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Abstract We present an error analysis of higher order Quasi-Monte Carlo (QMC)
integration and of randomly shifted QMC lattice rules for parametric operator equa-
tions with uncertain input data taking values in Banach spaces. Parametric expansions
of these input data in locally supported bases such as splines or wavelets was shown
in [R.N. Gantner, L. Herrmann, and Ch. Schwab: Quasi-Monte Carlo integration for
affine-parametric, elliptic PDEs: local supports and product weights. SIAM J. Numer.
Anal., (2017). to appear] to allow for dimension independent convergence rates of
combined QMC-Galerkin approximations. In the present work, we review and refine
the results in that reference to the multilevel setting, along the lines of [F.Y. Kuo, Ch.
Schwab, and I.H. Sloan: Multi-level Quasi-Monte Carlo Finite Element Methods
for a Class of Elliptic PDEs with Random Coefficients. Found. Comp. Math. 15(2),
441-449 (2015)] where randomly shifted lattice rules and globally supported repre-
sentations were considered, and also the results of [J. Dick, FY. Kuo, Q.T. Le Gia,
and Ch. Schwab: Multi-level higher order QMC Galerkin discretization for affine
parametric operator equations. SIAM J. Numer. Anal. 54(4), 2541-2568 (2016)] in
the particular situation of locally supported bases in the parametrization of uncertain
input data. In particular, we show that locally supported basis functions allow for
multilevel QMC quadrature with product weights, and prove new error vs. work
estimates superior to those in these references (albeit at stronger, mixed regularity
assumptions on the parametric integrand functions than what was required in the
single-level QMC error analysis in the first reference above). Numerical experiments
on a model affine parametric elliptic problem confirm the analysis.
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2 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

1 Introduction

A core task in computational uncertainty quantification (UQ for short) is to approxi-
mate the statistics of (functionals of) solutions to partial differential equations (PDEs
for short) which depend on parameters describing uncertain input data. Upon placing
probability measures on admissible parameters, the computation of mathematical
expectations in so-called forward UQ and in Bayesian inverse UQ of such PDEs
on possibly large sets of data amounts to a problem of high dimensional numerical
integration; we refer to the surveys [26, 5, 4] and the references there.

In the present note, we address the numerical analysis of high-dimensional nu-
merical integrations methods of Quasi Monte-Carlo (QMC for short) type for the
efficient numerical approximation of expectations of solutions of parametric PDEs
over high-dimensional parameter spaces. Pioneering contributions to the mathemat-
ical foundation of dimension-independent convergence rates for QMC quadrature
methods for such problems that we will draw on also in the present note, are by 1. H.
Sloan and H. WoZniakowski in [30], after earlier, foundational work by I. H. Sloan
and S. Joe in [27].

Specifically, we consider the linear, affine-parametric elliptic PDE

=V (a(x,y)Vu(x,y)) = f(x) in D,

u(x,y) N =0, a(x,y)Vu(x,y) n(x) 5 =0,

ey

with input a(x,y) parametrized by y = (y;) j>1, fixed, y-independent right hand side
f(x), and mixed boundary conditions. The domain D C R4, d = 1,2, is assumed
to be either a bounded polygon with straight sides if d = 2 or, if d = 1, a bounded
interval. The set I # 0 is assumed to be the union of some of the closed edges of
dD, I} := dD\I], and n(x) denotes the unit outward pointing normal vector of D.
Specifically, QMC rules with product weights are considered which are known to
have linear complexity in the integration dimension, cp. [24, 25]. The purpose of the
present paper is to prove error versus work bounds of these algorithms, with explicit
estimation of the dependence of the constants on the dimension s of the domain of
integration, and of the form ¢’(£~%), 8 > 0, for a given accuracy € > 0.
Convergence analysis of QMC methods with randomly shifted lattice rules applied
to a parametric PDE of the type (1) was first established in [22] together with the
survey [21]. Randomly shifted lattice rules were first proposed in [28]. A multilevel
version for parametric PDEs was first analyzed in [23]. This theory was extended in [6,
7] with interlaced polynomial lattice rules, which achieve higher order convergence
rates. These convergence rates are independent of the number of scalar variables that
is, of the dimension of the domain of integration. Conditions for such dimension
independent error bounds of QMC algorithms were first shown in the seminal work
[30] for integrand functions belonging to certain weighted function spaces with so-
called product weights. In [21], analogous results were shown to hold for randomly
shifted lattice rules, and for input parametrizations in terms of globally supported
basis functions (as, e.g., Karhunen-Loeve expansions) with so-called product and
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 3

order dependent (POD for short) weights. General references for QMC integration
are [21, 8]; see also the survey [13] for multilevel Monte Carlo methods and [9, 20]
for available software implementations.

As in the mentioned references, we admit parameter vectors y = (y;) j>1 whose

components take values in the closed interval [—%7 %], i.e., we will consider

o[ 1]
y = 2,2 .

We model uncertainty in diffusion coefficients a(x,y) to the PDE (1) by assuming
the parameter vectors to be independent, identically distributed (i.i.d. for short) with
respect to the uniform product probability measure

u(dy) == @ dy;.

izl

The triplet (U, & ;> #([—1/2,1/2]),1) is a probability space. For any Banach
space B, the mathematical expectation of F with respect to the probability measure
U is a Bochner integral of the strongly measurable, integrable map F : U — B which
will be denoted by

E(F):= | FO)u(dy) @
The parametric input a(x,y) of (1) is assumed to be of the form
a(x,y) :d(x)+2yjl//j(x), ae.xeD,yeU, 3)
j=1

where {@,y;j: j > 1} C L*(D) and a is such that 0 < dpin < dmax exist and satisfy
amin < essinfyep{alx)} <esssup,cp{ax)} < dmax.

Convergence analysis for QMC with product weights was recently carried out in [10]
under the assumption that there exists k € (0,1) and a sequence (b;);>1 € (0,1]"
such that

<k<l. (A1)

H Y1 lyl/b;
28 M=)

A (dimension independent) convergence rate of 1/p in terms of the number of
QMC points for the approximate evaluation of (2) was shown in [10, Section 6] if
(bj)j>1 € £P(N) for the range p € (0,2]. These rates coincide, in the mentioned range
of summability exponents, with the convergence rates of best N-term approximation
rates of generalized polynomial chaos expansions obtained in [3, Theorem 1.2 and
Equation (1.11)]. As in [3], the assumption in (A1) can accommodate possible
localization in D of the supports of the function system (V) j>1.

For every parameter instance y € U, in the physical domain D a standard, first
order accurate Galerkin Finite Element (FE for short) discretization of the parametric
PDE (1) will be applied. In the polygonal domain D, first order FE based on se-

Page: 3 job: GantnerHerrmannSchwab_Sloan80_final macro: svmult.cls date/time: 23-Aug-2017/19:42



4 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

quences of uniformly refined, regular simplicial meshes are well-known to converge
at suboptimal rates due to corner singularities in the solution, even if a(x,y) and f(x)
in (1) are smooth. To establish full FE convergence rates on locally refined meshes
coupled with the QMC error estimates, parametric regularity estimates in Kondrat’ev
spaces will be demonstrated.

In Section 2 well-posedness of the parametric solution and approximation by
dimension truncation and FE is discussed. Particular weighted Sobolev spaces of
parametric regularity that are required for the error analysis of multilevel QMC and
general error estimates are reviewed in Section 3. Parametric regularity estimates of
the dimension truncation and FE error are proven in Section 4. These estimates yield
error bounds of multilevel QMC algorithms that are demonstrated in Section 5. In
Section 6, parameter choices are derived that minimize the needed work for a certain
error threshold. In the numerical experiments, we analyze piecewise (bi)linear wavelet
bases to expand the diffusion coefficient in one and two spatial dimensions. The
experiment confirms the theory and also shows that the multilevel QMC algorithm
outperforms the single-level version in terms of work versus achieved accuracy, in
the engineering range of accuracy, and for a moderate number of integration points.

2 Well-Posedness and Spatial Approximation

The parametric problem in (1) admits a symmetric variational formulation with trial
and test space V := {v € H'(D) : v|r; =0}, with dual space denoted by V* = H~!(D),
where v|; = 0 is to be understood as a trace in H'/2(I3). Let f € V* and let the
assumption in (A1) be satisfied. Then the parametric weak formulation of (1) reads:
for every y € U find u(-,y) € V such that

[ aCy)Vuty)-Vode = (fyy, e, @

where (-,-)y+y denotes the dual pairing between V and V*. Since the assumption in
(A1) implies that

0 < (1 = K)dmin < essinfrep{a(x,y)}, yeU,

and
esssup,epla(x,y)} < (14 K)amax, YEU,

the parametric bilinear form (w,v) — [, a(y)Vw- Vvdx is continuous and coercive on
V x V, uniformly with respect to the parameter y € U. By the Lax—Milgram lemma
the unique solution u(+,y) € V to (4) exists, is a strongly measurable mapping from
U to V (by the second Strang lemma), and satisfies the a priori estimate

(1= ©)amin) [uCy)lv < I fllv- yeU.
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 5

A finite dimensional domain of integration which is required for the use of QMC
is achieved by truncating the expansion of a(x,y) to a finite number of s € N terms.
We introduce the notation that for every y € U, y;.q is such that (y(.); = y; if
J < s and 0 otherwise, where {1 : s} denotes the set {1,...,s}. Specifically, for every
s € N define

w'(-,y) = u('vy{lzs})’ yeU.

Proposition 1 ([10, Proposition 8]). Let the assumption in (A1) be satisfied for
some K € (0,1) and recall the right hand side f € V* in (4). If for some s € N
Kamax

_ Klmax b} <1,
(1 — §)dmin ngsaﬁ{ i}

then there exists a constant C > 0 such that for every G(-) € V*

2
(G ()~ (G0 < GOl (s 0)

For the study of the spatial regularity of u(-,y), we consider weighted Sobolev spaces
of Kondrat’ev type, which allow for full regularity shifts in polygonal domains
D C R? cp. [2]. In our setting the domain D is either a polygon in R? with corners
{c1,...,¢s} or an interval. To introduce weighted Sobolev spaces, we define the
functions r;(x) ;== |x—¢;|,x € D, i=1,...,J, where | - | denotes the Euclidean norm.
For a J-tuple B = (B1,...,B;) with B; € [0,1), i = 1,...,J, we define the weight
function Pg by

rfi(x), xeD.

1~

¢ﬁ (X) =

14

Il
_

For multi-indices @ € N3, define the notation 9% := 9/ /(9x{" 9x3?). We define the
weighted spaces L% (D) and Hé (D) as the completion of C*(D) with respect to the
corresponding norms which are given by

1¥l13 0y = v Pp 20 Hv||§1é<m = V3 ) +‘ Z“,zlllaxavnlié(m. (5)
o=

In the corresponding weighted Sobolev spaces, there is a full regularity shift of the
Laplacean, cp. [2, Theorem 3.2 and Equation (3.2)], i.e., there exists a constant C > 0
such that for every w € V satisfying Aw € Lf3 (D) there holds

||WHH§(D) < C||AW|\L§(D)a ©)
where ff; > 1 —m/@; and B; > 0, (®; denotes the interior angle of the corner c;)
fori=1,...,J such that both edges that have c; as an endpoint are both in I or I5.

Otherwise (change of the boundary conditions at ¢;), we require f§; > 1 — n/(2w;) and
Bi > 0. Note that we allow the case ®; = 7, which facilitates the case that the boundary
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6 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

conditions change within one edge of dD. Hence, in the case that the domain D is
convex and I = dD, we may choose B = (0,...,0). There holds an approximation
property in FE spaces on D with local mesh refinement towards the corners of D.
To state it, let {77 }¢>0 denote a sequence of regular, simplicial triangulations of the
polygon D, which can be generated either by judicious mesh grading in a vicinity
of each corner of D cp. [2, Section 4] or by newest vertex bisection, cp. [12]. Let
Vii={veV:vlg ePi(K),K € F},{ >0, where P; (K) denotes the affine functions
on K. The FE space V; is of finite dimension M, := dim(Vy), £ > 0. Then, there exists
a constant C > 0 such that for every w € HI% (D) and every £ > 0 there exists wy € Vy
such that

I =welly < €M, il . ™

where d = 1,2 is the dimension of the domain D. For d = 2, and in the case of graded
meshes, this follows, for example, from [2, Lemmas 4.1 and 4.5]. An approximation
property of this kind for nearest vertex bisection is shown in [12]. The regularity shift
in (6) and the approximation property in (7) also hold if D is an interval (for d = 1).

Assume that the right hand side f € L% (D), and that {|Va|®g, |[Vy;|Pg : j >

1} C L*(D), and that there exists a bounded, positive sequence (b;);>1, which

satisfies
_ V|
K := \Y E = b

=1 Y

< oo, (A2)
L=(D)

This assumption readily implies that supyc; {[||Va(-,y)|Pg||=(p)} < . As a con-

sequence, |Va(-,y)| € L (D) and Au(-,y) € L*(D) for every compactly included
subset D CC D and for every y € U. Then, by the divergence theorem and by the
product rule for every v € Cg’(D) C V

[ aCy)Vuty)-Vrde == [ [V- (a(y)Vu(-y))vds

=~ [ (@C.3)8u(y)+ Va(-.3) - Va(- y) v

We have to show that Au(y) € LIZ3 (D). By duality of the space L% (D), the previous
identity, and by the Cauchy—Schwarz inequality,

||a('7y)Au('7y)HL2(D) = sup /a(,y)Au(,y)v@édx
p veLd (D), vl 2 ) <17 P
B

= sup / a(’y)Au(.vy)v¢ﬁdx
VGCSO(D)‘VHVHL%D)Sl D (8)
= sup (f+Va(-,y)-Vu(-,y))v®g dx

vy (D).l 2y <1 7P

113 ) + 11Val-3)| Pp =) (- 3) lv-

IN

Page: 6 job: GantnerHerrmannSchwab_Sloan80_final macro: svmult.cls date/time: 23-Aug-2017/19:42



Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 7

Since essinfyep{a(x,¥)} > (1 — K)amin, Au(y) € L% (D). In (8), we applied that
C7 (D) is dense in L*(D) and used that the operator of pointwise multiplication
w — wP_g is an isometry from L*(D) to L% (D).

The parametric FE solution is defined as the unique solution of the variational
problem: fory € U and £ > 0, find u” (-, y) € V; such that

63V () o= (e, WEV ©

Well-posedness of the parametric FE solution also follows by the Lax—Milgram
lemma. As above, we define for every truncation dimension s € N and level ¢/ € Ny

uS-'Z('?y) = u%('7y{1:s})7 yeu.

By Céa’s lemma, an Aubin—Nitsche argument, Proposition 1, (6), (7), and (8), there
exists a constant C > 0 such that for every s € N, £ > 0, and every G(-) € L% (D),

Jj=s+

2
E(G(u) —E(G(u7))| < CIGC) v fllv- ( supl{bj}> 10

—2/d
NGO 01 M7

Remark 1. If f and G(-) have less regularity, say f € (V*J% (D)) and G(-) €

(V*,L3(D))y s 1,1' € [0,1], the estimate in (10) holds with M, ** /4 This follows

by interpolation. The interpolation spaces are in the sense of the K-method, cp. [31].
Since L% (D) C V* continuously which follows by [2, Equation (3.2)], V* and L% (D)

are an interpolation couple. Naturally the embedding H~ '+ (D) = (V*,L3(D)) 12 C
(V*,Lf3 (D)) o is continuous, since L?(D) is continuously embedded in Lg (D).

3 Multilevel QMC Integration

Randomly shifted lattice rules and interlaced polynomial lattice rule are QMC rules
that have well-known worst case error estimates in particular weighted Sobolev
spaces of regularity with respect to the dimensionally truncated parameter vectors
Y(1:5)> § € N. Generally, these QMC rules approximate dimensionally truncated
integrals

R L

Denote by O () and Qi (-) randomly shifted lattice rules and interlaced polyno-
mial lattice rules in s dimension with N points, respectively. Subsequently, if the
superscript is omitted either of the QMC rules is meant. For a nondecreasing se-

Page: 7 job: GantnerHerrmannSchwab_Sloan80_final macro: svmult.cls date/time: 23-Aug-2017/19:42



8 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

L € N, and for the meshes {.7; }/>¢ from Section 2, the multilevel QMC quadrature
for L € N levels is, for every G(-) € V*, defined by

ZQS; N[ I/t _uéil))7

where we introduced the notation u! := usf”'% ¢ € Ny, and have set u~! := 0.
Throughout, we shall assume that sequences of numbers of QMC points (Ny),— 0,..,
are nonincreasing. For the error analysis, we introduce for a sequence of QMC
weights ¥ = (7u)ucn the weighted Sobolev spaces #5 y and # 4 y,q.r as closures of
C=([—1/2,1/2]*) with respect to the norms
) 1/2
dyu>

HF”Wsy ::< Z YJI/[;, ]\u\

uc{l:s} 2

Sy BEO

2:2

andfor2<a €N, g,r €[l

1F 11 e ( )y (wz )

ucC{l:s} vcufu\vg{l;a}\u\w

/[71 ]]‘u‘

g rla\ 1/r
dy n) )

22

with the obvious modifications if ¢ or r is infinite. Here, (@, T,\,0) € {0: a}*
denotes a multi-index such that (@y, T,\y,0); = & for j € v, (&, T\0,0); = T, for
Jj€u\v,and (&, T,\y,0); =0for j ¢ u, foreveryu C{1:s},0Cu,Te{l: o\l
Note that the integer & > 2 is the interlacing factor. For every u C {1 : s}, dy,, denotes
the product measure & ¢, dy;. The following two estimates follow essentially from

(aﬂfu 070)
/Ll 5ol Oy TF () e

the worst case error estimates in [22, Theorem 2.1] and [6, Theorem 3.10] for Q?ISV()
and QFY?N(~), respectively. For every A € (1/2,1],

E4 (|1, (G(u")) = O£ (G(u"))?)

2 2@\
S;)(@#u;l:v}}ﬁ<(2”2)x> > ((p(N()) HG( )”W%V’

(11
cp. [23, Equation (25)], where A denotes the random shift and ¢ denotes the Euler
totient function. For every A € (1/0a., 1],

|, (G(u")) — O (G(uh)))|
L
sZ(

12)

1/2
mpa(x))“') 16—ty g

Ne— Q#uc{l s}
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 9

cp. [7, Equation (42)], where the constant py(A) is finite if A > 1/« as stated in [6,
Equation (3.37)]. We remark that the choice of A, a, ¥ in (11) and (12) may also
depend on the level £ =0, ..., L, which is not explicit in the notation.

4 Parametric Regularity

As in the single-level QMC analysis in [10], we introduce the auxiliary parameter
set U = [—1,1]Y with elements z € U. Fix n € (k, 1). We split the sparsity of the
sequence (b;);>1 between spatial approximation and QMC approximation rates,

o~

which naturally couple in multilevel integration methods. For a sequence (b;) j>1
(to be specified in the following) which satisfies the assumption (A1), and for every
y € U define

-1
_ ] n- =2yl .
ay(x) =a(x)+ Zyjl//j(x) and yy j(x) = %l]/j(x), ae.xeD,jeN,
=1 2b;
(13)
which are used to construct
Gy(x,2) = ay(x) + Y zj¥yj(x), ae.xeD,zel.
j=1
We recall that for every y € U
HZ/>1_|‘I’y.j <k 1 (14)
Ay =) M

which implies that the problem for arbitrary y € U and z € U is to find uy(-,z) €V
such that

/Day('vz)v’jy(',Z)'Vde =f(v), Wvev,

is well-posed, cp. [10, Section 4]. Then, the affine mapping 7y, : U— Ty(ﬁ) C RN,
which is given by

n'+2lyl

2, j>1lzel, (15)
w;

(Iy(2))j:=y;+

yields by construction, cp. [10, Section 4], a connection of u(-,y) and uy(-,z), i.e.,
ﬁy('az):“('aTy(Z)) inV.

Finally, by the chain rule for every T € .7 := {7’ € N} : |/| < o} holds
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10 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

77_1—2|)’j| o T
= L E—L e afu(-,y). 16
Lo e ae

A transformation of this type has been introduced in [3]. The dilated coordinate is
analogously applied to dimensionally truncated solutions and the FE approximations,
which are denoted by i;(-,z), iy (-,z), and iy (-,z). As observed in [10, Theo-

a;ﬁy(-7z)

o~

rems 10 and 12], this sequence (b;);>1 will be the input for the product weights
of the considered QMC rules and its summability properties will be a sufficient
condition to achieve a certain dimension-independent convergence rate of either
type of QMC rule. Note that the parametric regularity results of [10] also hold for
homogeneous mixed boundary conditions, since the proof of [10, Lemma 3] relied
on the variational formulation, which is the same and v — ([, |Vv[?dv)!/? is also a
normon V.

4.1 Dimensionally Truncated Differences

Let s € N be the truncation of the series expansion of a(-,y) and also of ay(-,z). The
difference of solutions with respect to the full respectively to the truncated expansion
of the parametric coefficient satisfies

/Day(-,z)V(ﬁy(-,z)—ﬁ;(-,z))Vvdx:—/Dszl//y,szi“y‘(-,z)~Vvdx, Vv ev.

j>s
In this section we split the sequence (b;);>; into two sequences by b; = b}_ebe,
J €N, 6 €[0,1], and consider the dilated coordinate in (13) and (15) with respect to
the sequence (b}’e)jzl, i.e., here (bj)j>1 = (b}.’e)jzl, which satisfies (A1) by the
condition b; € (0,1}, j € N. By the assumption in (A1) and (14), for every y € U,
Theorem 1. Let the assumption in (A1) be satisfied. There exists a constant C > 0
such that for every'y € U and for every s € N and every 0 € [0, 1]

—

Y1l Yo /b9 B

dy

<
L=(D)

A7)

SiA

L

TeF

o7 (ity(+2) —y(-,2)) ‘Z:OH

2
< CI\f I sup {52}
v Jj>s
Proof. As in the proof of [10, Lemma 3], we will consider the Taylor coefficients

B
and t;,ﬁ::ac?ztu‘y(-,z) , VteZ. (18)

z=0

1 -
lyz = Ea;uy(.,z) o
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 11

We introduce a parametric energy norm || - ||dy for every y € U by
3, = [ avfas wev.
Y D

Evidently, ; ; = 0 in case that 7; > 0 for some j > s. For every T € .7,

[ @Vitne—ty0)- Vvde= - Z /D Vo Vltyoe,— 57 ¢,) - Vv

/l//yj yroe; Vvdx, YveV,
j>S
where we used the notation j(T) := {j € N: 7; > 0}. Testing with v =t ¢ — 15 7, we

find for0 £t € %
2
ltye—t5elld, < | LWl = el =5

+/ Y ¥l o lltys = 5.l
).J

>s

where e; € .7 is such that (e;); = 1 if j =i and zero otherwise. We obtain with a
twofold application of the Cauchy—Schwarz inequality using (A1) and (17)

12
s 12 K s 2 s
tyr —tyllz, < (77 /D Y Wy illV(tya—e; —1y.0))] dx) lty,e —ty ¢ lla
2 (T)

o(Sanfer} ], ¥

1/2
|‘I’yj|| ¥y, T— e/| dx) th-,f_t;,1||dy~
i(7),j>s

Hence, by the Young inequality with € > 0 and by (A1)

Y X lyesali, <0er ¥ [ TlvslVle 500

k=1 |7]=k N Z17D =51 j=1
1
+(1+8)sup be Z/ Z ZW’)’J| .t
J>s k>1 \‘r\ k—1j>s
<0+ (5) L X e sell,
N/ =0k
1 K
+(1+4) () s {0V Y Y 5412
€/ NN/ j>s k>0 |z|=k

Since k < 1, we can choose € such that (1+ €)(x/1)? < 1 and conclude that
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12 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

1+1/e 20 By
lty.e =133, < 2lty0—1y0l13, + sup {62 L ¥ty ol

which implies the assertion with [10, Lemma 3 and Proposition 8] using that b; €
(0,1], j € N. Note that [10, Lemma 3] gives an upper bound, since dfuiy(-,z) =
dz tlyy.,, (,2) if 7; = 0 for every j > s and 97 uy(-,z) = 0 otherwise. 0

Remark 2. The estimate in Theorem 1 also holds when the differences a;(ﬁ‘y% (-,2)—
ﬁ;’%(-,zmzzo, T e .%,/{ >0, are considered and the constant is independent of
{Z}1>0- Since only the variational formulation was used in the proof, the corre-

sponding variational formulation with trial and test space V; can be used instead.

4.2 FE Differences

We assume now that the sequence (b;) ;> satisfies the assumptions in (A1) and
in (A2). We consider the dilated coordinate in (13) and (15) with respect to this

o~

sequence (b;)j>1,1.e., here (b})j>1 = (b;) j>1.

Proposition 2. Let the assumption in (A1) and (A2) be satisfied for (b i) j>1. Then,
there exists a constant C > 0 (independent of f) such that for everyy € U

Z ﬁHAazrﬁ)’(HZ)L:O ’

TeF L?;<

2

Proof. Recall that the Taylor coefficients {tyﬂ- : T € Z } have been defined in (18).
We also recall that for any 0 # T € %,

/ ayVty ¢ - Vvdx = — Z / Yy, jViyz—e; - Vvdx, VveV.
P j()7P

Similarly as in Section 2, by the divergence theorem for every v € Ci’ (D)

— /D ayAty gvdx = /D (de -Viy ¢+ Z (V- Viyz o+ Wy, jArMej)) vdx.
i(T)

Since Atz g € L*(D), cp. (8), we may use —Aty ¢ @E as a test function and obtain
with the Young inequality for any € > 0
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/D ay|Aty | dgdx = — /D (Vay Viye+ Y V- sz,”j) Aty Dpdx
i(r)

_ /D Y Wy Aty e e Aty Didx

<s/a Aty P D2 dx
S Dy| vl Pp

2 2
1 qbp
+4s/ Vay-Viyz+ Y V- Viy ¢ | dx
(%)

3 [ X 1Wal (At oo, P+ 4ty o ) P
(%)

For k > 1, by a twofold application of the Cauchy—Schwarz inequality (applied to
the sum) and (A2)

@2 ?
Z/ B (vay Vipet Y Vi Viy o ej) dx

a
t|=k’D @y J(T)

P,
<2K /D = <|vay| Y Vel ¥ leydwmy,fﬁ)dx
. y

|7|=k |T|=k—1j=1

4K
S — <Z||Vty,r||ay+ ) InyrIIay>~

(@y,min)? |T]=k |7/=k—1

Note that also by (A1) for every k > 1,

Z / ZWJH‘ |Aty o e,|2 |Afy1:| )‘pp

el=k"P j(r)
K P
< 77( Z H\/ayAty,rHLz + Z lva Aty‘r”Lz )
|T|=k—1 |T|=k

We now choose € > 0 such that € < 1/2(1 — k/7), which implies €+ x/(21) < 1/2.
Then, we sum over k > 1 to obtain

Y ) II\fAty,rlle <C Y IViyeld, +Ce Y II\fAfy,rlle

k>1|t|=k TeF TeF

where Ce = 1/2(1 —x/(2n) — €)' < 1 and C = K?/(€(dy.min)*)(1 — k/(21) —
€)1 It follows

C —
Y ||fAty1||Lz < Y lty.<13 ‘*‘ZH\/aAty,OH?} D
1-Ce Te.F Y B( )

= -
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14 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab
which implies the assertion with [10, Lemma 3] and (8). O

Remark 3. For every truncation dimension s € N, the estimate in Proposition 2 also
holds when Aaz’ﬁ;(~,z) |;=0, T € Z, are considered and the constant is independent
of 5. This follows from the observation that 97y (-, z)[;—0 = d uy,,,,, (+2)[z=0 if
7; = 0 for every j > s and 9 i (-, 2)| ;=0 = O otherwise. Then, the sum of the estimate
in Proposition 2 only consists of more terms and is an upper bound.

Proposition 3. Let the assumptions in (A1) and (A2) be satisfied and let B satisfy
Bi > 1 —n/w; and if the boundary conditions change at ¢; also B; > 1 —1n/(2w;),
i=1,...,J. Then, there exists a constant C > 0 such that for every y € U and for
every integer { > 0

L (T') ‘

TeF

7 (B2~ (2) | _ [l <cm sl

Proof. We argue similarly as in the proof of [10, Lemma 3] and consider the Taylor
coefficients for fixedy € U

1

~ ~7
lygi= ?&:uy(',z) and tﬁy,,_. —3; uy'(,2)| ., TEF.

z=0

z=0

We observe that

/Dc‘zyV(tN —r;,) Vvde ==Y ¥y ;V(tyz e, — ty re;) Vvdx, WveV,.
i)

For every y € U and for every £ € Ny, let ), : V — V, denote the “dilated Galerkin
projection”. For every w € V, &, yw, it is defined by

/ ayV(w— Py w)-Vvdx =0, YveV,. (19)
D

By the definition of & in (19) and by testing with v = 2, /(ty z —tyz) €V},

y /ay|v9ye(¢yf—r )dx

|7|=k

/ ) Zw (¥ (ty0e; =ty P+ IV Prsltye =1y ) P

Dlgl=k je
t}"’-' y7 )|2dx
D |g|=k-1,>1
3, T LIV rclis i P
Dgj=k—1j21

which implies with (A1)
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 15

L 15t~ < 5= | L L WVt )Pl

|7[=k 7|=kj(z

1 K ’ 5
< — t _ .. —1 Az
3w o oo el

(20)
Note that by the triangle inequality

L l
llty.e =ty cllay < | Py.ety,c =ty 0)llay +11(7 = Py.)tyellay,

where .# : V — V denotes the identity. With the Young inequality and the previous
two inequalities we obtain for any € > 0

Y ltye 15l

|T|=k

(1+e)x 1
<UTEOE Y e theld + (142 ) ¥~ 2ol
2n—x |T|=k—1 €

|7[=k

Since k <1 < 1,217 —k > 1 and so we choose € > 0 such that (14 &)k < 1 and
conclude by subtracting the first sum in the previous inequality that

2n —«x

l

Y X e —tyel?, < livo 50l + 2= ¥ ¥ 107~ Pyl
k>1|t|=k k>1|t|=k

which implies the assertion with (7), (6), and Proposition 2. O

Remark 4. The estimate in Proposition 3 holds if f € (V*,L/z3 (D)) with the er-

ror being controlled by M, 2/ d, t € [0,1]. This can be seen by interpolating the

error bounds in the last step of the proof of Proposition 3 with the real method of
interpolation, where (7), (6), and Proposition 2 were used (see also Remark 1).

For any G € V*, we introduce ug(-,y) and ug[(-,y), ¢ € Ny, as the parametric
solution to the dual problem of (4) and the parametric FE solution to the dual problem
of (9), respectively, with right hand side G. Consideration of the dilated coefficient

resulting from (13) gives ugy(-,z) and ﬁ?y(-,z), ¢ € Ny. By an Aubin—Nitsche
argument, for every y € U and every z € U,

Gl (,2) =5 (2)) = [ &2Vl 2) =" (2))- V(i (2) =g D).
@n

Theorem 2. Let the assumptions in (A1) and (A2) be satisfied. Then, there exists a
constant C > 0 such that for every G(-) € L% (D) and for every integer { > 0
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16 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab
Z 1
~ (T+1)!7!

—4/d 2

’ 2

25G ( y(2) =iy (-2))

z=0

<CM,

Proof. The Taylor coefficients of i y(-,2) and u y( z) will be denoted by 7y ¢ and

Aﬁ o T € .F, respectively (see also (18)). By differentiating (21), for every 0 # T € .7,

G(tyr Z/ Z‘V}’J tyV ej — yVe VG‘L’V yrvdx
V<T

Squaring the previous equality and applying the Cauchy—Schwarz inequality yields

|G (ty,—t )2 <H Ti+1) )

v<7

2

Viak|

where we used that ¥y« = []j(¢)(7; + 1). The hidden term is given by [...] =
Yiv) Wi V(tyv—e; — tﬁﬁv,ej). By changing the order of summation

) H T+ 1) Gty — 1y )|

" n4 2
ey —tye vl

te7 j(t
2
" n4 2
1/ay.. Y lyev =10 0l7 22)
veF L*(D) tc.Z x>V
2
_ ~ =~ 2
= Z \ 1/ayl. ] Z [ty —1y.21l,-
veF L2(D) te.7

By the Cauchy—Schwarz inequality we obtain with (A1)

2
H./l/dy[...]
By another application of the Cauchy—Schwarz inequality and (A1)
2 <\ 2
_ 2
L X[Vl <(E) L E -,

k=1 vk 2y \/ S v=x-1
which implies with (22)

Z H Ti+1)" tyf_tfz,r)|2 < (Z ty,f_f§,1-||cziy> (Z ||;;’T_E£‘t|cziy>

teZ j(t TeF TeF

K
<z IV(tyy_e —tiy )[2dx.
. _n/Dj(Zv)wm (tyv-e; -2,

The assertion now follows with Proposition 3. a
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 17

Remark 5. The estimate in Theorem 2 also holds if f € (V*,L3);. and G(-) €

B
(V*,LE )y 1, € [0,1], with error bound &(M; *"*' )/4) which follows by Re-
mark 4.

Remark 6. For every truncation dimension s € N, the estimates in Proposition 3 and
Theorem 2 also hold when the differences o7 (iz3,(-,z) — ﬁ;%(,z)) lz=0, T € Z, are
considered and the constant is independent of s. This follows by the same argument
which is used to verify Remark 3.

5 Convergence of Multilevel QMC

The parametric regularity estimates from Section 4 will result in explicit error esti-
mates of multilevel QMC. Let the sequence (b;) ;> be a generic input for the QMC
weights. For interlaced polynomial lattice rules with interlacing factor o¢ > 2 we will
consider the product weights ¥ = (¥F),cn given by % := 1 and

u

o

et

jeu \v=1

2b;
1-7

\
) 25(V=“)v!> , UCN,u| < oo, (23)

and for randomly shifted lattice rules the product weights YRS = (y&S),, -y given by
YRS := 1 and

WS = 2; Y’ N 24
R ',Q(l—n> , uC N, |u| <o (24)
We will apply one common QMC rule on discretization levels £ = 1,...,L and allow
a different rule on discretization level ¢ = 0. The parametric regularity estimates that
were derived in Section 4 are based on a dilated coordinate, cp. (13) and (15), with
respect to sequences (b}_e) j>1 for the truncation error and (b;) ;> for the FE error.
These sequences will be the input for the product weights. Their summability in terms
of membership in /7(N), p € (0,2], will result in explicit bounds of the combined
discretization and quadrature errors between discretization levels. On discretization
levels ¢ =1,...,L, we use (b}-’e V2bj) s = (max{b}*e,ZBj})jzl as input for the
product weights in (23) and (24), i.e., here (b;) j>1 = (b}_e V2b;);j>1. On the lowest
discretization level £ = 0 we use (b;);>1 as an input for (23) and (24), which has
potentially stronger summability properties.

Theorem 3. Let the assumption in (A1) be satisfied by (b;) j>1 and by (bj) j>1. Let
the assumption in (A2) be satisfied by (b;)>1. Let (b;)j>1 € ¢P(N) for some p €
(0,2] and assume that (b}fe Vb;)j>1 € £P(N) for some p € [p,2] and any 6 € [0,1)
admitting this summability. For p € (0,1] and p € [p,1], O (+), L € N, satisfies with
product weights (23) and order oo = | 1/p+ 1] on discretization level ¢ = 0, and of
order @ = |1/p+ 1| on discretization levels { = 1,...,L, the error estimate
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18 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

E(G()) — O (G(ub))| < c<sup{b3} +M NP

J>sL

L —
+ ZN;l/p (5&51 sup {b/e} +M221/d> )7
=1

J>S0—1

where &g 1 :=01if sg =s¢_1 and & ¢_y := 1 otherwise. For p € (1,2] and p € [p,2],
ORS(.), L € N, satisfies with product weights (24) the error estimate

\/EA (IE(G(u)) — QRS (G (ul)) )

- C<SUP{b‘}}+M;‘W+ (9(No)) /7

J>sL

. 1/2
+ Y (p(Ny) Y7 (5“-1 ol {b?"}+MZ41/d>> '
/=1

J>s0-1

Proof. By the error estimates in (12) and (11), we have to estimate the difference
G(u' —ut") = G(u7 —u't-17-1) in the W5, 0,7,0,00-n0rm and in the %5, y-norm,
{=1,...,L. We decompose by the triangle inequality

||G(u5£w% A R/ ) H%N

<G T+ G T T
and
||G(u”"% _ uSﬁf%—])H%{/,y < ||G(u*t — u%%)”%#y + |G — o7 )”%(7

The contributions from the dimension truncation and the FE error have been separated
in the %, y-norm. For the dimension truncation error, we obtain by the Jensen in-
equality a bound on higher order partial derivatives in terms of the dilated coordinate
in (16), Theorem 1, and Remark 2

||G(usf"%*1 _usﬁ—l»yk'—l)“g//s[.y

S”G(')HV*/I Y, ()G @ T () —ut T ) [ dy

_2’%]S uc{l:s}
2pl—0\ 2
T ! ) sup {b?e}.

- 77 J>se—q

< CIGCO) v+ fllv= sup (7’55)11—[<

uc{l:s} jEu

Due to the choice of the weights, there exists a constant C > 0 independent of the
sequences (s¢)¢—o... 1 and {F}}¢>0 such that

eeny
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G 7 = w17 [y, < CIGE) v+ fllve sup {bF).

J>S0-1

Note that if s, = s,_; this difference is zero. Similarly, we obtain with Theorem 2
and Remark 4 that there exists a constant C > 0 which is independent of (s¢)=o,...1
and (My) >0 such that for every £ € N

) T —2/d
160 =70 sy < CUGO iy 11 M1

Here the constant factor 2 in the sequence (bjl»"9 V 2b;) j>1, which is an input for the
weight sequence, is necessary to compensate the factor [];(7)(7; + 1)~! in the esti-
mate of Theorem 2. The corresponding estimate on the level £ = 0 of || G (1) (7
is due to [10, Corollary 5], which is also applicable in the case of a dimensionally
truncated FE solution, cp. Remarks 2 and 4. The estimate for the randomly shifted
lattice rules follows then with (10) and (11) with A = p/2.

The proof for interlaced polynomial lattice rules follows along the same lines,
where the estimate [|F|[; 4y < HF||WS(HO{%2.2, F € W5, 0,922, is used and [10,
Corollary 7] is used for the level £ = 0 (see also the proof of [10, Proposition 6]). O

Remark 7. The estimate in Theorem 3 also holds if f € (V*,L%),_,m and G(-) €

(V*,L%),/.oo, t,t' € 0,1], with an error bound ﬁ(M;(H[/)/d) and ﬁ(M[z(H—t,W),
¢=0,...,L, in the estimates for QY (-) and QR5(.), respectively. This follows by

Remark 5.

Remark 8. The factor 2/(1 — 1) in the weights in (23) and (24) as well as the constant
factor 2 in the sequence (b}_e V2b;)j>1 can be omitted. Then, the error estimates in
Theorem 3 hold under the same assumptions with QMC convergence rates 1/p — €
and 1/p — € in the multilevel error estimates for every € > 0. This can be seen by the
same argument that we used to show [10, Corollary 11] (see also [10, Corollary 13]).

6 Error vs. Work Analysis

The error estimates in Theorem 3 are the key ingredient to calibrate and choose the
of the multilevel QMC algorithm with L € N levels. We seek to derive choices that
optimize the work for a given error threshold. The analysis will be demonstrated for
a class of multiresolution analyses (MRA for short), which will serve as the function
system (Y3, ), here indexed by 4 € 7. We will use notation that is standard for
wavelets and MRA. Assume that ()¢, is an MRA that is obtained by scaling
and translation from a finite number of mother wavelets, i.e.,

v (x) =y(2Mx—k), kevpxeD.
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20 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab
The index set v/|3| has cardinality |/ | = 0(2*14) and |supp ()| = (2~ H4).
Let j: v — N be a suitable bijective enumeration. We also assume that on every
level |A| there is a finite overlap, i.e., there exists a support overlap constant K > 0
such that for every i € Ny and for every x € D

{hev:lAl =iy (x) #0} <K.

The work needed to assemble the stiffness matrix for a generic parameter instance
€ [~1/2,1/2]* is therefore 0 (My|j~'(s;)|) = O(M,log(s¢)). Assuming at hand a
linear complexity solver (i.e., a procedure which delivers a numerical solution of
the discrete problem (9) to accuracy &'(M, -2 d) in the goal functional G(-) as in (10)
uniformly w.r. to y € U in work and memory O (My)) the overall work for either
multilevel QMC algorithm with the number of levels L € Ny levels satisfies

L
work = 0 <ZNeMé 10g(~‘é)> .

=0

We remark that error vs. work estimates for general function systems (/) ;> in the
uncertainty parametrization (3) have been derived in [23, 7].

The parameter 0 in the coupled estimates of Theorem 3 allows to discuss two
possible strategies in the choices of the dimension truncation levels (s¢)¢—o,...,

recall from [10, Section 8] that if ||y ) || =(p) < 02~ 2| then the sequence

P —1
dmin(1—K)(1—-28-%) & ,
bm>=<1+a ( G)Z(K )2‘”> , JEN, (25)

satisfies (A1) for a > B >1landbj ~ j_ﬁ/d, j > 1 holds. The sequence
bi=bP"VP  jen,

satisﬁes (A2) and (A1) and b, ~ j(B=1/d_j > | holds. Note that IVw;o)ll=) <

Co2~ (@D assuming V¥l =Dy < Clly]|(=(p) for some C > 0. The truncatlon
levels (S[) (=0,...., are chosen so as to cover entlre levels of the MRA expansion of
the uncertain PDE input, so that we choose s, € {¥1_ |V, : T € Np}, £ > 0. We also
assume that

My ~2%  ¢>0. (A3)

In this section we assume for simplicity that only one version of the QMC rule is
applied with convergence rate 1/p. We remark that in some cases the application of
two different weight sequences with different sparsity (as expressed by the summa-
bility exponents p, jp of the sequences (b;)j>1,(b;)>1) may be beneficial. Also we
assume that

fe(V,Lg(D))e and G() € (V,L5(D))yw, 1,1 €[0,1], (Ad)
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which yields a FE convergence rate of 7:=7+1¢ € [0,2], cp. Remark 7.

Strategy 1: We equilibrate the decay of the sequences (b}-_e) j=1and (b;)j>1, which
determines the bound on the QMC error in Theorem 3. The parameter 6 € [0,1) is
chosen to be 8 = 1/3, which implies b}*e =bj, jeN, and (b;) >0 € ¢?(N) for every

~

p>d/(B —1). We equilibrate the error contributions on the highest discretization

level L. Since My, ~ 29L, we choose
sy, ~ 241LT/ (2]

On the different discretization levels of the coupled error terms, we either increase

the dimension truncation levels or leave them constant, which is reflected in the
choice

5 Nmin{zdf“/<95>lsL}, 0=0,....L—1.

Strategy 2: For certain function systems (Y} ), cv and meshes {7 }/>¢ it may be
interesting (also for implementation purposes) to couple their discretizations, i.e., we
choose

se~Mp, £=0,...,L.

To equilibrate the truncation and FE error on the levels we choose 6 = 7/ E , which
imposes the constraint f > T and implies that b}*e ~ j~(B=7)/d_Hence, (b}*6 Y
bj)j=1 € LP(N) for every p > d/(min{ — 7, — 1}).

We will discuss interlaced polynomial lattice rules first and follow [7, Section 3.3].
In either of our parameter choices, the error estimate

)y

L
=0

error = ﬁ(MLr/d—I— NZ]/ﬁMér/d>

holds, where we used that M, = ¢/(24%). The QMC sample numbers (N;) (=0,...,L are
chosen to optimize the error versus the required work. Optimizing error (bound) vs.
cost as in [23, 7], we seek the stationary point of the function

L L
—t/d ~1/p,,~7/d
$(§) =M, 4 YN Py T4 Y N og ()
=0 (=0
with respect to Ny, i.e., choose N, such that dg(&)/dN; = 0. We thus obtain

(=1,...L, (26)

5 geeey

1 p/(1+p)
Ny = [No (M[ ! T/dlog(sé)q) ]

and for E; := (Ml}*m/dlog(sé))l/(ﬁﬂ),

Page: 21 job: GantnerHerrmannSchwab_Sloan80_final macro: svmult.cls date/time: 23-Aug-2017/19:42



22 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

_ L L
error:ﬁ<MLT/d+N01/pZEg> and work:ﬁ(NOZEg> i
=0 (=0

Since for every 0 # r; € Rand r, > 0,

2rﬂL+1)__l

- L
2}’1 ,Erz <
Z - 2r| _ 1

=0

rn
Lz,

log(s¢) = O'(£), which holds in the considered cases, implies that

L o) ifd < pr,
Y E; = oL/ (D) ifd = pr,
=0 OQU-PIL/PEN LYY if d > pT.

We choose Ny to equilibrate the error, i.e.,
15 & d
(=0

which yields
[27PL] ifd < pr,
No := { [2FPLLP(p+2)/(P+1)] ifd = pr, 27
(2ﬁ<d+f)L/(ﬁ+1)Lﬁ/(ﬁ+l)1 ifd > pr.

This implies that an error = 0'(M, Z d) requires

(2P ifd < pr,
work = ¢ O(2°PLLPY?)  if d = pr,
O(29LL) ifd > pr.

In the other case of randomly shifted lattice rules, sample numbers (Ng)¢—._..1
are derived in [23, Section 3.7]. There, also the work functional from an MRA is
considered, cp. [23, Equations (74) and (77)] with A = p/2 and K; = Mylog(M;) ~
244y, Specifically, for randomly shifted lattice rules we choose

1 p/(2+D)
Ny = ’VNO (MZ1 ZT/dlog(Sg)_l)p g W =1L, (28)
and )
[27PL] ifd < pr,
Ny := [QTﬁLLﬁ(ﬁ+4)/(2ﬁ+4)] if d = pr, (29)

[27(d+20)/(P+DLLp/(B+2)]  if d > pr.

The work estimates for these choices in the case of randomly shifted lattice rules are
stated on [23, p. 443]. We collect the foregoing estimates in the following theorem.
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Theorem 4. Let the assumption in (A3) be satisfied and let for L € N and QF (),

by (28) and (29). Let the right hand side f and G(-) satisfy (A4). For p € (d/(B -
1),1], assuming d < B — 1 and error threshold € > 0,

[E(G(u)) — OF (G(uh))| = Oe)
and
ﬁ(&'_ﬁ) lfd < ﬁrv
work = ¢ O(e Plog(e~1)P*?) ifd = pr,
O(e~4/log(e™ "))  ifd > pr.

Forp € (max{l,d/(B\— 1)},2] assuming d < 2(3— 1) and an error threshold € > 0,
we obtain

VEA(IE(G() — 08 (Gh))2) = 6(e)
and
0(e™?) ifd < pr,
work = { @(e Plog(e~")?/**2) ifd = pr,
O(e=4/"log(e™ ")) ifd > pr.

Remark 9. The parameter choices for 6 and (sy) ¢—o0,..... in Theorem 4 reflect Strat-

egy 1. For Strategy 2, the assumptions p > d/(min{ﬁ— T, E —1}), B > T are required,
which is more restrictive if 7 > 1. However, aligning MRA and FE meshes might be
useful in certain cases. Note that the truncation dimension in Strategy 2 could also
be capped as in Strategy 1, which may be beneficial in some cases. Adopting this
strategy would affect the work measure only by a constant factor.

7 Numerical Experiments

To illustrate the foregoing asymptotic error bounds, we present numerical experiments
in space dimension d = 1,2 with affine-parametric diffusion coefficient

a(xvy) = ﬁ(x) + Z yjllfj(x)v
j=1
where @(x) =1 and we assume y; = Yj(vx) to be a system of continuous, piecewise

(bi)linear spline wavelets for £ > 0, k € {0,..., 2 — 1} with support overlap constant
K =2d, see e.g. [18, Ch. 12]. We assume in the following the scaling ||z || 1= (p) =

02 We pursue Strategy 2 from Section 6, which yields for @ > 8 > 7 a QMC
weight sequence of the form

3\ —(B-7)/B
bj(é,k) = (1 —‘,—szﬁk) R
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for 0 < ¢; € R as specified in (25) (see also Remark 8). We use the implementation
from [9] for applying the single-level and multilevel methods in parallel, and use the
Walsh coefficient bound C = 0.1 in the component-by-component (CBC for short)
construction, cp. [11] for details. For the multilevel method, we choose Ny = 2",
where my follows from (26). The resulting expression is given by

= p(P+2) p
mp = | prL+ P LT 00 (L4 1)+ =L (— t(d + 1) +1og, (s ] 30
o= [prLt EE gL 1)+ S (i@ k1) Hlog(sn) [ G0
with my = 1 if the expression is not positive. In the following examples, we consider
the limiting case d = p also with the limiting value 5~! = (B — 7)/d. This choice

is based on the cost model

L
WM =Y NeMylogy(se) |
=0

which we use for computing the cost in the multilevel experiment below. We compare
the multilevel computations to a single-level approach, where we equilibrate the
QMC and FE discretization errors, yielding on a fixed level L with N, RNy Y} o ©/

the choice Ny = 27T+ e
e = logy (Ny) = [pe] (L+1)

In the single-level case, the work is simply WSL = Ny M log, (sy.).

7.1 Univariate Model Problem

We consider the domain D = (0, 1) and homogeneous Dirichlet boundary conditions,
i.e., I] = dD, with right hand side f(x) = 10x, x € D. As goal functional, we consider
point evaluation of the solution at ¥ = e~! (which is not a node on any mesh used
in our simulations), G(u(-,y)) = u(x,y), which implies the FE convergence rate
T = 1.5 — ¢ for arbitrary € > 0. The parameter calibration will be done under the
formal case 7 = 1.5. For a given discretization level ¢, we solve the parametric
PDE (9) with the finite element method using piecewise linear basis functions
on an equidistant mesh with meshwidth i, = 27¢~! to approximate the solution
of (1). Considering the wavelet basis for the coefficients on the same mesh, we
obtain s, = h;l —1=201_ parametric dimensions on level ¢. We choose oa=3,

B =2.99, 0 = 0.15, yielding the expected QMC convergence rate B —17=1.49.
We use the same generating vectors as above for the single-level method; this is
justified since the weight sequence used in the CBC construction majorizes the
weight sequence for the single-level quadrature, theoretically capping the rate at
N~1>_ With these generating vectors, as observed in Figure 2, the measured QMC
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convergence rate is independent of the parameter dimension, and equals N~% for
o = 2,3 rather than the expected rate N~

SL/MF Copvergencg | ’

e SLQM
fit: —0.924 [

|4~ MLQMC ||

fit: —1.439

10° r T

Relative Error

1077

1078}

1079 ) ) - ) - L ) I J(
100 100 10* 10® 10* 10° 10° 107 10%® 10° 10
Work

Fig. 1 Convergence of single-level and multilevel methods for a univariate diffusion coefficient
given in wavelet representation. As a reference solution, the multilevel approximation on the level
L = 14 with a total of s;, = 32767 dimensions was used. The measured rates were obtained by a
linear least squares fit on the last 9 points. The expected rates are 0.75 for SLQMC and 1.5 for
MLQMC ignoring log factors. The work is WME = ):?:0 Nghzl (14 1logy(s¢)) for multilevel and

WSk = NLhZ1 (1+1ogy(sz)) for single-level.

7.2 Two Spatial Dimensions

For d = 2, we consider the domain D = (—1,1) x (0, 1) with mixed boundary con-
ditions. Specifically, the Neumann boundary is given by I3 = (—1,0) x {0} and
the Dirichlet boundary is I = dD\I;. Although the domain is convex, the change
in boundary conditions at the origin induces a point singularity in the parametric
solutions corresponding to an interior angle equal to 7. Due to isotropy of the para-
metric diffusion coefficient, this leads to a non-H?(D) singularity of (y-independent)
strength O(4/r) of the parametric solution u(-,y) concentrated at the origin. The
boundary conditions change also at the corner (0,—1)" € 9D, inducing weaker
singularities there as well. The considered goal functional is here integration over the
domain D, which is an element of L?(D). Since the parametric coefficients a(x,y)
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]QMC Convergencg, L=14

&0 |IPL,a=2
fit: —2.010 ||
A4 |IPL,a=3|{
fit: —3.050

1072

1073

1074

1075¢

107(1' [

1078}

Relative Error
=
1,

1071(] [

1071

10712 0 ]l \2 ]‘3 ‘-1 5
10 10 10 10 10 10°

Number of Points N = 2™

Fig. 2 Convergence of the QMC approximation for the univariate model problem using interlaced
polynomial lattice (IPL) rules with N = 2" points, m = 1,..., 17 and for digit interlacing factors
a = 2,3. We use the results with m = 17 as the reference value and keep the maximal discretization
level L = 14 fixed, resulting in s; = 2!5 — 1 = 32767 parameter dimensions and smallest FE
meshwidth h;, =271

are isotropic, i.e., scalar valued, the full regularity shift of the Laplacean in weighted
Hilbert spaces is applicable as detailed in Section 2, we obtain T = 2. Analogous
to the univariate problem considered in the previous subsection, we use continuous,
bilinear FE on quadrilaterals on sequences of nested, locally refined meshes of the
domain D which were obtained by a suitable bisection refinement, cp. [12].

Here, we have J = 5 singular points or corners and B € [0,1)’ satisfies that
Bi>1l—mn/w,i=1,23,and §; > 1 —7/(2w;), i =4,5, cp. Section 2. Then, for the
Laplacean with mixed boundary conditions in D there holds a full regularity shift
in weighted Sobolev spaces, i.e. (—A)~!: L% (D) — H{ (D) ﬁHE (D) is bounded
with B = (0,0,0,B4,85), 1 > B4 > 0, and 1 > B5 > 1/2, where singular points
are enumerated counter clockwise, i.e., ¢c; = (1,0)", co = (I,1)T, c3 = (—1,1) T,
c4 = (—1,0)7, and ¢5s = (0,0)". We observe that solutions will in general have a
weak non-H? (D) singularity at the corner cy, i.e., u(x,y) € H>~€(Dy) for every € >0,
where D4 C D is a sufficiently small neighborhood of c4. We use the values 8; = 3, =
B3 =0, B4 =0.05, and B5 = 0.55 as inputs for a bisection refinement algorithm, which
results in 1-irregular quadrilateral meshes. In polar coordinates (r,¢) € (0,00) x
(0,7), where x = r(cos(¢),sin(¢) T, the function it(r, ) = \/rsin(¢/2) is harmonic,
i.e., At = 0, and satisfies the homogeneous Neumann boundary conditions. We solve
the parametric boundary value problem
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-V (a(x>y)vu(x’y)> =0, u(x,y) ’ a<x7y)vu(x7y) n(x) =0.

I I

ne i(x)

Clearly, u(x,0) = @(x). The inhomogeneous Dirichlet boundary terms can be incor-
porated into the right hand side, for example by solving —V - (a(Vu—i)) =V - (aVi)
and adding # to the solution afterwards. Instead of & one may use any other suit-
able extension of i|yp to the domain D. The difference u — i satisfies the homo-
geneous mixed boundary conditions. The parametric right hand side is given by
Fx,y) :=V-(a(x,y)Vi(x)) € L% (D) for B stated above. This right hand side f(x,y)
depends linearly on the parameter vector y. In previous sections, we assumed a fixed
right hand side only for simplicity and conciseness of the presentation. A right hand
side, which only depends linearly on the coefficient a(x,y) under the made assump-
tions is admissible by a straightforward extension of our theory. The implementation
of the spatial discretization in two space dimensions of bilinear FE uses deal.IT,
cp. [1].

For the uncertain diffusion coefficient, we consider the parametrization ob-
tained by tensorizing the univariate continuous, piecewise linear biorthogonal spline
wavelets. Specifically, we choose

Wik, ky (X1,%2) = GTWW,M () Wix, (x2),  ki,ka € {0,...,2° =1}, (31

where Wy ;(x) denotes the univariate continuous, piecewise linear wavelet function
with scaling ||y || =(p) = 1 and 6 = 0.01. Thus, ||Wrx, x, [l2=p) = 02 % with a =
4. This choice of parametrization results in s, = Y% 4° = (4**! —1)/3 dimensions
on the discretization level L. The generating vectors were constructed by the CBC
algorithm based on a QMC weight sequence analogous to the univariate case, given

here by b4, k) = (14228~ P 7P where B =3.99 and 7 = 2.

For the multilevel method, the number of samples per level is given by Ny = 2"
where the exponent my is given as in (30) with d = 2. To compare to a single-
level approach, we equilibrate the finite element and QMC sampling error to obtain
Np = 2Lt/r o pm Z/ <dr), where r is the QMC convergence rate, here r ~ 2 for interlacing
factor & = 2 and we take r = 2 to obtain the value of N;.

8 Conclusions

We provided the convergence rate analysis of randomly shifted and high order, in-
terlaced polynomial lattice rules for the numerical evaluation of linear functionals
G(+) of solutions of countably affine-parametric, linear second order elliptic partial
differential equations. The spatially inhomogeneous diffusion coefficient was as-
sumed to be represented by a multiresolution analysis with local supports, rather
than the globally supported Karhunen-Lo¢ve expansion considered, for example, in
[22, 7, 6, 14] and the references there. As in the corresponding single-level QMC
Petrov Galerkin approaches considered in [10], we proved that QMC with product
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100 SL/ML Convergence
e SLQMC
1071 fit: —0.772 ||
A—A MLQMC
10-2} fit: —1.152 | |
S
LIL-I 10—3»
(0]
=
© 1071
(0]
o
107°
1076}
10771 ]2 J‘i ]4 ~ ](' ]7 ]8 9
10 10 10° 10 10° 10 10 10 10°

Work

Fig. 3 Convergence of single-level and multilevel methods for a 2d diffusion equation with
parametric coefficient given in wavelet representation. Continuous, piecewise bilinear biorthogonal
spline wavelets (31) on uniform partitions of the domain D with meshwidth 0(24 ),£=0,...,L,
were used. As a reference solution, the multilevel approximation on the level L = 8 with a total
of s;, = 87381 dimensions was used. The measured rates were obtained by a linear least squares
fit on all points but the first and the two last ones. The rates expected from the theory for this
problem are 0.67 for SLQMC and 1 for MLQMC ignoring log factors. The work measure is
WML =YL N2%(1+1og,y(s¢)) for multilevel and Wb = N 225 (1 +log, (s1.)) for single-level.

weights, originally proposed by I. H. Sloan and H. WoZniakowski in [30], can provide
optimal QMC convergence rates which are independent of the parameter dimension.
Unlike the so-called product and order dependent weights which are mandated by
globally supported representation systems of uncertain input data, the use of product
weights results in linear w.r. to dimension scaling of fast CBC constructions from
[25, 24], which originate in a dimension-wise, greedy strategy to minimize the worst
case error, as proposed originally in [29]. The present analysis addressed linear, affine
parametric random input data where the supports of the parameters are bounded. The
extension for log-Gaussian diffusion coefficients in the present setting, along the lines
of [14, 19] (where the case of globally supported y; were treated) and in the setting
of the single-level analysis in [15], is given in [16]. Numerical experiments were
given for a model, linear elliptic problem in one and in two space dimensions with
local spatial mesh refinement. The present mathematical analysis holds, however,
also for PDEs on polyhedra in three space dimensions, for proper choice of (corner-
and edge-weighted) function spaces, and corresponding mesh refinements. We refer
to [16]. Analogous error bounds for product weight QMC also hold for log-Gaussian
representations of uncertain PDE inputs. Details are presented in [16, 17].
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