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Abstract We present an error analysis of higher order Quasi-Monte Carlo (QMC)
integration and of randomly shifted QMC lattice rules for parametric operator equa-
tions with uncertain input data taking values in Banach spaces. Parametric expansions
of these input data in locally supported bases such as splines or wavelets was shown
in [R.N. Gantner, L. Herrmann, and Ch. Schwab, Quasi-Monte Carlo integration
for affine-parametric, elliptic PDEs: local supports imply product weights, Report
2016-32, Seminar for Applied Mathematics, ETH Ziirich] to allow for dimension
independent convergence rates of combined QMC-Galerkin approximations. In the
present work, we review and refine the results in that reference to the multilevel
setting, along the lines of [F.Y. Kuo, Ch. Schwab, and I.H. Sloan: Multi-level Quasi-
Monte Carlo Finite Element Methods for a Class of Elliptic PDEs with Random
Coefficients, Journ. Found. Comp. Math. 15(2) 441-449 (2015)] where randomly
shifted lattice rules and globally supported representations were considered, and also
the results of [J. Dick, F.Y. Kuo, Q.T. LeGia, and Ch. Schwab: Multi-level higher
order QMC Galerkin discretization for affine parametric operator equations, SIAM
J. Numer. Anal., 54/4 (2016), pp. 2541-2568] in the particular situation of locally
supported bases in the parametrization of uncertain input data. In particular, we
show that locally supported basis functions allow for multilevel QMC quadrature
with product weights, and prove new error vs. work estimates superior to those in
these references (albeit at stronger, mixed regularity assumptions on the parametric
integrand functions than what was required in the single-level QMC error analysis
in the first reference above). Numerical experiments on a model affine parametric
elliptic problem confirm the analysis.
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2 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

1 Introduction

A core task in computational uncertainty quantification (computational UQ for short)
is to approximate the statistics of (functionals of) solution to partial differential
equations (PDEs for short) which depend on parameters describing uncertain input
data. Upon placing measures on the set of admissible parameters, the computation of
mathematical expectations in so-called forward UQ and in Bayesian inverse UQ of
such PDEs on possibly large sets of data amounts to a problem of high dimensional
numerical integration; we refer to the surveys [23, 4, 3] and the references there for
details.

In the present note, we address the numerical analysis of high-dimensional nu-
merical integrations methods of Quasi Monte-Carlo (QMC for short) type for the
efficient numerical approximation of expectations of solutions of parametric PDEs
over high-dimensional parameter spaces. Pioneering contributions to the mathemat-
ical foundation of dimension-independent convergence rates for QMC quadrature
methods for such problems, that also the present note will draw on, have been made
by I. H. Sloan and H. Wozniakowski in [26], after earlier, foundational work by I. H.
Sloan and S. Joe in [24].

Specifically, we consider the linear, affine-parametric elliptic PDE

—V~(a(x,y)Vu(x,y)):f(x) inDa u(xay) aD:O’ (D

with parametrized input a(x,y).

The domain D C RY, d = 1,2, is a polygon with straight sides or an interval.
Specifically, QMC rules with product weights are considered which are known to
have linear complexity in the integration dimension, cp. [21, 22]. To prove error
versus work bounds of these algorithms, with explicit estimation of constants on
the dimension s of integration, and of the form & (8_9), 6 > 0, for a given accuracy
€ > 0 is the purpose of the present paper.

Convergence analysis of QMC methods with randomly shifted lattice rules applied
to a parametric PDE of the type of (1) was first established in [19] together with the
survey [18]. Randomly shifted lattice rules were first proposed in [25]. A multilevel
version for parametric PDEs was first analyzed in [20]. This theory was extended in
[5, 6] with interlaced polynomial lattice rules, which achieve higher order conver-
gence rates which are independent of the dimension s of the domain of integration.
Conditions for such dimension independent error bounds of QMC algorithms were
first shown in the seminal work [26] for integrand functions belonging to certain
weighted function spaces with so-called product weights. In [18], analogous results
were shown to hold for randomly shifted lattice rules, and for input parametrizations
in terms of globally supported basis functions (as, e.g., Karhunen-Log¢ve expansions)
with so-called product and order (POD) dependent weights. General references for
QMC integration are [18, 7]; see also the survey [13] for multilevel Monte Carlo
methods.
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 3

As in the mentioned references, we admit parameter vectors y = (y;)>1 whose

components take values in the closed interval [f %, %] , 1.e., we will consider

N
11
Ui=|—5,7| .

We model uncertainty in diffusion coefficients a(x,y) to the PDE (1) by assuming
that the parameter vectors to be independent, identically distributed (i.i.d.) with
respect to the uniform product probability measure

1(dy) == Qdy; -

jz1

The triplet (U, &~ #([—1/2,1/2]), 1) is a probability space. For any Banach
space B, the mathematical expectation of F with respect to the probability measure
U is a Bochner integral of the strongly measurable, integrable map F : U — B which
will be denoted by

E(F):= [ FO)m@y). @
The parametric input a(x,y) of (1) is assumed to be of the form
a(x,y):a(x)+2yju/j(x), ae.xeD)yeU, 3)
jz1

where {a,y;: j > N} C L*(D) and a is such that 0 < dmin < dmax exist and satisfy

Gmin < essinfyep{a(x)} < esssup,cp{a(x)} < amax.

Convergence analysis for QMC with product weights was recently carried out in [10]
under the assumption that there exists k € (0,1) and a sequence (b;);>1 € (0, 1]

such that b
‘ Yi=1wil/b; <x<l. (A1)

2 =)

A (dimension independent) convergence rate of 1/p in terms of the number of
QMC points for the approximate evaluation of (2) was shown in [10, Section 6] if
(bj)j>1 € £P(N) for the range p € (0,2]. These rates coincide, in the mentioned range
of summability exponents, with the convergence rates of best N-term approximation
rates of generalized polynomial chaos expansions obtained in [2, Theorem 1.2
and Equation (11)]. As in [2], the assumption in (A1) can accomodate possible
localization in D of the supports of the function system (/) j>1.

For every parameter instance y € U, in the physical domain D a standard, first
order accurate Galerkin Finite Element (FE for short) discretization of the parametric
PDE (1) will be applied. In the polygonal domain D, first order FEM based on
sequences of uniformly refined, regular simplicial meshes are well known to converge
at suboptimal rates due to corner singularities in the solution, even if a(x,y) and f
in (1) are smooth. To establish full FE convergence rates on locally refined meshes
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4 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

coupled with the QMC error estimates, parametric regularity estimates in Kondrat’ev
spaces will be demonstrated.

In Section 2 well-posedness of the parametric solution and approximation by
dimension truncation and FE is discussed. Particular weighted Sobolev spaces of
parametric regularity that are required for the error analysis of multilevel QMC and
general error estimates are reviewed in Section 3. Parametric regularity estimates of
the dimension truncation and FE error are proven in Section 4. These estimates yield
error bounds of multilevel QMC algorithms that are demonstrated in Section 5. In
Section 6, parameter choices are derived that minimize the needed work for a certain
error threshold. As a numerical experiment, we analyze a piecewise linear wavelet
basis to expand the diffusion coeffient in one spatial dimension. The experiment
confirms the theory and also shows that the multilevel QMC algorithm beats the
single-level version comparing the needed work against the achieved accuracy.

2 Well-posedness and spatial approximation

The parametric problem in (1) admits a symmetric variational formulation with trial
and test space V := H} (D), with dual space denoted by V* = H~ (D). Let f € V*
and let the assumption in (A1) be satisfied. Then the parametric weak formulation
of (1) reads: For every y € U find u(-,y) € V such that

/a(-,y)Vu(-,y) Vvdx = f(v), Wwev. (4)
D
Since the assumption in (A1) implies that

0< (] - K)dmin < eSSianED{a(xay)}a yce Ua

and
esssup,epi{a(x,y)} < (1+K)amax, Y €U,

the parametric bilinear form (w,v) — [, a(y)Vw- Vvdx is continuous and coercive on
V x V, uniformly with respect to the parameter y € U. By the Lax-Milgram lemma
the unique solution u(-,y) € V to (4) exists, is a strongly measurable mapping from
U to V (by the second Strang lemma), and satisfies the apriori estimate

[L£ 1l

lu(-,¥)lv < (1 — K)@min

, yeU.

A finite dimensional domain of integration for the use of QMC is achieved by
truncating the expansion of a(x,y) to s € N terms. We introduce the notation that for
every y € U, ¥y is such that (y;,.)); = y; if j < s and 0 otherwise, where {1:s}
denotes the set {1,...,s}. Specifically, for every s € N define

MS('vy) = u('vy{lzs})a yeU.
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 5

Proposition 1 ([10, Proposition 8]). Let the assumption in (Al) be satisfied for
some K € (0,1). If for some s € N

Kdmax
—————— max {b; <:1
(1 — K)amin stJrl{ i<l

then there exists a constant C > 0 such that for every G(-) € V*

2
(6(0) ~ E(G)] = GOl (max 3)

For the study of the spatial regularity of u(y) we consider weighted Sobolev spaces
of Kondrat’ev type, which allow for full regularity shifts in polygonal domains
D C R? cp. [1]. In our setting the domain D is either a polygon in R? with corners
{c1,...,¢;} or an interval. To introduce weighted Sobolev spaces, we define the
functions r;(x) :== |x—¢;|,x € D, i=1,...,J, where | - | denotes the Euclidean norm.
For a J-tuple B = (B,...,Bs) with B; € [0,1), i = 1,...,J, we define the weight
function Pg by

For multi-indices @ € N3, define the notation 9% := 9/%l /(9x{' 9x3?). We define the
weighted spaces L% (D) and HE (D) as the completion of C*(D) with respect to the
following norms

Wlz3 ) = IV Pplli2) ®)

and ||VHH§(D) is given by

I ) = 17100y + X 110282

|ee|=2

In the corresponding weighted Sobolev spaces, there is a full regularity shift of the
Laplacian, cp. [1, Theorem 3.2], i.e., there exists a constant C > 0 such that for every

w € V satisfying Aw € L% (D) there holds

||WHH§(D) SC||A"VHL‘23(D)' (6)

where 8; > 1 — n/@; and B; > 0, where w; denotes the interior angle of the corner c;,
i=1,...,J. Hence, in the case that the domain D is convex, we choose B = (0,...,0).
There holds an approximation property in FE spaces in D with local mesh refinement
towards the corners of D. To state it, let {77 }s>0 be a sequence of regular, simplicial
triangulations of the polytope D, which can be generated either by judicious mesh
grading in a vicinity of each corner of D cp. [1, Section 4] or by newest vertex
bisection, cp. [12]. Let Vy .= {v € V : v|g € P(K),K € F;}, £ > 0, where P;(K)
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6 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

denotes the affine functions on K. The FE space V; is of finite dimension M, :=
dim(Vy), £ > 0. Then, there exists a constant C > 0 such that for every w € HI% (D)
and every ¢ > 0 there exists wy € Vy

—1/d
= wellv < Ml @

where d = 1,2 is the dimension of the domain D. For d = 2, and in the case of graded
meshes, this follows, for example, from [1, Lemmas 4.1 and 4.5]. An approximation
property of this kind for nearest vertex bisection is shown in [12]. The regularity shift
in (6) and the approximation property in (7) also hold if D is an interval (for d = 1).

Assume that the right hand side f € Lf; (D), and that {|Va|®g, [Vy;|Pg : j >

1} € L*(D), and that there exists a bounded, positive sequence (b;);>1, which

satisfies
3 V|
H<|Va|+2 7| s

=1 Y

=K <oo. (A2)
L*(D)

This assumption readily implies that sup,c; {[/|Va(:,y)|®@g||1=(p)} < . As a con-

sequence, |Va(-,y)| € L” (D) and Au(-,y) € L*(D) for every compactly included
subset D CC D and y € U. Then, by the divergence theorem and by the product rule
for every v € Cj(D)

[ a63)Vu(.y)-Vvdv == [ (V- (a(y)Vut ) vax

= —/D(a(,y)Au(,y) +Va('7y) Vu(vy))‘)dx

We have to show that Au(y) € L% (D). By duality of the space L%; (D), the previous
identity, and by the Cauchy—Schwarz inequality,

laC A= s [ aC.y)Auty)dfds
p veLg (D) IVl 2y <17P
B

= sup /a(-,y)Au(-,y)vqbﬁdx
veCy (D), IMll2p) <172 ®)
= sup (f+Va(-,y) - Vu(-,y))vPg dx

VECT (D),[IVll 2y <17

IN

17113 ) + 1V (.3)| By =l 9) v

Since essinfyep{a(x,¥)} > (1 — K)dmin, Au(y) € L% (D). In (8), we applied that
C>*(D) is dense in L[23 (D) and used that the operator of pointwise multiplication

w i wd_g induces an isometric isomorphism from L*(D) to L% (D). W
The parametric FE solution is defined as the unique solution of the variational
problem: fory € U and £ > 0, find u” (y) € V; such that
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 7
/;a(7y)vuz(ay)v‘}dx:f(v)v VV€V£~ (9)

Well-posedness of the parametric FE solution also follows by the Lax—Milgram
lemma. As above, we define for every truncation level s € N and £ € Ny

u&%(’y) = ue%('ay{l:s})v yeU.

By Céa’s lemma, an Aubin—Nitsche argument, Proposition 1, (6), (7), and (8), there
exists a constant C > 0 such that for every s € N, £ > 0, and every G(-) € L% (D),

2
(600) ~ B(G( )| < GO vl ( mas )

+ NGOy o1 g o M) 2.

(10)

Remark 1. If f and G(-) have less regularity, say f € (V*,L4(D));« and G(-) €

B
(V*,Lf3 D))y o, t,¢" € [0,1], the estimate in (10) holds with M[(Ht )4 This fol-
lows by interpolation. The interpolation spaces are in the sense of the K-method,

cp. [27]. Since L% (D) C V* continuously which follows by the Hardy inequality,
V* and L% (D) is an interpolation couple. Naturally the embedding H ' (D) =
(V*,L2(D))ya C (V*,Lfi (D)) . is continuous, since L?(D) is continuously embed-

ded in L% (D).

3 Multilevel QMC integration

Randomly shifted lattice rules and interlaced polynomial lattice rule are QMC rules
that have well known worst case error estimates in particular weighted Sobolev
spaces of regularity with respect to the dimensionally truncated parameter vectors
Y{1:5}> 5 € N. Generally, these QMC rules approximate dimensionally truncated
integrals
WF)= [, FO)dy
=220

Denote by ORY(-) and Q'F (+) randomly shifted lattice rules and interlaced poly-
nomial lattice rules in s dimension with N points, respectively. If the superscript
is omitted both of the QMC rules are meant. For sequences (s¢)¢>( of truncation
dimensions and numbers of QMC points (N¢)¢>0, and for the meshes {.7; }¢>¢ from
Section 2, the multilevel QMC quadrature for L € N levels is, for every G € V*,
defined by

L
0u(G(h)) =Y Qs (Glu' —u'™1)),
=0
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8 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

where we introduced the notation u’ := ' "74, ¢ € Ny, and have set u~!:=0. For

the error analysis, we introduce for a sequence of QMC weights ¥ = (7, )ucn the
weighted Sobolev spaces #5y and # o y4.r as closures of C*([—1/2,1/2]*) with

respect to the norms
5 1/2
/[ d)’u>

1Fly=( X %[,
uc{l:s} (2.2

s—|u| a;lF(y)dy{ls}\u

11
2 22

andfor2 <@ €N, g,r € [1,]

|F||m,,¢,:=< > (wz )

uc{l:s} Ucu‘;u\he{];a}\u\“\
q r/q\ l/r
/[_ d)’n> )

fas
with the obvious modifications if g or r is infinite. Here, (@y, Ty\,,0) € {0: &}’
denotes a multi-index such that (@, T,\,0); = o for j € v, (@, Tyy\,0); = T, for
Jj€u\v,and (&y, T,\y,0); =0for j ¢ u, foreveryu C{1:s},0Cu, e {1: ool
Note that the integer @ > 2 is the interlacing factor. The following two estimates
follow essentially from the worst case error estimates in [19, Theorem 2.1] and [5,
Theorem 3.10] for ORY () and QO (-), respectively. For every A € (1/2,1],

<a71u \170>
ay ! F(y)dy{ls}\b

lel

]x—\n\

11
272

E4 (|1, (G(u")) — O£ (G(u"))?)

L 28(21) lu[\ /4 e
§Z<@¢u§w}’ﬁ<<2n2)k> ) (o)) lI6( (7

=0
(11)
cp. [20, Equation (25)], where A denotes the random shift and ¢ denotes the Euler
totient function. For every A € (1/0a., 1],

115, (G(u")) = OF (G(uh))|

L 2
<

cp. [6, Equation (42)], where the constant py(A) is finite if A > 1/« as stated in [5,
Equation (3.37)]. We remark that the choice of A, a, ¥ in (11) and (12) may also
depend on the level £ =0,..., L, which is not explicit in the notation.

12)

1/A
1 mpa(m)“‘) G =)o
OAuC{Lis,}
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 9

4 Parametric regularity

As in the single level QMC analysis in [10], we introduce the parameter set
U = [~1,1]N with elements z € U. Set € (k,1). We split the sparsity of the
sequence (b;);>1 between spatial approximation and QMC approximation rates,
which naturally couple in multilevel integration methods. For a sequence (B i)j>1
(to be specified in the following) which satisfies the assumption (A1), and for every
y € U define

-1
_ _ n—2pjl ,
ay(x)=a(x)+ Y yjwj(x) and sy ;(x)= le//j(x), ae.xeD,jeN,
j=1 J
13)
which are used to construct
ay(x,z) ;== ay(x)+ ) zj¥y,j(x), ae.xeD,ze U.
j>1
We recall that for every y € U
Hijl_Wy.j L 1, (14)
Ay =) M

which implies that the problem for arbitrary y € U and z € U to find uy(-,z) € V such
that

[ a2V (.2 Vide = 16, wev,

is well-posed, cp. [10, Section 4]. Then, the affine mapping 7y, : U— Ty(ﬁ) C RN,
which is given by

N2y

2, j>1l,zeU, (15)
2b;

(h(2)j=yj+

yields by construction, cp. [10, Section 4], a connection of u(-,y) and uy(-,z), i.e.,
uy(,z) =u(-,Ty(z)) inV.

Finally, by the chain rule for every T € .7 := {t € N} : |/| < oo}

n' — 2yl K T
= | | _— osu(-,y). 16
z=0 <j>1< 2bj yu( y) ( )

The dilated coordinate is analogously applied to dimensionally truncated solution

azrﬁ)’('vz)

and the FE approximation, which are denoted by (-, z), iiy% (+,2), and ﬁ;% (+,2). As

observed in [10, Theorems 10 and 12], this sequence (b j) j>1 will be the input for the
product weights of the considered QMC rules and its summability properties will be
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10 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

a sufficient condition to achieve a certain dimension-independent convergence rate
of either type of QMC rule.

4.1 Dimensionally truncated differences

Let s € N be the truncation of the series expansion of a(-,y) and also of ay(-,z). The
difference of solutions with respect to the full resp. to the truncated expansion of the
parametric coefficient satisfies

/Dﬁy(-,z)V(ﬁy(',z) —y(+,2)) - Vvdx = */DZZJ'%JV@(-,Z)-WM Wwev.

Jj>s

In this section we split the sequence (b;);>; into two sequences by b; = b}-_eb?,
J €N, 6 €[0,1], and consider the dilated coordinate in (13) and (15) with respect to
the sequence (b}_e)jzl, i.e., here (Bj)jzl = (b}_e)jzl, which satisfies (A1) by the
condition b; € (0,1], j € N. By the assumption in (A1) and (14), for every y € U,

Theorem 1. Let the assumption in (A1) be satisfied. There exists a constant C > 0
such that for every'y € U and for every s € N

L

TeF

Yot 1wyjl/69

dy

IN

SiA
-

< an

=(D)

9% (1.2 5.0) | |, <l sop {53}

z=0

Proof. As in the proof of [10, Lemma 3], we will consider the Taylor coefficients

., VteZ. (18

1
S . T8 .
and 1y 1= —ﬂ&z uy(+,2) o

1
e AT~
tyg = ﬂaz uy(-,2) o
We introduce a parametric energy norm | - [|z, for every y € U by
2 = 2
W2, = / a,|Vvlidr, Wwev.
D
Evidently, #j ; = 0 in case that 7; > 0 for some j > s. For every T € 7,

/ ayV(tyr—15) Vvdx =— Y / Yy Vltyre; — £z e,) - Vi
P i’

B .(1:)2"> /Dwy’th;’T*ej +Vdr wev,
J(),5>s
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 11

where we used the notation j(7) := {j € N: 7; > 0}. Testing with v =1, ¢ —1; ;, we

T
find for0 £t € %
2
liye=t5ell3, < | LWl = el =5
+/ |Wyj||yr e]thT y,1:|dxv
T),j>s

where e; € .% is such that (e;); = 1 if j =i and zero otherwise. We obtain with a
twofold application of the Cauchy—Schwarz inequality using (A1) and (17)

1/2
s 2 K s 2 :
llty.e —1y.2llz, < (n/D Z Wyl V (ty,z—e; _t;,‘cfej)‘ dx) llty,e =ty 2llay

Ji(7)

(Zanfi) ] £

1/2
|'Vyj||yr e | dx th,f—t;,r”ﬁy-
j
J=>s J(T).j>s

Hence, by the Young inequality with € > 0 and by (A1)

L L lseli <00 ¥ [ 8 F Ve —g0Pe
k>1 \1

k>1|t|=k —1,>1

+(1+i)sup Y [ X Tiwls

k=17D |gj=k—1j>s

<(1+e) (n) Y Y sl

T

k>0 |7|=k
1 K\
+ (1+) () sup {09} Y ¥ gl
€/ \N/ j>s k=0 7[=k

Since k < 7, we can choose € such that (1+ €)(x/1)? < 1 and conclude that

1+1/e
2 2 20 2
L lye=t5all, < 20 =0l + Ty gy e {41 X Il

7

which implies the assertion with [10, Lemma 3 and Proposition 8] using that b; €
(0,1], j € N. Note that [10, Lemma 3] gives an upper bound, since dfuy(-,z) =
d7 tlyy.,, (+,2) if 7; = 0 for every j > s and 97 uy(-,z) = 0 otherwise. O

Remark 2. The estimate in Theorem 1 also holds when the differences azf(ﬁ;,% (,2)—
@%(-,z))Izzo, T e .%, >0, are considered and the constant is independent of
{Z}1>0- Since only the varitional formulation was used in the proof, the correspond-

ing variational formulation with trial and test space V; can be used instead.
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12 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

4.2 FE differences

We assume now that the sequence (b;);>; satisfies the assumptions in (A1) and
in (A2). W_e consider the dilglted coor@inate in (13) and (15) with respect to this
sequence (b;)j>1, i.e., here (b;)j>1 = (bj)j>1.

Proposition 2. Let the assumption in (A1) and (A2) be satisfied for (b;)j>1. Then,
there exists a constant C > 0 (independent of f) such that for everyy € U

L e aomca]

<C|fl% -
s 13(D) Lp (D)

Proof. Recall that the Taylor coefficients {t, r : T € .# } have been defined in (18).
We also recall that for any 0 # 7 € &,

/ ayVty ¢ - Vvdx = — Z / l[/yJVty;,;,gj -Vvdx, Wvev.
b ix)’P

Similarly as in Section 2, by the divergence theorem for every v € Ci’ (D)
- /DdyAtvadx = /D <V‘_’y Viye+ Y, (Vi Viy e, + ‘l’y,./‘Aty,TEj)> vdx
i(T)

Since Aty ¢ &g € L?(D), cp. (8), we may use —Aty ¢ GDE as a test function and obtain
with the Young inequality for any € > 0

/D dy| Aty o P By = — /D (Vay Viye+ Y V- v;yﬁ,_e/) Aty 1 ®fdx
: : i@

- / Y vy Aty oo Aty Ppdx
Do)

<£/d Aty 22 dx
s Dy| vl Pp

1 [ P 2
— [ ZP|wva,. vt Vu, i Viyr o | dx
+4£/D ay ( G Vet ,% Yorit Vo e’)

1
3 [ X 1Wal (At P+ 4ty ) P
J(T)

For k > 1, by a twofold application of the Cauchy—Schwarz inequality (applied to
the sum) and (A2)
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 13

@2 2
Z/ B (Vay Vipet Y Vi Viy o L/) dv

a
ek Dy i@

D,
<2K /D = <|vay| Y VheP+ X Z|wy7,~||wy,r|2)dx
y

|T|=k |T|=k—1j>1

2
=~ (ay mm <|1Zk||Vty71-|| |T|§71 |Vty)f||ay> .
Note that also by (A1) for every k > 1,
Z / Z Wy, (|Aty, o e,|2+|Aty1:| )q)ﬁ

|z|=k

K
S( Z ||\/5’yAty~,THL2 + Z lva AtyT”Lz )
|T|=k—1

n |tk

We now choose € > 0 such that € < 1/2(1 — k/1), which implies €+ x/(21) < 1/2.
Then, we sum over k > 1 to obtain

Y ¥ H\ﬁmyr”Lz <cy ||ny7r|| +Ce Y, ||\FAfyT||L2

k>1|t|=k TeF TeF

where Ce = 1/2(1 —x/(2n) — €)' < 1 and C = K?/(€(dy.min)*)(1 — k/(21) —
€)~!. It follows

C —
Y IVl o < 7o L el +21V/adnol
(172 € 1eF B
which implies the assertion with [10, Lemma 3] and (8). O

Remark 3. For every truncation dimension s € N, the estimate in Proposition 2 also
holds when A9y (-, z)|;~0, T € F, are considered and the constant is independent of
5. This follows from the observation that 97 (-, z) = d7 uty, ., (+,2) if T; =0 for every
j > s and 9713 (+,z) = 0 otherwise. Then, the sum of the estimate in Proposition 2
only consists of more terms and is an upper bound.

Proposition 3. Let the assumption in (A1) be satisfied and let B satisfy B; < 1—1/w;,
i=1,...,J. Then, there exists a constant C > 0 such that for everyy € U
od

Proof. We argue similarly as in the proof of [10, Lemma 3] and consider the Taylor
coefficients for fixedy € U

o5 (iy(2) — ity (,2))

ol =em st

and 1}, athyZ( ,2)

1 -
lyg = E&;uy(-,z) vt °

z=0 z=0
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14 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

We observe that

/D ayV(tyz—tyg)-Vvdx=—Y vy Vlyzo; =ty o) - Vvdx, WweV.
i(®)

For every y € U and for every ¢ € Ny, let &, ;: V — V; denote the dilated Galerkin
projection, i.e., for every w € V, &) w is defined by

/a-yV(w—@Mw)-Vvdxzo, eV, (19)
D
By the definition of &2, ; in (19) and by testing with v = 2y ¢(ty ¢z —ty z) €V},

Y [ &IV Pyttt o) Par

|T|=k
< [ X T s (Ve e )P+ IV Pyl )
- %*-/2 . T—ej 'yt y\lyt—lyg
D L
ek j ()
1
<5 [T TIwillVie—ioPa
ID | g|=k—1,>1

1
b [T TV Pltys s o)ax

|7[=k—1,j=1

which implies with (A1)

1
Z ||yy.£(ty~,1_t£.r)||% < Z Z |Wy,j||v(ty7f—e~_l£,r— )[Pdx
Tk YT 2=/ b 2w ' K
1 K
< — Ity e—e; —ty.0—, 13,
2—x/nn \r\:zk’—l B el

(20
Note that by the triangle inequality

¢ ¢
lltye —tyellay < Pyelty.s =ty o)llay + 1(-7 = Py.o)tycllay,

where .# : V — V denote the identity. With the Young inequality we obtain for any
€ > 0 and the previous two inequalities

HX‘,kllty,r—tf,clltzzy
T|=

< (1+¢e)x

1
{12 2
<G8 ¥ el (145) L1 - Pl

|T|=k—1 |T|=k

Since k <1 < 1,21 —k > 1 and so we choose € > 0 such that (14 &)k < 1 and
conclude by subtracting the first sum in the previous inequality that
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 15

2n—kx
Y Y e =tz <lyo—tyolld, + =g = X X 7= Pyotyellz,,

=1 |t]=k k=1 |t|=k

which implies the assertion with (7), (6), and Proposition 2. O

Remark 4. The estimate in Proposition 3 holds if f € (V*,Lf3 (D))t with the error

being controlled by M, ~ald ,1 € ]0,1]. This can be seen by interpolation applied in

the last step of the proof of Proposition 3, where (7), (6), and Proposition 2 were
used (see also Remark 1).

Lemma 1. For every ¢ € (1,0) and every T € .Z#,

T _ 1 Tj

7| < * = .
Il < log(c)e log(c)ejl;[1

Proof. Let oo > 0 be arbitrary. By elementary calculus, we observe that the func-
tion x — log(x)/x* has a maximum at xo = e'/%. Since lim,_..log(x) /x* = 0, this
maximum is global on [1,0). Hence, log(x) < x%/(ae) for every x € [1,0).

Then, Y5 7; = log([T> %) < 1/(ae) [1j>1 % = 1/(ate)c™, where a is cho-
sen to be oo = log(c) > 0. O

For any G € V*, we introduce ug(-,y) and u?(~,y), ¢ € Ny, as the parametric
solution to the dual problem of (4) and the parametric FE solution to the dual problem
of (9), respectively, with right hand side G. Consideration of the dilated coefficient
resulting from (13) gives ug,y(-,z) and MGy( 2), ¢ € Ny. By an Aubin—Nitsche

argument, for every y € U and every z € U,

Gliy(.2) =ity (:2)) = [ GV iy (-.2) =57 (-.2) -Vl (.2) =8l (- 2))dx
@n

Theorem 2. Let the assumption in (Al) be satisfied. Then, for every ¢ > 1 there
exists a constant C > 0 such that for every G(-) € L% (D)

Zg c"('t')

<CM,

’ 2

976G (i, 2)— ity (2))

—4/d

2 2

Proof. The Taylor coefficients of u¢ y(-,z) and u N‘% y(+,2) will be denoted by ty.c and

-
lyt

e = E ||

T € .7, respectively (see also (18)). By dlfferentlatlng (21), forevery0 £ 1€

Z‘VYJ tyV eJ*yVe VGTV yrvdx
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16 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

Squaring the previous equality and applying the Cauchy—Schwarz inequality and
Lemma 1 to obtain with C = 1/(log(c)e)

Vi/al..]

where we used that ), = |7|. By changing the order of summation

2
Gltye—tyg)? <C™ Y

v<t

N N
th-,T*V “lyzv Haya
L2(D)

2

1/ayl..

1
Z o —|Gltyc— |2

" -~
Z ”ty?T*V *ty.,t—chziy

TeF veF LZ(D) TeF ,T>V
2
=C ), |[\/Vayl-] Y liye =153,
veF L2(D)te7
(22)
By the Cauchy—Schwarz inequality we obtain with (A1)
2 K
- ‘
ol < [ F V-t o
7D jy)
By another application of the Cauchy—Schwarz inequality and (A1)
2
Ly |yimea <(% ) Y Y -yl
k>1|v|=k L2(D k>1|v|=k—1
which implies with (22)
1 ¢ ¢ ~
Y. <Gy —nolP<C ( ) ||fy,rty,¢||3y> (): lty,e —Tyl2, ] -
(1 TeF [1s2
The assertion now follows with Proposition 3. a

Remark 5. The estimate in Theorem 2 also holds if f € (V*,L%)mo and G(-) €

(V*,L%),/_’m, t,¢' € ]0,1], with error control MZZ(HI/)M, which follows by Remark 4.

Remark 6. For every truncation dimension s € N, the estimates in Proposition 3 and
Theorem 2 also hold when the differences 9 (it} (-,z) — iy 71(-,2))|zm0. T € .F, are
considered and the constant is independent of s. This follows by the same argument
which is used to verify Remark 3.

5 Convergence of multilevel QMC

The parametric regularity estimates from Section 4 will result in explicit error esti-
mates of multilevel QMC. Let the sequence (b;) j>1 be a generic input for the QMC
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 17

weights. For interlaced polynomial lattice rules with interlacing factor or > 2 we will
consider the product weights ¥ = (¥),cy given by 1if := 1 and

2b

o X \%
. H (Zl (l —jT]) 25(V=a>v!> , UCN,|u| < oo, (23)
V=

JEU

and for randomly shifted lattice rules the product weights YRS = (YES)ucN given by
ygs :=1and

26, \?2
y}fS::H<1_Jn> , uCN, |y < oo (24)
Jjeu

We will apply a QMC rule on levels £ = 1,...,L and in general a different version on
the level ¢ = 0. The parametric regularity estimates that were derived in Section 4
are based on a dilated coordinate, cp. (13) and (15), with respect to sequences
(bl 9) 51 for the truncation error and (b;) > for the FE error. These sequences will
be the input for the product weights. Their summability in terms of membership in
(P(N), p € (0,2], will result in explicit bounds of the coupled errors between the
levels. On the levels £ =1,...,L, we use (c(b}.*e Abj))js1 = (max{cb}fe,cl;j})jzl
as input for the product weights in (23) and (24) for a constant ¢ > 1, i.e. here
(6j)j>1 = (c(b}_e Abj))j>1.On the level £ =0 we use (b;) ;> as an input for (23)
and (24), which has potentially stronger summability properties.

Theorem 3. Let the assumption in (A1) be satisfied by (b;) j>1 and by (b;) j>1. Let
the assumption in (A2) be satzsﬁed by (b;)j>1. Let (b )j>1 € (P(N) for some p €
(0,2] and assume that (b[ Ab;)j>1 € £P(N) for some p € [p,2] and any 6 € [0,1)
admitting this summability. For p € (0,1] and p € [p,1], OF, L € N, satisfies with
product weights (23) and order oo = |1/p+ 1] on level { =0, and of order 0. =
|1/p+ 1] onlevels £ =1,...,L, the error estimate

E(G(u)) - OF (G(ub))| < c(sup{b3}+ML2/" +Ny P

J>SL

+ZN “’(?jw 1 sup {B9}+M, 2/d>>,

/=1 J>S0-1

where g1 =0 if sp = sp_1 and &gy := 1 otherwise. For p € (1,2] and p € [p,2],
ES, L € N, satisfies with product weights (24) the error estimate

\/EA (IE(G(u)) — QL(G(ul))[2)

< C<sup{b“}+M Yy ((No)) 2P

J>SL

(=1 J>s0-1

L 1/2
+ Y (o(Ny)) /P (gM | sup {b29}+M4/d>> :
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18 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

The constant C is in particular independent of L, (N¢)¢>0, (My)¢>0, and (s¢)¢>0.

Proof. By the error estimates in (12) and (11), we have to estimate the difference
G(u' —u"") = G(u**7l — u=1-71-1) in the #5, oy w-norm and in the #, y-norm,
¢=1,...,L. We decompose by the triangle inequality
se: 70 Se-1:70-1 ||,
1G(u u )1 7"

< ”G(use% _ us/ﬂz;fl)H%p‘y_F ||G(1ﬂ"z’*' _ MSH’%’I)H%[,W
and
||G(u”"% _ usz-,%fl)H%M < |G - “%%)H%Z‘y +||Gu — M”’t%fl)”%bT

The contributions from the dimension truncation and the FE error have been separated
in the %M—norm. For the dimension truncation error, we obtain by the Jensen
inequality, the relation of higher order partial derivative in terms of the dilated
coordinate in (16), Theorem 1, and Remark 2

|G (ut7 _umr@q)ugﬂm

<UGOIv- [, X a7 () —w T ) [y

_1 1ys
2021 uc{l:s}

2510\
<CIGO v+ llv- S?P}wsswn(l: ) sup {63}
uCql:s

JEU n J>se

Due to the choice of the weights, there exists a constant C > 0 independent of the
sequences (s¢)¢>0 and {7} }¢>o such that

IG (7t — w7y, < CIGC) v+ I fllv= sup{bF .

Y —
J>se

Note that if s, = s, this difference is zero. Similarly, we obtain with Theorem 2
and Remark 4 that there exists a constant C > 0 which is independent of (s;)y> and
(My) >0 such that for every £ € N

s¢ 50, T —2/d
160" =70 L,y < CUGO i oy 11 M1

Note that here the constant ¢ > 1 in the weight sequence is necessary to compensate ¢
in the estimate of Theorem 2. The corresponding estimate on the level £ = 0 of
| G (w07 1,y is due to [10, Corollary 5], which is also applicable in the case of
a dimensionally truncated FE solution, cp. Remarks 2 and 4. The estimate for the
randomly shifted lattice rules follows then with (10) and (11) with A = p/2.

The proof for interlaced polynomial lattice rules follows along the same lines,
where the estimate ||[Flly;, ... < HF||71/S/1a'712’2, F € W5, 0,922, is used and [10,
Corollary 7] is used for the level £ = 0 (see also the prood of [10, Proposition 6]). O
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 19

Remark 7. The estimate in Theorem 3 also holds if f € (V*,L%),_,m and G(-) €

_ ! _ /
(V*,LZB),/.OO, t,t € [0,1], with an error contribution of M, (/4 4nd M, 20/ 4y

the estimates for Q' and QR®, respectively. This follows by Remark 5.

Remark 8. The factor 2/(1 — 1) in the weights in (23) and (24) as well as the constant
¢ > 1 in the sequence (c(b}_e Abj))j>1 can be omitted. Then, the error estimates in
Theorem 3 hold under the same assumptions with QMC convergence rates 1/p — €
and 1/p — € in the mulitlevel error estimates for every sufficiently small € > 0. This
can be seen by the same argument that we used to show [10, Corollary 11] (see also
[10, Corollary 13]).

6 Error vs. work analysis

The error estimates in Theorem 3 are the key ingridient to calibrate and choose the
parameters (s¢)¢>0, (My¢)r>0, 0 € [0,1), and (N;)¢>o of either considered type of the
multilevel QMC algorithm. We seek to derive choices that optimize the work for a
given error threshold. The analysis will be demonstrated for a class of multiresolution
analyses (MRA for short), which will serve as the function system (/) ;>1. We will
use notation that is standard for wavelets and MRA. Assume that (Y ), cv is a MRA
that is obtained by scaling and translation from a finite number of mother wavelets,
ie.,
v (x) = w(2Hx—k), keVj,xeD.

The index set V|3 has cardinality |V )| = 0/(2M4) and |supp(y )| = (2 1H4).
Let j: V — N be a suitable bijective enumeration. We also assume that on every
level |A| there is a finite overlap, i.e., there exists K > 0 such that for every i € Ny
and every x € D

{A € V34l =i,ya (x) 0} < K.

The work needed to assemble the stiffness matrix for a generic y € [—1/2,1/2]" is
therefore 0'(My|j~'(s;)|) = €(Mylog(sy)). Assuming at hand a linear complexity
solver, the overall work for either multilevel QMC algorithm with L € Ny levels
satisfies

L
work = & <Z NMy 10g(&‘g>> .
(=0

Note that error vs. work estimate for general function systems have been derived in
[20, 6].

The parameter 6 in the coupled estimates of Theorem 3 allows to discuss two
possible strategies in the choices of the truncation levels (s¢)>o. We recall from [10,
Section 8] that if ||yl =(p) < 6274 the sequence
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20 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

P —1
= _ _ap-ay ~
bj(l):<1+amm(1 K)(1—2 )2“) Cien o5)

02K

satisfies (A1) for a > B >1landbj ~ j‘g/d, j > 1 holds. The sequence

= B—1 .
bi=v"P jeN,

satisfies (A2) and (A1) and b; ~ j~(B=1/d_ i > 1 holds. Note that VW) (o) <
02~ (@=DI2| The truncation levels (s¢)¢>0 are chosen so as to cover entire levels of
the MRA expansion of the uncertain PDE input, so that we choose s, € {Y'1_, |V;| :
I €Ny}, £>0. We also assume that

My ~24 1>0. (A3)

In this section we assume for simplicity that only one version of the QMC rule is
applied with convergence rate p. We remark that in some cases the application of
two different weight sequences with different sparsity may be beneficial. Also we
assume that

fe WV Lg(D))iw and G(-) € (V,L5(D))yw, 61" €[0,1],  (Ad)

which yields a FE convergence rate of 7:=1+¢' € [0,2], cp. Remark 7.

Strategy 1: We equilibrate the decay of the sequences (b}_e) j>1 and (b})j>1, which
determines the estimate of the QMC error in Theorem 3. The parameter 6 € [0, 1)
is chosen to be 6 = 1/f3, which implies b}*e =bj, j€N, and (b}) ;>0 € ¢?(N) for
every p > d /(B —1). We equilibrate the error contributions on the highest level L.
Since s; ~ 29L ~ M;, we choose

sy, ~ 241LT/ (2]

On the different levels of the coupled error terms, we either increase the truncation
levels or leave it constant, which is reflected in the choice

$p ~ min{ZdW/(‘mEﬂ,sL}, (=0, L—1.

)

Strategy 2: For certain function systems (Y} ), cv and meshes {7 }/>¢ it may be
interesting (also for implementation purposes) to couple their discretizations, i.e., we
choose

sp~My, ¢=0,...,L.
To equilibrate the truncation and FE error on the levels we choose 8 = 7/, which
imposes the constraint § > T and implies that b}*e ~ j~(B=7)/d_Hence, (b}*6 A
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Multilevel QMC with Product Weights for Affine-Parametric, Elliptic PDEs 21

bj)j>1 € ¢P(N) for every p > d/(min{ﬁ— T,B— 1}).

We will discuss interlaced polynomial lattice rules first and follow [6, Section 3.3].
In either of our parameter choices, the error estimate

L _
error = O (MLT/d—I—ZNZ]/pMéT/d)
=0

holds, where we used that M, = ¢/(24%). The QMC sample numbers (N;) (=0,...,L are
chosen to optimize the error versus the required work. Optimizing error (bound) vs.
cost as in [20, 6], we search the stationary point of the function

g(&) =M, L Y N PM T E Y NeMylog(si)

L L
=0 =0

with respect to Ny, i.e., choose N, such that dg(&)/dN; = 0. We thus obtain

(=1,... L (26)

)

- p/(1+p)
Ny = [No (M[ : T/dlog(sK)”) —‘

and for E; := (M, 7" log(s;)) /(7))

_L L
error = 0 (MLTM +N<;1/p Z Eg) and work =00 (No Z Eg) .
(=0 (=0

Since for every 0 # r; € Rand rp > 0,

ri(L+1)

rn
2 —1 L=

L
Z o Kgrz <
(=0

log(s¢) = O'(¢), which holds in the considered cases, implies that

L o) ifd < pr,
Y E;=Q oL/ (D) ifd = pr,
=0 o U-POL/ () LY/ (pH)) if g > pr.

We choose Ny to equilibrate the error, i.e.,
—1/p L —t/d
N pZEg:ﬁ(ML )
=0

which yields
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22 Robert N. Gantner, Lukas Herrmann, and Christoph Schwab

[277L] ifd < pr,
No := { [27PLLP(p+2)/(5+1)] if d = pr, @7
[200d+0)/(p+DLLp/ ()] if d > pr.

This implies that an error = O'(M, Z d) requires

02 L) ifd < pr,
work = ¢ O(2PELPT2) if d = pr,
O(29-L) ifd > pt.

In the other case of randomly shifted lattice rules sample numbers (Ny) (=0,...,L are
derived in [20, Section 3.7]. There, also the work functional from a MRA is consid-
ered, cp. [20, Equations (74) and (77)] with A = /2 and K; = M;log(M;) ~ 2%¢.
Specifically, for randomly shifted lattice rules we choose

L 5/ (2+5)
Ny = [No (M, rog(s) )" l , 0=1,... L, 28)
and ]
[2°7L] ifd < pr,
No := { [2°PLLP(P+4)/(20+4)] ifd = pr, (29)

[27(d+20)/(P+Lrp/(PH1)]  if d > pr.

The work estimates for these choices in the case of randomly shifted lattice rules are
stated on [20, p. 443]. We collect the foregoing estimates in the following theorem.

Theorem 4. Let the assumption in (A3) be satisfied and let for L € N and Q' (-), the
sample numbers (Ny)io.... 1, be given by (26) and (27) and for QES, be given by (28)

~

and (29). Let the right hand side f and G(-) satisfy (A4). For p € (d/(p —1),1],
assuming d < B — 1 and error threshold € > 0,
[E(G(u)) — QF (G(uh))| = O1e)
and i
oer) ifd < pr,
work = ¢ 0(e Plog(e~")P*?) ifd = pr,
O(e~4Tlog(e™ "))  ifd > pr.

~

For p € (max{1,d/(B —1)},2] assuming d < 2([/3\— 1) and an error threshold € > 0,
we obtain

\/EA (IE(G(u)) — QF*(G(uh))?) = O'e)

and
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ﬁ(eiﬁ) lfd < ﬁrv
work = ¢ O(e Plog(e~")?/**2) ifd = pr,
O(eTlog(e™"))  ifd> pr.

Remark 9. The parameter choices for 6 and (s¢)¢>0 in Theorem 4 reflect Strategy 1.
For Strategy 2, the assumptions p > d/(min{ﬁ — T,E —1}), B > T are required,
which is more restrictive if 7 > 1. However, aligning MRA and FE meshes might be
useful in certain cases. Note that the truncation dimension in Strategy 2 could also
be capped as in Strategy I, which may be beneficial in some cases. Adopting this
strategy would affect the work measure only by a constant factor.

7 Numerical experiments

To illustrate the foregoing asymptotic error bounds, we consider a model diffusion
equation of the form (1) in d = 1 spatial dimensions with parametric coefficient
a(x,y) and constant right hand side f(x) = 10x,

— (a(x,y)u'(x,y)) = fin D= (0,1), u(0,y)=u(l,y)=0. (30)

We model the dependence of the coefficient a(x,y) on the parameters in terms of the
affine parametrization (3) with a(x) = 1,

a(x,y) = a(x) + Z:lijj(x)v
=

where we assume Y; = ;) to be a system of continuous, piecewise linear spline
wavelets for £ >0, k = 1,...,2Z with support overlap K = 2, see e.g. [16, Ch. 12].
Truncating at some level L < oo such that £ =0, 1,..., L implies dimension truncation
of the sum after dimension s; = 27! — 1. We pursue Strategy 2 from Section 6,
which yields for @ > E > 7 a QMC weight sequence of the form

2\ —(B-1)/B
bj(é,k) = (1 JrCzZB[) ,

for 0 < ¢; € R as specified in (25) (see also Remark 8). We use the implementation
from [8] for applying the single-level and multilevel methods in parallel, and use
Walsh coefficient bound C = 0.1 in component-by-component (CBC) construction,
cp. [11] for details.

As goal functional, we consider point evaluation of the solution at ¥ = ¢~ ! (which
is not a node on any mesh used in our simulations), G(u(-,y)) = u(x,y), which
implies the FE convergence rate T = 1.5 — € for arbitrary € > 0. The parameter
calibration will be done under the formal case 7 = 1.5. For a given discretization
level ¢, we solve the PDE (30) with the finite element method using piecewise linear
basis functions on an equidistant mesh with meshwidth i, = 27¢~!. Considering
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the wavelet basis for the coefficients on the same mesh, we obtain s, = h[l —1=
2041 _ | parametric dimensions on level £. We assume in the following the scaling
1Wja =) = 02~ % where we choose d = 3, B =2.99, ¢ = 0.15, yielding the

expected QMC convergence rate ,B — 7 = 1.49. For the multilevel method, we choose
Ny = 2", where my follows from (26). Also choose the limiting value for p implies

5! = B — 7~ t which simplifies the resulting expression that is given by

27+1

mlogz(L—k 1)+ L(—ﬂ(l + 1) —log, (£ + l))—"

=L
e [+ 1+7

with my = 1 if the expression is not positive. This choice is based on the cost model

L
W =Y Ny Mogy(se),
=0

which we use for computing the cost in the multilevel experiment below. We compare
the multilevel computations to a single-level approach, where we equilibrate the
QMC and FEM discretization errors, yielding on a fixed level L with N, e hj the
choice N = 251,

mp=L+1.

In the single-level case, the work is simply W/ = Nph; 'log, (s1.). We use the same
generating vectors as above for the single-level method; this is justified since the
weight sequence used in the CBC construction majorizes the weight sequence for the
single level quadrature, theoretically capping the rate at N~'3. With these generating
vectors, as observed in Figure 2, the measured QMC convergence rate is independent
of the parameter dimension, and equals N~% for o = 2,3 rather than the expected
rate N~ 15,

8 Conclusions

We provided the convergence rate analysis of randomly shifted and high order, inter-
laced polynomial lattice rules for the numerical evaluation of linear functionals G
of solutions of countably affine-parametric, linear second order elliptic partial dif-
ferential equations. The spatially inhomogeneous diffusion coefficient was assumed
to be represented by a multiresolution analysis (MRA) with local supports, rather
than the globally supported Karhunen-Loeve expansion considered, for example, in
[19, 6, 5, 14] and the references there. As in the corresponding single level QMC
Petrov Galerkin approaches considered in [10], we proved that QMC with product
weights, originally proposed by I. H. Sloan and H. WoZniakowski in [26], can provide
optimal QMC convergence rates which are independent of the parameter dimension,
unlike the so-called product and order dependent (POD) weights which are mandated
by globally supported representation systems of uncertain input data. This, in turn,
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Fig. 1 Convergence of single-level and multilevel methods for a diffusion coefficient given in
wavelet representation. As a reference solution, the multilevel approximation on the level L = 14
with a total of s;, = 32767 dimensions was used. The measured rates were obtained by a linear least
squares fit on the last 9 points. The expected rates are —0.75 for SLQMC and —1.5 for MLQMC.
The work is WML = YL Noh; ' log, (s¢) for multilevel and Wt = Nphy ' log, (si.) for single-level.

results in linear w.r. to dimension scaling of fast CBC constructions from [22, 21],
which orginate in a dimension-wise, greedy strategy to minimize the worst case
error, as proposed orginally in [26]. The present analysis addressed linear, affine
parametric random input data where the supports of the parameters are bounded.
The extension for log-gaussian diffusion coefficients in the present setting, along the
lines of [14, 17] (where the case of globally supported y; were treated) and in the
setting of the single level analysis in [15], will be given [9]. Numerical experiments
were given for a model, linear elliptic problem in one space dimension. The present
conclusions and findings hold, however, also for PDEs in multiple space dimension.
Analogous error bounds for product weight QMC also hold for log-Gaussian repre-
sentations of uncertain PDE inputs. Details on the corresponding error analysis, as
well as numerical experiments, will be presented in [9].
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10-2 QMC Convergence, L = 14
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Fig. 2 Convergence of the QMC approximation using interlaced polynomial lattice (IPL) rules
with N = 2" points, m = 1,...,17 and for digit interlacing factors &t = 2,3. We use the results with
m = 17 as the reference value and keep the maximal discretization level L = 14 fixed, resulting in
s =215 —1=32767 parameter dimensions and smallest FEM meshwidth h;, = 2-15,
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