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Abstract

We show that if a sequence of piecewise affine linear processes converges in the
strong sense with a positive rate to a stochastic process which is strongly Holder con-
tinuous in time, then this sequence converges in the strong sense even with respect
to much stronger Holder norms and the convergence rate is essentially reduced by
the Holder exponent. Our first application hereof establishes pathwise convergence
rates of spectral Galerkin approximations of stochastic partial differential equations.
Our second application derives strong convergence rates of multilevel Monte Carlo
approximations of expectations of Banach space valued stochastic processes.
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1 Introduction

In this article we study convergence rates for general stochastic processes in Hélder norms.
In particular, in the main results of this work (see Corollary and Corollary in
Section below) we reveal estimates for uniform Hoélder errors of general stochastic
processes. In this introductory section we now sketch these results and thereafter outline
several applications of the general estimates, which can be found in subsequent sections
of this article (see Corollary in Section Corollary in Section and Corol-
lary in Section below). To illustrate the key results of this work, we consider
the following framework throughout this section. Let T' € (0,00) be a real number, let
(2, .7, P) be a probability space, let (E, ||-||;) be an R-Banach space, and for every func-
tion f: [0,7] — E and every natural number N € N let [f]n: [0,7] — E be the function
which satisfies for all n € {0,1,..., N — 1}, ¢t € [4F, W} that

() = (n+1=5) - F(5) + (F =) - F(5F) (1.1)

(the piecewise affine linear interpolation of f|¢r/n 21/n,...v-v1/n,1}, cf. (1.19)) below).

Theorem 1.1. Assume the above setting. Then for all p € (1,00), ¢ € (Yp, 1], a €
[0, — 1p) there exists C € [0,00) such that for all § € [e,1], N € N and all (Z, ||| 5)-
strongly measurable stochastic processes X,Y : [0,T] x Q — E with continuous sample
paths it holds that

||X - [Y]N||.>2”P(IP’;II~||ca<[o,T],ME))

€ _ -8
<CN <n€{§,111f"N}||XT§vT Y%HKP(P;II~IIE)+N ||X||Cﬁ([0,T],|I~II$p(P;|-||E>)>'

(1.2)

The Holder and #P-norms in are to be understood in the usual sense (see Sec-
tion below for details). Theorem is a direct consequence of the more general
result in Corollary in Section below, which establishes an estimate similar to (|1.2)
also for the case of non-equidistant time grids. Moreover, Corollary in Section [2.2
provides an estimate similar to but instead of [|X — [Y]N“f”(m“‘”caqo,TLH-HE)) for

1 X = Yl 2ol ooy, With an appropriate Holder norm of Y occurring on the right
hand side. Theorem has a number of applications in the numerical approximation of
stochastic processes, as the next corollary, Corollary [I.2] clarifies. Corollary [I.2] follows

immediately from Theorem [I.1]



Corollary 1.2. Assume the above setting, let f € (0,1], let X:[0,T] x Q@ — E and
YV [0,T) x Q — E, N €N, be (F,|||z)-strongly measurable stochastic processes with
continuous sample paths which satisfy for all p € (1,00) that VN € N: YV = [YN]y and

B N
||X||cﬁ<[o,TL-||$p(P;|.|E>>+]SVlé§[N ne{g,lf,P.,N}HX% Yv;gng(P;”.”E)} <oo. (L3

Then for all p,e € (0,00) it holds that

1/p
sup [NBE (E{ sup || X; — Y;NH%}) ] < 00. (1.4)

NeN t€[0,77]

It is assumed in that a sequence of affine linearly interpolated (%, ||-|| ;)-strongly
measurable stochastic processes (Y)yey converges for every p € (1,00) in ZP(P; ||| »)
to a (Z, ||-|| p)-strongly measurable stochastic process X with a positive rate uniformly on
all grid points and that this process X admits corresponding temporal Holder regularity.
Corollary then shows that these assumptions are sufficient to obtain convergence for
every p € (1,00) in the uniform 27 (P; ||- ||C([0’T]’H,”E))—norm with essentially the same rate.
Corollary 2.11]in Section[2.2|below implies this result as a special case and includes the case
of non-equidistant time grids. Moreover, Corollary proves an analogous conclusion
for convergence in uniform Holder norms, where the obtained convergence rate is reduced
by the considered Holder exponent. Corollary below demonstrates how this principle
can be applied to Euler-Maryuama approximations for stochastic differential equations
(SDEs) with globally Lipschitz coefficients. Arguments related to Corollary can be
found in Lemma Al in Bally, Millet & Sanz-Solé [3] and in the second display on page
325 in [9].

Corollary is particularly useful for the study of stochastic partial differential equa-
tions (SPDEs). In general, a solution of an SPDE fails to be a semimartingale. As
a consequence, Doob’s maximal inequality cannot be applied to obtain estimates with
respect to the Z?(P; ||-||C([0’T]7”_HE))—norm. However, convergence rates with respect to
the C([0,T7, H-H‘W(P;H.”E))—norm are often feasible and Corollary can then be applied
to obtain convergence rates with respect to the Z%(P; ||-||C([07T]7H,”E))—norm. Estimates
with respect to the £*(P; Ille(jo.77,.,.))-orm are useful for using standard localisation
arguments in order to extend results for SPDEs with globally Lipschitz continuous non-
linearities to results for SPDEs with nonlinearities that are only Lipschitz continuous on
bounded sets. We demonstrate this in Corollary in Section below in the case of
pathwise convergence rates of Galerkin approximations. To be more specific, Corollary [3.5]
proves essentially sharp pathwise convergence rates for spatial Galerkin and noise approx-
imations for a large class of SPDEs with non-globally Lipschitz continuous nonlinearities.
For example, Corollary applies to stochastic Burgers’, stochastic Ginzburg-Landau,
stochastic Kuramoto-Sivashinsky, and Cahn-Hilliard-Cook equations.

Another prominent application of Corollary are multilevel Monte Carlo methods
in Banach spaces. For a random variable X € Z2(P;||-||;) convergence in Z*(P; ||| )
of Monte Carlo approximations of the expectation E[X] € E has only been established
if E has so-called (Rademacher) type p for some p € (1,2] and in this case the conver-
gence rate is given by 1 — 1/p (see, e.g., Heinrich [11] or Corollary in Section
below). However, the space C([0,T], E) fails to have type p for any p € (1,2]. If X
has more sample path regularity, this problem can nevertheless be bypassed. More pre-
cisely, if for some a € (0,1], p € (1/a,00) it holds that X € Z*(P; [ [lWar(o.1),1)> then
Monte Carlo approximations of E[X] € W*?([0,7], E) have been shown to converge
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in %P, [[[Wer(o.1,m)) With rate 1 — Yminf2p} and, by the Sobolev embedding theo-
rem, also converge in Z?(IP; Ileo.m,,)) With the same rate. Informally speaking, in
order to gain control over the variances appearing in multilevel Monte Carlo approxi-
mations it is therefore sufficient for the approximations to converge with respect to the
22(P; H-HCQ([OjTWHE))—norm for some a € (0, 1]. For more details, we refer the reader to
Section [4] and, in particular, to Corollary [4.15, which formalizes this approach for the
case of multilevel Monte Carlo approximations of expectations of Banach space valued
stochastic processes.

1.1 Notation

The following notation is used throughout this article. For two sets A and B we denote by
M(A, B) the set of all mappings from A to B. For measurable spaces (€21, %) and (22, %3)
we denote by (%1, %,) the set of all %, /.#-measurable mappings from €2 to 5. For
topological spaces (E, &) and (F,.%#) we denote by Z(FE) the Borel g-algebra on (E, &)
and we denote by C(FE, F') the set of all continuous functions from E to F'. We denote by
|| : R — [0, 00) the absolute value function on R. We denote by I': (0,00) — (0, 00) the
Gamma function, that is, we denote by I': (0, 00) — (0, 00) the function which satisfies for
all z € (0,00) that I'(z) = [~ t@® Y e" dt. We denote by &,: [0, 00) — [0,00), € (0,00),
the mappings which satisfy for all » € (0, 00), x € [0, 00) that

n=

(cf. Chapter 7 in Henry [13] and, e.g., Definition 1.3.1 in [20]). For a field K € {R, C},

a K-vector space V, and a mapping ||-|| : V' — [0,00] which satisfies for all v,w €
{u € V: [Ju]| < oo}, A € K\{0} that (|[v]| = 0 & v =0), [ Av]| = \/[Re(N)]? + [Im(N)]? |Jv]],
and |Jv+w| < ||v|| + [Jw| we call ||-|| an extended norm on V and we call (V,|-]|)

an extendedly normed vector space. For a metric space (M,d), an extendedly normed
vector space (E,|]|), a real number r € [0,1], and a set A C (0,00) we denote by
|'|C’“«A(M,||-||) g "|CT(M,||.H) ) H'||C(M,||.||)> ||'||CT(M,||~H) : M(M, E) — [0, 00] the mappings which
satisfy for all f € M(M, E) that
Flemauyy = sup({ =L o) e, € M,d(er,e2) € A} U{0}) €[0,00],
[Fler @y = Hleros gy € 10,00, (1
I llegy = sup{lIf ()l - e € M}U{0}) € [0,00], (1.
I ler gy = W leqgn + 1 leran € [0,00] (1

and we denote by C"(M, ||-||) the set given by

C"(M, ||l) = {f € C(M, E): || f|

Cor (M, < OO} (1.10)

Note that for every r € [0, 1], every metric space (M, d), and every extendedly normed
vector space (E, ||-||) it holds that (M(M, E), |]'||CT(M7”,H)), (C(M, E), H'”CT(M,H-II)}C(M,E))’
and (CT(M, 11D, ||'||CT(M,H-|I) CT(M,||~||)) are extendedly normed vector spaces. For Hilbert

spaces (Hi, (-, ) u;, |||l g7,). @ € {1, 2}, we denote by (HS(Hx, Ha), (-, ) us, i), ||| s m))
the Hilbert space of Hilbert-Schmidt operators from H; to H,. For a measure space




(Q, %, 1), a measurable space (5,.7), a set R C S, and a function f: 2 — R we denote
by [f],.» the set given by

flusr={9€ M (F,7): (A€ F: u(A) =0and {w € Q: f(w) # g(w)} C A)}.
(1.11)
For a measure space (§2,.%,u), an extendedly normed vector space (V,]]|), and real
numbers p € [0,00), ¢ € (0,00) we denote by Z°(i; ||-||) the set given by

Lo |- = {f e M(Q,V): fis (ZF,]||)-strongly measurable}, (1.12)
we denote by ||| ga () L (s []) — [0,00] the mapping which satisfies for all f €
203 ) that .

llonn = | [ 17| € 0,00], (113
we denote by Z7(u; ||-]|) the set given by
L 1) = {F € L2 11D 1l gagugp < 0% (1.14)

we denote by LP(u; ||-||) the set given by

LP(u; |11 = {{g € L0 I-11): u(f # 9) =0} € L I-): f € L7 |I-])},  (1.15)

and we denote by ||| pq(,..) L% ]|-) — [0,00] the function which satisfies for all
feZu) that

H{g € go(ﬂ; [1): u(f # g) = O}HLQ(M;H-H) = Hf”fq(u;u.n) € [0, oo]. (1.16)

For a real number 7" € (0, 00), a measurable space (S, .), a normed vector space (V, ||-||;,),
and a mapping X: [0,7] x S — V which satisfies for all ¢ € [0, 7] that X;: S — V is
an (.7, ||-||)-strongly measurable mapping we call X an (.7, ||-||;,)-strongly measurable
stochastic process. For a real number 7' € (0, 00) we denote by &7 the set given by

Pr={6C[0,T]: {0,T} C 0 and #(f) < 0 }. (1.17)

We denote by dmax, dmin: Ureo,00) Zr — R the functions which satisfy for all § =
{90, 91, R ,9#(9),1} S UTG(O,oo)yT with g < 0 < ... < 9#(9),1 that

dmax(0) = 0;,—0,;_ d  dun(f) = i 0;—6,_4]. (1.18
O ey B0l O ey B0l (L9
For a normed vector space (E, ||-||;), an element § = {6, 61,...,040)-1} € Urc(o,00)Pr
with 6y < 01 < ... < Ox@)-1, and a function f: [0,04p)-1] = E we denote by [f]s:

0, 04(0)-1] — E the piecewise affine linear interpolation of flg,0, ... 0,401}, that is, we
denote by [flg: [0,04@)—1] = E the function which satisfies for all j € {1,2,...,040)-1},

S € [Qj_l,é’j] that
(05 = $)F(05=1) | (s = 0-1)f(0;)

[flo(s) = (0, —0,_1) (0, —0;_1)

(1.19)



2 Convergence of stochastic processes in Holder norms
for vector-valued functions

2.1 Error bounds for the Holder norm

Lemma 2.1 (An interpolation type inequality). Let (E, ||-||z) be a normed vector space,
let (M, d) be a metric space, let f: M — E be a function, and let ¢ € (0,00), a, 8,7 € [0, 1]
satisfy a« < B < . Then

|f|Cﬁ(M,H-IIE) < max{ca*B ‘f‘ca,(cvm)(M,H-IIE) T ‘f’C%(O’C](M,H-HE)} (2.1)

and
[fles g, < maX{Ca_B | flatesor 1) N |f|cm<0,c>(M,||.HE)} : (2.2)

Proof of Lemma[2.1] First of all, note that for all ej,e5 € M with d(eq,e2) € (c,00) it
holds that

1f(e1) = fle2)ll
d(er, e2)|”

In addition, observe that for all e}, e; € M with d(eq, es) € (0, ¢ it holds that
[f(e1) = flea)lle

< |d(€1> 62)‘a_ﬁ ’f‘ca,(c,oo)(MM.HE) < Caiﬁ ’f‘CQ,(c,oo)(MM_HE) . (23)

<ld(er, )" f| o0 < EBUF| o ‘ 9.4

|d(€1,€2)|ﬁ < ldlen,e2) Flec ') = [flemo 1M ) (2.4)
Combining (2.3) and (2.4) shows (2.1). The proof of (2.2) is analogous. This finishes the
proof of Lemma 0

Lemma 2.2 (Approximation error for affine linear interpolation). Let T € (0,00), 6 €
Pr, a€|0,1], let (£, ||| ) be a normed vector space, and let f: [0,T] — E be a function.
Then

dmax(e) o
1 = Flolleqomming < 152" 1 floeqommin, (2.5)
Proof of Lemma[2.4 Throughout this proof let N € N be a natural number, let s € [0, 7],
00,01, ...,0N € [0,T] be real numbers, and let j € {1,2,..., N} be a natural number such
that 0 =6y < 6y <... <Oy =T, 0 ={6p,01,...,0n}, and s € [0;_1,0;]. Observe that
for all r € [0, 1] it holds that
s—0;
1£0) = lo()ls < 52525 1£(5) — <@AME+@_.%WN> £6;) 1
(0;—s) (s—0

< o255 (5= 0,) I flortom g + 5=a=s (65 = 8) 1 flomqo ) (2:6)

_ (_(0j=s) ((s=0;1) (s=0i-1) (_(0;=s) \T

- ((Gj—ej_l)((ej—ej_ll)) + (0]-—03-_11) <(0j_0j—1)) )(0] - 0-7_1> |f|CT([07T}’HI|E)
In particular, this implies that

0;—s 5—0;
1£(s) = (o) le < (72525 + gy 1 leoqoanin) = If!coqo,T],u-nE)- (2.7)

This proves in the case a = 0. It thus remains to prove in the case a € (0, 1].
For this let g.: [0,1] — R, r € (0,1], be the functions Wthh satlsfy for all » € (0,1],
u € [0, 1] that g,(u) = (1 —u)u"+u (1 —u)". Next observe that for all » € (0, 1], u € (0,1)
it holds that g,(0) = 0 = g,(1) and

gw) =1 = (r+ D’ + (1 —u)" —ru(l —u)™!
[+ Du—r] w4 (L= (e ] (1= )
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grw) ==+ = (=1 [r+Du—ru?

—r+)1-w)" = (-1 [1=(r+1u }(1—u)r_2
=r[r—1—(r+Du]u+r[(r+u—2](1—u)" (2.9)
=r{r+D)ul-w)?+1-uwu 2] -2[1-u)?+u7]}
<r{2u(l—uw) P+ (1-wu ] =2[1-w)?+u?]} <0.

This 1mphes for all € (0,1] that ¢/.(3) = 0 and SUDyep0,1) 9 (U) = g-(3) =27". Combining
this with (2.6]) ensures for all € (0, 1] that

S 9] r 9]'79]', r
1£(s) = [fla(s)e < gr(—ll) (05 = 05-1) " flerqoapny < 270 I lerqomi,y -
(2.10)
This completes the proof of Lemma O

The next result, Corollary provides estimates for the Holder norm differences
of two functions by using the difference of the two functions on suitable grid points.
Corollary [2.3]is a consequence of Lemma [2.1] and of Lemma [2.2]

Corollary 2.3. Let T € (0,00), 8 € Pp, € [0,1], a € [0, 5], let (E,||||z) be a normed
vector space, and let f,g:[0,T] — E be functions. Then

|f = 9lcaqoy

)
E
2.11)
‘dmax(e (
< T {igg 1) = 9@l + (Ifles o115 + 9lesqor ||E>)}

and
1f = gllcoom, 0,
> I (0)°
< [m + 1] {stlég | £(t) = g(®)]|, + (Ifles o1, + 9ler o E>)}
(2.12)

Proof of Corollary[2.3. Lemma [2.1 and the triangle inequality ensure that

|[f = gleaqoryiip
< maX{\dmax( )= 1 = gleomarco oz ,)s | dmax(O)° = |f = gles o, H-IIE)}

< maX{Q |dinax ()|~ S = gllco,r)111)s [ dmax (0 )7~ (|f|0ﬁ 0,101z T |9l e o, ||E )}
2.13)
In addition, observe that Lemma and the triangle inequality assure that

IF = chqo,T],n-HE) <|lr- [f]"cho,Tu|-||E> +[1f1e - [9]9||c<[o,T},H~||E> + |[lgle - 9Hc<[o,TL||~HE>
= b 1£(t) = 9Oz + |21 (I flesqoar, + 9los o) -

(2.14)
Inserting (2.14) into (2.13) yields inequality (2.11)). Moreover, adding inequality ([2.11])
and ([2.14) results in inequality (2.12). This finishes the proof of Corollary O

Lemma 2.4. Let (E, ||| z) be a normed vector space, let T, c € (0,00), a € [0,1], 8 € P,
N eN, by,...,0n8 €[0,T] satisfy 0 =0y < -+- <Oy =T and 0 = {by,...,0n}, and let
f:10,T] — E be a function. Then

clfa
|[f]e|ca,(0,c]([o,T],H.||E) < o (0) [Stue{l,z ..... N} 1£(0;) — f(ej—l)HE}- (2.15)
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Proof of Lemma[2.4 Observe that for all s,t € [0,7] with ¢t — s € (0, ¢] it holds that

1A6(®) = [Flo@) e _ 1 Jsane([fle)' () dull
|t — ] |t - 5!‘“
=l [supuc(seo I ([f1e) (w)l ]

N |t = sl

N (2.16)
§|t—8|1_a[ sup I76;) f(99—1)||E]

je{1,2,...,N} |9j - gj—1|

je{1,2,...,N}

< 70 [ sup || f(6;) — f(9j—1)HE] :

This completes the proof of Lemma O

Lemma 2.5. Let (E.||||z) be a normed vector space, let T € (0,00), a € [0,1], 8 € Pr,
and let f: [0,T] — E be a function. Then |m9|ca([0,T},H~||E) < |f|ca([0,T],||~||E)'

Proof of Lemma[2.5. Throughout this proof let N € N, 6y, 6;,...,0x € [0,T] be the real
numbers which satisfy that 0 =6y < 0, < --- <0y =T and 6 = {6y,01,...,0x} and let
n: [0,7] — N and p: [0,7] — [0, 1] be the functions which satisfy for all ¢ € [0, 7] that

t— Oney)—1

n(t) =min{k € {1,2,...,N}: t € (641,04} and p(t) = 7 (2.17)

n(t) = On(t)—1
Note that for all ¢t € [0, 7] it holds that

[flo(t) = (1= p(t) - f(Ony—1) + p(t) - f(Oniey) = F(Oniy—1) + p(t) - (f(Onge) — f(9n(tz—1))-
Hence, we obtain for all ¢1,t; € [0,T] with ¢; < to and n(t;) = n(ty) that

1[flo(t1) — [f ] (t2 I = [[[(1 = p(t1)) - f(Onger)—1) + p(t1) - f(Oner))]
[( f(en(h)— )+ p(t2) - f(Onen)] ||
= H p(t2) ) f(Ongey—1) + (p(t1) — p(t2)) - f(gn(tl))HE
= |p(t1) — p(t2 : Hf(Qn(tl)—l) — [(Oni) ||
< |p(t1) = p(t2)| | flco om0, |Oner)—1 = Oney)
= |p(t1) — p(t2)|' ™ [ fleoqormi,) |(p(t2) — p(t1)) - Oner)—1 + (p(t1) = p(t2)) - Ougery|”
< |Fleaqory,y |(P(t2) = p(t1)) - Ouy—1 + (p(t1) = p(t)) - Oniiry|” (2.19)
= |fleaqom iy
AL = p(t1)) - Ongery—1 + p(t1) - Onyy)] — [(1 = p(t2)) - Ongea)—1 + p(t2) - Ongen)] |
= |flowo, i)
| [Ongey—1 + £(t1) - (Ouer) = Onger)-1)] = [Bnz—1 + p(t2) - (Oniea) = Oy —1) ]|
= floagoy g 10 = 2" -

‘ «

Moreover, (2.18) ensures for all ¢1,t2 € [0, T] with n(t;) < n(ty) that

11f1o(t1) = [flo(t2)ll g = [[[(1 = p(ts)) - f(Bagesy—1) + p(t1) - f(Bnger))]
= [ = p(t2)) - f(Onea)—1) + p(t2) - f(On tz))} I

8



< (1= p(t1)) (1 = p(t2)) [ Ontry1) = F Oniea)-1)|| g + £(t2) p(t2) [ f Oniery) = F Oniea))||
+ (1= p(t1)) p(t2) || f Onery-1) — f n(t2) HE + p(t1) (1= p(t2)) || f Bnier)) = fOnen-1)]| 5
< |f|Ca([0,T],|\~||E) { (L= p(t1)) (1 = p(t2)) [Onie)—1 = Ona)—1|" + p(t1) pt2) [Oner) — Onea) |

+ (1= p(t1)) p(t2) Ont)—1 = On(en)|* + p(t1) (1 = p(t2)) [On(ir) = Oniia) 1|} (2:20)

The concavity of the function (—o00,0] 3 = — |z|* € R hence proves for all t;,t, € [0, 7]
with n(t;) < n(ty) that

1[flo(t1) = [flo(2)l &

< |fleaqom 1, | (1= p(t1)) (1 = p(t2)) (Onger)—1 = Onta)—1) + p(t1) p(t2) (Butr) — Oniea))
+ (1= p(t1)) p(t2) (Oner)—1 — On(ea)) + p(t1) (1 = p(t2)) (On(er) — On(en)—1) ‘a

= |f’Ca([0,T},H-||E) | (1= p(t1)) Ongey—1 + p(t1) Oner) — (1 = p(t2)) Onea)—1 — p(t2) en(t2)|a

= [flea oy, (2.21)
{Onen—1 + p(t1) [Onier) = Oneny—1]} = {Oniea)—1 + p(t2) [Bniea) =

= fleaqo g It = 2l

Combining this and (2.19) completes the proof of Lemma 2.5 ]

Lemma 2.6 (Approximations by piecewise affine linear functions). Let (E, ||-||) be a
normed vector space, let T € (0,00), a € [0,1], B € [a, 1], 0 € Pp, and let f,g: [0,T] —
E be functions. Then

11—« —a
|f = [9lolcaqor i, < % sup 1£(t) = g()]| g + 2 [ dimax ()] | Flesqori
(2.22)

and

1f = lglollca o1,

< (% + 1) Stlelg) 1f(t) =gz + <|dmax( o T 2ﬂ> | dnax (0)] |f‘(15([07T]7||.||E) .
(2.23)

Proof of Lemma[2.6. Throughout this proof let N € N, 6,01,...,0x € [0,T] be the real
numbers which satisfy that 0 = 0y < 61 < --- < Oy =T and 0 = {6y,0y,...,0x}. Note
that Lemma 2.1 implies that

|f = [9lelceqoryg ) < maX{| max ()] [ = [gl6] co.tamax ). o,71,111,)

5 (2.24)
| max( )| |f [ ]9|061<0admax(9)]([07T]7H.||E)}'
Next note that Lemma [2.2] ensures that
|f = L9lolco.tamax@.cor o111,y < 21 = 9ol co i)
<2|f- [f]é)”c([o,T],||.HE) +2([[f]o — [g]GHC([O,T},H.”E)
dmax 0 6
< 2|4 |fles oy, T QStlelg 1) — g & (2.25)
B dmaX(Q)
< 2 |dpax(0 Ny F2- - su t) — g(t .
| ( )‘ ‘f'Cﬂ([O,T],H ) donin(0) teg 1f(8) = 9Ol g



Moreover, observe that Lemma [2.4 and Lemma [2.5] imply that

|f = lglelcs.oammonqoryig < 1 = Uolesqomyig + 11 = gloles.oamonqom g
< flesqoanng + flolesqom, ||-||E>

+ i 1[6) - 900 = 100 - 9@ ] (2:26)

2 Ainax (0)
\dmax(9)|5 Ainin (0)

Substltutlng ) and (| into (| proves It thus remains to prove esti-

mate . For thls note that Lemma - 2.2| yields that

1f = lglellcqor i,y < I = lolleqom i, + 1o = [9lollcqoryyi,

2.27
50 ooy + SO g0l

<2 \f\cﬁ([o,T],H-llE) -

sup [[£(t) = 9(®)l]-

<

Combining (2.22)) and (2.27)) shows (2.23)). The proof of Lemma [2.6]is thus completed. [

2.2 Upper error bounds for stochastic processes with Holder
continuous sample paths
We now turn to the result announced in the introduction which provides convergence of

stochastic processes in Holder norms given convergence on the grid-points. For this we
first recall Kolmogorov’s continuity criterion, cf., e.g., Theorem 1.2.1 in Revuz & Yor [26].

Theorem 2.7. There exists a function = = (E7p0.8)Tpaser: RY — R such that for
every T € [0,00), p € (1,00), B € (Y, 1], every Banach space (E, ||| z), every probability
space (Q, F,P), and every X € CP([0,T], Il o py ) there exists an (F, ||| )-strongly
measurable stochastic process Y : [0, T] x Q — E such that for every a € [0,5 — 1/p) it
holds that

HY|pr(]?;“'Hca([o,T],H.”E)) S ETpas ||XHCﬂ([OaT]’H'Hzp(P;H.HE)) <oo and

(2.28)
Vte0,T): P(X,=Y;) = 1.

The next result, Corollary follows directly from Corollary and Kolmogorov’s
continuity criterion in Theorem [2.7] above.

Corollary 2.8 (Grid point approximations). Let T' € (0,00), 0 € Pr, let (0, .F,P) be a
probability space, and let (E, ||-||z) be a Banach space. Then

() it holds for allp € [1,00), B € [0,1], v € [B,1] and all (F, ||| )-strongly measurable
stochastic processes X, Y : [0,T] x Q — E that

-B
1X =Y llcoqo i gm0 (2 |dinax (6)] 77 + 1) [Suptea 1Xe = Yillzo@ii )

;
+ b O (X013 sy ) Y Vo011 (2.29)
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(ii) and it holds for all p € (1,00), 5 € (Yp, 1], @ € [0,6 — Yp), v € [B,1] and all
(Z, ||| g)-strongly measurable stochastic processes X,Y : [0,T] x Q — E with con-
tinuous sample paths that

X = Y| g < Erpas [X = Yiles(

Bill-ll e o, 71,11 ) 0Tl 2p -1 )

< Zrpas (21dmax(0) 7 + 1) [ 5Ub1ep 1 X0 = Yl zoiesp (2.30)

.
| O (X 10,21 gmen 1) T 1Y @ g ) )]

The next result, Corollary 2.9 follows directly from Lemma [2.6] and Kolmogorov’s
continuity criterion in Theorem [2.7] above.

Corollary 2.9 (Piecewise affine linear stochastic processes). Let T € (0,00), 0 € Py,
let (2,7 ,P) be a probability space, and let (E,||-||z) be a Banach space. Then

(i) it holds for allp € [1,00), B € [0,1], v € [B,1] and all (F, ||| )-strongly measurable
stochastic processes X, Y : [0,T] x Q — E that

2 dIY\aX 6 176
X = Yo llca o oy ) = [% 1] sup | Xe = Yill vy

+ [2 ‘dmax<6)‘7ﬁ + 27'@ ‘dmax<9)|’y |X’C’Y([O,T}

Al p @)1 )

(i1) and it holds for all p € (1,00), B € (Yp, 1], a € [0,5 —Yp), v € [B,1] and all
(Z, ||| g)-strongly measurable stochastic processes X,Y : [0,T] x Q — E with con-
tinuous sample paths that

”X - [Y]GHXP(P;H'HCQ([O,T

= 2 |dmae ()17
L0 ) S ETpap <[ dmin(0) + 1} Stlelg) HXt B Kt”‘zp(lp%\\'ﬂxs)

+ [2dmax(8) 77 + 277] |dmax (0)|” X K ) (2.32)

In (2.32)) in Corollarywe assume beside other assumptions that « is strictly smaller
than v. In general, this assumption can not be omitted. To give an example, let (2, .7, P)
be a probability space and let W: [0, 1] x 2 — R be a one-dimensional standard Brownian
motion. Then it clearly holds for all p € (0, c0) that HWHCl/z([mm,”zp(ﬂnm) < oo. However,
the law of the iterated logarithm (see, e.g., Corollary 3.1 in Arcones [2]) ensures that the
sample paths of the Brownian motion are P-a.s. not 1/2-Holder continuous, so that for all
p € (0,00) it holds that ||[W — [W]Q||$p(ﬂl>;”.||cl/2<[071], ) = oo The following corollary is

|
related to Lemma Al in Bally, Millet & Sanz-Solé [3].

Corollary 2.10 (#P—convergence in Holder norms for a fixed p € [1,00)). Let T € (0, 00),
p€[l,00), B €l0,1], let (2, F,P) be a probability space, let (E, ||-||;) be a Banach space,
and let YN : [0, T|xQ — E, N € Ny, be (Z, ||| p)-strongly measurable stochastic processes
with continuous sample paths which satisfy lim supy_, o |YN|CB([OvT]v”'”fﬂ(P;\H\E)) < 0o and

Vit €[0,7]: limsupy_o IV = V¥ 2re),) = 0. Then

(Z) 1t hOldS that |Y0|Cﬁ([07T}7H.||$p(]1);“'HE)) S hm supNHoo |YN|Cﬁ([07T}

-l p @1 ) < 99,

(i) it holds for all o € [0, 1]N(—o0, B) that limsupy_. [YO=Y™| ce (o, 0,

Ml zp @) —

11



(iii) and it holds for all o € [0,1] N (—o0, f — 1/p) that

lim SUPN 00 HYO - YNHXP ®ill-lla o, i1 2) —
Proof of Corollary[2.10. Throughout this proof let 6" 6 QT,
which satisfies for all n € N that 6* = {0, T rran (n— I

assumption that V¢ € [0,7]: limsupy_ ||V’ — Y, ||gp(]p,|| )
that lim supy_, ., ’YN|Cﬁ([0:TLII-H$p<p;H.HE)) < oo ensure that

€ N, be the sequence
Pr. Observe that the
0 and the assumption

| Mm 3

1Y =Yl v i) )
Y| 0,17, = sup [ e E]
(o, 71l Hzp(p,u ”E)) ste0.T], [t—s|
s#t
. Hmsupy o0 (YN =Y )+ =Y )V YO op ()11 )
- Sup [t—s]P (2.33)
s,t€[0,T7, )
s#t
. YN =Y N || op ey . N
< sup limsup ) | < imsup (YN s (0.1 e ) < OO
[t—s] 2P ®-l g)
S,tE[O,T}, N—oo N—o00
s#t

This establishes Item . In the next step we prove Item . We apply Item (i) in
Corollary [2.8| to obtain for all « € [0, 3], n, N € N that

1Y? = YN lcaqo il pmey) < (2 1dmax (0] + 1) [Supteé)” AR ol PPRIN
ny (8
+ ’dmax<9 )| (’Y ‘Cﬂ([O:T]7||'||,9fp(n>;“<HE) + ‘Y |C’8(0T] [l .2 (- ||E)))]

< (2Ta + 1) supyegn ||V — YN | 2v1,) (2.34)

QT8 75 0 N
+ ( e+ n—s> (Y les 0101 mgeyg ) T 1Y 108 QLI ooy )

Item (i) and the assumption that V¢ € [0,7]: limsupy_, [|Y;" = Y| 20 y),) = 0 hence
imply for all « € [0, 4], n € N that

limsup [V =Y llco oy oy, < | 2+ 1 [ limsupsup [V = ¥V zsgesy |

N—oo N—oo tefn

478~ QTB
+ [ nFe T ] lim sup |Y |Cﬁ (0,7 ezm ey ) (2.35)

N—o0

_ |4TBm> | 278 g; N
- [ e i| lim sup |Y |C'B([O,T}7H'||$p(n>;||.HE)) <
N—o0

Hence, we obtain for all a € [0,00) N (—o0, #) that

. 0 N 1 : 0 N
hImsupllY -Y |!ca([o,TLn-HW(P;H.HE))—hgljololphﬁljip\lif = Y e o ler ey )

(2.36)

[hmsup == —{—hmsup hjrvnsup YV lca o, P

n—oo n—oo

This shows Item . It thus remains to establish Item to complete the proof of
Corollary [2.10] For this we apply Item (ii) in Corollary [2.8to obtain for all € (1/p, 00) N
(—o00, (], a € 0,7 —1/p), N € N that

N — N
HYO -Y ||$p(P§||‘Hca([o,T],H.”E)) < ZTpanr HYO -Y |’CT([O,TLH'||2P(H>;II~HE))' (237)
This and Item ({iil) imply for all r € (1/p, 00) N (=00, B), a € [0,7 — 1/p) that

: 0 N — : 0 N
Hmsup [[Y7 =Y 2e @il g o) < Epar Hsup [[Y7 =Y | crqom1 1 oo ,0) =

N—o0 N—oo
(2.38)
This establishes Item ({il). The proof of Corollary is thus completed. O
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The next result, Corollary below, is a consequence from Corollary and Corol-

lary 2.9

Corollary 2.11 (Convergence rates w.r.t. Holder norms). Let T € (0,00), p € (1,00),
B € (Yp, 1], (V) nen C Pr satisfy imsupy_, . dmax (0) = 0, let (2, F,P) be a probability
space, let (E,|-||;) be a Banach space, let YN:[0,T] x @ — E, N € Ny, be (Z, ||| 5)-

strongly measurable stochastic processes with continuous sample paths satisfying YO
27(B; | ) and

-B
Y2los o1 gnry ) + SUP s (0¥ 7 b [V = ¥V | ooy 0| < 00, (2:39)

and assume ([supyen YN |cs(o1,) lpeiig) < oo} or [ sup ey ax(0™)/d,,(0%) < 00 and
VN e N: YN = [YN]|yn]). Then for all o € [0,8 — Yp), € € (0,00) it holds that

(B—a=1/p=¢) 17,0
sup |||lYY . + | dinas (O Y
NEII\)I [” ng Bill-llge o, 77,111 5)) | )‘ H

N
-Y \|zv(@ﬂrHca([o,T],H.HEQ] < 0.
(2.40)

Proof of Corollary[2.11. Throughout this proof let ¢y € [0,00), ¢1,c2 € [0,00] be the
extended real numbers given by

-8
= [v? |8 (j0.17,)1 w1 ) + sup |:|dmax(9N)| SUD¢egN vy — }/;NHXP(P;H'”E)} )

NeN
dmax (GN)

_ _ N
Cl—jsvlég{dmm(gzv)]a and ¢ Jsvlgyy oI oy ) -

(2.41)

Next we observe that Item (i) in Corollary [2.8| ensures for all r € (1/p, 5], a € [0, 7 — 1/p),
N € N that

0_ N = N 0 _yN
Yo -y \\ﬂ(ml'.ca([o,TklE))g_TpM(ﬂdmax0 )| +1) LSEI;gHYt Y ller @)

+ [ ()] (|Y0|cﬁ<[0,T1,||~||zp<wE )+ |YN|0B<[07TL|-||2p(P;,.|E>>)}
< Srpar (2 [ (0)] 77 + | (67 > [00 + Y Nes o ||$p<ﬂ»;”.”E))} (2.42)
< Erpar (2 | dinax (67)] (B | dinax (O™) ) co + ¢
— Srpar (24 | (0)]") | dmasx (0™ [0 + 3] -

This implies for all » € (1/p, 8], « € [0,7 — 1/p) that

e (O ~Bm iy 0 oy N <Epo (24T Lol (243
JsvlépN[} Gl | ||zp(rp>;u-||ca<[m“HE)) < Erpar ( ) [co +ca] . (2.43)

Hence, we obtain for all a € [0, 5 — 1/p), r € (o + /p, ] that
dmax HN (B—a=1/p=[r—a—1/p]) YO - YN
[T LR PTRE
S :T,p,a,a+1/p+[rfoc71/p} (3 + T) (CO + CZ) .
This shows for all & € [0, 8 —1/p), € € (0,8 — o — 1/p] that
dmax QN —(B—a—1/p—¢) YO . YN
zsvlépN [} ®%)] | ||«>2”’7(P;H~Ilca<[o,ﬂ,||-HE>) (2.45)

< Erpaati/pre 3+ T) (co+c2).
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In the next step we note that Item in Corollary proves for all r € (Y/p, f], a €
0,7 —1/p), N € N that

0 N — Q‘dmax(eN)‘liT 0 N
Y —[v ]ew\}ﬂ(w_uca([om‘”E)) SHT,p,a,r([T(gN)"i_l] sup 1Y =Y ler@)

Ny|—r -8 Ny[B [y 0 )
+ [2]dmax(0™) 7"+ 277 |dinax (0™)]7 |V ‘cﬂ<[07T1,||~ng(w.”w) : (2.46)
This implies for all r € (1/p, 8], a € [0,7 — /p), N € N that
0_ yvN
2 = ¥ ov | ®Billlloa o, 1)
< €0 [ (0M)] g (A 142 e (07)] 7 + 277 (2.47)
< 2¢p | dmax(6™)] quM<c1+ | i (O™) ]| 1).
Hence, we obtain for all r € (1/p, 5], a € [0,7 — 1/p) that
N B=r) 13,0 N
Sup |:|dmax 0 ‘ HY Y ]GNng(]P;”'lCa([O,T],|-||E)):| (248)
g 200 Erpar (1 +1+T") <2¢0Erpa, 2+T +c1).
This shows for all @ € [0, 8 — 1/p), r € (a4 1/p, f] that
dmax 0N —(B—a—1/p—[r—a—1/p]) YD - YN
[ L T
<2¢ ET,p,a,a—i—l/p—‘r[r—oz—l/p] (2 + T + Cl) .
This establishes for all a € [0, 5 —1/p), € € (0,8 — o — /p] that
dmax 0]\/ (B a— l/p 5) YO YN
Jsvl.le% “ ‘ H 6'N‘}ai”"’(ﬂ”:ll-Hca<[o,T1,n-||E>) (2.50)
<260 Zppaatripre 2+ T +cp).
Combining (22.45)) and (2.50]) assures for all a € [0, 5 — 1/p), € € (0,00) that
—(B—a—1/p—¢)
]svlépN “dmaX(QN)’ P Y0 — YN||$p(]}p;”'HCO‘([O,T],|\-||E))i| < 00. (2.51)

In addition, note that the assumption that Yy € ZP(P;|||;), the assumption that
1Y) s (o, vy < 00 the assumption that Y? has continuous sample paths, and

Theorem [2.7) ensure that for all a € [0, 8 —1/p) it holds that ||Y|| zo(e,. oo o) < O©-
This and 1} complete the proof of Corollary [2.11] O

The next result, Corollary below, illustrates Corollary through a simple
example. For this note that standard results for the Euler-Maruyama method show for
every p € [2,00), B € [0, /2] that assumption in Corollary with uniform time
steps is satisfied (cf., e.g., Section 10.6 in Kloeden & Platen [22]). Corollary [2.12]is related
to Theorem 1.2 in [4] and Theorem 1.1 in [5].

Corollary 2.12 (Euler-Maruyama method). Let T € (0,00), d,m € N, let (Q,.7,P)
be a probability space with a normal filtration (F),co 7y, let W2 [0,T] x @ — R™ be an
m-dimensional standard (F;)ep.r-Brownian motion, let yi: R* — R and o: RY — R>*™
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be globally Lipschitz continuous functions, let X : [0, T] x Q — R be an (L%)te[o 11-adapted
stochastic process with continuous sample paths which satisfies Vp € [1,00): [HXOHRd]
oo and which satisfies for all t € [0,T] that

t t
[Xtlpame) = {Xo-ir/ 1(Xs) dS} +/ o(X,)dWy, (2.52)
0 P,%(R%) 0

let YN:[0,T] xQ — R? N €N, be mappings satisfying for all N € N, n € {0,1,..., N —
1}, t € [2L, (nH ] that Y{¥ = Xy and

Y=Y + (6= 5F) - n(Yar) + (F —n) -0 (Yar) Wesor — War). (2.53)
Then for all o € [0,1/2), € € (0,00), p € [1,00) it holds that

/2—a—e _VvN
sup (N X -Y !|$p(w~||ca<[om,.HRd))) < 00 (2.54)

2.3 Lower error bounds for stochastic processes with Holder
continuous sample paths

In this subsection we comment on the optimality of the convergence rate provided by
Corollary and Corollary [2.12] respectively. In particular, in the setting of Corol-
lary 2.12, Theorem 3 in Miiller-Gronbach [24] shows in the case a = 0 that there exists
a class of SDEs in which the factors N'/2=¢, N € N, on the left hand Slde of the esti-
mate (|2.54]) can at best — up to a constant — be replaced by the factors ( L N € N. In
Proposition [2.14| below we show for every a € [0,1/2) in the simple example w =0 and
c=R>3z+ 1 € R) in Corollary I_ that the factors N'/272=¢ N € N, on the left
hand side of the estimate (2.54]) can at best — up to a constant — be replaced by the factors
N2~ N e N. Our proof of Proposition @ uses the following elementary lemma.

Lemma 2.13. Let T € (0,00), p € [1,00), a € [0,1], let (2, F,P) be a probability space,
let (E,|||lz) be a normed vector space, and let X : [0, T]xQ — E be an (ZF, ||-|| g)-strongly
measurable stochastic process. Then

1/p—1
maX{‘X|C°‘([0»T]»H'||$p(P;H-HE>)’2( » )”X”C“ﬂOﬁTHl'sz;u,nEﬂ} = ”X|’wm;n-ucaqo,T],H,HE))-

(2.55)

The proof of Lemma [2.13]is clear. Instead we now present the promised proposition
on the optimality of the convergence rate estimate in Corollary [2.12]

Proposition 2.14. Let T € (0,00), let (Q2, . F,P) be a probability space, let W: [0,T] x
Q — R be a one-dimensional standard Brownian motion, and let WHN:0,T] x 2 — R,

N € N, be mappings which satisfy for all N € N, n € {0,1,...,N =1}, t € [’}\7;, ("J]’\}) }
that
WtN = (Tl +1—- ) WnT + (— - Tl) W(n+1)T. (256)
N
Then it holds for all o € [0,1/2], p € [1,00), N € N that
W —wN Wzl p @, 957
H - HC([OT Ll 2p @) = 2v/N ) ( : )
W oo @11l gy ) (1/2=a) (72 1
N(O‘*lﬂ)T*a ”WTng(]P’;l'I) 20 (1 a)(l ) S [7571i| 5 (258)
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HW7WN||cO<([O,T],||~\|$p(]P;‘,‘)) _ e (1/2—a)(/2=2) [L 2+To<:| (2.59)
N(e=1/2) p—a Wzl o @) 2N« 20 (1—q)) (1= V202 ’ :
N
IW =Wl 2p@l1-l ga 0,77, > (f2—a)(2=) g (2.60)
N2 e | Wr | gpeyyy T 20 (1=a)07 = V2 ‘

Proof of Proposition[2.1)). Throughout this proof let f: [0,1/2] — (0,00) be the function
which satisfies for all x € [0,1/2] that f(x) = % and let g,: [0,1> - R, a €

2 (1—g)(1—2
[0,1/2], be the functions which satisfy for all z,y € [0, 1], a € [0,1/2] with 4+ y > 0 that
z(l—xz)+y(l—y) 0 ra<l)
o, y) = and «(0,0) = . 2.61
9a(,9) (z +y)™ 90(0,0) = 9, a1, (2.61)

We first prove . For this observe that for all N € N, n € {0,1,...,N — 1}, t €

o (DT holds that
55

T

W,=WY=W,— (n+1-9) War — (B —n) - Weror
" N (2.62)
= (0 =)+ (W = Wi) + (n+1- %) - (Wt—W%)

This and the fact that VN € N: V¢ € [0,7]: Vp € [1,00): ||[We=W"/jw, -

_ Wrllere).)

imply for all N € N, p € [1,00) that

W =W oy gy = 5Prctomy [1We = W ey

= SUPreo, £ HWt WNH_W(M ) ”WT“% [Supte[o,%] HWt W ”32 (P;-)) ]

‘ (Wt W%> +(1=t) W ‘x%w-)]
Tl .p (P 2 2.63
= Wrberenn g (49 (5 -+ (- 9] o

:%[sup \/(t2-(1—t)+(1—t)2-t)]

t€[0,1]

_ Wrllere)) _ IWrller@.)
Su —.
—JN p Vi

t€[0,1]

_ IWrller e
—_— —\/T Supte[o T]

This establishes (2.57). In the next step we prove (2.58). For this observe that (2.62)
shows for all N € N, n € {1,2,...,N — 1}, ¢, € [0, L ] o € (2T T € [1, 00) that

[(We = W) = (W = W)

7o)
= [ o= 22 - (W — W) + (n+1 L) - (Wi, = W )

N
+ th (WT - Wt1> M -

Hlzr @il

IWr |l v @y N\2 [ (ntD)T (2.64)
Sl (U o —m)

—_
~—
no
&~
—
[E—
NI

e 1= 5)° (= 3F) R (=) + (4

1
= Wrligresn [ (X ) (41— 5Y) + 5% (1 - 52)
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Moreover, (2.56) ensures for all N € N, ¢;,t, € [0, %], p € [1,00) with ¢; < t5 that

[(We, = W) = (Way = Wi | ooy

N H (Wtz —5 Wy ) N (th - W%> szm

_ Wrllere)) (ti—t2) N
= Drlzrean gy, — w, + o

~ L2z @)
|Wrllpey.
iy (2.65)
H(l + > (Wiy = W) 4 2 (W% B Wtz) + 2w, 22(Pi]-])
2 /2
_ Wrlerey) [‘1 Ny — ) + R (L ) 4 L .m}

1/2
= _”WT”:/?;W;I-I) ) [1 4 2 t2)N + (tl—%) N? 4+ 1= t2|N ) (% +t — t2)] (ty — t1)1/2

1/2
:HWTH«Z% <1+W> Sty — )72

Combining (2.64) and (2.65)) proves for all N € N, o € [0,1/2], p € [1, 00) that

” (Wt2 B Wt2 ) (th Wtjlv) HXP(IP;H)

W —wh su
| ‘C‘)‘([OT LIl p o). )) tl,tze[O,TI]),t1<t2 |t1 — t2|0‘

H (Wt2 o Wt]zv) - (th - Wt]lv) pr(ﬂ»;\.n
= sup sup —

t1€[0, 5] t2€(t1,T] ‘ 1= 2|
1
2
toN N\ 4N [, tuN
_Welerern |pad  gup L) - Tl () (-5 o ()|
=0 D 7o
VT tt2€(0, 5], (ta—t1)@1 hep ) N (ta—t1)
t1<t2 t26(% %
(2.66)
This implies for all N € N, a € [0, /2], p € [1,00) that
N
W-w ‘Ca([ovT]7||'H$P(]P’;|.|))
%
_ IWrllzre ‘Z}(l—Zoz) max{ sup (1—x) sup y—-1)2-y)+z(1l-2)
v |IN ze0. 77D sepoy (y—z)*
y€(112]
3
vro N ey T Taepy, (41— [1—a))*
yE(O,l}
(2.67)

Hence, we obtain for all N € N, o € [0,1/2], p € [1, 00) that

W =W

(0, TLI Nl 2p (py.1)

_ rlgrey |7 () [max{ wp VA=) () by () —y)}]

T ye(01] Y 2€[0,1] y£(0,1] (x + y)2a

=
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1/2
_ IWrllgren ‘z}(%*a) sup sup ~ (1-2)+y(—y) (2.68)
vT N 2€[0,1] y€(0,1] (z+ y)2a

1/2

= NPT |\ Wr| 2o [ SUp  ga (7, )
.’L‘,ye(o,l)

To complete the proof of (2.58)), we study a few properties of the functions g,, a € [0,1/2].
In particular, note that

_z(-=z) , y(l-y) z y 1 2z (1—x)
sup g1 (z,y " + <ot ae —1—Sup—x—supglxx
2,y€(0,1) (©:9) =5y T em) < G T e ze(0,1) 2€(0,1) (=, 2).
(2.69)
Moreover, note that for all a € [0,1/2), z,y € [0, 1] with 4+ y > 0 it holds that
_ @) y(1-y) | « ,.(1-20) (1 _ (1—-20) (1 _
|ga(x7y) ga(o 0)| ( +y)2a (x+y)2a =7 (1 .17) + Yy (1 y) (270)

< 2 |max{z, y}|* 72 .

Hence, we obtain for all a € [0,1/2) that g,: [0,1]> — R is continuous. Next note that the
fact that for all a € [0,1/2), x € (0,1) it holds that

S (1 —2)) = (1 - 20007 (1 - 2) =270 = —2(1 — a) [~ 727> (271)

11—«

Oz

ensures that for all a € [0,1/2) it holds that

Sup  galz,y) < up [x(;zlx)] = sup [z (1 - )]

(z,y)€9(]0,1]2) z€(0,1 z€(0,1)
(1-2a) 1/9_ 2 1/9_ 2
12—« 1/2—a| 1 (1/2—a)(/ @) 1—2a 1 (1/2—a)(/ @)
=[] ] ] <o ]
2.72
=0 [0 (1)) = sup [

% —a)(/2-a) 72
= sup ga('r?x) =27 [(18—03(1704) ]

—o)(V2—a) ]2
(Gl = (.
This ensures that for all a € [0,1/2) there exist (xg,0) € (0,1)? such that

ga(l‘(ﬁh yO) = Supx,ye[o,l] ga<fL’, y) (273)
Moreover, note that for all « € [0,1/2), k € {1,2}, 21,25 € (0,1) it holds that

0 (xl(l —21) + a2 (1 —xz))

(92-a) (21, 22) = -

(w1 + x2)2a
_ (1 - ka) B 2c0 [:)31 (1 — 5131) + x5 (1 _ $2)] (2.74)
(z1 + IQ)QQ (z1 + I2>2a+1

This implies that for all a € [0,/2), z,y € (0,1) with Zg,(z,y) = 35 D go(z,y) = 0 it holds
that x = y. This and (2.73)) ensure for all « € [0,1/2) that

sup  ga(z,y) = sup gao(z, ). (2.75)
z,y€[0,1]2 z€(0,1)

This and ([2.72)) show for all a € [0, 1/2) that

2
sup  ga(7,y) = sup ga(z,2) = [f(@)]". (2.76)
x,y€[0,1]2 z€(0,1)
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This and (2.69)) prove that for all o € [0, 1/2] it holds that

SUp  ga(z,y) = sup galz,x) = [f(a)]. (2.77)

x,y€[0,1]2 z€(0,1)

Next note that for all & € (0,1/2) it holds that
fl@)=exp((3 —a) -In(3 —a)+ (a—1)-In(l —a) — a-In(2)). (2.78)

Moreover, observe that for all a € (0,1/2) it holds that
8%((%—04) ‘In(—a)+(a—1)-In(1 — @) — a-In(2))
=-In(i-a)+1+In(l-a)—1-I(2)=Ih(l-a)—In(3 —a) —In(2) (2.79)
= ln(llj;fl) > 0.
This and ([2.78]) ensure that f is strictly increasing. Equation (2.77) hence proves that
2
S gal,y) = sup_ga(w,@) = [ € [IFOF [FGDF] = [51]. (280
z,y€[0,1]2 z€(0,1)

Putting this into (2.68) establishes (2.58)). Combining (2.57) with (2.58)) proves (2.59).
Moreover, (2.58) and Lemma imply (2.60). The proof of Proposition is thus

completed. O

3 Convergence of Galerkin approximations in Holder
norms

3.1 Setting

Throughout this section the following setting is frequently used. Let (H, (-, )u, ||-||5) and
(U, (-,)u, |Ill;;) be separable R-Hilbert spaces, let HH C H be a non-empty orthonormal
basis of H, let T, 1 € (0,00), let (Q2,.%#,P) be a probability space with a normal filtration
(F)iepr), let (Wi)iep,r) be an Idy-cylindrical (% )icpo,m-Wiener process, let A\: H — R
be a function with sup,cy An < 0, let A: D(A) C H — H be the linear operator such
that

D(A) = {v € H: Z IAn(h,v)u|* < oo} (3.1)
heH
and such that for all v € D(A) it holds that
Av =" A(h,v)uh, (3.2)
heH
let (Hy, () g 5 |I'llz,), 7 € R, be a family of interpolation spaces associated to —A (see,

e.g., Definition 3.5.25 in [20]), let v € R, € [0,1), 8 € [0,1/2), x € [B,Y2), F €
C(H,,H, ), Be C(H,, HS(U, H,_g)) satisfy that for all bounded sets £ C H, it holds
that

[Flelove i, )+ IBlelerw s, ) < (3.3)

let Hy C H, N € Ny, be sets satisfying Hy = H and sup ey N sup({l/lAh|: h € H\Hy} U
{0}) < oo, let Py € L(Huinfoy-13); N € Ny, and Py € L(U), N € Ny, be linear
operators satisfying for all N € Ny, v € H that

Py(v) = > (hv)yh, (3.4)

heHy
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and let XV:[0,T] x Q@ — H,, N € Ny, be (F)ieo.r-adapted stochastic processes with
continuous sample paths satlsfymg for all N € Ny, t € [0, 7] that

t t
(X M Py X9+ / e=DAPy (XN ds + / APy B(XN) 2y AW,

BA(Hy) [ 0 :|]P’,,%’(HW) 0

(3.5)

3.2 Strong convergence of Galerkin approximations in Holder
norms for SEEs with globally Lipschitz continuous nonlin-
earities

The next lemma, Lemma below, follows directly from, e.g., Proposition 7.1.16 in [20)]
and, e.g., Proposition 7.1.7 in [20].

Lemma 3.1. Assume the setting in Subsection let p € [2,00), n € [max{a, 203}, 1),
N € Ny, and assume that

0
E[IX01%, ] + 1 Flerm i, )+ Bl iuswn. ) < - (36)
Then
ts[%l;] ||max{1, ||XtN||H~y}H3p(P;\.|) < V2 HmaX{l, ||X8||H7}ng(p;\.|) (3.7)
S k]
- 1P, = 1B T s,y
Een | TS (féi? maxtoln,3 | T VTP D | S T |-
Y Y

Lemma 3.2. Assume the setting in Subsection let p € [2,00), n € [max{e,20},1),
N € Ny, and assume that

E[I1Xo %, ] + \Elert i, )+ IBlettm s, ) < o (3.8)
Then
sup || X2 —xM|I .. gfsup Py— Py)X?| ,,
t€[0,T] ” t Hi” ®sll-ll ) c0.7] ” ”,s,ﬂ ®ill-llzz.,)
TY2=X, /p (p—1) N | B(v)(Po — @N)HHS(U,H )
+———— | 1+ sup || X, .2ep. sup —
VI=2x ( se0T] X ] PN ) vei, 1+ HUHHA,
TENRIFl o gy, )
. (g’(l_n) [ — = 4/ Tp(p — 1) |B‘Cl(H7,||~HHS(U,Hv—n/2)) HgZOHL(U) < 0.
(3.9)
Proof of Lemma (3.9 First of all, observe that Lemma ensures that
sup maX{HX ||gp Pl ) ||XtN||gp(p;||.HH7)} < 00Q. (3.10)

t€[0,T]
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We can hence apply Proposition 7.1.4 in [20] to obtain

sup HXO

N
i X @,

Tl_n\/i|PNF(')‘Cl Hoyll- I g1
y—n

(ol ) —
< é-n) { V=0 +vITp(p — 1) |PNB(‘)‘%|01<HW-||HS<U,HWW)}

t
V2 sup {Xf— / =4 Py F(X0) ds]
0

te[0,7)

t t
- { / =Py F(XY) ds—XtN] + / APy B(XN) 2, AW,
0 P#(H,) 0

t
— / e =94 Py B(X0) 2y AW,
P#(Hy) 0

Lo (Bl 1)
(3.11)
This shows
0
ts[%pT 12 = sl r,)
T2IFlor gy, )
< &) { = VTP = D IBloim s, ) H%HL@]
t
V2 sup |[(B = Po)XE i + [ eI PBOE N~ )
te[0,T] 7 0 LP (B[l ]l z.,)
(3.12)

The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [6]
hence implies
sup || X2 — XN i
o 167 = XM e,
TV2IE o oy

el ) —
= éa(ln){ = VT — 1) [Bloyg,

-\/§[sup H PNXO

t€[0,T]

| ||%||L<U>]

7H'||HS(U,HW_,,]/2)

l2veu I, (3.13)

¢
- —2
+ sup HB(XSN)[QZO — L@N]HXP(P;”'HHS(UH ) \/p(p2 1) Sup]/o (t—s)" ds‘.

s€[0,7 telo, T
This and (3.10) complete the proof of Proposition H

Corollary 3.3. Assume the setting in Subsection let ¥ € [O,min{l — a2 — ﬁ}),
p € [2,00), and assume that X§(Q2) C H,1y and

0
E[I1X0N, o] + 1l i, ) + IBlorm s, ) < % (3.14)
N ||B(v)(1dy — 2
sup sup [ |5(v)(1dy N)HHS(U’HVX)} < 0 (3.15)
NeNveH, 1+ (o],

Then it holds that

sup sup ([|[F(X) | gv@,,. )+ 1B Puller@iysn. ) <00 (3.16)
NeNg te[0,T] T TmX

and

sup sup (N |X} — XtNHfP(JP;ILHHW)) < 00. (3.17)
NeNo t€[0,7]
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Proof of Corollary[3.3. Combining the assumptions that XJ(Q) C H, 9 and E [“X(())“?IW,J
< oo with, e.g., Proposition 7.1.16 in [20] and, e.g., Proposition 7.1.7 in [20] ensures that
vVt € [0,T]: P(X? € Hyyy) = 1 and SuptE[O,T}E[||H{X?€H,Y+ﬁ}X?||I;{,Y+ﬁ] < oo. This and
the assumption that supyey N*sup ({{/ixl: b € H\Hy} U {0}) < oo imply that

19
SN L S PO
v -9
< ]Sv?%t:fé?ﬂ {N [(=A)7"(Po = P)[ 1, HH{X?ewa}XHM(P;-||HM>}

%) — 9
< LSV%IR)JN H(_A) 1<IdH~/ _PN)HL(HW)} LSB% ||1{X?EHW+«9}X£H$17(IP;||.Hwﬂ)] (3.18)

_ W . v 0
= {;gg N [sup({}/n: b € H\HIy} U {0})] ] ngpﬂ M xpen, . X Hm»;u-uwﬂ)]

< 00.
In addition, observe that (3.15)) and Lemma [3.1| ensure that

sup sup HX£NH$1’(1P’;H'IIHW) < 0. (3.19)
NeNp te[0,T]

The triangle inequality and (3.15)) hence prove that

sup sup || BX}") 2wl v®i s, )

NeNo te€[0,T]
N ”B(U)p}NHHS(U,HW_X)
= <1+ sup sup [ X0| ey, )) <S‘1p S S T
NeNp t€[0,T] v NeNg veH, v

Y (3.20)
S 1+ sup sup X . )
< NeNy t€[0,T] H ! ”5 Bill-ll ez,

1B #sw,m.,_ 1B(v)(Idy —ZN)lasw,m., _
' (SUP 1+||U?‘H =0 4 sup sup P B ) < oo,
veH v NeNo veH, v

In the next step we combine (3.19)), (3.18)), and (3.15) with Lemma to obtain that

sup e, SUPrepo, ] (N 1X7 = X | 2w ,,)) < oo (3.21)

Furthermore, observe that (3.19) assures that supyey, supsepo.r) [|F(XP)l 2oy, ) <
Yo
oo. This, (3.20), and (3.21]) complete the proof of Corollary ]

Corollary 3.4. Assume the setting in Subsection let ¥ € (O,min{l —a, 12 — 5}),
p € (Yv,00), and assume that XJ(Q) C H, 19, E[HXH%HM] <00, |Flei., ) < 00,

| Ble s, ) < 005 and

s,

|B(v) Zx |l usw.m,_») + N || Bw)dy —Pn )| sw,m, )
sup sup

< 00. 3.22
e TP ] 52

Then for all 6 € (0,9 — /p), € € (0,00) it holds that

N (9—6—1/p—e¢) ||XO -

N N
SUPNeN (HX ||$p(IP;“'||C5([0,T],H-||HW)) + X ||$p(IP;”.HC‘;([O»TLH'“HW))) < oo

(3.23)
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Proof of Corollary[3.4. Throughout this proof let 7 € R be the real number given by
n = max{a, 26} and let 0N € P, N € N, be a sequence of sets such that

sup{dma"(eNH N }<oo. (3.24)

NeEN N—¢ Amin (ON)

In particular, this ensures that limsupy_, . dmax(6”) = 0. In addition, Corollary
proves that

0 N
sup X — X, sz;nleV)}

sup {‘dmax ™))
NeN

9

dmax(e )

< {SU %} (SUP sup N*’ 1X7 — Xt]Vng(]P;“'H,Y)> (3.25)
NeN NEN ¢eoN

9
< {Sup #(W)] <Sup sup N* ||XE—X5V||$P(P;I-IIHW)) < oo.
NeN NeN tef0,7]

In the next step note that, e.g., Corollary 11.3.2 in |20] shows that for all N € Ny,
£ € (0, min{l +~y—n,Y2+~v— g} — fy) it holds that

‘min{t]_, tz}’max{7+57(’7+19),0} H
(®sll-1l ., )
sup . (3.26)
t1,t2€[0,T], |t — to
t1#£t2

9 T (1+y—n—min{y+¥,y+e})
(1-=n-c¢)
V2 T(1/247=f—min{y+8,7-+e})
(1—28—2¢)"/?

+ | sup HPNF

< HXéVHw(P;H-HH ) se[07] éV)Hﬂ(P;II-HHV,n)

min{y+9,y+e}

< Q.

N
* 52}3%] ||PNB S )(@NHXP(P;”'”HS(U’HW—W)

This and the fact that min{1 +~ —n, Y2+~ — f} —v = min{l — max{«, 25},1/2— 5} =
min{l — «, /2 — G} > ¥ > 0 imply that

1Y = X 2o

sup  sup

NENo t1,62€[0,T], |ty — t2\19
t1;£t2
2T(177]719) 3 27
) : 27070 (ga7)
NeNo 1657 e i) | Ny aclo I, )Hf”(ﬂ”?”'“wﬁ (1—n—1)

/2 T(/2-5-)
1—28—20)"*

+ | sup sup ||B(X£V)<@NH,?P(P;H'lle(U,Hw_g))] (

NeNg s€[0,T

Corollary and estimate (3.22)) hence prove that

sup | XV
NGII; ‘ |019 (0, TLI Nl op ey 5758 )
XO + | sup su F XN ==
S IPTAA P e e
N V21(/2=6-9)
+ J\Sflelgo SEE%]HB s )'@NHXP(R'HHS(U,HWB))] 1-28- 219)1/2 < 00
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This, (3.25)), and the fact that 9 € (1/p, 1] allow us to apply Corollary to obtain for
all § € [0,9 —1/p), € € (0,00) that

N
Jsvlé% [HX ‘|-$p(P?||'HC‘S([O,T]AMIIHW))

(3.29)

—(9—6—1/p—
- |duax (@)X XN e < 0.

([o,T],»|HV>)]

Combining this with the fact that sup NeN[%—E@”} < oo completes the proof of Corol-
lary [3.4 O

3.3 Almost sure convergence of Galerkin approximations in Hol-
der norms for SEEs with semi-globally Lipschitz continuous
nonlinearities

The proof of the following corollary employs a standard localisation argument; see, e.g.,
[9, 25].

Corollary 3.5. Assume the setting in Subsection let ¥ € (O,min{l — a2 — 5}),
assume that IP’(XS € ng) =1, and assume for all bounded sets E C H., that

|1B(v) PN usw.m,_» + N7 [|B(v)Idy —Pn) | wsw.m, )

sup su < 0. 3.30
P Sup T Tl (3.30)

Then for all 6 € [0,9), € € (0,00) it holds P-a.s. that
sup [NLW_J_‘S) ||X0 — XNHCJ([QTLH'”HW)] < 0. (331)

NeN

Proof of Corollary[3.5, Throughout this proof we assume w.l.o.g. that XJ(Q) C H,y
and throughout this proof let 6 € [0,9), let ¢, p: H, — H,, 7 € R, M € (0,00), be the
mappings which satisfy for all » € R, M € (0,00), v € H, that

. M+1 }

P (V) =v-ming 1, ——— 5,

P () e

let {&u: Q@ — Hy, M € N, be the mappings which satisfy for all M € N that {; =
G0 (XD), let Fop: Hy — Hy—o, M €N, and By : H, — HS(U, H,_3), M € N, be the
mappings which satisfy for all M € N that Fyy = F' o ¢,y and By = B o ¢, and let

Su € Hy, M € N, be the sets which satisfy for all M € N that Sy = {v € H,: [[v|lg, <
M + 1}. Observe that for all v,w € H,, M € N it holds that

[07,01(0) = Dy ns (w)|
v (1 + |w||g,) min{l + ||v||g,, M + 1} —w (1 + ||v||g,) min{1l + ||w|| g, M + 1}
(L + lvlla,) (14 [Jw]lz,) i,

(3.32)

<v- wHH7

w [(1+ Jwllar) mingL+ ffoll, M + 1} = (1 o) min{d + Jawll,, M + 1)]
(L + Telln,) (@ + Twll,)

<o~ wl,
1 ) mingL -+ ol M+ 1) = (U oll) ming1 + ], M + 1))
@+ Tolls,)

(3.33)

24



This ensures that for all v,w € H,, M € N it holds that

[67,00 (V) = &yar (W)l
lwlle, — llvlla, [ min{1 + [Jollz,, M + 1}

< lv- w||H7 +

(1 +[[ol[m,)
L At lla,) min{1 + [[v]l,, M + 1} — min{1 + ||w]|g,, M + 1}| (3.34)
(1 + [Jvllz,)
< v —wlg, +[lwlm, = v

+ |min{1 + ||v|| g, M + 1} — min{1 + [|w|| gz, M + 1}|

<3|lv- wHHV :

Hence, we obtain for all M € N that ¢, a|ci(a,,).,.) < 3. This, the fact that VM €
Y

N: |F|5M|CI(SM7H‘||HW_Q) + ‘B|SJ\4|01(SM7“'||HS(U,H77ﬁ)) + |¢%M|CI(H7»H‘||HW) < 00, and the fact

that VM € N: ¢,y (H,) C Sy ensure that for all M € N, p € [1,00) it holds that

|FM|Cl(H’Y7H'”H77Q) + |BM|Cl(H’Y’”'”HS(U,H,y_/3)) + E[H&MH%WHJ < 00. (3.35)

Therefore, there exist (%) r-adapted stochastic processes 2 NM: [0,T] x Q@ — H,,,
N € Ny, M € N, with continuous sample paths such that for all N € Ny, M € N, ¢t € [0, T
it holds that

t
(2 ) = {etAPNfM—i— / eI Py Fy (2N ds
9" Y 0

P, (Hy) (3.36)
t
+ / e =APy By (2N 2y AW,

0

(cf., e.g., Proposition 7.1.16 in [20] or Theorem 6.1 in van Neerven, Veraar & Weis [27]).
We now introduce a bit more notation. Let 7y : @ — [0,7], M € N, N € Ny, be the
mappings which satisfy for all M € N, N € Nj that

TN.M = mln{T ]]-{||X8HH»Y+19SM}7 1nf<{t < [O,T] ||‘%N7M||H’Y > M} U {T}) } s (337)

let T € .% be the set given by

T =
[mNeNo Unen mmE{M,M—i—l,...}{TN,m = T}} N [OMGN,NENO {||%N7M||C(S([O7T]7”,”Hﬂ{) < OO}}
m [mMENJVGNO <{||X8||H~y+19 > M} U {v{; G [07T] %‘I’l]j\i:l]gﬂ']\[’]\,j} = an\lfin{tyTN,M}}>:|

N [QM,neN {SUPNGN (waféfl/n) |2 M — %N’M”Cé([O,T],II-IIHW)) < OOH )
(3.38)

let #: 7T — N be the mapping which satisfies for all w € 7" that
M (w) =min{M € NN(|| X (W), ,,,00): Vm € {M,M+1,...}: Tom(w) =T}, (3.39)

i

and let .4 : T — N be the mapping which satisfies for all

wel C {w e [VM € N: limsupy_ | 2% (w) — %N’M(W)HC“([O,T],H-HHW) =0
(

[ E—

w

0)
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that

N (w) = min{N € Nt suppeqn v,y 27927 w) = 277 W) oo, < 1} :

(3.41)
Observe that (3.38) ensures that for all w € T, N € Nyg, M € N, t € [0, 7y m(w)] with
M > || X§(w)||a, ., it holds that

2 (w) = X (). (3.42)

This, the fact that Vw € TN € Ng: IM e N:Vm e {M, M +1,...}: Ty m(w) =T, and
the fact that Vw € T,N € No,m € N: | ZV™(w)||cso/r,1,,.) < 00 prove that for all
weT, N eNjit holds that

HXN(W)||C5([0,T]7||-||H7) < 00. (3.43)

Next note that (3.39) ensures that for all w € ¥, M € {4 (w), #(w) + 1,...} it holds
that

tom(w) =T  and M > A (w) > | X5 (W)l ,.,- (3.44)
This and (3.42)) show that for all w € T, M € {4 (w), # (w) + 1,...}, t € [0,T] it holds
that

27M(w) = X0(w) = 2,77 (w). (3.45)
This, (3.44)), and (3.37)) prove that for all w € 7" it holds that
0,24 (w 0,4 (w
supsero.r 12275, = supyem | 2277 n, < (). (3.46)

The triangle inequality and (3.41) hence assure that for allw € T, N € {4 (w), A (w) +
1,...} it holds that

2. (w
SUP¢e(o,1] ||<%;N2 ( )(W)HHW
2M (w 2M (w 2 M (w

< supiey |27 (@), + subieo 127 (@) = 27 ()], (347)

<supie |2 @), +1 < A (W) +1 < 2.4(w).
This and the fact that Vw € T: || X§(w)|g,,, < 4 (w) < 2.4 (w) prove forallw € T, N €
{AN(w), N (w) +1,...} that Ty2 4(w) = T. Again the fact that Vw € T || XQ(w)|a.,, <
M (w) < 24 (w) and (3.42)) hence show for all w € ', N € {A (w), S (w) + 1,...},
t € [0,7) that 2;"*"“)(w) = X} (w). This and (3.45) prove for all w € 7', & € (0, 00)
that

supyen N7 XOw) — X (W)lles o111,
< SUPNe(12,.... 4 (W)} N ||XO(W) - XN(W)||C‘5([07TLII~HHV)
+ 8D ) A ()41} VDX (W) = XNV (@) llesgor i) (3.48)
< [ ()" [IIXO(W)||cﬁ<[o,Tm-||Hv> +SUDNeq1 2, H () ||XN(W)||06<[07T1,||-HHW>]
+ SUPNe s () H ()11, N7 2O () — N2 (Wlles o,
Combining this with and ensures for all w € 17, € € (0,00) that
supyeny N7 | X0(w) — XN (@)lles oy,
<[ (@) TR HXN(W)HC‘S([O,T],H-HHW)
8PNy ), p )41} NN 2O (@) — 2 W) s o, 4, ) < 00
(3.49)
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It thus remains to prove that IP’(T) = 1 to complete the proof of Corollary . For this
observe that the assumption (3.30)) shows that for all M € N it holds that

| Bar(v) Pullasw,m, ) + N || Bu(v)(1dy —«@N)||HS(U,H7_X)]

sup sup

NeNveH, 1+ ||U||H7
B(v) 2 N || B(v)(1dy — 22 (3.50)
) + N* ) —
< sup sup |B(v) Pn | asw.m,_s) | B(v)(Idy —Zn)|asw,m,_y) s
NeNwveS)s 1+ ||’U||H'y

We can hence apply Corollary to obtain that for all p € (/9,00), 7 € [0,9 — /p),
e € (0,00), M € N it holds that

N.M L (9—r— M N,M
Zs\}é% (H‘% ||$p(]P;”'HC’T([O,T],H»||H’Y)) + N ( ? H%O -Z pr( )) < 0.

(3.51)
A standard Borel-Cantelli-type argument (see, e.g., Lemma 2.1 in Kloeden & Neuenkirch
[21]) hence shows that for all € € (0,00), M € N it holds P-a.s. that

Pill-lor o, 70,111z,

supyer (N7 20 — 278l eoory,,)) < 00 (3.52)
Hence, we obtain
P(V M,n e N: SUPNeN [NLw_(S_l/n) ||<%0’M — %N7M||C'5([O,T},H-||H )] < OO> =1. (353)

In addition, observe that (3.51]) proves that for all N € Ny, M € N it holds that ]P’(% NM e
([0, T, “”H'y)) = 1. This, in turn, ensures that

IP’(VM eN,N € No: VM ¢ ([0, 1, ||.||H7)> ~1. (3.54)

Next observe that for all t € [0,7], M € N, N € Ny it holds that

N,M A 0,M
[‘% —e PN‘%/O ]P,%(H.Y)ﬂ{tSTN,M}

t t
— ([/ e(tfs)APNFM(%SN,M) ds] + / €(t’S)APNBM(<%SN’M),@N dWs> Tr<ry o}
0 P,%(H-) 0
t
- ( {/ Lgscryary 6(t78)APNFM(‘%;N7M) ds}
0 P,%(H-,)
t
+ / Liscry arye’ ™ Py Bu (20M) Py dWs) L{s<ryar) (3.55)
0
t
- ({/ Lgs<rnary e(t_S)APNF(*%;N’M) ds}
0 P,B(H,)
t
* / 1{5<TN,M} 6(t_S)APNB('%/sN’M>‘@N dWS) IL{tSTN,zvz}‘
0
Therefore, we obtain that for all N € Ny, M € N it holds that

N,M
P(Vt c [O,T]: ]l{%ON,]w:Xé\]}% ]l{%N’]w:XéV}XIJr\Ifin{t,TN’A/I}> =1 (356)

min{t,7n ar} 5

(cf., e.g., Proposition 7.1.7 in [20] or Lemma 8.2 in van Neerven, Veraar & Weis [27]).
This implies that for all N € Ny, M € N it holds that

P({IXN ., > MYU{Vte[0,T]: ZN0 = XN ) =1 (3.57)

min{t,TN,M} min{tyTN,]\J}
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Hence, we obtain

P( ﬂMeN,NeNo [{HX(())HHWM > M} U {Vt = [0’ T]: ‘%Irjl\if;lj“{/{imv,M} - an\lfin{t’TN*M}}]> =1
(3.58)
In the next step we combine this with to obtain that for all M € N, N € Nj it
holds P-a.s. that

Ty = mm{T Lixgin,, < nf ({t € [0, 7] [ X1, > M} U {T})} . (3.59)

This shows that for all N € Ny, M;, My € N with M; < M, it holds that IP’(TNM1 <
Tva) = 1. This, (3.59), and the fact that Yw € Q, N € Np: sup,cio.r) |1 X7 (W) ||, < oo
imply that for all N € Ny it holds that IP’( Unren Nimeqm,M41,. 3TN m = T}) = 1. This, in
turn, proves that

]P)( NNeNy UnmeN Nime(M,M+41,..} {TNm = T}) =L (3.60)

Combining (3.60), (3.54)), (3.58)), and (B.53) proves that P(7") = 1. The proof of Corol-
lary [3.5] is thus completed. O

4 Cubature methods in Banach spaces

We first discuss in Section a number of preliminary definitions related to the Monte
Carlo method in Banach spaces. In Section |4.2| we present an elementary error estimate
for the Monte Carlo method in Corollary In Section [£.3] we then illustrate how ex-
pectations of Banach space valued functions of stochastic processes can be approximated.

4.1 Preliminaries

As mentioned in the introduction, the rate of convergence of Monte Carlo approximations
in a Banach space depends on the so-called type of the Banach space; cf., e.g., Section 9.2
in Ledoux & Talagrand [23]. In order to define the type of a Banach space, we first
reconsider a few concepts from the literature.

Definition 4.1. Let (Q,.#,P) be a probability space, let J be a set, and let r;: Q —
{=1,1}, j € J, be a family of independent random variables with ¥ j € J: P(rj = 1) =
P(rj = —1). Then we say that (1;)es is a P-Rademacher family.

Definition 4.2. Let p € (0,00) and let (E, ||-||z) be an R-Banach space. Then we denote
by 7,(E) € [0,00] the extended real number given by

3 probability space (0, F,P):
dP-Rademacher family (r;)en:
Ty(E)=sup| S r€[0,00): Fk e N: Iz, 29,...,2, € E\{0}: » U{0} (4.1)
EISE e B])
(S lel) T

and we call T,(E) the type p-constant of E.

Definition 4.3. Let p € (0,00) and let (E,||-||z) be an R-Banach space which satisfies
that 7,(E) < co. Then we say that E has type p.
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Note that for all p € (0, 00), all R-Banach spaces (E, ||-|| ;) with type p, all probability
spaces (€2,.#,P), all P-Rademacher families (r;);en, and all k € N, z1,29,..., 24 € E it
>

holds that
k 1/p
< 7,(E) (Z ||xj||%) - (42)
j=1 Jj=1

In addition, observe that for all R-Banach spaces (E, ||-|| ;), all probability spaces (£, .7, P),
all P-Rademacher families (7;),en, and all p € [2,00), k € N, z € E\{0} it holds that
ZL2(P3-]) k' lzllg L(/2=1/p) (4.3)

k

2P (B )

k k
T X H 1T
- HZ] 177 22 ) H ”E' Z]_l J

k 1/p - ke ||z s -
|5l EP EP

In particular, for all p € (2, 00) and all R-Banach spaces (E, ||| ;) with E # {0} it holds
that .7,(E) = oco. Furthermore, observe that Jensen’s inequality together with the fact
that for all normed R-vector spaces (E,|-||;) and all p € (0,00), ¢ € [p,), k € N,
x1,...,T € E it holds that

(S lleste) ™ < (2 i)™ (1.4

assures that for all R-Banach spaces (E, ||-|| ;) and all p, ¢ € (0, 00) with p < ¢ it holds that
Ip(E) < F,(F). Hence, it holds for every R-Banach space (£, |-||;) that the function
(0,00) 5 p — Z,(E) € [0,00] is non-decreasing. This and the triangle inequality ensure
that for all p € (0,1] and all R-Banach spaces (E,||-||z) with £ # {0} it holds that
Iy(E) = 1. In particular, note that for all R-Banach spaces (E,||-||) it holds that
SUP,e(01] Zp(E£) < 1 < oo. Additionally, observe that for all p € (0,2] and all R-Hilbert
spaces (H, (-,-)y, ||ll;) with H # {0} it holds that .7,(H) = 1. Furthermore, we note
that for every probability space (§2,.%,P), every p,q € [1,00), and every R-Banach space
(E, |||l 5) with type ¢ it holds that LP(P; ||-|| ;) has type min{p, ¢}; cf., e.g., Proposition 7.4
in Hyténen et al. |19], Section 9.2 in Ledoux & Talagrand [23], or Theorem 6.2.14 in
Albiac & Kalton [1]. In particular, it holds for every p € [1,00) and every probability
space (§2,.#,P) that L*(IP;|-|) has type min{p, 2}.

Tp(E)

Definition 4.4. Let p,q € (0,00). Then we denote by J#,, € [0,00] the extended real
number given by

dR-Banach space (E, ||-||):

I probability space (2, F,P):
Hpq=sup r € [0,00): 3P-Rademacher family (r;)en: 3k € N: (4.5)

E[ll Sk, rayl%])" "
Jxy,x9,..., 0, € FE 0:7‘2([ " ST
b2 k€ EA{0} (B[l Sk, rjesl4]) "

and we call %, , the (p, q)-Kahane-Khintchine constant.

The celebrated Kahane-Khintchine inequality asserts that for all p, ¢ € (0,00) it holds
that .7, , < oo; see, e.g., Theorem 6.2.5 in Albiac & Kalton [1]. Observe that Jensen’s
inequality ensures for all p, ¢ € (0, 00) with p < ¢ that %, , = 1. The nontrivial assertion
of the Kahane-Khintchine inequality is the fact that for all p,q € (0,00) with p > ¢ it
holds that .7, , < co. In our analysis below we also use the following two abbreviations.

Definition 4.5. Let p,q € (0,00) and let (E,||-||z) be an R-Banach space. Then we
denote by O, ,(E) € [0,00] the extended real number given by O, (E) = 2.7,(E)J%,,.
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Definition 4.6. Let (Q, . #,P) be a probability space, let p € (0,00), let (E,|-]|z) be an
R-Banach space, and let X € LY (P;||l). Then we denote by o, 5(X) € [0,00] the

extended real number given by o, p(X) = (E[||X — IE[X]H%])UP.

4.2 Monte Carlo methods in Banach spaces

In this section we collect a few elementary results on sums of random variables with values
in Banach spaces. The next result, Lemma [1.7] below, can be found, e.g., in Section 2.2
of Ledoux & Talagrand [23].

Lemma 4.7 (Symmetrization lemma). Let (£, ||-||z) be an R-Banach space, let (2, .7, P)
be a probability space, let £,& € LO(P;||-||z) be independent mappings which satisfy that
E[l|¢]lz] < oo and E[¢] =0, and let ¢: [0, 00) — [0,00) be a convex function. Then

E[e(lléll)] < Efp(llg — €l p)]- (4.6)

Proof of Lemma[{.7 Jensen’s inequality assures that

()] = Efo(lle ~ Edl) / I/ )p()| ) pia

< [ [ ellig) - E@ll,) Pramp(a) -

= [ [ ot = ullo) €)@ (e(e) @)
- [E ellle =) (€H®) (de.dy) = Blio(ls 1)

This completes the proof of Lemma [4.7] O

Corollary 4.8 (Symmetrization corollary). Let (E,|||z) be an R-Banach space, let
(Q, Z,P) be a probability space, let £,& € LY (P;||-||p) be independent and identically
distributed mappings which satisfy that E[¢] = 0, and let ¢: [0,00) — [0,00) be a convex

function. Then .
Eleo(€ll)] < Elp(l€ —€llp)] < E[e2liéllz)]- (4.8)

Proof of Corollary[{.8§ Lemma [4.7 and the fact that ¢ is non-decreasing show that

Ele(léll2)] < Elplle =€) < sE[pClEl )] + sE[lE] )] = E[ellEll5)]- (4.9)
The proof of Corollary is thus completed. n

As a straightforward application we obtain the following randomisation result, cf., e.g.,
Lemma 6.3 in Ledoux & Talagrand [23].

Lemma 4.9 (Randomisation). Let (E,||-||;) be an R-Banach space, let (2,.%,P) be a
probability space, let k € N, let & € LYP; | |g), 7 € {1,...,k}, satisfy for all j €
{1,...,k} that E[§;] = 0, and let r;: Q@ — {—1,1}, 7 € {1,...,k}, be a P-Rademacher
family such that &,&, ..., &, 11,72, .., are independent. Then for all p € [1,00) it

holds that i

D&

j=1

k
> i
7=1

<2
22 @I )

(4.10)

27 (Bl g)

30



Proof of Lemma[{.9 Throughout this prooflet @ = QxQ, let &;: Q@ — E, j € {1,...,k},
éj: Q—FE je{l,...,k},andr;: Q — {—1,1}, j € {1,...,k}, be the mappings which
satisfy for all w = (w, @) € Q, j € {1,...,k} that &(w) = &(w), &(w) = &(@), and
rj(w) = rj(w), and let P = P ® P. The fact that & — &;: Q@ — E, j € {1,...,k},
and r;: Q@ — {—1,1}, j € {1,...,k} are independent and the symmetry of §; — éj,
j€{1,...,k}, prove for all p € [1,00) that

f I rere e -] paw
z]x] ’ ((r1,£1 — &t & — &) (P)) (A2, day, ., A2y, day)

/{ L1} xE)k
/ / /{}/ (4.11)

Z P &)(P)) (dzy) ((r1)(P)) (dz1) ... (& — &k)(P)) (dak) ((xr)(P)) (d2)

-J.

P

517” £k_€k)( ))(Il’ "7xk)

i
- [l

Furthermore, the fact that Z? 1 &2 — E and Ef & Q — E are independent
and 1dentlcally dlstrlbuted the facts that ]E[HZJ 153” | < oo and E[Zle & =0,
Lemma [£.7, and (4.11]) imply for all p € [1,00) that

’ P(dw).

(w))

k k k
D& =>4 <[2_&-8&)
j=1 NZP®|lg) j=1 2P (Pl ) j=1 ZP (Pl )
k k k
> ori(g <> orig > 1§ (4.12)
j=1 2P (Pl ) j=1 2P (Pl ) j=1 2P (Pl )
k
j=1 2P(Blg)
The proof of Lemma [4.9]is thus completed. O

The next result, Proposition below, is the key to estimate the statistical error term
in the Banach space valued Monte Carlo method in the next section. Proposition is
similar to, e.g., Proposition 9.11 in Ledoux & Talagrand [23].

Proposition 4.10 (Sums of independent, centered, Banach space valued random vari-
ables). Let k € N, g € [1,2], let (E, ||-||z) be an R-Banach space with type q, let (2, .7, P)
be a probability space, and let & € LYP;||-|z), 7 € {1,...,k}, be independent mappings
which satisfy for all j € {1,...,k} that E[§;] = 0. Then for all p € [q,00) it holds that

k /g
B) (D06 (113
j=1

31

k

Zﬁj

J=1

2P (Bl )



Proof of Proposition[{.1(. Throughout this proof let (Q, Z, }f”) be a probability space, let
ri: Q= {=1,1}, j € {1,...,k}, be a P-Rademacher family, and let &;: Q x Q — E,
jef{l,... k},and r;: Q x Q — {~1,1}, j € {1,...,k}, be the mappings which satisfy
for all w = (w,@) € A xQ, j € {1,...,k} that §(w) = &(w) and r;j(w) = r;(D).
Lemma and the triangle inequality show that

k

Z&'

j=1

k

Zﬁj

j=1

k

> v
j=1

2P (Bl )

<2

27 (PP 5)

27 (PP 5)
k

> i

=1

k g
< 2%@(15)“ (Znsju%)
j=1

k

> g

j=1

=2 < 204

LP@\ | p 3, )

L@l a @, )

k
> g%
j=1

4.14

= 2%@‘%(E)
Z2P(Ps]-])

27 )
k Ya
< 2p,0T4(E) (ZH&H%RH-@))
j=1

(cf., e.g., Proposition 7.4 in Hyténen et al. [19]). This finishes the proof of Proposition[4.10]
]

The result in Corollary blow is a direct consequence of Proposition 4.10]

Corollary 4.11 (Sums of independent Banach space valued random variables). Let M €
N, ¢ € [1,2], let (E, ||-||z) be an R-Banach space with type q, let (2, F,P) be a probability
space, and let & € LY (P; |||l z), 7 € {1,..., M}, be independent. Then for all p € [q,00)

it holds that
M M 1/q
- (Zsj) < 6,,(E) (Z\opﬂ@j)rQ) . (4.15)
s =1

Corollary 4.12 (Monte Carlo methods in Banach spaces). Let M € N, ¢ € [1,2], let
(E,|Illg) be an R-Banach space with type q, let (Q, % ,P) be a probability space, and let
& e LY |lg), 7 €41,..., M}, be independent and identically distributed. Then for
all p € [q,00) it holds that

M D ]‘{ J 9 E
HE[gl] B % ij ( | _ OpE (%15 ) < Pﬂ(M)lO-f’/,(ZE(gl). (416)
j=1 ZLP (B g)

Results on lower and upper error bounds related to Corollary can be found, e.g.,
in Theorem 1 in Daun & Heinrich [7] and in Corollary 2 in Heinrich & Hinrichs [12)].

4.3 Multilevel Monte Carlo methods in Banach spaces

In many situations the work required to obtain a certain accuracy of an approximation
using the Monte Carlo method can be improved by using a multilevel Monte Carlo method.
Heinrich [10, |11] was first to observe this and established multilevel Monte Carlo methods
concerning convergence in a Banach (function) space. However, these methods do not
apply to SDEs. Then Giles [8] derived the complexity reduction of multilevel Monte Carlo
methods for SDEs. The minor contribution of Proposition below to the literature
on multilevel Monte Carlo methods is to combine the approaches of Heinrich [10] and of
Giles [8] into a single result on multilevel Monte Carlo methods in Banach spaces.
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The following useful observation of Proposition generalizes the discussion in Sec-
tion 4 of Heinrich [11]. Corollary does not imply convergence if the underlying
Banach space (E, ||-||z) has only type 1, in the sense that for all ¢ € (1, 00) it holds that
Ty(E) = oo. If, however, a point in a type 1 Banach space is approximated with random
variables having values in a finite-dimensional subspace (which always has type 2) then
it is essential to know how large the corresponding embedding constant is.

Proposition 4.13 (Abstract multilevel Monte Carlo methods in Banach spaces). Let

€ [1,2], let (2, F,P) be a probability space, let (Vi,||-[|y,) be an R-Banach space with
type q, let (Va,||-|ly,) be an R-Banach space with Vi C Vy continuously, let v € Vs, L € N,
My,...,Mp €N, and for every £ € {1,...,L} let Dy € LHP; || |ly,), k € {1,..., M},
be independent and identically distributed. Then for all p € [q,00) it holds that

Loy M
v=> 27> Duk
=1 =1

XP(RHHVQ) (4 17)

L
vi(De1)
< + 1dv; | 2 v4 1) Opa (V1) Z pM; 1 1/q

Va =1

L
v — Z]E[Dm}
=1

Proof of Proposition[{.13. The triangle inequality and Corollary imply for all p €
[q,00) that

L M,
=1 k=1 fp(P;||-\\V2>
L L | M
< |lo= D EDell[ +|> EDea] =Y 7> Den
(=1 Vo (=1 =1 t k=1 gp(p;H.”vQ) (4 18)
L L | M ’
<|lv=2_EDal|l +11dvill g, v D |[EDe] = 57 D De
— Ve =1 =1 LGNS
. 01 (D)
< v =Y _EDell|  + 1wl o1 15) Ora(V2) D M)
=1 Vo =1 \f
This completes the proof of Proposition [4.13| ]

Corollary 4.14 (Multilevel Monte Carlo methods in Banach spaces). Let q € [1,2], let
(Q,.7,P) be a probability space, let (Vi, HHV); i € {1,2,3}, be R-Banach spaces such
that (Vi, |-lly,) has type q and such that Vi C Va continuously, let f: Vs — Vy be a
B(V3) | B(Vy)-measurable mapping, let g: V3 — Vi be a B(V3)/B(Vi)-measurable map-
ping, let X € LO°P;|||l,,) satisfy that E[||f(X)|,,] < oo, for every N € N let YN+ €
ZLOP; |I-lly,), € € No, k € N, be independent and identically distributed mappings which
satisfy that E[Hg(YN’O’l)HVl] < 00, and let L € No, My, My, ..., M1, Ng, N1,..., Ny €
N. Then for all p € [q,00) it holds that

My L MZ
_ MLO Z g(YNQ,(),k‘) _ Z MLZ Z YN[ Z k: (YN(g,l),e,k:)]
k=1 =1 kel 2@ y,)
< B[ (X)] - E[g(Y YD, (4.19)



L vV 0,1
ap.vy(g(Y NooOs 1) apvy(g(Y Ne:O 1) —g(Y (=170
+ ”Idvl |‘$(V1,V2) @p,q(‘/l)< = VlM y1=1/q + Z - 1 ~1/q )>
(=1

< |ELFCO) - B[gr M) |,

L Ny,0,1
209G s2m ey 4gr e =9 ooy
+ 10wl 00 @p,qwn( e +§ T e T

Proof of Corollary[{.14 Proposition and the identity

L

E[g(YNe0h)] = E[g(y™ )] + Y E[g(y VO!) — g(y Vv O] (4.20)
(=1

imply the first inequality in (4.19]). Next note that the triangle inequality implies for all
£e LY P |lly,), p € [g,00) that g,1,(§) < 2”5”‘%;}(]}»;“.”‘/1). This and again the triangle
inequality show for all p € [¢, 00) that

N 0,1
Op, Vl YNOOI _|— Z Op, V1 YN£01 g(Y (£-1) ))

L
(Mo)1- (M- Ve My)1—Y/a
0) (M)

=

1
2 ||g y No:0:1) ngmww) L 9 Hg YNg,o,l),g(yN(eA),0,1)H
= (Mo)!—"/4 + Z (Mg)t="/a
/=1
2 ||g(X)”$p(IP?|H|V1)+2 HQ(YNO’O’l)—Q(X)
(Mo)lfl/q
L2 Jg(rent)—g(
2
/=1

ZLP ;|- lvy)

- ‘|$P(]P’;H<HV1) (4.21)

X)||zp<w>;n~uv>+2H9 y =D g (x )H

(Mg)L—"a

2P @y,

L Ny,0,1y_
219G 0@ 1y, ) o@D =0 ey,

- (Mo)t="/a KZ (min{ My, M1 })1="a
=0

This implies the second inequality in (4.19)). The proof of Corollary is thus completed.
]

Corollary 4.15 (Convergence of multilevel Monte Carlo approximations). Let T €
(0,00), B € (0,1), a« € [0,8), ¢, € [0,00), let (Q,.F7,P) be a probability space, let
(E,|Illz) be a separable R-Banach space with type 2, let X : [0,T] x Q — E be a stochas-
tic process with continuous sample paths which satisfies for all p € [1,00), v € [0, 8) that
X e ¢([o, 1], Wl 2n g ), for every N € N let YNOF: [0, T] x Q@ — E, £ € No, k €N,
be independent and identzcally distributed stochastic processes which satisfy for all k € N,

eNy, ne{0,1,....N -1}, te [2Z DT ) e [1,00), p € [0,5) that
YV = (n+1 - ). YN“+(% n) - Y{,ijT, (4.22)

sup sup (MpHXLT_Y
MeNme{0,1,...,M} M

M,0,1
| oo HE>> < 00, (4.23)

and let f: C([0,T],E) — C([0,T], E) be a B(C([0,T], E))/2B(C([0,T], E))-measurable
function which satisfies for all v,w € C*([0,T7, ]| z) that

17 (@) = F@)lloa o, < 0(1 Flollca o, + ||W||Za<[o,T1,n-HE>> 1o = wllca o, 1)
(4.24)
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Then it holds that

E[IIf O oa o, ,] < 00 (4.25)
it holds for all p € [1,00), p € [0, 5 — «) that
p N,0,1
]Svlé%(N 1F(X) = ) gn . (- HE>)) < o9, (4.26)
and it holds for all p € [1,00), v € [0,a), p € [0, — a) \ {3} that
L(pA) 5 vLok) L2 prten)_ g2y
sup | 2P D B[ F(X)] — S 4 ZZ = < 00.
LeN k=1 t=1k=1 LP®; |l o (jo,70,11-1 )
(4.27)

Proof of Corollary[{.13 Throughout this proof let v € [0, ), let (Vi, |[-]l,,), 7 € {1,2,3},
be the R-Banach spaces which satisfy that

(Vi Ily,) = (W00, 1, B), [-llyoirio- o) (4:28)
Y

Ve, ) = (€700 71112 Il oy ooy 11,0 (4.20)

Vs, I-ly) = (CCOT0 BN o ionm oo rrs ) (4:30)

and let f: V3 — V, and ¢: V3 — V4 be the functions which satisfy for all v € V5 that
f(v) = g(v) = Lo (0.7),]1-1 ») (v).f (v). Kolmogorov’s continuity criterion (see Theorem .
together with the assumptions that X € Npep,o0) Myefo,3) C"([O T, Il e @yt ) ) and that
X has continuous sample paths implies that X € Mpefi,00) L7(P; [l cao.7- 1)) Next

observe that assumption (4 , Holder’s inequality, and Corollary [2.11] ‘ show for all p €
[LOO)? pE [076 - Oé) that

NYE[[£(X) = gy ™)) J)
]svlgi]( ||f( ) = 9( )”C (0, TLI1l )

Ssup( ( [”f( ) = FOYYO N8 o1 |E)]>1/p)

NeN
T N: ’ r
]E[<C(1 + ||XHCQ([O,T},H-||E) + [y 1||Ca([0,TLH~IIE))
Y
) (4.31)

r N,0,1 |7
< C(l ™ HXH$2pr(P§H'”C“([O,T]’H-HE)) + JS\;?%HY HXW(P;'“CQ([O’T“"E)))
P N,0,1
v (N 13 =Y P||'”ca<[o,T],u»nE))> =

NeN

Again assumption (4.24]) implies for all p € [1,00) that

B[ ongoitg] < 1FE 2o@tonompn. (4.32)

r+1
< IOl om ) +C(HX||zpa@;n-Hca([o,T],H.”EQ T ||X‘|.z<r+1>p<P;||'Hcaqo,ﬂ,u.”Ep) <0

< sup (N”

NeN

N,0,1 g
X =Y Hca([o,TLll-H;;)) }

Next observe that (Vi,[-l,) has type 2 and note that the Sobolev embedding theo-
rem proves that V3 C V5 continuously. Combining (4.32)) with (4.31) and the fact that
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C*([0,T], |Illz) € Vi continuously hence implies for all N € N, p € [1,00), p € [0, — «)
that E[Hf ||V2} E[|lg(Y ™oy, ] < oo, ||g(X)||fp(P;HA”v1) < 00, and

sup (N7 E[[f(3) =gy )|, ] ) + sup (37l9(X) ~ 0™ DLy, ) < o0 (4.38)

NeN

In addition, observe for all L € N, p € [0,8 — ) \ {3} that

L L
L _Lq_o(3-p)L (oA 12— 1F—PIL —(pA%)L
§ (L £) — 973 § 2 —-p)l _ =9 1 221 -9 (p/\2)L1 27'2 1 S 2 21 )
— — 20731 |1—20-3| 1-2°2
(4.34)

Combining Corollary {4.14| with (4.33)) and (4.34]) implies (4.27). This finishes the proof
of Corollary m

Corollary can be applied to many SDEs. Under general conditions on the co-
efficient functions of the SDEs (see, e.g., Theorem 1.3 and Section 3.1 in [14]), suitable
stopped-tamed Euler approximations (cf. (6) in [18] or (10) in [16]) converge in the strong
sense with convergence rate % We note that the classical Euler-Maruyama approxima-
tions do not satisfy condition for most SDEs with superlinearly growing coefficients;
see Theorem 2.1 in [15] and Theorem 2.1 in [17]. Moreover, under general conditions on

the coefficients it holds that the solution process is strongly ——Holder continuous in time.

So Corollary - can be applied to many SDEs with g =
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