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Abstract

We show that if a sequence of piecewise affine linear processes converges in the
strong sense with a positive rate to a stochastic process which is strongly Hölder con-
tinuous in time, then this sequence converges in the strong sense even with respect
to much stronger Hölder norms and the convergence rate is essentially reduced by
the Hölder exponent. Our first application hereof establishes pathwise convergence
rates of spectral Galerkin approximations of stochastic partial differential equations.
Our second application derives strong convergence rates of multilevel Monte Carlo
approximations of expectations of Banach space valued stochastic processes.
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paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 Lower error bounds for stochastic processes with Hölder continuous sample

paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1



3 Convergence of Galerkin approximations in Hölder norms 19
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1 Introduction

In this article we study convergence rates for general stochastic processes in Hölder norms.
In particular, in the main results of this work (see Corollary 2.8 and Corollary 2.9 in
Section 2.2 below) we reveal estimates for uniform Hölder errors of general stochastic
processes. In this introductory section we now sketch these results and thereafter outline
several applications of the general estimates, which can be found in subsequent sections
of this article (see Corollary 2.11 in Section 2.2, Corollary 3.5 in Section 3.3, and Corol-
lary 4.15 in Section 4.3 below). To illustrate the key results of this work, we consider
the following framework throughout this section. Let T ∈ (0,∞) be a real number, let
(Ω,F ,P) be a probability space, let (E, ‖·‖E) be an R-Banach space, and for every func-
tion f : [0, T ] → E and every natural number N ∈ N let [f ]N : [0, T ] → E be the function

which satisfies for all n ∈ {0, 1, . . . , N − 1}, t ∈
[

nT
N
, (n+1)T

N

]

that

[f ]N(t) =
(

n+ 1− tN
T

)

· f
(

nT
N

)

+
(

tN
T

− n
)

· f
(

(n+1)T
N

)

(1.1)

(the piecewise affine linear interpolation of f |{0,T/N,2T/N,...,(N−1)T/N,T}, cf. (1.19) below).

Theorem 1.1. Assume the above setting. Then for all p ∈ (1,∞), ε ∈ (1/p, 1], α ∈
[0, ε − 1/p) there exists C ∈ [0,∞) such that for all β ∈ [ε, 1], N ∈ N and all (F , ‖·‖E)-
strongly measurable stochastic processes X, Y : [0, T ] × Ω → E with continuous sample
paths it holds that

‖X − [Y ]N‖L p(P;‖·‖Cα([0,T ],‖·‖E))

≤ CN ε

(

sup
n∈{0,1,...,N}

∥

∥XnT
N

− YnT
N

∥

∥

L p(P;‖·‖E)
+N−β‖X‖Cβ([0,T ],‖·‖

Lp(P;‖·‖E))

)

.
(1.2)

The Hölder and L p-norms in (1.2) are to be understood in the usual sense (see Sec-
tion 1.1 below for details). Theorem 1.1 is a direct consequence of the more general
result in Corollary 2.9 in Section 2.2 below, which establishes an estimate similar to (1.2)
also for the case of non-equidistant time grids. Moreover, Corollary 2.8 in Section 2.2
provides an estimate similar to (1.2) but instead of ‖X − [Y ]N‖L p(P;‖·‖Cα([0,T ],‖·‖E))

for

‖X − Y ‖L p(P;‖·‖Cα([0,T ],‖·‖E))
with an appropriate Hölder norm of Y occurring on the right

hand side. Theorem 1.1 has a number of applications in the numerical approximation of
stochastic processes, as the next corollary, Corollary 1.2, clarifies. Corollary 1.2 follows
immediately from Theorem 1.1.
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Corollary 1.2. Assume the above setting, let β ∈ (0, 1], let X : [0, T ] × Ω → E and
Y N : [0, T ] × Ω → E, N ∈ N, be (F , ‖·‖E)-strongly measurable stochastic processes with
continuous sample paths which satisfy for all p ∈ (1,∞) that ∀N ∈ N : Y N = [Y N ]N and

‖X‖Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

+ sup
N∈N

[

Nβ sup
n∈{0,1,...,N}

∥

∥XnT
N

− Y N
nT
N

∥

∥

L p(P;‖·‖E)

]

< ∞. (1.3)

Then for all p, ε ∈ (0,∞) it holds that

sup
N∈N

[

Nβ−ε

(

E

[

sup
t∈[0,T ]

‖Xt − Y N
t ‖pE

])1/p
]

< ∞. (1.4)

It is assumed in (1.3) that a sequence of affine linearly interpolated (F , ‖·‖E)-strongly
measurable stochastic processes (Y N)N∈N converges for every p ∈ (1,∞) in L p(P; ‖·‖E)
to a (F , ‖·‖E)-strongly measurable stochastic process X with a positive rate uniformly on
all grid points and that this process X admits corresponding temporal Hölder regularity.
Corollary 1.2 then shows that these assumptions are sufficient to obtain convergence for
every p ∈ (1,∞) in the uniform L p(P; ‖·‖C([0,T ],‖·‖E))-norm with essentially the same rate.
Corollary 2.11 in Section 2.2 below implies this result as a special case and includes the case
of non-equidistant time grids. Moreover, Corollary 2.11 proves an analogous conclusion
for convergence in uniform Hölder norms, where the obtained convergence rate is reduced
by the considered Hölder exponent. Corollary 2.12 below demonstrates how this principle
can be applied to Euler-Maryuama approximations for stochastic differential equations
(SDEs) with globally Lipschitz coefficients. Arguments related to Corollary 2.11 can be
found in Lemma A1 in Bally, Millet & Sanz-Solé [3] and in the second display on page
325 in [5].

Corollary 1.2 is particularly useful for the study of stochastic partial differential equa-
tions (SPDEs). In general, a solution of an SPDE fails to be a semimartingale. As
a consequence, Doob’s maximal inequality cannot be applied to obtain estimates with
respect to the L 2(P; ‖·‖C([0,T ],‖·‖E))-norm. However, convergence rates with respect to

the C([0, T ], ‖·‖
L 2(P;‖·‖E))-norm are often feasible and Corollary 1.2 can then be applied

to obtain convergence rates with respect to the L 2(P; ‖·‖C([0,T ],‖·‖E))-norm. Estimates

with respect to the L 2(P; ‖·‖C([0,T ],‖·‖E))-norm are useful for using standard localisation
arguments in order to extend results for SPDEs with globally Lipschitz continuous non-
linearities to results for SPDEs with nonlinearities that are only Lipschitz continuous on
bounded sets. We demonstrate this in Corollary 3.5 in Section 3.3 below in the case of
pathwise convergence rates of Galerkin approximations. To be more specific, Corollary 3.5
proves essentially sharp pathwise convergence rates for spatial Galerkin and noise approx-
imations for a large class of SPDEs with non-globally Lipschitz continuous nonlinearities.
For example, Corollary 3.5 applies to stochastic Burgers’, stochastic Ginzburg-Landau,
stochastic Kuramoto-Sivashinsky, and Cahn-Hilliard-Cook equations.

Another prominent application of Corollary 1.2 are multilevel Monte Carlo methods
in Banach spaces. For a random variable X ∈ L 2(P; ‖·‖E) convergence in L 2(P; ‖·‖E)
of Monte Carlo approximations of the expectation E[X] ∈ E has only been established
if E has so-called (Rademacher) type p for some p ∈ (1, 2] and in this case the conver-
gence rate is given by 1 − 1/p (see, e.g., Heinrich [11] or Corollary 4.12 in Section 4.2
below). However, the space C([0, T ], E) fails to have type p for any p ∈ (1, 2]. If X
has more sample path regularity, this problem can nevertheless be bypassed. More pre-
cisely, if for some α ∈ (0, 1], p ∈ (1/α,∞) it holds that X ∈ L 2(P; ‖·‖Wα,p([0,T ],E)), then
Monte Carlo approximations of E[X] ∈ Wα,p([0, T ], E) have been shown to converge
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in L 2(P; ‖·‖Wα,p([0,T ],E)) with rate 1 − 1/min{2,p} and, by the Sobolev embedding theo-

rem, also converge in L 2(P; ‖·‖C([0,T ],‖·‖E)) with the same rate. Informally speaking, in
order to gain control over the variances appearing in multilevel Monte Carlo approxi-
mations it is therefore sufficient for the approximations to converge with respect to the
L 2(P; ‖·‖Cα([0,T ],‖·‖E))-norm for some α ∈ (0, 1]. For more details, we refer the reader to
Section 4 and, in particular, to Corollary 4.15, which formalizes this approach for the
case of multilevel Monte Carlo approximations of expectations of Banach space valued
stochastic processes.

1.1 Notation

The following notation is used throughout this article. For two sets A and B we denote by
M(A,B) the set of all mappings from A toB. For measurable spaces (Ω1,F1) and (Ω2,F2)
we denote by M (F1,F2) the set of all F1/F2-measurable mappings from Ω1 to Ω2. For
topological spaces (E,E ) and (F,F ) we denote by B(E) the Borel σ-algebra on (E,E )
and we denote by C(E,F ) the set of all continuous functions from E to F . We denote by
|·| : R → [0,∞) the absolute value function on R. We denote by Γ: (0,∞) → (0,∞) the
Gamma function, that is, we denote by Γ: (0,∞) → (0,∞) the function which satisfies for
all x ∈ (0,∞) that Γ(x) =

∫∞
0

t(x−1) e−t dt. We denote by Er : [0,∞) → [0,∞), r ∈ (0,∞),
the mappings which satisfy for all r ∈ (0,∞), x ∈ [0,∞) that

Er[x] =

( ∞
∑

n=0

x2nΓ(r)n

Γ(nr + 1)

)1/2

(1.5)

(cf. Chapter 7 in Henry [13] and, e.g., Definition 1.3.1 in [20]). For a field K ∈ {R,C},
a K-vector space V , and a mapping ‖·‖ : V → [0,∞] which satisfies for all v, w ∈
{u ∈ V : ‖u‖ < ∞}, λ ∈ K\{0} that (‖v‖ = 0 ⇔ v = 0), ‖λv‖ =

√

[Re(λ)]2 + [Im(λ)]2 ‖v‖,
and ‖v + w‖ ≤ ‖v‖ + ‖w‖ we call ‖·‖ an extended norm on V and we call (V, ‖·‖)
an extendedly normed vector space. For a metric space (M, d), an extendedly normed
vector space (E, ‖·‖), a real number r ∈ [0, 1], and a set A ⊆ (0,∞) we denote by
|·|Cr,A(M,‖·‖) , |·|Cr(M,‖·‖) , ‖·‖C(M,‖·‖) , ‖·‖Cr(M,‖·‖) : M(M,E) → [0,∞] the mappings which
satisfy for all f ∈ M(M,E) that

|f |Cr,A(M,‖·‖) = sup
({

‖f(e1)−f(e2)‖
|d(e1,e2)|r : e1, e2 ∈ M, d(e1, e2) ∈ A

}

∪ {0}
)

∈ [0,∞], (1.6)

|f |Cr(M,‖·‖) = |f |Cr,(0,∞)(M,‖·‖) ∈ [0,∞], (1.7)

‖f‖C(M,‖·‖) = sup({‖f(e)‖ : e ∈ M} ∪ {0}) ∈ [0,∞], (1.8)

‖f‖Cr(M,‖·‖) = ‖f‖C(M,‖·‖) + |f |Cr(M,‖·‖) ∈ [0,∞] (1.9)

and we denote by Cr(M, ‖·‖) the set given by

Cr(M, ‖·‖) = {f ∈ C(M,E) : ‖f‖Cr(M,‖·‖) < ∞}. (1.10)

Note that for every r ∈ [0, 1], every metric space (M, d), and every extendedly normed
vector space (E, ‖·‖) it holds that

(

M(M,E), ‖·‖Cr(M,‖·‖)
)

,
(

C(M,E), ‖·‖Cr(M,‖·‖)
∣

∣

C(M,E)

)

,

and
(

Cr(M, ‖·‖), ‖·‖Cr(M,‖·‖)
∣

∣

Cr(M,‖·‖)
)

are extendedly normed vector spaces. For Hilbert

spaces (Hi, 〈·, ·〉Hi
, ‖·‖Hi

), i ∈ {1, 2}, we denote by (HS(H1, H2), 〈·, ·〉HS(H1,H2), ‖·‖HS(H1,H2)
)

the Hilbert space of Hilbert-Schmidt operators from H1 to H2. For a measure space
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(Ω,F , µ), a measurable space (S,S ), a set R ⊆ S, and a function f : Ω → R we denote
by [f ]µ,S the set given by

[f ]µ,S =
{

g ∈ M (F ,S ) : (∃A ∈ F : µ(A) = 0 and {ω ∈ Ω: f(ω) 6= g(ω)} ⊆ A)
}

.
(1.11)

For a measure space (Ω,F , µ), an extendedly normed vector space (V, ‖·‖), and real
numbers p ∈ [0,∞), q ∈ (0,∞) we denote by L 0(µ; ‖·‖) the set given by

L
0(µ; ‖·‖) =

{

f ∈ M(Ω, V ) : f is (F , ‖·‖)-strongly measurable
}

, (1.12)

we denote by ‖·‖
L q(µ;‖·‖) : L 0(µ; ‖·‖) → [0,∞] the mapping which satisfies for all f ∈

L 0(µ; ‖·‖) that

‖f‖
L q(µ;‖·‖) =

[∫

Ω

‖f(ω)‖q µ(dω)
]1/q

∈ [0,∞], (1.13)

we denote by L q(µ; ‖·‖) the set given by

L
q(µ; ‖·‖) =

{

f ∈ L
0(µ; ‖·‖) : ‖f‖

L q(µ;‖·‖) < ∞
}

, (1.14)

we denote by Lp(µ; ‖·‖) the set given by

Lp(µ; ‖·‖) =
{

{g ∈ L
0(µ; ‖·‖) : µ(f 6= g) = 0} ⊆ L

0(µ; ‖·‖) : f ∈ L
p(µ; ‖·‖)

}

, (1.15)

and we denote by ‖·‖Lq(µ;‖·‖) : L
0(µ; ‖·‖) → [0,∞] the function which satisfies for all

f ∈ L 0(µ; ‖·‖) that
∥

∥{g ∈ L
0(µ; ‖·‖) : µ(f 6= g) = 0}

∥

∥

Lq(µ;‖·‖) = ‖f‖
L q(µ;‖·‖) ∈ [0,∞]. (1.16)

For a real number T ∈ (0,∞), a measurable space (S,S ), a normed vector space (V, ‖·‖V ),
and a mapping X : [0, T ] × S → V which satisfies for all t ∈ [0, T ] that Xt : S → V is
an (S , ‖·‖V )-strongly measurable mapping we call X an (S , ‖·‖V )-strongly measurable
stochastic process. For a real number T ∈ (0,∞) we denote by PT the set given by

PT =
{

θ ⊆ [0, T ] : {0, T} ⊆ θ and #(θ) < ∞
}

. (1.17)

We denote by dmax, dmin : ∪T∈(0,∞) PT → R the functions which satisfy for all θ =
{θ0, θ1, . . . , θ#(θ)−1} ∈ ∪T∈(0,∞)PT with θ0 < θ1 < . . . < θ#(θ)−1 that

dmax(θ) = max
j∈{1,2,...,#(θ)−1}

|θj−θj−1| and dmin(θ) = min
j∈{1,2,...,#(θ)−1}

|θj−θj−1|. (1.18)

For a normed vector space (E, ‖·‖E), an element θ = {θ0, θ1, . . . , θ#(θ)−1} ∈ ∪T∈(0,∞)PT

with θ0 < θ1 < . . . < θ#(θ)−1, and a function f : [0, θ#(θ)−1] → E we denote by [f ]θ :
[0, θ#(θ)−1] → E the piecewise affine linear interpolation of f |{θ0,θ1,...,θ#(θ)−1}, that is, we
denote by [f ]θ : [0, θ#(θ)−1] → E the function which satisfies for all j ∈ {1, 2, . . . , θ#(θ)−1},
s ∈ [θj−1, θj] that

[f ]θ(s) =
(θj − s)f(θj−1)

(θj − θj−1)
+

(s− θj−1)f(θj)

(θj − θj−1)
. (1.19)
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2 Convergence of stochastic processes in Hölder norms

for vector-valued functions

2.1 Error bounds for the Hölder norm

Lemma 2.1 (An interpolation type inequality). Let (E, ‖·‖E) be a normed vector space,
let (M, d) be a metric space, let f : M → E be a function, and let c ∈ (0,∞), α, β, γ ∈ [0, 1]
satisfy α ≤ β ≤ γ. Then

|f |Cβ(M,‖·‖E) ≤ max
{

cα−β |f |Cα,(c,∞)(M,‖·‖E) , c
γ−β |f |Cγ,(0,c](M,‖·‖E)

}

(2.1)

and
|f |Cβ(M,‖·‖E) ≤ max

{

cα−β |f |Cα,[c,∞)(M,‖·‖E) , c
γ−β |f |Cγ,(0,c)(M,‖·‖E)

}

. (2.2)

Proof of Lemma 2.1. First of all, note that for all e1, e2 ∈ M with d(e1, e2) ∈ (c,∞) it
holds that

‖f(e1)− f(e2)‖E
|d(e1, e2)|β

≤ |d(e1, e2)|α−β |f |Cα,(c,∞)(M,‖·‖E) ≤ cα−β |f |Cα,(c,∞)(M,‖·‖E) . (2.3)

In addition, observe that for all e1, e2 ∈ M with d(e1, e2) ∈ (0, c] it holds that

‖f(e1)− f(e2)‖E
|d(e1, e2)|β

≤ |d(e1, e2)|γ−β |f |Cγ,(0,c](M,‖·‖E) ≤ cγ−β |f |Cγ,(0,c](M,‖·‖E) . (2.4)

Combining (2.3) and (2.4) shows (2.1). The proof of (2.2) is analogous. This finishes the
proof of Lemma 2.1.

Lemma 2.2 (Approximation error for affine linear interpolation). Let T ∈ (0,∞), θ ∈
PT , α ∈ [0, 1], let (E, ‖·‖E) be a normed vector space, and let f : [0, T ] → E be a function.
Then

‖f − [f ]θ‖C([0,T ],‖·‖E) ≤
∣

∣

dmax(θ)
2

∣

∣

α |f |Cα([0,T ],‖·‖E) . (2.5)

Proof of Lemma 2.2. Throughout this proof let N ∈ N be a natural number, let s ∈ [0, T ],
θ0, θ1, . . . , θN ∈ [0, T ] be real numbers, and let j ∈ {1, 2, . . . , N} be a natural number such
that 0 = θ0 < θ1 < . . . < θN = T , θ = {θ0, θ1, . . . , θN}, and s ∈ [θj−1, θj]. Observe that
for all r ∈ [0, 1] it holds that

‖f(s)− [f ]θ(s)‖E ≤ (θj−s)

(θj−θj−1)
‖f(s)− f(θj−1)‖E +

(s−θj−1)

(θj−θj−1)
‖f(s)− f(θj)‖E

≤ (θj−s)

(θj−θj−1)

(

s− θj−1

)r|f |Cr([0,T ],‖·‖E) +
(s−θj−1)

(θj−θj−1)

(

θj − s
)r|f |Cr([0,T ],‖·‖E)

=
( (θj−s)

(θj−θj−1)

( (s−θj−1)

(θj−θj−1)

)r
+

(s−θj−1)

(θj−θj−1)

( (θj−s)

(θj−θj−1)

)r)(
θj − θj−1

)r|f |Cr([0,T ],‖·‖E).

(2.6)

In particular, this implies that

‖f(s)− [f ]θ(s)‖E ≤
( (θj−s)

(θj−θj−1)
+

(s−θj−1)

(θj−θj−1)

)

|f |C0([0,T ],‖·‖E) = |f |C0([0,T ],‖·‖E). (2.7)

This proves (2.5) in the case α = 0. It thus remains to prove (2.5) in the case α ∈ (0, 1].
For this let gr : [0, 1] → R, r ∈ (0, 1], be the functions which satisfy for all r ∈ (0, 1],
u ∈ [0, 1] that gr(u) = (1−u) ur+u (1−u)r. Next observe that for all r ∈ (0, 1], u ∈ (0, 1)
it holds that gr(0) = 0 = gr(1) and

g′r(u) = rur−1 − (r + 1)ur + (1− u)r − ru(1− u)r−1

= −
[

(r + 1)u− r
]

ur−1 +
[

1− (r + 1)u
]

(1− u)r−1,
(2.8)
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g′′r (u) = −(r + 1) ur−1 − (r − 1)
[

(r + 1)u− r
]

ur−2

− (r + 1) (1− u)r−1 − (r − 1)
[

1− (r + 1)u
]

(1− u)r−2

= r
[

r − 1− (r + 1)u
]

ur−2 + r
[

(r + 1)u− 2
]

(1− u)r−2

= r
{

(r + 1)
[

u (1− u)r−2 + (1− u) ur−2
]

− 2
[

(1− u)r−2 + ur−2
]}

≤ r
{

2
[

u (1− u)r−2 + (1− u) ur−2
]

− 2
[

(1− u)r−2 + ur−2
]}

< 0.

(2.9)

This implies for all r ∈ (0, 1] that g′r(
1
2
) = 0 and supu∈[0,1] gr(u) = gr(

1
2
) = 2−r. Combining

this with (2.6) ensures for all r ∈ (0, 1] that

‖f(s)− [f ]θ(s)‖E ≤ gr
( s−θj−1

θj−θj−1

) (

θj − θj−1

)r |f |Cr([0,T ],‖·‖E) ≤
( θj−θj−1

2

)r |f |Cr([0,T ],‖·‖E) .

(2.10)
This completes the proof of Lemma 2.2.

The next result, Corollary 2.3, provides estimates for the Hölder norm differences
of two functions by using the difference of the two functions on suitable grid points.
Corollary 2.3 is a consequence of Lemma 2.1 and of Lemma 2.2.

Corollary 2.3. Let T ∈ (0,∞), θ ∈ PT , β ∈ [0, 1], α ∈ [0, β], let (E, ‖·‖E) be a normed
vector space, and let f, g : [0, T ] → E be functions. Then

|f − g|Cα([0,T ],‖·‖E)

≤ 2
|dmax(θ)|α

[

sup
t∈θ

∥

∥f(t)− g(t)
∥

∥

E
+ |dmax(θ)|β

2β

(

|f |Cβ([0,T ],‖·‖E) + |g|Cβ([0,T ],‖·‖E)

)

]

(2.11)

and

‖f − g‖Cα([0,T ],‖·‖E)

≤
[

2
|dmax(θ)|α + 1

]

[

sup
t∈θ

∥

∥f(t)− g(t)
∥

∥

E
+ |dmax(θ)|β

2β

(

|f |Cβ([0,T ],‖·‖E) + |g|Cβ([0,T ],‖·‖E)

)

]

.

(2.12)

Proof of Corollary 2.3. Lemma 2.1 and the triangle inequality ensure that

|f − g|Cα([0,T ],‖·‖E)

≤ max
{

|dmax(θ)|−α |f − g|C0,(dmax(θ),∞)([0,T ],‖·‖E), |dmax(θ)|β−α |f − g|Cβ([0,T ],‖·‖E)

}

≤ max
{

2 |dmax(θ)|−α ‖f − g‖C([0,T ],‖·‖E), |dmax(θ)|β−α
(

|f |Cβ([0,T ],‖·‖E) + |g|Cβ([0,T ],‖·‖E)

)}

.
(2.13)

In addition, observe that Lemma 2.2 and the triangle inequality assure that
∥

∥f − g
∥

∥

C([0,T ],‖·‖E)
≤
∥

∥f − [f ]θ
∥

∥

C([0,T ],‖·‖E)
+
∥

∥[f ]θ − [g]θ
∥

∥

C([0,T ],‖·‖E)
+
∥

∥[g]θ − g
∥

∥

C([0,T ],‖·‖E)

≤ sup
t∈θ

‖f(t)− g(t)‖E +
∣

∣

dmax(θ)
2

∣

∣

β (|f |Cβ([0,T ],‖·‖E) + |g|Cβ([0,T ],‖·‖E)

)

.

(2.14)
Inserting (2.14) into (2.13) yields inequality (2.11). Moreover, adding inequality (2.11)
and (2.14) results in inequality (2.12). This finishes the proof of Corollary 2.3.

Lemma 2.4. Let (E, ‖·‖E) be a normed vector space, let T, c ∈ (0,∞), α ∈ [0, 1], θ ∈ PT ,
N ∈ N, θ0, . . . , θN ∈ [0, T ] satisfy 0 = θ0 < · · · < θN = T and θ = {θ0, . . . , θN}, and let
f : [0, T ] → E be a function. Then

|[f ]θ|Cα,(0,c]([0,T ],‖·‖E) ≤ c1−α

dmin(θ)

[

supj∈{1,2,...,N} ‖f(θj)− f(θj−1)‖E
]

. (2.15)
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Proof of Lemma 2.4. Observe that for all s, t ∈ [0, T ] with t− s ∈ (0, c] it holds that

‖[f ]θ(t)− [f ]θ(s)‖E
|t− s|α =

‖
∫

(s,t)\θ([f ]θ)
′(u) du‖E

|t− s|α

≤
|t− s|

[

supu∈(s,t)\θ ‖([f ]θ)′(u)‖E
]

|t− s|α

≤ |t− s|1−α

[

sup
j∈{1,2,...,N}

‖f(θj)− f(θj−1)‖E
|θj − θj−1|

]

≤ c1−α

dmin(θ)

[

sup
j∈{1,2,...,N}

‖f(θj)− f(θj−1)‖E
]

.

(2.16)

This completes the proof of Lemma 2.4.

Lemma 2.5. Let (E, ‖·‖E) be a normed vector space, let T ∈ (0,∞), α ∈ [0, 1], θ ∈ PT ,
and let f : [0, T ] → E be a function. Then |[f ]θ|Cα([0,T ],‖·‖E) ≤ |f |Cα([0,T ],‖·‖E).

Proof of Lemma 2.5. Throughout this proof let N ∈ N, θ0, θ1, . . . , θN ∈ [0, T ] be the real
numbers which satisfy that 0 = θ0 < θ1 < · · · < θN = T and θ = {θ0, θ1, . . . , θN} and let
n : [0, T ] → N and ρ : [0, T ] → [0, 1] be the functions which satisfy for all t ∈ [0, T ] that

n(t) = min
{

k ∈ {1, 2, . . . , N} : t ∈ [θk−1, θk]
}

and ρ(t) =
t− θn(t)−1

θn(t) − θn(t)−1

. (2.17)

Note that for all t ∈ [0, T ] it holds that

[f ]θ(t) = (1− ρ(t)) · f(θn(t)−1) + ρ(t) · f(θn(t)) = f(θn(t)−1) + ρ(t) ·
(

f(θn(t))− f(θn(t)−1)
)

.
(2.18)

Hence, we obtain for all t1, t2 ∈ [0, T ] with t1 < t2 and n(t1) = n(t2) that

‖[f ]θ(t1)− [f ]θ(t2)‖E =
∥

∥

[

(1− ρ(t1)) · f(θn(t1)−1) + ρ(t1) · f(θn(t1))
]

−
[

(1− ρ(t2)) · f(θn(t1)−1) + ρ(t2) · f(θn(t1))
]∥

∥

E

=
∥

∥(ρ(t2)− ρ(t1)) · f(θn(t1)−1) + (ρ(t1)− ρ(t2)) · f(θn(t1))
∥

∥

E

= |ρ(t1)− ρ(t2)| ·
∥

∥f(θn(t1)−1)− f(θn(t1))
∥

∥

E

≤ |ρ(t1)− ρ(t2)| |f |Cα([0,T ],‖·‖E)

∣

∣θn(t1)−1 − θn(t1)
∣

∣

α

= |ρ(t1)− ρ(t2)|1−α |f |Cα([0,T ],‖·‖E)

∣

∣(ρ(t2)− ρ(t1)) · θn(t1)−1 + (ρ(t1)− ρ(t2)) · θn(t1)
∣

∣

α

≤ |f |Cα([0,T ],‖·‖E)

∣

∣(ρ(t2)− ρ(t1)) · θn(t1)−1 + (ρ(t1)− ρ(t2)) · θn(t1)
∣

∣

α
(2.19)

= |f |Cα([0,T ],‖·‖E)

·
∣

∣

[

(1− ρ(t1)) · θn(t1)−1 + ρ(t1) · θn(t1)
]

−
[

(1− ρ(t2)) · θn(t2)−1 + ρ(t2) · θn(t2)
]∣

∣

α

= |f |Cα([0,T ],‖·‖E)

·
∣

∣

[

θn(t1)−1 + ρ(t1) ·
(

θn(t1) − θn(t1)−1

)]

−
[

θn(t2)−1 + ρ(t2) ·
(

θn(t2) − θn(t2)−1

)]∣

∣

α

= |f |Cα([0,T ],‖·‖E) |t1 − t2|α .

Moreover, (2.18) ensures for all t1, t2 ∈ [0, T ] with n(t1) < n(t2) that

‖[f ]θ(t1)− [f ]θ(t2)‖E =
∥

∥

[

(1− ρ(t1)) · f(θn(t1)−1) + ρ(t1) · f(θn(t1))
]

−
[

(1− ρ(t2)) · f(θn(t2)−1) + ρ(t2) · f(θn(t2))
]∥

∥

E
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≤ (1− ρ(t1)) (1− ρ(t2))
∥

∥f(θn(t1)−1)− f(θn(t2)−1)
∥

∥

E
+ ρ(t1) ρ(t2)

∥

∥f(θn(t1))− f(θn(t2))
∥

∥

E

+ (1− ρ(t1)) ρ(t2)
∥

∥f(θn(t1)−1)− f(θn(t2))
∥

∥

E
+ ρ(t1) (1− ρ(t2))

∥

∥f(θn(t1))− f(θn(t2)−1)
∥

∥

E

≤ |f |Cα([0,T ],‖·‖E)

{

(1− ρ(t1)) (1− ρ(t2)) |θn(t1)−1 − θn(t2)−1|α + ρ(t1) ρ(t2) |θn(t1) − θn(t2)|α

+ (1− ρ(t1)) ρ(t2) |θn(t1)−1 − θn(t2)|α + ρ(t1) (1− ρ(t2)) |θn(t1) − θn(t2)−1|α
}

. (2.20)

The concavity of the function (−∞, 0] ∋ x 7→ |x|α ∈ R hence proves for all t1, t2 ∈ [0, T ]
with n(t1) < n(t2) that

‖[f ]θ(t1)− [f ]θ(t2)‖E
≤ |f |Cα([0,T ],‖·‖E)

∣

∣ (1− ρ(t1)) (1− ρ(t2))
(

θn(t1)−1 − θn(t2)−1

)

+ ρ(t1) ρ(t2)
(

θn(t1) − θn(t2)
)

+ (1− ρ(t1)) ρ(t2)
(

θn(t1)−1 − θn(t2)
)

+ ρ(t1) (1− ρ(t2))
(

θn(t1) − θn(t2)−1

) ∣

∣

α

= |f |Cα([0,T ],‖·‖E)

∣

∣ (1− ρ(t1)) θn(t1)−1 + ρ(t1) θn(t1) − (1− ρ(t2)) θn(t2)−1 − ρ(t2) θn(t2)
∣

∣

α

= |f |Cα([0,T ],‖·‖E) (2.21)

·
∣

∣

{

θn(t1)−1 + ρ(t1)
[

θn(t1) − θn(t1)−1

]}

−
{

θn(t2)−1 + ρ(t2)
[

θn(t2) − θn(t2)−1

]}∣

∣

α

= |f |Cα([0,T ],‖·‖E) |t1 − t2|α .

Combining this and (2.19) completes the proof of Lemma 2.5.

Lemma 2.6 (Approximations by piecewise affine linear functions). Let (E, ‖·‖E) be a
normed vector space, let T ∈ (0,∞), α ∈ [0, 1], β ∈ [α, 1], θ ∈ PT , and let f, g : [0, T ] →
E be functions. Then

|f − [g]θ|Cα([0,T ],‖·‖E) ≤
2 |dmax(θ)|1−α

dmin(θ)
sup
t∈θ

‖f(t)− g(t)‖E + 2 |dmax(θ)|β−α |f |Cβ([0,T ],‖·‖E)

(2.22)
and

‖f − [g]θ‖Cα([0,T ],‖·‖E)

≤
(

2 |dmax(θ)|1−α

dmin(θ)
+ 1
)

sup
t∈θ

‖f(t)− g(t)‖E +
(

2
|dmax(θ)|α + 1

2β

)

|dmax(θ)|β |f |Cβ([0,T ],‖·‖E) .

(2.23)

Proof of Lemma 2.6. Throughout this proof let N ∈ N, θ0, θ1, . . . , θN ∈ [0, T ] be the real
numbers which satisfy that 0 = θ0 < θ1 < · · · < θN = T and θ = {θ0, θ1, . . . , θN}. Note
that Lemma 2.1 implies that

|f − [g]θ|Cα([0,T ],‖·‖E) ≤ max
{

|dmax(θ)|−α |f − [g]θ|C0,(dmax(θ),∞)([0,T ],‖·‖E) ,

|dmax(θ)|β−α |f − [g]θ|Cβ,(0,dmax(θ)]([0,T ],‖·‖E)

}

.
(2.24)

Next note that Lemma 2.2 ensures that

|f − [g]θ|C0,(dmax(θ),∞)([0,T ],‖·‖E) ≤ 2 ‖f − [g]θ‖C([0,T ],‖·‖E)

≤ 2 ‖f − [f ]θ‖C([0,T ],‖·‖E) + 2 ‖[f ]θ − [g]θ‖C([0,T ],‖·‖E)

≤ 2
∣

∣

dmax(θ)
2

∣

∣

β |f |Cβ([0,T ],‖·‖E) + 2 sup
t∈θ

‖f(t)− g(t)‖E

≤ 2
∣

∣dmax(θ)
∣

∣

β |f |Cβ([0,T ],‖·‖E) + 2 · dmax(θ)

dmin(θ)
· sup

t∈θ
‖f(t)− g(t)‖E .

(2.25)
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Moreover, observe that Lemma 2.4 and Lemma 2.5 imply that

|f − [g]θ|Cβ,(0,dmax(θ)]([0,T ],‖·‖E) ≤ |f − [f ]θ|Cβ([0,T ],‖·‖E) + |[f − g]θ|Cβ,(0,dmax(θ)]([0,T ],‖·‖E)

≤ |f |Cβ([0,T ],‖·‖E) + |[f ]θ|Cβ([0,T ],‖·‖E)

+ |dmax(θ)|1−β

dmin(θ)

[

sup
j∈{1,2,...,N}

∥

∥

[

f(θj)− g(θj)
]

−
[

f(θj−1)− g(θj−1)
]∥

∥

E

]

(2.26)

≤ 2 |f |Cβ([0,T ],‖·‖E) +
2

|dmax(θ)|β
· dmax(θ)

dmin(θ)
· sup

t∈θ
‖f(t)− g(t)‖E.

Substituting (2.26) and (2.25) into (2.24) proves (2.22). It thus remains to prove esti-
mate (2.23). For this note that Lemma 2.2 yields that

‖f − [g]θ‖C([0,T ],‖·‖E) ≤ ‖f − [f ]θ‖C([0,T ],‖·‖E) + ‖[f ]θ − [g]θ‖C([0,T ],‖·‖E)

≤
∣

∣

∣

dmax(θ)
2

∣

∣

∣

β

|f |Cβ([0,T ],‖·‖E) + sup
t∈θ

‖f(t)− g(t)‖E.
(2.27)

Combining (2.22) and (2.27) shows (2.23). The proof of Lemma 2.6 is thus completed.

2.2 Upper error bounds for stochastic processes with Hölder

continuous sample paths

We now turn to the result announced in the introduction which provides convergence of
stochastic processes in Hölder norms given convergence on the grid-points. For this we
first recall Kolmogorov’s continuity criterion, cf., e.g., Theorem I.2.1 in Revuz & Yor [26].

Theorem 2.7. There exists a function Ξ = (ΞT,p,α,β)T,p,α,β∈R : R
4 → R such that for

every T ∈ [0,∞), p ∈ (1,∞), β ∈ (1/p, 1], every Banach space (E, ‖·‖E), every probability
space (Ω,F ,P), and every X ∈ Cβ([0, T ], ‖·‖

L p(P;‖·‖E)) there exists an (F , ‖·‖E)-strongly
measurable stochastic process Y : [0, T ] × Ω → E such that for every α ∈ [0, β − 1/p) it
holds that

‖Y ‖L p(P;‖·‖Cα([0,T ],‖·‖E))
≤ ΞT,p,α,β ‖X‖Cβ([0,T ],‖·‖

Lp(P;‖·‖E))
< ∞ and

∀ t ∈ [0, T ] : P(Xt = Yt) = 1.
(2.28)

The next result, Corollary 2.8, follows directly from Corollary 2.3 and Kolmogorov’s
continuity criterion in Theorem 2.7 above.

Corollary 2.8 (Grid point approximations). Let T ∈ (0,∞), θ ∈ PT , let (Ω,F ,P) be a
probability space, and let (E, ‖·‖E) be a Banach space. Then

(i) it holds for all p ∈ [1,∞), β ∈ [0, 1], γ ∈ [β, 1] and all (F , ‖·‖E)-strongly measurable
stochastic processes X, Y : [0, T ]× Ω → E that

‖X − Y ‖Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

≤
(

2 |dmax(θ)|−β + 1
) [

supt∈θ ‖Xt − Yt‖L p(P;‖·‖E)

+ |dmax(θ)|γ
(

|X|Cγ([0,T ],‖·‖
Lp(P;‖·‖E))

+ |Y |Cγ([0,T ],‖·‖
Lp(P;‖·‖E))

)

]

(2.29)
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(ii) and it holds for all p ∈ (1,∞), β ∈ (1/p, 1], α ∈ [0, β − 1/p), γ ∈ [β, 1] and all
(F , ‖·‖E)-strongly measurable stochastic processes X, Y : [0, T ] × Ω → E with con-
tinuous sample paths that

‖X − Y ‖
L p(P;‖·‖Cα([0,T ],‖·‖E))

≤ ΞT,p,α,β ‖X − Y ‖Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

≤ ΞT,p,α,β

(

2 |dmax(θ)|−β + 1
) [

supt∈θ ‖Xt − Yt‖L p(P;‖·‖E)

+ |dmax(θ)|γ
(

|X|Cγ([0,T ],‖·‖
Lp(P;‖·‖E))

+ |Y |Cγ([0,T ],‖·‖
Lp(P;‖·‖E))

)

]

.

(2.30)

The next result, Corollary 2.9, follows directly from Lemma 2.6 and Kolmogorov’s
continuity criterion in Theorem 2.7 above.

Corollary 2.9 (Piecewise affine linear stochastic processes). Let T ∈ (0,∞), θ ∈ PT ,
let (Ω,F ,P) be a probability space, and let (E, ‖·‖E) be a Banach space. Then

(i) it holds for all p ∈ [1,∞), β ∈ [0, 1], γ ∈ [β, 1] and all (F , ‖·‖E)-strongly measurable
stochastic processes X, Y : [0, T ]× Ω → E that

‖X − [Y ]θ‖Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

≤
[

2 |dmax(θ)|1−β

dmin(θ)
+ 1
]

sup
t∈θ

‖Xt − Yt‖L p(P;‖·‖E)

+
[

2 |dmax(θ)|−β + 2−γ
]

|dmax(θ)|γ |X|Cγ([0,T ],‖·‖
Lp(P;‖·‖E))

(2.31)

(ii) and it holds for all p ∈ (1,∞), β ∈ (1/p, 1], α ∈ [0, β − 1/p), γ ∈ [β, 1] and all
(F , ‖·‖E)-strongly measurable stochastic processes X, Y : [0, T ] × Ω → E with con-
tinuous sample paths that

‖X − [Y ]θ‖L p(P;‖·‖Cα([0,T ],‖·‖E))
≤ ΞT,p,α,β

([

2 |dmax(θ)|1−β

dmin(θ)
+ 1
]

sup
t∈θ

‖Xt − Yt‖L p(P;‖·‖E)

+
[

2 |dmax(θ)|−β + 2−γ
]

|dmax(θ)|γ |X|Cγ([0,T ],‖·‖
Lp(P;‖·‖E))

)

. (2.32)

In (2.32) in Corollary 2.9 we assume beside other assumptions that α is strictly smaller
than γ. In general, this assumption can not be omitted. To give an example, let (Ω,F ,P)
be a probability space and let W : [0, 1]×Ω → R be a one-dimensional standard Brownian
motion. Then it clearly holds for all p ∈ (0,∞) that ‖W‖C1/2([0,1],‖·‖

Lp(P;|·|))
< ∞. However,

the law of the iterated logarithm (see, e.g., Corollary 3.1 in Arcones [2]) ensures that the
sample paths of the Brownian motion are P-a.s. not 1/2-Hölder continuous, so that for all
p ∈ (0,∞) it holds that ‖W − [W ]θ‖L p(P;‖·‖

C1/2([0,1],|·|)
) = ∞. The following corollary is

related to Lemma A1 in Bally, Millet & Sanz-Solé [3].

Corollary 2.10 (L p–convergence in Hölder norms for a fixed p ∈ [1,∞)). Let T ∈ (0,∞),
p ∈ [1,∞), β ∈ [0, 1], let (Ω,F ,P) be a probability space, let (E, ‖·‖E) be a Banach space,
and let Y N : [0, T ]×Ω → E, N ∈ N0, be (F , ‖·‖E)-strongly measurable stochastic processes
with continuous sample paths which satisfy lim supN→∞ |Y N |Cβ([0,T ],‖·‖

Lp(P;‖·‖E))
< ∞ and

∀ t ∈ [0, T ] : lim supN→∞ ‖Y 0
t − Y N

t ‖L p(P;‖·‖E) = 0. Then

(i) it holds that |Y 0|Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

≤ lim supN→∞ |Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

< ∞,

(ii) it holds for all α ∈ [0, 1]∩(−∞, β) that lim supN→∞ ‖Y 0−Y N‖Cα([0,T ],‖·‖
Lp(P;‖·‖E))

= 0,
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(iii) and it holds for all α ∈ [0, 1] ∩ (−∞, β − 1/p) that
lim supN→∞ ‖Y 0 − Y N‖L p(P;‖·‖Cα([0,T ],‖·‖E))

= 0.

Proof of Corollary 2.10. Throughout this proof let θn ∈ PT , n ∈ N, be the sequence
which satisfies for all n ∈ N that θn = {0, T

n
, 2T

n
, . . . , (n−1)T

n
, T} ∈ PT . Observe that the

assumption that ∀ t ∈ [0, T ] : lim supN→∞ ‖Y 0
t − Y N

t ‖L p(P;‖·‖E) = 0 and the assumption
that lim supN→∞ |Y N |Cβ([0,T ],‖·‖

Lp(P;‖·‖E))
< ∞ ensure that

|Y 0|Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

= sup
s,t∈[0,T ],

s 6=t

[‖Y 0
t −Y 0

s ‖Lp(P;‖·‖E)

|t−s|β

]

= sup
s,t∈[0,T ],

s 6=t

[

lim supN→∞ ‖(Y N
t −Y N

s )+(Y 0
t −Y N

t )+(Y N
s −Y 0

s )‖Lp(P;‖·‖E)

|t−s|β

]

≤ sup
s,t∈[0,T ],

s 6=t

lim sup
N→∞

[‖Y N
t −Y N

s ‖Lp(P;‖·‖E)

|t−s|β

]

≤ lim sup
N→∞

|Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

< ∞.

(2.33)

This establishes Item (i). In the next step we prove Item (ii). We apply Item (i) in
Corollary 2.8 to obtain for all α ∈ [0, β], n,N ∈ N that

‖Y 0 − Y N‖Cα([0,T ],‖·‖
Lp(P;‖·‖E))

≤
(

2 |dmax(θ
n)|−α + 1

)

[

supt∈θn ‖Y 0
t − Y N

t ‖L p(P;‖·‖E)

+ |dmax(θ
n)|β

(

|Y 0|Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

+ |Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

)

]

≤
(

2T−α

n−α + 1
)

supt∈θn ‖Y 0
t − Y N

t ‖L p(P;‖·‖E) (2.34)

+
(

2Tβ−α

nβ−α + Tβ

nβ

)

(

|Y 0|Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

+ |Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

)

.

Item (i) and the assumption that ∀ t ∈ [0, T ] : lim supN→∞ ‖Y 0
t −Y N

t ‖L p(P;‖·‖E) = 0 hence
imply for all α ∈ [0, β], n ∈ N that

lim sup
N→∞

‖Y 0 − Y N‖Cα([0,T ],‖·‖
Lp(P;‖·‖E))

≤
[

2T−α

n−α + 1
][

lim sup
N→∞

sup
t∈θn

‖Y 0
t − Y N

t ‖L p(P;‖·‖E)

]

+
[

4Tβ−α

nβ−α + 2Tβ

nβ

]

lim sup
N→∞

|Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

(2.35)

=
[

4Tβ−α

nβ−α + 2Tβ

nβ

]

lim sup
N→∞

|Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

< ∞.

Hence, we obtain for all α ∈ [0,∞) ∩ (−∞, β) that

lim sup
N→∞

‖Y 0 − Y N‖Cα([0,T ],‖·‖
Lp(P;‖·‖E))

= lim sup
n→∞

lim sup
N→∞

‖Y 0 − Y N‖Cα([0,T ],‖·‖
Lp(P;‖·‖E))

≤
[

lim sup
n→∞

4Tβ−α

nβ−α + lim sup
n→∞

2Tβ

nβ

]

lim sup
N→∞

|Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

= 0. (2.36)

This shows Item (ii). It thus remains to establish Item (iii) to complete the proof of
Corollary 2.10. For this we apply Item (ii) in Corollary 2.8 to obtain for all r ∈ (1/p,∞)∩
(−∞, β], α ∈ [0, r − 1/p), N ∈ N that

‖Y 0 − Y N‖L p(P;‖·‖Cα([0,T ],‖·‖E))
≤ ΞT,p,α,r ‖Y 0 − Y N‖Cr([0,T ],‖·‖

Lp(P;‖·‖E))
. (2.37)

This and Item (ii) imply for all r ∈ (1/p,∞) ∩ (−∞, β), α ∈ [0, r − 1/p) that

lim sup
N→∞

‖Y 0 − Y N‖L p(P;‖·‖Cα([0,T ],‖·‖E))
≤ ΞT,p,α,r lim sup

N→∞
‖Y 0 − Y N‖Cr([0,T ],‖·‖

Lp(P;‖·‖E))
= 0.

(2.38)

This establishes Item (iii). The proof of Corollary 2.10 is thus completed.
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The next result, Corollary 2.11 below, is a consequence from Corollary 2.8 and Corol-
lary 2.9.

Corollary 2.11 (Convergence rates w.r.t. Hölder norms). Let T ∈ (0,∞), p ∈ (1,∞),
β ∈ (1/p, 1], (θN)N∈N ⊆ PT satisfy lim supN→∞ dmax(θ

N) = 0, let (Ω,F ,P) be a probability
space, let (E, ‖·‖E) be a Banach space, let Y N : [0, T ] × Ω → E, N ∈ N0, be (F , ‖·‖E)-
strongly measurable stochastic processes with continuous sample paths satisfying Y 0

0 ∈
L p(P; ‖·‖E) and

|Y 0|Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

+ sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−β
supt∈θN ‖Y 0

t − Y N
t ‖L p(P;‖·‖E)

]

< ∞, (2.39)

and assume
([

supN∈N |Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

< ∞
]

or
[

supN∈N dmax(θN )/dmin(θ
N ) < ∞ and

∀N ∈ N : Y N = [Y N ]θN
])

. Then for all α ∈ [0, β − 1/p), ε ∈ (0,∞) it holds that

sup
N∈N

[

‖Y N‖L p(P;‖·‖Cα([0,T ],‖·‖E))
+
∣

∣dmax(θ
N)
∣

∣

−(β−α−1/p−ε) ‖Y 0 − Y N‖L p(P;‖·‖Cα([0,T ],‖·‖E))

]

< ∞.

(2.40)

Proof of Corollary 2.11. Throughout this proof let c0 ∈ [0,∞), c1, c2 ∈ [0,∞] be the
extended real numbers given by

c0 = |Y 0|Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

+ sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−β
supt∈θN ‖Y 0

t − Y N
t ‖L p(P;‖·‖E)

]

,

c1 = sup
N∈N

[

dmax(θ
N)

dmin(θN)

]

, and c2 = sup
N∈N

|Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

.
(2.41)

Next we observe that Item (ii) in Corollary 2.8 ensures for all r ∈ (1/p, β], α ∈ [0, r− 1/p),
N ∈ N that

∥

∥Y 0 − Y N
∥

∥

L p(P;‖·‖Cα([0,T ],‖·‖E))
≤ ΞT,p,α,r

(

2
∣

∣dmax(θ
N)
∣

∣

−r
+ 1
)

[

sup
t∈θN

‖Y 0
t − Y N

t ‖L p(P;‖·‖E)

+
∣

∣dmax(θ
N)
∣

∣

β (|Y 0|Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

+ |Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

)

]

≤ ΞT,p,α,r

(

2
∣

∣dmax(θ
N)
∣

∣

(β−r)
+
∣

∣dmax(θ
N)
∣

∣

β
) [

c0 + |Y N |Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

]

(2.42)

≤ ΞT,p,α,r

(

2
∣

∣dmax(θ
N)
∣

∣

(β−r)
+
∣

∣dmax(θ
N)
∣

∣

β
)

[c0 + c2]

= ΞT,p,α,r

(

2 +
∣

∣dmax(θ
N)
∣

∣

r) ∣
∣dmax(θ

N)
∣

∣

(β−r)
[c0 + c2] .

This implies for all r ∈ (1/p, β], α ∈ [0, r − 1/p) that

sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−(β−r) ∥
∥Y 0 − Y N

∥

∥

L p(P;‖·‖Cα([0,T ],‖·‖E))

]

≤ ΞT,p,α,r (2 + T r) [c0 + c2] . (2.43)

Hence, we obtain for all α ∈ [0, β − 1/p), r ∈ (α + 1/p, β] that

sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−(β−α−1/p−[r−α−1/p]) ∥
∥Y 0 − Y N

∥

∥

L p(P;‖·‖Cα([0,T ],‖·‖E))

]

≤ ΞT,p,α,α+1/p+[r−α−1/p] (3 + T ) (c0 + c2) .

(2.44)

This shows for all α ∈ [0, β − 1/p), ε ∈ (0, β − α− 1/p] that

sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−(β−α−1/p−ε) ∥
∥Y 0 − Y N

∥

∥

L p(P;‖·‖Cα([0,T ],‖·‖E))

]

≤ ΞT,p,α,α+1/p+ε (3 + T ) (c0 + c2) .

(2.45)
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In the next step we note that Item (ii) in Corollary 2.9 proves for all r ∈ (1/p, β], α ∈
[0, r − 1/p), N ∈ N that

∥

∥Y 0 − [Y N ]θN
∥

∥

L p(P;‖·‖Cα([0,T ],‖·‖E))
≤ ΞT,p,α,r

([

2 |dmax(θN )|1−r

dmin(θN )
+ 1
]

sup
t∈θN

‖Y 0
t − Y N

t ‖L p(P;‖·‖E)

+
[

2 |dmax(θ
N)|−r + 2−β

] ∣

∣dmax(θ
N)
∣

∣

β ∣
∣Y 0
∣

∣

Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

)

. (2.46)

This implies for all r ∈ (1/p, β], α ∈ [0, r − 1/p), N ∈ N that

∥

∥Y 0 − [Y N ]θN
∥

∥

L p(P;‖·‖Cα([0,T ],‖·‖E))

≤ c0
∣

∣dmax(θ
N)
∣

∣

β
ΞT,p,α,r

(

2 |dmax(θN )|1−r

dmin(θN )
+ 1 + 2 |dmax(θ

N)|−r + 2−β
)

≤ 2 c0
∣

∣dmax(θ
N)
∣

∣

β
ΞT,p,α,r

(

[c1 + 1]
∣

∣dmax(θ
N)
∣

∣

−r
+ 1
)

.

(2.47)

Hence, we obtain for all r ∈ (1/p, β], α ∈ [0, r − 1/p) that

sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−(β−r) ∥
∥Y 0 − [Y N ]θN

∥

∥

L p(P;‖·‖Cα([0,T ],‖·‖E))

]

≤ 2 c0 ΞT,p,α,r (c1 + 1 + T r) ≤ 2 c0 ΞT,p,α,r (2 + T + c1) .

(2.48)

This shows for all α ∈ [0, β − 1/p), r ∈ (α + 1/p, β] that

sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−(β−α−1/p−[r−α−1/p]) ∥
∥Y 0 − [Y N ]θN

∥

∥

L p(P;‖·‖Cα([0,T ],‖·‖E))

]

≤ 2 c0 ΞT,p,α,α+1/p+[r−α−1/p] (2 + T + c1) .

(2.49)

This establishes for all α ∈ [0, β − 1/p), ε ∈ (0, β − α− 1/p] that

sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−(β−α−1/p−ε) ∥
∥Y 0 − [Y N ]θN

∥

∥

L p(P;‖·‖Cα([0,T ],‖·‖E))

]

≤ 2 c0 ΞT,p,α,α+1/p+ε (2 + T + c1) .

(2.50)

Combining (2.45) and (2.50) assures for all α ∈ [0, β − 1/p), ε ∈ (0,∞) that

sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−(β−α−1/p−ε) ‖Y 0 − Y N‖L p(P;‖·‖Cα([0,T ],‖·‖E))

]

< ∞. (2.51)

In addition, note that the assumption that Y 0
0 ∈ L p(P; ‖·‖E), the assumption that

|Y 0|Cβ([0,T ],‖·‖
Lp(P;‖·‖E))

< ∞, the assumption that Y 0 has continuous sample paths, and

Theorem 2.7 ensure that for all α ∈ [0, β− 1/p) it holds that ‖Y 0‖L p(P;‖·‖Cα([0,T ],‖·‖E))
< ∞.

This and (2.51) complete the proof of Corollary 2.11.

The next result, Corollary 2.12 below, illustrates Corollary 2.11 through a simple
example. For this note that standard results for the Euler-Maruyama method show for
every p ∈ [2,∞), β ∈ [0, 1/2] that assumption (2.39) in Corollary 2.11 with uniform time
steps is satisfied (cf., e.g., Section 10.6 in Kloeden & Platen [22]). Corollary 2.12 is related
to Theorem 1.2 in [4] and Theorem 1.1 in [5].

Corollary 2.12 (Euler–Maruyama method). Let T ∈ (0,∞), d,m ∈ N, let (Ω,F ,P)
be a probability space with a normal filtration (Ft)t∈[0,T ], let W : [0, T ] × Ω → R

m be an

m-dimensional standard (Ft)t∈[0,T ]-Brownian motion, let µ : Rd → R
d and σ : Rd → R

d×m
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be globally Lipschitz continuous functions, let X : [0, T ]×Ω → R
d be an (Ft)t∈[0,T ]-adapted

stochastic process with continuous sample paths which satisfies ∀ p ∈ [1,∞) : E
[

‖X0‖pRd

]

<
∞ and which satisfies for all t ∈ [0, T ] that

[Xt]P,B(Rd) =

[

X0 +

∫ t

0

µ(Xs) ds

]

P,B(Rd)

+

∫ t

0

σ(Xs) dWs, (2.52)

let Y N : [0, T ]×Ω → R
d, N ∈ N, be mappings satisfying for all N ∈ N, n ∈ {0, 1, . . . , N−

1}, t ∈ [nT
N
, (n+1)T

N
] that Y N

0 = X0 and

Y N
t = Y N

nT
N

+
(

t− nT
N

)

· µ
(

Y N
nT
N

)

+
(

tN
T

− n
)

· σ
(

Y N
nT
N

)(

W (n+1)T
N

−WnT
N

)

. (2.53)

Then for all α ∈ [0, 1/2), ε ∈ (0,∞), p ∈ [1,∞) it holds that

sup
N∈N

(

N
1/2−α−ε ‖X − Y N‖L p(P;‖·‖Cα([0,T ],‖·‖

Rd
))

)

< ∞. (2.54)

2.3 Lower error bounds for stochastic processes with Hölder

continuous sample paths

In this subsection we comment on the optimality of the convergence rate provided by
Corollary 2.11 and Corollary 2.12, respectively. In particular, in the setting of Corol-
lary 2.12, Theorem 3 in Müller-Gronbach [24] shows in the case α = 0 that there exists
a class of SDEs in which the factors N1/2−ε, N ∈ N, on the left hand side of the esti-
mate (2.54) can at best – up to a constant – be replaced by the factors N1/2

log(N)
, N ∈ N. In

Proposition 2.14 below we show for every α ∈ [0, 1/2) in the simple example µ = 0 and
σ =

(

R ∋ x 7→ 1 ∈ R
)

in Corollary 2.12 that the factors N1/2−α−ε, N ∈ N, on the left
hand side of the estimate (2.54) can at best – up to a constant – be replaced by the factors
N1/2−α, N ∈ N. Our proof of Proposition 2.14 uses the following elementary lemma.

Lemma 2.13. Let T ∈ (0,∞), p ∈ [1,∞), α ∈ [0, 1], let (Ω,F ,P) be a probability space,
let (E, ‖·‖E) be a normed vector space, and let X : [0, T ]×Ω → E be an (F , ‖·‖E)-strongly
measurable stochastic process. Then

max
{

|X|Cα([0,T ],‖·‖
Lp(P;‖·‖E))

, 2(1/p−1) ‖X‖Cα([0,T ],‖·‖
Lp(P;‖·‖E))

}

≤ ‖X‖
L p(P;‖·‖Cα([0,T ],‖·‖E))

.

(2.55)

The proof of Lemma 2.13 is clear. Instead we now present the promised proposition
on the optimality of the convergence rate estimate in Corollary 2.12.

Proposition 2.14. Let T ∈ (0,∞), let (Ω,F ,P) be a probability space, let W : [0, T ] ×
Ω → R be a one-dimensional standard Brownian motion, and let WN : [0, T ] × Ω → R,

N ∈ N, be mappings which satisfy for all N ∈ N, n ∈ {0, 1, . . . , N − 1}, t ∈
[

nT
N
, (n+1)T

N

]

that
WN

t =
(

n+ 1− tN
T

)

·WnT
N

+
(

tN
T

− n
)

·W (n+1)T
N

. (2.56)

Then it holds for all α ∈ [0, 1/2], p ∈ [1,∞), N ∈ N that

‖W −WN‖C([0,T ],‖·‖
Lp(P;|·|))

=
‖WT ‖

Lp(P;|·|)

2
√
N

, (2.57)

|W−WN |Cα([0,T ],‖·‖
Lp(P;|·|))

N(α−1/2) T−α ‖WT ‖
Lp(P;|·|)

= (1/2−α)(
1/2−α)

2α (1−α)(1−α) ∈
[

1√
2
, 1
]

, (2.58)
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‖W−WN‖Cα([0,T ],‖·‖
Lp(P;|·|))

N(α−1/2) T−α ‖WT ‖
Lp(P;|·|)

= Tα

2Nα + (1/2−α)(
1/2−α)

2α (1−α)(1−α) ∈
[

1√
2
, 2+Tα

2

]

, (2.59)

‖W−WN‖Lp(P;‖·‖Cα([0,T ],|·|))

N(α−1/2) T−α ‖WT ‖
Lp(P;|·|)

≥ (1/2−α)(
1/2−α)

2α (1−α)(1−α) ≥ 1√
2
. (2.60)

Proof of Proposition 2.14. Throughout this proof let f : [0, 1/2] → (0,∞) be the function

which satisfies for all x ∈ [0, 1/2] that f(x) = (1/2−x)(
1/2−x)

2x (1−x)(1−x) and let gα : [0, 1]
2 → R, α ∈

[0, 1/2], be the functions which satisfy for all x, y ∈ [0, 1], α ∈ [0, 1/2] with x+ y > 0 that

gα(x, y) =
x (1− x) + y (1− y)

(x+ y)2α
and gα(0, 0) =

{

0 : α < 1/2

1 : α = 1/2
. (2.61)

We first prove (2.57). For this observe that for all N ∈ N, n ∈ {0, 1, . . . , N − 1}, t ∈
[

nT
N
, (n+1)T

N

]

it holds that

Wt −WN
t = Wt −

(

n+ 1− tN
T

)

·WnT
N

−
(

tN
T

− n
)

·W (n+1)T
N

=
(

n− tN
T

)

·
(

W (n+1)T
N

−Wt

)

+
(

n+ 1− tN
T

)

·
(

Wt −WnT
N

) (2.62)

This and the fact that ∀N ∈ N : ∀ t ∈ [0, T ] : ∀ p ∈ [1,∞) :
∥

∥Wt−WN
t /‖Wt−WN

t ‖
L2(P;|·|)

∥

∥

L p(P;|·|)

=
‖WT ‖Lp(P;|·|)√

T
imply for all N ∈ N, p ∈ [1,∞) that

∥

∥W −WN
∥

∥

C([0,T ],‖·‖
Lp(P;|·|))

= supt∈[0,T ]

∥

∥Wt −WN
t

∥

∥

L p(P;|·|)

= supt∈[0, T
N
]

∥

∥Wt −WN
t

∥

∥

L p(P;|·|) =
‖WT ‖Lp(P;|·|)√

T

[

supt∈[0, T
N
]

∥

∥Wt −WN
t

∥

∥

L 2(P;|·|)

]

=
‖WT ‖Lp(P;|·|)√

T

[

supt∈[0, T
N
]

∥

∥

∥

tN
T

·
(

Wt −W T
N

)

+
(

1− tN
T

)

·Wt

∥

∥

∥

L 2(P;|·|)

]

=
‖WT ‖Lp(P;|·|)√

T

[

supt∈[0, T
N
]

[

(

tN
T

)2 ·
(

T
N
− t
)

+
(

1− tN
T

)2 · t
]1/2
]

=
‖WT ‖Lp(P;|·|)√

N

[

sup
t∈[0,1]

√

(

t2 · (1− t) + (1− t)2 · t
)

]

=
‖WT ‖Lp(P;|·|)√

N

[

sup
t∈[0,1]

√

t · (1− t)

]

=
‖WT ‖Lp(P;|·|)

2
√
N

.

(2.63)

This establishes (2.57). In the next step we prove (2.58). For this observe that (2.62)

shows for all N ∈ N, n ∈ {1, 2, . . . , N − 1}, t1 ∈ [0, T
N
], t2 ∈ [nT

N
, (n+1)T

N
], p ∈ [1,∞) that

∥

∥

(

Wt2 −WN
t2

)

−
(

Wt1 −WN
t1

)∥

∥

L p(P;|·|)

=
∥

∥

∥

(

n− t2N
T

)

·
(

W (n+1)T
N

−Wt2

)

+
(

n+ 1− t2N
T

)

·
(

Wt2 −WnT
N

)

+ t1N
T

·
(

W T
N
−Wt1

)

+
(

t1N
T

− 1
)

·Wt1

∥

∥

∥

L p(P;|·|)

=
‖WT ‖Lp(P;|·|)√

T

[

(

n− t2N
T

)2
(

(n+1)T
N

− t2

)

+
(

n+ 1− t2N
T

)2 (
t2 − nT

N

)

+ |t1|2N2

T 2

(

T
N
− t1

)

+
(

t1N
T

− 1
)2

t1

] 1
2

=
‖WT ‖Lp(P;|·|)√

N

[

(

t2N
T

− n
) (

n+ 1− t2N
T

)

+ t1N
T

(

1− t1N
T

)

] 1
2
.

(2.64)
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Moreover, (2.56) ensures for all N ∈ N, t1, t2 ∈ [0, T
N
], p ∈ [1,∞) with t1 < t2 that

∥

∥

(

Wt2 −WN
t2

)

−
(

Wt1 −WN
t1

)∥

∥

L p(P;|·|)

=
∥

∥

∥

(

Wt2 − t2N
T

·W T
N

)

−
(

Wt1 − t1N
T

·W T
N

)∥

∥

∥

L p(P;|·|)

=
‖WT ‖Lp(P;|·|)√

T

∥

∥

∥
Wt2 −Wt1 +

(t1−t2)N
T

·W T
N

∥

∥

∥

L 2(P;|·|)

=
‖WT ‖Lp(P;|·|)√

T
(2.65)

·
∥

∥

∥

(

1 + (t1−t2)N
T

)

· (Wt2 −Wt1) +
(t1−t2)N

T
·
(

W T
N
−Wt2

)

+ (t1−t2)N
T

·Wt1

∥

∥

∥

L 2(P;|·|)

=
‖WT ‖Lp(P;|·|)√

T

[

∣

∣

∣
1 + (t1−t2)N

T

∣

∣

∣

2

· (t2 − t1) +
|t1−t2|2N2

T 2 ·
(

T
N
− t2

)

+ |t1−t2|2N2

T 2 · t1
]1/2

=
‖WT ‖Lp(P;|·|)√

T
·
[

1 + 2(t1−t2)N
T

+ (t1−t2)2N2

T 2 + |t1−t2|N2

T 2 ·
(

T
N
+ t1 − t2

)

]1/2

· (t2 − t1)
1/2

=
‖WT ‖Lp(P;|·|)√

T
·
(

1 + (t1−t2)N
T

)1/2

· (t2 − t1)
1/2 .

Combining (2.64) and (2.65) proves for all N ∈ N, α ∈ [0, 1/2], p ∈ [1,∞) that

∣

∣W −WN
∣

∣

Cα([0,T ],‖·‖
Lp(P;|·|))

= sup
t1,t2∈[0,T ], t1<t2

∥

∥

(

Wt2 −WN
t2

)

−
(

Wt1 −WN
t1

)∥

∥

L p(P;|·|)
|t1 − t2|α

= sup
t1∈[0, TN ]

sup
t2∈(t1,T ]

∥

∥

(

Wt2 −WN
t2

)

−
(

Wt1 −WN
t1

)∥

∥

L p(P;|·|)
|t1 − t2|α

=
‖WT ‖Lp(P;|·|)√

T

∣

∣

∣

∣

∣

∣

∣

∣

max















sup
t1,t2∈[0, TN ],

t1<t2

(

1+
(t1−t2)N

T

)

(t2−t1)
(2α−1) , sup

t1∈[0, TN ],

t2∈( T
N
, 2T
N

]

T

[(

t2N
T

−1

)(

2− t2N
T

)

+
t1N
T

(

1− t1N
T

)]

N (t2−t1)
2α















∣

∣

∣

∣

∣

∣

∣

∣

1
2

.

(2.66)

This implies for all N ∈ N, α ∈ [0, 1/2], p ∈ [1,∞) that
∣

∣W −WN
∣

∣

Cα([0,T ],‖·‖
Lp(P;|·|))

=
‖WT ‖Lp(P;|·|)√

T

∣

∣

∣

∣

∣

∣

∣

∣

∣

T
N

∣

∣

(1−2α)
max











sup
x∈(0,1]

(1− x)

x(2α−1)
, sup
x∈[0,1],
y∈(1,2]

(y − 1) (2− y) + x (1− x)

(y − x)2α











∣

∣

∣

∣

∣

∣

∣

1
2

=
‖WT ‖Lp(P;|·|)√

T

∣

∣

T
N

∣

∣

( 1
2
−α)






max











sup
x∈(0,1]

x (1− x)

x2α
, sup
x∈[0,1],
y∈(0,1]

y (2− (y + 1)) + x (1− x)

([y + 1]− [1− x])2α

















1
2

.

(2.67)

Hence, we obtain for all N ∈ N, α ∈ [0, 1/2], p ∈ [1,∞) that
∣

∣W −WN
∣

∣

Cα([0,T ],‖·‖
Lp(P;|·|))

=
‖WT ‖Lp(P;|·|)√

T

∣

∣

T
N

∣

∣

( 1
2
−α)

[

max

{

sup
y∈(0,1]

y (1− y)

y2α
, sup
x∈[0,1]

sup
y∈(0,1]

x (1− x) + y (1− y)

(x+ y)2α

}]1
2

17



=
‖WT ‖Lp(P;|·|)√

T

∣

∣

T
N

∣

∣

( 1
2
−α)

[

sup
x∈[0,1]

sup
y∈(0,1]

x (1− x) + y (1− y)

(x+ y)2α

]1/2

(2.68)

= N (α−1/2) T−α ‖WT‖L p(P;|·|)

[

sup
x,y∈(0,1)

gα(x, y)

]1/2

.

To complete the proof of (2.58), we study a few properties of the functions gα, α ∈ [0, 1/2].
In particular, note that

sup
x,y∈(0,1)

g 1
2
(x, y) = x (1−x)

(x+y)
+ y (1−y)

(x+y)
≤ x

(x+y)
+ y

(x+y)
= 1 = sup

x∈(0,1)

2x (1−x)
2x

= sup
x∈(0,1)

g 1
2
(x, x).

(2.69)
Moreover, note that for all α ∈ [0, 1/2), x, y ∈ [0, 1] with x+ y > 0 it holds that

|gα(x, y)− gα(0, 0)| =
∣

∣

∣

x (1−x)

(x+y)2α
+ y (1−y)

(x+y)2α

∣

∣

∣
≤ x(1−2α) (1− x) + y(1−2α) (1− y)

≤ 2 |max{x, y}|(1−2α) .
(2.70)

Hence, we obtain for all α ∈ [0, 1/2) that gα : [0, 1]
2 → R is continuous. Next note that the

fact that for all α ∈ [0, 1/2), x ∈ (0, 1) it holds that

∂
∂x

(

x(1−2α) (1− x)
)

= (1− 2α) x−2α (1− x)−x(1−2α) = −2 (1− α)
[

x− 1/2−α
1−α

]

x−2α (2.71)

ensures that for all α ∈ [0, 1/2) it holds that

sup
(x,y)∈∂([0,1]2)

gα(x, y) ≤ sup
x∈(0,1]

[

x (1−x)
x2α

]

= sup
x∈(0,1)

[

x(1−2α) (1− x)
]

=
[

1/2−α
1−α

](1−2α) [

1− 1/2−α
1−α

]

= 1
2

[

(1/2−α)(
1/2−α)

(1−α)(1−α)

]2

< 2(1−2α) · 1
2
·
[

(1/2−α)(
1/2−α)

(1−α)(1−α)

]2

= 2(1−2α) · sup
x∈(0,1)

[

x(1−2α) (1− x)
]

= sup
x∈(0,1)

[

2x (1−x)
(2x)2α

]

= sup
x∈(0,1)

gα(x, x) = 2−2α ·
[

(1/2−α)(
1/2−α)

(1−α)(1−α)

]2

=
[

(1/2−α)(
1/2−α)

2α (1−α)(1−α)

]2

= [f(α)]2 .

(2.72)

This ensures that for all α ∈ [0, 1/2) there exist (x0, y0) ∈ (0, 1)2 such that

gα(x0, y0) = supx,y∈[0,1] gα(x, y). (2.73)

Moreover, note that for all α ∈ [0, 1/2), k ∈ {1, 2}, x1, x2 ∈ (0, 1) it holds that

(

∂
∂xk

gα
)

(x1, x2) =
∂

∂xk

(

x1 (1− x1) + x2 (1− x2)

(x1 + x2)
2α

)

=
(1− 2xk)

(x1 + x2)
2α − 2α [x1 (1− x1) + x2 (1− x2)]

(x1 + x2)
2α+1 .

(2.74)

This implies that for all α ∈ [0, 1/2), x, y ∈ (0, 1) with ∂
∂x
gα(x, y) =

∂
∂y
gα(x, y) = 0 it holds

that x = y. This and (2.73) ensure for all α ∈ [0, 1/2) that

sup
x,y∈[0,1]2

gα(x, y) = sup
x∈(0,1)

gα(x, x). (2.75)

This and (2.72) show for all α ∈ [0, 1/2) that

sup
x,y∈[0,1]2

gα(x, y) = sup
x∈(0,1)

gα(x, x) =
[

f(α)
]2
. (2.76)
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This and (2.69) prove that for all α ∈ [0, 1/2] it holds that

sup
x,y∈[0,1]2

gα(x, y) = sup
x∈(0,1)

gα(x, x) = [f(α)]2 . (2.77)

Next note that for all α ∈ (0, 1/2) it holds that

f(α) = exp
((

1
2
− α

)

· ln
(

1
2
− α

)

+ (α− 1) · ln(1− α)− α · ln(2)
)

. (2.78)

Moreover, observe that for all α ∈ (0, 1/2) it holds that

∂
∂α

((

1
2
− α

)

· ln
(

1
2
− α

)

+ (α− 1) · ln(1− α)− α · ln(2)
)

= − ln
(

1
2
− α

)

+ 1 + ln(1− α)− 1− ln(2) = ln(1− α)− ln
(

1
2
− α

)

− ln(2)

= ln
(

1−α
1−2α

)

> 0.

(2.79)

This and (2.78) ensure that f is strictly increasing. Equation (2.77) hence proves that

sup
x,y∈[0,1]2

gα(x, y) = sup
x∈(0,1)

gα(x, x) = [f(α)]2 ∈
[

|f(0)|2 ,
∣

∣f(1
2
)
∣

∣

2
]

=
[

1
2
, 1
]

. (2.80)

Putting this into (2.68) establishes (2.58). Combining (2.57) with (2.58) proves (2.59).
Moreover, (2.58) and Lemma 2.13 imply (2.60). The proof of Proposition 2.14 is thus
completed.

3 Convergence of Galerkin approximations in Hölder

norms

3.1 Setting

Throughout this section the following setting is frequently used. Let (H, 〈·, ·〉H , ‖·‖H) and
(U, 〈·, ·〉U , ‖·‖U) be separable R-Hilbert spaces, let H ⊆ H be a non-empty orthonormal
basis of H, let T, ι ∈ (0,∞), let (Ω,F ,P) be a probability space with a normal filtration
(Ft)t∈[0,T ], let (Wt)t∈[0,T ] be an IdU -cylindrical (Ft)t∈[0,T ]-Wiener process, let λ : H → R

be a function with suph∈H λh < 0, let A : D(A) ⊆ H → H be the linear operator such
that

D(A) =

{

v ∈ H :
∑

h∈H
|λh〈h, v〉H |2 < ∞

}

(3.1)

and such that for all v ∈ D(A) it holds that

Av =
∑

h∈H
λh〈h, v〉Hh, (3.2)

let (Hr, 〈·, ·〉Hr
, ‖·‖Hr

), r ∈ R, be a family of interpolation spaces associated to −A (see,
e.g., Definition 3.5.25 in [20]), let γ ∈ R, α ∈ [0, 1), β ∈ [0, 1/2), χ ∈ [β, 1/2), F ∈
C(Hγ, Hγ−α), B ∈ C(Hγ, HS(U,Hγ−β)) satisfy that for all bounded sets E ⊆ Hγ it holds
that

|F |E|C1(E,‖·‖Hγ−α
) + |B|E|C1(E,‖·‖HS(U,Hγ−β))

< ∞, (3.3)

let HN ⊆ H, N ∈ N0, be sets satisfying H0 = H and supN∈N N
ι sup

(

{1/|λh| : h ∈ H\HN} ∪
{0}
)

< ∞, let PN ∈ L(Hmin{0,γ−1}), N ∈ N0, and PN ∈ L(U), N ∈ N0, be linear
operators satisfying for all N ∈ N0, v ∈ H that

PN(v) =
∑

h∈HN

〈h, v〉H h, (3.4)
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and let XN : [0, T ] × Ω → Hγ, N ∈ N0, be (Ft)t∈[0,T ]-adapted stochastic processes with
continuous sample paths satisfying for all N ∈ N0, t ∈ [0, T ] that

[

XN
t

]

P,B(Hγ)
=

[

etAPNX
0
0+

∫ t

0

e(t−s)APNF (XN
s ) ds

]

P,B(Hγ)

+

∫ t

0

e(t−s)APNB(XN
s )PN dWs.

(3.5)

3.2 Strong convergence of Galerkin approximations in Hölder

norms for SEEs with globally Lipschitz continuous nonlin-

earities

The next lemma, Lemma 3.1 below, follows directly from, e.g., Proposition 7.1.16 in [20]
and, e.g., Proposition 7.1.7 in [20].

Lemma 3.1. Assume the setting in Subsection 3.1, let p ∈ [2,∞), η ∈
[

max{α, 2β}, 1
)

,
N ∈ N0, and assume that

E
[

‖X0
0‖pHγ

]

+ |F |C1(Hγ ,‖·‖Hγ−α
) + |B|C1(Hγ ,‖·‖HS(U,Hγ−β))

< ∞. (3.6)

Then

sup
t∈[0,T ]

∥

∥max{1, ‖XN
t ‖Hγ}

∥

∥

L p(P;|·|) ≤
√
2
∥

∥max{1, ‖X0
0‖Hγ}

∥

∥

L p(P;|·|) (3.7)

· E(1−η)

[

T 1−η
√
2√

1−η

(

sup
v∈Hγ

‖F (v)‖Hγ−η

max{1,‖v‖Hγ }

)

+
√

T 1−ηp(p− 1)

(

sup
v∈Hγ

‖B(v)PN‖HS(U,Hγ−η/2)

max{1,‖v‖Hγ }

)]

.

Lemma 3.2. Assume the setting in Subsection 3.1, let p ∈ [2,∞), η ∈
[

max{α, 2β}, 1
)

,
N ∈ N0, and assume that

E
[

‖X0
0‖pHγ

]

+ |F |C1(Hγ ,‖·‖Hγ−α
) + |B|C1(Hγ ,‖·‖HS(U,Hγ−β))

< ∞. (3.8)

Then

sup
t∈[0,T ]

∥

∥X0
t −XN

t

∥

∥

L p(P;‖·‖Hγ
)
≤
[

√
2 sup
t∈[0,T ]

∥

∥(P0 − PN)X
0
t

∥

∥

L p(P;‖·‖Hγ
)

+
T 1/2−χ

√
p (p−1)√

1−2χ

(

1 + sup
t∈[0,T ]

‖XN
t ‖L p(P;‖·‖Hγ

)

)(

sup
v∈Hγ

‖B(v)(P0 − PN)‖HS(U,Hγ−χ)

1 + ‖v‖Hγ

)]

· E(1−η)

[

T 1−η
√
2 |F |C1(Hγ,‖·‖Hγ−η

)
√
1−η

+
√

T 1−ηp(p− 1) |B|C1(Hγ ,‖·‖HS(U,Hγ−η/2)
) ‖P0‖L(U)

]

< ∞.

(3.9)

Proof of Lemma 3.2. First of all, observe that Lemma 3.1 ensures that

sup
t∈[0,T ]

max
{

‖X0
t ‖L p(P;‖·‖Hγ

), ‖XN
t ‖L p(P;‖·‖Hγ

)

}

< ∞. (3.10)
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We can hence apply Proposition 7.1.4 in [20] to obtain

sup
t∈[0,T ]

∥

∥X0
t −XN

t

∥

∥

L p(P;‖·‖Hγ
)

≤ E(1−η)

[

T 1−η
√
2 |PNF (·)|C1(Hγ,‖·‖Hγ−η

)
√
1−η

+
√

T 1−ηp(p− 1) |PNB(·)P0|C1(Hγ ,‖·‖HS(U,Hγ−η/2)
)

]

·
√
2 sup

t∈[0,T ]

∥

∥

∥

∥

[

X0
t −

∫ t

0

e(t−s)APNF (X0
s ) ds

]

P,B(Hγ)

−
∫ t

0

e(t−s)APNB(X0
s )P0 dWs

+

[∫ t

0

e(t−s)APNF (XN
s ) ds−XN

t

]

P,B(Hγ)

+

∫ t

0

e(t−s)APNB(XN
s )P0 dWs

∥

∥

∥

∥

Lp(P;‖·‖Hγ
)

.

(3.11)

This shows

sup
t∈[0,T ]

∥

∥X0
t −XN

t

∥

∥

L p(P;‖·‖Hγ
)

≤ E(1−η)

[

T 1−η
√
2 |F |C1(Hγ,‖·‖Hγ−η

)
√
1−η

+
√

T 1−ηp(p− 1) |B|C1(Hγ ,‖·‖HS(U,Hγ−η/2)
) ‖P0‖L(U)

]

·
√
2 sup

t∈[0,T ]

∥

∥

∥

∥

[

(P0 − PN)X
0
t

]

P,B(Hγ)
+

∫ t

0

e(t−s)APNB(XN
s )(P0 − PN) dWs

∥

∥

∥

∥

Lp(P;‖·‖Hγ
)

.

(3.12)

The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [6]
hence implies

sup
t∈[0,T ]

∥

∥X0
t −XN

t

∥

∥

L p(P;‖·‖Hγ
)

≤ E(1−η)

[

T 1−η
√
2 |F |C1(Hγ,‖·‖Hγ−η

)
√
1−η

+
√

T 1−ηp(p− 1) |B|C1(Hγ ,‖·‖HS(U,Hγ−η/2)
) ‖P0‖L(U)

]

·
√
2

[

sup
t∈[0,T ]

∥

∥(P0 − PN)X
0
t

∥

∥

L p(P;‖·‖Hγ
)

(3.13)

+ sup
s∈[0,T ]

∥

∥B(XN
s )[P0 − PN ]

∥

∥

L p(P;‖·‖HS(U,Hγ−χ))

√

p (p−1)
2

sup
t∈[0,T ]

∫ t

0

(t− s)−2χ ds

]

.

This and (3.10) complete the proof of Proposition 3.2.

Corollary 3.3. Assume the setting in Subsection 3.1, let ϑ ∈
[

0,min{1 − α, 1/2 − β}
)

,
p ∈ [2,∞), and assume that X0

0 (Ω) ⊆ Hγ+ϑ and

E
[

‖X0
0‖pHγ+ϑ

]

+ |F |C1(Hγ ,‖·‖Hγ−α
) + |B|C1(Hγ ,‖·‖HS(U,Hγ−β))

< ∞, (3.14)

sup
N∈N

sup
v∈Hγ

[

N ιϑ ‖B(v)(IdU −PN)‖HS(U,Hγ−χ)

1 + ‖v‖Hγ

]

< ∞. (3.15)

Then it holds that

sup
N∈N0

sup
t∈[0,T ]

(

‖F (XN
t )‖L p(P;‖·‖Hγ−α

) + ‖B(XN
t )PN‖L p(P;‖·‖HS(U,Hγ−χ))

)

< ∞ (3.16)

and
sup
N∈N0

sup
t∈[0,T ]

(

N ιϑ ‖X0
t −XN

t ‖L p(P;‖·‖Hγ
)

)

< ∞. (3.17)
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Proof of Corollary 3.3. Combining the assumptions thatX0
0 (Ω) ⊆ Hγ+ϑ and E

[

‖X0
0‖pHγ+ϑ

]

< ∞ with, e.g., Proposition 7.1.16 in [20] and, e.g., Proposition 7.1.7 in [20] ensures that
∀ t ∈ [0, T ] : P

(

X0
t ∈ Hγ+ϑ

)

= 1 and supt∈[0,T ] E
[

‖✶{X0
t ∈Hγ+ϑ}X

0
t ‖pHγ+ϑ

]

< ∞. This and

the assumption that supN∈N N
ι sup

(

{1/|λh| : h ∈ H\HN} ∪ {0}
)

< ∞ imply that

sup
N∈N

sup
t∈[0,T ]

[

N ιϑ
∥

∥(P0 − PN)X
0
t

∥

∥

L p(P;‖·‖Hγ
)

]

≤ sup
N∈N

sup
t∈[0,T ]

[

N ιϑ
∥

∥(−A)−ϑ(P0 − PN)
∥

∥

L(Hγ)

∥

∥✶{X0
t ∈Hγ+ϑ}X

0
t

∥

∥

L p(P;‖·‖Hγ+ϑ
)

]

≤
[

sup
N∈N

N ιϑ
∥

∥(−A)−1(IdHγ −PN)
∥

∥

ϑ

L(Hγ)

]

[

sup
t∈[0,T ]

∥

∥✶{X0
t ∈Hγ+ϑ}X

0
t

∥

∥

L p(P;‖·‖Hγ+ϑ
)

]

(3.18)

=

[

sup
N∈N

N ιϑ
[

sup
(

{1/|λh| : h ∈ H\HN} ∪ {0}
)]ϑ
]

[

sup
t∈[0,T ]

∥

∥✶{X0
t ∈Hγ+ϑ}X

0
t

∥

∥

L p(P;‖·‖Hγ+ϑ
)

]

< ∞.

In addition, observe that (3.15) and Lemma 3.1 ensure that

sup
N∈N0

sup
t∈[0,T ]

‖XN
t ‖L p(P;‖·‖Hγ

) < ∞. (3.19)

The triangle inequality and (3.15) hence prove that

sup
N∈N0

sup
t∈[0,T ]

‖B(XN
t )PN‖L p(P;‖·‖HS(U,Hγ−χ))

≤
(

1 + sup
N∈N0

sup
t∈[0,T ]

∥

∥XN
t

∥

∥

L p(P;‖·‖Hγ
)

)(

sup
N∈N0

sup
v∈Hγ

‖B(v)PN‖HS(U,Hγ−χ)

1+‖v‖Hγ

)

≤
(

1 + sup
N∈N0

sup
t∈[0,T ]

∥

∥XN
t

∥

∥

L p(P;‖·‖Hγ
)

)

·
(

sup
v∈Hγ

‖B(v)‖HS(U,Hγ−χ)

1+‖v‖Hγ
+ sup

N∈N0

sup
v∈Hγ

‖B(v)(IdU −PN )‖HS(U,Hγ−χ)

1+‖v‖Hγ

)

< ∞.

(3.20)

In the next step we combine (3.19), (3.18), and (3.15) with Lemma 3.2 to obtain that

supN∈N0
supt∈[0,T ]

(

N ιϑ ‖X0
t −XN

t ‖L p(P;‖·‖Hγ
)

)

< ∞. (3.21)

Furthermore, observe that (3.19) assures that supN∈N0
supt∈[0,T ] ‖F (XN

t )‖L p(P;‖·‖Hγ−α
) <

∞. This, (3.20), and (3.21) complete the proof of Corollary 3.3.

Corollary 3.4. Assume the setting in Subsection 3.1, let ϑ ∈
(

0,min{1 − α, 1/2 − β}
)

,
p ∈ (1/ϑ,∞), and assume that X0

0 (Ω) ⊆ Hγ+ϑ, E
[

‖X0
0‖pHγ+ϑ

]

< ∞, |F |C1(Hγ ,‖·‖Hγ−α
) < ∞,

|B|C1(Hγ ,‖·‖HS(U,Hγ−β))
< ∞, and

sup
N∈N

sup
v∈Hγ

[

‖B(v)PN‖HS(U,Hγ−β) +N ιϑ ‖B(v)(IdU −PN)‖HS(U,Hγ−χ)

1 + ‖v‖Hγ

]

< ∞. (3.22)

Then for all δ ∈ [0, ϑ− 1/p), ε ∈ (0,∞) it holds that

supN∈N
(

‖XN‖L p(P;‖·‖
Cδ([0,T ],‖·‖Hγ

)
) +N ι (ϑ−δ−1/p−ε) ‖X0 −XN‖L p(P;‖·‖

Cδ([0,T ],‖·‖Hγ
)
)

)

< ∞.

(3.23)
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Proof of Corollary 3.4. Throughout this proof let η ∈ R be the real number given by
η = max{α, 2β} and let θN ∈ PT , N ∈ N, be a sequence of sets such that

sup
N∈N

[

dmax(θ
N)

N−ι
+

N−ι

dmin(θN)

]

< ∞. (3.24)

In particular, this ensures that lim supN→∞ dmax(θ
N) = 0. In addition, Corollary 3.3

proves that

sup
N∈N

[

∣

∣dmax(θ
N)
∣

∣

−ϑ
sup
t∈θN

‖X0
t −XN

t ‖L p(P;‖·‖Hγ
)

]

≤
[

sup
N∈N

|dmax(θN )|−ϑ

N ιϑ

](

sup
N∈N

sup
t∈θN

N ιϑ ‖X0
t −XN

t ‖L p(P;‖·‖Hγ
)

)

≤
[

sup
N∈N

N−ι

dmin(θN )

]ϑ(

sup
N∈N

sup
t∈[0,T ]

N ιϑ ‖X0
t −XN

t ‖L p(P;‖·‖Hγ
)

)

< ∞.

(3.25)

In the next step note that, e.g., Corollary 11.3.2 in [20] shows that for all N ∈ N0,
ε ∈

(

0,min{1 + γ − η, 1/2 + γ − β} − γ
)

it holds that

sup
t1,t2∈[0,T ],

t1 6=t2





|min{t1, t2}|max{γ+ε−(γ+ϑ),0} ∥
∥XN

t1
−XN

t2

∥

∥

L p(P;‖·‖Hγ
)

|t1 − t2|ε



 (3.26)

≤
∥

∥XN
0

∥

∥

L p(P;‖·‖Hmin{γ+ϑ,γ+ε}
)
+

[

sup
s∈[0,T ]

∥

∥PNF (XN
s )
∥

∥

L p(P;‖·‖Hγ−η
)

]

2T (1+γ−η−min{γ+ϑ,γ+ε})

(1− η − ε)

+

[

sup
s∈[0,T ]

∥

∥PNB(XN
s )PN

∥

∥

L p(P;‖·‖HS(U,Hγ−β))

] √
2T (1/2+γ−β−min{γ+ϑ,γ+ε})

(1− 2β − 2ε)1/2
< ∞.

This and the fact that min{1 + γ − η, 1/2+ γ − β} − γ = min{1−max{α, 2β}, 1/2− β} =
min{1− α, 1/2 − β} > ϑ > 0 imply that

sup
N∈N0

sup
t1,t2∈[0,T ],

t1 6=t2





∥

∥XN
t1
−XN

t2

∥

∥

L p(P;‖·‖Hγ
)

|t1 − t2|ϑ





≤ sup
N∈N0

∥

∥XN
0

∥

∥

L p(P;‖·‖Hγ+ϑ
)
+

[

sup
N∈N0

sup
s∈[0,T ]

∥

∥F (XN
s )
∥

∥

L p(P;‖·‖Hγ−η
)

]

2T (1−η−ϑ)

(1− η − ϑ)

+

[

sup
N∈N0

sup
s∈[0,T ]

∥

∥B(XN
s )PN

∥

∥

L p(P;‖·‖HS(U,Hγ−β))

] √
2T (1/2−β−ϑ)

(1− 2β − 2ϑ)1/2
.

(3.27)

Corollary 3.3 and estimate (3.22) hence prove that

sup
N∈N0

∣

∣XN
∣

∣

Cϑ([0,T ],‖·‖
Lp(P;‖·‖Hγ

))

≤
∥

∥X0
0

∥

∥

L p(P;‖·‖Hγ+ϑ
)
+

[

sup
N∈N0

sup
s∈[0,T ]

∥

∥F (XN
s )
∥

∥

L p(P;‖·‖Hγ−η
)

]

2T (1−η−ϑ)

(1−η−ϑ)

+

[

sup
N∈N0

sup
s∈[0,T ]

∥

∥B(XN
s )PN

∥

∥

L p(P;‖·‖HS(U,Hγ−β))

]

√
2T (1/2−β−ϑ)

(1−2β−2ϑ)1/2
< ∞.

(3.28)
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This, (3.25), and the fact that ϑ ∈ (1/p, 1] allow us to apply Corollary 2.11 to obtain for
all δ ∈ [0, ϑ− 1/p), ε ∈ (0,∞) that

sup
N∈N

[

‖XN‖L p(P;‖·‖
Cδ([0,T ],‖·‖Hγ

)
)

+
∣

∣dmax(θ
N)
∣

∣

−(ϑ−δ−1/p−ε) ‖X0 −XN‖L p(P;‖·‖
Cδ([0,T ],‖·‖Hγ

)
)

]

< ∞.
(3.29)

Combining this with the fact that supN∈N
[

dmax(θN )
N−ι

]

< ∞ completes the proof of Corol-
lary 3.4.

3.3 Almost sure convergence of Galerkin approximations in Höl-

der norms for SEEs with semi-globally Lipschitz continuous

nonlinearities

The proof of the following corollary employs a standard localisation argument; see, e.g.,
[9, 25].

Corollary 3.5. Assume the setting in Subsection 3.1, let ϑ ∈
(

0,min{1 − α, 1/2 − β}
)

,
assume that P

(

X0
0 ∈ Hγ+ϑ

)

= 1, and assume for all bounded sets E ⊆ Hγ that

sup
N∈N

sup
v∈E

[

‖B(v)PN‖HS(U,Hγ−β) +N ιϑ ‖B(v)(IdU −PN)‖HS(U,Hγ−χ)

1 + ‖v‖Hγ

]

< ∞. (3.30)

Then for all δ ∈ [0, ϑ), ε ∈ (0,∞) it holds P-a.s. that

sup
N∈N

[

N ι(ϑ−δ−ε) ‖X0 −XN‖Cδ([0,T ],‖·‖Hγ
)

]

< ∞. (3.31)

Proof of Corollary 3.5. Throughout this proof we assume w.l.o.g. that X0
0 (Ω) ⊆ Hγ+ϑ

and throughout this proof let δ ∈ [0, ϑ), let φr,M : Hr → Hr, r ∈ R, M ∈ (0,∞), be the
mappings which satisfy for all r ∈ R, M ∈ (0,∞), v ∈ Hr that

φr,M(v) = v ·min

{

1,
M + 1

1 + ‖v‖Hr

}

, (3.32)

let ξM : Ω → Hγ, M ∈ N, be the mappings which satisfy for all M ∈ N that ξM =
φγ+ϑ,M(X0

0 ), let FM : Hγ → Hγ−α, M ∈ N, and BM : Hγ → HS(U,Hγ−β), M ∈ N, be the
mappings which satisfy for all M ∈ N that FM = F ◦ φγ,M and BM = B ◦ φγ,M , and let
SM ⊆ Hγ, M ∈ N, be the sets which satisfy for all M ∈ N that SM = {v ∈ Hγ : ‖v‖Hγ ≤
M + 1}. Observe that for all v, w ∈ Hγ, M ∈ N it holds that

‖φγ,M(v)− φγ,M(w)‖Hγ

=

∥

∥

∥

∥

v (1 + ‖w‖Hγ )min{1 + ‖v‖Hγ ,M + 1} − w (1 + ‖v‖Hγ )min{1 + ‖w‖Hγ ,M + 1}
(1 + ‖v‖Hγ ) (1 + ‖w‖Hγ )

∥

∥

∥

∥

Hγ

≤ ‖v − w‖Hγ

+

∥

∥

∥

∥

∥

w
[

(1 + ‖w‖Hγ )min{1 + ‖v‖Hγ ,M + 1} − (1 + ‖v‖Hγ )min{1 + ‖w‖Hγ ,M + 1}
]

(1 + ‖v‖Hγ ) (1 + ‖w‖Hγ )

∥

∥

∥

∥

∥

Hγ

≤ ‖v − w‖Hγ

+

∣

∣(1 + ‖w‖Hγ )min{1 + ‖v‖Hγ ,M + 1} − (1 + ‖v‖Hγ )min{1 + ‖w‖Hγ ,M + 1}
∣

∣

(1 + ‖v‖Hγ )
.

(3.33)
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This ensures that for all v, w ∈ Hγ, M ∈ N it holds that

‖φγ,M(v)− φγ,M(w)‖Hγ

≤ ‖v − w‖Hγ
+

∣

∣‖w‖Hγ − ‖v‖Hγ

∣

∣min{1 + ‖v‖Hγ ,M + 1}
(1 + ‖v‖Hγ )

+
(1 + ‖v‖Hγ )

∣

∣min{1 + ‖v‖Hγ ,M + 1} −min{1 + ‖w‖Hγ ,M + 1}
∣

∣

(1 + ‖v‖Hγ )

≤ ‖v − w‖Hγ
+
∣

∣‖w‖Hγ − ‖v‖Hγ

∣

∣

+
∣

∣min{1 + ‖v‖Hγ ,M + 1} −min{1 + ‖w‖Hγ ,M + 1}
∣

∣

≤ 3 ‖v − w‖Hγ
.

(3.34)

Hence, we obtain for all M ∈ N that |φγ,M |C1(Hγ ,‖·‖Hγ
) ≤ 3. This, the fact that ∀M ∈

N : |F |SM
|C1(SM ,‖·‖Hγ−α

) + |B|SM
|C1(SM ,‖·‖HS(U,Hγ−β))

+ |φγ,M |C1(Hγ ,‖·‖Hγ
) < ∞, and the fact

that ∀M ∈ N : φγ,M(Hγ) ⊆ SM ensure that for all M ∈ N, p ∈ [1,∞) it holds that

|FM |C1(Hγ ,‖·‖Hγ−α
) + |BM |C1(Hγ ,‖·‖HS(U,Hγ−β))

+ E
[

‖ξM‖pHγ+ϑ

]

< ∞. (3.35)

Therefore, there exist (Ft)t∈[0,T ]-adapted stochastic processes X N,M : [0, T ] × Ω → Hγ,
N ∈ N0, M ∈ N, with continuous sample paths such that for all N ∈ N0, M ∈ N, t ∈ [0, T ]
it holds that

[

X
N,M
t

]

P,B(Hγ)
=

[

etAPNξM +

∫ t

0

e(t−s)APNFM(X N,M
s ) ds

]

P,B(Hγ)

+

∫ t

0

e(t−s)APNBM(X N,M
s )PN dWs

(3.36)

(cf., e.g., Proposition 7.1.16 in [20] or Theorem 6.1 in van Neerven, Veraar & Weis [27]).
We now introduce a bit more notation. Let τN,M : Ω → [0, T ], M ∈ N, N ∈ N0, be the
mappings which satisfy for all M ∈ N, N ∈ N0 that

τN,M = min
{

T ✶{‖X0
0‖Hγ+ϑ

≤M}, inf
(

{

t ∈ [0, T ] : ‖X N,M
t ‖Hγ ≥ M

}

∪ {T}
)}

, (3.37)

let Υ ∈ F be the set given by

Υ =
[

∩N∈N0 ∪M∈N ∩m∈{M,M+1,... }{τN,m = T}
]

∩
[

∩M∈N,N∈N0

{

‖X N,M‖Cδ([0,T ],‖·‖Hγ
) < ∞

}]

∩
[

∩M∈N,N∈N0

(

{

‖X0
0‖Hγ+ϑ

> M
}

∪
{

∀ t ∈ [0, T ] : X
N,M
min{t,τN,M} = XN

min{t,τN,M}
}

)]

∩
[

∩M,n∈N

{

supN∈N
(

N ι(ϑ−δ−1/n) ‖X 0,M − X
N,M‖Cδ([0,T ],‖·‖Hγ

)

)

< ∞
}]

,

(3.38)

let M : Υ → N be the mapping which satisfies for all ω ∈ Υ that

M (ω) = min
{

M ∈ N∩
(

‖X0
0 (ω)‖Hγ+ϑ

,∞
)

: ∀m ∈ {M,M+1, . . . } : τ0,m(ω) = T
}

, (3.39)

and let N : Υ → N be the mapping which satisfies for all

ω ∈Υ ⊆
{

ω ∈ Ω:
[

∀M ∈ N : lim supN→∞ ‖X 0,M(ω)− X
N,M(ω)‖Cδ([0,T ],‖·‖Hγ

) = 0
]}

(3.40)
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that

N (ω) = min
{

N ∈ N : supn∈{N,N+1,... } ‖X 0,2M (ω)(ω)− X
n,2M (ω)(ω)‖C([0,T ],‖·‖Hγ

) < 1
}

.

(3.41)
Observe that (3.38) ensures that for all ω ∈ Υ , N ∈ N0, M ∈ N, t ∈ [0, τN,M(ω)] with
M ≥ ‖X0

0 (ω)‖Hγ+ϑ
it holds that

X
N,M
t (ω) = XN

t (ω). (3.42)

This, the fact that ∀ω ∈ Υ,N ∈ N0 : ∃M ∈ N : ∀m ∈ {M,M +1, . . . } : τN,m(ω) = T , and
the fact that ∀ω ∈ Υ,N ∈ N0,m ∈ N : ‖X N,m(ω)‖Cδ([0,T ],‖·‖Hγ

) < ∞ prove that for all

ω ∈ Υ , N ∈ N0 it holds that

‖XN(ω)‖Cδ([0,T ],‖·‖Hγ
) < ∞. (3.43)

Next note that (3.39) ensures that for all ω ∈ Υ , M ∈ {M (ω),M (ω) + 1, . . . } it holds
that

τ0,M(ω) = T and M ≥ M (ω) > ‖X0
0 (ω)‖Hγ+ϑ

. (3.44)

This and (3.42) show that for all ω ∈ Υ , M ∈ {M (ω),M (ω) + 1, . . . }, t ∈ [0, T ] it holds
that

X
0,M
t (ω) = X0

t (ω) = X
0,M (ω)
t (ω). (3.45)

This, (3.44), and (3.37) prove that for all ω ∈ Υ it holds that

supt∈[0,T ] ‖X 0,2M (ω)
t ‖Hγ = supt∈[0,T ] ‖X 0,M (ω)

t ‖Hγ ≤ M (ω). (3.46)

The triangle inequality and (3.41) hence assure that for all ω ∈ Υ , N ∈ {N (ω),N (ω) +
1, . . .} it holds that

supt∈[0,T ] ‖X N,2M (ω)
t (ω)‖Hγ

≤ supt∈[0,T ] ‖X 0,2M (ω)
t (ω)‖Hγ + supt∈[0,T ] ‖X 0,2M (ω)

t (ω)− X
N,2M (ω)
t (ω)‖Hγ

< supt∈[0,T ] ‖X 0,2M (ω)
t (ω)‖Hγ + 1 ≤ M (ω) + 1 ≤ 2M (ω).

(3.47)

This and the fact that ∀ω ∈ Υ : ‖X0
0 (ω)‖Hγ+ϑ

< M (ω) ≤ 2M (ω) prove for all ω ∈ Υ , N ∈
{N (ω),N (ω) + 1, . . .} that τN,2M (ω) = T . Again the fact that ∀ω ∈ Υ : ‖X0

0 (ω)‖Hγ+ϑ
<

M (ω) ≤ 2M (ω) and (3.42) hence show for all ω ∈ Υ , N ∈ {N (ω),N (ω) + 1, . . . },
t ∈ [0, T ] that X

N,2M (ω)
t (ω) = XN

t (ω). This and (3.45) prove for all ω ∈ Υ , ε ∈ (0,∞)
that

supN∈N N
ι(ϑ−δ−ε) ‖X0(ω)−XN(ω)‖Cδ([0,T ],‖·‖Hγ

)

≤ supN∈{1,2,...,N (ω)} N
ιϑ ‖X0(ω)−XN(ω)‖Cδ([0,T ],‖·‖Hγ

)

+ supN∈{N (ω),N (ω)+1,... } N
ι(ϑ−δ−ε) ‖X0(ω)−XN(ω)‖Cδ([0,T ],‖·‖Hγ

)

≤ [N (ω)]ιϑ
[

‖X0(ω)‖Cδ([0,T ],‖·‖Hγ
) + supN∈{1,2,...,N (ω)} ‖XN(ω)‖Cδ([0,T ],‖·‖Hγ

)

]

+ supN∈{N (ω),N (ω)+1,... } N
ι(ϑ−δ−ε) ‖X 0,2M (ω)(ω)− X

N,2M (ω)(ω)‖Cδ([0,T ],‖·‖Hγ
).

(3.48)

Combining this with (3.43) and (3.38) ensures for all ω ∈ Υ , ε ∈ (0,∞) that

supN∈N N
ι(ϑ−δ−ε) ‖X0(ω)−XN(ω)‖Cδ([0,T ],‖·‖Hγ

)

≤ [N (ω)]ιϑ
∑N (ω)

N=0 ‖XN(ω)‖Cδ([0,T ],‖·‖Hγ
)

+ supN∈{N (ω),N (ω)+1,... } N
ι(ϑ−δ−ε) ‖X 0,2M (ω)(ω)− X

N,2M (ω)(ω)‖Cδ([0,T ],‖·‖Hγ
) < ∞.

(3.49)
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It thus remains to prove that P
(

Υ ) = 1 to complete the proof of Corollary 3.5. For this
observe that the assumption (3.30) shows that for all M ∈ N it holds that

sup
N∈N

sup
v∈Hγ

[

‖BM(v)PN‖HS(U,Hγ−β) +N ιϑ ‖BM(v)(IdU −PN)‖HS(U,Hγ−χ)

1 + ‖v‖Hγ

]

≤ sup
N∈N

sup
v∈SM

[

‖B(v)PN‖HS(U,Hγ−β) +N ιϑ ‖B(v)(IdU −PN)‖HS(U,Hγ−χ)

1 + ‖v‖Hγ

]

< ∞.

(3.50)

We can hence apply Corollary 3.4 to obtain that for all p ∈ (1/ϑ,∞), r ∈ [0, ϑ − 1/p),
ε ∈ (0,∞), M ∈ N it holds that

sup
N∈N

(

‖X N,M‖L p(P;‖·‖Cr([0,T ],‖·‖Hγ
))
+N ι (ϑ−r−ε) ‖X 0,M − X

N,M‖L p(P;‖·‖Cr([0,T ],‖·‖Hγ
))

)

< ∞.

(3.51)
A standard Borel-Cantelli-type argument (see, e.g., Lemma 2.1 in Kloeden & Neuenkirch
[21]) hence shows that for all ε ∈ (0,∞), M ∈ N it holds P-a.s. that

supN∈N
(

N ι(ϑ−δ−ε)‖X 0,M − X
N,M‖Cδ([0,T ],‖·‖Hγ

)

)

< ∞. (3.52)

Hence, we obtain

P

(

∀M,n ∈ N : supN∈N
[

N ι(ϑ−δ−1/n) ‖X 0,M − X
N,M‖Cδ([0,T ],‖·‖Hγ

)

]

< ∞
)

= 1. (3.53)

In addition, observe that (3.51) proves that for allN ∈ N0,M ∈ N it holds that P
(

X N,M ∈
Cδ([0, T ], ‖·‖Hγ

)
)

= 1. This, in turn, ensures that

P

(

∀M ∈ N, N ∈ N0 : X
N,M ∈ Cδ([0, T ], ‖·‖Hγ

)
)

= 1. (3.54)

Next observe that for all t ∈ [0, T ], M ∈ N, N ∈ N0 it holds that
[

X
N,M
t − etAPNX

0,M
0

]

P,B(Hγ)
✶{t≤τN,M}

=

([∫ t

0

e(t−s)APNFM(X N,M
s ) ds

]

P,B(Hγ)

+

∫ t

0

e(t−s)APNBM(X N,M
s )PN dWs

)

✶{t≤τN,M}

=

([∫ t

0

✶{s<τN,M} e
(t−s)APNFM(X N,M

s ) ds

]

P,B(Hγ)

+

∫ t

0

✶{s<τN,M}e
(t−s)APNBM(X N,M

s )PN dWs

)

✶{t≤τN,M} (3.55)

=

([∫ t

0

✶{s<τN,M} e
(t−s)APNF (X N,M

s ) ds

]

P,B(Hγ)

+

∫ t

0

✶{s<τN,M} e
(t−s)APNB(X N,M

s )PN dWs

)

✶{t≤τN,M}.

Therefore, we obtain that for all N ∈ N0, M ∈ N it holds that

P

(

∀ t ∈ [0, T ] : ✶{X N,M
0 =XN

0 }X
N,M
min{t,τN,M} = ✶{X N,M

0 =XN
0 }X

N
min{t,τN,M}

)

= 1 (3.56)

(cf., e.g., Proposition 7.1.7 in [20] or Lemma 8.2 in van Neerven, Veraar & Weis [27]).
This implies that for all N ∈ N0, M ∈ N it holds that

P
(

{‖X0
0‖Hγ+ϑ

> M} ∪
{

∀ t ∈ [0, T ] : X
N,M
min{t,τN,M} = XN

min{t,τN,M}
})

= 1. (3.57)
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Hence, we obtain

P

(

∩M∈N,N∈N0

[

{‖X0
0‖Hγ+ϑ

> M} ∪
{

∀ t ∈ [0, T ] : X
N,M
min{t,τN,M} = XN

min{t,τN,M}
}

])

= 1.

(3.58)
In the next step we combine this with (3.37) to obtain that for all M ∈ N, N ∈ N0 it
holds P-a.s. that

τN,M = min
{

T ✶{‖X0
0‖Hγ+ϑ

≤M}, inf
({

t ∈ [0, T ] : ‖XN
t ‖Hγ ≥ M

}

∪ {T}
)

}

. (3.59)

This shows that for all N ∈ N0, M1,M2 ∈ N with M1 ≤ M2 it holds that P
(

τN,M1 ≤
τN,M2

)

= 1. This, (3.59), and the fact that ∀ω ∈ Ω, N ∈ N0 : supt∈[0,T ] ‖XN
t (ω)‖Hγ < ∞

imply that for all N ∈ N0 it holds that P
(

∪M∈N ∩m∈{M,M+1,... }{τN,m = T}
)

= 1. This, in
turn, proves that

P
(

∩N∈N0 ∪M∈N ∩m∈{M,M+1,... } {τN,m = T}
)

= 1. (3.60)

Combining (3.60), (3.54), (3.58), and (3.53) proves that P
(

Υ ) = 1. The proof of Corol-
lary 3.5 is thus completed.

4 Cubature methods in Banach spaces

We first discuss in Section 4.1 a number of preliminary definitions related to the Monte
Carlo method in Banach spaces. In Section 4.2 we present an elementary error estimate
for the Monte Carlo method in Corollary 4.12. In Section 4.3 we then illustrate how ex-
pectations of Banach space valued functions of stochastic processes can be approximated.

4.1 Preliminaries

As mentioned in the introduction, the rate of convergence of Monte Carlo approximations
in a Banach space depends on the so-called type of the Banach space; cf., e.g., Section 9.2
in Ledoux & Talagrand [23]. In order to define the type of a Banach space, we first
reconsider a few concepts from the literature.

Definition 4.1. Let (Ω,F ,P) be a probability space, let J be a set, and let rj : Ω →
{−1, 1}, j ∈ J , be a family of independent random variables with ∀ j ∈ J : P

(

rj = 1
)

=
P
(

rj = −1
)

. Then we say that (rj)j∈J is a P-Rademacher family.

Definition 4.2. Let p ∈ (0,∞) and let (E, ‖·‖E) be an R-Banach space. Then we denote
by Tp(E) ∈ [0,∞] the extended real number given by

Tp(E) = sup



































r ∈ [0,∞) :

∃ probability space (Ω,F ,P) :
∃P-Rademacher family (rj)j∈N :

∃ k ∈ N : ∃ x1, x2, . . . , xk ∈ E\{0} :
r =

(E[‖
∑k

j=1 rjxj‖pE])
1/p

(
∑k

j=1‖xj‖pE)
1/p























∪ {0}













(4.1)

and we call Tp(E) the type p-constant of E.

Definition 4.3. Let p ∈ (0,∞) and let (E, ‖·‖E) be an R-Banach space which satisfies
that Tp(E) < ∞. Then we say that E has type p.
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Note that for all p ∈ (0,∞), all R-Banach spaces (E, ‖·‖E) with type p, all probability
spaces (Ω,F ,P), all P-Rademacher families (rj)j∈N, and all k ∈ N, x1, x2, . . . , xk ∈ E it
holds that

∥

∥

∥

∥

k
∑

j=1

rjxj

∥

∥

∥

∥

L p(P;‖·‖E)

≤ Tp(E)

( k
∑

j=1

‖xj‖pE
)1/p

. (4.2)

In addition, observe that for all R-Banach spaces (E, ‖·‖E), all probability spaces (Ω,F ,P),
all P-Rademacher families (rj)j∈N, and all p ∈ [2,∞), k ∈ N, x ∈ E\{0} it holds that

Tp(E) ≥

∥

∥

∥

∑k
j=1 rjx

∥

∥

∥

L p(P;‖·‖E)
[

∑k
j=1 ‖x‖

p
E

]1/p
≥

‖x‖E
∥

∥

∥

∑k
j=1 rj

∥

∥

∥

L 2(P;|·|)
k1/p ‖x‖E

=
k1/2 ‖x‖E
k1/p ‖x‖E

= k(1/2−1/p). (4.3)

In particular, for all p ∈ (2,∞) and all R-Banach spaces (E, ‖·‖E) with E 6= {0} it holds
that Tp(E) = ∞. Furthermore, observe that Jensen’s inequality together with the fact
that for all normed R-vector spaces (E, ‖·‖E) and all p ∈ (0,∞), q ∈ [p,∞), k ∈ N,
x1, . . . , xk ∈ E it holds that

(

∑k
j=1 ‖xj‖qE

)1/q

≤
(

∑k
j=1 ‖xj‖pE

)1/p

(4.4)

assures that for all R-Banach spaces (E, ‖·‖E) and all p, q ∈ (0,∞) with p ≤ q it holds that
Tp(E) ≤ Tq(E). Hence, it holds for every R-Banach space (E, ‖·‖E) that the function
(0,∞) ∋ p 7→ Tp(E) ∈ [0,∞] is non-decreasing. This and the triangle inequality ensure
that for all p ∈ (0, 1] and all R-Banach spaces (E, ‖·‖E) with E 6= {0} it holds that
Tp(E) = 1. In particular, note that for all R-Banach spaces (E, ‖·‖E) it holds that
supp∈(0,1] Tp(E) ≤ 1 < ∞. Additionally, observe that for all p ∈ (0, 2] and all R-Hilbert
spaces (H, 〈·, ·〉H , ‖·‖H) with H 6= {0} it holds that Tp(H) = 1. Furthermore, we note
that for every probability space (Ω,F ,P), every p, q ∈ [1,∞), and every R-Banach space
(E, ‖·‖E) with type q it holds that Lp(P; ‖·‖E) has type min{p, q}; cf., e.g., Proposition 7.4
in Hytönen et al. [19], Section 9.2 in Ledoux & Talagrand [23], or Theorem 6.2.14 in
Albiac & Kalton [1]. In particular, it holds for every p ∈ [1,∞) and every probability
space (Ω,F ,P) that Lp(P; |·|) has type min{p, 2}.

Definition 4.4. Let p, q ∈ (0,∞). Then we denote by Kp,q ∈ [0,∞] the extended real
number given by

Kp,q = sup























r ∈ [0,∞) :

∃R-Banach space (E, ‖·‖E) :
∃ probability space (Ω,F ,P) :

∃P-Rademacher family (rj)j∈N : ∃ k ∈ N :

∃ x1, x2, . . . , xk ∈ E\{0} : r = (E[‖
∑k

j=1 rjxj‖pE])
1/p

(E[‖
∑k

j=1 rjxj‖qE])
1/q























(4.5)

and we call Kp,q the (p, q)-Kahane-Khintchine constant.

The celebrated Kahane-Khintchine inequality asserts that for all p, q ∈ (0,∞) it holds
that Kp,q < ∞; see, e.g., Theorem 6.2.5 in Albiac & Kalton [1]. Observe that Jensen’s
inequality ensures for all p, q ∈ (0,∞) with p ≤ q that Kp,q = 1. The nontrivial assertion
of the Kahane-Khintchine inequality is the fact that for all p, q ∈ (0,∞) with p > q it
holds that Kp,q < ∞. In our analysis below we also use the following two abbreviations.

Definition 4.5. Let p, q ∈ (0,∞) and let (E, ‖·‖E) be an R-Banach space. Then we
denote by Θp,q(E) ∈ [0,∞] the extended real number given by Θp,q(E) = 2Tq(E)Kp,q.
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Definition 4.6. Let (Ω,F ,P) be a probability space, let p ∈ (0,∞), let (E, ‖·‖E) be an
R-Banach space, and let X ∈ L 1(P; ‖·‖E). Then we denote by σp,E(X) ∈ [0,∞] the

extended real number given by σp,E(X) =
(

E
[

‖X − E[X]‖pE
])1/p

.

4.2 Monte Carlo methods in Banach spaces

In this section we collect a few elementary results on sums of random variables with values
in Banach spaces. The next result, Lemma 4.7 below, can be found, e.g., in Section 2.2
of Ledoux & Talagrand [23].

Lemma 4.7 (Symmetrization lemma). Let (E, ‖·‖E) be an R-Banach space, let (Ω,F ,P)

be a probability space, let ξ, ξ̃ ∈ L 0(P; ‖·‖E) be independent mappings which satisfy that

E
[

‖ξ̃‖E
]

< ∞ and E[ξ̃] = 0, and let ϕ : [0,∞) → [0,∞) be a convex function. Then

E
[

ϕ(‖ξ‖E)
]

≤ E
[

ϕ(‖ξ − ξ̃‖E)
]

. (4.6)

Proof of Lemma 4.7. Jensen’s inequality assures that

E
[

ϕ(‖ξ‖E)
]

= E
[

ϕ(‖ξ − E[ξ̃]‖E)
]

=

∫

Ω

ϕ

(∥

∥

∥

∥

∫

Ω

ξ(ω)− ξ̃(ω̃)P(dω̃)

∥

∥

∥

∥

E

)

P(dω)

≤
∫

Ω

∫

Ω

ϕ(‖ξ(ω)− ξ̃(ω̃)‖E)P(dω̃)P(dω)

=

∫

E

∫

E

ϕ(‖x− y‖E)
(

ξ̃(P)
)

(dy)
(

ξ(P)
)

(dx)

=

∫

E×E

ϕ(‖x− y‖E)
(

(ξ, ξ̃)(P)
)

(dx, dy) = E
[

ϕ(‖ξ − ξ̃‖E)
]

.

(4.7)

This completes the proof of Lemma 4.7.

Corollary 4.8 (Symmetrization corollary). Let (E, ‖·‖E) be an R-Banach space, let

(Ω,F ,P) be a probability space, let ξ, ξ̃ ∈ L 1(P; ‖·‖E) be independent and identically
distributed mappings which satisfy that E[ξ] = 0, and let ϕ : [0,∞) → [0,∞) be a convex
function. Then

E
[

ϕ(‖ξ‖E)
]

≤ E
[

ϕ(‖ξ − ξ̃‖E)
]

≤ E
[

ϕ(2‖ξ‖E)
]

. (4.8)

Proof of Corollary 4.8. Lemma 4.7 and the fact that ϕ is non-decreasing show that

E
[

ϕ(‖ξ‖E)
]

≤ E
[

ϕ(‖ξ − ξ̃‖E)
]

≤ 1
2
E
[

ϕ(2‖ξ‖E)
]

+ 1
2
E
[

ϕ(2‖ξ̃‖E)
]

= E
[

ϕ(2‖ξ‖E)
]

. (4.9)

The proof of Corollary 4.8 is thus completed.

As a straightforward application we obtain the following randomisation result, cf., e.g.,
Lemma 6.3 in Ledoux & Talagrand [23].

Lemma 4.9 (Randomisation). Let (E, ‖·‖E) be an R-Banach space, let (Ω,F ,P) be a
probability space, let k ∈ N, let ξj ∈ L 1(P; ‖·‖E), j ∈ {1, . . . , k}, satisfy for all j ∈
{1, . . . , k} that E[ξj] = 0, and let rj : Ω → {−1, 1}, j ∈ {1, . . . , k}, be a P-Rademacher
family such that ξ1, ξ2, . . . , ξk, r1, r2, . . . , rk are independent. Then for all p ∈ [1,∞) it
holds that

∥

∥

∥

∥

k
∑

j=1

ξj

∥

∥

∥

∥

L p(P;‖·‖E)

≤ 2

∥

∥

∥

∥

k
∑

j=1

rjξj

∥

∥

∥

∥

L p(P;‖·‖E)

. (4.10)
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Proof of Lemma 4.9. Throughout this proof letΩ = Ω×Ω, let ξj : Ω → E, j ∈ {1, . . . , k},
ξ̃j : Ω → E, j ∈ {1, . . . , k}, and rj : Ω → {−1, 1}, j ∈ {1, . . . , k}, be the mappings which

satisfy for all ω = (ω, ω̃) ∈ Ω, j ∈ {1, . . . , k} that ξj(ω) = ξj(ω), ξ̃j(ω) = ξj(ω̃), and

rj(ω) = rj(ω), and let P = P ⊗ P. The fact that ξj − ξ̃j : Ω → E, j ∈ {1, . . . , k},
and rj : Ω → {−1, 1}, j ∈ {1, . . . , k} are independent and the symmetry of ξj − ξ̃j,
j ∈ {1, . . . , k}, prove for all p ∈ [1,∞) that

∫

Ω

∥

∥

∥

∥

k
∑

j=1

rj(ω)
(

ξj(ω)− ξ̃j(ω)
)

∥

∥

∥

∥

p

E

P(dω)

=

∫

({−1,1}×E)k

∥

∥

∥

∥

k
∑

j=1

zjxj

∥

∥

∥

∥

p

E

(

(r1, ξ1 − ξ̃1, . . . , rk, ξk − ξ̃k)(P)
)

(dz1, dx1, . . . , dzk, dxk)

=

∫

{−1,1}

∫

E

· · ·
∫

{−1,1}

∫

E . . .
(4.11)

∥

∥

∥

∥

k
∑

j=1

xj

∥

∥

∥

∥

p

E

(

(ξ1 − ξ̃1)(P)
)

(dx1)
(

(r1)(P)
)

(dz1) . . .
(

(ξk − ξ̃k)(P)
)

(dxk)
(

(rk)(P)
)

(dzk)

=

∫

Ek

∥

∥

∥

∥

k
∑

j=1

xj

∥

∥

∥

∥

p

E

(

(ξ1 − ξ̃1, . . . , ξk − ξ̃k)(P)
)

(x1, . . . , xk)

=

∫

Ω

∥

∥

∥

∥

k
∑

j=1

(

ξj(ω)− ξ̃j(ω)
)

∥

∥

∥

∥

p

E

P(dω).

Furthermore, the fact that
∑k

j=1 ξj : Ω → E and
∑k

j=1 ξ̃j : Ω → E are independent

and identically distributed, the facts that E
[∥

∥

∑k
j=1 ξj

∥

∥

E

]

< ∞ and E
[
∑k

j=1 ξj
]

= 0,
Lemma 4.7, and (4.11) imply for all p ∈ [1,∞) that

∥

∥

∥

∥

k
∑

j=1

ξj

∥

∥

∥

∥

L p(P;‖·‖E)

=

∥

∥

∥

∥

k
∑

j=1

ξj

∥

∥

∥

∥

L p(P;‖·‖E)

≤
∥

∥

∥

∥

k
∑

j=1

(ξj − ξ̃j)

∥

∥

∥

∥

L p(P;‖·‖E)

=

∥

∥

∥

∥

k
∑

j=1

rj(ξj − ξ̃j)

∥

∥

∥

∥

L p(P;‖·‖E)

≤
∥

∥

∥

∥

k
∑

j=1

rjξj

∥

∥

∥

∥

L p(P;‖·‖E)

+

∥

∥

∥

∥

k
∑

j=1

rj ξ̃j

∥

∥

∥

∥

L p(P;‖·‖E)

= 2

∥

∥

∥

∥

k
∑

j=1

rjξj

∥

∥

∥

∥

L p(P;‖·‖E)

.

(4.12)

The proof of Lemma 4.9 is thus completed.

The next result, Proposition 4.10 below, is the key to estimate the statistical error term
in the Banach space valued Monte Carlo method in the next section. Proposition 4.10 is
similar to, e.g., Proposition 9.11 in Ledoux & Talagrand [23].

Proposition 4.10 (Sums of independent, centered, Banach space valued random vari-
ables). Let k ∈ N, q ∈ [1, 2], let (E, ‖·‖E) be an R-Banach space with type q, let (Ω,F ,P)
be a probability space, and let ξj ∈ L 1(P; ‖·‖E), j ∈ {1, . . . , k}, be independent mappings
which satisfy for all j ∈ {1, . . . , k} that E[ξj] = 0. Then for all p ∈ [q,∞) it holds that

∥

∥

∥

∥

k
∑

j=1

ξj

∥

∥

∥

∥

L p(P;‖·‖E)

≤ Θp,q(E)

( k
∑

j=1

‖ξj‖qL p(P;‖·‖E)

)1/q

. (4.13)
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Proof of Proposition 4.10. Throughout this proof let (Ω̃, F̃ , P̃) be a probability space, let
rj : Ω̃ → {−1, 1}, j ∈ {1, . . . , k}, be a P̃-Rademacher family, and let ξj : Ω × Ω̃ → E,
j ∈ {1, . . . , k}, and rj : Ω × Ω̃ → {−1, 1}, j ∈ {1, . . . , k}, be the mappings which satisfy
for all ω = (ω, ω̃) ∈ Ω × Ω̃, j ∈ {1, . . . , k} that ξj(ω) = ξj(ω) and rj(ω) = rj(ω̃).
Lemma 4.9 and the triangle inequality show that

∥

∥

∥

∥

k
∑

j=1

ξj

∥

∥

∥

∥

L p(P;‖·‖E)

=

∥

∥

∥

∥

k
∑

j=1

ξj

∥

∥

∥

∥

L p(P⊗P̃;‖·‖E)

≤ 2

∥

∥

∥

∥

k
∑

j=1

rjξj

∥

∥

∥

∥

L p(P⊗P̃;‖·‖E)

= 2

∥

∥

∥

∥

k
∑

j=1

rjξj

∥

∥

∥

∥

L p(P;‖·‖
Lp(P̃;‖·‖E))

≤ 2Kp,q

∥

∥

∥

∥

k
∑

j=1

rjξj

∥

∥

∥

∥

L p(P;‖·‖
L q(P̃;‖·‖E))

≤ 2Kp,qTq(E)

∥

∥

∥

∥

( k
∑

j=1

‖ξj‖qE
)1/q∥

∥

∥

∥

L p(P;|·|)
= 2Kp,qTq(E)

∥

∥

∥

∥

k
∑

j=1

‖ξj‖qE
∥

∥

∥

∥

1/q

L
p/q(P;|·|)

≤ 2Kp,qTq(E)

( k
∑

j=1

‖ξj‖qL p(P;‖·‖E)

)1/q

(4.14)

(cf., e.g., Proposition 7.4 in Hytönen et al. [19]). This finishes the proof of Proposition 4.10.

The result in Corollary 4.11 blow is a direct consequence of Proposition 4.10.

Corollary 4.11 (Sums of independent Banach space valued random variables). Let M ∈
N, q ∈ [1, 2], let (E, ‖·‖E) be an R-Banach space with type q, let (Ω,F ,P) be a probability
space, and let ξj ∈ L 1(P; ‖·‖E), j ∈ {1, . . . ,M}, be independent. Then for all p ∈ [q,∞)
it holds that

σp,E

( M
∑

j=1

ξj

)

≤ Θp,q(E)

( M
∑

j=1

|σp,E(ξj)|q
)1/q

. (4.15)

Corollary 4.12 (Monte Carlo methods in Banach spaces). Let M ∈ N, q ∈ [1, 2], let
(E, ‖·‖E) be an R-Banach space with type q, let (Ω,F ,P) be a probability space, and let
ξj ∈ L 1(P; ‖·‖E), j ∈ {1, . . . ,M}, be independent and identically distributed. Then for
all p ∈ [q,∞) it holds that

∥

∥

∥

∥

E[ξ1]−
1

M

M
∑

j=1

ξj

∥

∥

∥

∥

L p(P;‖·‖E)

=
σp,E

(
∑M

j=1 ξj
)

M
≤ Θp,q(E) σp,E(ξ1)

M1−1/q
. (4.16)

Results on lower and upper error bounds related to Corollary 4.12 can be found, e.g.,
in Theorem 1 in Daun & Heinrich [7] and in Corollary 2 in Heinrich & Hinrichs [12].

4.3 Multilevel Monte Carlo methods in Banach spaces

In many situations the work required to obtain a certain accuracy of an approximation
using the Monte Carlo method can be improved by using a multilevel Monte Carlo method.
Heinrich [10, 11] was first to observe this and established multilevel Monte Carlo methods
concerning convergence in a Banach (function) space. However, these methods do not
apply to SDEs. Then Giles [8] derived the complexity reduction of multilevel Monte Carlo
methods for SDEs. The minor contribution of Proposition 4.13 below to the literature
on multilevel Monte Carlo methods is to combine the approaches of Heinrich [10] and of
Giles [8] into a single result on multilevel Monte Carlo methods in Banach spaces.

32



The following useful observation of Proposition 4.13 generalizes the discussion in Sec-
tion 4 of Heinrich [11]. Corollary 4.12 does not imply convergence if the underlying
Banach space (E, ‖·‖E) has only type 1, in the sense that for all q ∈ (1,∞) it holds that
Tq(E) = ∞. If, however, a point in a type 1 Banach space is approximated with random
variables having values in a finite-dimensional subspace (which always has type 2) then
it is essential to know how large the corresponding embedding constant is.

Proposition 4.13 (Abstract multilevel Monte Carlo methods in Banach spaces). Let
q ∈ [1, 2], let (Ω,F ,P) be a probability space, let (V1, ‖·‖V1

) be an R-Banach space with
type q, let (V2, ‖·‖V2

) be an R-Banach space with V1 ⊆ V2 continuously, let v ∈ V2, L ∈ N,
M1, . . . ,ML ∈ N, and for every ℓ ∈ {1, . . . , L} let Dℓ,k ∈ L 1(P; ‖·‖V1

), k ∈ {1, . . . ,Mℓ},
be independent and identically distributed. Then for all p ∈ [q,∞) it holds that

∥

∥

∥

∥

∥

v −
L
∑

ℓ=1

1

Mℓ

Mℓ
∑

k=1

Dℓ,k

∥

∥

∥

∥

∥

L p(P;‖·‖V2 )

≤
∥

∥

∥

∥

∥

v −
L
∑

ℓ=1

E
[

Dℓ,1

]

∥

∥

∥

∥

∥

V2

+ ‖IdV1‖L (V1,V2)
Θp,q(V1)

L
∑

ℓ=1

σp,V1(Dℓ,1)

(Mℓ)1−
1/q

.

(4.17)

Proof of Proposition 4.13. The triangle inequality and Corollary 4.12 imply for all p ∈
[q,∞) that

∥

∥

∥

∥

∥

v −
L
∑

ℓ=1

1

Mℓ

Mℓ
∑

k=1

Dℓ,k

∥

∥

∥

∥

∥

L p(P;‖·‖V2 )

≤
∥

∥

∥

∥

∥

v −
L
∑

ℓ=1

E[Dℓ,1]

∥

∥

∥

∥

∥

V2

+

∥

∥

∥

∥

∥

L
∑

ℓ=1

E[Dℓ,1]−
L
∑

ℓ=1

1

Mℓ

Mℓ
∑

k=1

Dℓ,k

∥

∥

∥

∥

∥

L p(P;‖·‖V2 )

≤
∥

∥

∥

∥

∥

v −
L
∑

ℓ=1

E[Dℓ,1]

∥

∥

∥

∥

∥

V2

+ ‖IdV1‖L (V1,V2)

L
∑

ℓ=1

∥

∥

∥

∥

∥

E[Dℓ,1]−
1

Mℓ

Mℓ
∑

k=1

Dℓ,k

∥

∥

∥

∥

∥

L p(P;‖·‖V1 )

≤
∥

∥

∥

∥

∥

v −
L
∑

ℓ=1

E[Dℓ,1]

∥

∥

∥

∥

∥

V2

+ ‖IdV1‖L (V1,V2)
Θp,q(V1)

L
∑

ℓ=1

σp,V1(Dℓ,1)

(Mℓ)1−
1/q

.

(4.18)

This completes the proof of Proposition 4.13.

Corollary 4.14 (Multilevel Monte Carlo methods in Banach spaces). Let q ∈ [1, 2], let
(Ω,F ,P) be a probability space, let

(

Vi, ‖·‖Vi

)

, i ∈ {1, 2, 3}, be R-Banach spaces such

that
(

V1, ‖·‖V1

)

has type q and such that V1 ⊆ V2 continuously, let f : V3 → V2 be a
B(V3)/B(V2)-measurable mapping, let g : V3 → V1 be a B(V3)/B(V1)-measurable map-
ping, let X ∈ L 0(P; ‖·‖V3

) satisfy that E
[

‖f(X)‖V2

]

< ∞, for every N ∈ N let Y N,ℓ,k ∈
L 0(P; ‖·‖V3

), ℓ ∈ N0, k ∈ N, be independent and identically distributed mappings which

satisfy that E
[

‖g(Y N,0,1)‖V1

]

< ∞, and let L ∈ N0, M0,M1, . . . ,ML+1, N0, N1, . . . , NL ∈
N. Then for all p ∈ [q,∞) it holds that

∥

∥

∥

∥

∥

E[f(X)]− 1
M0

M0
∑

k=1

g(Y N0,0,k)−
L
∑

ℓ=1

1
Mℓ

Mℓ
∑

k=1

[

g(Y Nℓ,ℓ,k)− g(Y N(ℓ−1),ℓ,k)
]

∥

∥

∥

∥

∥

L p(P;‖·‖V2 )

≤
∥

∥E[f(X)]− E
[

g(Y NL,0,1)
]∥

∥

V2
(4.19)
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+ ‖IdV1‖L (V1,V2)
Θp,q(V1)

(

σp,V1(g(Y N0,0,1))
(M0)1−

1/q +
L
∑

ℓ=1

σp,V1

(

g(Y Nℓ,0,1)−g(Y
N(ℓ−1),0,1)

)

(Mℓ)1−
1/q

)

≤
∥

∥E[f(X)]− E
[

g(Y NL,0,1)
]∥

∥

V2

+ ‖IdV1‖L (V1,V2)
Θp,q(V1)

(

2‖g(X)‖
Lp(P;‖·‖V1

)

(M0)1−
1/q +

L
∑

ℓ=0

4‖g(Y Nℓ,0,1)−g(X)‖
Lp(P;‖·‖V1

)

(min{Mℓ,Mℓ+1})1−1/q

)

.

Proof of Corollary 4.14. Proposition 4.13 and the identity

E
[

g(Y NL,0,1)
]

= E
[

g(Y N0,0,1)
]

+
L
∑

ℓ=1

E
[

g(Y Nℓ,0,1)− g(Y N(ℓ−1),0,1)
]

(4.20)

imply the first inequality in (4.19). Next note that the triangle inequality implies for all
ξ ∈ L 1(P; ‖·‖V1

), p ∈ [q,∞) that σp,V1(ξ) ≤ 2‖ξ‖L p(P;‖·‖V1 )
. This and again the triangle

inequality show for all p ∈ [q,∞) that

σp,V1(g(Y N0,0,1))
(M0)1−

1/q +
L
∑

ℓ=1

σp,V1

(

g(Y Nℓ,0,1)−g(Y
N(ℓ−1),0,1)

)

(Mℓ)1−
1/q

≤
2‖g(Y N0,0,1)‖

Lp(P;‖·‖V1
)

(M0)1−
1/q +

L
∑

ℓ=1

2
∥

∥

∥
g(Y Nℓ,0,1)−g(Y

N(ℓ−1),0,1)
∥

∥

∥

Lp(P;‖·‖V1
)

(Mℓ)1−
1/q

≤
2 ‖g(X)‖

Lp(P;‖·‖V1
)+2‖g(Y N0,0,1)−g(X)‖

Lp(P;‖·‖V1
)

(M0)1−
1/q

+
L
∑

ℓ=1

2‖g(Y Nℓ,0,1)−g(X)‖
Lp(P;‖·‖V1

)
+2

∥

∥

∥
g(Y

N(ℓ−1),0,1)−g(X)
∥

∥

∥

Lp(P;‖·‖V1
)

(Mℓ)1−
1/q

≤
2‖g(X)‖

Lp(P;‖·‖V1
)

(M0)1−
1/q +

L
∑

ℓ=0

4‖g(Y Nℓ,0,1)−g(X)‖
Lp(P;‖·‖V1

)

(min{Mℓ,Mℓ+1})1−1/q .

(4.21)

This implies the second inequality in (4.19). The proof of Corollary 4.14 is thus completed.

Corollary 4.15 (Convergence of multilevel Monte Carlo approximations). Let T ∈
(0,∞), β ∈ (0, 1), α ∈ [0, β), c, r ∈ [0,∞), let (Ω,F ,P) be a probability space, let
(E, ‖·‖E) be a separable R-Banach space with type 2, let X : [0, T ]×Ω → E be a stochas-
tic process with continuous sample paths which satisfies for all p ∈ [1,∞), γ ∈ [0, β) that
X ∈ Cγ

(

[0, T ], ‖·‖
L p(P;‖·‖E)

)

, for every N ∈ N let Y N,ℓ,k : [0, T ]× Ω → E, ℓ ∈ N0, k ∈ N,
be independent and identically distributed stochastic processes which satisfy for all k ∈ N,
ℓ ∈ N0, n ∈ {0, 1, . . . , N − 1}, t ∈

[

nT
N
, (n+1)T

N

]

, p ∈ [1,∞), ρ ∈ [0, β) that

Y N,ℓ,k
t =

(

n+ 1− tN
T

)

· Y N,ℓ,k
nT
N

+
(

tN
T

− n
)

· Y N,ℓ,k
(n+1)T

N

, (4.22)

sup
M∈N

sup
m∈{0,1,...,M}

(

Mρ
∥

∥XmT
M

− Y M,0,1
mT
M

∥

∥

L p(P;‖·‖E)

)

< ∞, (4.23)

and let f : C([0, T ], E) → C([0, T ], E) be a B
(

C([0, T ], E)
)

/B
(

C([0, T ], E)
)

-measurable
function which satisfies for all v, w ∈ Cα([0, T ], ‖·‖E) that

‖f(v)− f(w)‖Cα([0,T ],‖·‖E) ≤ c
(

1 + ‖v‖rCα([0,T ],‖·‖E) + ‖w‖rCα([0,T ],‖·‖E)

)

‖v − w‖Cα([0,T ],‖·‖E).

(4.24)
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Then it holds that
E
[

‖f(X)‖Cα([0,T ],‖·‖E)

]

< ∞, (4.25)

it holds for all p ∈ [1,∞), ρ ∈ [0, β − α) that

sup
N∈N

(

Nρ‖f(X)− f(Y N,0,1)‖
L p(P;‖·‖Cα([0,T ],‖·‖E))

)

< ∞, (4.26)

and it holds for all p ∈ [1,∞), γ ∈ [0, α), ρ ∈ [0, β − α) \ {1
2
} that

sup
L∈N

[

2L(ρ∧
1
2
)

∥

∥

∥

∥

E[f(X)]−
2L
∑

k=1

f(Y 1,0,k)
2L

−
L
∑

ℓ=1

2L−ℓ
∑

k=1

f(Y 2ℓ,ℓ,k)−f(Y 2(ℓ−1),ℓ,k)
2L−ℓ

∥

∥

∥

∥

L p(P;‖·‖Cγ ([0,T ],‖·‖E))

]

< ∞.

(4.27)

Proof of Corollary 4.15. Throughout this proof let γ ∈ [0, α), let (Vi, ‖·‖Vi
), i ∈ {1, 2, 3},

be the R-Banach spaces which satisfy that

(V1, ‖·‖V1
) =

(

Wα,2/(α−γ)([0, T ], E), ‖·‖Wα,2/(α−γ)([0,T ],E)

)

, (4.28)

(V2, ‖·‖V2
) =

(

Cγ([0, T ], ‖·‖E), ‖·‖Cγ([0,T ],‖·‖E)

∣

∣

Cγ([0,T ],‖·‖E)

)

, (4.29)

(V3, ‖·‖V3
) =

(

C([0, T ], E), ‖·‖C([0,T ],‖·‖E)

∣

∣

C([0,T ],E)

)

, (4.30)

and let f̃ : V3 → V2 and g : V3 → V1 be the functions which satisfy for all v ∈ V3 that
f̃(v) = g(v) = ✶Cα([0,T ],‖·‖E)(v)f(v). Kolmogorov’s continuity criterion (see Theorem 2.7)

together with the assumptions that X ∈ ∩p∈[1,∞) ∩η∈[0,β) C
η
(

[0, T ], ‖·‖
L p(P;‖·‖E)

)

and that

X has continuous sample paths implies that X ∈ ∩p∈[1,∞) L p(P; ‖·‖Cα([0,T ],‖·‖E)). Next

observe that assumption (4.24), Hölder’s inequality, and Corollary 2.11 show for all p ∈
[1,∞), ρ ∈ [0, β − α) that

sup
N∈N

(

Nρ
E

[

∥

∥f̃(X)− g(Y N,0,1)
∥

∥

Cα([0,T ],‖·‖E)

])

≤ sup
N∈N

(

Nρ
(

E

[

‖f(X)− f(Y N,0,1)‖pCα([0,T ],‖·‖E)

])1/p
)

≤ sup
N∈N

(

Nρ
∣

∣

∣
E

[(

c
(

1 + ‖X‖rCα([0,T ],‖·‖E) + ‖Y N,0,1‖rCα([0,T ],‖·‖E)

)

· ‖X − Y N,0,1‖Cα([0,T ],‖·‖E)

)p]∣
∣

∣

1/p
)

(4.31)

≤ c

(

1 + ‖X‖r
L 2pr(P;‖·‖Cα([0,T ],‖·‖E))

+ sup
N∈N

‖Y N,0,1‖r
L 2pr(P;‖·‖Cα([0,T ],‖·‖E))

)

· sup
N∈N

(

Nρ‖X − Y N,0,1‖
L 2p(P;‖·‖Cα([0,T ],‖·‖E))

)

< ∞.

Again assumption (4.24) implies for all p ∈ [1,∞) that

E

[

‖f(X)‖Cα([0,T ],‖·‖E)

]

≤ ‖f(X)‖
L p(P;‖·‖Cα([0,T ],‖·‖E))

(4.32)

≤ ‖f(0)‖Cα([0,T ],‖·‖E) + c
(

‖X‖
L p(P;‖·‖Cα([0,T ],‖·‖E))

+ ‖X‖r+1
L (r+1)p(P;‖·‖Cα([0,T ],‖·‖E))

)

< ∞.

Next observe that (V1, ‖·‖V1
) has type 2 and note that the Sobolev embedding theo-

rem proves that V1 ⊆ V2 continuously. Combining (4.32) with (4.31) and the fact that
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Cα([0, T ], ‖·‖E) ⊆ V1 continuously hence implies for all N ∈ N, p ∈ [1,∞), ρ ∈ [0, β − α)

that E
[

‖f̃(X)‖V2

]

+ E
[

‖g(Y N,0,1)‖V1

]

< ∞, ‖g(X)‖
L p(P;‖·‖V1 )

< ∞, and

sup
N∈N

(

Nρ
E

[

∥

∥f̃(X)−g(Y N,0,1)
∥

∥

V2

])

+sup
N∈N

(

Nρ‖g(X)−g(Y N,0,1)‖
L p(P;‖·‖V1 )

)

< ∞. (4.33)

In addition, observe for all L ∈ N, ρ ∈ [0, β − α) \ {1
2
} that

L
∑

ℓ=1

(2ℓ)−ρ 2−
1
2
(L−ℓ) = 2−

L
2

L
∑

ℓ=1

2(
1
2
−ρ)ℓ = 2−

L
2 1−2(

1
2−ρ)L

2ρ−
1
2−1

= 2−(ρ∧ 1
2
)L 1−2−| 12−ρ|L

|1−2ρ−
1
2 | ≤ 2−(ρ∧ 1

2 )L

|1−2ρ−
1
2 | .

(4.34)

Combining Corollary 4.14 with (4.33) and (4.34) implies (4.27). This finishes the proof
of Corollary 4.15.

Corollary 4.15 can be applied to many SDEs. Under general conditions on the co-
efficient functions of the SDEs (see, e.g., Theorem 1.3 and Section 3.1 in [14]), suitable
stopped-tamed Euler approximations (cf. (6) in [18] or (10) in [16]) converge in the strong
sense with convergence rate 1

2
. We note that the classical Euler-Maruyama approxima-

tions do not satisfy condition (4.23) for most SDEs with superlinearly growing coefficients;
see Theorem 2.1 in [15] and Theorem 2.1 in [17]. Moreover, under general conditions on
the coefficients it holds that the solution process is strongly 1

2
-Hölder continuous in time.

So Corollary 4.15 can be applied to many SDEs with β = 1
2
.
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[9] Gyöngy, I. “Lattice approximations for stochastic quasi-linear parabolic partial dif-
ferential equations driven by space-time white noise. I”. Potential Anal. 9.1 (1998),
pp. 1–25. issn: 0926-2601.

[10] Heinrich, S. “Monte Carlo complexity of global solution of integral equations”. J.
Complexity 14.2 (1998), pp. 151–175. issn: 0885-064X. doi: 10.1006/jcom.1998.
0471. url: http://dx.doi.org/10.1006/jcom.1998.0471.

[11] Heinrich, S. “Multilevel Monte Carlo methods”. Large-Scale Scientific Computing.
Vol. 2179. Lect. Notes Comput. Sci. Berlin: Springer, 2001, pp. 58–67.

[12] Heinrich, S. and Hinrichs, A. “On the randomized complexity of Banach space
valued integration”. Studia Math. 223.3 (2014), pp. 205–215. issn: 0039-3223. doi:
10.4064/sm223-3-2. url: http://dx.doi.org/10.4064/sm223-3-2.

[13] Henry, D. Geometric theory of semilinear parabolic equations. Vol. 840. Lecture
Notes in Mathematics. Springer-Verlag, Berlin-New York, 1981, pp. iv+348. isbn:
3-540-10557-3.

[14] Hutzenthaler, M. and Jentzen, A. “On a perturbation theory and on strong con-
vergence rates for stochastic ordinary and partial differential equations with non-
globally monotone coefficients”. ArXiv e-prints (Jan. 2014). arXiv: 1401 . 0295

[math.PR].

[15] Hutzenthaler, M., Jentzen, A., and Kloeden, P. E. “Strong and weak divergence in
finite time of Euler’s method for stochastic differential equations with non-globally
Lipschitz continuous coefficients”. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng.
Sci. 467 (2011), pp. 1563–1576. doi: 10 . 1098 / rspa . 2010 . 0348. url: http :
//rspa.royalsocietypublishing.org/content/early/2010/12/08/rspa.

2010.0348.abstract.

[16] Hutzenthaler, M., Jentzen, A., and Kloeden, P. E. “Strong convergence of an explicit
numerical method for SDEs with non-globally Lipschitz continuous coefficients”.
Ann. Appl. Probab. 22.4 (2012), pp. 1611–1641.

[17] Hutzenthaler, M., Jentzen, A., and Kloeden, P. E. “Divergence of the multilevel
Monte Carlo Euler method for nonlinear stochastic differential equations”. Ann.
Appl. Probab. 23.5 (2013), pp. 1913–1966.

37

http://dx.doi.org/10.1007/s00211-013-0538-4
http://dx.doi.org/10.1007/s00211-013-0538-4
http://dx.doi.org/10.1007/978-3-642-41095-6_12
http://dx.doi.org/10.1007/978-3-642-41095-6_12
http://dx.doi.org/10.1007/978-3-642-41095-6_12
http://dx.doi.org/10.1006/jcom.1998.0471
http://dx.doi.org/10.1006/jcom.1998.0471
http://dx.doi.org/10.1006/jcom.1998.0471
http://dx.doi.org/10.4064/sm223-3-2
http://dx.doi.org/10.4064/sm223-3-2
http://arxiv.org/abs/1401.0295
http://arxiv.org/abs/1401.0295
http://dx.doi.org/10.1098/rspa.2010.0348
http://rspa.royalsocietypublishing.org/content/early/2010/12/08/rspa.2010.0348.abstract
http://rspa.royalsocietypublishing.org/content/early/2010/12/08/rspa.2010.0348.abstract
http://rspa.royalsocietypublishing.org/content/early/2010/12/08/rspa.2010.0348.abstract


[18] Hutzenthaler, M., Jentzen, A., and Wang, X. “Exponential integrability proper-
ties of numerical approximation processes for nonlinear stochastic differential equa-
tions”. ArXiv e-prints (Sept. 2013). arXiv: 1309.7657 [math.NA].

[19] Hytönen, T. P., van Neerven, J. M. A. M., Veraar, M. C., and Weis, L. “Analysis
in Banach Spaces, Volume II”. Book draft. 2016.

[20] Jentzen, A. “Stochastic Partial Differential Equations: Analysis and Numerical Ap-
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