1
we have

Z = [V,W¥yy = [V,V N H¥(D)]gy =V n HFE= (D).

On the one hand, we again choose p; as in (8.5) with positive 3 < a to ensure (2.4). On the
other hand, for 3 < o — [a] < 0, taking p; := 2°1X0) < 1, we also have

HZ ﬁjIDM¢j(x)|HLOO <00, |ul<k—-1=/Tal. (8.12)
jz1

Applying Corollary 4.4 and Remark 5.3, we obtain p; > 1 in (5.19) provided that € is chosen
to satisfy (1 —6)5 + 65 > 0, which is ensured to be achievable provided that

0<6<aflal. (8.13)

With suitably chosen 3, 3 we then obtain (||v,||z),er € (P(F) for any p such that

a—0la 1
a0l 1
m 2
In Theorem 3.1, for elements of Z we can achieve the spatial rate t = 0[a|/m. As 0 — a/[a],
we thus obtain the following conclusion, extending Corollary 8.3 to « €]0, 1].

Corollary 8.5. Let (8.8) hold with k > 2, and let Assumptions 8.1 hold with 0 < o < 1. Then,
for any & > 0, there exists a constant C > 0 such that the following holds: for each n there
exists n = (ny)yep, such that

. a4
Jnin [u — un| 2,0y S ON"2m ™" (8.14)

where N =3\ ny, = dim(Vy).

Remark 8.6. For obtaining rates in L>(U, V'), we need to additionally require o > %. One
then has (8.6) for any s < o~ — %, and analogously to Corollaries 8.3 and 8.5, one obtains (8.9)

also for Taylor approximation with any r < % (% — %)

Remark 8.7. The limiting rate o~ for approximation in L?(U,V, o), which we obtain here using
optimized v-dependent spatial discretizations, can also be achieved by a simpler construction
using a single v-independent spatial discretization space. This can be seen as follows: Under
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our present assumptions, sup,cplla(y)||cs < oo for any positive 3 < «, and consequently
supyep||w(y) || gi+s < oo. Hence for the Jacobi coefficients, we have

S o2 = /U ()21 do(y) < oo,

veF

For n € N, as in §3 let A,, C F be the subset of the n largest |[v,|yy. Now choose the vector
n as in (3.10) as n, = n with some fixed n for all v € A,,. With an appropriate sequence of
spatial approximation spaces (V,),>0, we then obtain

1
le=unly < |32 @0 = wa) |+ || 3 wad||, < 007 (X lonldnes)* +Cn7,
veF véAy veF

with ¢ = % < ;- and any s < . In this case, the total number of coefficients is simply N = nn,
which means that with appropriately chosen n, n we obtain

lu — unlly < CN~2at0 (8.15)

for any 6 > 0, and hence the same asymptotic convergence as in Corollaries 8.3 and 8.5. In
other words, in the present setting, individual optimization of discretization spaces for each
Jacobi coefficient does not improve the achievable convergence rate compared to a single spatial
discretization for all coefficients.

In summary, under Assumptions 8.1, provided that spatial approximation by linear methods
of sufficiently high order is used (e.g., based on a predefined hierarchy of finite element meshes),
the limiting spatial-parametric rate is half the limiting convergence rate of the parametric
expansion.

8.2 Space-parameter adaptivity

We next consider the convergence rates resulting from a combination of Theorem 3.1 with Theo-
rem 7.1 and Corollary 7.3, under the particular Assumptions 8.1 on a wavelet-type expansion of
the coefficient a. To simplify the exposition, we focus here on Jacobi expansions in L?(U,V, o)
with spatial dimensions m = 2, 3.

Corollary 8.8. Let Assumptions 8.1 hold, and let 7 > 1 ifm =2 and 7 > g if m=3. Assume
that the approzimation property (7.1) holds for a nonlinear family (Vy,)n>1 such as (7.2), with
X =B andt = % when « > 1, or otherwise that the approximation property (7.23) holds
with Z = [V,B"]g or [V,BT]g, for 0 < 0 < a <1 and 0 < r < co. Then, for any 6 > 0
and o > 0, there exists a constant C > 0 such that the following holds: for each n there exists
n = (ny)yenp,, such that, when 0 < a < 1,

[u — tn| L2 v,e) < ON 7w, (8.16)

and when o« > 1,
_1
v = unllr2@y,e) < ON ", (8.17)

where N =3\ ny.

Proof. In the case a > 1, we combine Theorem 7.1 with the bound (7.20) to obtain (||, || )ver €

£P for any p such that % < O‘T_l + % By Proposition 8.2, we have convergence of the parametric
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expansion with any s < . We now again apply Theorem 3.1. As s, p, and 7 approach their

limiting values,
st

s+t+g—pt

- —, (8.18)

«
m

resulting in the convergence rate min{ =, ¢} = %

In the case 0 < a < 1, we apply Corollary 7.3 with 0 < 6 < «, where we may choose
pj = 206 with 8 < av— 1 and pj =1+ 2P0 with B+ 1 < B < a and sufficiently small
¢ > 0. By taking 3, 8 sufficiently close to their limiting values, we obtain (ﬁj_l)jzl € ¢4(N) for

% < 2= By (7.20), with ¢ as in (7.22), we have (||t,||z)ver € (P(F) for any p such that

a—0
<

D=
3
N =
3
)

By Proposition 7.4, under our conditions on 7, we have ¢ = % for elements of Z = [V, B7]y or
[V, B7]g. As s, p, T approach their respective limiting values we again obtain (8.18), indepen-
(63

dently of #. For the resulting limiting convergence rate, we thus obtain min{>, %} — o as

0 — a. O

Remark 8.9. Following the same lines for m = 1, we instead obtain the rate min{%o‘ — 9,1}
Improving this to min{a — §, 1} analogously to our results for m > 1 would require summability
results for appropriate Besov norms with 7 = %

In summary, in contrast to the case of linear approximation in the spatial variable, for
0 < o < 1 we arrive at the same rate as for the separate approximations in spatial or parametric
variables alone. For o > 1, the convergence rates obtained here are limited to %, since the results
obtained in §7 do not cover the /7 summability of the sequence (||u,||x ) er for the higher-order
smoothness classes X = W*7(D) or By (D) when s > 2.

Remark 8.10. In [2], it is shown for Legendre expansions that when a suitable wavelet basis
is used for the spatial discretization, under Assumption 8.1 with sufficiently regular ¢; one can
achieve s*-compressibility of the resulting representation of the parametric diffusion operator on
L?*(U,V, o) with s* arbitrarily close to —. This implies that approximations uy as in Corollary
8.8 can be computed by standard adaptive methods with the number of operations scaling
almost linearly in the total number of degrees of freedom N for any « > 0.
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