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Abstract

We analyze convergence rates of quasi-Monte Carlo (QMC) quadratures for countably-
parametric solutions of linear, elliptic partial differential equations (PDE) in divergence
form with log-Gaussian diffusion coefficient, based on the error bounds in [James A. Nichols
and Frances Y. Kuo: Fast CBC construction of randomly shifted lattice rules achieving
O(N~'*9) convergence for unbounded integrands over R® in weighted spaces with POD
weights. J. Complexity, 30(4):444-468, 2014].

We prove, for representations of the Gaussian random field PDE input with locally sup-
ported basis functions, and for continuous, piecewise polynomial Finite Element discretiza-
tions in the physical domain error bounds in weighted spaces with product weights that
exploit localization of supports. The convergence rate O(N %) (independent of the pa-
rameter space dimension s) is achieved under weak summability conditions on the expansion
coefficients.

1 Introduction

A particular quasi-Monte Carlo (QMC for short) quadrature for the approximation of the mean
field of (output functions of) the solution of lognormal diffusion problems is analyzed. The
lognormal diffusion problem under consideration is an elliptic partial differential equation (PDE
for short) with lognormal stochastic diffusion coefficient a and with deterministic right hand
side f. For a bounded Lipschitz domain D C R?, we thus consider

—V-(aVu)=fin D, u=0ondD. (1)

Let  := RY and define a Gaussian product measure on € by

1 v
p(dy) =) ——e 2dy;, ye.
e V2T

The triplet (Q,®j21 B(R), 1) is a probability space, cp. for example [2, Example 2.3.5]. We
suppose that the Gaussian random field Z = log(a) : Q@ — L*°(D) is (formally) represented in
the following way
Z = Z Yi¥j, (2)
Jj=1
where (1));>1 is a function system of real-valued, bounded, and measurable functions. In par-
ticular, with respect to u the sequence y = (y;);>1 has independent and identically distributed
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(ii.d. for short) components and for every j > 1, y; is standard normally distributed. That is
to say, y; ~ N(0,1), i.i.d. for j € N. The lognormal coefficient a in (1) is formally given by

a:=exp(Z) . (3)

For a Banach space B and a strongly measurable mapping F' : {2 — B that is u-integrable, let
the expectation with respect to p be denoted by the Bochner integral

E(F) = /Q Fy)u(dy). (1)

The lognormal-parametric PDE in (1) is a prominent class of elliptic PDEs with unbounded
random coefficients, which was considered in [3, 13, 16, 15, 21]. Specifically, we are interested in
approximations of (4) with QMC quadrature. The integrands F' := G(u) are linear, continuous
functionals G : H}(D) — R of the solution u of (1). The evaluation of integrands F' requires the
solutions of PDEs for realizations of u, which in general are solved numerically. Approximate
integrand evaluation through Galerkin Finite Element (FE for short) discretization introduces
an error, which is controlled by dimension-independent error bounds.

The assumptions for the QMC convergence theory in [13] on the functions (1););>1 relied on
the p-summability of their L°°(D)-norms: in [13], it was assumed that for some p € (0, 1]

Z ||¢j”ioo(p) < 0. (5)

j21

In this paper, we aim to extend the QMC convergence theory of [13] by analyzing conse-
quences for the QMC weights due to accounting for possible locality of the supports of (1;);>1.
Similar to what has been shown for N-term convergence rates in [1], in certain cases this can
imply significant gains in the convergence rate. In the analysis in [13, 19], product and order
dependent (POD for short) QMC weights were essential. In this manuscript, we analyze, as in
the case of affine-parametetric coefficients, cp. [11], convergence rates of first order, randomly
shifted lattice rules from [23] for function systems (;);>1 used in the representation (2) which
have local supports in D. This is motivated, on the one hand, by the complexity of QMC rules
according to product weights scaling linearly with the dimension of integration, cp. [24, 25, 12].
On the other hand, systems of locally supported v; may afford better local resolution in D.

Convergence in L1(Q; L*°(D)), ¢ € [1,00), of the series in (2) will be shown under the
assumption that there exists a positive sequence (b;);>1 such that

|1
K = — < Al
>l - (A1)
Jjz1 L (D)
and that (b;);>1 € P(N) for some p € (0,00). The sequence (b;);>1 will enter the construction
of QMC integration rules via the product weights v = (7 )ucn. These are defined by vy = 1 and

’Yu3:Hb§7 0 #ucCN,ul < oo, (6)
JEU

where p > 0 is a constant. If (bj);>1 € ¢P(N) for p € (2/3,2), we obtain with a randomly
shifted lattice QMC quadrature rule with product weights (6) and Gaussian weight functions a
convergence rate of O(N~1/4=1/(2P)%e) for sufficiently small € > 0 !. In the case that (b;);>1 €
P(N) for p € (2/3,1], a randomly shifted lattice QMC quadrature rule with exponential weight

'Here and throughout, all constants implied in O(-) are independent of the integration dimension s.



functions and product weights (6) has a convergence rate of O(N~Y/P*+1/2) In either case, the
implied constants are independent of IV, which is the number of sample points, and of s, which
is the integration-dimension.

In Section 2, we review results from [23] on QMC quadrature required in the following. In
Section 3, we show integrability and approximation of the lognormal diffusion coefficient, which
is applied in Section 5 to estimate the error that is introduced by truncating the expansion
of the Gaussian random field. Existence and uniqueness is shown in Section 4. The main
parametric regularity estimates are discussed in Section 6, which result in convergence rates of
the exact solution in Section 7. Section 8 addresses the impact of a FE discretization in D.
Section 9 discusses a particular choice of basis for representation of Gaussian random fields in
D, and verifies that this representation satisfies the previously made conditions in our QMC
convergence rate analysis. Finally, Section 10 presents some conclusions and generalizations.

2 QMC integration of Gaussian random fields

We recapitulate elements from randomly shifted lattice rules and weighted Sobolev spaces that
are necessary for the QMC convergence theory, cp. [23, Theorem 8.
We seek to approximate with a QMC quadrature s-dimensional integrals of the form

L(F) = [ ) [[otw)d. @
j=1

where s € N and ¢ is the standard normal density function, i.e.,

1 2

_y
2

e 2, yelk

These intgrals arise by truncation of expansions of random quantities in particular function
systems that are random inputs for PDEs. The integrand F' will be the composition of a linear
functional G(+) with the solution u. An N-point QMC quadrature for the s-dimensional integral
in (7) is an equal-weight quadrature rule and denoted by Q2. Here, A ~ U((0,1)*) denotes a
random shift (see, e.g., [7] and the references there). For every s, N € N, let us define

A o LNS )
1=0

with particularly chosen points {y©,...,y(V-D} c R®.
The s-dimensional cumulative distribution function @ corresponding to the probability den-
sity ¢ is defined by

®,(y) :2/ [[ew)dy', yers,
Y'<y ;i

where y' < vy is understood as y; <y, for j = 1,...,s. In the case that s = 1 we omit the
subscript. For randomly shifted lattice rules the points are obtained by

y(i);:@sl<{mj\;)z+A}>, i=0,...,N—1, (8)

where z is a generating vector, and for every ¢ € (0,00), {c} € [0,1) denotes the fractional part
of c¢. We refer to the surveys [7, 18] for further details and references.

The integrands in (7) that are under consideration in this paper belong to weighted, unan-
chored Sobolev spaces. The error analysis of randomly shifted lattice rules involves spaces



of type W;~, which require weight functions for their definition. In this paper we consider
two particular kinds of weight functions being centered, generally unnormalized Gaussian den-
sity functions with variance az > 1 and exponentially decaying weight functions depending on
Qexp > 0. Specifically, let us define the weight functions (wg, 7);>1 and (@exp,j);j>1 by

2
Y

wli(y)=e >, yeR,jeN, (9)
and
Wl () = e ol Yy e R jeN. (10)

For a Hilbert space H and for a collection of positive weights v = (yy)ucn, define the weighted
Sobolev space W, (R?®; H) as a Bochner space of strongly measurable functions from R® taking
values in the separable Hilbert space H that have finite YW, (R®; H)-norm. Here, for finite param-
eter dimension s € N, the W, (R?®; H)-norm of unanchored, mized first order partial derivatives
is defined by

1l (rs; 1y =
1/2
1 g (11)
Z g / / 9"F(y) H (Y)Y 151 \u ij (y;)dy, :
uC{1:s} Rl |[JRs—ul jellishu i

where (wj);>1 denotes either of the weight functions defined in (9) or in (10) and where the
inner integral is understood as a Bochner integral (cp. for example [29, Chapter V.5]). In the
case that H = R, we simply write W, (R®). We used the notation that {1 : s} denotes the set
of integers {1,...,s} and for y € R® and u C {1 : s}, y, denotes the coordinates (y;);cu of y.
We recall a version of [23, Theorem 8] for our choices of weight functions in (9) and in (10).

Theorem 1 Let v = (W)ucqi:s} be some product weights, s € N the truncation level, and
(wj)j>1 be either of the weight functions defined in (9) or in (10). Then, a randomly shifted
lattice rule with N points can be constructed in O(sNlog N) operations using the fast CBC
algorithm of [25, 24] such that for every F € W, (R®) and for every A € (1/(2r),1] there holds
the error bound

1/(27)
VEAL(E) = @8 (PR < [ () 30 RTTe0 | 1wy o,

0AuC{l:s}  j€u

where Euler’s totient function is denoted by (-). For weight functions (wy ;)j>1 defined in (9),

A
427 1
=2 g 2 =1-—
p(A) <W2_1/ag(2ag _ 1)> ¢(2rA) and r 2014

and for weight functions (wWexp j)j>1 defined in (10)

7 exp(a? A
p(A) =2 <\/i2_§;((1€ipg)(§5))> C(2r\) and r=1-—4¢ foranyd € (0, ;)

This result is [23, Theorem 8]. The value of the first factor in the expression p(A) and the
value of 7 that correspond to the weight functions (wy ;)j>1 and (@wexp, ;)j>1 are derived in [20,
Example 4 and Example 5] respectively.



3 Lognormal random fields

The Gaussian random field Z is in (2) formally defined as the limit of a series expansion with
ii.d. standard normally distributed coefficients. For any Banach space (B, | - ||g) and every

€ [1,00), let LI(2; B) denote the space of all strongly measurable mappings X : 2 — B such
that || X||% is p-integrable. We note that the measurability of || X||p follows from the strong
measurability of X in B. We investigate convergence of the series in (2) in the following theorem.
In its proof and in what follows, for s € N, we define partial sums of (2)

Ti= )yt (12)
j=1

Theorem 2 Let the assumption in (A1) be satisfied for some py € (0,00) and for some K €
(0,00). Then, the Gaussian random field Z is well defined and for every q € [1,00), Z €
L9(; L*°(D)). Moreover, for every e € (0,1) there exists Cy. > 0 such that

”Z - ZSHL‘I(Q;LOO(D)) < Cq,e sup {b;is} 5
7>s

where for v € N such that v > max{po/(2¢), [q/2]}, the constant Cy. is given by

V2
Cae := K (0)j21llzwo oy 173 VT

Proof. For a sequence of i.i.d. standard normally distributed variables (y;);>1 and for every
s’ € N, the finite sum Z5 = Z‘;lzl y;v; is weakly measurable, i.e., for every £ € (L*>(D))*,
U(Z°) = 3751 yit(¢;) is measurable as a finite sum of real valued random variables. Since the
span{t; : j € {1 : s}} is finite dimensional, Z* is separably valued in span{¢; : j € {1 :s}} C
L*>®(D). Pettis’ theorem (e.g. cp. [29, Theorem V.4]) implies that Z* is also strongly measurable
in the space L>(D). Let s < s; € N be arbitrary. We observe that

S S 77/)
|12 — Z%|| Laqos o0 (D)) < Z ‘bjy

s<j<sy 7 Lo°(D)

sup {b;y;[}
s<j<s1

La(Q)

We set ¢’ := [q/2] such that 2¢' = 2[q/2] is the smallest even natural number that is greater
or equal than q. We pick r € N such that 2er > pg and such that » > ¢ and conclude
with the Jensen inequality for concave functions and with the norm estimate || - || goo(fs41:5,}) <

|- lle2r (5415011

o o ¢/
E sup {bj‘y]’} < sup {b} 5} E Z b?sr|yj|2r
s<j<s1 §<5<s1 s<i<s
2¢ q/r
< ( Sup {bj 6}) b26r|yj|2r
S<]<Sl s<j<sl
2q’ q/r
< sup {bl 5} 267"
<s<j§sl J s<]<51 J QTT'
2q’' ,
/ 2r)! a¢/r
<[ su {bl*g} b:) s |2 <(> ’
<S<j£81 j 11(b5);> ngo(N) ol



where we used the fact that for a random variable X ~ A(0,1), E(X?") = (2r)!/(2"r!). The
assumption (b;);>1 € £70(N) implies that (Z%') > is a Cauchy sequence in L9(Q; L>°(D)), which
is a Banach space (cp. [8, Theorem II1.6.6]). Define Z to be the unique limit of (ZS/)S/Z]L in
L1(2; L*°(D)). The continuous embedding L% (§2; L>°(D)) C L% (Q; L>*(D)), for every ¢1 <
g2 € [1,00), implies that the limit Z does not depend on gq. We denote this limit by Z. As an
element of L9(Q2; L>°(D)), Z is a L*°(D)-valued p-equivalence class.

The Stirling bounds v2mn"t1/2e " < n! < en™t/2e=", for every n € N, cp. [9, (9.5)
and (9.8)], imply the assertion of the proposition with

(2r)! 1/(27~)<21/2 B 1/(2r) v
27! - VT e’

For the partial sum Z*® in (12), we define

a®:=exp(Z®), forevery seN.

Proposition 3 Let the assumption in (A1) be satisfied for some py € (0,00) and for K €
(0,00). Then, for every q € [1,00), a € L1(; L*>°(D)) and there exists a constant C' > 0 such
that for every s € N

la*|| Loz (py) < C

Proof. While the space L*(D) is not separable, the strong measurability of a = exp(Z) in
L°°(D) follows because the composition with the exponential function is a continuous mapping
from L>*(D) to L*>(D). The proof of this proposition is based on an application of Fernique’s
theorem (e.g. cp. [2, Theorem 2.8.5] or [6, Theorem 2.7]). We verify the conditions in order to
apply Fernique’s theorem. Our approach is similar to the proof of [15, Proposition 2.11]. We
detail the argument for the convenience of the reader. We claim that for every ¢ € (L*°(D))*,
0(Z) is centered, normally distributed, i.e., the law of Z is a centered Gaussian measure on

L*°(D). Indeed, for arbitrary s’ € N, £(Z*") ~ N(0, Zj;l £(1);)?). Since
2 2

D) = W) | = (2w | | S Iy K s {05
=1 j=1 i=1 =

the monotone sequence Zjlzl {(1;)? indexed by s’ € N is bounded and hence has a finite limit
that we denote by o7. This implies that for fixed ¢ € (L>(D))*, the characteristic functions
of the random variables (£(Z*) : s' € N) converge pointwise to the characteristic function of a
N(0,07) distributed random variable as s’ — co. Since £(Z*') converges to £(Z) as s’ — oo in
particular in the L?-sense by Theorem 2 and thus also in distribution, Lévy’s continuity theorem
(e.g. cp. [22, Theorem IV.13.2.B]) implies that ¢(Z) ~ N(0,07) and we conclude that the law
of Z is a Gaussian measure on L*°(D), which is one of the conditions of Fernique’s theorem.

We will treat the case s < oo first. By Theorem 2, there exists an upper bound C of the
L?(£; L>°)-norm of the Gaussian random fields Z and Z*, that is independent of s. The existence
of this uniform upper bound C is the main ingredient of the remaining argument. Let in the
following X € {Z, Z*} be arbitrary. Let x1 € (1/(1+exp(—2)),1) and set kg := C'/+/1T — K1 and
conclude with the Chebychev inequality that

A

1= p([[XNee(py < k2) = p[ Xl Loy > 62) € ——F——— < — =1— k1.
2



Hence, p(||X||p(p) < k2) = k1 > 1/(1 4+ exp(=2)) > 1/2 . Let us set X := (1 — k1)/(32C?),
which implies that 32Ax3 < 1. Thus, by the monotonicity of the logarithm

1 — p([| X[ zoo () S’i2)> 9 (1—#&1)
log ( + 32Xk5 < log < -1
p([[ X oo Dy < K2) 2 K1

This is the second requirement in order to apply [6, Theorem 2.7]. Since Z* is in particular a
Gaussian measure on the separable Banach space span{; : j € {1 : s}} with respect to the
L*°(D)-norm, [6, Theorem 2.7] implies that

exp(2)

s(12 < 2 oy q°
E(exp(M[|Z2°([ 700 (p))) < exp(16Ak3) + exp(2) — 1

(13)

Since k2 and A do not depend on s (because C' does not), the upper bound in (13) is uniform
with respect to s. For every = € R, gz < A\z?+¢?/(4)) is concluded from 0 < (v Az —q/(2V\))?,
which yields the second assertion of the proposition, i.e.,

2

B exp(2°) e ) < ElepIZ* o)) exp ( 5). (14)

The case of Z (corresponding formally to the case of s = 00) is treated separately. Since L*°(D)
is not separable, [6, Theorem 2.7] is not applicable. We argue with [2, Theorem 2.8.5] instead.

To this end, we define
1 o ( p(|1 Z]| oo (py < K2) >
24k3 1= pu([[Z]|p=(p) < k2)

which is strictly positive because k1 > 1/2. Then, [2, Theorem 2.8.5] is applicable and we obtain

E(GXP()\HZH%oo(D))) < 00,
which implies as above, cp. (14), that E(| exp(Z)HqLoo(D)) < 00. O

We note that the line of argument in the second paragraph of the proof seems to originate with
the proof of [3, Proposition 3.10].

Remark 4 The property that a = exp(Z) € L4(Q; L>=(D)), for every q € [1,00), also holds
under weaker summability assumptions on (b;);>1, cp. [1, Theorem 2.1] that was proven with
a different approach. However the membership of (bj);>1 in P(N) for a certain range of p (as
assumed in Proposition 3) seems indispensible for the considered QMC rules to be applicable,
cp. Section 7. Also, our argument yields bounds of truncated expansions of Gaussian random
fields that are uniform in s.

Proposition 5 Let the assumption in (A1) be satisfied for some pg € (0,00) and for K €
(0,00). Then, for every q € [1,00) and every € € (0,1) there exists a constant C' > 0 such that
for every s € N
1—
la = a®|| La(o;L~(py) < C sup {bj 6} ,
J1>s

Proof. The fundamental theorem of calculus implies that for every t1,t5 € R, [e!2 — elt| <
(€2 + e') |ty — t1|. Thus, by the Cauchy—Schwarz inequality

l|a — asHLq(Q;LOO(D)) <lla+ GSHL?q(Q;Lw(D))”Z - ZS||L2q(Q;L°°(D))-

The assertion follows with the triangle inequality, Theorem 2, and Proposition 3. O



Our ensuing analysis of the solution to (1) will require the following random variables:

Apmin = eiseilr)lfa(:v), amax = ||a|| (D), Amin = eiseilg)lfas(a:), Omax = |@®[| Lo (D) -

Here, s € N is arbitrary, finite.

Corollary 6 Let the assumption of Proposition 3 be satisfied. Then, for every q € [1,00),
a_l € L9(Q; L=(D)) and there exists a constant C' > 0 such that for every s € N

min

1

a

<C.

La(L% (D))

S .
min
4 Existence and uniqueness

In this paper we are interested in mean field approximations. We consider the solution to (1)
as a p-equivalence class taking values in V := H}(D). The existence and uniqueness of the
solution to (1) is well known, cp. [3, Proposition 2.4]; we review the basic results, following the
presentation in [15, Section 3.1].

Since the right hand side in (1) is deterministic, we are interested in the data-to-solution
map Sy that maps a (realization of the) diffusion coefficient @ € L>(D) to the solution u € V for
fixed right hand side f € V*. In what follows, we fix f € V* unless explicitly stated otherwise.
For every a € L°(D) := {a € L™(D) : essinf,cp a(x) > 0}, consider the deterministic diffusion
equation problem: find a unique @ € V such that

/&\Vﬂ'Vvdx:f(v), Yv e V. (15)
D

For such @, the bilinear form (w,v) — [,a@Vw - Vudz is continuous and coercive on V x V,
since by a € LY (D)

< fallzoepyllwllvllollv,  Vw,v eV,

/ aVw-Vvdz
D

and
/ aVw - Vwdz > essinf{a(z)}|w|, YweV.
D €D

The Lax—Milgram lemma implies that the problem in (15) is well posed. Thus, for every fixed
f € V* the mapping
Sp:LED) =V :a—u

is well defined. Moreover, the Lax-Milgram lemma implies that for every a € L3°(D)

1
essinf,ep{a(z)

1Sy(@lv < }Hfllv*- (16)

Also it is well known that Sy : L°(D) — V is Lipschitz continuous, which can be shown by the
second Strang lemma (see (18) ahead or [15] for details).

Let in the following a denote the lognormal random field in Proposition 3. The weak (or
variational) formulation of the parametric, elliptic PDE (1) for fixed, deterministic f € V* reads:
find a strongly measurable V-valued mapping u : 2 — V such that

/aVu-Vvdx: fw), YveV. (17)
D



Due to Proposition 3, a is strongly measurable in L>°(D) and by Corolloary 6, amyi, > 0 p-almost
surely (a.s. for short). Hence, a takes values in L(D) and u := Sy(a) is the unique solution
to (17), where we recall that uniqueness is meant as V-valued p-equivalence class. The strong
measurability in V' of u is deduced from the strong measurability of a and the continuity of Sy.
By (16) and Corollary 6, for every g € [1,00) there holds

1

/1

La(Q)

v < 00 .

o) <
lulls < [

min

5 Dimension truncation

In applications of QMC integration a finite dimensional integration domain is required, which
in our case will be R? for s € N. Truncation of the series in (2) will introduce a truncation error.
For every s € N, u® := S¢(a®) uniquely solves

/ a®*Vu® - Vode = f(v), YveV.
D

Proposition 7 Let the assumption in (A1) be satisfied for some py € (0,00) and for K > 0.
Let G(-) € V* and € € (0,1) be arbitrary. There exists a constant C independent of f and of
G(-) such that for every s € N

E(G()) — L(Gw)] < CIGO v fllv-sup {617}

J>s
Proof. The second Strang lemma implies that
1

Ju—v’llv < ————lla —a®|[z ()l f]

min “min

e (18)

By the linearity and continuity of G(-) and by the Holder inequality

[E(G(u) = Is(G())| < [[GO)lv=llu = vl 1 @uv)

1 1
<GOlv+ || — S la = a®|| L3 (o;o0 (o)) | f Il v+
@min || 13(Q) | Ymin 1 L3 ()
The assertion follows with Proposition 5 and Corollary 6. O

Realizations of the Gaussian random field Z® can be obtained from Gaussian vectors y € R?.
Specifically, one realization of Z*® requires s draws of independent, standard normally distributed
random variables which results in a vector (y1,...,ys)' € R®. Since the support of the s-
dimensional multivariate Gaussian measure on R® with covariance equal to the identity is R®,
the whole of R® is the parameter set. We denote realizations of Z* by Z*%(y) := Z§:1 y;, where
y = (y1,...,ys)| € R is the particular realization of the i.i.d. standard normally distributed
coefficient sequence (y;)i1<j<s. Moreover, for every s € R®, Z° also denotes the respective
mapping from R® to L>°(D). Similarly, for every s € R®, a® also denotes the respective mapping
from R® to LE°(D), af,, and a3, also denote the respective mappings from R® to (0,00), and

min max
u® also denotes the respective mapping from R?® to V.



6 Parametric regularity

By the definition of the weighted Sobolev norm in (11), it is crucial for the QMC convergence
analysis to derive estimates of the mixed partial derivatives 0"u®, u C {1 : s}, in order to bound
the Wy (R?; V)-norm of u® uniformly in the parameter dimension s.

Bounds on the parametric partial derivatives of the solution u® have been proven in [16, 13, 1].
It is well known that for every 0 # 7 € N§ and for every y € R® there holds

/D *(Y)VoTu’(y)-Vude = — / > C) 11 w”‘”” (y) Vo u(y)-Vodz, YveV,

v<T V#T jE€supp(T
(19)

cp. for example [1, Lemma 3.1] and see also [16, (3.6)]. The arguments in [16, 13] rely on global
bounds of the functions (¢;);>1. Specifically, the L>°(D)-norm of the functions (¢;);>1 was (in
these references) taken inside the summation over multiindices in (19). This way information of
locality of the support of the functions (¢;);>1 is lost. For the quantitative analysis of parametric
regularity, we introduce for every s € N, for every y € R® and every v € V the parametrized

energy norm [|vf[4s(y) by
[Vllas () := \//D a(y) [Vo* dz .

For every y € R® and every v € V there holds

(@in ()0l < 0llas () < (@fnax (@) Il0lly - (20)

The following proposition was proven with an approach that accounts for possible locality of the
supports. We state a version of first order mixed partial derivatives and truncated dimension.

Proposition 8 [1, Theorem 4.1] Assume that there exists a positive sequence (p;);j>1 such that

Z,Oj‘wﬂ < log(2) .

Then, there exists a constant C > 0 such that for every s € N and every y € R®
10" W) 1177 < Cllws @2y -
uC{l:s} JEu

We extend the parametric regularity estimates that are given in Proposition 8 in order to obtain
estimates that are suitable to yield dimension independent convergence rates of randomly shifted
lattice rules.

Theorem 9 Let the assumption in (Al) be satisfied for some K > 0. Let (wj);>1 be either
of the weight functions defined in (9) and (10). Let k € (0,1og(2)/K) be fized and p' € (0,1).
There exists a constant C' > 0 such that for every s € N, and for positive =,

2(1-p")
1 b
By ey < O [ oy sup W) TT o) pdy
Wo (BV) v Rs (amin(y))2 uCq{1l:s} };{ K2 I je{ll_:!}\u ’
X sup 'yull—[pr
uC{1l:s} jeu

10



Proof. We obtain with the Jensen inequality, for any s € N,

2
||us||W.7(]RS V)

Z lo*u)It [T ¢iw) [ = wi)d

uC{l s} Re je{l:sH\u jEU
w2l ) b?(l—p’) )
D> s 0@y s ST 2| wf) [T o) pdv.
ucqrsy Yulljen ¥ uc{lis} | jeu je{lish\u

In the present setting, the assumption of Proposition 8 is satisfied by the sequence (p;);>1 =
(k/bj)j>1. Hence, by the Holder inequality and Proposition 8, and using (20) we obtain the
following bound

1
2 2 —1
s < [ o | 2 100 @ T i

uC{l:s} Jeu J
b2(1 ')
x sup [[q (o | «/w) [ o) pdy
uC{l:s}jEu je{lisPu
1 bz(l—Pl)
< | Ol sw TT |2 | wion T1 o) v
Rs Qpin\Y uC{l:s} jeu R je{l:s\u
X sup ’yull_[pr
uc{l:s} jeu
1 p2(1=p")
SCIIfII%/*/ s sup ([ L | =) ] o) dy
Rs (amin(y)) uC{l:s} jeu K je{lish\u
X sup 'yull_[pr
uc{l:s} jeu
where we have used that [[u®(y)l|asy) < [|fllv:/v/ @i (Y)- O

Corollary 10 Under the assumption of Theorem 9, there exists a finite constant C such that
for every s € N and for every G(-) € V* holds for F = G(u®)

(1-p")
1E by rsy < CIGC) v fllv- /RS m sup [] ( ) wiy) [[ oy)d

min uc{l: 5}j€u je{l:sP\u
X sup Y. 1/2 H .
uc{l:s} jeu

7 QMC analysis for the exact solution

In this section we show dimension-independent convergence rates for QMC integration of (func-
tionals of) the parametric solution u*(y), which are obtained from the parametric regularity
bounds shown in Section 6. The cases of Gaussian and exponential weight functions in the
norm (11) will be treated separately, since the ensuing analysis suggests that the convergence
rates hold under different summability assumptions on the sequence (b;);>1. In this section
we assume that the integrand functions can be evaluated exactly. Ahead, in Section 8, the

11



additional discretization error that arises by single-level Petrov-Galerkin discretizations of the
parametric PDE (17) is taken into account.

Theorem 11 [Gaussian weight functions] Let assumption (A1) be satisfied for K > 0 and for
(bj)j>1 € P(N) for some p € (2/3,2). For somee € (0,3/4—1/(2p)) such thate < 1/(2p) —1/4
set p' =p/4+1/2 —ep. Let (wy;)j>1 be the weight functions defined in (9) with

P p
e S (2(p—p’)’p—2(1—p’))' 2!

o ::Hb?p/, uCN, jul <oo. (22)
JEuU
Let s € N and G(-) € V* be given. Then, for every N € N a randomly shifted lattice rule with
N points can be constructed in O(sN log N) operations using the fast CBC algorithm of [25, 24]
such that the root-mean square error over all random shifts can be estimated as follows: there
exists a constant C > 0 that is independent of s and N such that

Define the product weights

\/ EA(|L(G(u)) — QA (G(u?))|2) < C (p(N)) =1/ CrIH1/47),

Proof. The assertion of the theorem will follow by Theorem 1 once the W, (R*; V)-norm of
u® has been bounded independently of s, which in turn will be deduced from the bound in
Theorem 9 and in Corollary 10. To this end, fix s € (0,log(2)/K). Since p > 2(1 —p') is implied
by (3/4—1/(2p)) > ¢, thus ¢ := p/(2(1 — p’)) > 1. From the Jensen inequality we obtain

p2(1=2")
1 .7
/ 5 oz Sup H wg i (y;) H d(y;) ¢ dy
s (Clmm(y)) uC{l:s} jeu je{lish\u
1/q
1 q
S/s <(a5- (y))2> 2 HHZ‘I eiw) 11 o' | dy
min uC{l:s} j€u je{l:sP\u
1/q (23)
1
<\ L (( <y>>2> 2 Hfa?q o)™ 11 ot
min uC{l:s} j€u je{l:s}
1/q
- ZHQ(]/( )Hw,]y] H¢yj
uC{l:s}j€u mm JjEu je{l:s}

Here, we inserted the factor 1 =[] je{l:s) #(y;)¢(y;) " and we moved factors under the exponent
1/q to move the exponent 1/q outside of the integral with the Jensen inequality.

The parameter oz > 1 of the weight functions (@ ;);>1 is chosen such that o, < ¢/(¢ — 1),
which implies that 1 > (1 —1/ag)g. The function  — z/(x — 1) is strictly decreasing on (1, 00).
Thus, there exists ¢ > ¢ such that a; < ¢’/(¢’ — 1) and therefore also 1 > (1 — 1/ag)q¢’. Since
Jrexp(—y?/(20%))dy = V270 for every o > 0, it holds that

/ w ¢( )dy = \/Lag_q,p/Re_lJ;(l_(l_l) )dy = oy * "2 % S = .

2

12



The Holder inequality applied with ¢’ /¢ > 1 and conjugate ¢'/(¢' — ¢) results in

1 q
) [T %% w)ew)™ [ éw)dy
/5 <(amin(y))2> jeu & jG{l:s}
(@—a)/d

/ . (m)qu(qlw) [T ¢@)dy teakks

min je{1:s}

L \w@/@-a)\ T ,
- (=( (o) =t

where the bound C” is independent of s by Corollary 6 and by the Cauchy—Schwarz inequality.
Together with (23) and [19, Lemma 6.3], we obtain that

IN

2(1_ /) 1/(]
1 b; ! 2 " bg
| AT i I o) pavs (e X T
R Wmin\Y))" uc{lis} | jdy je{lshu uc{Lis} jeu
1 Y
< (C"Yexp | = _J
< (@) e | ;Z:l =

which bound is independent of s and finite by the assumption (b;);>1 € (N). Then, by
Corollary 10, there exists a constant C independently of s such that for our chosen weights

G W), @s) < CIUGE v+ Fllv--

The parameter oy of the weight functions (w, ;);>1 is chosen such that ag > p/(2(p — p')),
which implies that A > 1/(2r), where A := p/(2p’) and r := 1 — 1/(20y). Also note that
e <1/(2p) — 1/4 implies A < 1. We recall from Theorem 1

() = 2 ( 4\/%04;

w21/ (20 — 1

A
)) C(2rA) .

The two conditions on the parameter o, of the weight functions, that az < ¢/(¢ — 1) and that
ag > p/(2(p —p')), are compatible, since

P _ 4 _ p
20-p') q¢—1 p-21-Yp)

is implied by
rop 1
p < 4+2.

Note that p > p/4 + 1/2 > p’ implies that oy is well defined. Since product weights are
considered, [19, Lemma 6.3] implies with the assumption (b;);>1 € ¢?(N) that

S WM< ST T <exp | D 8Ep(N) | < o,

OAuc{l:s} uCN, |u|<oco j€u Jj=1

which bound is uniform in s. The assertion of the theorem follows with Theorem 1 applied
with the choices A = p/(2p’) and p/(2(p — p)) < ag < p/(p — 2(1 — p’)). The convergence rate
resulting from Theorem 1is 1/(2\) =p/'/p =1/(2p) + 1/4 —¢. O
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Remark 12 In Theorem 11, the case p = 2 does not seem accessible with the present argument,
since in Theorem 1 neither of the choices A > 1 nor oy = 1 are permitted.

Theorem 13 [Ezponential weight functions/

Let assumption (A1) be satisfied for K > 0 and for (bj)j>1 € P(N) for p € (2/3,1]. Let
(Wexp,j)j>1 be the weight functions defined in (10) with cex, > 2K supj>1{b;}. Define p' :=
1—p/2€]1/2,2/3). Let s € N and G(-) € V* be given and define product weights

Yy 1= Hb?p/ uCN, ul <oo. (24)
JEu
Then, for every N € N a randomly shifted lattice rule with N points can be constructed in
O(sNlog N) operations using the fast CBC algorithm of [25, 24] such that the root-mean square
error over all random shifts can be estimated independently of s and N, i.e., there exists a
constant C > 0 that is independent of s and N such that

VEA(L(G Ay (G)[2) < C (p(N)) W12,

Proof. The assertion of the theorem will follow from Theorem 1 once the W, (R®; V')-norm of
u® has been bounded independently of s. This, in turn, will be shown using Theorem 9. Let
k € (0,log(2)/K) be fixed. The choice p’ =1 — p/2 implies that 2(1 — p’) = p and we obtain

1 bz(l—l’)
J
g Sup W i (Y o(y;) ¢ dy
| e, = etstn 11 ot

S/ (( L > > H Wi wi) I ow)dy

Re \ \min Y uC{l:s} jEu je{lisP\u

P

= Z Iﬂjj/ ((a )H Wexp,j j) H (Z)(yj)dy
uC{lL:s} jeu Re min j€u je{l:sPu

We observe that for every y € R,

<12> < 220y < 2K ssequa b}t < 2K Syeqr luilhs
(@5in(¥))

which allows for an upper bound of the integrand that is in product form to separate the integrals.
Since the parameter aexp of the weight functions satisfies that qexp > 2K|[(bj) >1[¢0 (), We
obtain that for every j € {1: s}

1
2K1y;lb5 02 (y N1y = —————
/Re O —Y

and (as in [13, Eq.(4.15)])
(2Kb;)? N 4ij> .

1< €2K|yj|bj Ndy: = 2ex < ><I>2Kb‘ <ex <
_/R ¢ (y;)dy; p (2Kb;) < exp 2 NG

Here, we used the bound ®(y) < 1/2exp(2y/v/2m) for every y > 0, which can be shown by an
affine approximation of ® and the elementary bound 1+ z < e® for every x € [0, 00) (we refer to
[13, p. 355] for details). By the assumption that (b;);>1 € P(N) C £1(N), for every u C {1 : s}

holds
(2Kb; ) 4Kb; (2ij)2 4Kb;
< =: .
Hexp( +m>exp ; 5 +\/§ C <o

(2KD;)*
2

JEU
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We conclude with [19, Lemma 6.3] and the assumption (b;);>1 € #(N) that

1p)
1
[ T 2y, (Lt T1 ot pau
s \Umin uc{lis} | gy je{l:sHu
bp//-i
<c > J]—L %=
WO Ths) jeu Qexp — 2Kb;j
W /K2
< [ .
< Cexp Zaexp—Zij < 00

Jj=21
By Theorem 9 we obtain for our choice (24) of product weights

. 1 b /K
G, ymey S VOexp | 53— | <o
7>1

Here, the constant C' > 0 is independent of the integration dimension s. The assertion now
follows similarly as in the proof of Theorem 11 from Theorem 1. We have chosen the weight
functions defined in (10) with A = p/(2p’) and § < 1 —1/(2)). We note that by the assumption
(bj)j>1 € P(N) and [19, Lemma 6.3], for every s € N,

YooM= H(bﬁ'p(/\)) <exp [ Y p(N) | < o0

uC{1l:s} uC{1l:s} j€uU j=>1

O

The QMC convergence rate bounds in Theorems 11 and 13 are also applicable for globally
supported functions (1;);>1 as studied in [13]. The product structure of the QMC weight
sequences v = (Yu)ucn,juj<co cOnsidered here entails stronger summability conditions on the
sequence (b;);jen to achieve a prescribed, dimension-independent convergence rate.

Corollary 14 Under the assumptz'on that (5) is satisfied for some p € (2/5,2/3). Define the
sequence (bj)j>1 by bj := ||¢J||L°°(D j>1. Then,

1. a randomly shifted lattice QMC rule based on Gaussian weight functions with product
weights converges with rate 1/(2p) — 1/4 — € for e > 0 sufficiently small.

2. a randomly shifted lattice QMC' rule based on exponential weight functions with product
weights for p € (2/5,1/2] converges with rate 1/p — 3/2.

We remark that in [13], for exponential weight functions, globally supported (¢;);>1 and for
summability exponent p € (2/3,1), the dimension-independent convergence rate 1/p — 1/2 in
terms of N was established for a randomly shifted lattice rule with product and order depen-
dent weights, from [23]. For such weights, however, the fast CBC construction of QMC rules
has cost which increases quadratically w.r. to the quadrature dimension s, whereas fast CBC
constructions for product weights scale linearly w.r. to s.
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8 Combined QMC Finite Element discretization

In general, the exact evaluation of the solution of (1) is not possible as required for the compu-
tation of Q2 (G(u®)) for a functional G(-) € V*. We approximate the solution by a Galerkin
FE method. For simplicity we introduce the assumption that

D c R? is a bounded polyhedron with plane faces. (A2)

Let {7n}n>0 be a family of nested, shape regular simplicial triangulations of the polygonal resp.
polyhedral domain D, where h is the maximal diameter of all elements in 7;,. Let V}, denote
all continuous piecewise polynomal functions of total degree r > 1, that vanish on 0D. Thus,
Vi, C V is a subspace such that dim(V;) = O(h™%) as h — 0. The deterministic Galerkin
discretization reads: for every @ € LY (D) find u" € Vj, such that

/ ava' - vo'de = f(v), Yo" eV, (25)
D

From the discussion in Section 4 we know that the problem in (25) is well posed. Similar to
Section 4, we denote by Sj}} the discretized data-to-solution map that maps a (realization of the)
diffusion coefficient @ € L(D) to the FE solution a" € V, for fixed right hand side f € V*. We
note that S]]} : L¥ (D) — Vj, C V is continuous. This implies that the FE solution

uh = S}L(as)

is strongly measurable in V for every h > 0 and s > 1. It is the unique solution to the
s-parametric, deterministic variational problem

/ a® Vush - volde = f(v), Yo" eV,
D

as a Vj-valued p-equivalence class; see also [15, Section 4.1] for details.

Let CY(D), t > 0, denote the Holder spaces such that for t € N, C*(D) is the space of
t-times continuously differentiable functions on D with bounded derivatives on D. Regularity of
solutions to (15) in Sobolev scales accounting for singularities due to re-entrant corners has been
studied for d = 2 in [26, 14], where in [26, Lemma 5.2] the explicit dependence of the constant
in the error bound has been tracked: let ¢ € (0,1), 7 € (0, max{t, 7/Bmax})\{1/2}, and assume
that f € H~'77(D) and @ € C*(D)NL(D), then Sy(a) € H'™™(D) and there exists a constant

C such that for every f € H '*7(D) and for every a € C*(D) N LY (D)

[l L= ()
(essinf,ep a(z))

IS¢ (@) |47y < 4H5||2Ct(§)||fHH—1+T(D), (26)
where fBnax is the maximal opening angle of the interior tangent cones to D with vertex in the
corner points of D. Under (A2), for d = 2, in Sobolev scales the regularity of the inverse of
the Dirichlet Laplacean (—A)~!: V* — V is limited by the maximal interior angle Bpax of D
such that (=A)~! : H=17(D) — HY7(D) NV is bounded for every 7 € [0,7/Bmax), cp- [14,
Section 5.

We impose the hypothesis (see Proposition 18 ahead for a class of instances) that for some
t > 0, a and a® are strongly measurable in C*(D), for every s € N. Moreover, we assume that
for every q € [1,00) there exists a constant C' such that for every s € N

||as||LQ(Q;Ci(E)) <C. (A3)
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Proposition 15 Let the assumption in (A1) be satisfied for some py € (0,00) and let the
assumption in (A2) and in (A3) hold for some t > 0. Let f € H-1*7(D) and let G(-) €
H=™7(D) for 7,7 € (0, max{t,7/Bmax})\{1/2 + No}. For every q € [1,00) there ezists a
constant C independent of h > 0 such that for every s > 1

|G (") = Gt oy < Chmnirrimini's)

Proof. The first part of the proof follows similarly as respective arguments that resulted in [15,
Theorem 3.11].

We decompose 7 = |7] + {7}, where {7} is the fractional part, and show by induction on
n € {0,...,[7]} that the LI(Q; H 7} (D))-norm of Sy(a®) can be uniformly bounded in
s for every q € [1,00). The base case, i.e., n = 0, follows by (26) and (A3) with a twofold
application of the Cauchy—Schwarz inequality. For n € {1,...,[7]}, ¢ > 1 and thus a° takes
values in C!(D). Let us assume the statement holds for n — 1 as induction hypothesis. Hence,
the equation (1) can be reformulated as

~ASy(a*) = - (f + Va© - VSp(a®)) =

1
T
with equality in V*. Since for a constant C' that is independent of ¢® and f

1 lgrnsioroy < € (107 lermy (1A lnsn030) + 1 loe 1S5 @l mscrs ) )
where we used that the pointwise product of functions in C*(D) with functions in H7(D) is
continuous for all 0 < 7 < ¢, cp. [14, Theorem 1.4.1.1]. This implies with the induction hypothesis
and a twofold application of the Cauchy-Schwarz inequality that the L9(Q; H—+7H7}(D))-
norm of f is bounded uniformly in s for every ¢ € [1,00). Since (=A)~! : H—1+nHTH (D) —
H"+H7HD)NV is bounded the induction step is completed and thus the L?(Q; H'*7(D))-norm
of S¢(a®) is bounded uniformly in s for every ¢ € [1,00). Note that the strong measurability
of 8¢(a*) in H*7(D) follows, since Sy : C*(D) N LY (D) — H*7(D) is continuous, which can
be shown with the estimate in (26) and a perturbation argument with respect to the diffusion
coefficient; see the proof of [15, Proposition 3.10] for details. Verbatim, it holds that for every ¢ €
[1,00), the LI(Q; H™™' (D))-norm of Sg(a®) can be bounded by a constant which is independent
of s. By the Aubin-Nitsche lemma, cp. [4, Theorem 3.2.4 and (3.2.23)],

|G(u®) = G| < [|a®||L=(p) S7(a®) = SF(a®) v S (a”) — Stx(a®) Iy,

which implies with the approximation property of V}, in V, cp. [4, Theorem 3.2.1] (which can
be interpolated to non-integer Sobolev scales), Céa’s lemma, and the Hélder inequality that for
every q € [1,00)

(@Fnax)”
(05nin)?

min

IG(®) — Cu™™ ey < c\

”Sf(as) HL3¢1(Q;H1+T(D)) S (a®) ”L3lI(Q;H1+‘r’(D))
L34(Q)
« hmin{T,r}—l—min{’r’,'r}7

where the constant C' is due to the approximation property. The assertion of the proposition
follows by Proposition 3 and Corollary 6 with the Cauchy—Schwarz inequality and by the fact
shown above that the L37(Q; H'*7(D))-norm and the L3¥(Q; H'*™ (D))-norm of Sy(a®) and
respectively of Sg(a®) can be bounded uniformly with respect to s. a

Remark 16 In Proposition 15, the cases 7,7 € {1/2+Ng} are permitted if f € H-'*7T¢(D),
respectively if G(-) € H-'T7+5(D), for some ¢ > 0.
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Theorem 17 Let the assumption in (A1) be satisfied with (bj);>1 € ¢P(N) for somep € (2/3,2)
and let the assumption in (A2) and in (A3) be satisfied for somet > 0. Let f € H-'77(D) and
let G € H'*7(D) for 7,7 € (0, max{t, 7/Bumax })\{1/2 + No} such that max{r,7'} < r. The
error incurred in the approximation Qﬁn(G (u®")) with the N-point randomly shifted lattice rule
QQN applied to the s-variate, dimensionally truncated integral I(G(u®")) satisfies:

1. Forpe (2/3,2) ande € (0,3/4—1/(2p)) such that e < 1/(2p) —1/4, with Gaussian weight
functions (wy j)j>1 defined in (9) with o as in (21) the error is bounded by

\/IEA(|IE(G(u)) — QQN(G(US’}L))P) <C ((SO(N)) 1/4=1/Cp)+e | qup {bl 5} 4T

j>s

(27)

2. Forp e (2/3,1] ande € (0,1), with exponential weight functions (wexp,j);>1 defined in (10)
With Qexp > 2K sup,>1{b;} the error is bounded by

%EAGE(G(u))—Q§N<G<u&h>>r2>sc(< ()02 4 sup {63 a}”f”’) . (28)

J>s

The constant C' in the error bounds (27) and (28) is independent of N, s, and h.

Note that (¢(N))~' < N=1. (¢7loglog N + 3/ loglog N), for every N > 3, where 7 ~ 0.5772 is
the Euler—-Mascheroni constant.

Proof. By the definition of the QMC points in (8), {y@,...,y™ =1} are identically N (0, 1)-
distributed. We observe that by the triangle inequality, for every square integrable function F
with respect to the s-dimensional normal distribution with covariance being the identity,

N—l

EA(QE(FIF < 3 32 BAIFGOIF = | [Fwre TT oty

=0 je{lzs}

Thus, by the triangle inequality,

\/EA(IE(G(U)) — Qv (Gush)?) < |E(G(w)) — Ii(G(u))]

+EAL(G () — QA (Gu)[)
+11G @) = G| 2(c-

The assertion now follows with Proposition 7, Proposition 15, and by Theorem 11 for Gaussian
weight functions and respectively by Theorem 13 for exponential weight functions. O
9 Multiresolution representation of Gaussian random fields

In the polyhedral domain D, cp. the assumption (A2), consider an isotropic multiresolution
analysis (MRA) ¥ = {4, : A € V} whose members v, are indexed by A € V, and are obtained
from one or from a finite number of generating elements v by translation and scaling, i.e.,

a(z) = 2022y — k), ke V), (29)

where the index set V) is of cardinality O(29*), and where diamsupp(yy) = O(271M). The
scaling in (29) by the factor 241*1/2 refers to a normalization in L?(D), i.e., lUall L2y ~ 1]l L2y
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A € V. For suitable, sufficiently smooth families of wavelets it can be shown that for every
q € [1,00) and every t > 0, there exists a constant C such that

1/q

i I (30)

> et

AEV

S C ZthKQ(q/2—1)dﬁ Z |CZ7]<:

>
Bé,q(D) £>0 keVy

cp. for example for the case of orthonormal wavelets [28, Theorem 4.23]. However, in this
manuscript we adopt for the (¢))xev a pointwise normalization, such that for some & > 0 and
o > 0 at our disposal, ~

H%HLw(D) o~ 0270“”, Ae V. (31)

With the scaling (31), the norm estimate in (30) then reads that for every ¢ € [1,00) and every
t > 0, there exists a constant C' such that
1/q

] . (A4)

> eathn

AeV

S C Z 2tq£27(d+&q)£ Z ’CZ,k

>
B! (D) £>0 keV,

We assume that there exists a suitable enumeration of elements of the index set V, i.e., a bijective
mapping j : V — N, which we denote by j(A), A € V, such that |77 (s1)| < |7} (s2)| for positive
integers s; < s9. The amount of overlap of the supports at refinement level |A| is assumed to be
bounded by an absolute multiple M times 2~} such that

HAEV A =L9x(z) #0} <M, forall z€D,£>0.

For given a > 0 we define the sequence (b;);>1 for B < a by
biy =br =27 Aewv. (32)

We observe that b; ~ jfg/d, j > 1. This sequence satisfies (A1), i.e.,

[
2,

AeV

|V | _(a_B oM
3393 b SoM) | _9-@-h
L (D) >0 keVy L (D) >0

Proposition 18 Let (¢;);>1 satisfy the scaling in (31) for some & > 0 and let (A4) hold. For
every t € (0,Q) and every q € [1,00), Z € L4(Q; CY(D)) and for every e € (0,a —t) there exists
a constant C' such that for every s € N,

1Z —z*| Q:Ct(D <C sup g~ (@—t=att
L) ez|j1<s>|{ }

Proof. A sequence (b;);>1 can be defined by (32) for some 0 < B < a. Since bj ~ jBld 5> 1,
(bj)j>1 € P(N), for every p > d/g Hence, by Theorem 2, Z = limy_,o, Z° with convergence
in the L9(Q; L>°(D))-norm, which equals the L4(2; C%(D))-norm. Since (1;);>1 are continuous
on D, Z € LY(Q;C°(D)).

Let t' € (t,t +¢). We set ¢’ := [q/2] such that 2¢' = 2[q/2] is the smallest even natural
number that is greater or equal than ¢ and pick » € N such that r > ¢ and such that r >
d/(2(t' —t)), which implies that t'—d/(2r) > t. By the continuous embedding Bgr,Zr (D) c CY(D)
using t' — d/(2r) > t, cp. [27, Theorem 1.107], ¢; € C*(D), j > 1. Since Z* is separably valued
in C*(D), it is strongly measurable in C*(D) by Pettis’ theorem (e.g. cp. [29, Theorem V.4]) for
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every s’ > 1 (arguing as in the proof of Theorem 2). Also by the same embedding and (A4) it
follows similarly as in the proof of Theorem 2 that

12 = 2oy <€ 2 2 E ™)
jbk)E{s+1:s'}

<o Y o—(@-t)2re (21)!

27!
£2]571(s)]
,(2r)! —(G—t—e)2rL —(t+e—t")2r¢
SO S, T <eo
£21571(s)] >0

where we used that the #(V,) = O(2%). Note that (yex : £ > 0,k € V,) is a sequence of
i.i.d. N(0,1)-distributed random variables. We observe that (Z*')y; is a Cauchy sequence in
L(Q; C1(D)) with limit Z. Since limits in L9(Q; C°(D)) are unique and since the embedding
C{(D) c ¢9(D) is continuous, Z = Z. O

The following proposition will give conditions for a class of systems (1););>1 such that the re-
sulting lognormal random fields satisfy the assumption in (A3).

Proposition 19 Let (¢;);>1 satisfy the scaling in (31) for some & > 0 and let (A4) hold. For
every t € (0,Q) and every q € [1,00), a € L4(Q; CY(D)) and there exists a constant C' such that
for every s € N,

HQSHLQ(Q;Ct(E)) <C.

Proof. Without loss of generality, let us assume that ¢ ¢ Z. Holder norms of compositions with
the exponential function have been estimated in [15, Lemma 2.13]. We recall from its proof the
following estimate [15, (15)]: there exists a constant C such that for every v € C*(D),

B 7 1
[ eXp('U)Hct(D) <C| exp(v)HCO(D) (1 + Hv”ct(ﬁ)) :

This estimate follows by induction (cp. the proof of [15, Lemma 2.13]) based on the facts that
lexp(v)llcv 5y < llexp(v)l|l oy (1 + [[vll o (55)) for every v € CY (D), t' € (0,1), and that there
exists a constant C’ such that for every w,v € C*(D), [wvllorm) < Cllwllen@ llwllor @) The
first estimate is easily seen, the second estimate is for example due to [5, Theorem 16.28].

The assertion follows now with an application of the Cauchy—Schwarz inequality, Proposi-
tion 3, and Proposition 18, where the strong measurability of a = exp(Z) in C*(D) follows since
the composition with the exponential function is a continuous mapping from C*(D) to C*(D).
O

10 Conclusions and generalizations

We extended and refined the QMC error analysis for the parametric, deterministic solutions
of the linear elliptic partial differential equation (1) with log-Gaussian coefficient a as given in
(2), (3). In particular, we considered locally supported functions (¢);>1 in (2). The assumed
local support of the 1; and p-summability implied dimension-independent convergence rates of
randomly shifted lattice rule quadratures of the parametric solution of (1) - (3) with product
weight sequences. The present results constitute an extension of the convergence rate bounds
in [13], wherein the global supports of the (¢;);>1 implied POD weight sequences for the QMC
quadratures. As a byproduct of the present analysis, we also obtained dimension-independent
convergence rate estimates for globally supported (1;);>1 as in [13], and with exponential weight
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functions. The use of product weights, however, entails stronger summability conditions on
(Il oo (p))j>1 than those in [13] in order to achieve a certain convergence rate (Corollary 14,
item 2.). This drawback may be offset by the linear with respect to dimension s scaling con-
struction cost for the QMC quadrature rules. In the case of Gaussian weight functions in the
norm (9), however, in Theorem 11, (b;);>1 € P(N) for 2/3 < p < 2 was admissible, for locally
supported 1;, which constitutes a refinement over the error bounds in [13].

The present work addressed only the single-level QMC Finite-Element algorithm, where the
same FE space is employed for PDE discretization in all QMC points. The principal results of
the present paper, Theorems 11 and 13, allow for multi-level extensions of the presently proposed
algorithms, which can be designed and analyzed along the lines of [17]. These extensions, as
well as detailed numerical experiments, will be developed in the forthcoming work [10].
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