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QMC Algorithms with Product Weights for
Lognormal-Parametric, Elliptic PDEs

Lukas Herrmann and Christoph Schwab

Abstract We survey recent convergence rate bounds for single-level and multilevel
QMC Finite Element (FE for short) algorithms for the numerical approximation
of linear, second order elliptic PDEs in divergence form in a bounded, polygonal
domain D. The diffusion coefficient a is assumed to be an isotropic, log-Gaussian
random field (GRF for short) in D. The representation of the GRF Z = loga is
assumed affine-parametric with i.i.d. standard normal random variables, and with
locally supported functions y; characterizing the spatial variation of the GRF Z. The
goal of computation is the evaluation of expectations (i.e., of so-called “ensemble
averages”) of (linear functionals of) the random solution. The QMC rules employed
are randomly shifted lattice rules proposed in [19] as used and analyzed previously
in a similar setting (albeit for globally in D supported spatial representation functions
y; as arise in Karhunen-Loeve expansions) in [9, 14]. The multilevel QMC-FE
approximation QF analyzed here for locally supported y; was proposed first in
[17] for affine-parametric operator equations. As shown in [7, 6, 10, 11] localized
supports of the y; (which appear in multiresolution representations of GRFs Z of
Lévy-Cieselski type in D) allow for the use of product weights, originally proposed
in construction of QMC rules in [23] (cf. the survey [4] and references there). The
present results from [11] on convergence rates for the multilevel QMC FE algorithm
allow for general polygonal domains D and for GRFs Z whose realizations take
values in weighted spaces containing W' (D). Localized support assumptions on Y
are shown to allow QMC rule generation by the fast, FFT based CBC constructions in
[21, 20] which scale linearly in the integration dimension which, for multiresolution
representations of GRFs, is proportional to the number of degrees of freedom used
in the FE discretization in the physical domain D. We show numerical experiments
based on public domain QMC rule generating software in [5, 13].
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Seminar for Applied Mathematics, ETH Ziirich, Rdmistrasse 101, 8092 Zurich, Switzerland e-mail:
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2 Lukas Herrmann and Christoph Schwab

1 Introduction

The numerical solution of partial differential equations (PDEs for short) with random
input data is a core task in the field of computational uncertainty quantification.
Particular models of randomness in the PDEs’ input parameters entail particular re-
quirements for efficient computational uncertainty quantification algorithms. A basic
case arises when there are only a finite number of random variables whose densities
have bounded support and which parametrize the uncertain input in the forward PDE
model: computation of statistical moments of responses and also Bayesian inversion
then amounts to numerical integration over a bounded domain of finite dimension s.
Statistical independence and scaling implies numerical integration over the unit
cube [0, 1]%, against a product probability measure. In the context of PDEs, so-called
distributed random inputs such as spatially heterogeneous diffusion coefficients,
uncertain physical domains, etc. imply, via uncertainty parametrizations (such as
Fourier- , B-spline or wavelet expansions) in physical domains D, a countably-infinite
number of random parameters (being, for example, Fourier- or wavelet coefficients).
This, in turn, renders the problem of estimation of response statistics of solutions of
a problem of infinite-dimensional numerical integration. Assuming again statistical
independence of the system of (countably many) random input parameters results in
the problem of numerical integration against a product measure. In case of Gaussian
random field (GRF for short) inputs under consideration in this note, in addition
the domain of integration is the countable product of real lines RY, endowed with a
Gaussian measure (GM for short); see, e.g., [3] for details on GMs on RN,

Here, as in [9, 14] and the references there, we analyze QMC quadratures in the
FE solution of linear, second order elliptic PDEs in a bounded, polygonal domain
D, with isotropic, log-Gaussian diffusion coefficient a = exp(Z), where Z is a GRF
in D. As in [9, 14], we confine the analysis to first order, randomly shifted lattice
rules proposed originally in [19], and to continuous, piecewise linear “Courant” FE
methods in D. We adopt the setting of our analysis [10] of the single-level QMC-FE
algorithm: consider

—V-(aVu)=finD, u=0o0ndD (1

where D is a bounded interval in space dimension d = 1 or a bounded polygon with
J straight sides and J corners cj, i = 1,...,J in space dimension d = 2. We endow
Q := R with the Gaussian product measure and the corresponding product sigma
algebra, cf. [3]

1
p(dy) ::®\/27te zjdyj’ y=(j)j>1 € Q.

jz1

The random input is modelled on (2, ;>; Z(R), 1) which is a probability space
(cf. for example [3, Example 2.3.5]). The GRF Z = log(a) : 2 — L*(D) is assumed
to be affine-parametric:
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QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs 3
Z:=Y vy 2
jz1

In order to render the random coefficient « = exp(Z) in (1) meaningful, we imposed
in [10] on the (y;);>1 in (2) the summability condition

< oo (A1)
L=(D)

y vl
= b

such that (b;) j>1 € ¢7°(N) for some pg € (0,20), and the positive sequence (b;) ;>
encodes decay of (y;);>1. We observe that (A1) is weaker than the summability
conditions imposed in [9, 14] in the case that the y; have local supports, as observed
in [2] in the context on N-term gpc approximation rate analysis of the random field
solution u of (1). The assumption of local supports in (A1) allows for the use of
product weights, cp [10, 7, 11, 6]. The QMC points result from generating vectors
that are constructed with the component-by-component (CBC for short) construction.
The CBC construction for product weights, cf. [21, 20], has computational cost
which scales linearly with respect to the dimension s of the domain of integration.
Reproducing kernel Hilbert spaces (RKHS for short) with product weights were
introduced in [23]. For general surveys on QMC we refer to [4, 15] and the references
there. A finite dimension s of integration results from the truncation of the expansion
of the GRF Z which, if e.g. (/;) j>1 is a multiresolution analysis, couples with the FE
discretization. The main theoretical results on single-level and multilevel QMC with
product weights that we survey in this note are proven in our manuscripts [10, 11],
which are in review at the time of writing the present paper. These are backed here
with numerical experiments whose implementation uses public domain software [13].

2 Spatial Approximation

The spatial approximation of the PDE (1) by the FE method is based on its (primal)
variational formulation in D, while considering the coefficient sequence y in the
random input as “a parameter”. Find u : £ — V such that

/ aVu-Vidx = f(v), vev. 3)
D

The assumption (A1) and that for some pg € (0,00), (b;);>1 € ¢/°(N) implies that
Z € L1(Q,L”(D)) for every g € [1,00), cf. [10, Theorem 2]. This implies that p-a.s.
0 < essinfyep{a(x)} < ||a||z=(p) < oo. For the ensuing presentation, we define the

random variables

amin := essinfrep{a(x)} and  amax := [|al|=(p) -
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4 Lukas Herrmann and Christoph Schwab

Hence, the random bilinear form (w,v) — [paVw-Vvdx on V x V is continuous
and coercive with coercivity constant an, and continuity constant am,x. By the
Lax—Milgram lemma, the solution u exists and solves (3) uniquely. Also due to [10,
Corollary 6 and Equation (16)], we obtain the estimate for every ¢ € [1,0),

lull Lag:vy < N1/ aminlLa@) I fllve < o,

where the strong measurability of u follows, since u depends continuously on a (by
the second Strang lemma). To obtain a finite dimensional integration domain, we
consider dimension truncation. For every s € N, let a* := exp(Z*) = exp(¥Lj_, y;¥))
denote the truncated lognormal field and define the random variables

i ‘= essinfrep{a’(x)} and  ap = [|@||=(p)-

Let u®: Q — V be the solution with respect to the coefficient a’, i.e.,
/ a’Vu®-Vvdx = f(v), vev.
D

Assuming that (b;);>1 € £P0(N) for some pg € (0,00) by [10, Proposition 7], for
every € > 0, there exists a constant C¢ > 0 such that for every G(-) € V*

[E(G(u)) —E(G())| < Cel|GC)llv+| £ v+ rygg{b}%}- )

Approximations with Finite Elements in a polygon D C R? with respect to uniformly
refined triangulations may result in suboptimal convergence rates. We therefore
consider certain weighted Sobolev spaces, cf. [1]. For a J-tuple B = (Bi,...,B;) of
weight exponents, we define the corner weight function &g (x) := [T, lei —xlPix e
D, where B; € [0,1),i=1,...,J, and {cy,...,¢;} C dD are the corners of D. Here
and in the following, the Euclidean norm in R? is denoted by |- |. We define the
function spaces L% (D) and H E (D) as closures of C*(D) with respect to the norms

”V”leg(D) = ||V¢’B||L2(D) and ||VH§1§(D) = ||V||12.11(D) +Yja=2 wa"“PﬁHiz(D)-
Lemma 1. There is C > 0 such that for every f € L% (D) holds || f|lv: < C||f||L'23<D) .

Proof. The statement of the lemma is equivalent to the continuity of the embed-
ding L% (D) CV*. By duality, this is equivalent to the continuity of the embedding

VC (L/% (D))*. We therefore identify L?(D) with its dual (L>(D))*, and obtain for an
arbitrary w € (Lf3 (D))* with the Cauchy—Schwarz inequality

oy =, s w= swp [
veL} (D),||v||L%(D)=1 velLg (D),IIVIIL%(D)=1

< lw/Pgll2p) = HW”L{B(D) :
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QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs 5

By the Hardy inequality (see, e.g., [22, Theorem 21.3] with the choices p = g =
2,a=—p,B =0, k = 1), there exists a constant C' > 0 such that for every w € V,
with distyp(x) denoting for x € D the regularized distance of x to the (Lipschitz)
boundary 9D, as defined e.g. in [24, Chapter V1.2], [W/distyp|;2(p) < C'[|W]lv, we
conclude that the embedding V C(L% (D))* is continuous. This implies the assertion
of this lemma. O

O
In the weighted spaces Hg (D) there holds a full regularity shift for the Dirichlet
Laplacean, cf. [1, Theorem 3.2]: there exists a constant C > 0 such that for every
w eV with Aw € lei (D),

||WHH§(D) < C||AW|\L§(D)7 o)

provided that the weight exponent J-tuple B satisfies 0 < ; and 1 —7/ew; < f; < 1,
i=1,...,J. The interior angle of the corner c; is denoted by @;, i = 1,...,J. Since
in [1] the Poisson boundary value problem with a zero order term is considered, i.e.,
—Aw+w = f, we also used the estimate that for constants Cy,C>,C3 > 0 independent
of weV ﬂHé(D),

Wil 0 < Cillwlizoy < Calwlly = Callawlly- < Callawlz 0,

which is a consequence of Lemma 1. Also in FE spaces V; :={v eV :v|x €
P (K),K € F;} there is an approximation property, cf. [1, Lemmas 4.1 and 4.5],
where P'(K) are the affine functions on K and {7}/ are sequences of regu-
lar, simplicial triangulations with proper mesh refinement near the corners c; of D.
Specifically, there exists a constant C such that for every w € Hé (D) there is wy €V
satisfying

—1/d
I —wellv < Ml (©)

where M, := dim(V;). Let u*>7 : Q — V, be the FE solution, i.e.,

/ @V 7t . Vydx = fv), Wwev,. @)
D

Let Wﬁl’w(D) denote the Banach space of measurable functions v : D — R that

have finite Wﬁl’“’(D)—norm, where [|v|| 1 ) 7= max{[[v]|z=(p), [[|Vv|®g | =(p) }- We
B

(D)
introduce the following mixed sparsity assumption on the function system (y;) j>1.

Let (b;)j>1 be a positive sequence such that

(A2)

Z max{\Vl//]|<15ﬁ,\l//,\}

i>1 bj

L>(D)
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6 Lukas Herrmann and Christoph Schwab

The assumption (A2) (which is stronger than (A1)) is essential in obtaining improved
error vs. work bounds for the multilevel QMC approximation Qj as compared to the
bounds for the single-level QMC approximation in [10, Theorem 17]. The following
proposition is obtained as [10, Theorem 2], we omit the details of its proof here.

Proposition 1. Let the assumption in (A2) be satisfied for some sequence (b i)j>1
such that (b;) j>1 € £P0(N) for some pg € (0,00). For every € >0 and q € [1,0) there
exists a constant C > 0 such that for every s € N,

1z-2| < Csup{b;*}.

L(@:wy= (o)) =P

We obtain with [10, Corollary 6], that the identity (Va)®pg = (aVZ)®Pg holds in

L*(D)?, p-a.s.. With the Cauchy—Schwarz inequality, it implies that for every g €
[1,00) there exists a constant C > 0 such that for every s € N,

< oo and <C < oo,

”aHL"(Q;W,;’“(D)) ”aSHLq(Q;Wé'N(D))

We observe that f1-a.s holds, that for every subset DccD,|Vd| e L°°(D) and also
that for every g € [1,), |Va| € L(Q;L=(D)). We assume that f,G(-) € L2 (D).

Then, by the divergence theorem and product rule
/ Sfvdx = / aVu-Vvdx = —/ [aAu+Va-Vulvdx, YveCy (D).
D D D

Formally testing the corresponding pointwise identity (which holds for pointwise a.e.
x € D) with —A u(bé /a, we obtain the following estimate, valid y-a.s.

1£130 1711z
A < ——+||Z)], 1 <C———(+]|z =(p))- 8

81l 5y € ==+ 12l lly € C— L (14 2l ) B)

Note that we may test with —A ud’é /a, since it can be approximated by elements of

C7 (D) in L*(D). Here we used Lemma 1, i.e., || f]lv+ < C||f\|Lf3 (p) With a constant

C > 0 depending only on the domain D, which is independent of f. By an Aubin—

Nitsche argument, by (4), (5), (6), Proposition 1, and (8), for every € > 0 there exists
a constant C > 0 such that for every s € N, £ € Ny

|E<G<u>>—E<G<S@>>|<c<sup{bl }M ‘”") 16O 050y ©

]>s

Remark 1. The regularity shift in (5) and the estimate in (8) can be interpolated
between the interpolation couple L% (D) C V* as well as the approximation property
in (6). If f € (V*,Lfi (D)) and if G(+) € (V*,L% (D)) o for some 1,7 € [0,1], then

the estimate (9) holds with the term M, 2/4 that bounds the error contribution from
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QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs 7

the FE discretization replaced by M, () ¢ Here and throughout what follows,
interpolation spaces shall be understood with respect to the real method of interpola-
tion; we refer to [25, Chapter 1] and the references there for definitions and basic
properties of interpolation spaces.

3 Single-Level QMC

Dimension independent convergence rates of QMC with randomly shifted lattice
rules can be shown by estimating the worst-case error of a particular weighted
Sobolev space of type # and the norm in this Sobolev space of the integrand. We
generally seek to approximate s-dimensional integrals with respect to the multivariate
normal distribution

hF)= [ P TTo0ay,

where the univariate, standard normal density is denoted by ¢(-).
For every s € N and product weights ¥ = (¥, )ucn, we introduce the weighted
Sobolev spaces #y(R*), which are given by the norm

1F [l ()
5 1/2
= T w Lo L L AFe) TT e00dya TT@i0)dn,
uc{l:s} R R je{lisH\u JEU
(10)

The considered weights ¥ are of product type, i.e., for some positive sequence (7;) j>1

%=[]v, vCNul <e.
JjEu
The weight functions in (10) are either unnormalized Gaussians or exponentially
decaying, i.e.,

2 ey :
wy(y)i=e "%, yeR,j>1, and wp,;(y):=e %P yeR,j>1,
where 0 > 1 and Oexp > 0. The QMC quadrature in s € N dimensions with N points
is denoted by O, y(-). Using randomly shifted lattice rules, there exist QMC points
such that for every F € #,(R*) the mean squared error integrated over all random
shifts A (w.r. to the uniform measure, cf. [19]) satisfies

VEAUL(F) — Qun (F)2) < Crl@N) ™ R F |l ) (an

where the constant Cy is finite if (y;)>1 € ¢*(N) and then uniformly bounded in the
dimension s (and in particular independent of F) for A € (1/(2r),1]. This follows
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8 Lukas Herrmann and Christoph Schwab

by [19, Theorem 8], [16, Lemma 6.3], and [18, Examples 4 and 5], where

_ J1-1/(20) for Gaussian weight functions,
- )1-6 for exponential weight functions and any & € (0,1/2).

The Euler totien function is denoted by ¢(-). In the following, the solution «* and the
coefficient ¢* are viewed as mappings from R* to V and L™ (D), respectively. In the
analysis of bounds of the #4(IR*)-norm of the specific integrand F(y) = G(u*(y)),
y € R?, global bounds of the function system () j>1 have been used in [9] with POD
weights. The theory in [2] is able to derive parametric regularity estimates taking
into account possible locality of the supports of y;. Specifically, [2, Theorem 4.1]
states that if for a positive sequence (p;) j>1

<log(2), (12)
L=(D)

Y pilvil

jz1

then there exists a constant C that is independent of s such that for every y € R?,

Y 15wz [Te7 < Clw()li5)- (13)

uc{l:s} JEU

In [10], this estimate is used to prove dimension independent convergence rates of
randomly shifted lattice rules with product weights. The product weights will be
defined using the sequence (b;) ;>1, where the smallness assumption in (12) does not
affect the QMC weights nor the function system (/) j>1. Some of the sparsity of the
sequence (b j) j>1is used to control the weight functions in the norm (10).

Theorem 1 ([10, Theorems 11 and 13]). For p' € (0,1], consider the weight se-
quence
yi=b", j=1L
Let the assumption (A1) be satisfied and let the conditions below hold, respectively:
1. Gaussian weight functions: (b;)j>1 € £P(N) for some p € (2/3,2) with ¥ =
1/(2p) +1/4 — 8. The weight sequence (;) j>1 is applied with p' = p/4+1/2 —

Opfor € (0,3/4—1/(12p)).
2. Exponential weight functions: (bj)j>1 € £P(N) for some p € (2/3,1] with x =
1/p—1/2. The weight sequence (Y;) j>1 is applied with p' =1 —p/2.

Then, there exists a constant C independent of N and s such that

\/EA (I1(G(w*)) = Qsn(G(w))]?) < C(p(N))*.
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QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs 9

4 Multilevel QMC

The multilevel QMC quadrature is for a maximum level L € Ny defined by a tele-
scoping sum expansion

L
) =Y Oy (Gu') — G(u'™)), (14)
=0

where G(u~!) := 0 and ul == w7, 0> 0. It requires choices of dimensions (80)e>0
and numbers of QMC points (Ny) ¢—0,....L- The random shifts between the different
levels in (14) are assumed to be independent. This implies with (11)

B4 (|1, (G(u")) — Q1 (Guh) ) < & Z ) VMG = G 15 -

According to this error estimate, it is crucial to find suitable bounds of the #7(IR*)-
norm of the difference G(u) — G(u'~") in order that the multilevel QMC quadrature
benefits from the coupling between the levels £ =1,..., L.

4.1 Error Estimate

Parametric regularity estimates of the type of (13) can be shown for dimensionally
truncated and FE differences between two consecutive levels.

Proposition 2. Let a positive sequence (p;) j>1 satisfy (12) and for some 1 > 0

Y o Ml

jz1

< 0.
1=(D)

Then, there exists a constant C > 0 such that for every s' < s € Ny and every y € R®,

Y 19 3) —u )z [ 107

uc{l:s} JjEu
, 2
a‘(y)—a’ (y)

=\ ew

I )y +sup ;> )y
L=(D)

Proposition 3. Let G(-) € L% (D) and let a positive sequence (p;) j>1 satisfy

. 1
<sup{c>0:ce <1} —

Y pjmax{|Vy;|Pg,|y;|} :
L=(D) V2

jz1
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10 Lukas Herrmann and Christoph Schwab

Then, there exists a constant C > 0 such that for every s € Ny, { € Ny, and for every
yeR,

Y 183G )~ G MNP []e;

ucC{l:s} JEU

2
|‘aS<Y)“1%w(D) ‘ 2 —4/d 2 2
<C (W(l + ”Z (y)HWA’w(D)) MZ ”G()“Lé(D)”fHL%(D)

min

Propositions 2 and 3 are versions restricted to first order mixed derivatives 8;‘ of [11,
Theorems 4.3 and 4.8]. The parametric regularity estimates in Propositions 2 and 3
are used to show the following multilevel QMC error estimate analogously to the
proof of [10, Theorems 11, and 13].

Theorem 2 ([11, Theorem 5.11). For p’ € (0,1], 6 € (0,1), consider the weight
sequence

¥ = BOVE)Y >0
Consider sequences (sg) >0 and (Ny)i=o.... 1, L € No, under the conditions:

1. Gaussian weight functions: (b}_e\/l;j)jzl € (P(N) for some p € (2/3,2) with
X = 1/(2p) +1/4— 8. The weight sequence in (Y;);>1 is applied with ' =
p/A+1/2—8pfor§ € (0,3/4—1/(2p)).

2. Exponential weight functions: (b}_e\/l_)j)jzl € (P (N) for some p € (2/3,1] with
X =1/p—1/2. The weight sequence in (Y;) j>1 is applied with p’ =1—p/2.

Then, for any € € (0,1), there exists a constant C > 0 that is in particular indepen-

52,[71 := 1 otherwise,

VEA(E(Gw) ~ 0GP

J>sL

<C (max{bi(l_s)} +ML_4/d

L

1/2
+ 3 (p(Ne) (éu_l max {530} M, d) ) :

(=0
Remark 2. For f € (V*,L% (D))t and G(-) € (V*,L% (D)) o, with some 7,1 € [0, 1],
the error estimate in Theorem 2 holds with the term M[ 4/d that bounds the FE

discretization error replaced by M[ 2t/ d, ¢=0,...,L, where T=1t+1".
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QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs 11

4.2 Error vs. Work

We discuss in some detail the use of Multiresolution Analyses (MRAs for short) to
model the GRF log(a) =Z, analogous to the Lévy-Cieselski representation of the
Wiener process. To this end, we assume that (Y} ), constitute a MRA which is
generated by a finite number of sufficiently smooth mother wavelets, i.e.,

W2, (x) = W () = w(x* —k), ke pxeD.

We use the usual notation, where in the index A = (|A|, k) refers to the level |[A| € Ny
and the translation k € 57| |. The index set v/, has cardinality |v/,| = €'(2%), ¢ € Ny.
We assume that the overlap on a fixed level ¢ € Ny is uniformly bounded, i.e., there
exists K such that for every ¢ € Ny and every x € D,

A e v Al=Lw(x) # 0} <K.

Additionally, we introduce the scaling that for some o,0>0,

||IV1HL°°(D) < o-zialMa Ae Vs

and assume that there exists a constant C > 0 such that the mother wavelet satisfies
IIV¥!llz=p) < Cl|W||=(p)- For this MRA the assumption (A1) is satisfied with the
sequence

bj(l) =b) = Ziﬁw, Ac \VA

for a > B > 0, where j : N — 1/ is a suitable enumeration. In this setting the work
to compute one sample of the stiffness matrix is &'(Mylog(s,)), where s, denotes the
truncation level of the coefficient. We assume that the work to solve the linear system
resulting from the FE discretization satisfies that for some n > 0

wOrkppEsolve = ﬁ(M[H_n ) (A3)
Therefore, the overall work of the multilevel QMC quadrature satisfies for L € Ny,

L
work = O (Z Ny(Mylog(sy) +M£+n)> :
(=0

The cost of the CBC construction is here excluded from the work model for simplicity.
We refer to [11, Section 6] for a discussion of a work model that considers the cost
of the CBC construction. For & > f8 > 1, the MRA (¥} ) e, and the sequence

5. BV
by=bP VP jen,
satisfy the assumption (A2). We assume in this section

fEe(V,Lg(D))e and G() € (V' Lg(D))yw, 1,1 €[0,1] (Ad)
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12 Lukas Herrmann and Christoph Schwab

and set T := 1 +1'. Also, assume that M, = ¢'(29"), £ € Ny. We suppose that (8¢) >0,
0, and (M;)¢>( are given such that the truncation error in the multilevel QMC
error estimate in Theorem 2 is controlled by the FE discretization error on levels
{=0,...,L. Specifically, we suppose that s, depends algebraically on My; two
concrete strategies on how to choose sy are discussed in [11, Section 6]. Analogous to
the analysis in [11, Section 6] (see also [17, 14, 6]), explicit expressions for the QMC
sample numbers (Ny) ¢=o0,...,. are found by optimizing work versus the (estimated)
error:

[NOM[(%MHM)/(IHZW ifn >0
Ny — (e2) (=1,...,.L. (15)
[No (M[“%/d log(se)71> ' w itn =0,
and _
LT if 141 <t/(dy),
PRI if 1+n=rt/(d}),n >0,
No={ [FLALOHD/GEHD  ifd = 1/7,1 =0, (16)
r2(2erd(14m)L/(1427) if 1+n>1/(d%),n >0,

[2@+20/120 L 1/(1420] ifd > t/x,n = 0.

Theorem 3 ([11, Theorem 6.2]). Let the assumptions (A4) and (A3) be satisfied for
N > 0. The sample numbers for Qj (-) are given by (15) and (16), L € N,.

1. Gaussian weight functions: for p € (max{2/3, d/(B -D}L2), x=1/2p) +
1/4— 6 for § > 0 sufficiently small assuming d/(ﬁ <2

2. Exponential weight functions: for p € (max{2/3,d/( -1, x=1/p—1/2
assuming d/(B— 1)< 1.

For an error threshold € > 0, we obtain

VEA(IE(G() — 0} (Gh))?) = 6(),

which is achieved with

%

(e71/7) if 141 <1t/(d),
O(eVxlog(e~1)IH+20/CD) if1+n =1/(d}),n >0,

work = ¢ 0(e VX log(e") I+ ifd =1/x,n =0,
O(g=d/e(1+n)) if 141> 1/(d}),n >0,

O(e~/"log(e™")) ifd>rt/%,m=0.

5 Numerical Experiments
Consider (1) in space dimension d = 1 with D = (0,1), i.e
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—ox(adw) =finD, u(0)=u(l)=0. (17)

The coefficient a is given by a = exp(Z), where Z =Y ;~, y; ;. We consider two
possible cases for the MRA (y;) j>1: the Haar system and a family of biorthogonal,
continuous, piecewise linear spline wavelets.

5.1 Single-Level QMC

We suppose that the GRF Z is represented by the Haar system (l[/j(&k)) j>1, i.e.,
it is generated by the mother wavelet y/(x) = Ljg 1 /2)(x) — 1j12,1)(x), x € R. Haar
wavelets are for @ > 0 and ¢ > 0 given by

Via(x) = 02 %y (2lx—k), £>0k=0,...,2'—1.

In our computations, we consider truncated fields Z* with s = 2L+1_1,L>0.In
this way, the expansion of Z° consists of full partial sums over activated levels.
Realizations of the coefficient a® are piecewise constant on D. For a constant right
hand side f = constant, the solution u* of (17) takes values in the piecewise quadratic
functions on D. Hence, for such «*, the corresponding FE solution of (17) also
solves (17) if 97 Lagrange FE is applied. Therefore, in this example we are able to
study the QMC error in the absence of spatial discretization errors.
This Haar system (y;) ;> and the sequence (b;) ;> given by
=27 B ¢>0k=0,..2—1,

)

b

satisfy the assumption (A1) for every B such that o > B > 0 and ¢ > 0. The enumer-
ation j: N — V is given by j(¢,k) =2° +k, £>0,k=0,...,2  — 1. Since b; ~ j P,
Jj=>1,(bj)j>1 € LP(N) for every p > 1/B. For p > 1/ and exponential weight
functions, we will use the product weights ¥ = (4 )ucn given by

Yo = Hbi_p, uCN,u| < oo.

JEU

For the computation of the QMC generating vectors, we use the Python code
OMCA4PDE, cf. [13], which is also able to compute generating vectors for prod-
uct weights with exponential weight functions, where we take ¢ = 0.1 as the scaling
of the sequence (b;) j>1. It has been observed in [8] (there for interlaced polynomial
lattice rules) that using QMC weight sequences that are scaled by a constant smaller
than one, may result in better suited generating vectors. In our experiments, for
dimensions of the order ¢’(10%) the value ¢ = 0.1 resulted in better suited generating
vectors than ¢ = 1. Any scaling of the sequence (b;);>1 is justified by our theory.
However, a smaller value of ¢ may lead to larger dimension-independent constants
in the presented error estimates. We observe that in the theoretical bounds for e,
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14 Lukas Herrmann and Christoph Schwab

may be overly conservative and the resulting generating vectors may be ill-suited
for practical QMC quadrature; we refer to the discussion in [8]. Therefore, smaller
values of Oxp are considered, i.e., the code QMC4PDE uses parameter-dependent
values o; (in the notation of [13]) according to [13, p. 1672], where we have set
a3 = 1.

We present results for a right hand side f = 15 and G(-) is the function eval-
uation at ¥ = 0.7, which is not a FE node for all discretization levels. Conver-
gence of the QMC approximation using randomly shifted lattice rules with N = 2™
points, m = 1,...,18, is presented in Figures 1(a) and 1(b). The results with
m = 19 averaged over Ry random shifts is used as the reference value Q. The mean
squared error over R > 2 random shifts is approximated by the unbiased estimator

X 1(Qj—0)*/(R—1) = EA(|E(G(u)) — Qsn (G (u*))[?), where Qj, j=1,...,R,
are the results of Q y(G(u*)) for R i.i.d. random shifts. For all data points, the
truncations level L = 12 is used. This results in s;, = 2!3 — 1 = 8191 dimensions of
integration and FEM meshwidth 2 = 2713 In Figures 1(a) and 1(b), we observe that
the convergence rate is depending on the variance of log(a) = Z, which is equal to
62/(1 —272%), Also the convergence rate is in both cases little different and not
larger than 0.95. A dependence of the convergence rate on the variance has also been
observed in numerical experiments with randomly shifted lattice rules using POD
weights in [9, Tables 1 and 2].

QMC Convergence QMC Convergence

[ .
107 A B 10? A\:\i =
- Emg =
m 'S g |
. 107 et o C107 LBy T By
o -\ A | o |
£ = £ \
w 103 . \\ LN w103 ‘\“ \ = a
¢ e ‘\.\ = g \A\ L o
£ 10%[[ee om0 1‘\\: LA . B 107 {e—e o=01 N =
[ fit: —0.932 \\‘ Q fit:—0.932
C10%Haa 005 a C10%Haa 005 \\.\
fit: —0.881 \‘\.\‘\ A fit:—0.878 \ 2
10°Hma o=1 L § 10°Hmm o=1
fit: —0.777 e fit:—0.748 .
. g
10090 10" 107 10° 10° 10° 10° 1050 10 10° 10° 10° 10° 10°
Number of Points N =2" Number of Points N=2"
(a) Parameter choices a@ = 1.61, § = 1.51 (b) Parameter choices & = 1.36, B = 1.26

Fig. 1 Here, sz = 8191, Ry = R = 20. The convergence rates expected from our error analysis in
these examples are 1 — & and 0.76 — §, respectively.

5.2 Multilevel QMC

The multilevel QMC convergence analysis requires higher spatial regularity of the
solution, which may not hold if the coefficient is expanded in the Haar system.
We consider here continuous, piecewise linear spline wavelets (y;)j>1, e.g. [12,
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Chapter 12], and assume that Z is expanded in this MRA. We suppose the decay for
a>1 -
IWiepll=m)y =027, €>0k=1,...,2".

These () j>1 and the sequences
bjwy = CZ_B[, (>0,k=1,...,2", and bj:= b<4ﬁ_1)/ﬁ, j>1,

satisfy the assumption in (A1) and in (A2), if f is such that & > 8 > 1. We present
numerical experiments for a right hand side f = 15 and G(-) is the function evaluation
at the point ¥ = 0.7. Note that G(-) € H~'/2*¢ for every £ > 0, which implies a FE
convergence rate of T = 3/2 — ¢ for every € > 0. We will use the limiting value
T = 3/2 for the sample numbers (Ny)/>o. Let us assume that MRA and FE meshes
are aligned. This refers to §trategy 2 in [11, Section 6] or [6, Section 6] and requires
B > 1. Hence, for 6 = 7/J3, the product weights are considered with respect to the
sequence
(BiOVD))j>1 = (b) %) j=1.

For simplicity, we will consider sample numbers Ny = 2™, which upper bound the
choices from (15) and (16), where

T 1+27
mg:max{ {ZL— 1527 (ﬁ—&—logz(é—i—l))-‘ ,1}7 ¢=0,...,L.

Convergence of single-level and multilevel QMC is presented in Figure 2 for L =
2,...,11. There multilevel and single-level QMC is applied to the same integration
problem with respect to continuous, piecewise linear spline wavelets. Here, we
use piecewise linear 22! FE. For the single-level QMC, the QMC sample numbers
Ny, are chosen to equilibrate the errors N, % and hZT, cf. [10, Theorem 17], which
leads to the choice Ny = 2[7L]. The measured error vs. work convergence rates are
displayed in Figure 2 for comparison. As a reference solution, the approximation
on the level L = 12 with a total of s;, = 8191 dimensions was used, respectively.
For the single-level QMC, the same weight sequence may be applied. Since the
generating vector is constructed by CBC iterating over the dimension, the generating
vector for the highest dimension may be truncated and used for smaller dimensional
randomly shifted lattice rules as well. The measured rates were obtained by a linear
least squares fit on the last 7 data points. The total work (for one realization of the
random shift per discretization level) is, for multilevel QMC, given by

L
W = Nohy 'log, (s0) + Y Ne(hy 'logy (se) + Ry logy (se—1))
/=1

and for single-level QMC by WLSL = NLhZ1 log,(sz.). The convergence result in
Theorem 3 is asymptotic and implies a convergence rate of 1 — & for multilevel
QMC in Figure 2. The error estimate in Theorem 2 and the chosen work model for
multilevel QMC are used to monitor error vs. work in numerical experiments which
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16 Lukas Herrmann and Christoph Schwab

are then fitted with least squares. For the range of L corresponding to the data points
in Figure 2, which are used in the computation of the measured convergence rate,
this results in a “predicted” rate of 0.9—9 for arbitrary small § > 0. Predicted rates
have been used in the literature e.g. [5, Table 1].

ML vs. SL QMC Convergence

10!
e MLQMC
fit: —0.861
5 A-A SLQMC
107 ¢ fit: —0.488

Relative Error
=
o
%

\\

100 107 10° 10° 10° 10° 107 10° 10° 10%
Work

._.
<
S
T

Fig. 2 Parameter choices & = 3.11, E =3.01, 0 = 0.1, Ry = R = 20. The convergence rate for
multilevel QMC expected from our error vs. work analysis in this example is 0.9—3.
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