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Abstract We present an error analysis of higher order Quasi-Monte Carlo (QMC)
integration and of randomly shifted QMC lattice rules for parametric operator equa-
tions with uncertain input data taking values in Banach spaces. Parametric expansions
of these input data in locally supported bases such as splines or wavelets was shown
in [R.N. Gantner, L. Herrmann, and Ch. Schwab, Quasi-Monte Carlo integration for
affine-parametric, elliptic PDEs: local supports and product weights, Report 2016-32,
Seminar for Applied Mathematics, ETH Ziirich] to allow for dimension independent
convergence rates of combined QMC-Galerkin approximations. In the present work,
we review and refine the results in that reference to the multilevel setting, along the
lines of [F.Y. Kuo, Ch. Schwab, and I.H. Sloan: Multi-level Quasi-Monte Carlo Finite
Element Methods for a Class of Elliptic PDEs with Random Coefficients, Journ.
Found. Comp. Math. 15(2) 441-449 (2015)] where randomly shifted lattice rules and
globally supported representations were considered, and also the results of [J. Dick,
EY. Kuo, Q.T. LeGia, and Ch. Schwab: Multi-level higher order QMC Galerkin
discretization for affine parametric operator equations, STAM J. Numer. Anal., 54/4
(2016), pp. 2541-2568] in the particular situation of locally supported bases in the
parametrization of uncertain input data. In particular, we show that locally supported
basis functions allow for multilevel QMC quadrature with product weights, and
prove new error vs. work estimates superior to those in these references (albeit at
stronger, mixed regularity assumptions on the parametric integrand functions than
what was required in the single-level QMC error analysis in the first reference above).
Numerical experiments on a model affine parametric elliptic problem confirm the
analysis.
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2 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

1 Introduction

A core task in computational uncertainty quantification (computational UQ for short)
is to approximate the statistics of (functionals of) solutions to partial differential
equations (PDEs for short) which depend on parameters describing uncertain input
data. Upon placing measures on the set of admissible parameters, the computation of
mathematical expectations in so-called forward UQ and in Bayesian inverse UQ of
such PDEs on possibly large sets of data amounts to a problem of high dimensional
numerical integration; we refer to the surveys [26, 5, 4] and the references there for
details.

In the present note, we address the numerical analysis of high-dimensional nu-
merical integrations methods of Quasi Monte-Carlo (QMC for short) type for the
efficient numerical approximation of expectations of solutions of parametric PDEs
over high-dimensional parameter spaces. Pioneering contributions to the mathemat-
ical foundation of dimension-independent convergence rates for QMC quadrature
methods for such problems, that also the present note will draw on, have been made
by I. H. Sloan and H. Wozniakowski in [30], after earlier, foundational work by I. H.
Sloan and S. Joe in [27].

Specifically, we consider the linear, affine-parametric elliptic PDE

~V- (alx,y)Vu(x,y)) = £(x) in D, u(x,y)| =0,
] ey

:()7
I3

a(x,y)Vu(x,y) -n(x)

with input a(x,y) parametrized by y = (y;) j>1, fixed right hand side f(x), and mixed
boundary conditions. The domain D C R?, d = 1,2, is a polygon with straight sides or
an interval. The set I # @ is the union of some of the closed edges of D, I; := D\I],
and n is the unit outward pointing normal vector of D. Specifically, QMC rules with
product weights are considered which are known to have linear complexity in the
integration dimension, cp. [24, 25]. The purpose of the present paper is to prove error
versus work bounds of these algorithms, with explicit estimation of constants on
the dimension s of integration, and of the form & (8_9), 6 > 0, for a given accuracy
e>0.

Convergence analysis of QMC methods with randomly shifted lattice rules applied
to a parametric PDE of the type of (1) was first established in [22] together with the
survey [21]. Randomly shifted lattice rules were first proposed in [28]. A multilevel
version for parametric PDEs was first analyzed in [23]. This theory was extended in [6,
7] with interlaced polynomial lattice rules, which achieve higher order convergence
rates. These convergence rates are independent of the number of scalar variables
that is the dimension of the domain of intergration. Conditions for such dimension
independent error bounds of QMC algorithms were first shown in the seminal work
[30] for integrand functions belonging to certain weighted function spaces with so-
called product weights. In [21], analogous results were shown to hold for randomly
shifted lattice rules, and for input parametrizations in terms of globally supported
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 3

basis functions (as, e.g., Karhunen-Loeve expansions) with so-called product and
order (POD) dependent weights. General references for QMC integration are [21, 8];
see also the survey [13] for multilevel Monte Carlo methods and [9, 20] for available
software implementations.

As in the mentioned references, we admit parameter vectors y = (y;);>1 whose

components take values in the closed interval [—%, %], i.e., we will consider

cu=[- L1
YEU:=|=5:5|

We model uncertainty in diffusion coefficients a(x,y) to the PDE (1) by assuming
the parameter vectors to be independent, identically distributed (i.i.d.) with respect
to the uniform product probability measure

p(dy) := @ dy;.

jz1

The triplet (U, & ;> #([—1/2,1/2]),1) is a probability space. For any Banach
space B, the mathematical expectation of F with respect to the probability measure
W is a Bochner integral of the strongly measurable, integrable map F : U — B which
will be denoted by

E(F):= | FO)u(dy) @
The parametric input a(x,y) of (1) is assumed to be of the form
a(x,y):a'(x)—i-Zyjl//j(x), ae.xeD,yeU, 3)
jz1

where {a,y;: j > 1} C L*(D) and a is such that 0 < dmpin < dmax exist and satisfy

amin < essinfyep{a(x)} <esssup,cp{a(x)} < dmax.

Convergence analysis for QMC with product weights was recently carried out in [10]
under the assumption that there exists k € (0,1) and a sequence (b;);>1 € (0, 1]

such that
=1 |wil/b;
2a

<k<l1 (A1)
L=(D)
A (dimension independent) convergence rate of 1/p in terms of the number of
QMC points for the approximate evaluation of (2) was shown in [10, Section 6] if
(bj)j>1 € £P(N) for the range p € (0,2]. These rates coincide, in the mentioned range
of summability exponents, with the convergence rates of best N-term approximation
rates of generalized polynomial chaos expansions obtained in [3, Theorem 1.2
and Equation (1.11)]. As in [3], the assumption in (A1) can accomodate possible
localization in D of the supports of the function system (V) j>1.
For every parameter instance y € U, in the physical domain D a standard, first
order accurate Galerkin Finite Element (FE for short) discretization of the parametric
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4 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

PDE (1) will be applied. In the polygonal domain D, first order FEM based on
sequences of uniformly refined, regular simplicial meshes are well known to converge
at suboptimal rates due to corner singularities in the solution, even if a(x,y) and f
in (1) are smooth. To establish full FE convergence rates on locally refined meshes
coupled with the QMC error estimates, parametric regularity estimates in Kondrat’ev
spaces will be demonstrated.

In Section 2 well-posedness of the parametric solution and approximation by
dimension truncation and FE is discussed. Particular weighted Sobolev spaces of
parametric regularity that are required for the error analysis of multilevel QMC and
general error estimates are reviewed in Section 3. Parametric regularity estimates of
the dimension truncation and FE error are proven in Section 4. These estimates yield
error bounds of multilevel QMC algorithms that are demonstrated in Section 5. In
Section 6, parameter choices are derived that minimize the needed work for a certain
error threshold. In the numerical experiments, we analyze piecewise (bi)linear wavelet
basies to expand the diffusion coefficient in one and two spatial dimensions. The
experiment confirms the theory and also shows that the multilevel QMC algorithm
beats the single-level version comparing the needed work against the achieved
accuracy.

2 Well-posedness and spatial approximation

The parametric problem in (1) admits a symmetric variational formulation with
trial and test space V := {v € H'(D) : v|; = 0}, with dual space denoted by V* =
H~'(D), where v|r; = 0 is to be understood as a trace in H'/?(I3). Let f € V* and
let the assumption in (A1) be satisfied. Then the parametric weak formulation of (1)
reads: For every y € U find u(-,y) € V such that

[ aCn)Vut3)-Vode = (0w, WV, @

where (-,-)y+ v denotes the dual pairing between V and V*. Since the assumption in
(A1) implies that

0< (1 — K)dmin < eSSinfxED{a(x’y)}’ yeu,

and
esssup,cpf{a(x,y)} < (1+K)dmax, y€U,

the parametric bilinear form (w,v) — [, a(y)Vw- Vvdx is continuous and coercive on
V x V, uniformly with respect to the parameter y € U. By the Lax—Milgram lemma
the unique solution u(-,y) € V to (4) exists, is a strongly measurable mapping from
U to V (by the second Strang lemma), and satisfies the a priori estimate

(£l

[Ju(-¥)llv < (1 — K)dmin

, yeUu.
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 5

A finite dimensional domain of integration which is required for the use of QMC
is achieved by truncating the expansion of a(x,y) to a finite number of s € N terms.
We introduce the notation that for every y € U, y;.q is such that (y(.); = y; if
J < s and 0 otherwise, where {1 : s} denotes the set {1,...,s}. Specifically, for every
s € N define

w'(-,y) = u('vy{lzs})’ yeU.

Proposition 1 ([10, Proposition 8]). Let the assumption in (A1) be satisfied for
some K € (0,1) and recall the right hand side f € V* in (4). If for some s € N
Kamax

_ Klmax b} <1,
(1 — §)dmin ngsaﬁ{ i}

then there exists a constant C > 0 such that for every G(-) € V*

2
(G ()~ (G0 < GOl (s 0)

For the study of the spatial regularity of u(-,y), we consider weighted Sobolev spaces
of Kondrat’ev type, which allow for full regularity shifts in polygonal domains
D C R? cp. [2]. In our setting the domain D is either a polygon in R? with corners
{c1,...,¢s} or an interval. To introduce weighted Sobolev spaces, we define the
functions r;(x) ;== |x—¢;|,x € D, i=1,...,J, where | - | denotes the Euclidean norm.
For a J-tuple B = (B1,...,B;) with B; € [0,1), i = 1,...,J, we define the weight
function Pg by

rfi(x), xeD.

1~

¢ﬁ (X) =

14

Il
_

For multi-indices @ € N3, define the notation 9% := 9/ /(9x{" 9x3?). We define the
weighted spaces L% (D) and Hé (D) as the completion of C*(D) with respect to the
following norms

VI3 ) = IV Pplli20) )
and ||vHles(D) is given by
190 ) = 1710y + X 102185l
|er[=2

In the corresponding weighted Sobolev spaces, there is a full regularity shift of the
Laplacean, cp. [2, Theorem 3.2 and Equation (3.2)], i.e., there exists a constant C > 0
such that for every w € V satisfying Aw € L% (D) there holds

IWllag0) < CllAWlL3 0 ©)
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6 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

where f; > 1 — m/®; and fB; > 0, where @; denotes the interior angle of the corner ¢;
fori=1,...,J such that both edges that have c; as an endpoint are both in I or I5.
Otherwise (change of the boundary conditions at ¢;), we require f§; > 1 — n/(2w;) and
Bi > 0. Note that we allow the case ®; = 7, which facilitates the case that the boundary
conditions change within an edge of dD. Hence, in the case that the domain D is
convex and I = dD, we may choose B = (0,...,0). There holds an approximation
property in FE spaces on D with local mesh refinement towards the corners of D.
To state it, let {.7;}¢>¢ be a sequence of regular, simplicial triangulations of the
polygon D, which can be generated either by judicious mesh grading in a vicinity
of each corner of D cp. [2, Section 4] or by newest vertex bisection, cp. [12]. Let
Vii={veV:vlg ePi(K),K € F},{ >0, where P (K) denotes the affine functions
on K. The FE space V; is of finite dimension M, := dim(V;), £ > 0. Then, there exists
a constant C > 0 such that for every w € Hé (D) and every £ > 0 there exists wy € Vy

lw—welly <M,

||W||H§(D)a (N
where d = 1,2 is the dimension of the domain D. For d = 2, and in the case of graded
meshes, this follows, for example, from [2, Lemmas 4.1 and 4.5]. An approximation
property of this kind for nearest vertex bisection is shown in [12]. The regularity shift
in (6) and the approximation property in (7) also hold if D is an interval (for d = 1).

Assume that the right hand side f € L% (D), and that {|Va|®g, |Vy;|Pg : j >

1} C L*(D), and that there exists a bounded, positive sequence (b;);>1, which

satisfies
] vy,

=1 Y

=: K < oo, (A2)
L=(D)

This assumption readily implies that supyc; {[/|Va(-,y)|®Pg||=(p)} < . As a con-
sequence, |Va(-,y)| € L” (D) and Au(-,y) € L*(D) for every compactly included
subset D CC D and y € U. Then, by the divergence theorem and by the product rule
for every v € Cj(D)C V

[ aCy)Vuty)-Vrde == [ [V- (a(.y)Vu(y)lvas
=~ [ (aC-3)Au(y)+ Va(-,3) - Vu(- ) vd.

We have to show that Au(y) € le; (D). By duality of the space L% (D), the previous
identity, and by the Cauchy—Schwarz inequality,
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la(,y)Auy)llzz ) = sup /a(v)’)A”(',)’)VCI’de
veLg(D).[Ivl 2y <17P
B

sup /a(-,y)Au(-,y)V%dx
VEC(O)Q(D)a“V“LZ(D)S] D

®)
= s [ (74 Valy) Vul)pax

veCT (D)l (py <1

A

< ||f||L§(D) +1[IVa(-, )| Pg | 1=yl ¥)v-

Since essinfyep{a(x,¥)} > (1 — K)amin, Au(y) € L% (D). In (8), we applied that
C7 (D) is dense in L*(D) and used that the operator of pointwise multiplication
w > wP_g is an isometry from L>(D) to L% (D).

The parametric FE solution is defined as the unique solution of the variational
problem: fory € U and £ > 0, find u” (-, y) € V; such that

[ aCy)VaT(y) rvde = (£, VeV ©)

Well-posedness of the parametric FE solution also follows by the Lax—Milgram
lemma. As above, we define for every truncation level s € N and £ € Ny

wi(y) =y, YEU.

By Céa’s lemma, an Aubin—Nitsche argument, Proposition 1, (6), (7), and (8), there
exists a constant C > 0 such that for every s € N, £ > 0, and every G(-) € L% (D),

IE(G(w) —E(G 7)) < CIIGC) v+l fllv+ (supjssri{b;})?

, (10)
+C||G(')”LE(D) ||fHL§(D) (M) 2.

Remark 1. If f and G(-) have less regularity, say f € (V*,Lf3 (D)) and G(-) €

(V.3 (D)) e 11" € [0,1], the estimate in (10) holds with M, (/4 This follows
by interpolation. The interpolation spaces are in the sense of the K-method, cp. [31].

Since Lf3 (D) C V* continuously which follows by [2, Equation (3.2)], V* and Lé (D)

is an interpolation couple. Naturally the embedding H ' (D) = (V*, L2 (D)) C
(V*,Lf3 (D)) « is continuous, since L?(D) is continuously embedded in L% (D).

3 Multilevel QMC integration

Randomly shifted lattice rules and interlaced polynomial lattice rule are QMC rules
that have well known worst case error estimates in particular weighted Sobolev
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8 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

spaces of regularity with respect to the dimensionally truncated parameter vectors
V(i) § € N. Generally, these QMC rules approximate dimensionally truncated
integrals
KF)=[ | FO)y.
[—2.2)

Denote by QR}(-) and QE)N(') randomly shifted lattice rules and interlaced poly-
nomial lattice rules in s dimension with N points, respectively. If the superscript
is omitted both of the QMC rules are meant. For sequences (s¢)¢>0 of truncation
dimensions and numbers of QMC points (Ny),>0, and for the meshes {7} }¢>¢ from
Section 2, the multilevel QMC quadrature for L € N levels is, for every G(-) € V*,
defined by

L
0L(G(")) =Y Qs (Glu' —u'™1)),
=0

where we introduced the notation u’ := ' *'%, ¢ € Ny, and have set u~!:=0. For
the error analysis, we introduce for a sequence of QMC weights ¥ = (74 )ucn the
weighted Sobolev spaces #5y and #; o y4.r as closures of C*([—1/2,1/2]*) with

respect to the norms
5 1/2
dy,

HF”‘/%y = ( Z YJI/[J 1l

uc{l:s}

/[*‘ 1 js—ul a;F(y)dy{lrs}\u

andfor2 < a €N, g,r € [1,]

||F||~%,a.,.q,:=< > (wz )

uc{lis} oCug,,  eflaeel

r/q\ 1/r
q
/[—%7%]“" dy") )

with the obvious modifications if g or r is infinite. Here, (@y, Ty\,,0) € {0: &}’
denotes a multi-index such that (@y, T,\,0); = o for j € v, (@, Tyy\,0); = 7, for
jeu\v,and (@&y, T,\y,0); =0for j ¢ u, foreveryu C{1:s}, 0 Cu,te{l: ool
Note that the integer o > 2 is the interlacing factor. For every u C {1 : s}, dy,, denotes
the product measure ) jc,, dy;. The following two estimates follow essentially from

(a,‘tu\uAO)
/[_% %]s—m ay F(y)dy{ls}\b

the worst case error estimates in [22, Theorem 2.1] and [6, Theorem 3.10] for QE,SV( )
and QE’N(-), respectively. For every A € (1/2,1],

E (|1, (G(u")) — Q13 (G(u)) )

L 2022)\ ™ v A G — ut=1)|12
= Z& (0#u§1:51} % ( (2m2)* ) ) R W
(11)
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 9

cp. [23, Equation (25)], where A denotes the random shift and ¢ denotes the Euler
totient function. For every A € (1/a, 1],

15, (G(u")) — OF (G(u"))]

. ) /2
<Z< Y mpa(x))“) 160 = g

B =0 Ne—1 0FAuc{l:s;}

(12)

cp- [7, Equation (42)], where the constant p(4) is finite if A > 1/ as stated in [6,
Equation (3.37)]. We remark that the choice of A, o, ¥ in (11) and (12) may also
depend on the level £ =0,..., L, which is not explicit in the notation.

4 Parametric regularity

As in the single level QMC analysis in [10], we introduce the auxiliary parameter
set U = [—1,1]" with elements z € U. Set ) € (k, 1). We split the sparsity of the
sequence (b;);>1 between spatial approximation and QMC approximation rates,

~

which naturally couple in multilevel integration methods. For a sequence (b;)j>1
(to be specified in the following) which satisfies the assumption (A1), and for every
y € U define

~1
_ . n =2y .
ay(x) =a(x)+ Zyjl//j(x) and Y i(x) = ZZMl//j(x), ae.xeD,jeN,
Jj=1 J
(13)
which are used to construct
ay(x,z) :=ay(x)+ ) zj¥y,;(x), ae.xeD,z€ U.
=1
We recall that for every y € U
HZj>1_|‘l’y.j <K (14)
Ay =) M

which implies that the problem for arbitrary y € U and z € U to find uy(-,2) €V such
that

/Day(',Z)Vﬁy(',Z)’VVd)C:f(V), Wwev,

is well-posed, cp. [10, Section 4]. Then, the affine mapping 7, : U— Ty(lj) C RN,
which is given by

n" 42yl

2, j>lzel, (15)
2w, !

(Ty(2)); =y +
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10 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab
yields by construction, cp. [10, Section 4], a connection of u(-,y) and uy(-,z), i.e.,
uy(-,2) =u(-,Ty(z)) inV.

Finally, by the chain rule for every T € % := {t' € N\ : |7'| < oo}

7171—2|y/'| K T
=TTl —=="L1 |oFuC.y). 16
=0 (m( 2b; ) ) yut-y) (o

A transformation of this type has been introduced in [3]. The dilated coordinate is
analogously applied to dimensionally truncated solutions and the FE approximations,

which are denoted by (-, z), ﬁ}‘:%(-,z), and fti:%(,z) As observed in [10, Theo-

a;ﬁ}(Wz)

~

rems 10 and 12], this sequence (b;);>1 will be the input for the product weights
of the considered QMC rules and its summability properties will be a sufficient
condition to achieve a certain dimension-independent convergence rate of either
type of QMC rule. Note that the parametric regularity results of [10] also hold for
homogenous mixed boundary conditions, since the proof of [10, Lemma 3] relied
on the variational formulation, which is the same and v+ ([, |Vv|?dv)!/? is also a
normon V.

4.1 Dimensionally truncated differences

Let s € N be the truncation of the series expansion of a(-,y) and also of ay(-,z). The
difference of solutions with respect to the full resp. to the truncated expansion of the
parametric coefficient satisfies

[ a2V p(2) - 5,2) Ve == [ ¥ 205,905, Vs, eV,

Jj>s

In this section we split the sequence (b;) ;> into two sequences by b; = b}.’ebe,
J €N, 0 €][0,1], and consider the dilated coordinate in (13) and (15) with respect to
the sequence (b}*e)jzl, i.e., here (/b\j)jzl = (b}*e)jzl, which satisfies (A1) by the
condition b; € (0,1], j € N. By the assumption in (A1) and (14), for every y € U,

Theorem 1. Let the assumption in (A1) be satisfied. There exists a constant C > 0
such that for everyy € U and for every s € N and every 6 € [0, 1]

Yot lwyjl/68

dy

IN

S A
=

< a7

L=(D)

L

17

2
97 (tty(-,2) —y(+2)) L_OHV <C|f|3 Sgp{b?e}-
- P
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 11

Proof. As in the proof of [10, Lemma 3], we will consider the Taylor coefficients

2=0 y 1y =0

1
and 1y = T—&’if(-,z) , Ve Z. (18)
We introduce a parametric energy norm || - ||ay for every y € U by
V|2 = / a,|Vv[2dx, WeV.
Y D

Evidently, ; ; = 0 in case that 7; > 0 for some j > s. For every T € .7,

/ ayV(tys—1ty ) Vvdx = — Z / Wi V(tyze; — t;,rfej) . Vydx
P j@)P
- Z / WYnth;,‘r—e,v - Vvdx, Yy eV,
j(),j>s"P '

where we used the notation j(7) := {j € N: 7; > 0}. Testing with v =1, ¢ —1; ;, we

y,T
find for0 £ 7 € %,

2
Ity =t5ely < [ X W5Vt =8 e lltve =ty 2ldn
i(T)

X Wl e e —tyelar
i

T),j>s

where e; € .7 is such that (e;); = 1 if j =i and zero otherwise. We obtain with a
twofold application of the Cauchy—Schwarz inequality using (A1) and (17)

1/2
s 2 K : K 2 s
PR R B ML\ COPEY P ) I P
7D jca)

1/2
K
+(ns,up{b?} [ x |wy,,»||r;,”,|2dx> lty.e =13 cllay-

j>s D j().j>s

Hence, by the Young inequality with € > 0 and by (A1)
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12 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

L X lyesali, <0er ¥ [ TlvsllVie 5,00

k=1 |z]=k N Z1/D =1 =1

1
—|—<1—|—8>sup {ne} Z/ Y Y (I o Pdx

k>1 |1:| k—1j>s

<(i+e) (n) Y Y sl

k>0|7|=k
1 %
(1) () sl L L s,
N7 j»s k>0 z[=k
Since k < 7, we can choose € such that (1 + €)(x/1)? < 1 and conclude that
1+1/e

tyzr—1 |12 <2ltyo—15ol + {bz"} .

‘;;@H y.T y,‘r”ay = ” y,0 y,O”ay ( +€) K./n) TEZ] ” r||ay

which implies the assertion with [10, Lemma 3 and Proposition 8] using that b; €
(0,1], j € N. Note that [10, Lemma 3] gives an upper bound, since du(-,z) =
d7 tty,.,, (+,2) if 7; = 0 for every j > s and 97 uy(-,z) = 0 otherwise. O

Remark 2. The estimate in Theorem 1 also holds when the differences 321(5),% (,2)—

ﬁ}%(,z)ﬂ 0, T € F, £ >0, are considered and the constant is independent of
{2} >0 Since only the varitional formulation was used in the proof, the correspond-
ing variational formulation with trial and test space V; can be used instead.

4.2 FE differences

We assume now that the sequence (1_9 /) j>1 satisfies the assumptions in (A1) and
in (A2). We consider the dllated coordinate in (13) and (15) with respect to this
sequence (bJ)le i.e., here (bJ)le (b])le

Proposition 2. Let the assumption in (A1) and (A2) be satisfied for (b i)j>1. Then,
there exists a constant C > 0 (independent of ) such that for everyy € U

L, e loatieal

TeF Lf; (D)

< CHf”%%(D)

Proof. Recall that the Taylor coefficients { ¢ : T € .7} have been defined in (18).
We also recall that for any 0 £ T € .F

/ GyViye - Vvdr=— Y / Yy Vg o, Vuds, WeV.
D = /D
Similarly as in Section 2, by the divergence theorem for every v € C5' (D)
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 13
- /DayAt”vdx = /D (Vﬁy Viye+ Y, (Vi Viyoe, + ‘l’y.,jAfyﬂej)) vdx.
(7

Since Aty : Pg € ? (D), cp. (8), we may use —Aty ¢ @E as a test function and obtain
with the Young inequality for any € > 0

/l)c_ly|Aty,T|2<D§dx: / <Vay Vr”+ZV1//y, % e)Aty,dbﬁ

i(T)
' 2
- /D Y Vo jAlyc-e Aty r Phdx
Ji(7)
gs/l)ay\Aryﬂ\qugdx
2
1%
+— / Vay-Viye+ Y Vg Viyr o, | dx
4e i@ '

3 K WAty P+ LAty Bt
27D i)

For k > 1, by a twofold application of the Cauchy—Schwarz inequality (applied to
the sum) and (A2)

@2 ?
Z/ B (vay Viget Y Vi Viy o ) dx

a
o[=k"D 4y J(7)

Dg
<2K <|Vay| Z |Vtyr|2Jr Z ZW‘I’y/HV& >dx
D dy |t]=k [t|=k—1j>1
4K 2
< Y IVayeld + Y IViyellz, |-
(aymm) |z]=k |T|=k—1

Note that also by (A1) for every k > 1,

Z / Z|‘Vy71| |Aty z— ej|2+‘Aty1=| )4)5

|7[=k

K
§< ) H\/‘@AGJHLZ +Z||\/7AtyrHLz )

M\ e=%-1 7=k

We now choose € > 0 such that € < 1/2(1 — /1), which implies € + x/(21) < 1/2.
Then, we sum over k > 1 to obtain

Y Y II\FAfyrII <C Y IViyelz, +Ce Y II\FAty,rIILz

k>1|t|=k TeF TeF
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14 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

where Ce = 1/2(1 —x/(2n) — €)' < 1 and C = K?/(€(dy.min)?)(1 — K/(21) —
€)™ It follows

C
Y II/a Aty,f”,_z < Y lty.lZ
1-Ce TeF Y

e -

which implies the assertion with [10, Lemma 3] and (8). O

Remark 3. For every truncation dimension s € N, the estimate in Proposition 2 also
holds when AJf i3 (+,z)|,=0, T € 7, are considered and the constant is independent
of 5. This follows from the observation that 9]y (-,z) = dfuy,,, (+,2) if 7, =0
for every j > s and dfu;(-,z) = O otherwise. Then, the sum of the estimate in
Proposition 2 only consists of more terms and is an upper bound.

Proposition 3. Let the assumptions in (A1) and (A2) be satisfied and let B satisfy
Bi > 1 — n/®; and if the boundary conditions change at c; also B; > 1 —n/(2w;),
i=1,...,J. Then, there exists a constant C > 0 such that for every y € U and for
every integer £ > 0

L

i (T

o (w2~ (2) | _ [l <cm sl

Proof. We argue similarly as in the proof of [10, Lemma 3] and consider the Taylor
coefficients for fixedy € U

1 -
lyg = E&;uy(-,z)

~
and tﬁ’f. —'8; ity (-,2)

z=0

We observe that

/D Gy V(i —1h) - Vodr = — Y Yy Vliye e, —the ) Vodr, W eV,
i@

For every y € U and for every £ € Ny, let 2y, : V — V; denote the dilated Galerkin
projection, i.e., for every w € V, z@yygw is defined by

/ @,V (w— Py ow)-Vvdr =0, WeV,. (19)
D

By the definition of &2 ; in (19) and by testing with v = 2y ¢(ty ¢ —ty.z) €V},
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 15

) /ang)y”yf ,1:)|2dx

|7|=k*

/Zzw (¥ (tyse; =ty P+ Pyl =1y ) Pl

D \g|=k j(r)

<§./ Y Y Wl Ve —ty o) Pdx

|T|=k—1j>1

2/ Z ZW’)’]HV‘@}’Z tyt— r)| dx,

|T|=k—1,>1

which implies with (A1)

2
¥ Pysltys =) I3y < 53— K/n/DZ I el

|z|=k |T|=kj(T

1
< o lty.2—e; = tye—e; 2
2—K/nn |1,-|:Zk’71 yee et
(20
Note that by the triangle inequality

L l
llty.e =ty zllay < | Py.e(ty,c = ty2)llay +11(-7 = Py.)tyellay,

where .# : V — V denotes the identity. With the Young inequality and the previous
two inequalities we obtain for any € > 0

Z th,f—tﬁ,'r”cziy

|7|=k

(1+¢)x 1
<SR Y ety + (145 ) XN - Bnald,

m-x 5 =

Since k <N < 1,21 —k > 1 and so we choose € > 0 such that (14 &)k < 1 and
conclude by subtracting the first sum in the previous inequality that

02 12
Y ¥ ltye—ty2l2, < lltyo—tholl3, + Y I~ Pydiyellsy.
k>1|t|=k k>1|t|=k

which implies the assertion with (7), (6), and Proposition 2. O

Remark 4. The estimate in Proposition 3 holds if f € (V*,Lf3 (D));  with the error

being controlled by M, 2/d ,1 € [0,1]. This can be seen by interpolation applied in

the last step of the proof of Proposition 3, where (7), (6), and Proposition 2 were
used (see also Remark 1).

Lemma 1. For every ¢ € (1,0) and every T € .F,
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16 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

T _ 1 Tj

7| < ct = cy.
7= fog@e ~ log()e Lk

Proof. Let oo > 0 be arbitrary. By elementary calculus, we observe that the func-
tion x — log(x)/x* has a maximum at xo = e'/%. Since lim,_..log(x) /x* = 0, this
maximum is global on [1,0). Hence, log(x) < x%/(ae) for every x € [1,0).

Then, Y5 7; = log([1)> %) < 1/(ae) 151 % = 1/(ate)c™, where a is cho-
sen to be o = log(c) > 0. O

For any G € V*, we introduce ug(-,y) and uG%(,y) ¢ € Ny, as the parametric
solution to the dual problem of (4) and the parametric FE solution to the dual problem
of (9), respectively, with right hand side G. Consideration of the dilated coefficient

resulting from (13) gives ugy(-,z) and uGy( z), ¢ € Ny. By an Aubin—Nitsche
argument, for every y € U and every z € U,

Gl (,2) =57 (2)) = [ &2V (2= (2))- V(i (2) =g 2)dx.
o2y

Theorem 2. Let the assumptions in (A1) and (A2) be satisfied. Then, for every ¢ > 1

there exists a constant C > 0 such that for every G(-) € L% (D) and for every integer

>0
Z Cr(@-')

€7

<CM,

756 (.0~ (.9)|_ [

—4/d

z=0
2 2

Proof The Taylor coefficients of ugy(-,z) and ug;' y( z) will be denoted by 7y ¢ and

y o T € F, respectively (see also (18)). By differentiating (21), for every 0 # T € .Z,

Glty,e _t Z /
V<T

ZWYJ tyV fj_yv e]] V(;I‘L'V yq:vdx

Squaring the previous equality and applying the Cauchy—Schwarz inequality and
Lemma 1 to obtain with C = 1/(log(c)e)

2
n nd
|Gty,s — |2 <Cc’ Z \/1/ayl.. ] [ty z—v *ty,r—v”[%w
v<t L2(D)
where we used that Y.y~ = |]. The hidden term is [...] = ¥ ;v) Wy, V(ty,v—¢; —
ty” Ve ). By changing the order of summation
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 17

1 2 .
Z — |Gty 2 _t JPP<C Z \/ 1/ayl.. Z [ty,z—v _?ﬁ,f—V”tziy
ez ¢ ver TeF, 1>V
2
=CY \/ 1/ayl.. ] Y Iy y,r||¢27y~
veZF L2(D)teF
(22)
By the Cauchy—Schwarz inequality we obtain with (A1)
2 K
= l
ol < [ F V) o
o) D )
By another application of the Cauchy—Schwarz inequality and (A1)
2 <\ 2
— l
L X[Vl <(E) L E -,
k=1 vek 2y N/ iZ1v[=-1
which implies with (22)
1 ¢ ¢ P
Z Cﬁ-‘G(t)uf _ty.r)|2 <C ( Z ||ty~,f _ty,‘t”%y) ( Z thﬂ-' _ty,t“éy .
TeF TeF (12
The assertion now follows with Proposition 3. a

Remark 5. The estimate in Theorem 2 also holds if f € (V*,L%),_w and G(-) €
—2(t+t")/d

(V*,LZB),/’OO, t,¢' € [0,1], with error control M, , which follows by Remark 4.

Remark 6. For every truncation dimension s € N, the estimates in Proposition 3 and
Theorem 2 also hold when the differences 97 (it} (-,z) — iy 71(-,2))|zm0. T € .F, are
considered and the constant is independent of s. This follows by the same argument
which is used to verify Remark 3.

5 Convergence of multilevel QMC

The parametric regularity estimates from Section 4 will result in explicit error esti-
mates of multilevel QMC. Let the sequence (b;) ;> be a generic input for the QMC
weights. For interlaced polynomial lattice rules with interlacing factor o¢ > 2 we will
consider the product weights ¥ = (%), given by % := 1 and

r-T(E(;

jeu \v=1

2b;
-1

\%
) 25(V=“)v!> , UCN,u| < oo, (23)

and for randomly shifted lattice rules the product weights YRS = (y&S),, -y given by
YRS := 1 and
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18 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

26, 1\’
yES::H( J) , uCN,u <o, (24)
JjEu -
We will apply a QMC rule on levels £ = 1,..., L and in general a different version on

the level ¢ = 0. The parametric regularity estimates that were derived in Section 4
are based on a dilated coordinate, cp. (13) and (15), with respect to sequences
(b}.*e) j>1 for the truncation error and (b;) > for the FE error. These sequences will
be the input for the product weights. Their summability in terms of membership in
(P(N), p € (0,2], will result in explicit bounds of the coupled errors between the
levels. On the levels £ = 1,..., L, we use (c(b; Vb)) j=1 := (max{ch; %, ch;}) =1
as input for the product weights in (23) and (24) for a constant ¢ > 1, i.e. here
(bj)j>1 = (c(b;*e\/ﬁj))jzl. On the level £ = 0 we use (b;);>1 as an input for (23)
and (24), which has potentially stronger summability properties.

Theorem 3. Let the assumption in (A1) be satisfied by (b;) j>1 and by (bj)j>1. Let
the assumption in (A2) be satisfied by (b;);>1. Let (b})j>1 € ¢P(N) for some p €
(0,2] and assume that (b}fe\/l_aj)jzl € (P(N) for some p € [p,2] and any 6 € [0,1)
admitting this summability. For p € (0,1] and p € [p,1], OF, L € N, satisfies with
product weights (23) and order oo = |1/p+ 1] on level { =0, and of order 0. =
|1/p+ 1] onlevels £ =1,...,L, the error estimate

IE(G(u)) - OF (G(ub))] < c(sup{bi} 0, Ny P

J>sL

L _
+ N[l/p (54,@1 sup {b?}+Mg_21/d> >7
=1

J>80-1

where g1 :=0if sp = sp_y and &gy := 1 otherwise. For p € (1,2] and p € [p,2],
ES, L € N, satisfies with product weights (24) the error estimate

\/]EA (IE(G(u)) — QRS (G (ul)) )

< c<sup{bj}+ML“/d+<<p<No>>2/"

J>sL

L 1/2
+ Y (p(Ny) P (5@,41 sup {b%ﬁmﬁ(")) :
(=1

J>s0-1

The constant C is in particular independent of L, (N¢)¢>0, (My)¢>0, and (s¢) ¢>0.

Proof. By the error estimates in (12) and (11), we have to estimate the difference
G(u' —u'=") = G(ut7t —u*=171-1) in the #5, qy.000-n0rm and in the #;, y-norm,
{=1,...,L. We decompose by the triangle inequality
5670 _ 50-1,70-1) ||,
1G(u u 7

< |G T — we T M,y + |G w71 — =171 M,
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 19
and
1G @7 =T )y, S NG =Ty + NG =70y

The contributions from the dimension truncation and the FE error have been separated
in the #;, y-norm. For the dimension truncation error, we obtain by the Jensen
inequality, the relation of higher order partial derivative in terms of the dilated
coordinate in (16), Theorem 1, and Remark 2

Gl Tt~ T3,
<IGONv- [, X ORIy (y) =T () [y

221 uc{1:s}

2510\
<ClIGC) v+ Ifllv+ sup %S)‘H(’) sup{b3°}.

uc{l:s} jeu I—n J>se

Due to the choice of the weights, there exists a constant C > 0 independent of the
sequences (s¢)¢>0 and {77 }y>0 such that

G o7t — w17 [y, < CIGE)lve 1 f v sup{bF ).
) >S50

Note that if sy = s, this difference is zero. Similarly, we obtain with Theorem 2
and Remark 4 that there exists a constant C > 0 which is independent of (s;)¢> and
(My) > such that for every £ € N

T —2/d
NG =) s,y < CIGO 13 ) 1112 0y M 1

Note that here the constant ¢ > 1 in the weight sequence is necessary to compensate ¢
in the estimate of Theorem 2. The corresponding estimate on the level ¢ = 0 of
|G (w070 ;.4 is due to [10, Corollary 5], which is also applicable in the case of
a dimensionally truncated FE solution, cp. Remarks 2 and 4. The estimate for the
randomly shifted lattice rules follows then with (10) and (11) with A = p/2.

The proof for interlaced polynomial lattice rules follows along the same lines,
where the estimate ||[Flly;, ... < HF”W%Aa,y‘z.z’ F € #5, 92,2, is used and [10,

Corollary 7] is used for the level £ = 0 (see also the proof of [10, Proposition 6]). O

Remark 7. The estimate in Theorem 3 also holds if f € (V*,Ll%),.oo and G(-) €

(t+1)/d and Mé_z(H—t,)/d in

the estimates for Q'F and QRS, respectively. This follows by Remark 5.

(V*,L%)t@m, 1,1 € [0, 1], with an error contribution of M,

Remark 8. The factor 2/(1— 1) in the weights in (23) and (24) as well as the constant
¢ > 1 in the sequence (c(b}-’e\/l_)j)) j>1 can be omitted. Then, the error estimates in
Theorem 3 hold under the same assumptions with QMC convergence rates 1/p — €
and 1/p — € in the mulitlevel error estimates for every sufficiently small € > 0. This
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20 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

can be seen by the same argument that we used to show [10, Corollary 11] (see also
[10, Corollary 13]).

6 Error vs. work analysis

The error estimates in Theorem 3 are the key ingredient to calibrate and choose the
parameters (s¢)¢>0, (M¢)e>0, 0 € [0,1), and (N;)¢>o of either considered type of the
multilevel QMC algorithm. We seek to derive choices that optimize the work for a
given error threshold. The analysis will be demonstrated for a class of multiresolution
analyses (MRA for short), which will serve as the function system (Y3 )¢, here
indexed by A € 57. We will use notation that is standard for wavelets and MRA.
Assume that (Y ), is @ MRA that is obtained by scaling and translation from a
finite number of mother wavelets, i.e.,

v (x) =y(2Mx—k), kevpxeD.

The index set /|3 has cardinality |75 = 024y and [supp(yy )| = 02~ H4).
Let j : 7 — N be a suitable bijective enumeration. We also assume that on every
level |A| there is a finite overlap, i.e., there exists support overlap constant K > 0
such that for every i € Ny and for every x € D

{Aev:[Al=iyi(x) #0} <K.

The work needed to assemble the stiffness matrix for a generic parameter instance
y € [—1/2,1/2)* is therefore &(My|j~"(s¢)|) = O(M;log(s¢)). Assuming at hand a
linear complexity solver, the overall work for either multilevel QMC algorithm with
the number of levels L € Ny levels satisfies

L
work = 0 <ZNeMz10g(~V€)> .

=0

Note that error vs. work estimates for general function systems have been derived
in [23, 7].

The parameter 0 in the coupled estimates of Theorem 3 allows to discuss two
possible strategies in the choices of the truncation levels (s¢)>o. We recall from [10,
Section 8] that if [yl =(p) < 02 %Al the sequence

~ -1
(min 1- 1_2ﬁ706 B .
bj()L) = <1+ Amin( K)( )2B1> , JjEN, (25)

02K

satisfies (A1) for @ > B > 1 and b; ~ jP/4, j > 1 holds. The sequence
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JEN,

satisfies (A2) and (A1) and b; ~ j~(B=1)/4_ j > 1 holds. Note that IV =) <
o2~ (@ DM assuming VWl =) < Cl|y||=(p) for some C > 0. The truncation
levels (s¢)¢>0 are chosen so as to cover entire levels of the MRA expansion of the
uncertain PDE input, so that we choose s, € {Y1_,|V;| : I € Np}, £ > 0. We also
assume that

My ~2%  ¢>0. (A3)

In this section we assume for simplicity that only one version of the QMC rule is
applied with convergence rate p. We remark that in some cases the application of
two different weight sequences with different sparsity may be beneficial. Also we
assume that

eV Lg(D))iw and G(-) € (V5 L5(D))yw, 1,1 €[0,1], (Ad)

which yields a FE convergence rate of 7:=7+1¢ € [0,2], cp. Remark 7.

Strategy 1: We equilibrate the decay of the sequences (b}*e) j>1 and (b})j>1, which
determines the estimate of the QMC error in Theorem 3. The parameter 6 € [0, 1)
is chosen to be 6 = 1/B, which implies b}~ = bj, j € N, and (b;) >0 € £7(N) for
every p > d/( — 1). We equilibrate the error contributions on the highest level L.

Since M;, ~ 2¢L we choose R
gy o 241LT/CB).

On the different levels of the coupled error terms, we either increase the truncation
levels or leave it constant, which is reflected in the choice

sy Nmin{ZdW/(eE)MsL}, 0=0,...,L—1.

Strategy 2: For certain function systems () cv and meshes {7} }¢>¢ it may be
interesting (also for implementation purposes) to couple their discretizations, i.e., we
choose

se~Mp, (£=0,...,L.
To equilibrate the truncation and FE error on the levels we choose 6 = 1/,
which imposes the constraint > 7 and implies that b}_e ~ j~(B=7)/d Hence,

(b}_e\/l_)j)jzl € (P(N) for every p > d/(min{ﬁ— T,E— 1}).

We will discuss interlaced polynomial lattice rules first and follow [7, Section 3.3].
In either of our parameter choices, the error estimate

L _
Z Nél/pMéT/d>

error = 0 M;T/ d +
(=0
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chosen to optimize the error versus the required work. Optimizing error (bound) vs.
cost as in [23, 7], we search the stationary point of the function

L L
—t/d —1/p, ,~1/d
g(§) =M.+ Y N MT 4§ Y Ny log(se)
=0 =0
with respect to Ny, i.e., choose Ny such that dg(&)/dN, = 0. We thus obtain
- _\P/(1+P)
Ny = [No (le “og(se) 1) W (=1,... L, (26)

and for E; := (Mélim/d log (s )"/ (1),
d 15 & L
error = 0 M[T/ +N, /FZEZ and work =0 NOZEZ .
(=0 (=0
Since for every 0 # r; € Rand r, > 0,
L 2rﬂL+l)__1

2r1€€r2 <
ZB = -1

rn
L=,

log(s¢) = O'(¢), which holds in the considered cases, implies that

; o) ifd < pr,
Z E = ﬁ(L(ﬁ+2)/(l7+1>) if d = pt,
(=0 o UE-POL/ () LY/ (pH)) if g > pr.

We choose N to equilibrate the error, i.e.,
—1/p L —t/d
NPy E= o (M),
(=0

which yields
[27PL] ifd < pr,
No :=  [2FPLLP(p+2)/(P+1)] if d = pr, 27)
(zﬁ(dH)L/(ﬁJrl)Lﬁ/(ﬁJrl)} ifd > prt.

This implies that an error = O'(M, Z d) requires

0(2P ) ifd < pr,
work = ¢ O(2°PELPH?)  if d = pr,
O(29:L) ifd > pr.
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In the other case of randomly shifted lattice rules sample numbers (Ny)—o,... 1 are
derived in [23, Section 3.7]. There, also the work functional from a MRA is consid-
ered, cp. [23, Equations (74) and (77)] with A = /2 and K; = M, log(M;) ~ 2%¢.
Specifically, for randomly shifted lattice rules we choose

L p/(24)
N, = {No (M, rog(s)) " W . =1L 28)
and .
277 itd < pr,
N := [zfﬁLLﬁ(ﬁ+4)/(2ﬁ+4)] if d = pr, (29)

[200d+20)/(PH2LL p/(P+2)]  if d > pr.

The work estimates for these choices in the case of randomly shifted lattice rules are
stated on [23, p. 443]. We collect the foregoing estimates in the following theorem.

Theorem 4. Let the assumption in (A3) be satisfied and let for L € N and Q¥ (-), the
sample numbers (Ng)g=07,,,71‘ be given by (26) and (27) and for QES, be given by (28)

~

and (29). Let the right hand side f and G(-) satisfy (A4). For p € (d/(B —1),1],
assuming d < B — 1 and error threshold € > 0,

[E(G(u)) - 0 (G(u"))| = O (e)
and
ﬁ(&'_ﬁ) lfd < ﬁrv
work = ¢ O(e Plog(e~")P*?) ifd = pr,
O(e~4/log(e™ "))  ifd > pr.

Forpe (max{l,d/(B\— 1)},2] assuming d < 2(3— 1) and an error threshold € > 0,
we obtain

VEAE(G(w)) - 08 (Gb))]?) = 6(e)
and
0(e™?) ifd < pr,
work = { @(e Plog(e~")?/**2) ifd = pr,
O(e=4"log(e™ ")) ifd > pt.

Remark 9. The parameter choices for 6 and (s¢)¢>0 in Theorem 4 reflect Strategy 1.
For Strategy 2, the assumptions p > d/ (min{ﬁ -7, E —1}), B > T are required,
which is more restrictive if 7 > 1. However, aligning MRA and FE meshes might be
useful in certain cases. Note that the truncation dimension in Strategy 2 could also
be capped as in Strategy 1, which may be beneficial in some cases. Adopting this
strategy would affect the work measure only by a constant factor.
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7 Numerical experiments

To illustrate the foregoing asymptotic error bounds, we present numerical experiments
in dimensions d = 1,2 with parametric diffusion coefficient

a(x7y) = é(x) + Zijj(x)v

Jj=1

where a@(x) = 1 and we assume ¥; = W1y to be a system of continuous, piecewise

(bi)linear spline wavelets for £ > 0, k € {0,...,2¢ — 1} with support overlap constant
K =2d, see e.g. [18, Ch. 12]. We assume in the following the scaling ||y 1) || .=(p) =

02 We pursue Strategy 2 from Section 6, which yields for @ > 8 > 7 a QMC
weight sequence of the form

g\ —(B—7)/B

for 0 < ¢; € R as specified in (25) (see also Remark 8). We use the implementation

from [9] for applying the single-level and multilevel methods in parallel, and use the

Walsh coefficient bound C = 0.1 in the component-by-component (CBC) construc-

tion, cp. [11] for details. For the multilevel method, we choose N, = 2™, where my
follows from (26). The resulting expression is given by

5(5 40 _

my = | L+ p;pjl)logz(L—&- 1)+ # (—Ud+7)+logy(s0)) |, (30)

with my, = 1 if the expression is not positive. In the following examples, we consider

the limiting case d = p7 also with the limiting value 5~! = (B — 7)/d. This choice
is based on the cost model

L
WLML = ZNgMglng(Sg),
=0

which we use for computing the cost in the multilevel experiment below. We compare
the multilevel computations to a single-level approach, where we equilibrate the
QMC and FEM discretization errors, yielding on a fixed level L with N, P m A ©/d
the choice Ny, = 2°7(L+1)

mp=L+1.

In the single-level case, the work is simply WSL = Ny M log, (s).

7.1 Univariate model problem
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We consider the domain D = (0, 1) and homogeneous Dirichlet boundary conditions,
i.e., I1 = dD, with right hand side f(x) = 10x, x € D. As goal functional, we consider
point evaluation of the solution at ¥ = ¢! (which is not a node on any mesh used
in our simulations), G(u(-,y)) = u(x,y), which implies the FE convergence rate
T = 1.5 — ¢ for arbitrary € > 0. The parameter calibration will be done under the
formal case T = 1.5. For a given discretization level ¢, we solve the parametric
PDE (9) with the finite element method using piecewise linear basis functions
on an equidistant mesh with meshwidth i, = 2=/~! to approximate the solution
of (1). Considering the wavelet basis for the coefficients on the same mesh, we
obtain s, = h;l —1=20t1_1 parametric dimensions on level £. We choose a=3,

B =2.99, c =0.15, yielding the expected QMC convergence rate E —17=1.49.
We use the same generating vectors as above for the single-level method; this is
justified since the weight sequence used in the CBC construction majorizes the
weight sequence for the single level quadrature, theoretically capping the rate at
N~13_ With these generating vectors, as observed in Figure 2, the measured QMC
convergence rate is independent of the parameter dimension, and equals N~% for
o = 2,3 rather than the expected rate N~

100 SL/ML Convergence
o SLQM
1074 fit: —0.924 |1
102} |4 MLOmMC ||
fit: —1.439

— ’3»

5 10

-

L 104k

()

=

(_*5 1072

(O]

oC 106k
1077F- N
1078k . \\a\ .

1 o

1079

10 108 10* 10® 10* 10° 10° 107 10%® 10° 10
Work

Fig. 1 Convergence of single-level and multilevel methods for a diffusion coefficient given in
wavelet representation. As a reference solution, the multilevel approximation on the level L = 14
with a total of s; = 32767 dimensions was used. The measured rates were obtained by a linear
least squares fit on the last 9 points. The expected rates are 0.75 for SLQMC and 1.5 for MLQMC
ignoring log factors. The work is WME = ):%ZONMZI(I +1log,(s¢)) for multilevel and WLSL =
Nphp'(1+log,(s1)) for single-level.
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]QMC Convergencg, L=14

&0 |IPL,a=2
fit: —2.010 ||
A4 |IPL,a=3|{
fit: —3.050

1072

1073

1074

1075¢

1070
107"k

1078}

Relative Error

1071(] [

10~11 [

10712 - 11 \2 13 ‘4 -
10 10 10 10 10 10°

Number of Points N = 2™

Fig. 2 Convergence of the QMC approximation using interlaced polynomial lattice (IPL) rules
with N = 2" points, m = 1,...,17 and for digit interlacing factors ot = 2,3. We use the results with
m = 17 as the reference value and keep the maximal discretization level L = 14 fixed, resulting in
sp =215 —1=32767 parameter dimensions and smallest FEM meshwidth 4y, = 2-15,

7.2 Two spatial dimensions

For d = 2, we consider the domain D = (—1,1) x (0, 1) with mixed boundary con-
ditions. Specifically, the Neumann boundary is given by I} = (—1,0) x {0} anda
the Dirichlet boundary is I] = dD\I3. Although the domain is convex, the change
in boundary conditions at the origin induces a corner singularity in the parametric
solutions corresponding to interior angle equal to 7. Due to isotropy of the paramet-
ric diffusion coefficient, this leads to a non-H?(D) singularity of (y-independent)
strength O(+/r) of the parametric solution u(-,y) concentrated at the origin. The
boundary conditions change also at the corner (0,—1)" € dD, inducing weaker
singularities there as well. The considered goal functional is here integration over the
domain D, which is an element of L?(D). Since the parametric coefficients a(x,y)
are isotropic, i.e., scalar valued, the full regularity shift of the Laplacean in weighted
Hilbert spaces is applicable as detailed in Section 2, we obtain T = 2. Analogous
to the univariate problem considered in the previous subsection, we use continuous,
bilinear FE on quadrilaterals on sequences of nested, locally refined meshes of the
domain D which were obtained by a suitable bisection refinement, cp. [12].

Here, we have J = 5 singular points or corners and B € [0,1)’ satisfies that
Bi>1—m/w;,i=1,2,3,and B; > 1 —n/(2a;), i =4,5, cp. Section 2. Then, for the
Laplacean with mixed boundary conditions in D there holds a full regularity shift
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in weighted Sobolev spaces, i.e. (—A)~!: L% (D) — HJ} (D) ﬁHE (D) is bounded
with B = (0,0,0,B4,B5), 1 > B4 >0, and 1 > B5 > 1/2, where singular points
are enumerated counter clockwise, i.e., ¢c; = (1,0)", co = (1,1)7, c3 = (—1,1)7,
c4 = (0,—1)", and ¢5 = (0,0)". We observe that solutions will in general have a
weak non-H? (D) singularity at the corner cy, i.e., u(x,y) € H>~¢(Dy) for every € > 0,
where Dy C D is a sufficiently small neighborhood of c4. We use the values B; = 5, =
B3 =0, B4 =0.05, and B5 = 0.55 as inputs for a bisection refinement algorithm, which
results in 1-irregular quadrilateral meshes. In polar coordinates (r,¢) € (0,00) X
(0,7), where x = r(cos(¢),sin(¢) ", the function i(r, ¢) = /rsin(¢ /2) is harmonic,
i.e., Ait = 0, and satisfies the homogeneous Neumann boundary conditions. We solve
the parametric boundary value problem

V- (aly)Va(xy) =0, uxy)| =00 5
Clearly, u(x,0) = ii(x). The inhomogeneous Dirichlet boundary terms can be incor-
porated into the right hand side, for example by solving —V - (a(Vu—i1)) = V- (aVi)
and adding i to the solution afterwards. Instead of # one may use any other suit-
able extension of i|yp to the domain D. The difference u — i satisfies the homo-
geneous mixed boundary conditions. The parametric right hand side is given by
fx,y):=V-(alx,y)Vi(x)) € L% (D) for B stated above. This right hand side f(x,y)
depends linearly on the parameter vector y. In previous sections, we assumed a fixed
right hand side only for simplicity and conciseness of the presentation. A right hand
side, which only depends linearly on the coefficient a(x,y) is under the made assump-
tions a simple, admissible extension. The implementation of the spatial discretization
in two space dimensions of bilinear FE uses deal.IT, cp.[1].

For the uncertain diffusion coefficient, we consider the parametrization ob-
tained by tensorizing the univariate continuous, piecewise linear biorthogonal spline
wavelets. Specifically, we choose

Wiy oy (X1,%2) = 0'2"%1//&,(1 (1) Wk, (x2), ki ko €10,...,2° — 1}, (€)9)

where Y ;(x) denotes the univariate continuous, piecewise linear wavelet function
with scaling || t||z=(p) = 1 and & = 0.01. Thus, || W, &, [l 1=(p) = 02 % with a =
4. This choice of parametrization results in s;, = Y% ,4¢ = (4/*! — 1) /3 dimensions
on level L. The generating vectors were constructed by the CBC algorithm based on
a QMC weight sequence analogous to the univariate case, given here by b 1, x,) =

(14228 PP where B =3.99 and 7 = 2.

For the multilevel method, the number of samples per level is given by Ny = 2"
where the exponent my is given as in (30) with d = 2. To compare to a single-
level approach, we equilibrate the finite element and QMC sampling error to obtain
Np = 2Lt/ MZ/ <dr), where r is the QMC convergence rate, here r ~ 2 for interlacing
factor o¢ = 2 and we take r = 2 to obtain the value of ;.
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Fig. 3 Convergence of single-level and multilevel methods for a 2d diffusion equation with
parametric coefficient given in wavelet representation. Continuous, piecewise bilinear biorthogonal
spline wavelets (31) on uniform partitions of the domain D with meshwidth 0(24 ),£=0,...,L,
were used. As a reference solution, the multilevel approximation on the level L = 8 with a total of
s, = 87381 dimensions was used. The measured rates were obtained by a linear least squares fit on all
points but the first and the two last ones. The rates expected from the theory for this problem are 0.67
for SLQMC and 1 for MLQMC ignoring log factors. The work is WME = Y'&_ N,2%(1 +1og, (s¢))
for multilevel and WSt = N;22L(1 +log, (s1.)) for single-level.

8 Conclusions

We provided the convergence rate analysis of randomly shifted and high order, inter-
laced polynomial lattice rules for the numerical evaluation of linear functionals G
of solutions of countably affine-parametric, linear second order elliptic partial dif-
ferential equations. The spatially inhomogeneous diffusion coefficient was assumed
to be represented by a multiresolution analysis (MRA) with local supports, rather
than the globally supported Karhunen-Loeve expansion considered, for example, in
[22, 7, 6, 14] and the references there. As in the corresponding single level QMC
Petrov Galerkin approaches considered in [10], we proved that QMC with product
weights, originally proposed by I. H. Sloan and H. WoZniakowski in [30], can provide
optimal QMC convergence rates which are independent of the parameter dimension,
unlike the so-called product and order dependent (POD) weights which are mandated
by globally supported representation systems of uncertain input data. This, in turn,
results in linear w.r. to dimension scaling of fast CBC constructions from [25, 24],
which originate in a dimension-wise, greedy strategy to minimize the worst case
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error, as proposed orginally in [29]. The present analysis addressed linear, affine
parametric random input data where the supports of the parameters are bounded. The
extension for log-Gaussian diffusion coefficients in the present setting, along the
lines of [14, 19] (where the case of globally supported y; were treated) and in the
setting of the single level analysis in [15], is given in [16]. Numerical experiments
were given for a model, linear elliptic problem in one and two space dimensions with
local spatial mesh refinement. The present mathematical analysis holds, however,
also for PDEs on polyhedra in three space dimensions. We refer to [16]. Analogous
error bounds for product weight QMC also hold for log-Gaussian representations of
uncertain PDE inputs. Details are presented in [16, 17].
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