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Abstract

In the recent article [Jentzen, A., Miiller-Gronbach, T., and Yaroslavt-
seva, L., Commun. Math. Sci., 14(6), 1477-1500, 2016] it has been
established that for every arbitrarily slow convergence speed and every
natural number d € {4,5, ...} there exist d-dimensional stochastic differ-
ential equations (SDEs) with infinitely often differentiable and globally
bounded coefficients such that no approximation method based on finitely
many observations of the driving Brownian motion can converge in ab-
solute mean to the solution faster than the given speed of convergence.
In this paper we strengthen the above result by proving that this slow
convergence phenomena also arises in two (d = 2) and three (d = 3) space

dimensions.
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1 Introduction

In the recent article [9] it has been established that for every arbitrarily slow
convergence speed and every natural number d € {4,5,...} there exist d-
dimensional stochastic differential equations (SDEs) with infinitely often differ-
entiable and globally bounded coefficients such that no approximation method
based on finitely many observations of the driving Brownian motion can con-
verge in absolute mean to the solution faster than the given speed of convergence.
More specifically, Theorem 1.3 in [9] implies the following theorem.

Theorem 1.1. Let T € (0,00),d € {4,5,...}, £ € R4, m €N, (g,)nen C (0,77,
(0n)nen C R satisfy limsup,,_, . 6, < 0. Then there exist infinitely often differen-
tiable and globally bounded functions ju: R — R and o: RY — R¥>™ such that
for every probability space (Q2, F,P), every normal filtration F = (Fy)ico,1) on
(Q, F,P), every standard (2, F,P,F)-Brownian motion W: [0,T] x Q@ — R™,
every continuous F-adapted stochastic process X : [0,T] x Q — R% with Vt €
0,T]: P(X; = €+ fot w(Xs)ds + fotcr(Xs)dWS) =1, and every n € N it holds
that

inf inf E [HXT
t1,. s tn€[0,T] u: (R™)? xC([en,T],R™)—R?
measurable

— 'U,(th, ce th, (WS)SG[En,T})HRd] Z 6n (1)

In this paper we strengthen the above result by proving that for every arbi-
trarily slow convergence speed and every natural number d € {2,3, ...} there ex-
ist d-dimensional SDEs with infinitely often differentiable and globally bounded
coefficients such that no approximation method based on finitely many obser-
vations of the driving Brownian motion can converge in absolute mean to the
solution faster than the given speed of convergence. More precisely, in this work
we establish the following theorem.

Theorem 1.2. Let T € (0,00), 7 € (0,T), d € {2,3,...}, £ € RY, m € N,
(n)neny € (0,7], (dn)nen € R satisfy limsup,_,.. 0, < 0. Then there ex-
ist infinitely often differentiable and globally bounded functions p: RY — R?
and o: RS — R>™ such that for every probability space (Q, F,P), every nor-
mal filtration F = (Fy)cj0.rp on (0, F,P), every standard (2, F, P, F)-Brownian
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motion W: [0,T] x Q — R™, every continuous F-adapted stochastic process
X:[0,T]xQ — R withVt € [0,T): P(X; = &+ [3 u(X,) ds+ [y o(X,) dW) =1,
and every n € N it holds that

inf inf inf E [HXT
cz,be[g,r], t1,.tn€[0,T] u: (R™)™xC([0,a]Ub,T],R™)—R?
—azenp measurable

- U(Wt17 R th> (Ws)se[o,a]u[l),T})HRd] Z 5n (2)

Theorem [1.2] follows immediately from Corollary below. Further lower
error bounds for strong and weak numerical approximation schemes for SDEs
with non-globally Lipschitz continuous coefficients can be found in [6, &, 2]
9, 1], 17]. Hairer et al. [2, Theorem 1.3] and Miiller-Gronbach & Yaroslavt-
seva [11, Theorems 1-3] deal with lower bounds for weak approximation errors
and Yaroslavtseva [I7, Corollary 2] extends [0, Theorem 1.3] (cf. also Theo-
rem above) to numerical approximation schemes where the driving Brow-
nian motion can be evaluated adaptively. Each of the references [2, [0, 11}, 17]
assumes beside other hypotheses that the dimension d of the considered SDE
satisfies d > 4. The main contribution of this work is to reveal that a slow con-
vergence phenomena of the form ([2)) also arises in two (d = 2) and three (d = 3)
space dimensions. Upper error bounds and numerical approximation schemes
for SDEs with non-globally Lipschitz continuous coefficients can, e.g., be found
in [4, 1, 3, [7, [16], B, 12, 13| 15] and the references mentioned therein. Lower er-
ror bounds for strong approximation schemes for SDEs with globally Lipschitz
continuous coefficients can, e.g., found in the overview article Miiller-Gronbach
& Ritter [10] and the references mentioned therein.

2 Construction of the coefficients of the con-
sidered two-dimensional SDEs

In this section we establish two elementary auxiliary results (see Lemma [2.1)and
Lemmal[2.2) below) which demonstrate that the functions f,g: R — R in (7)) and
below have suitable regularity properties.

2.1 Setting
Let T,p € (0,00), 7,71 € (0,T), 75 € (11,T), € € (0,min{T — 7,7(1 — 273)}),
F,p,h, f,g € C(R,R) satisfy for all z € R that

T =T+E€, = / exp(ﬁ) dt, (3)

—&

4t oz <rT
Flz)=42r—-2x : —717<z<T, (4)
0 X >T



p<x>={iexp<ﬁ> e (5)

0 c x| > e 7
hx) = {8Xp< ) o (6)
fo = [ o) Fla—t) dr, )
and
g(z) = Mz =) ®)

h(z — 1)+ h(ra —2)
2.2 Properties of the function appearing in the first com-
ponent of the considered two-dimensional SDE
Lemma 2.1. Assume the setting in Section [2.1. Then

(i) it holds that sup,.p |f(z)| < oo,

(ii) it holds that f((—o0, ™)) C (0, 00),
(#3) it holds that f([m,00)) = {0},

(iv) it holds that f'(R) C [~2,0],

(v) it holds that f'((0,7)) C [-2,—1), and
(vi) it holds that [ |f(s)>ds > 22

Proof of Lemma[2.]] m Throughout this prooflet A: B(R) — [0, 00| be the Lebesgue-
Borel measure on R. Note that

sup )] < [sup P || [~ o] =ar | [y

€

=4 exp((2t2>dt 4T < 0.

(9)

I

This establishes Item . Next note that for all z € R it holds that

f(:z:)—/oop(t)F(x—t)dt /Ep(t)F(a:—t)dt

—&

p(t) F(z —1) L—oomy(x —t)dt
(10)

[0
/ p(t) Fx — 1) Liyr o) (t) dt
[0

p ZL’ — t ]l(x,.,-1+5700) (t) dt.



This proves Item . Moreover, observe that for all x € (—oo, 77) it holds that
M(—e,e)N(z—1 +¢e,00)) >0 (11)

and
Vte (—e,e)N(z—m +e,00): p(t) Fz—t) > 0. (12)

Combining and with yields that for all z € (—oo, 71) it holds that
f(z) > 0. This establishes Item ({il). Next observe that for all z € R it holds
that

= [ A [ ee-nF@a

R\{-7,7}
T T+T o0 (13)
_ —2/ p(x — 1) dt = —2/ o(t) dt > —2/ o(t) dt = —2.
-7 T—T 0 —00

This proves Item (iv). In addition, observe that ensures for all x € (0,7)
that

F(z) = —2/:7/)(75) it — —Z/xO_Tp(t) dt — 2/05,)(75) it

- (14)
:—2/ p(t)dt —1 < —1.

This establishes Item (v)). Next note that yields that for all x € (0,7 — ¢)
it holds that

fa) = [ () Fax — t) dt = / () (27— 2x — 1)) dt

_ / o(8) (27 — 20+ 20) dt > (27 — 20 — 2¢) / oyae 19

= (27 — 22 — 2¢).

Hence, we obtain that

/Oﬁ F ()2 ds > /0 F ()2 ds > /0”<2T 95— 20)2ds

:4/ (7—5—3)2d324/ s*ds
0 0 (16)

A4t —¢e)® 4 »
M ey
473 3 43 1
= [1—142") = .2 =2
g -1+ =g

This demonstrates Item . The proof of Lemma is thus completed. ]



2.3 Properties of the function appearing in the second
component of the considered two-dimensional SDE

Lemma 2.2. Assume the setting in Section [2.1. Then
(i) it holds that g((—oo,m]) = {0},

(i) it holds that g([m2,00)) = {4},

(#i) it holds that ¢'(R) C [0, 00), and

(i) it holds that sup,cg |g(x)| < oo.

Proof of Lemma[2.3. First, note that for all x € (—oo, 7] it holds that h(x —
71) = 0 and h(r2 — z) > 0. This proves Item (). Next observe that for all
T € [12,00) it holds that h(my — ) = 0 and h(z — 71) > 0. This demonstrates
that for all z € [, 00) it holds that

4h([L’ — 7'1)
h(l‘ — Tl)

This proves Item . In the next step we note that the fact that Va €
R: W/(x) > 0 ensures that for all z € R it holds that

glx) = —4. (17)

g9'(x)
_ 4h'(x — 1) (h(z — 1) + h(me — x)) — 4h(z — 1) (W (x — 71) — W/ (12 — )
(b =) + h(rs — 2))?
_ AW (x — m)h(m — x) + 4h(z — 7 )P/ (12 — 2)
(h(x —71) + h(m — 2))?

> 0.
(18)

This proves Item ({iil). Item is an immediate consequence of Items () ().
The proof of Lemma is thus completed. O

3 Lower bounds for strong approximation er-
rors

3.1 Setting

Let T € (0,00), 7 € (0,T), 11 € (1,T), =2 € (11,T), o € [%,oo) f,g €
)

C>(R, R) satisty sup,cg (| f(2)[+]9(x)[) < o0, f((=00,7)) C (0,00), f([11,00)) =
{0}, f'(R) C [ 2,0], f’((o 7)) € [=2,-1), g((=00,7]) = {0}, g([r2, 00)) = {4},
g (R) € [0,00), a = [;"|f(s)|*ds, let (Q, F,P) be a probability space with a nor-

mal filtration IF (Ft)te[O,T let W:[0,7] x 2 — R be a standard (2, F,P,F)-
Brownian motion, and for every ¢» € C*°(R, R) let X% X% [0, T] xQ — R
be continuous F-adapted stochastic processes which satisfy for all ¢ € [0, T'| that

P(x;" M = 1 f(xPP)aw,) =1 and

IP’(X;M V=t + [l g(XP)cos(p(XPMY)) + 1] ds) =1 (19)



3.2 Comments to the setting

The following result, Corollary [3.1] below, illustrates that there do indeed exist
functions f,g: R — R which fulfill the hypotheses in Section Corollary
is an immediate consequence of Lemma 2.1 and Lemma [2.2] in Section [2|

Corollary 3.1. Let T € (0,00), 7 € (0,T). Then there exist 11 € (7,T),
T2 € (7—17T)7 f7g € COO(R, R) which SCLtiSfy

(i) that sup,ep (|f ()] +[9(2)]) < oo,
(i) that f((—o0,m)) € (0,00),
(ii1) that f([r1,00)) = {0},
(iv) that f'(R) C [-2,0],
(v) that f'((0,7)) C [-2,-1),
(vi) that g((—o0,n]) = {0},
(vi) that g([r2, 00)) = {4},
(viii) that ¢'(R) C [0,00), and
(iz) that [["[f(s)|*ds > 27

3.3 Comparison results for a family of one-dimensional
deterministic ordinary differential equations

In this section we establish three elementary comparison results for a specific
type of ordinary differential equations (cf., e.g., Exercise 1.7 in Tao [I4] for
similar results) which we employ in the proof of Theorem [I.2] above.

Lemma 3.2. Assume the setting in Section and let z = (2:(a))iefr 1),aer =
(2(t,a))tefr,mack s [11,T] X R = R be a continuous function which satisfies for
allt € [1,T], a € R that

z(a) =1 + / [1+ g(z5(a))(a+ 1)] ds. (20)

T1

Then it holds for all a € R, b € (—o0,al, t € [1,T] that

zi(a) > z(b). (21)

Proof of Lemma[3.3. Throughout this proof let y: [r1,T] x R — R be the func-
tion which satisfies for all ¢ € [, T], a € R that

y(t,a) = (5:2)(t, ). (22)



Next note that ensures that for all ¢ € [, T], a € R it holds that

(22)(t,a) =1+ g(2(t,a))(a+1). (23)
This implies that for all ¢t € [r1,T], a € R it holds that
(%y)(t a) = (ataa )(t.a) = (a 2)(t,a)

t
= g(2(t,a)) + ¢'(2(t,a))(a+ 1) (5;2) (t, ) (24)
= g(2(t,0)) + ¢'(2(t, a)) (a + D)y(t, a).

Therefore, we obtain that for all ¢t € [, 7], a € R it holds that

t
y(t, CL) . 6‘[7'1 g’ (2(u,a))(a+1) du y(Tl, CL) 4 / ef:g'(z("7a))(“+1)du g(Z(S, (I)) ds
- " (29
= / els 9 Gt Ddu g o5 q)) ds > 0.

Combining this with the fundamental theorem of calculus completes the proof
of Lemma [3.2] O

Lemma 3.3. Assume the setting in Section[3.1 and let z: |71, T) x R = R be a
continuous function which satisfies for allt € [1,T], a € R that

() = 7 + / 1+ g(zs(@))(a + 1)] ds. (26)

T1

Then it holds for all a € [-1,00), b € [—1,al], t € [12,T] that
zi(a) — z(b) > 4(a — b)(t — 72). (27)

Proof of Lemma (3.3 First, note that Lemmaensures that for alla € [—1, c0),
be[-1,al, t € [r,T] it holds that

zi(a) > z(b). (28)

The fact that g is a non-decreasing function hence ensures that for all a €
[—1,00), b € [-1,qa], t € [r,T] it holds that

9(z(a))(a+1) = g(z(b))(a +1) = g(=(b)) (b + 1). (29)

Moreover, observe that for all ¢t € [r2, T], r € [—1,00) it holds that

2(r) =1 + / [1+ g(zs(r))(r +1)] ds
! (30)

>4 / (14 g(zo(r)(r + 1)] ds > 7.

T1



This, (29), and the assumption that g([rs,00)) = {4} imply that for all a €
[—1,00), b € [-1,qa], t € [r2,T] it holds that

ala) = a(0) = [ [ge@)(e+ D) = glz®)b+ 1] ds

T1

> / [9(z5(@))(a+ 1) — g(z (b)) (b + 1)] ds

] (31)
—/t4(a—|—1)—4(b—|— 1)d3—/t4(a—b)ds

=4(a —b)(t — ).
The proof of Lemma [3.3]is thus completed. O

The next result, Corollary [3.4] is an immediate consequence of Lemma [3.3
above.

Corollary 3.4. Assume the setting in Section[3.1] and let z: [1, T} x R — R be
a continuous function which satisfies for allt € [1,T], a € R that

zi(a) =1 + / [1+ g(z5(a))(a+ 1)] ds. (32)

T1

Then it holds for all a,b € [—1,00) that

|zp(a) — 27(b)| > 4(T — 12)|a — b). (33)

3.4 On the explicit solution of a one-dimensional deter-
ministic ordinary differential equation

Lemma 3.5. Let T € (0,00), 71 € [0, 7], f,x € C([0,T],]0,00)), g € C(R, [0, 0))
satisfy for all t € [0,T] that g((—oo,m1]) = {0} and

ri=tt [ ataryas = [ [1+ g ss) ds (34)

Then it holds for all t € [0, 7] that x; = t.

Proof of Lemma[3.5. Throughout this proof let u € [0,7] be the real number
given by

p=inf({t €[0,T]: x>} U{T}). (35)
Observe that the fact that
Vte[O,T]:xt:t+/0tg(a:s)f(s)d32t (36)
ensures that
{te[0,T): 2y >7} 2 [m,T] #0. (37)



Next note that the fact that zp = 0 assures that for all ¢ € [0, ] it holds that
x; < 7. This and the assumption that g((—oo,7]) = {0} ensure that for all
t € [0, p] it holds that

n>r=tt /0 glw,) f(s)ds = 1. (38)

In the next step we observe that and imply that z, > 7. Combining
this with yields that

T > =T, > Ty (39)

This proves that ¢ = 7. Combining this and completes the proof of
Lemma [3.5] ]

3.5 On the explicit solution of a two-dimensional SDE

Lemma 3.6. Assume the setting in Section[3.1] and let » € C*(R,R). Then
(i) it holds for all t € [0, 7] that P(X"® =) =1,

(i) it holds for all t € [1,T) that IP’(f(XZp’(z)) =0)=1, and

(iii) it holds for all t € [r1,T] that P(X;"" = X5y = [T f(s)dW,) = 1.

Proof of Lemma[3.4. First, note that Lemma proves that for all ¢ € [0, 7]
it holds that P(X}"® = ¢) = 1. This establishes Item (). Next note that the
fact that g > 0 ensures that for all ¢ € [y, T] it holds that

P(X)® > 1) =1. (40)

The assumption that f([r1,00)) = {0} hence proves Item (ii). Moreover, observe
that Item ({if) and Item imply that for all ¢t € [ry,T] it holds P-a.s. that

- t !
xpO :/ f(Xf’(Q))dWs+/ F(XP@)aw, :/ f(s)dWs. (41)
0 T1 0

This establishes Item . The proof of Lemma is thus completed. O]

Lemma 3.7. Assume the setting in Section let v € C*(R,R), and let
z: 1, T] x R = R be a continuous function which satisfies for all t € [, T],
a € R that

zi(a) =1 + / [1+ g(z5(a))(a+1)] ds. (42)

Then it holds for allt € [1,T] that

P(X;W _ (cos(w(xwﬂ))))) ~ 1. (43)

10



Proof of Lemma([3.7. First, note that for all ¢ € [ry,T] it holds that
1=P(X® = 11+ g(X®)[eos (v (X)) + 1] ds )
= P(X® = 71+ g(XP®) [cos((XPV)) + 1) ds
41+ g(XP D) cos((X D) + 1] ds)
_ ]}D(X;"’(Q) = XPO 4 14 g(XP)eos((XPW)) + 1] ds).
Items (i) and of Lemma [3.6] hence prove that for all ¢t € [ry,T] it holds that
]P(X;”’@) =+ L1+ g(XPD)eos(p(XLW)) + 1] ds) —1.  (45)
The fact that X% is a continuous stochastic process therefore ensures that

P(Vt € [r,T): XP® =1 4 [1 14 g(XP®)[cos(ip(XLM)) + 1] ds) ~ 1.
(46)

This completes the proof of Lemma [3.7] O

3.6 Lower and upper bounds for the variances of some
Gaussian distributed random variables

Lemma 3.8. Assume the setting in Section[3.1) and let a € [0,7), b € (a, 7], let
W,B: [a,b] x Q@ = R and W: ([0,a] U [b,T]) x @ — R be stochastic processes,
let Y1,Ys: © — R be random variables, and assume for all s € [a,b], t € ([0,a]U
[b,T]) that

W, = Wi, Wszéz:g-Wb—i—Ez:z;-Wa, B.=W,-W.,,  (47)
IP’(YI = [ f(s)dW, + [T f(s)dW, + [0 f(s) dWs> — 1, (48)
and
IP’<Y2 = Y f(s)dW, — J* £(s) dWs> ~ 1. (49)
Then

(i) it holds that Q € w — (Wy(w))icpp.aupr € C([0,a] U [b,T],R) and Q €
w = (By(w))teap) € C([a,b],R) are independent on (2, F,P),

(ii) it holds for all ti,ty € [0,T] with t; <ty that

P(Ji2 £() AW = f(t2)Wey = (1) Wey = [2 f/(sWds) =1, (50)

11



(#i) it holds that
JP>(Y2 — — [ f(s)B, czs> ~1, (51)

(w) it holds that § < ]EUYlﬂ < a, and

(v) it holds that =2 ® < E[|Y2*] < “)
Proof of Lemma([3.8 Flrst, note that for all n € N, t,...,t, € [0,7)] it holds
that

is Gaussian distributed. Next note that for all s € [a,b], v € [0,a] U [b,T] it
holds that

E[B,V,] = IEKWS _za) gy (0=s) Wa) Wu]

(b—a) (b—a)
~ mings, u} — (s —a)min{b,u} (b —s)min{a, u}
(b—a) (b—a)
_ (b — a)min{s,u} — (s — a) min{b, u} — (b — s) min{a, u} (53)
(b—a)
_ (b—a)u—((sb__‘Z))U—(b—S)u _ bufaufs(igigiufbqusu . u<a
(bfa)S*((Sb:lZ))b*(be)a _ bS*CLS*?Zi’ZS)*bCH’Sa . u>b
= 0.

Combining this with ensures that for all n,m € N, t1,...,t, € [0,a]U[b, T1,
S1y-vy8m € a,b], Wy, ... W, . By,..., B, € B(R) it holds that

P({(th,...,th) EW, x ... an}m {(le,...,Bsm) EB x ... x]B%m}>
:]P’<(th,...,th) eW, x ... an) -IP’((BSl,...,BSm) EB; X ... xIB%m>.
(54)
This, the fact that
B(C([a,b],R)) = B(R)*"**I @ C([a,b],R), (55)
and the fact that
B(C([0,a] U [b,T],R)) = BR)®L<VETT @ C([0,a] U [b, T, R) (56)
establish Item . Moreover, note that proves that for all s,u € [a,b] it

holds that
s =5 5 (g o iy )
Al )
( a)) -E[B,W)] + 22:3 E[B,W,] =0



Hence, we obtain that for all s,u € [a, ] it holds that
E[B,B,] = E[By(W, — W,)] = E[B,},]
:EKW a) gy 029 -W)W]

T(b—a) (b—a)y )"

u(s —a) a(b—s)

(b—a)  (b—a)

_ (b—a)min{s,u} —us +au —ab+as

B (b—a) (58)

bmin{s, u} — max{s,u} min{s, u} + a(u + s — min{s, u}) — ab

B (b—a)

~ (b—max{s,u})min{s,u} — a(b — max{s,u})

B (b—a)

_ (b—max{s,u})(min{s,u} —a)
- (b—a) '

Moreover, observe that Itd’s formula ensures that for all ¢1,t5 € [0,7] with

t; <ty it holds P-a.s. that

ﬂmwg=ﬂmma+¢”f@wuk+l2ﬂ@mm. (59)

Hence, we obtain that for all ¢;,t5 € [0, 7] with t; < ¢, it holds P-a.s. that

= min{s,u} —

/ttg f(s) AWy = [f(t2)Wh, — f(1)W3, — ) f'(s)Weds. (60)

t1

This establishes Item . In addition, note that assures that it holds
P-a.s. that

)@zf(b)Wb—f(a)Wa—/ f’(s)Wsds—/ F(s) I,

b
— FOWs = faW, - [ oW (61)
%% b
2 d
+ (b_a)/a f(s)ds
Furthermore, note that integration by parts shows that
/f ds-/f (s —a) ds— s—a /f (s —a)

(62)

= f(b)(b—a) /f (s —a)
and

b b b
/ f(s)ds = / F(s)(b—s)0ds = —[f(s)(b— s)] " + / F(s)(b— s) ds

= f(a)(b—a)+ / 1'(s)(b—s)ds. (63)
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Putting (62) and (63) into . shows that it holds P-a.s. that

—/a f’(s)Wsds+/abf’(s){EZ:Z§ -Wb] ds
+/abf’(s)l§l;:3 -Wa] ds

. - . (64)
—— [ rewaas+ [ e = [ peomw. - we
—/ab f'(s)Bsds
This establishes Item . Next note that Item proves that
st =8| [ rema | = [ [ rorwessaa "
— /a /a f/(S)f/(u){ (b= max{s,zz})_(r;)in{s,u} —9) ds du.
Moreover, observe that
b r* (b — max{s,u})(min{s,u} — a) < du
/“/‘Z (b—u)(s—a) s(—b;a b bdd s)(u—a)
:/ab/a b_uaa dsdu%—/(z / (b_bau) dsdu
A= AR = 1T ARTE
_ / (b _222(_“;) V. gt / gt _2222_(“@)_ Y g (66)
:/ab(b—u)Q(u—oz)du_/0 (b—aQ—u)udu
_ /0"—“ (b —Qa)u d_ /Ob—a %2 P ; a) (b —2a) (b —6a)
oo
The assumption that f/((0,7)) C [-2,—1) and hence ensure that
© 12“)3 <E[Y:f"] < <b_3a)3. (67)

This establishes Item . Next note that Item ({ij) proves that the random
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variables Y] and Y5 are independent. [t0’s isometry hence yields that

E[[Vi["] = E[[V1 + V2" - E[|V2"] - 2E[11Y?]

_E /0 F(s)dw,| | —E[WP]

(69)
= [ 1P as BIYF] =~ B[WF] <o

The assumption that o > ?, the fact that (b —a) € (0,7], and Item
therefore ensure that

b—a)? ™«
o2 EyiP)za- 0P8 T 50 (69)
This establishes Item . The proof of Lemma is thus completed. n

3.7 Explicit lower bounds for strong approximation er-
rors for two-dimensional SDEs

The next result, Lemma [3.9) below, is proved as Lemma 4.1 in [9].

Lemma 3.9. Let (2, F,P) be a probability space, let (Si,S1) and (S2,Ss2) be
measurable spaces, and let X1: Q — Sy and Xo, X)), X Q — Sy be random
variables such that

]P(Xl,XQ) - ]P)(thé) - ]P)(thé/). (70)
Then it holds for all measurable functions ®: Sy x Sy — R and ¢: S; — R that

E[|®(X1, Xz) — o(X1)[] = 3 E[|0(X1, X3) — (X1, X3)]. (71)

1
2

Lemma 3.10. Let ¢ € R, 5 € (0,1) and let X\: B(R) — [0,00] the Lebesgue-
Borel measure on R. Then

A{z €le—1e+1]: [sin(559)] > 5}) > 5. (72)
Proof of Lemma[3.10. Throughout this proof let A C R be the set given by

A={zelc—1c+1]: ‘sin(%cMZ%} (73)
and let m € Z be the integer number which satisfies that

Br(m—14+13) < -1 and  fBr(m+3) > -1 (74)

Observe that the fact that Vk € Z: sin(f + k) = sin(3F + kr) = (=1)% - 1
ensures that

{y e R: |sin(y)| > 1} = Ukez|[E + km, °F + k. (75)
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Hence, we obtain that
A= [c—l,c—I—l]ﬂ (UkeZ {mER: (zgc) € [%—}—k‘ﬂ,%ﬂquﬂ})
—le=Le+ 1 () (Unez [e+ B(F + k), e+ B(5F + k)] ) (76)

2 [e—1,e+ () (U [+ B(F + k) c+ B3 +kr)]).

Next note that and the assumption that § € (0,1) ensure that m < 0. To
prove ([72)), we distinguish between two cases. In the first case we assume that
m = 0. We observe that then yields that

B> % (77)
This and the fact that 5 € (0,1) prove that
c+ BT > 41, (78)
c—’%’r>c—%>c—1, (79)
and
c+Z<c+I<c+l (80)

Combining this, , and ensures that

Ag[c—l,cwm(fj [c+ﬁ<%+kw>,c+ﬁ<%+w)

k=—1

™ s K s (81)
~le- Lot U (fo- e~ 2] U e 20+ 3)
= [c—l,c—%}U[c—i—B—g,chl}.
This implies that
MA) >2(1-E8)>2-12> 1 (82)

This finishes the proof of in the case m = 0. In the second case we assume
that m < —1. Note that proves that

BE+m(—m—1))=pr(—m—3)=—Pr(m+3g) <1 (83)
This and again ensure for all k € [m, —m — 1] N Z that
[c+B(F+km),c+ B3 +kr)] Cle—1,c+1]. (84)

Combining and hence demonstrates that

AA) > A(Gl [c+B(Z+kn),c+B(Z + lm)})

k=m
—m—1 ; (85)
= Y AM[c+ B(E +kn),c+ B(E + k)])
k=m
T
This finishes the proof of in the case m < —1. The proof of Lemma is
thus completed. O
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Lemma 3.11. Assume the setting in Section let a € [0,7), b € (a,7],

c € [2,00), ¥ € C®(R,R), let u: C([0,a] U [b,T],R) — R be a measurable
function, and assume for all x € [c—2,c+2] that Y(z) = % (z—c). Then

E[‘X%(z) - U((Ws)se[o,a]u[bﬂ)}]
T_ cHl 1 2 (86)
> M {/ e o dx} {/ |sin(y)| e dy| > 0.
+1/2 0

™13« c
Proof of Lemma |3.11 Throughout this proof let A C R be the set given by
A= {:136 [c—1,c+1]: [|sin(e(x))] > %}, (87)

let W,B: [a,b] x @ — R and W: ([0,a] U [b,T]) x Q — R be the stochastic
processes with continuous sample paths which satisfy for all s € [a,b], t €
([0,a] U [b,T]) that

] _ b— - ;
Ws — (S a) . Wb + ( S) . Wa; BS - WS - WS? and Wt - Wt7 (88>

(b—a) (b—a)
let Y1, Ys: © — R be random variables which satisfy
P(Yi = [ f(5) AW, + [ f(s)dW, + [Lf(s)aW,) =1, (89)
and
P(Yo = J2 f(s) AW, = [L F(s) AW, ) = 1. (90)

let z: [r1,T] x R — R be a continuous function which satisfies for all ¢ € [y, T,
a € R that

zi(a) =1 + / [1 + g(zs(a))(a + 1)] ds, (91)

T1
let 01,09,¢,5 € (0,00) be the real numbers given by

3
o =E[Vi[}), o:=E[%f), c=b-a, and f=—.  (92)

and for every z € R, y € (0,00) let N, B(R) — [0, 00] be the function which
satisfies for all B € B(R) that

1 (r—=)?
N, (B) = / e 2 dr. 93
7?/( ) . \/m ( )

Next note that Item in Lemma proves that for all ¢ € [, T] it holds
P-a.s. that

.ﬁ“=Aémmm=lﬂ@ﬂmﬁ[V@ﬂ%+[ﬂ@me
= ([ s [ aws [ an] (01)
e [ oraw~ [ saw) =y
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This together with Lemma ensures that
P(X0® = 2 ( Yi+Ys)) =
7 = zr(cos(¥(V1+Y2))) ) = 1. (95)

Moreover, observe that Items and of Lemma show that for all t1,%, €
[0, T] with ¢; < t5 it holds that

P( [i2 £(5) AW, = F()We, — F()Ws, — [ F(s)Wads) =1 (96)
and
IP’<Y2 — [P f(s)B, ds) ~1. (97)
Item (fi)) in Lemma therefore proves that

Y5 and W (98)

are independent on (2, F,P). The fact that Y, is a Gaussian random variable
with mean 0 hence implies that

Py =P @ Py, =Py, @ Py, =Py _yyy- (99)

Next observe that and assure that there exists a measurable function
®,: C([0,a] U [b, T],R) — R such that

P(Y, = &, (W)) = L. (100)
This, Lemma [3.9| (with Q = Q, S; = C([0,a] U [b,T],R), Sy = R, X; = W,
Xo =Yy, X =Yy, X =Y, o =u,and & = (C([0,a] U b, T],R) x R >
(w,y) — zr(cos((P1(w) + y))) € R) in the notation of Lemma [3.9), (95), and
show that

E|[X7® — u((Ws)sewaunm)]] = E|[zrlcos(¥i + Y2)) = u(i¥)]|

_F DZT(cosw(@l(W) +Y3))) — U(W)\]

~ N (101)
> %E[‘ZT(COS(ZD((IH(W) +Y32))) — zr(cos(¢ (P (W) — YQ)))H
= LE[|r(cos((Yi + ¥2)) — zr(cos((Yi — ¥2))| |
Corollary therefore ensures that
E[‘leej(z) - “((WS)SG[OMU[@T])‘] (102)

> AT — 1) EJeos(u(Y: + Y2)) — cos(:(Yi — Y))[].

Moreover, note that (100]) and demonstrate that Y; and Y3 are independent
on (2, F,IP). The fact that Y7 and Y3 are centered Gaussian distributed random
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variables hence shows that

E[|cos(¢ (Y1 + Ya)) — cos(¢(Y1 — Ya))|]
- /R/R lcos(v(x + 1)) — cos(Y(z — y))| Noo, (d2) No o, (dy)

> y /[ ol ) = cos( — 4) N, () A )

NO,CH (dx) -/\/6,02 (dy)

= cos (”‘”*C) — CoS <w>
/[071] /[c—1,c+1} ‘ VB VB
B /[;71] /[‘C—I,C-i-l}

The fact that Yov,w € R: cos(v) — cos(w) = —2sin(%5
assures that

E [|cos(s)(Y1 + Y2)) — cos(¥(Y1 — V2))]]

>2/01/[c o |sin(¢) ]‘sm( >‘/\/'OU1 (dz) No o, (dy)
22 [ [ i) sin (55)] M () Mo ()

> No4) [ sm(%g)wm(dy).

In addition, observe that Item (v|) in Lemma |3.8| proves that

3 _ _ \3 3 3

(A a>§02§<b o & _T8

12 12 — 12 3 3 3
This implies that

1 22
sin<i>‘N0,U (dy) = / ‘Sin<i> e 292 dy
/[0,1] V7 i 0,1] VeI 20ym

),
[OW]

\/ 2T37r [0,1]
Moreover, Item (fiv) in Lemma shows that

) Sln( 5

sin(i))ie;ﬁz dy>/ sin(i)‘i
VBIl\/2T3 B = Jowa ! VBN oTe5,

_6y?
sin(y)| e” 7% dy.

<o <a

Lemma hence proves that

e 201 dx >

\/20’17'(' A V20
d{B 2/
AV 2a7r [c+1/2,c41] V 2QT

NOO'1

19

coS <w($) + \%) — cos (1/}(90) — \%)’ No o, (dx) No oy (dy).

(103)

) therefore

(104)

_6y%
e T3 dy

(106)

(107)



Combining this with (102)), (104)), and (106 yields that
E [‘X}/)7(2) - u((Ws)se[O,a}U[b,T]) }j|

> 2T = 7 Moo (4) | L, () bt

V3 [ e ay
[0,1]

2

1
>2(T — e o dx
o ( 2) [\/ 20[7'(' /[c+1/2,c+1] V 2T37T
[ 1 V3

z2 6y2
= |2(T — 1) - . / e_adx}[/ sin e_T?’d}
( 2 V2ar 213w { [e+1/2,c4+1] 0,1] sin(y)| g’

(T — T2) \/g |:/ _ﬁ :| |:/ . _6y2 :|
. e o dx sin(y)|e” 73 dy
I \ T VT3 [e+1/2,c+1] [071]| ( >|

3 T - x2 y2
= M [/ e o dx} {/ |sin(y)| e Ts dy} > 0.
™V T3« [e+1/2,c+1] [0,1]

The proof of Lemma is thus completed. O

(109)

Lemma 3.12. Assume the setting in Section[3.1] and let a € [0,7), b € (a, 7],
e € (0,b—a], c € [2,00), ¥ € C°(R,R) satisfy for all x € [c — 2,c + 2] that

P(x) = 233—//22 -(z —c¢). Then

inf E[‘X}p’@) — U((Ws>se[0,a}u[b,T]>‘:|
u: C([0,a]U[b,T],R)—R
fe?urable " ) (110)
3(T — e 15
> M {/ e o dm} [/ sin(y)] e 75 dy] > 0.
VT3« ct1/2 0

Proof of Lemma[3.13. Throughout this proof let a; € [a,b), by € (a1,b] be real
numbers which satisfy that (b; — a;) = €. Note that Lemma proves that

inf E “Xﬁ’@) — u((Ws)sefo,ajup.1)) ‘]
u: C([0,a]U[b, T],R)—R
measurable
) (2
> inf E “Xr}p( ) U((WS)SE[O,aﬂU[bLT])” (111)
u: C([0,a1]U[b1,T],R)—R
measurable
3 T - c+1 22 1 2
> M [/ e o dzx} {/ sin(y)]| e~ 7S dy] > 0.
VT3« ct1/2 0
The proof of Lemma [3.12|is thus completed. OJ

The next result, Corollary follows directly from Lemma (3.12]

Corollary 3.13. Assume the setting in Sectz’on and let (€n)nen C (0,7], ¢ €
C>®(R,R) satisfy for alln € N, x € [5n—2,5n+ 2] that Y(x) = % (z—5n).
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Then it holds for all n € N that

inf inf ]E[]X}p’@) — U((Ws)se[o,a}u[b,ﬂ)‘]
a,be(0,7], u: C([0,a]U[b,T],R)—R
b—a\>_/g_n measuml;le . , (1 12)
3 T - n z2 92
> V3T —n) [/ e o dx} {/ |sin(y)| e~ 73 dy] > 0.
™13« B5nt+1/2 0

3.8 Asymptotic lower bounds for strong approximation
errors for two-dimensional SDEs

Lemma 3.14. Assume the setting in Section and let (e,)neny C (0,7] and
(0n)nen € R be non-increasing sequences with limsup,, . 6, < 0. Then there
exist a function ¢ € C°(R,R) and a natural number ny € N such that for all
n € N it holds that

inf inf E “X;e’(z) — U((Ws)se[o,a]u[b,T}> ”
a,be(0,7], u: C([0,a]U[b,T],R)—R
b—a>e, measurable

> Ling,00)(n) max{d,,0}. (113)

Proof of Lemma |3.14). First, observe that the assumption that lim sup,,_, . 9, <
0 ensures that lim sup,,_, ., max{d,,0} = 0. This shows that there exists a strictly
increasing function n: N — N which satisfies for all m € N that

T— 5m+1 w2 1 y2
— [/ dx] U siny)] e 75 dy| > max{Gm, 0}, (114)
T3« 5 0

Next let ¢ € C*°(R,R) be a function which satisfies for all m € N, x € [5m —
2,5m + 2| that

m+1/2

() = —L2 . (x— 5m). (115)

- ‘5n(m+l) |3/2

Observe that Corollary [3.13[ (with &, = €p(m41) for m € N in the notation of
Corollary [3.13)), (115]), and (114]) prove that for all m € N, k € [n(m),n(m +
1)] NN it holds that

inf inf E [\X}b’@) — u((We)sep.auppr)) H
a,b€(0,7], u: C([0,a]U[b,T],R)—R
b—a>ey measurable
> inf inf E [’X;éj’@) — U((Ws>se[07a}u[b7T]) ‘]
a,bel0,7], wu: C([0,a]U}b,2],R)—R
b_aZEaEL(m]Jrl) ([meiglgrallle = (1 16)
3(T — S 1 )
> M [/ e o daz] {/ |sin(y)| e~ 73 dy] > max{dp(m), 0}
™ T3 5m+1/2 0
> max{d, 0}.
This implies that for all & € [n(1),00) NN it holds that
inf inf EUX#*” - u((WS)SE[O,a]U[,,,T])y] > max{d;,0}. (117)
a,bel0,7], u: C([0,a]U[b,T],R)—R
b—a>ey measurable
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The assumption that (&,),en C (0,00) is non-increasing hence proves that for

all & € [1,n(1)] NN it holds that

. . ,(2

inf inf E UX$ @ — U((Ws)se[o,a]u[b,T]) H
a,be(0,7], u: C([0,a]U[b,T],R)—R
b—a>ey, measurable

) ) (2

> inf inf EUX}“ ) _ u((Ws)se[O7a]u[b7T])|} (118)

a,b€[0,7], u: C([0,a]U[b,T],R)—R

b—a>en(1) measurable

> max{d,a1),0} > 0.
Combining ([117)) and ((118)) completes the proof of Lemma |3.14] O

Lemma 3.15. Assume the setting in Section [3.1], let (€,)nen € (0,7] be a se-
quence, and let (0,)nen C R be a non-increasing sequence with limsup,, . 6, <
0. Then there ezist a function i € C*(R,R) and a natural number ny € N such
that for all n € N it holds that

inf inf E |:|X$’(2) — u((WS)Se[Q,a]U[byT}) ”
a,bel0,7], u: C([0,a]U[b,T],R)—R
b—a>e, measurable

> Ling,00)(n) max{d,,0}. (119)

Proof of Lemma[3.15. Throughout this proof let (£,)neny € (0,7] be the se-
quence which satisfies for all n € N that

€, = min{ey, €9, ..., 6, }. (120)

This ensures that (£,)neny € (0,7] is a non-increasing sequence. Lemma m
(with e, = &, and 6, = 0, for n € N in the notation of Lemma hence
proves that there exist a function ¢ € C*(R,R) and a natural number no € N
such that for all n € N it holds that

. . (2

inf inf — E|[XP — u(W)epanm)]|
a,b€(0,7], u: C(]0,a]U[b,T],R)—R
b—a>en measurable

) ) (2

> inf inf EUX;%( ) U((Ws)se[o,a]u[b,ﬂ)u (121)

a,b€[0,7], u: C(]0,a]U[b,T],R)—R

b—a>é, measurable

> Ling,00) (1) max{d,,0}.
The proof of Lemma [3.15|is thus completed. O]

Corollary 3.16. Assume the setting in Section[3.1] and let (,)nen C (0,7] and
(0n)neny € R be sequences with limsup,, .. 0, < 0. Then there exist a function
Y € C®(R,R) and a natural number ng € N such that for all n € N it holds
that

inf inf E [|X§rp’(2) — u((We)sep.aup) ”
a,be0,7], u: C([0,a]U[b,T],R)—R
b—a>e, measurable

> Tjng,00) (1) max{d,,0}. (122)
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Proof of Corollary[3.16. Throughout this proof let (d,)neny € (—00, 0] be the
sequence of extended real numbers which satisfies for all n € N that

5, = sup{dn, On+1, Ont2,- - -} (123)

The assumption that limsup,, .. 4§, < 0 hence ensures that ¥n € N: 4, € R,
that

limsupd, = lim 4, = limsupd, <0, (124)

n—oo n—0o0 n—oo

and that (Sn)neN is a non-increasing sequence. This allows us to appl Lemmam
(with e, = ¢, and 0,, = Sn for n € N in the notation of Lemma to obtain
that there exist a function ¢» € C*(R,R) and a natural number ny € N such
that for all n € N it holds that

inf inf E [’Xr}p’@) — U«Ws)se[o,a}u[b,T]) ‘]
a,be(0,7], u: C([0,a]U[b,T],R)—R (125>
b—a>en measurable

> IL[no,oo)(n) maX{Snv 0} > :ﬂ-[no,oo)(n) max{d,,0}.

The proof of Corollary is thus completed. O

3.9 Non-asymptotic lower bounds for strong approxima-
tion errors for two-dimensional SDEs

Lemma 3.17. Assume the setting in Section and let ¢ € C*°(R,R). Then
there exists a measurable function ®: C([0,T],R) — R such that

(X7 = ((Wo)sepm) ) = 1. (126)

Proof of Lemma[3.17. Note that Lemma [3.7 proves that there exists a measur-
able function ¢: R — R such that

(X7 = o(x0)) =1, (127)

Moreover, Item in Lemma and Item in Lemma ensure that it
holds P-a.s. that

o / " Hs) AW, = F(m)Wi, — FO)Wy — / " P )W ds
0 0 (128)

S [ pews
0
Combining this with (127]) completes the proof of Lemma (3.17} O

Corollary 3.18. Assume the setting in Section and let (en)nen € (0, 7]
and (0n)neny € R be sequences with limsup,, .. 0, < 0. Then there exist a
function ¢ € C®(R,R), a real number ¢ € (0,00), a measurable function
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¢: C([0, T],R) = R, and a continuous F-adapted stochastic process Z: [0,T] x
Q — R such that for alln € N, t € [0,T] it holds that

P(Zr = O((Wo)sepom) ) = 1. (129)
(X = [y f(Z)aw,) =1, (130)
P(Zi= fy et cg(Z)feos(u(x")) + 1]ds) =1, (131)
and
inf inf E[\ZT - u((ws)se[o,a]u[b,ﬂ)” > 5. (132)
a,b€(0,7], u: C([0,a]U[b,T],R)—R
b—a>en measurable

Proof of Corollary[3.18 First, note that Corollary proves that there exist
a function ¢ € C*°(R,R) and a natural number ny € N such that for all n € N
it holds that

inf inf E [lX#’(Z) — u((Ws)se[O,a]U[b,T})u
a,be0,7], u: C([0,a]U[b,T],R)—R
b—a>en measurable

> Lng,00) (1) max{d,, 0}. (133)

Next let (€,)nen € (0,00) be the sequence which satisfies for all n € N that

e, = inf inf E[\X}W - u((WS)SE[O,a]U[b,T])}] . (134)
a,b€(0,7], u: C([0,a]U[b,T],R)—R
b—a>en measurable

let ¢ € (0,00) be the real number given by

c= max({l max{0, 0} max{0.0} M}) (135)

el ) €9 ’ ’ €ng

and let Z: [0,7] x Q@ — R be the stochastic process which satisfies for all
t € [0,T] that Z, = cX"®. Note that for all ¢ € [0, ] it holds that

]P(X;”’(” = f(%)dWs> —1 (136)
and
P(Zt = [Te+t cg(Z)[cos((XPD)) + 1] ds) ~ 1 (137)

Next observe that Lemma and the fact that Zp = cXéf’@) prove that there
exists a measurable function ®: C([0,7],R) — R such that

P(Zr = O((Wo)sepom) ) = 1 (138)
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Moreover, note that (133)) ensures that for all n € {ng,ng+ 1, ...} it holds that

c-e, = max({l, max{01,0} max{.0} max{dng 0} }) “ep

e1 ) e ) 9 eng (139>
> en > Ly 00)(n) max{d,, 0} = max{d,,0}.
In addition, observe that for all n € {1,2,...,ng} it holds that
e, = max({l, maxicsl,()}’ maxidz,O}’ . maxi(;no,(]} }) e,
1 2 ) (140)

> max{dn,0} ey = maX{(Sm 0}

- en

Combining (139) and (140)) shows that for all n € N it holds that ¢ -e, >
max{d,,0} > d,. Hence, we obtain that for all n € N it holds that

inf inf E||Zr - u((Ws)sepan)]]
a,b€0,7], u: C([0,a]U[b,T],R)—R
b—a>en measurable

= inf inf E [‘CXI}/)’(Q) - U((Ws)se[o,a}u[b,TD ‘:|
a,b€(0,7], u: C([0,a]U[b,T],R)—R
b—a>en measurable (141)

=c inf inf ]E“X#’@) — % . U((Ws)se[o,a]u[b,T})u
a,b€0,7], u: C([0,a]U[b,T],R)—R
b—a>en measurable

=c-e, > 0.

This and (136])—(138)) complete the proof of Corollary |3.18| O

The next result, Lemma |3.19| follows from Corollary and from Corol-
lary 3.1}

Lemma 3.19. Let T € (0,00), 7 € (0,T), d € {2,3,...}, £ € R%, (g,)nen C
(0, 7], (0n)nen C R satisfy limsup,, .. 0, < 0. Then there exist infinitely often
differentiable and globally bounded functions u,o: RY — R? and a measurable
function ®: C([0,T],R) — R such that for every probability space (2, F,P),
every normal filtration F = (Fy)icom on (2, F,P), every standard (0, F,P,F)-
Brownian motion W: [0,T] x @ — R, every continuous F-adapted stochastic
process X = (XM ..., X@D):[0,T] x Q@ — R? with ¥Vt € [0,T]: P(X;, = & +
fg w(Xs) ds + fot o(Xs)dWys) =1, and every n € N it holds that

]P)<X7(}) = (I)<(WS)SE[O,T})> =1 (142)
and
inf inf E“X;l) - u((Ws)se[O,a]U[b,T])u > b, (143)
a,be(0,7], u: C([0,a]U[b,T],R)—R
b—a>en measurable

Proof of Lemma[3.19 Throughout this proof for all measurable spaces (A4, .A)
and (B, B) let M(A, B) be the set of all .A/B-measurable functions from A to

25



B, let f,,0 € C*(R,R), ¢ € (0,00), ¢ € M(B(C([0,T],R)), B(R)) satisfy
that for every probability space (2, F,P), every normal filtration F = (IF;).c(0,7]
on (2, F,P), every standard (2, F, P, F)-Brownian motion W: [0,7] x Q — R,
every continuous F-adapted stochastic process X = (XM, X®): [0, T]xQ — R?
with vVt € [0,7]: P(XY = ['c + cg(X)[cos((XP)) + 1]ds) = P(X? =
JE Py daw,) =1, and every n € N it holds that

P(X{) = o(Wa)serom) ) = 1, (144)
inf inf E“X;l) — U((Ws)se[o,a]u[b,T})” > 0, (145)
a,bel0,7], u: C([0,a]U[b,T],R)—R
b—a>e, measurable

and sup,cg(|f(z)| + |g(x)|) < oo (Corollary (3.1 and Corollary assure that
f,9.0 € C*(R,R), c € (0,00), p € M(B(C([0, T],R)), B(R)) do indeed exist),
let P: RY — R be the function which satisfies for all z = (z1,...,74) € R that
P(z) = z1, let = € R be the real number given by = = P(¢), let a,b, u,0: R4 —
R? be the functions which satisfy for all z = (1, ...,24) € R? that

a(x) = (c+ cg(®)[cos(v(x2)) + 1],0,...,0), (146)
b(z) = (0, f(%),0,...,0), (147)
pwx) =a(z—¢), and  o(z)=Dblx—¢), (148)

let ®: C([0,7],R) — R be the measurable function which satisfies for all v €
C([0,T],R) that

P(v) = ¢(v) + E, (149)

let (€2, F,P) be a probability space, let F = (F);cjo,71 be a normal filtration on
(Q, F,P), let W:[0,T] x 2 — R be a standard (2, F, P, F)-Brownian motion,
let X = (XM, ..., X@):[0,T] x Q2 — R be a continuous F-adapted stochastic
process which satisfies for all ¢ € [0, 7] that

P(X =&+ [ (X)) ds + [Lo(X,) dW,) =1, (150)

let n € N, a,b € [0,7] be real numbers with b — a > ¢,, and let ¥ =
(YO YD) [0,T] x © — R be the stochastic process which satisfies for
all t € [0, 7] that

Yi=X; - ¢ (151)

Observe that (150)), (151]), (148), and (148)) ensure that Y: [0,7] x 2 — R¢ is a
continuous F-adapted stochastic process which satisfies for all ¢ € [0, T] that

P(Yi = ffa(¥a) s+ [b(Y2) dW,) = 1. (152)

26



This, (146)), and (147) show that for all ¢ € [0, 7] it holds that

(V" = fie+ g feos(w(V,?)) + 1] ds) =1 (153)
and
P(Yt@’ = L dWs> ~ 1. (154)
Combining this with and demonstrates that
(v = o(Wo)ecpm) ) =1 (155)
and
.. C([O,a}isl[lf,T],R)ﬁRE[‘ngl) _ U((Ws)se[o,a]u[b,T})u > 0. (156)

measurable

In addition, observe that (151)), (149), and (155]) assure that
P(X{) = o(Wo)sepor) ) = P(¥2 +Z = @((W,)cpom) )

(157)
= ]P’<Yq(ﬂl) = (I)((Ws)se[o,T]) — E) = P<YT(1) = ¢((WS>SG[O,T])) =1
Moreover, note that (151)) and (156]) show that
inf E DX(TI) - U((Ws)se[o,a]u[b,T})”
u: C([0,a]U[b,T],R)—R
measurable
= inf ]E|:Y(1)+E_U Ws)seio.a ]
s C([0,a]U[b,T],R)—R Yr (W) setoopr)| (158)

measurable

= inf ]E|:|Y7(“1) - u((Ws)se[O,a]u[b,T})H > 571
w: C([0,a]U[b,T],R)—R
measurable

Next observe that the fact that f, g,1 € C*°(R, R), the fact that sup,cg(|f(z)|+
lg(z)]) < oo, and (146)—(148)) ensure that p, o € C(R? RY) and

Sggj(”ﬂ(x)HRd + llo(@)[re) < oo. (159)

Combining this with (157) and (158) completes the proof of Lemma[3.19} [

Theorem 3.20. Let T € (0,00), 7 € (0,T), d € {2,3,...}, £ € RY, m € N,
(n)nen € (0,7], (0n)nen € R satisfy limsup,,_,. 6, < 0. Then there ez-
ist infinitely often differentiable and globally bounded functions p: RY — R?
and o: RY — R>™ such that for every probability space (Q, F,P), every nor-
mal filtration F = (Fy)icpo,r) on (Q, F,P), every standard (2, F,P,F)-Brownian
motion W: [0,T] x Q — R™, every continuous F-adapted stochastic process
X = (X0, XD): [0, T]xQ — R with ¥t € [0,T]: P(X; = &+ [ u(X,) ds+
fot o(Xs)dWy) =1, and every n € N it holds that

. . 1

inf inf E UX;) _ u((Ws)se[O,a]u[b,T])” >0, (160)
a,bel0,7], u: C([0,a]U[b,T],R™)—R
b—a>en measurable
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Proof of Theorem[3.20. Throughout this proof assume w.l.o.g. that m > 2 (oth-
erwise follows from Lemma [3.19), let ®: C([0,7],R) — R and x4, X €
C>*(R? R?) be measurable functions which satisfy that for every probability
space (€2, F,P), every normal filtration F = (F)cjo,r) on (2, F,P), every stan-
dard (92, F,P,F)-Brownian motion W': [O,T] >< Q2 — R, every continuous [F-

adapted stochastic process X = (X(l) .., @) [O,T] x Q — R? with Vt €
0,T]: P(X, =&+ fot w(Xs)ds + fo X;)dW;) = 1, and every n € N it holds
that
P<X7(“1) = CI)((WS)SE[O,T})> = 17 (161)
inf inf E|:|X7(11) - u((Ws)SE[O,a]U[b,T})H > 577,7 162
a,bel0,7], u: C([0,a]U[b,T],R)—R ( )
b—a>e, measurable

and sup,cga (|| p(2)||ge+||X(2)||ga) < 0o (Lemma assures that such functions
do indeed exist), let o: RY — R¥™ be the function which satisfies for all x € RY,
y=(Y1,---,Ym) € R™ that

o(x)y = nX(z), (163)

let (€2, F,P) be a probability space, let F = (IF;);co,77 be a normal filtration
n (Q,FP), let W = (WD ... W) [0,T] x Q — R™ be a standard
(Q, F,P,F)-Brownian motion, let X = (XM .. X@):[0,7] x Q@ — R be
a continuous F-adapted stochastic process which satisfies for all ¢ € [0,77] that

P(X =&+ [Ep(X) ds + [Lo(X,) dW,) =1, (164)
let n € N, a,b € [0,7] be real numbers with b —a > ¢&,, let q: C([O,a] U
[b,T],R™) — R be a measurable function, let W = (WM, ... W) Q —

C([0,T],R™) be the function which satisfies for all w € Q, t € [0, T] that
(W(w)(t) = Wi(w), (165)

let U: C([0,T],R) — C([0,a] U[b,T],R) be the function which satisfies for

I f e C(0,T],R) that ¥(f) = f|[0a]ubT and for every (vy,...,v,_ 1) €
C([0,a] U [b, T]|,R™1) let ty,. 0, ,: C([0,a] U[b,T],R) — R be the function
which satisfies for all v € C([0,a] U [b, T],R) that

Q

Uy, () =ulv,v1,. . Up). (166)

Observe that (164) and (163)) demonstrate that for all ¢ € [0, T] it holds that

P(X =&+ Jy n(X) ds+ fy (X, awiV) =1 (167)
This, , and assure that
P<X:(p1) = O ((WM)sepomy) = q)(VT/(l))) ~ 1. (168)



Next note that the fact that 3 € C*(R¢,R?), the fact that sup,cpa [|2(2)||ge <
o0, and ([163)) yield that o € C*°(R? R¥™™) and

sup J|o(@)[[aaxn = sup [|£(2)las < oc. (169)
z€R4 z€R4

In addition, observe that

u(We)sepaonm) = u(TWD), ... T (W) (170)

-----

Combining this with (168]) shows that

E|[ X8 = a((Wo)sepaonm)l| = E[|@0VD) = w((Wo)sepp.aopm)

)
= ]E[‘(I)(W(l)) — fL\p(W(z)) \p({f[/(m)) (\I](W(l))) |i|

.....

.....

= / .. / ‘(I)(U)l) — ﬂ\p(wQ) ..... U (wim) (\I[(U)l) | (171>
C([0,T],R) C([0,T],R)

- / / E|[S(F) = ...t (FV D))
C([0,T,R) C([0,T],R)

This, (168]), (167)), and (162)) ensure that

E UX(TI) - u((Ws)se[O,a]u[b,T])”

2/ / inf E o) - o(w(W0))|]
c([0,T],R) C([0,T],R) |v: C([0,a]U[b,T],R)—R

measurable
WE(P)soom ) (dws) .. W™ (B)sco,rmy (dwn)
- inf E[\@(W“) —v(\I/(W(l)))”
v: C([0,a]U[b,T],R)—R
measurable
= il B[ o(W ) o aqunm)]] = 0 (172)
v: C([0,a]U[b, T],R)—R
measurable
Combining this with (169) completes the proof of Theorem [3.20] ]

Corollary 3.21. Let T € (0,00), 7 € (0,7), d € {2,3,...}, £ € RY, m € N,
(n)neny € (0,7], (dn)nen € R satisfy limsup,_ .6, < 0. Then there ex-
ist infinitely often differentiable and globally bounded functions p: R4 — RY
and o: RY — R>™ guch that for every probability space (Q, F,P), every nor-
mal filtration F = (Fy)cj0.r1 on (0, F,P), every standard (2, F, P, F)-Brownian
motion W: [0,T] x Q — R™, every continuous F-adapted stochastic process
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X = (X0, XD): [0, T)xQ — R with Vi € [0,T]: P(X; = &+ [ u(X,) ds+
fot o(Xs)dWs) =1, and every n € N it holds that

inf inf inf E “X}l)
a,be[0,7], t1,...,tn€[0,T) u: C([0,a]U[b,T],R™)x (R™)"—R
b—a>en measurable

— u<(Ws)s€[0,a]U[b,T}a tha ) th>‘] > 571 (173)

Proof of Corollary[3.21 Note that Theorem [3.20] (with T =T, 7 = 7, d = d,
E=&6& m = m, g, = ﬁ, 0, = 0, for n € N in the notation of The-
orem proves that there exist infinitely often differentiable and globally
bounded functions p: R — R? and o: RY — R¥™ such that for every proba-
bility space (€2, F,P), every normal filtration F = (IF;)sco,77 on (2, F,P), every
standard (2, F,P,F)-Brownian motion W: [0,7] x © — R™, every continu-
ous F-adapted stochastic process X = (XU ... X@): [0,T] x Q — R? with
Vi e [0,T]: P(X; = £+ [y u(X,)ds + [3 o(X,)dW,) = 1, and every n € N it
holds that

inf inf inf E DXI(})
a,b€[0,7], t1,....tn €[0,T] u: C([0,a]U[b,T],R™)x (R™)"*—=R
b—a>en measurable

— u(We)sep.aupry Wers - Way) H

(174)
Z inf inf E |:‘X7(~1) — U((Ws)se[o,a]u[b,T]) H
a,be(0,7], w: C([0,a)U[b,T],R™)—R
b—a>en/(n+1) measurable
>0,
The proof of Corollary is thus completed. n
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