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Lukas Herrmann and Christoph Schwab

Abstract We survey recent convergence rate bounds for single-level and multilevel
QMC Finite Element (FE for short) algorithms for the numerical approximation
of linear, second order elliptic PDEs in divergence form in a bounded, polygonal
domain D. The diffusion coefficient a is assumed to be an isotropic, log-Gaussian
random field (GRF for short) in D. The representation of the GRF Z = loga is
assumed affine-parametric with i.i.d. standard normal random variables, and with
locally supported functions y; characterizing the spactial variation of the GRF Z.
The goal of computation is the evaluation of expectations (i.e., of so-called “ensemble
averages”) of (linear functionals of) the random solution, The QMC rules employed
are randomly shifted lattice rules proposed in [19] as used and analyzed previously
in a similar setting (albeit for globally in D supported spatial representation functions
y; as arise in Karhunen-Loeve expansions) in [9, 14]. The multilevel QMC-FE
algorithm Qj analyzed here for locally supported y; was proposed first in [17] for
affine-parametric operator equations. As shown in [7, 6, 10, 11] localized supports
of the y; (which appear in multiresolution representations of GRFs Z of Lévy-
Cieselski type in D) allow for the use of product weights, originally proposed in
construction of QMC rules in [23] (cp. the survey [4] and references there). The
present results from [11] on convergence rates for the MLQMC FE algorithm allow
for general polygonal domains D and for GRFs Z whose realizations take values
in weighted spaces containing W' (D). Localized support assumptions on Y are
shown to allow QMC rule generation by the fast, FFT based CBC constructions in
[21, 20] which scale linearly in the integration dimension which, for multiresolution
representations of GRFs, is proportional to the number of degrees of freedom used
in the FE discretization in the physical domain D. We show numerical experiments
based on public domain QMC rule generating software in [13, 5].
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Seminar for Applied Mathematics, ETH Ziirich, Rdmistrasse 101, 8092 Zurich, Switzerland e-mail:
lukas.herrmann @sam.math.ethz.ch, e-mail: christoph.schwab @sam.math.ethz.ch



2 Lukas Herrmann and Christoph Schwab

1 Introduction

The numerical solution of partial differential equations (PDEs for short) with random
input data is a core task in the field of computational uncertainty quantification.
Particular models of randomness in the PDEs’ input parameters entail particular
requirements to efficient computational uncertainty quantification algorithms. A basic
case arises when there are only a finite number of random variables whose densities
have bounded support and which parametrize the uncertain input in the forward PDE
model: computation of statistical moments of responses and also Bayesian inversion
then amounts to numerical integration over a bounded domain of finite dimension
s. Statistical independence and scaling implies numerical integration over the unit
cube [0, 1]%, against a product probability measure. In the context of PDEs, so-called
distributed random inputs such as spatially heterogeneous diffusion coefficients,
uncertain physical domains, etc. imply, via uncertainty parametrizations (such as
Fourier- , B-spline or wavelet expansions) in physical domains D, a countably-infinite
number of random parameters (being, for example, Fourier- or wavelet coefficients).
This, in turn, renders the problem of estimation of response statistics of solutions a
problem of infinite-dimensional numerical integration. Assuming again statistical
independence of the system of (countably many) random input parameters results
in the problem of numerical integration against a product measure. In case of GRF
inputs under consideration in this note, in addition the domain of integration is the
countable product of real lines RN, endowed with a Gaussian measure (GM for
short); see, e.g., [3] for details on GMs on RN,

Here, as in [9, 14] and the references there, we analyze QMC quadratures in the
FE solution of linear, second order elliptic PDEs in a bounded, polygonal domain
D, with isotropic, log-Gaussian diffusion coefficient a = exp(Z), where Z is a GRF
in D. As in [9, 14], we confine the analysis to first order, randomly shifted lattice
rules proposed originally in [19], and to continuous, piecewise linear “Courant” FE
methods in D. We adopt the setting of our analysis [10] of the single-level QMC-FE
algorithm: consider

—V-(aVu)=finD, u=0o0ndD (1

where D is a bounded interval in space dimension d = 1 or a bounded polygon with
J straight sides and J corners cj, i = 1,...,J in space dimension d = 2. We endow
Q := R with the Gaussian product measure and the corresponding product sigma
algebra, cp. [3]

1
p(dy) ::®\/27te zjdyj’ y=(j)j>1 € Q.

jz1

The random input is modelled on (2, ;>; Z(R), 1) which is a probability space
(cp. for example [3, Example 2.3.5]). The GRF Z = log(a) : 2 — L*(D) is assumed
to be affine-parametric:
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QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs 3

Z .= Zyjl[/j. (2)

jz1

In D, we consider the model Dirichlet problem

~V.-(aVu)=f inD, “‘aD:O' 3)

In order to render the random coefficient @ = exp(Z) in (3) meaningful, we imposed
in [10] on the (y;);>1 in (2) the summability condition

Ly

oo Al
b, < (AD)

izl L=(D)

such that (b;) j>1 € £P°(N) for some pg € (0,e0), and the positive sequence (b;) j>1
encodes decay of (y;);>1. We observe that (A1) is weaker than the summability
conditions imposed in [9, 14] in the case that the y; have local supports, as observed
in [2] in the context on N-term gpc approximation rate analysis of the random field
solution u of (3). The assumption of local supports in (A1) allows for the use of
product weights, cp [10, 7, 11, 6]. Product weights are well known to scale linear
in the dimension of integration in the CBC construction, cp. [21, 20]. Reproducing
kernel Hilbert spaces (RKHS for short) with product weights were introduced in
[23]. For general surveys on QMC we refer to [4, 15] and the references there. A
finite dimension s of integration results from the truncation of the expansion of the
GRF Z which, if e.g. (y});>1 is a multiresolution analysis, couples with the FE
discretization.

2 Spatial Approximation

The spatial approximation of the PDE (3) by the FE method is based on its (primal)
variational formulation in D, while considering the coefficient sequence y in the
random input as “parameter”. Find u : Q — V such that

/anVvdx:f(v), vev. 4)
Jp

We further impose the assumption that for some pg € (0,), (b;);>1 € ¢P(N) it
holds that Z € L7(£2,L>(D)) for every g € [1,00), cp. [10, Theorem 2]. This implies
that p-a.s. 0 < essinfyep{a(x)} < ||al| =(p) < c. For the ensuing presentation, we
define the random variables

amin 1= essinfrep{a(x)} and  amax = |a|=(p) -

Hence, the random bilinear form (w,v) — [,aVw-Vvdx on V x V is continuous
and coercive with coercivity constant ap,, and continuity constant am,x. By the
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4 Lukas Herrmann and Christoph Schwab

Lax—Milgram lemma, the solution u exists and solves (4) uniquely. Also due to [10,
Proposition 3], we obtain the estimate for every g € [1,00),

[ullza@vy < 1/ aminllza) || fllve < oo,

where the strong measurability of u follows, since u# depends continuously on a (by
the second Strang lemma). To obtain a finite dimensional integration domain, we
consider dimension truncation. For every s € N, let a’ := exp(Z*) = exp(¥}_; y;¥;)
denote the truncated lognormal field and define the random variables

Apin = essinfrep{a’(x)} and  ap, = @ = (p)-

Let u® be the solution with respect to the coefficient a°, i.e.,
/ a’Vu'-Vvdx = f(v), vev.
D

Assuming that (b;)j>1 € £P°(N) for some pg € (0,20) by [10, Proposition 7], for
every € > 0, there exists a constant C¢ > 0 such that for every G(-) € V*

[E(G(w) ~E(Gw))| < CellGE)llv- | Fllv- max{b;~}. )

Approximations with Finite Elements in a polygon D C R? with respect to uniformly
refined triangulations may result in suboptimal convergence rates. We therefore
consider certain weighted Sobolev spaces, cp. [1]. For a J-tuple B = (Bi,...,5,) of
weight exponents, we define the corner weight function

J
Pg(x) 1= H\ci —xf, xeD,

where f; € [0,1),i=1,...,J. Here and in the following, the Euclidean norm in R?
is denoted by | - |. We define the function spaces L% (D) and HE (D) as closures of

C*>(D) with respect to the norms
Mz o) = IvPg 2 0)
and

I ) = IVl )+ X 102121120

|a|=2
Lemma 1. There exists a constant C > 0 such that for every f € L/23 (D),

171 < CIfll3 0

Proof. The statement of the lemma is equivalent to the continuity of the embed-
ding V* C L% (D). By duality, this is equivalent to the continuity of the embedding
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(L%i (D))* C V. We therefore identify L?(D) with its dual L?(D), and obtain for an

arbitrary w € (Lf3 (D))* with the Cauchy—Schwarz inequality

||WH(L’23(D))* = sup w(v) = sup /wvdx

veL} (D),HVHL’%(D):l veLp (D)-,HvHL,zs(D):l

< w/Pgll2m) = ||W||L{B(D) '

By the Hardy inequality (see, e.g., [22, Theorem 21.3] with the choices p = g =
2,a=—p,B =0, k= 1), there exists a constant C' > 0 such that for every w € V,
with distyp(x) denoting for x € D the regularized distance of x to the (Lipschitz)
boundary dD, as defined e.g. in [24, Chap. V1.2],

1w /distap |l 2(py < C'¥]lv,

we conclude that the embedding (Lf3 (D))* C V is continuous. This implies the
assertion of this lemma. O

O
In the weighted spaces Hé (D) there holds a full regularity shift for the Dirichlet
Laplacian, cp. [1, Theorem 3.2]: there exists a constant C > 0 such that for every
w eV with Aw € leg (D),

||WHH§(D) < C||AW|\L§(D)7 ©)

provided that the weight exponent sequence B satisfies 0 < ffj and 1 —7/w; < i < 1,
i=1,...,J. The interior angle of the corner c; is denoted by @;, i = 1,...,J. Since
in [1] the Poisson boundary value problem with a zero order term is considered, i.e.,
—Aw—+w = f, we also used the estimate that for constants Cy,C>,C3 > 0 independent
ofweV ﬂHé(D),

Wil 0 < Cillwlizy < Calwlly = Callawlly- < Callawl3 0,

which is a consequence of Lemma 1. Also in FE spaces V; :={v eV :v|x €
P! (K),K € .7;} there is an approximation property, cp. [1, Lemmas 4.1 and 4.5],
where P!(K) are the affine functions on K and {7}/ are sequences of regu-
lar, simplicial triangulations with proper mesh refinement near the corners c; of D.
Specifically, there exists a constant C such that for every w € Hé (D) there is wy €V
satisfying

—1/d
I —wellv < Ml @

where M, := dim(V;). Let u*7 :  — V; be the FE solution, i.e.,

/ aVu 7 Vvdx = f(v), YveV,. (8)
D
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6 Lukas Herrmann and Christoph Schwab
Let WBI"N(D) denote the Banach space of measurable functions v : D — R that have
finite W, ™ (D)-norm, where

B

¥y =) = maxd[IVllz=oy. Vv P =) -

We introduce the following mixed sparsity assumption on the function system

(vj)j>1.Let (bj)j>1 be a positive sequence such that

(A2)

y max{|Vy;|Pg, |y;|}

ji>1 bj

L=(D)

The assumption (A2) (which is stronger than (A1)) is essential in obtaining improved
error vs. work bounds for the MLQMC algorithm Q7 as compared to the bounds for
the SLQMC algorithm in [10, Theorem 2]. The following proposition is obtained as
[10, Theorem 2], we omit the details of its proof here.

Proposition 1. Let the assumption in (A2) be satisfied for some sequence (bj)j=1
sucnthat (bj)j>1 € or some pg € (U,o0). For every € > an € |l,00) there
hthat (bj) j>1 € 7 (N) f Po € (0,00). Forevery € >0and g € [1,0) th

exists a constant C > 0 such that for every s € N,
”Z_ZSHL‘J(_Q:Wl’w(D)) < Csup{E}’e} )
B j>s

We obtain with [10, Corollary 6], that the identity (Va)®g = (aVZ)Pg holds in

L*(D)?, p-a.s.. With the Cauchy—Schwarz inequality, it implies that for every g €
[1,0) there exists a constant C > 0 such that for every s € N,
Il

w o <o and |a < C < eo.

wls -
L9(Q:Wg ™ (D)) L1(Q:Wg™ (D))
We observe that yi-a.s holds, that for every subset DccD, |Va| € L°°(5) and also
that for every g € [1,0), |Va| € L(Q;L*(D)). We assume that f € L% (D). Then, by
the divergence theorem and product rule

/fvdx:/aVu-Vvdx:—/[aAu—&—Va-Vu]vdx7 Vv € C5 (D).
D D D

Formally testing the corresponding pointwise identity (which holds for pointwise a.e.
x € D) with —A uqbé /a, we obtain the following estimate, valid y-a.s.

||f||1%(D 1f 112 o

) 2(D)
o + HZ||W&~°°(D)||“HV < CT(I + ”ZHWI;’N(D))' €))

min min

1Aullzz p) <

Note that we may test with —A u(i’é /a, since it can be approximated by elements of
Cg (D) in L*(D). Here we used Lemma 1, i.e.,
C > 0 depending only on the domain D, which is independent of f. By an Aubin—

fllv- < C||fHL%(D) with a constant
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Nitsche argument, by (5), (6) (7), Proposition 1, and (9), for every € > 0 exists a
constant C > 0 such that for every s € N, £ € Ny

[E(G(w) —B(G(u" )| < C (sgp{b}g}wﬂ") 161130 Al o) 10)
Jj>s

Remark 1. The regularity shift in (6) and the estimate in (9) can be interpolated

between the interpolation couple Lé (D) C V* as well as the approximation property

in (7). 1f f € (V*, L5 (D)) and if G(-) € (V*, L5 (D)) for some 1,1’ € [0, 1], then

the estimate (10) holds with the term M Z 2/d that bounds the error contribution from

!
the FE discretization replaced by M, (+19/4 Here and throughout what follows, inter-

polation spaces shall be understood with respect to the real method of interpolation;
we refer to [25, Chap. 1] and the references there for definitions and basic properties
of interpolation spaces

3 Single-Level QMC

Dimension independent convergence rates of QMC with randomy shifted lattice rules
can be shown by estimating the worst-case error of a particular weighted Sobolev
space of type #y and the norm in this Sobolev space of the integrand. We generally
seek to approximate s-dimensional integrals with respect to the multivariate normal
distribution

hF)= [ P TTo0ay,

where the univariate, standard normal density is denoted by ¢(-).
For every s € N and product weights ¥ = (% )ucn, we introduce the weighted
Sobolev spaces #y(R*), which is given by the norm

1F Nl (s
5 12
~ L [ L B0 TT o0y [Tw0id,
uc{l:s} R R je{l:sP\u JjEu
(1)

The considered weights ¥ are of product type, i.e., for some positive sequence (7;) j>1

%=[]v, vCNul <e.

jeu

The weight functions in (11) are either unnormalized Gaussians or exponentially
decaying, i.e.,
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8 Lukas Herrmann and Christoph Schwab

2
_)y
w?(y):=e @, yeR,j>1, and ngpﬁj(y) = %l Y eR >,

where 0y > 1 and Oexp > 0. The QMC quadrature in s € N dimensions with N points
is denoted by O, y(-). Using randomly shifted lattice rules, there exist QMC points
such that for every F € #,(R*) the mean squared error integrated over all random
shifts A (w.r. to the uniform measure, cp. [19]) satisfies

VEAUL(F) = Qun(F)) < Crl@N) ™R F ) (12)

where the constant Cy is finite if (¥;)>1 € ¢*(N) and then uniformly bounded in the
dimension s (and in particular independent of F) for A € (1/(2r), 1], which follows
by [19, Theorem 8], [16, Lemma 6.3], and [18, Example 4 and 5], where

1—1/(2¢;) for Gaussian weight functions,
r=
1-96 for exponential weight functions and any & € (0,1/2).

In the following, the solution #* and the coefficient a* are viewed as mappings from
R to V and L= (D), respectively. In the analysis of bounds of the #4(R*)-norm of
the specific integrand F(y) = G(u*(y)), y € R?, global bounds of the function system
(y}) j>1 have been used in [9] with POD weights. The theory in [2] is able to derive
parametric regularity estimates taking into account possible locality of the supports
of y;. Specifically, [2, Theorem 4.1] states that if for a positive sequence (p;) j>1

Y oilwjl

jz1

< log(2), (13)
L=(D)

then there exists a constant C that is independent of s such that for every y € R?,

Y 10020 [107 < Clu )2y (14)

uc{l:s} JEU

In [10], this estimate is used to prove dimension independent convergence rates
of randomly shifted lattice rules with product weights. Some of the sparsity of the
sequence (b;) > is used to control the weight functions in the norm (11), where the
smallness assumption in (13) can be overcome.

Theorem 1 ([10, Theorems 11 and 13]). For p’ € (0,1], consider the weight se-
quence
2w
vi=b", j>1
Let the assumption (A1) be satisfied and let below conditions hold, respectively:
1. Gaussian weight functions: (b;);>1 € (P(N) for some p € (2/3,2) with x =
1/(2p) +1/4 — 8. The weight sequence (;) j>1 is applied with p' = p/4+1/2 —
opford € (0,3/4—1/(12p)).
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QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs 9

2. Exponential weight functions: (bj)j>1 € £P(N) for some p € (2/3,1] with x =
1/p—1/2. The weight sequence (Y;) j>1 is applied with p' =1 —p/2.

Then, there exists a constant C independent of N and s such that

\/EA (I1(G(w*)) = Qsn(G(w))]?) < C(p(N))*.

4 Multilevel QMC

The multilevel QMC quadrature is for a maximum level L € Ny defined by a tele-
scoping sum expansion

L
Q1(G(u") =Y Oy (G(u') = G(u 1)), (15)
=0

where G(u~') := 0 and u’ := w7, £ > 0. It requires choices of dimensions (s¢)¢>0
and numbers of QMC points (Ny)s—o,.. . The random shifts between the different
levels in (15) are assumed to be independent. This implies with (12)

L
EA (|1, (G(u")) = Q1 (G(uh))]?) < c%gzao(zw))*‘“ 1G () = G ") o -
=0

According to this error estimate, it is crucial to find suitable bounds of the #7(IR*)-
norm of the difference G(u) — G(u‘~") in order that the multilevel QMC quadrature
benefits from the coupling between the levels { = 1,... L.

4.1 Error Estimate

Parametric regularity estimates of the type of (14) can be shown for dimensionally
truncated and FE differences between two consecutive levels.

Proposition 2. Let a positive sequence (p;) j>1 satisfy (13) and for some 1 > 0

< oo,
L=(D)

K=Y p; "l

j=1

Then, there exists a constant C > 0 such that for every s' < s € Ny and everyy € R®,
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Y 9w ) = 02 [10?

uc{l:s} jEu

2n 2
I )13 +sup{p, Hiw' )13,
L=(D)

Proposition 3. Let G(-) € L% (D) and let a positive sequence (p;) j>1 satisfy

Y pjmax{|Vy;|®g, v}

j=1

. 1
<sup{c>0:ce <1} —.
L=(D) V2

Then, there exists a constant C > 0 such that for every s € Ny, ¢ € Ny, and every
yeR,

Y 18 (G ()~ Gu™)) P[] e}

ucC{l:s} JEU

ey e .
SC(%m( ”Z()Wé“"’(D))) 91231013 0

Propositions 2 and 3 are proven in [11, Section 4]. The parametric regularity estimates
in Propositions 2 and 3 are used to show the following multilevel QMC error estimate
analogously to the proof of [10, Theorems 11, and 13], as detailed in [11, Section 5].

Theorem 2. For p' € (0,1], 0 € (0,1), consider the weight sequence
¥i= AT, =1

L, L € No, under the conditions:

Consider sequences (s¢) >0 and (Ny) o,

1. Gaussian weight functions: (b}_(9 Abj)j>1 € tP(N) for some p € (2/3,2) with
X =1/(2p) +1/4— 8. The weight sequence in (Y;);>1 is applied with ' =
p/4+1/2—8p for & € (0,3/4—1/(2p)).

2. Exponential weight functions: (b}fe Abj)j>1 € €P(N) for some p € (2/3,1] with
X =1/p—1/2. The weight sequence in (Y;) j>1 is applied with p' =1—p/2.
Then, for any € € (0, 1), there exists a constant C > 0 that is in particular independent

of (s¢)¢>0, (N¢)¢=o.....r. and L € Ny such that

VEA(E(Gw) ~ 0GP

<C (max{b } +M‘4/d
]j>s
L 1/2
+ ) (@(Ne)) (éw 1 max {b29}+M‘4/d>> 7
=0
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QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs 11
where &g gy :=0if sg = s¢_1 and & ¢_1 := 1 otherwise.
Remark 2. For f € (V*,Lf3 (D))o and G(+) € (V*,L%(D))r oo, with some 2,#' € [0, 1],

B
the error estimate in Theorem 2 holds with the term MZ 4/d that bounds the FE

discretization error replaced by M[ 2t/ d, ¢=0,...,L, where T =t+1.

4.2 Error vs. Work

We discuss in some detail the use of Multiresolution Analyses (MRAs for short)
to model the lognormal diffusion coefficient Z, analogous to the Lévy-Cieselski
representation of the Wiener process. To this end, we assume that (Y ), <y constitute
a MRA which is generated by a finite number of sufficiently smooth mother wavelets,
1.€.,

W3, (%) = Wap () == w(x* —k), keV)xeD.

We use the usual notation, where in the index A = (||, k) refers to the level |[A| € Ny
and the translation k € V3. The index set V, has cardinality |V,| = (29, £ € N.
We assume that the overlap on a fixed level ¢ € Ny is uniformly bounded, i.e., there
exists K such that for every ¢ € Ny and every x € D,

{AEV:IAl= Ly () # 0} < K.
Additionally, we introduce the scaling that for some o,0 >0,
l¥allz=) < o2 %M eV,
For this MRA the assumption (A1) is satisfied with the sequence
bj(k) =b) = Z_ﬁlkl, AEV,
for a > E > 0, where j: N — V is a suitable enumeration. In this setting the work
to compute one sample of the stiffness matrix is &'(M;log(sy)), where s; denotes the
truncation level of the coefficient. We assume that the work to solve the linear system
resulting from the FE discretization satisfies that for some n > 0
workppEsolve = ﬁ(M[}Jrn ) (A3)

Therefore, the overall work of the multilevel QMC quadrature satisfies for L € Ny,

L
work = & (Z Ne(Mylog(sy) +M2+n)> :
=0

For o > E > 1, the MRA (3 ), cv and the sequence
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12 Lukas Herrmann and Christoph Schwab

bi=b"VP jen,

satisfy the assumption (A2). We assume in this section
fEe(V,Lg(D))e and G() € (V*,Lg(D))yw, 1,1 €[0,1] (Ad)

and set T :=t+1'. Also, assume that M, = €'(29"), £ € Ny. We suppose that (s;)¢>0,
0, and (M;)¢>( are given such that the truncation error in the multilevel QMC
error estimate in Theorem 2 is controlled by the FE discretization error on levels
{=0,...,L. Analogous to the analysis in [11, Section 6] (see also [17, 14, 6]), explicit
expressions for the QMC sample numbers (Ny)¢—o,... ;. are found by optimizing work
versus the (estimated) error:

[NOMZ@TMHJW)/(HZZ)—‘ ifn >0,

Ny — o) (=1,...,L. (16)
{No (M;l_%/dlog(sz)_l> ’ -‘ ifn =0,
and
[27L/7) if 1+n <7/(dx)
|'21L/XL1/ 2%‘| if1+n=T/(d5C),77>O»
No= { 2/ALU+D/XCD)  ifd = 1/7,m =0, a7
[@ed(Lem)L/(1422) if 1+n > 1t/(d¥),n >0,
[2@+20L/20 V40 ifd > t/7,m =0.

Theorem 3. Let the assumptions (A4) and (A3) be satisfied for n > 0. The sample
numbers for Qj (+) are given by (16) and (17), L € N.

1. Gaussian weight functions: for p € (max{2/3, d/(ﬁ -D}EL2), ¥ =1/2p) +
1/4— 68 for & > 0 sufficiently small assuming d/([)’ ) <2

2. Exponential weight functions: for p € (max{2/3, d/( -1, x=1/p—1/2
assuming d/(B 1)< 1.

For an error threshold € > 0, we obtain

VEA(E(GW)) - 0} (Gub) ) = 6(e)

is achieved with

%

(e71/%) if 1+1 < 1/(d),
Oe —l/llog(e 1) 1+2%) / ) ifl+n=1/(dx),n >0,
work = { @(e ="/ Z1og(e~")IH20/C0)) ifd=1/5,m =0,
0 (g~ @+20)(14m)/(x(142)) ) if14+n>1t/(d}x),n >0,
O(e~/Tlog(e™)) ifd>1t/x,n=0.
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5 Numerical Experiments

Consider (3) in space dimension d = 1 with D = (0,1), i.e.,
—ox(adwu) =finD, u(0)=u(l)=0. (18)

The coeffient a is given by a = exp(Z), where Z =} ;- y;¥;. We consider two
possible cases for the MRA () j>1: the Haar system and a family of biorthogonal,
continuous, piecewise linear spline wavelets.

5.1 Single-Level QMC

We suppose that the GRF Z is represented by the Haar system (Wj((,k)) j>1.Le., itis
generated by the mother wavelet y

1 ifo<x<1/2,
yx) =49 -1 if1/2<x<1,
0 otherwise.

Haar wavelets are for @ > 0 and ¢ > 0 given by
Vii(x) = 02 % y(2lx—k), £>0k=0,...2 —1.

In our computations, we consider truncated fields Z° with s = 2L+l _ 1. L >0.In
this way, the expansion of Z* consists of full partial sums over activated levels.
Realizations of the coefficient a® are piecewise constant on D. For a constant right
hand side f = constant, the solution «* of (18) takes values in the piecewise quadratic
functions on D. Hence, for such a&’, the corresponding FE solution of (18) also
solves (18) if 222 Lagrange FE is applied. Therefore, in this example we are able to
study the QMC error in the absence of spatial discretization errors.
This Haar system (y;) ;> and the sequence (b;) ;> given by
= cZ’E ¢

bjwr , £>0,k=0,...,2 1,

satisfy the assumption (A1) for every fi\ such that o > B > 0and ¢ > 0. The enumer-
ation j: N — V is given by j(¢,k) =2/ 4k, £>0,k=0,...,2° — 1. Since bj~ j B,
j>1, (bj)j>1 € €P(N) for every p > 1/[§ For p > 1/3 and exponential weight
functions, we will use the product weights ¥ = (4 )ucn given by

Yo=[]67" wCN|ul <o

jeu
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For the computation of the QMC generating vectors, we use the Python code
OMC4PDE, cp. [13], which is also able to compute generating vectors for prod-
uct weights, where we take ¢ = 0.1 as the scaling of the sequence (b;);>1. We
observe that in case that the theoretical bounds for .xp are overly conservative the
resulting generating vectors may be ill-suited for practical QMC quadrature; we refer
to the discussion in [8]. Therefore, smaller values of Qx, are considered.

We present results for a right hand side f = 15 and G(+) is the function evaluation
at ¥ = 0.7, which is not a FE node for all discretization levels. Convergence of
the QMC approximation using randomly shifted lattice rules with N = 2™ points,
m=1,...,18 is presented in Figures 1 and 2. The results with m = 19 averaged over
Ry random shifts is used as the reference value Q. The mean squared error over R > 2
random shifts is approximated by the unbiased estimator

R
R L (01~ 0 ~ EA(R(G) - 0un Gl ).

where Q;, j=1,...,R, are the results of Qs (G(u*)) for R i.i.d. random shifts. For all
data points, the truncations level L = 12 is used. This results in s;, = 213 _1=28191
dimensions of integration and FEM meshwidth 4 = 2713, In Figures 1 and 2, we
observe that the convergence rate is depending on the variance of log(a) = Z, which
is equal to 6% /(1 —272%). Also the convergence rate is in both cases little different
and not larger than 0.95. A dependence of the convergence rate on the variance has
also been observed in numerical experiments with randomly shifted lattice rules
using POD weights in [9, Tables 1 and 2].

5.2 Multilevel QMC

The multilevel QMC convergence analysis requires higher spatial regularity of the
solution, which may not hold if the coefficient is expanded in the Haar system.
We consider here continuous, piecewise linear spline wavelets (y;)j>1, e.g. [12,
Chapter 12], and assume that Z is expanded in this MRA. We suppose the decay for
a>1 -

1Wienll=mpy =02"%, £>0,k=1,...,2".

These (y;)j>1 and the sequences
bio =2 P 1>0k=1,..,2, and B;:=pP VP j>1,

satisfy the assumption in (A1) and in (A2), if E is such that & > E > 1. We present
numerical experiments for a right hand side f = 15 and G(-) is the function evaluation
at the point ¥ = 0.7. Note that G(-) € H~'/2*¢ for every £ > 0, which implies a FE
convergence rate of T = 3/2 — ¢ for every € > 0. We will use the limiting value
7 = 3/2 for the sample numbers (N;);>o. Let us assume that MRA and FE meshes
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10°

QMC Convergence

10}

Relative Error
'—l
o
N

= *—® =0.1 :

10 fit: —0.932

10-6 I A—A =05

fit: —0.881

107 ||=8 o=1

fit: —0.777 _

-8 ) ; ; ; ;
10 10° 10* 10° 103 10* 10° 10°

Number of Points N=2"

Fig. 1 Parameter choices & = 1.61, B = 1.51, sy = 8191, Ry = R = 20. The convergence rate
expected from our error vs. work analysis in this example is —1 4 0.

are aligned. This refers to Strategy 2 in [6, Section 6] and requires B > 7. Hence, for
0 = 1/, the product weights are considered with respect to the sequence

By O NDj)jo1 = (b) %) =1

For simplicity, we will consider sample numbers Ny = 2", which upper bound the
choices from (16) and (17), where

T 1427
mgzmax{ {ZL— 21 (£+log2(€+l))w ,1}, £=0,...,L.

Convergence of single-level and multilevel QMC is presented in Figure 3 for L =
2,...,11. There multilevel and single-level QMC is applied to the same integration
problem with respect to continuous, piecewise linear spline wavelets. Here, we use
piecewise linear 2! BE. For the single-level QMC, the QMC sample numbers Ny, are
chosen to equilibrate the errors N, X and h; ", cp. [10, Theorem 17], which leads to
the choice Ny = 2/7L1. The measured error vs. work convergence rates are displayed
in Figure 3 for comparison. As a reference solution, the approximation on the level
L =12 with a total of s;, = 8191 dimensions was used, respectively. For the single-
level QMC, the same weight sequence may be applied. The measured rates were
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101 QMC Convergence
—
(@]
=
L
Q
=
)
o
g 100 1 fit:—0.932
A—4A =05
. fit:—0.878
107 g m o=1
fit:—0.748 _
10-7 ) ; ; ; ;
10° 10* 102 10° 10* 10° 10°

Number of Points N=2"

Fig. 2 Parameter choices & = 1.36, B = 1.26, sy = 8191, Ry = R = 20. The convergence rate
expected from our error vs. work analysis in this example is —0.76 4 J.

obtained by a linear least squares fit on the last 7 data points. The total work (for one
realization of the random shift per discretization level) is, for multilevel QMC, given
by

L
W' = Nohy 'logy (s0) + Y Ne(hy ' logy (s¢) + hy !y logy (se-1))
=1

and for single-level QMC
WLSL e NLhZI 10g2(sL) .

The convergence result in Theorem 3 is asymptotic and implies a convergence rate
of —14 & for multilevel QMC in Figure 3. The error estimate in Theorem 2 and
the chosen work model for multilevel QMC are used to monitor error vs. work in
numerical experiments which are then fitted with least squares. For the range of L
corresponding to the data points in Figure 3, which are used in the computation of
the measured convergence rate, this results in a “predicted” rate of —0.9. Predicted
rates have been used in the literature e.g. [5, Table 1].
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(SNSF) under grant SNF 159940. The authors thank Robert N. Gantner for letting them use parts of
his Python code.
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10 ML vs. SL QMC Convergence .
: : : : . |e—e MLQMC
fit: —0.881
102 A—A SLQMC
fit: —0.483
—
) 5 :
=103 5 -
= o
o é é
= : :
) .
© 10'4 \‘\ ..........................
) : :
o \\T‘\\

l—l
o
&

10 3 i i ; f i ;
10° 10! 10° 10° 10* 10° 10° 10’ 10%® 10°

Work

Fig. 3 Parameter choices & = 3.11, B =3.01, 0 = 0.1, Ry = R = 20. The convergence rate for
MLQMC expected from our error vs. work analysis in this example is —0.9.

References

1. Babuska, L., Kellogg, R.B., Pitkiranta, J.: Direct and inverse error estimates for finite elements
with mesh refinements. Numer. Math. 33(4), 447-471 (1979). DOI 10.1007/BF01399326.
URL http://dx.doi.org/10.1007/BF01399326

2. Bachmayr, M., Cohen, A., DeVore, R., Migliorati, G.: Sparse polynomial approximation of
parametric elliptic PDEs. part II: lognormal coefficients. ESAIM: M2AN 51(1), 341-363
(2017). DOI 10.1051/m2an/2016051. URL http://dx.doi.org/10.1051/m2an/2016051

3. Bogachev, V.I.: Gaussian Measures, Mathematical Surveys and Monographs, vol. 62. American
Mathematical Society, Providence, RI (1998). DOI 10.1090/surv/062. URL http://dx.doi.org/
10.1090/surv/062

4. Dick, J., Kuo, F.Y., Sloan, I.H.: High-dimensional integration: the quasi-Monte Carlo way. Acta
Numer. 22, 133-288 (2013)

5. Gantner, R.N.: A generic c++ library for Multilevel Quasi-Monte Carlo. In: Proceedings of the
Platform for Advanced Scientific Computing Conference, PASC *16, pp. 11:1-11:12. ACM,
New York, NY, USA (2016). DOI 10.1145/2929908.2929915. URL http://doi.acm.org/10.
1145/2929908.2929915

6. Gantner, R.N., Herrmann, L., Schwab, C.: Multilevel QMC with product weights for affine-
parametric, elliptic PDEs. Tech. Rep. 2016-54, Seminar for Applied Mathematics, ETH Ziirich,
Switzerland (2016). URL https://www.sam.math.ethz.ch/sam_reports/reports_final/reports2016/
2016-54.pdf

7. Gantner, R.N., Herrmann, L., Schwab, C.: Quasi-Monte Carlo integration for affine-parametric,
elliptic PDESs: local supports imply product weights. Tech. Rep. 2016-32, Seminar for Applied

Page: 17 job: HerrmannSchwab macro: svmult.cls date/time: 23-Jan-2017/17:02


http://dx.doi.org/10.1007/BF01399326
http://dx.doi.org/10.1051/m2an/2016051
http://dx.doi.org/10.1090/surv/062
http://dx.doi.org/10.1090/surv/062
http://doi.acm.org/10.1145/2929908.2929915
http://doi.acm.org/10.1145/2929908.2929915
https://www.sam.math.ethz.ch/sam_reports/reports_final/reports2016/2016-54.pdf
https://www.sam.math.ethz.ch/sam_reports/reports_final/reports2016/2016-54.pdf

18

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Pa

Lukas Herrmann and Christoph Schwab

Mathematics, ETH Ziirich, Switzerland (2016). URL https://www.sam.math.ethz.ch/sam_
reports/reports_final/reports2016/2016-32.pdf
. Gantner, R.N., Schwab, C.: Computational higher order quasi-monte carlo integration. In:
Monte Carlo and Quasi-Monte Carlo Methods: MCQMC, Leuven, Belgium, April 2014, vol.
163, pp. 271-288 (2016). DOI http://dx.doi.org/10.1007/978-3-319-33507-0_12
. Graham, 1.G., Kuo, F.Y., Nichols, J.A., Scheichl, R., Schwab, C., Sloan, I.H.: Quasi-Monte
Carlo finite element methods for elliptic PDEs with lognormal random coefficients. Numer.
Math. 131(2), 329-368 (2015). DOI 10.1007/s00211-014-0689-y. URL http://dx.doi.org/10.
1007/s00211-014-0689-y
Herrmann, L., Schwab, C.: QMC integration for lognormal-parametric, elliptic PDEs: local
supports imply product weights. Tech. Rep. 2016-39, Seminar for Applied Mathematics, ETH
Ziirich, Switzerland (2016). URL https://www.sam.math.ethz.ch/sam_reports/reports_final/
reports2016/2016-39.pdf
Herrmann, L., Schwab, C.: Multilevel QMC with product weights for elliptic PDEs with
lognormal coefficients. Tech. rep., Seminar for Applied Mathematics, ETH Ziirich, Switzerland
(2017). (in preparation)
Hilber, N., Reichmann, O., Schwab, C., Winter, C.: Computational methods for quantitative
finance. Springer Finance. Springer, Heidelberg (2013). DOI 10.1007/978-3-642-35401-4.
URL http://dx.doi.org/10.1007/978-3-642-35401-4. Finite element methods for derivative
pricing
Kuo, FY., Nuyens, D.: Application of Quasi-Monte Carlo Methods to Elliptic PDEs with
Random Diffusion Coefficients: A Survey of Analysis and Implementation. Found. Comput.
Math. 16(6), 1631-1696 (2016). DOI 10.1007/s10208-016-9329-5. URL http://dx.doi.org/10.
1007/s10208-016-9329-5
Kuo, F.Y., Scheichl, R., Schwab, C., Sloan, I.H., Ullmann, E.: Multilevel quasi-monte carlo
methods for lognormal diffusion problems (2016). (to appear in Math. Comp.)
Kuo, EY., Schwab, Ch., Sloan, I.H.: Quasi-Monte Carlo methods for high-dimensional integra-
tion: the standard (weighted Hilbert space) setting and beyond. ANZIAM J. 53(1), 1-37 (2011).
DOI 10.1017/S1446181112000077. URL http://dx.doi.org/10.1017/S1446181112000077
Kuo, F.Y., Schwab, Ch., Sloan, I.H.: Quasi-Monte Carlo finite element methods for a class of
elliptic partial differential equations with random coefficients. STAM J. Numer. Anal. 50(6),
3351-3374 (2012). DOI 10.1137/110845537. URL http://dx.doi.org/10.1137/110845537
Kuo, FY., Schwab, Ch., Sloan, I.H.: Multi-level quasi-Monte Carlo finite element methods for
a class of elliptic PDEs with random coefficients. Journ. Found. Comp. Math. 15(2), 411-449
(2015). DOI http://dx.doi.org/10.1007/s10208-014-9237-5
Kuo, F.Y., Sloan, I.H., Wasilkowski, G.W., Waterhouse, B.J.: Randomly shifted lattice rules
with the optimal rate of convergence for unbounded integrands. J. Complexity 26(2), 135-160
(2010). DOI 10.1016/j.jc0.2009.07.005. URL http://dx.doi.org/10.1016/j.jc0.2009.07.005
Nichols, J.A., Kuo, F.Y.: Fast CBC construction of randomly shifted lattice rules achieving
7 (n*'“s) convergence for unbounded integrands over R’ in weighted spaces with POD
weights. J. Complexity 30(4), 444468 (2014). DOI 10.1016/j.jco.2014.02.004. URL http:
//dx.doi.org/10.1016/j.jc0.2014.02.004
Nuyens, D., Cools, R.: Fast algorithms for component-by-component construction of rank-1
lattice rules in shift-invariant reproducing kernel Hilbert spaces. Math. Comp. 75(254), 903—
920 (electronic) (2006). DOI 10.1090/S0025-5718-06-01785-6. URL http://dx.doi.org/10.
1090/S0025-5718-06-01785-6
Nuyens, D., Cools, R.: Fast component-by-component construction of rank-1 lattice rules with a
non-prime number of points. J. Complexity 22(1), 4-28 (2006). DOI 10.1016/j.jc0.2005.07.002.
URL http://dx.doi.org/10.1016/j.jc0.2005.07.002
Opic, B., Kufner, A.: Hardy-type inequalities, Pitman Research Notes in Mathematics Series,
vol. 219. Longman Scientific Technical, Harlow (1990)
Sloan, I.H., WozZniakowski, H.: When are quasi-Monte Carlo algorithms efficient for high-
dimensional integrals? J. Complexity 14(1), 1-33 (1998). DOI 10.1006/jcom.1997.0463. URL
http://dx.doi.org/10.1006/jcom.1997.0463

ge:18 job: HerrmannSchwab macro: svmult.cls date/time: 23-Jan-2017/17:02


https://www.sam.math.ethz.ch/sam_reports/reports_final/reports2016/2016-32.pdf
https://www.sam.math.ethz.ch/sam_reports/reports_final/reports2016/2016-32.pdf
http://dx.doi.org/10.1007/s00211-014-0689-y
http://dx.doi.org/10.1007/s00211-014-0689-y
https://www.sam.math.ethz.ch/sam_reports/reports_final/reports2016/2016-39.pdf
https://www.sam.math.ethz.ch/sam_reports/reports_final/reports2016/2016-39.pdf
http://dx.doi.org/10.1007/978-3-642-35401-4
http://dx.doi.org/10.1007/s10208-016-9329-5
http://dx.doi.org/10.1007/s10208-016-9329-5
http://dx.doi.org/10.1017/S1446181112000077
http://dx.doi.org/10.1137/110845537
http://dx.doi.org/10.1016/j.jco.2009.07.005
http://dx.doi.org/10.1016/j.jco.2014.02.004
http://dx.doi.org/10.1016/j.jco.2014.02.004
http://dx.doi.org/10.1090/S0025-5718-06-01785-6
http://dx.doi.org/10.1090/S0025-5718-06-01785-6
http://dx.doi.org/10.1016/j.jco.2005.07.002
http://dx.doi.org/10.1006/jcom.1997.0463

QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs 19

24. Stein, E.M.: Singular integrals and differentiability properties of functions. Princeton Mathe-
matical Series, No. 30. Princeton University Press, Princeton, N.J. (1970)

25. Triebel, H.: Interpolation theory, function spaces, differential operators, second edn. Johann
Ambrosius Barth, Heidelberg (1995)

Page: 19 job: HerrmannSchwab macro: svmult.cls date/time: 23-Jan-2017/17:02



	QMC Algorithms with Product Weights for Lognormal-Parametric, Elliptic PDEs
	Introduction
	Spatial Approximation
	Single-Level QMC
	Multilevel QMC
	Error Estimate
	Error vs. Work

	Numerical Experiments
	Single-Level QMC
	Multilevel QMC

	References


