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EXPONENTIAL CONVERGENCE OF hp-FEM FOR ELLIPTIC
PROBLEMS IN POLYHEDRA: MIXED BOUNDARY
CONDITIONS AND ANISOTROPIC POLYNOMIAL DEGREES

DOMINIK SCHOTZAU AND CHRISTOPH SCHWAB

ABSTRACT. We prove exponential rates of convergence of hp-version finite el-
ement methods on geometric meshes consisting of hexahedral elements for
linear, second-order elliptic boundary-value problems in axiparallel polyhedral
domains. We extend and generalize our earlier work for homogeneous Dirich-
let boundary conditions and uniform isotropic polynomial degrees to mixed
Dirichlet-Neumann boundary conditions and to anisotropic, linearly increasing
polynomial degree distributions. In particular, we construct H!-conforming
quasi-interpolation operators with N degrees of freedom and prove exponen-
tial consistency bounds exp(—b+/N) for piecewise analytic functions with sin-
gularities at edges, vertices and interfaces of boundary conditions, based on
countably normed classes of weighted Sobolev spaces with non-homogeneous
weights in the vicinity of Neumann edges.

Dedicated to Monique Dauge on her 60th birthday

Communicated by Endre Stli

1. INTRODUCTION

We prove exponential converge estimates for conforming Ap-version finite element
methods (FEMs) for the following elliptic boundary-value problem in an open and
bounded polyhedron 2 C R3 with mixed boundary conditions:

~V-(AV)u=f inQCR? (1.1)
Yo(u) =0 onl', COQ, e Jp, (1.2)
Y1 (u) =0 onl, CIQ, e Jn. (1.3)

The Lipschitz boundary I' = 9 is assumed to consist of a finite union of plane,
aziparallel faces T', indexed by ¢ € J. The faces I', are bounded, plane polygons
whose sides form the (open) edges of Q. The set {I',},c7 is partitioned into a
subset of Dirichlet faces {T',},c7, and a subset of Neumann faces {I',},c7,, with
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2 D. SCHOTZAU AND CH. SCHWAB

corresponding (disjoint) index sets Jp and Jy, respectively (i.e., 7 = Jp U Jn).
The diffusion coefficient matrix A is assumed to be constant and symmetric positive
definite. The function f is a given forcing term, and the operators yg and ; denote
the trace and (co)normal derivative operators, respectively.

Upon introducing the Sobolev space V := {v € HY(Q) : v|r, =0, ¢ € Ip}, the
weak formulation of problem (1.1)—(1.3) is to find u € V such that

a(u,v) ::/AVu-Vvd:c :/fvd:c Yo eV, (1.4)
Q Q

where we understand the integral on the right-hand side in (1.4) as the duality
pairing in V* x V| with V* denoting the dual space of V. For every f € V*,
problem (1.4) admits a weak solution w € V. The solution is unique if Jp # 0,
and unique in the factor space V/R if Jp = 0 (in which case we also require the
compatibility condition [, fda = 0).

The hp-version of the finite element method for elliptic problems was proposed by
I. Babuska, B.Q. Guo and coworkers, inspired by earlier exponential convergence
results in free-knot, variable order spline interpolation (see [6, 18]). One of its
key features is that it achieves exponential convergence rates for solutions with
singularities in terms of the total number of freedom IN. Specifically, for elliptic
problems in polygonal domains 2 with piecewise analytic data, Babuska and Guo
proved exponential convergence bounds of the form C exp(—b¥/N); see [1, 2, 13, 14]
and the references therein. Key ingredients in their proof were geometric mesh
refinement towards the singular set S of the solution (being the finite set of vertices
of Q) and nonuniform elemental polynomial degrees which increase s-linearly with
the elements’ distance from S. In addition to these approximation results, their
papers also provide elliptic regularity results in countably normed weighted spaces of
the solutions. This constituted an essential advance with respect to the earlier works
in [6, 11, 18], where only particular singular solutions had been considered. Steps to
extend the analytic regularity and the two-dimensional hAp-convergence analysis to
three dimensions were undertaken in [3, 12, 15, 16] and the references therein. In the
recent work [5], M. Costabel, M. Dauge and S. Nicaise established a new analytic
regularity shift in scales of anisotropically and non-homogeneously weighted Sobolev
spaces for variational solutions for a class of second-order, linear elliptic boundary-
value problems with constant coefficients. Their analytic regularity result will be
the basis of our exponential convergence proof. We also mention the work [8, 9],
where exponentially accurate non-conforming h-p spectral element methods to solve
elliptic problems in three dimensions were proposed and analyzed.

The present paper builds on and extends our work [20] on exponential conver-
gence for hp-FEMs in polyhedral domains. It also builds on our earlier work [23,
24, 25] on hp-version discontinuous Galerkin (DG) methods for second-order elliptic
boundary-value problems in polyhedra. More precisely, in [20], we considered the
boundary-value problem (1.1) with the homogeneous Dirichlet boundary conditions
in (1.2) imposed on the entire boundary 9). For axiparallel configurations, we then
used the non-conforming hp-version interpolation operators constructed in [24] in
conjunction with suitable polynomial jump liftings to prove exponential rates of
convergence in terms of the number of degrees of freedom for conforming hp-FEM
discretizations on appropriate combinations of geometrically and anisotropically
refined meshes and for the uniform and isotropic polynomial degree p > 1.
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The principal contribution of the present work is the construction of exponen-
tially convergent conforming hp-FE quasi-interpolation operators on axiparallel,
o-geometric mesh patches with variable and anisotropic polynomial degree distribu-
tions for the mized second-order problem (1.1)—(1.3) (and generalizations thereof).
Our main result shows the H'-norm convergence rate estimate C exp(—bv/N),
where b,C' > 0 are independent of N. While asymptotically of the same form
as the rate in [20], the univariate hp-approximation results [6, 11, 18] suggest that
the use of variable and, in particular, of anisotropic polynomial degree distribu-
tions will significantly reduce the number of degrees of freedom required to reach a
prescribed accuracy of approximation. This is further corroborated in preliminary
numerical results in three space dimensions.

Loosely speaking, our construction and convergence proof combine the argu-
ments in [25] to define non-conforming base projectors with exponential convergence
in broken morms with the constructions of polynomially stable polynomial trace jump
liftings in [20]. However, the lower regularity of the solutions and the more gen-
eral hp-finite element spaces under consideration entail several significantly new
technical difficulties which are addressed in this work.

First, the mixed boundary conditions in (1.2), (1.3) are considerably more in-
volved than the pure Dirichlet conditions analyzed in [20]. Indeed, with the reg-
ularity theory from [5], solutions of problem (1.1)—(1.3) with piecewise analytic
data belong to countably normed Sobolev spaces Ng'(Q2) with non-homogeneous
weights. In [25], the non-homogeneous structure of the weights was dealt with by
using L?-projections, by splitting the errors in edge-perpendicular and edge-parallel
contributions and by bounding these two contributions separately. While this con-
struction ensured stability with respect to element anisotropy (up to algebraic losses
in the polynomial degrees) in the context of discontinuous Galerkin discretizations,
it is not sufficient for conforming hp-FEMs. Indeed, finding stable liftings of the
polynomial jumps introduced by the L2-projections in edge-parallel direction over
edge-perpendicular faces between highly anisotropic elements along the same edge
seems to be an open problem.

The first principal contribution of the paper thus is to overcome this difficulty
by a novel construction of non-conforming hp-version base projectors. Our con-
struction employs L2-projections in edge-perpendicular directions and nodally ex-
act H'-projections in edge-parallel direction along anisotropic elements appearing
in edge- and in corner-edge neighborhoods. The nodal exactness property in par-
allel direction then removes the need for liftings over the critical faces mentioned
above, while still allowing to split the errors in edge-perpendicular and edge-parallel
contributions as in [25]. The non-conforming hp-base projectors presented in the
this paper are well-defined on H'(Q) (in contrast to those in [20]) and converge
exponentially in broken norms. The proof follows along the lines of that in [25],
with a few relevant modifications. For the sake of completeness, we outline the
proof in Appendix A.

Second, we consider in this paper the s-linear polynomial degree distributions
introduced [23], which increase linearly and anisotropically away from edges and
corners with a slope parameter s > 0. While such degree distributions can be rela-
tively easily accommodated by the discontinuous Galerkin approaches in [23, 24, 25],
enforcing conformity for variable polynomial degrees and irregular mesh refinement
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is not straightforward. To do so, we introduce suitable hp-version elemental ba-
sis functions with respect to nodal, edge, face and interior degrees of freedom in
combination with a minimum rule approach for edge and face polynomial degrees
in the spirit of [7]. The second principal contribution of this paper then is the
construction of conforming approximations in the presence of s-linear polynomial
degree distributions and irregular meshes. Starting from the hp-base projectors,
we generalize the averaging strategy in [28] to anisotropic elements, in order to as-
sign unique nodal, edge and face values while retaining exponential convergence
estimates. This yields intermediate approximations which are continuous across all
regularly matching faces and which satisfy the homogeneous Dirichlet boundary
conditions. Finally, we introduce polynomial edge and face jump liftings along the
lines of our previous work [20] to remove discontinuities over all irregular faces.
Our liftings admit bounds which are independent of element aspect ratios, with
algebraic growth in the elemental polynomial degree, thereby preserving the expo-
nential convergence estimates of the hp-version base projectors. Here, we emphasize
again that in our averaging and lifiting approaches, the partial conformity of the
base projectors is essential in the handling of anisotropic elements.

The present analysis is in particular applicable to the pure Dirichlet problem, i.e.,
when Jy = ), and extends to results in [20] to s-linear and anisotropic polynomial
degree distributions. However, the scope of the paper is beyond the elliptic model
problem (1.1)—(1.3): Our exponential convergence proofs apply directly to hp-FEMs
for more general and vector-valued second-order elliptic boundary-value problems
which admit analytic regularity shifts in the function classes of [5]. Moreover, we
also provide an exponential L2-norm consistency bound for L?-projections under the
weak N é(ﬂ)—regularity (see Theorem 4.3). This may be of independent interest for
approximations of the pressure in mixed hp-FEMs for the (Navier-)Stokes equations
in polyhedra as considered in [21, 22, 27].

The outline of the article is as follows: In Section 2, we recapitulate the countably
normed weighted spaces from [5]. In Section 3, we introduce the hp-version finite
element methods and state our main result (Theorem 3.4), with an outline of its
proof provided in Section 3.4. The new base projectors with partial conformity are
introduced in Section 4. Details of their convergence properties can be found in Ap-
pendix A. Finally, in Sections 5 and 6, we complete the constructions of conforming
approximations with the help of averaging and lifting operators, respectively.

Our notation employed throughout the paper is kept consistent with [23, 24, 25].
We shall use the notations ”<” or "~” to denote an inequality or an equivalence
containing generic positive multiplicative constants which are independent of the
discretization and regularity parameters, as well as of the geometric refinement
level, but which may depend on the parameters ¢ and s.

2. REGULARITY
We review the countably normed classes of weighted spaces from [5].

2.1. Subdomains and weights. We denote by C the finite set of corners ¢, and
by £ the finite set of (open) edges e of Q. The singular set of € is then given by

S:CUE(Uc)U(eeUge)cr. (2.1)

ceC
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Force C,e€ &, and x € ), we define the following distance functions:
rc(.’B) = |:ch|, Te(.’B) :!i}é{]m*yL pce(m) :Te(m)/rc(m)' (22)

For each corner ¢ € C, we denote by . :={e €& : eNe+#(} the set of all edges
of 2 which meet at ¢. Similarly, for any e € £, the set of corners of e is given by
Ce:={ceC: cne#0D}. Then, fore >0, c e, ec & respectively e € &, we
define the neighborhoods

we={x €N :re(x) <e A pee(x) > Veel},
we={x €N : re(x)<e A re(z) > Veel}, (2.3)
wWee ={x €N : 1e(x) <& A pee(x) <e}.

Without loss of generality as in [23], the domain Q can be partitioned into four

disjoint subdomains, Q = Q¢ U Q¢ U Qeg U Qo, referred to as corner, edge, corner-
edge and interior neighborhoods of Q, respectively, where Qy := Q\ Q¢ U Qg U Qce

and
Qc = U We, Qe = U We, Qce = U U Wee - (2.4)

ceC ec& ceCecé,

We distinguish between Dirichlet and Neumann edges by setting
SD::{EGSZELEJDWitheﬂfL#@}, SNZZE\SD. (2.5)

Edges in £p abut at at least one Dirichlet face I', for ¢ € Jp. Note that we possibly
have Ex = 0.

2.2. Weighted Sobolev spaces. To each ¢ € C and e € £ we associate a corner
and an edge exponent [., Be € R, respectively. We collect these quantities in the
weight exponent vector 8 = {Bc : ¢ € C}U{Be : e € &} € RICITIEl Tnequalities
of the form B8 < 1 and expressions like 3 + s, where s € R, are to be understood
componentwise.

We choose local coordinate systems in we and wee, for ¢ € C and e € &, such
that the edge e corresponds to the direction (0,0, 1). Then, we indicate quantities
transversal to e by (-)*, and quantities parallel to e by (-)I. In particular, if a =
(a1,a9,3) € N3 is a multi-index of order || = a; + az + ag, then we write
o= (aL,a”) with at = (a1, @2) and all = a3, and denote the partial derivative
operator D® by D = Dﬁ‘_L Dﬁ‘”, where Dﬁ‘_L and Dﬁ‘” signify derivatives in edge-
perpendicular and edge-parallel directions, respectively. We further denote by D |
the gradient operator in edge-perpendicular direction, and set D) = Dﬁ.

The solution w of problem (1.1)-(1.3) belongs to scales of countably normed
weighted Sobolev spaces; cf. [5]. The present exponential convergence results will
be based on the weighted spaces Ng (©) with anisotropic and non-homogeneous
weighting at all corners ¢ € C and edge e € &; they are an extremal case of the
family of spaces considered in [5]. For an order k£ > 0 and weight exponent 3, we
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introduce the semi-norm |u|Ng(Q) by:

[ulige) = D {”Da“”%%w+ZHT?”{5°+“’O}Da“Hizmc)

o=k cec
max{,ﬁe+|OLL|,0} 2
+ Z [re DauHLZ(we) (2.6)
ecf
Be-tla],0p max{Bet|at],0} 2
+ Z Z Hrf:naX{ 110 pee DauHLZ(wce) :
ceCect.NE
For m > kg, with
ks = —mi 1 1 2.7
3 min{min S, min S }, (2.7)
we write Ng'(§2) for the space of functions u such that ||uHNgL(Q) < 00, with the
norm Hu||?vm(9) =D o |u|?\f§(9)' For subdomains ' C Q we shall denote by
| - |NE(Q/) and || - HNgl(Q/) the semi-norm (2.6) and norm as above with all domains

of integration replaced by their intersections. =~ We note that Mj'(Q2) C Ng'(Q),
where M, E,”(Q) is the weighted Sobolev space with homogeneous weights considered
in [5, 20] for the pure Dirichlet problem.

2.3. Analytic regularity. We adopt the analytic function classes of [5].
Definition 2.1. For a domain €' C Q, the class Bg(£?') consists of all functions u

such that u € Ng'(?') for m > kg, with kg as in (2.7), and such that there exists
a constant C,, > 0 with |u|N§(Q,) < CEHID(k +1) for all k > kg.

The analytic regularity shifts of [5, Corollary 7.1] in (for £€p = &), [5, Theo-
rem 7.3] (for 0 C &p C €) and in [5, Theorem 7.4] (for £p = () for variational
solutions u of problem (1.1)—(1.3) (with constant coefficients) can be summarized
as follows.

Proposition 2.2. There are bounds bg,bec > 0 (depending on Q, the coefficient
matriz A and the set Ep) such that for weight exponent vectors b with

0<be<be, 0<be<bg, cel, ecé, (2.8)

such that for piecewise analytic f as specified in [5], the weak solution u € V

defined (1.4) of problem (1.1)—(1.3) belongs to B_1_p(£2).
Remark 2.3. As in [25, Remark 2.5], we assume that in (2.8) there holds
0<be<1l, 0<be<l, cel, ecf. (2.9)

Then, kg = k_1—p € (1,2) in (2.7). In addition, we shall assume that, for any
polyhedron Q and right-hand side f in the class of problems considered here, there
exists some 0 € (0,1) such that the weak solution u € V belongs to H't9(Q).
For weight exponents b, € (1/2,1), be € (0, 1), this follows from [5, Remark 6.2(ii)]
and [15, Theorem 3.5]. We also refer to the discussion in [25, Remark 2.5].

3. FINITE ELEMENT DISCRETIZATION AND EXPONENTIAL CONVERGENCE

3.1. Geometric meshes. We review geometric mesh constructions from [23, 24].
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FI1GURE 1. Three geometric reference mesh patches on @ with
o = 0.5: corner patch M%¢ (left), edge patch M%¢ (center), and
corner-edge patch M%¢€ (right).

3.1.1. Geometric mesh patches. We partition the domain (2 into a finite number P
of open, axiparallel and hexahedral patches {Qy }23:1 which constitute the patch
mesh MY, In the axiparallel setting, each @, € M" is an affine-orthogonal image
Qp =Gy (Q) of the reference patch Q = (—1,1)3. We assume MO to be regular,
i.e., the intersection Qp ﬂ@p, of any two patches Qp,Qp’ € MO p #£p’, is either
empty, a vertex, an entire edge, or an entire face of both patches. Without loss of
generality we assume that (the closure of) each patch intersects with at most one
corner ¢ € C, and with either none, one or several edges e € . meeting in ¢. In
addition, we shall always assume that boundary faces on the patch @, belong to
exactly one boundary plane T',.

With each patch Q, € MY, we associate a geometric reference mesh patch Mp
on @ We recall from [23, Section 3.3] that the geometric mesh patches are gen-
erated recursively by iterating four basic geometric refinement operations, the so-
called hp-extensions (Ex1)—(Ex4) on @, resulting in four geometric mesh patch
types t € {c, e, ce,int}. That is, we take

M, € RP = {M4e, Mbe, MEee, MET} = {IME Y ceeceint) - (3.1)

Whenever @), abuts at the singular set S, we assign to Mvp (a suitably rotated
and oriented version) of the geometrically refined reference mesh patches shown
in Figure 1 and denoted by .//\/lvf;"c (corner patch), ./T/l/f;"e (edge patch), and va;’ce
(corner-edge patch), respectively. We implicitly allow for simultaneous geometric
refinements towards several edges in the corner-edge patch va;*ce, which corre-
sponds to an overlap of at most three rotated versions of the basic corner-edge
patch; see Figure 3 below. The geometric refinements in these reference patches
are characterized by (i) a fixed parameter o € (0, 1) defining the subdivision ratio of
the geometric refinements and (ii) the index ¢ defining the number of refinements.
For interior patches Q, € MO, which have empty intersection with S, we assign
to M p a geometric reference mesh patch /T/l/f;i“t on @, which comprises only finitely
many regular refinements and does not introduce irregular faces in @ In the refine-
ment process, the reference mesh M%™ is kept unchanged and is independent of the
refinement level /. As different interior patches can be refined differently, without
loss of generality the notation Mg’int is to be understood in a generic fashion.
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The geometric reference mesh patch /\/lp € RP mtroduces the corresponding
patch partition M, = G, (./\/lp) ={K: K =G, (K K), K ¢ ./\/lp} on Qp. Inter-
patch continuity of hp-approximations will be ensured by the following hypoth-
esis; cf. [20, Assumption 3.1]. Here and in the sequel, we denote by mg4(-) the
d-dimensional Lebesgue measure.

Assumption 3.1. For p # p’, let Qp,Qp € M be two distinct patches with
Lppri=Q, NQ,, # 0 and either my(Lypr) > 0 or ma(Lyps) = 0, my(Lyp) > 0.
Then the parametrizations induced by the patch maps on the patch interfaces I'y
are assumed to coincide “from either side”: G|, o (Gp_/1 |rp o ) =Gpio (Gp_l |pp o )
In addition, the mesh patches M, , M, are assumed to coincide on I'y /.

3.1.2. Geometric meshes. For fixed parameters o € (0,1) and ¢ € N, a o-geometric
mesh on € is now given by the disjoint union

M =M =UF_ M, (3.2)

If we denote by K = (—1,1)? the reference cube, then each K € M is the image
of K under an element mapping Pk : K — K, given as the composition of the
corresponding patch map G\, with an anisotropic dilation-translation. To achieve
a proper geometric refinement towards corners and edges of 2 without violating
Assumption 3.1, the geometric refinements M, in the patches @), have to be
suitably selected and oriented. For a fixed subdivision ratio o € (0, 1), we call the
sequence M, = {Mf;}gzl of geometric meshes a o-geometric mesh family; see [23,
Definition 3.4]. As before, we shall refer to the index ¢ as refinement level.

Without loss of generality as in [24, Section 5.1.4], every element K € M can be
assumed to be a Cartesian product of the form

K =K' x Kl = (0,h%)? x (0,hl), (3.3)

with hx < hﬂ(. We call K€ MY isotropic if hy ~ hu( ~ hy uniformly in ¢;
otherwise, the element K is anisotropic. Elements in corner and interior patches
are isotropic, whereas elements in edge and corner-edge patches may be anisotropic.
We also note that the elemental diameters hy; and h!( are related to the relative
distances to the edge e and corner ¢ located nearest to K; cf. 24, Proposition 3.2].

3.1.3. Vertices, edges and faces. For an axiparallel hexahedral element K, we de-
note by N(K), £(K) and F(K) the sets of its elemental vertices, its elemental
edges and its elemental faces, respectively. If E € £(K) and F € F(K), we write
N(E) € N(K) and N(F) C N(K) for the vertices of E and F, respectively,
E(F) C F(K) for the four elemental edges of F and F(E) C F(K) for the two
elemental faces sharing F.

Let M = M’ be a geometric mesh. The set of all vertex nodes of M is

U ~Vx). (3.4)
KeM

The subset N'p(M) of all Dirichlet nodes consists of all N € N (M) with N € T,
for some index ¢ € Jp. The node N is called regular if N € N(K) for all K € M

with N N K # (); otherwise it is called irregular.
The non-trivial two-dimensional intersection F' = F g of the elemental faces
of two distinct neighboring elements K, K’ € M is called an interior face of M.
Note that Fx g+ = Fg k. For our class of geometric meshes and possibly after
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reordering the tuple (K, K’), we can always assume that F' = F - is an elemental
face of K and a non-vanishing subset of an elemental face of K’. That is, we have

FeF(K) and F CF' for F' € F(K') with ma(FNEF") >0, (3.5)

where we recall that ma(-) denotes the two-dimensional Lebesgue measure. The
face F is called regular if F € F(K) and F € F(K'); otherwise it is said to be
irregular. Furthermore, the non-empty and two-dimensional intersection F' = Fi r,
of an elemental face of K € M with a Dirichlet plane I', for ¢ € Jp is a Dirichlet
boundary face of M. We always have Fi r, € F(K). Neumann boundary faces are
defined correspondingly. However, as Neumann boundary conditions are enforced
naturally, they will only play a minor role in our analysis. We write (M), Fp(M)
and Fn (M) for the sets of interior, Dirichlet and Neumann boundary faces of M,
respectively, and set Fjp(M) := F1(M) U Fp(M).

The non-trivial one-dimensional intersection £ = Ef g+ of two neighboring faces
F,F' € F(M) is called an edge of M. The edge E is called regular in M if
E € £(K) whenever EN K # (); otherwise we call it irregular. Note that an edge
E can be located in a Dirichlet or Neumann face I',, as well as on a Dirichlet or
Neumann edge e € Ep U Ey; in these cases, we call it a Dirichlet or Neumann
boundary edge of M. Moreover, the non-trivial one-dimensional intersection £ =
Epeof F € F(M) with e € EpU Ey is also called a Dirichlet or Neumann boundary
edge. Edges of this form are always elemental edges of an element K. The set of
all edges is denoted by £(M), and the sets of all Dirichlet and Neumann boundary
edges by Ep(M) and En (M), respectively.

For a piecewise smooth function v, we define the jump of v over Fg g € Fr(M)
respectively over F p, € Fp(M) by

[v]Fy o == vl —v|kr  respectively by  [v]ry ., = v|k. (3.6)

For F € F(K), we denote by hll(yF the height of K in direction perpendicular to F.
We then introduce the trace mesh size function by

hF — min{hjk_’F,th/_’F/}, F:FKJ(’ E‘F](M),

hi.r» F=Fgr, € Fp(M),

with F’ € F(K’) as in (3.5). The bounded variation property in [23, Section 3.3.2]
implies hp ~ hy p =~ hi p for interior faces Fx k€ Fr(M).

(3.7)

3.2. Finite element spaces. We next introduce discontinuous and continuous
finite element spaces with anisotropic and s-linear degree distributions.

3.2.1. Local finite element spaces. Let M = M be a geometric mesh. With

each K € M and in accordance with (3.3), we assign an anisotropic polynomial de-
gree vector px = (py, pﬂ(), with degrees p7: > 1 and pﬂ( > 1 in edge-perpendicular
and edge-parallel directions, respectively. We may and will always assume that
P < p!(; cf. [24, Section 3]. For K € M, the elemental tensor-product polynomial
space is

Qpic(K) = {v € L2(K) : v|x 0 ®xc € Qpe(K) }, (3.8)
where & : K — K is the element mapping and Qp (IA( ) the anisotropic tensor-

product polynomial space on K =13 with [ = (—1,1):
— = ~ ~ ~ ~
Qi (B) =0, () &Py () =B, (&P, (DeP, D).  (39)
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with P, (I) denoting the univariate polynomials of degree less than or equal to p on

an interval I. The polynomial degree vector py is called isotropic if pj = pk = pK.

In this case, we write Q,, (K) in place of Qp, (K).

The elemental polynomial degree vectors px are combined into the polynomial
degree distribution p := {px : K € M} on M. We set |p| := maxgem [PK|, with
Ipr| = max{py, pg(} We then introduce the generic discontinuous space

VOM,p) :={ve L*(Q) : v|x € Qp(K), K e M}. (3.10)

The hp-extensions (Ex1)—(Ex4) introduced in [23] provide s-linear polynomial de-
gree distributions ps(ﬂg’t) on the geometric reference mesh patches .//\/lvf;"t for
t € {c, e, ce,int}, which increase s-linearly and possibly anisotropically away from
singularities for a slope parameter s > 0; see [23, Section 3] for more details. By
construction, the patchwise distributions pg(.//\/lvﬁ"‘) induce a s-linear polynomial
degree distribution on a geometric mesh M, which we denote by ps(M?).

3.2.2. Face and edge polynomial degrees. Let M = MY be a geometric mesh and p
a polynomial degree distribution on M. To define conforming spaces, we introduce
edge and face polynomial degrees in conjunction with a suitable minimum rule over
neighboring edges and faces; cf. [7].

Let K € M and px = (pf(,pg() the elemental degree vector. For E € £(K) and
F e F(K), we denote by px,r € N and pr,r = (p}(,F,p%(,F) € N2 the polynomial
degrees induced by px on E and F in local coordinates, respectively. In agreement
with (3.5), we further introduce the set

dxpi={K eM:3IF e F(K') with ma(FNF') >0} (3.11)

Notice that K € dx r and that the cardinality of dx, r is bounded uniformly in £.
For F' € F(K), the minimum face degree is

D = i € NQ, 3.12

Pk, F K'Ié%gp PK'.F ( )
where the set F' € F(K') is as in (3.11) and where the minimun in (3.12) is
understood componentwise and with consistent orientation of the elemental degrees
with respect to F. If E € £(K), we define the minimum edge degree as

D = min p , 3.13

Pr.E Fe]__(E)pK,F,E ( )
where Py g is the degree induced by Py r along E. This definition ensures that
the minimum edge degrees are always equal to or smaller than the corresponding
minimum face degrees.

Remark 3.2. In the axiparallel setting considered here and under Assumption 3.1,
for any distinct axiparallel elements K, K’ € M which share a common edge F
or an interior face Fx g/, the traces of the elemental polynomial spaces on E and
F i in local coordinates induced by the corresponding elemental maps coincide.
Therefore, for £ € £(K) and F € F(K), the edge and face polynomial spaces
Py, ,(E) and Qg . (F) are well-defined.

Pk E
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3.2.3. Finite element spaces. On an axiparallel element K € M, we consider poly-
nomial functions v|x € Qp, (K) which can be expanded into basis functions as

olic = o3+ ol + uffeee 4+ o, (3.14)

where, with the minimum degrees Py r in (3.12) and Py i in (3.13),

nod __ NN
v = E R PF
NeN(K)
Pr,p—1
edge __ EirxE,i
=3 D At (3.15)
EcE(K) i=1
5}(,17*15%(,1?*1
face __ Fyi,jxF,i,j
v = E E E g R,
FeF(K) i=1 =1

with coefficients ¢¥, ¢i* and ¢k, Here, the function ®¥ € Q,(K) denotes
the trilinear nodal shape function on K with the property that ®¥ (N') = dn N
for N’ € N(K). For E € £(K), the edge shape functions {@f(’i}fjffl on K
are polynomials of degree py p along the edge E tensorized with linear blending
functions in the two directions perpendicular to E. They vanish at the end points
N € N(E), on the other elemental edges E' # E, as well as on faces F € F(K)
with F ¢ F(E). Restricted to E, they span the space Py, (E)NHg(E). Similarly,
for F € F(K), the face shape functions {@f(’i’j }i,; are anisotropic polynomials of
vector degree Py  on the face F, tensorized with linear blending functions in the
direction perpendicular to F. They vanish at the nodes N € N (F), on the edges
E € £(F) and on the remaining elemental faces F” # F. Restricted to F, they span
the space Qp, . (F)NHZ(F). Finally, the interior part v in (3.14) is a polynomial
bubble function in Qp, (K)N H (K); as it will be left unchanged in the subsequent
analysis, we will not further specify it. For empty ranges of the indices in (3.15), the
corresponding sums are understood as zero. We refer the reader to [7, Section 2.3]
for an explicit construction of shape functions as in (3.14), (3.15). Shape functions
are pushed forward from the reference element K to K with the element map Pg.

For K € M, we collect the face and edge degrees in (3.12), (3.13) in the vec-
tor Py, and define the elemental polynomial space

Sp, (K) = { v|k € Qp, (K) : v|k is of the form (3.14), (3.15) }. (3.16)
Thus, a polynomial v € S (K) satisfies
vlp €Pp, (E), E€&(K) and v|r € Qp, . (F), F € F(K). (3.17)

We then introduce the minimum rule hp-finite element spaces

VM, p) = {veL2(Q) : v|x €Sp, (K), K € M}, (3.18)
VIM,p) :={v eV : v|g €Sp, (K), K M}; (3.19)

cf. [7]. By construction, VO(M,p) CVoYM,p).
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3.3. Conforming hp-FEM and exponential convergence. For parameters o €
(0,1) and s > 0, let M, = {M’}s>1 be a o-geometric mesh family on 2 and
{ps(M?)}4>1 the corresponding s-linear polynomial degree distributions. We con-
sider the sequence of conforming hp-version finite element spaces

ViL=VHME p(ME)), 0> 1, (3.20)

and introduce its non-conforming counterparts by setting
=0 =0
Vod = VIMe, ps(My)), Vo=V (Mg, ps(Mg)), =1 (3.21)
Remark 3.3. The fact that the conforming spaces ijﬁl define proper linear spaces
will follow from our construction of conforming approximations in Sections 5 and 6
ahead. In the pure Neumann case (where Jp = (), we note that the constant
function belongs to Vfﬁ’sl, which will lead to well-defined factor spaces Vfﬁ’sl /R.

The hp-version Galerkin discretization of the variational formulation (1.4) reads
as usual: find u’ € ijsl such that

a(u’,v) = / fudx Vv € Vfﬁ’sl , (3.22)
Q

where we implicitly use the corresponding factor spaces V,f,’sl /R in the pure Neu-
mann case. For every ¢ > 1, the discrete variational problem (3.22) admits a

unique solution u‘ € ijﬁl which is quasi-optimal: there exists a constant C' > 0
(only depending on 2, the coefficient matrix A and the set £p) such that

H’(,L7U€HH1(Q) < Cven\}ff’l HU7’U||H1(Q) . (323)

The main result of this paper is the H'-norm exponential convergence of hp-FE
approximations (3.22) for problem (1.1)-(1.3) with weak solutions u € B_1_p(2).
This follows from the quasi-optimality (3.23) and the following approzimation prop-
erty of the hp-version finite element spaces V,f,’sl.

Theorem 3.4. Let b be a weight exponent vector satisfying (2.9). For parameters
o € (0,1), s > 0, consider the sequence ijg,l of H'-conforming hp-version finite
element spaces in (3.20). Then there exist quasi-interpolants Hf;’ﬁls V- Vfﬁ’sl such
that for functions u € V with u € B_1_(2) N H*0(Q) for some 0 € (0,1) there
holds
Ju —TI5 Lul| g1 (o) < Cexp (—bL) 0>2, (3.24)

with constants b,C > 0 independent of ¢, but depending on the parameters o, s,
the macro-mesh MO with its associated patch maps, the minimum weight exponent
in (2.9), the exponent 0, and on u through the analytic regularity constant Cy in
Definition 2.1.

In particular, if the variational solution u € V' of problem (1.1)—(1.3) belongs to
B_1_p(QNHY(Q) for some 6 € (0,1), cf. Section 2.3, then the conforming finite
element approzimations u® € ijg,l in (3.22) converge exponentially:

lu — || 11 (@ < Cexp (fb\”%/ﬁ) : (3.25)

where the constants b,C > 0 are independent of N = dim(Vf,’sl), the number of
degrees of freedom of the hp-FFE discretization.
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Remark 3.5. The quasi-interpolation operators Hg’,ls in (3.24) constructed ahead are
well-defined on the space V' C H!(Q). This is in contrast to the interpolants used
in [20] for homogeneous Dirichlet boundary conditions. They require H2-regularity
in each coordinate direction in the interior of 2, and are set to zero on elements
abutting at corners and edges of ().

Remark 3.6. The global hp-version quasi-interpolants Hg’,ls in (3.24) are assembled

from hp-patch quasi-interpolants Hf“i’}gp . We write formally

B
g =y ey, (326)

with restrictions to patches p € [1,...,B] implied in Hf,’};p and where inter-patch
continuity follows from Assumption 3.1. The hp-patch quasi-interpolants Hf;}gp
in (3.26), in turn, are obtained from four families {ﬁf;%jt Ye>1 of hp-reference
patch quasi-interpolants on the geometric reference mesh patches Mﬁ’t of type
t € {c,e,ce,int} which are transported to the patches @, C € via the patch
maps G, . While no liftings are necessary for interior patches (i.e., for t = int), for
patches of type t € {c, e, ce}, our construction yields jump liftings with stability
bounds in the H'(Qy )-norm which grow algebraically in |p|.

Furthermore, the exponential consistency in H 1(@) of ﬁf;lst on the reference
patch @ can be readily verified for solutions u € V' of (1.1)—(1.3) whose pullbacks
from the mesh patch @, to @ satisfy the analytic patch regularity

up =ulg, oGy € B (Q), 1<p <P, t c{ce,ceint}, (3.27)

where By (@) is an analytic reqularity reference class on @ with weighting towards
corners or edges of @ depending on the refinement type t € {c,e,ce,int}; see
also [20, Section 4.4] for analytic reference classes A¢(O) in the pure Dirichlet
case. For t € {c,ce}, we additionally require in (3.27) that u, € H™&O(Q); cf.
Remark 2.3. All exponential convergence rate estimates in the present paper apply
verbatim to any solution u € H'(Q) which, in local patch coordinates, exhibit the
above analytic patch regularity (3.27).

Remark 3.7. The results of Theorem 3.4 remain valid for
VIME pe) ={veV 1 vg €Qu(K), Ke ML},  €>1, (3.28)

with uniform, isotropic polynomial degree p, > 1. For these spaces, the mini-
mum rules in Section 3.2.2 are trivially satisfied. The exponential convergence
bounds (3.24) and (3.25) follow in this case as well, provided that p, = max{1, |s¢]},
albeit with a generally smaller constant b > 0 (depending on s).

Remark 3.8. The bounds (3.24) and (3.25) hold true in the pure Neumann case.
This follows readily from Remark 3.3 and since Hf;jls reproduces constant functions.

Remark 3.9. The exponential convergence results in this paper apply verbatim to
conforming hp-FEMs for second-order and possibly vector-valued elliptic problems
which allow for analytic regularity shifts in the function classes in Definition 2.1.
In particular, they are valid for stress-strain formulations of the equations of linear
elasticity (with constant material parameters); see [5, Section 7].
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3.4. Outline of the proof. The proof of Theorem 3.4 follows along the general
lines of [20, Section 3.4], but is significantly more involved due to the appearance of
the non-homogeneously weighted Sobolev spaces and the anisotropic and variable
polynomial degree distributions. In this section, we outline the key steps. From
now on we will frequently use the short-hand notation ”.<,” for inequalities which
hold up to algebraic losses in |p|:

xS,y & x5 |p/*y for someae N (3.29)

3.4.1. Base projectors with partial conformity. We first introduce (non-conforming)
base projectors 7r§7 . with partial conformity and exponential convergence estimates
in broken norms.

To discuss the partial conformity, let M = M be a geometric mesh. For a set
F' C Fip(MY) of faces, we define

jmppul? == npt [l Ze ). (3-30)
FeF

Then, to avoid the need for jump liftings over edge-perpendicular faces between
highly anisotropic elements, we construct base projectors 7rf,7 . which are conforming
across certain sets Fip (M) C Frp(M) of edge-perpendicular faces, and generally

non-conforming edge-parallel faces F' € .7:]”D (M) == Frp(M)\ F5 (M), which can
be characterized by the property that

FCF € F(K): hp~hg p ~ hj uniformly in £. (3.31)

If we write K as in (3.3), then (possibly after mapping) a face F satisfying (3.31)
can be assumed to be of the form

F = (0,h%) x (0, ) uniformly in ¢ . (3.32)

Note that faces with (3.31), (3.32) appear (i) between isotropic elements and (ii) in
edge-parallel direction between anisotropic elements in edge or corner-edge patches.
To state exponential convergence estimates in broken norms, we set
lulZaaey = D lullZeg (3.33)
KeM
and introduce the broken H'-norms;
Thoful? = > N, YhowlP = Y N, (3.34)
KeM’ KeM’
for any set M’ C M of axiparallel elements, with elemental norms defined by
Nig[u)* := (hg) 2 llullZaey + 1 VullZag, (3.35)
Niclul? := ()™ lulZoaey + 11Vl Farey-

Evidently, we have

NUw]? < Ng)?,  KeM, (3.36)
whereas Nz [u] ~ N y( [u] for isotropic elements K.
Proposition 3.10. For all parameters o € (0,1), s > 0 there are tensor projectors

wl =rbt ol HY(Q) - VL (3.37)

0,8 0,5
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and sets Fip(M5) € Frp(MS) of edge-perpendicular faces such that: (i) wt
is conforming over faces F € Frp(MY); (i) Wﬁ,s is generally mon-conforming
over faces F € ]:}ID(Mf;) = Fip(ME) \ Fip(ME); (iii) faces F € ]:}ID(Mf;)
satisfy (3.31), (3.32).

Moreover, for functions u with u € B_;_p(Q) N H*9(Q) for some 6 € (0,1) as
in Theorem 3.4 and for the error 775,5 = — ﬂ'ﬁ,su, we have the H'-norm bound

Tl In6s]2 < Cexp(—200), (3:38)

as well as the jump bound

JOD 1 e 15,67 < C exp(—200), (3.39)

with constants b, C' > 0 independent of £ > 2, but depending o and s.

We will show the estimate (3.38) for a more general class of tensor projectors
on H'(Q) in Section 4, see Theorem 4.3, with most parts of the proof relegated to
Appendix A. The jump bound in (3.39) will be established for the specifically cho-
sen projectors in (3.37) under smoothness requirements which are slightly stronger
than w € H'(Q); in particular, u € B_1_p(f2) is sufficient.

In the following, we shall also split the sets F IH 1 (M2) into interior and Dirichlet
boundary faces, i.e., ]-'IHD(Mf;) = .7-}“ (M) U Fﬁ) (ME).

3.4.2. Discontinuous hp-version base spaces. To exploit the approximation proper-
ties for the non-conforming base projectors ﬂ'f;ﬁsu in Proposition 3.10 for the mini-
—

mum rule finite element spaces VU’,O5 in (3.21), we introduce discontinuous hp-base
spaces as follows. For axiparallel K € MY we introduce the subsets F*(K) and
FI(K) of elemental faces of F(K), which are perpendicular and parallel, respec-
tively, to the nearest singular edge. For K € FII(K), we write px p = (pll(,pg() to
distinguish the perpendicular and parallel components pg 7.

Lemma 3.11. Let ps(M?) be a s-linear degree distribution on M’. For K € MZ,
let the face degrees Py g be defined in (3.12). Then there exists pu € (0,1] depending
only on s > 0 such that

VK € FH(K): g <DPir <Pg. WMk <DPir <Pk (3.40)
VK e FI(K):  wpk <Dhkp <pi, ol <Pyp <. (3.41)

Proof. These properties follow from the construction of the s-linear degree dis-
tributions and their properties of bounded variation; cf. [23, Section 3.2 and Re-
mark 3.9]. O

On K € M, we then introduce the base degree vector pr = (13%;,13@() € N? as

ST : fol 2 s in B
Pk Fer.;__uf%K){mln{pK,FapK,F}}a Dk * Fe@}‘r(lK)pK,F‘ (3.42)
Hence,
Qpy (K) CSp (K),  KeMs. (3.43)

From Lemma 3.11, we further have upx < p3 and upj < ﬁﬁ(. As a consequence,
the base degree vectors {Px}xc Mme give rise to a §-linear polynomial degree dis-

tribution ps (M%), for a base slope parameter 5 with 0 < § < s and only depending
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on s. Hence, the discontinuous hp-base spaces Vf,’go thus constructed satisfy
2,0 —£,0
Vs SV, (3.44)

We point out that for the uniform and isotropic spaces in (3.28), the construction
of discontinuous hp-base spaces is not necessary and can be omitted.

. .0,
3.4.3. Averaging over regular vertices, edges and faces. We denote by Vggj' the

2,0

. . 1 YA
.5 Which are conforming over Fjp, (M

g

subspace of functions in V' ) and possibly

non-conforming over F yD(Mf;). We then adopt the approach of [28] to assign
—0.0, L .

tov € Vg’g’ vertex, edge and face values which are obtained by averaging over

reqularly matching vertices, edges and faces.

. . —£,0,L  =—£0,1
Theorem 3.12. There are linear averaging operators Aﬁ,s VvV -V such

0,5 0,5
that the following holds: (i) .Af;yg(v) is continuous over reqular faces in the interior
of each mesh patch; (i) AL ,(v) vanishes on all Dirichlet boundary faces; (iii)
Ag,s(v) is continuous across adjacent mesh patches; (iv) Ags(v)zv forv e ijgl;

(v) for all v € Vi’g’L and with jmp as in (3.30), there holds the stability bound
Tho [0 — AL S +imp g (AL (0 Sy Gmbyy e . (345)

Remark 3.13. The construction of Ag,s (v) in Theorem 3.12 is carried out on each
element K € MY separately, by adding averaged values associated with elemental
vertices N € N(K), elemental edges F € £(K) and elemental faces F' € F(K).

As a consequence, Af;s can (in principle) be obtained from corresponding refer-

ence averaging operators on Q) as in Remark 3.6, with inter-patch continuity being
ensured by Assumption 3.1.

Theorem 3.12 will be established in Section 5.

3.4.4. Polynomial jump liftings. The averaged approximations Af;ﬁs(v) in Theo-
rem 3.12 are non-conforming over irreqular faces in the interior of mesh patches.
Our proof then proceeds as in [20] by introducing suitable polynomially stable
jump liftings on MY which preserve stability bounds as in (3.45). This leads to the
following result.

Theorem 3.14. Let Ag,s be the averaging operator from Theorem 3.12. Then there
exist linear operators LY , : range(A5 ) — Vs such that the following holds: (i)
L (v) =v forve Vs (ii) we have the stability bound

1 ¢ .
TM(‘; [’U - ‘C’U,s (’U)] SP Jmp]:IH (ML) [U]2a (346)
—£,0,L

Jor all v € range( A ) C V(,’g’
Remark 3.15. Since functions in v € range(A ) have non-vanishing jumps only
over irregular faces in the interior of mesh patches, upon mapping it is sufficient to
construct 5575 on the reference mesh patches M%! of type t € {c, e, ce, int}; inter-
patch continuity will again follow from Assumption 3.1; cf. [20]. This observation
along with Remark 3.15 allows us to assemble Hg’,ls from reference patch quasi-
interpolants as discussed in Remark 3.6.
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The proof of Theorem 3.14 will be detailed in Section 6.

Remark 3.16. The bounds (3.45) and (3.46) involve relatively large algebraic losses
in the polynomial order |p|. As in [20], this is due to the use of polynomial trace lift-
ings which are linear in one or more directions. The algebraic losses can be possibly
improved by employing polynomial liftings of higher order, but are inconsequential
in establishing the exponential convergence rate (3.25).

3.4.5. Proof of Theorem 8.4. To prove (3.24), consider u € V. Let de U € Vf,’go be
the base projection of u defined in (3.37) into the hp-base space V 9 constructed
in Section 3.4.2, for the base slope parameter 5> 0. By Propos1t10n 3.10 and the
inclusion (3.44), we have 7’ .u € V . In addition, the broken H!-norms of the

interpolation errors 7’ s=u— 7t u converge exponentially by (3.38), albeit with
respect to the base slope 5. We then define

54 (u) = (Lo 0 Ag s omys)(u) € Vyy (3.47)

0,5

with the operators Ag, . and Ef;s from Theorems 3.12 and 3.14. Clearly, the quasi-
interpolation operator Hﬁ’,ls is well-defined. It is linear, reproduces constant func-
tions and can readily be seen to be idempotent on a subspace of ijgl .

We now set v = qu, v := AL [(v), and v := L] (vf). With the triangle
inequality and property (3.36), we obtain

= TS Sl 3y S Thoe b = v + Tbge [0 = 0] + Tige [0 — 0.
The bounds (3.45) and (3.46) imply

TM[[U—’U] —l—T/LWz[vf

_UC]2 SP jmp}'H (MZ)[U]Q'

Since v = ﬂgygu and [u]r = 0 for F' € Frp(M?), we conclude that

(
flu — HZ UHHl () Sp TH [ ﬁ,5]2 +ij;IHD(M§)[77ﬁ,5]2-

Referring to (3.38), (3.39) in Proposition 3.10 yields (3.24) for u piecewise analytic
as in Theorem 3.4. The error bound (3.25) follows from (3.23) and (3.24) by noting
that N ~ ¢5 + O(¢*).

4. NON-CONFORMING BASE PROJECTORS

We prove exponential convergence in broken norms for non-conforming and ten-
sorized hp-base projectors, and establish Proposition 3.10.

4.1. Tensor projectors. We introduce a class of anisotropic tensor projectors on
the reference cube K.

To this end, let T = (=1,1) be the reference interval. For p > 0, we denote
by 7.0 the univariate L2-projection onto Pp(f ). For p > 1, we further introduce
the univariate H'-projector 7,1 : H(I) — P,(I) by

3

(Fpa@)(€) = A(~1) + / (1,08 () (4.1)

—1
cf. [26, Theorem 3.14]. The projector satisfies (7p,1u)" = Tp—1,0(0') and
(Tp,1u)(£1) = u(£1). (4.2)
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Some hp-version approximation properties of 7, ¢ and 7,1 are collected in Sec-
tion A.1.1. N R

We consider next the reference cube K = I3 with I = (—1,1). In analogy to (3.3),
we write K = K+ x Kl = 12 x I. Let p = (p*,p!) be an anisotropic polynomial
degree vector, and r € {0,1} a conformity index in edge- parallel direction. For a
function @ : K — R, we define the tensor projector Tp,rU into Qp (K K)= Qpe (K@

P, (K1) by
Rl 1= ( A0 @7 @ )a: (%;,0@%1!“#) a, (4.3)

ol
where the univariate projector ﬂ'j(gi
=~

and 7 Tl to denote the projectors in edge-perpendicular and in edge-parallel direc-

acts in direction Z;, and where we write %pﬁ o

tion, respectively. The projector 7p o is the (tensor-product) L?-projection which
is well-defined for u € LQ(IA( ), whereas Tp 1 is an anisotropic projector which is
well-defined for @ € L2(K+)® H'(K!) and nodally exact in edge-parallel direction;
cf. property (4.2). Note that H(K) ¢ L2(K+) @ HY(K!). In Section A.1.2 we
derive approximation properties for Tp, in (4.3), with the aid of tensor-product
arguments and consistency bounds for the univariate projectors 7, o and 7, 1.

4.2. Exponential convergence in broken norms. We next establish exponen-
tial convergence bounds in broken norms for the families of tensor projectors ob-
tained in (4.3).

4.2.1. Families of projectors. Consider the discontinuous spaces ij,? in (3.21) on
a geometric mesh M = M%€ 9M, and for a s-linear degree distribution ps(M) =
{PK}rem. Toeach K € M, we assign an elemental conformity index rx € {0,1}.
We then investigate tensor projectors 7 : H(Q) — V,f,’so given by

TU| K = Tpge v (UK ), KeM, (4.4)
where the elemental projectors mp, . : H'(K) — Qp, (K) are
ﬂ-PK,TK(ulK) = (/TFPKJ'K (U|K o ®k))o (I)I_(la (4'5)

with Tp, r, defined in (4.3) and Pk : K — K the clement mapping. As the
projectors mp, . tensorize into mp, rp = T oL, 0 ® 7r”“ on K = K+ x Kl and
STK

L?-projections are used in perpendicular d1rect1on, we sunply write
Tulg = 73 @ mlu| k. (4.6)

For u € H'(Q2), we consider the error terms

N =u—mu, Ny = u — Ty u, nl = u—rlu, (4.7)
and note that
0= (u— ) + m-(u — wlu) = it + il (48)

In the above notation, we generally omit the dependence on rx in edge- parallel
direction. However, if 7c = r € {0,1} for all K € M!, we write 7, = 15 ® 7TH
for the projectors resultmg in (4 4), (4.6), as well as 1, 77H for the errors in (4.7).
In particular, 7o = 75 ® H L?(Q) — V,fs is the usual L?-projection. A specific
choice of conformity 1nd1ces rk leading to 7r07 . in Proposition 3.10 will be introduced
in Section 4.3 below.
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4.2.2. Error bounds. We show that the full errors n can be bounded in terms of the
errors n- and nll in edge-perpendicular and in edge-parallel directions, in appropri-
ate norms and except for corner elements; cf. [25].

We first establish the following stability result.

Lemma 4.1. Let K = K+ x Kl € MY be of the form (3.3) and pgz > 1. Then
IDL(my gl Zagry S 0R) DL ulo(rry,  we HY(KS). (4.9)
(K+) (K+)
Furthermore, for the element errors in (4.7) and any rx € {0,1}, we have
0220y S 105 1720y + 101221
D1l Z2e) S DL 7200y + P) DL 7210 (4.10)
HDHUH%Q(K) S HDHUOLH%Z(K) + HDHUHH%Z(K)'

Proof. Since both sides of the inequalities in (4.9) and (4.10) scale in the same way,
it is sufficient to prove them for the reference element K = K+ x KI. To show (4.9)
on K+, note that

DJ_(%}J,}OOQ) = DJ_(%;%’OTL - %j‘,oﬂ) = DJ_(%;‘?O(TL - %éjoa))- (4.11)
The inverse inequality in [26, Theorem 4.7.6, eq. (4.6.5)], the L%-stability of %;1 0
K>

and standard approximation properties for %3-,0 yield (4.9) due to

DL G oD ey S 0R) Ty o(@ = Fag@)lI3 2 2
S(pK ||’U’_AOLO@||L2(KL) ( ||DJ~UHL2(KL)

The L?-norm bound in (4.10) follows from the splitting (4.8) with the aid of the
triangle inequality and the L?-stability of the L?-projection %;1 o+ The second esti-
%

mate in (4.10) is a consequence of (4.8), the triangle inequality and the p-dependent
stability bound (4.9) in perpendicular direction. The third estimate in (4.10) is
again obtained from (4.8), by employing the commutativity of D and %pﬁ or as
K>
well as the L2-stability of %Zj o 0
K>

To exclude corner elements, for ¢ € C, we set z{,’c ={KeM!  Knc#0}
and define
O'C _Ugac’ MO’C _Ml\::s (412)
ceC
Here, we will always assume that the initial patch mesh M? is sufficiently fine so
that T/, . and ‘If; ~ are disjoint for ¢ # ¢'.

Lemma 4.2. Let u € H'() and let u = ng- @ wlu be the base projector in (4.4)
for any conformity indices ri € {0,1}. For the error terms in (4.7), we have

T * Sp Yhe 6P+ e 01+ 05 [ (4.13)

Moreover, let u € L*(Q) and let mou = T5 ® ﬁgu be the L2—p7"0jecti0n obtained
in (4.4) by taking rix = 0 for all K € M%. Then we have

ol cne) S 18 W2 uae oy + I agae )+ olage ) (414)

Proof. These bounds follow from Lemma 4.1 and the inequality (3.36). O
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4.2.3. Exponential convergence. With (4.13), (4.14), we now state the following
exponential convergence rates in broken norms. Note that these bounds do not
imply the jump estimate (3.39); this result will be shown in Section 4.3.6 ahead.

Theorem 4.3. Let b be a weight exponent vector satisfying (2.9). For parame-
terso € (0,1) and s > 0, consider the sequence V(fjg(,) of discontinuous finite element
spaces (3.21).

Let u € B_1_(Q) N H*(Q) for some 0 € (0,1), cf. Section 2.3, and let
U =Ty ® mlu HY Q) — ijgo be the non-conforming family of tensor projectors
n (4.4), for any elemental conformity indices ri € {0,1}. Then, for the errors ),
ng- and nl in (4.7), we have

T I ST 612+ e 1+ T4 [0 < Coxp(=2b0),  (4.15)

with constants b, C' > 0 independent of £ > 2.
In addition, let u € B_y(Q)NH?(Q) for some 6 € (0,1), and let mou = 73 ®7rgu

be the L*-projection obtained in (4.4) by taking rx = 0 for all K € MY. For the

errors o, Ny and n(q, we have

HWOH%Z(M{;) §|‘77()L||2L2(M§Yc) + Hn(‘)‘HiZ(ngc)HWOH%Z(QQC) < Cexp(—2bl), (4.16)
with constants b, C' > 0 independent of £ > 2.

Note that upon adjusting the constants b, C' to absorb the algebraic loss in |p|,
the bound (4.15) implies

TMW < C exp(—2b0), (4.17)
with b,C' > 0 independent of /.

Remark 4.4. For simplicity, our proof of Theorem 4.3 is based on univariate hp-
approximation bounds for 7, and 7,1 in (4.1) which require p > 1; cf. (A.1)
and (A.3). Alternatively, the proof of the L2-bound (4.16) could be solely based on
the L2-norm estimates for the L?-projection in [26, Theorem 3.11], thereby allowing

elemental polynomial degrees px > 0, pu( >0 in (4.16).

Remark 4.5. If u € H'(Q)/R respectively u € L?(2)/R in Theorem 4.3, the
bounds (4.15), (4.17) respectively (4.16) remain true over the factor space Vi /R.
This follows from the fact that the elemental interpolants mp,. ,, in (4.4) reproduce
constant functions.

Remark 4.6. The L?-norm bound (4.16) is of independent interest in the con-
text of mixed hp-FEMs for the (Navier-)Stokes equations or for linear elasticity
in mixed form under B_p(Q)-regularity assumptions on the multipliers (although
corresponding regularity shifts do not seem to be available in the literature). We
refer to [21, 22, 27] and the references therein.

As in [25, Section 7], by superposition and due to the structure of the patch
mappings, it is sufficient to provide the proof of the exponential convergence bounds
in Theorem 4.3 for a reference corner-edge configuration on @ as shown in Figure 1,
which involves a single corner ¢ € C and a single edge e € £. emanating from it.
In this setting, the proof of the bound (4.17) follows the lines of [24, Section 7.2],
albeit with essential modifications. For completeness, we review it in Appendix A,
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and detail the relevant changes as compared to [24, Section 7.2]. The proof of the
L?-norm bound (4.16) is similar and will be outlined simultaneously.

4.3. The base projectors 7rf;75 with partial conformity. We introduce and

analyze particular tensor product projectors of the form (4.4), which lead to the
base projectors w5 , and the sets F7,(M5), ]-"I”D (MZ) in Proposition 3.10.

4.3.1. Base projectors for corner, edge and interior patches. We define reference
base projectors 7, on each reference mesh Mf;’t for t € {c, e, ce,int} with respect
to the linear polynomial degree distribution ps (Mf;t) Recall that the elemental
polynomial degree vectors px are isotropic for t € {¢,int} and generally anisotropic
for t € {e,ce}. For reference patches M%! of type t € {c,e,int}, we take the
reference base projectors m as

_ , K e M4, t € {c,int},
# (ulge) = { T .0 (u] ) MG, te {e.int)

(4.18)
Tpr1(u|K), K e M&e,

with the nodally exact projector in (4.1) applied in edge-parallel direction.

4.3.2. Base projectors for corner-edge patches with refinement along one edge. We
next consider the corner-edge reference mesh patch M%°€ with refinement along
one edge e € &, for a corner c. Following [20], we partition M%° as

Mbee .= Mbeet g Mbeell 1>, (4.19)

where the mesh Mﬁ’ce’l is a corner-patch type mesh of elements which are isotrop-

ically refined into the corner ¢. The mesh MEeel consists of a sequence of £ — 1
geometrically scaled edge-patch meshes, translated along the edge e:

¢
Mbeel — U B e (ML), (>2, (4.20)
=2

where U¥' €€ is a translation with respect to the edge-parallel variable z!l combined
with a dilation by a factor only depending on o, /¢, ¢', and where the mesh Mﬂ/’e
is a reference edge mesh patch on Q with ¢ + 1 mesh layers. In Figure 2 (left), a
schematic illustration of the patch decomposition (4.19), (4.20) is provided in which
the scaled edge-patch blocks are highlighted in boldface. In Figure 2 (right), we
show two adjacent edge-patch meshes as in (4.20) along the edge e.

A particular role will be played by the subset 55’“ C Nf;’ce’” of the elements in
the outermost layer of each scaled mesh-patch block. It also consists of £ — 1 layers:

4
Dhee = | DLee,  1>2. (4.21)
=2

Elements in 5(‘;’“ are referred to as diagonal elements of Mﬁ’ce*”; cf. [20]. They are
isotropic and illustrated in Figure 2. The isotropic mesh ML is decomposed
into

et o Fhe () Hleed, (122)
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where ‘Ef;’c is given by the eight elements nearest to ¢, and where the remaining
elements are collected in the mesh 9%°¢1. We then choose the reference base
projector on the reference corner-edge mesh as

_ K e %Z,c U 55@,ce,i U ﬁé,ce
7Tce(U|K) = { FPK’O(U/|K)’ g g o 7

A lce "~ 4.23
7rPK,l(u|K), K e Mf; Al \D(l;,ce7 ( )

where in 7p, 1 the nodally exact projectors in (4.1) are applied in direction of e.

/K6 Kg

s
St . P K b
"\ - - ’ <
Ki | K Ky
/"2 3 . ¢ 4
%E,c K K

FIGURE 2. Left: Patch decomposition (4.19)-(4.22) for ¢ = 0.5
and ¢ = 5. The diagonal elements are shaded. Right: The scaled
edge-patch blocks W¢-ee(MY-€) and U¥' ~Lee(ME~1e) for ¢ = 0.5
and ¢/ = 5. The diagonal elements K4, K¢ and K, K belong to
ﬁf;/@e and 25(‘;/_1"38, respectively.

4.3.3. Base projectors for corner-edge patches with refinements along two or three
edges. For a corner-edge patch M%°® with refinement along two edges e, es meet-
ing at a common vertex ¢ and isotropic refinement in perpendicular direction as
illustrated in Figure 3 (left), we write

Mbee .= Mbeerk U (Mbeenl g pbeell) 1> 2, (4.24)

with two sequences of ¢ — 1 scaled edge-patch meshes as in (4.20) and an isotropic
corner-type mesh Mﬁ’ce@ perpendicular to ej, es. The latter mesh is again decom-
posed as

MGeet = The U oheet, (4.25)
where T4€ is the same set of corner elements as in (4.22) and D%°eL the set of
all remaining elements. We denote by 5§’Cei C vaf’cei’ll the diagonal elements
of M5l defined as above; cf. Figure 3 (left). We then set

_ { Topre.0(ul k), K € Te U Dheet U (DLeer U DLee2),
Tee(U| i) :=

~t,ce; ~ 4.26
Tpre 1 (U|K), K e MécemH \Dg’cei, i=1,2, ( )

where again the univariate projectors (4.1) are employed along e; for i = 1, 2.
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Remark 4.7. The elements in D% act as isotropic buffer zones and allow us to
. . . . . T lcey, YT
unambiguously assign different directions in M, I and MU’CSQ’H.

Finally, if Mﬁ*ce is refined along three edges e, ez, e3 meeting at a common
vertex ¢, as depicted in Figure 3 (right), we analogously write

Moo .= Foe ) (Mool U Mteenl g Abeenl), (4.27)

now with three sequences of ¢ — 1 scaled edge-patch blocks. The set 5?061’ -
MEee Il denotes the diagonal elements of Geenll With (4.27), we define

_ L Ke®tel (Ub, Dleer),
ch(U|K) = ﬂpK,O(u|K) ,.g,é Ce-(H lil[ g ) . (428)
7TPK71(U|K)7 KeMz ™™ \Da’cei, 1< < 3,

once more with the nodally exact projectors applied in the direction e;.

/ Ko /g / Ko /< "

// Ky’ // K // Ky’ // K
/ 7 7/ ‘Ft KZ / V4 # "

K
K/ i /
7

Ky K K} K, Ky K] / K,

/ v

/

K K, K K

FIGURE 3. Scaled edge-patch blocks for 0 = 0 and ¢/ = 5. Left:
Refinement along two edges with diagonal elements K7, K4, K¢ and
K|, K}, K. Right: Refinement along three edges with diagonal
elements K1, K4, K¢ and K/, K}, K|.

4.3.4. The base projectors wf;ﬁ. The reference base projectors 7y in (4.18), (4.23),
as well as the variants in (4.26) and (4.28), give rise to the (non-conforming) base

tensor projectors 7t , = wg’j ® wﬁ’,! cHY Q) — V,f,’ﬁo in (3.37) in Proposition 3.10.

0,5
The bound (4.17) resulting from Theorem 4.3 then yields the broken norm error

bound (3.38) there. Next, we define the sets F77, (M%), fﬂD(Mﬂ) and prove the
jump bound (3.39).

4.3.5. Partial conformity. We first consider edge-perpendicular interfaces I'p+ of
two mesh patches M, , M, along the same edge e. Recall that the interface I'p -
consists of £ 4+ 1 mesh layers, cf. [23, Section 3.2], and that the patches coincide on
the interfaces due to Assumption 3.1. The definition of wﬁ) . and the nodal exactness
property (4.2) imply the following results.
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Lemma 4.8. For u € V, there holds: (i) if My, My, are two adjacent edge
mesh patches along the same edge, then ﬂ'f;’su is continuous across all layers of the
interface Ty (1) if My is an edge mesh patch and M, an adjacent corner-edge
patch along the same edge, then ﬂf;ﬁsu is continuous across the inner layers of the
interface I'y 7, but is generally discontinuous across the outermost layer of I'y /.

Remark 4.9. Conformity properties analogous to those in Lemma 4.8 hold on edge-
perpendicular boundaries of edge or corner-edge mesh patches which are situated
on a Dirichlet boundary face I', for ¢ € Jp. On the corresponding elemental
boundaries, the projection ﬂ'ﬁjsu vanishes if u € V.

Next, we analyze the continuity within different edge-patch blocks Qe (/\7{{ €)
in (4.20) and as appearing in the representations (4.19), (4.24) and (4.27).

Lemma 4.10. Foru €V and 3 < ' < {, let W¥'~1Lee(ME=1e) gnd U ce(ME-e)

be two adjacent edge-patch blocks along the same edge. Then ﬂ'ﬁjsu s continuous

across perpendicular faces between @2’71,@(/@7{;’71,6) and Ejll,ce(ﬂg,e), except for

the faces between the diagonal elements in 55,’1’“‘

in W e (MALe),

and the corresponding elements

To illustrate Lemma 4.10, we note that wﬁ, 4U is generally non-conforming across
the isotropic faces Fi; kv, F| Ky, Ky 0 Figure 2 (right), and across the isotropic faces
Fri kyy Fry ky, Fry iy, Fry ky in Figure 3 (left).

The partial conformity in Lemma 4.8, Remark 4.9 and Lemma 4.10 allows us
to identify sets Fip (M%) and f}'D(Mf;) = .7:}‘ (MU .7:,"3(/\/1{;), over which 75 ,u
is conforming and non-conforming, respectively. The faces F € F yD(Mf;) sat-
isfy (3.31), (3.32), as claimed in Proposition 3.10.

4.3.6. Polynomial face jump bounds. Next, we bound the face jumps of ﬂ'f;’su over

the faces F' € }“yD (M) for M = M. and show the estimate (3.39).
To this end, we first recall the anisotropic trace inequality from [23, Lemma 4.2]
(with t = 2).

Lemma 4.11. For F € fﬁD(M) with F C F' € F(K) and u € HY(K), there
hotds b el < ()2, + 1001y S VD

Next, we establish the following variant of the jump estimate of [25, Section 5.5],
which is essential for controlling the jumps of ﬂ'f;ﬁsu over anisotropic faces of M.
Due to the appearance of H'-projectors in edge-parallel direction, we require in this
bound a local smoothness assumption which is slightly stronger than H!-regularity.

Lemma 4.12. Consider an edge-parallel face F' = Fk, k, € }“}‘ (M) shared by
two aziparallel elements K1 = Ki- x Kl and Ky = K3 x Kl as in (3.3), with
K= (0,n)Y in parallel direction and with Ki- and K- two shape-reqular and
possibly non-matching rectangles of diameters hfﬁ ~ hll(2 ~ ht in perpendicular
direction, for parameters h* < hll. Let the elemental polynomial degrees be given by
P, = (o, p). Letu € H(Ky UK,)?) @ HYK!) and muli, = ng © wlulx, =
T, 1(uli;) for i = 1,2. For the error terms m = u — mu, 15y = u — Ty u and
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77! =u— ﬂ!u as in (4.7), we have the bound

2
h51|\[[7flu]]FH%2(F) Sp Z (HDLUOLH%Q(K%-) + HDLnﬂH%Z(Ki))' (4.29)
i=1

Similarly, let F' = Fgr, € fjlrl)(./\/l), L € Jp, be an edge-parallel Dirichlet face of
K = K+ x Kl with KIl = (0, h”) and K+ a shape-regular rectangle of diameter h™-,
for b= < hll. Let the elemental polynomial degrees be given by px = (pL,p”). Let
ue H (KLY e HY K with ulp =0 and mu|x = 7 ®7Tﬂu|}( = Tpr.1(u|x). Then

we have the bound

b llmd el3e ey Sp D076 1320y + 1D 1012y (4.30)

Proof. Note that the setting is such that property (3.31) is fulfilled with hp ~
hf(i ~ h't. On element K;, i = 1,2, we have

oy =Ty = (u—myu) —my (u—Tgu) =u—mgu=ny.  (431)

(K @ P (Kl ¢ HY(K) for i = 1,2. Hence,

(W!U|Kl)|p = (7r1U|K2)|F in L2(F). With this identity and since 73~ and ﬂ! com-
mute, we conclude that

Then, we note that m

I[mul £l 720y = Imiule, = mul w7 e

2 2
SNl @ muli, — mulk 2e ) = O Imlnd 22

We then consider element K; for i = 1,2. With Lemma 4.11, we have

I L

D!l a3y S (hik) "2l 122 s,y + DL (el mi ) 12 i,

Property (4.31) and standard h-version approximation results for 73 in perpendic-
ular direction yield

i 122 .y = I(ing) — ma () 2e g,y S (k)2 DL (my )22, -
Therefore,
hpt |l g |, S IDL(lnd) 122

i (4.32)
SIDL((m — 71'0)770 HLZ(K y T ||DL(770770 HLZ(K)

We next bound the two terms in the second line of (4.32). We write the first term
as

(m} = mo) = () — mg)u — g (my —mp)u
= my(mu — ) = g (my(mlu — w)).
With the triangle inequality and the stability bound (4.9) for 77, we find

DL ((r) — 7)md ) 22y S ) IDL (mh (el w — w)) 1221,

commute, the L2-stability of the L?-projection m; implies

DL (] — w0)me ) 22scy S )DL 22 -

. €
Then, since D¢ and 7
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To estimate the second term in (4.32), we invoke the L2-stability of ﬂ'g as before to
obtain
1D (w7 2xcr) < 1D L6 1172, -
Combining these arguments yields (4.29).
The proof of (4.30) for a Dirichlet boundary face F is obtained analogously, by
noting that (mu|x)|r =0 in L?(F). O

Lemma 4.13. Letu € B_1_(Q) and let 7T§75 = Wﬁ’i‘@wﬁ’,ﬂ be the hp-base projectors

introduced in Section 4.3.4. With the error terms defined as in (4.7), i.e., 775,5 =

0,1 0,1 L, L,
U — Wﬁ,su, Nos = U— Tgs U and 7707! =u— WU,!U, we have the bound

Jmp gy g el Sp Tge (002l 4 Ty sl + T 5P (4.33)
Proof. Anisotropic faces F'in F IH 1 (M?) arise in (mapped) edge patches Mﬁ’e and in
the inner-most ¢ layers of edge-patch blocks W*'-ce (/\75;/ '€) of (mapped) corner-edge
patches Mﬂce (with refinement along one, two or three edges); see Sections 4.3.2
and 4.3.3. All these faces are edge-parallel and do not abut at corners. Hence, the
jumps of 7T£, ,u over such faces can be bounded by the estimates in Lemma 4.12, upon
noting that the same polynomial degrees are employed in edge-parallel direction and
that, for u € B_1_p(f2), the smoothness assumptions in Lemma 4.12 are satisfied;
see (2.6). The remaining faces in F I”D(./\/lf;) are isotropic and the jumps over them
can by bounded by isotropic versions of the trace inequality in Lemma 4.11, along
with the stability bounds in Lemma 4.1. O

Lemma 4.13 along with estimate (4.15) for 7’ , then establishes the bound (3.39)
for jmp (Ml)[nﬁ .J, which completes the proof of Proposition 3.10.
D o ’

5. AVERAGING OPERATORS

. 74,0, 70,1 .
We construct the averaging operators Af;,s v -V in Theorem 3.12

0,5 0,5
over geometric meshes M = M~.

5.1. Sets of adjacent elements. Let K € M. For N € N(K), E € £(K) and
F € F(K), we introduce the following sets of elements which regularly share N, E
and F', respectively:

Axn = {K e M : NeN(EK)}, (5.1)
Agpi={K e M: Ec&K')), (5.2)
AK,F Z:{K/EM : FEJ:(K/)} (53)

Clearly, we have K € Agn, K € Agp and K € Agr C i p, with 6 r
introduced in (3.11), respectively. Then, card(Ax n) > 1, card(Ax,g) > 1, and
card(Ag r) € {1,2}. There holds

NeN(E): Axrp CAxN and Eec&(F): Axr C AkE. (5.4)
Moreover, the sets defined in (5.1)—(5.3) have the property that
A N =Ar' N, K' € Ag N,
Ax g =Ax . E, K' € Ak g,
Agr=ArF, K' € Ak F.
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In the following, we denote by Np(K) C N(K), Ep(K) C E(K) and Fp(K) C
F(K), the sets of elemental nodes, edges and faces, respectively, which are situated
on a Dirichlet boundary face I, for ¢ € Jp.

For N € N(K) \ Np(K) respectively N € Np(K), we define

FlAkN) ={F=Fxx € FIM) : K' € Axn \{K}},

Fl(Akn) = {F =Frir, € Fi(M) : K' € Ay and € Jp }. (58)
Similarly, for B € E(K) \ Ep(K) respectively E € Ep(K), we set
F(Akp) = {F = Fixr € F{(M) : K € A p\ {K}}, 659)
Fl(Akp) :={F=Fxir, e FY (M) : K' € Ak pand v € Jp}. '
Finally, if F' € F(K) \ Fp(K) respectively F € Fp(K), we introduce
Fl(Akp) = {F = Ficr € F{(M) : K'€ Mg p \ {K}}, 5.10)
Fl(Akp) ={F = Fxir, e F(M) : K' € Agpand € Tp} . '
We further define
Fin(Bk.n) = Fl Ak ) UFh(Ak ), (5.11)
Fip(Axp) = Fi (A p) UFp(Ax p). (5.12)
Fip(Akp) = F}(Akr) UF) (A F). (5.13)
Notice that any of the sets in (5.8)—(5.13) could be empty.

—£,0,L
5.2. Averaging over Ag n. Let v € Va’g be fixed. We first construct an ap-

proximation v" € VS,Z’L by modifying v at possibly all elemental vertices. For
K € M and N € N(K), we define the averaged vertez value Ax n(v) by averag-
ing v over all elements of Ag n in (5.1):

1
— vl (IN), N e N(K)\ Np(K),
Ag N(v) = card(Ag,N) ngw\, o) NI AL ) (5.14)

0, N € Np(K).

The averaged value Ax n(v) in (5.14) is well-defined irrespective of whether N €
N (K) gives rise to a regular or irregular node in N'(M). With (5.5), we have

AK7N(U) = AK/,N(U), K e AK,N- (515)

Hence, the values Ax n assign a unique vertex value on the elements in Ag n
which match regularly at the vertex IN.

For K € M and N € N(K), we denote by Lx n(v) € Q1(K) the unique
polynomial vertex lifting with the property that, for N’ € N(K),

U|K(N)7AK7N(U) N/:N,

. NN (5.16)

Lrgn@)(N') = {

Lemma 5.1. For K € M and N € N(K), let the vertez lifting Lk n(v) be defined
by (5.16) with the averages Ak n(v) in (5.14). Then there holds

NglLen@PS Ipxl'imp gy a0 (5.17)
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with f}lD(AKN) in (5.11) and jmp z [v] defined in (3.30). If]-'IHD(AK,N) =0, the

sum on the right-hand side of (5.17) is understood as zero.

Proof. From the definition (5.14) and anisotropic scaling, we readily find that

2
1Ca.n )1 3200y S (h) R0l (N) = Aren ()] (5.18)

The univariate inverse estimate in [26, Theorem 3.91], applied in each direction and

combined with anisotropic scaling (employing that hll( < hg(, pll( < pg(), yields the

anisotropic inverse inequality
IVolFar) S 03 (h&) M0l Feey, v € Qpue(K) (5.19)
From (5.19) (recalling that Lx n € Q1(K)) and (5.18), we obtain

— 2
NiglLrn ()25 (i) ILr.n )F20) S hic[vle(N) = Axn @) (5.20)

We proceed by estimating |v|x (IN) — AK7N(U)‘ in (5.20). We consider first the
case where N € N(K) is a node of N(K) \ Np(K). Then the triangle inequality,
the fact that card(Ag n)~! is bounded uniformly in ¢, and the partial conformity

—£,0,L .
of v e Va’g.’ imply

2 1 2
N)—A < - E N) — (N
[olie(V) = A @) S card(Ar,n)? |, \{K} e () = e ()
K,N

S Y Rle e NP

KIGAK,N\{K}

5 Z HII/U]]FKYK/H%W(FK’K/)
K/EAK,N\{K}

D D | () e

FE-FIH(AK,N)

(5.21)

If the sets Ag, N\ {K} or ]-'I” (A, N) are empty, then the right-hand side of (5.21)
is understood as zero; then we have v|x (IN) = Ag n(v).

Second, let N € Np(K). Consider a Dirichlet boundary face F' = Fg/ p, with
N e N(F), F € F(K'), for K' € Ag,n and ¢ € Jp. We may assume that F' €

f,‘—_‘)(AK,N); otherwise we have v|x (IN) =0, Ax, n(v) =0 and Lx n(v) = 0 by the
conformity properties of v and definitions (5.14), (5.16), respectively. Therefore,

2
ol (N) = Ax N)|” S Ileleeimy < D, IIFl e (m): (5.22)
Fe}—g(AK,N)
Combining (5.20), (5.21) and (5.22) gives
NelLen@PSh Y llelie(e): (5.23)
FE}—IHD(AK,N)

To bound the L*-norms of the jumps of v in (5.23), we recall from [26, Theo-
rems 3.92] the following univariate inverse inequality: let I = (a,b) be an interval
of size h = b — a. Then

la(@)l* + 1q®)* < llallzwry S PP allZoy . a € Bp(D). (5.24)
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for all polynomials ¢ € P,(I). A face F € fyD(AK,N) can be written in the
form (3.32). Applying (5.24) in the two directions on F' (see also [23, Lemma 4.3(b)])
and the definition of the face polynomial degrees Py - in (3.12) yield

IRTel () S lorcl*(h7) ™ (Bh) T I TeD el F2 - (5.25)
The bound (5.17) follows from (5.23) and (5.25) using that hr ~ h by (3.31). O

For K € M, we introduce the full vertex lifting
L) = > Lrn()€QK). (5.26)
NeN(K)

We further define the approximation v" € Sg, (K) as

Vg =0k — Lk (), K e M. (5.27)
The function v"|x has assigned vertex values at all elemental vertex nodes:
Vg (IN) = Ag,n(v), N e N(K). (5.28)

Note also that, in the expansion (3.14), (3.15), only the nodal parts of v*|x and v|g
differ, while the edge, face and interior parts of v"|x and v|x coincide.

Proposition 5.2. For K € M, let v"|k be defined in (5.27). Then, v™ € Vi’g.’L

and there holds
1 _,n]2 : n2 < 4 . 2
T [’U v ] +Jmp_7:}|D(M)[U ] ~ |p| ‘]mp]:IHD(M)[U] : (529)

Proof. The function v € VE& " is continuous over all faces F € Fiy,(M). Prop-
erty (5.15) and definition (5.16) then imply that the liftings £ (v) yield conforming
approximations over the same faces. Since v"|x = v|x — L% (v), the approxima-

. . . 74,0, L
tion v" is continuous over these faces as well, and thus, v* € V /. The bound

for Y, [v —v"]? in (5.29) follows immediately by summing (5.17) over all elements
K € M and N € N(K). To bound the L?-norms of the jumps of v", consider an

interior face F' = Fi g € ]-'}lD(M). The definition (5.27), the triangle inequality
and the trace inequality in Lemma 4.11 (noting that hp ~ hy) yield
b 1[0 TF 1122y S BE 1) PNZe(r) + Nig[Ch (0)] + Nic/ [L (0)]2.

A corresponding bound holds for Dirichlet faces F € F 1”)(/\/1) Summing these
estimates over all F' € F IH »(M) and again applying (5.17) gives the desired bound
for jnrlp]__IHD(/V[)[v“]2 in (5.29). O
5.3. Averaging over Ak p. With (3.17) and since L% (v) in (5.26) is trilinear,

the approximation v" € Vﬁ’g’L from Section 5.2 satisfies
(k)| ePﬁK’E(E), KeM, Ee€é(K), (5.30)

with the minimum edge degree g > 1in (3.13). For K € M and E € £(K), we
next average v" over the set Ag g in (5.2) and define:

1 n
a2 [Mle)le B EE)\En(K),

K'eAk E (531)
0, E € Ep(K).

By (5.30), the function Ag g(v") is a polynomial in P; (E).

Pr.E

AKyE(’Un) =
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Lemma 5.3. Let K € M and E € E(K). Then, Ax (") = Ak g(0") for
K' € Ak . Moreover, for N € N(E), we have Ak g(v")(IN) = v"|x(N).

Proof. The first assertion follows from (5.6). Then, with (5.4), (5.15), there holds
Ak n(v) = Ag,n(v) for K’ € Ak . In combination with (5.31) and (5.28), this
property yields

Arp(V")(N) = card AKE Z Ar'N

K'EAK E
1
card(Ak,g) K’GXA:KE K.N(v) x,n(v) =0k (IN)
The second assertion follows. .

For K € M and E € £(K), we denote by Lk g(v") € Sp, (K) the unique
polynomial lifting which satisfies

Lk p(")|e= "k — Axp(") € P5, (E) on E, (5.32)

and which is given by linear blending functions in the two directions orthogonal
to E. With Lemma 5.3, there holds

Lxp()(N)=0, N eN(E). (5.33)

The lifting Lx g(v) vanishes on the remaining elemental edges E' # FE, as well as
on faces F' € F(K) with E & F(E).

Lemma 5.4. For K € M and E € E(K), let the edge lifting Lx g(v™) be defined
by (5.32) with the averages Ax g(v™) in (5.31). Then there holds

Nillrs@")? < lpxlmp ey o 0", (5.34)

with }'}lD(AKyE) in (5.12). If .7-IHD(AK7E) = (), the sum on the right-hand side is

understood as zero.

Proof. We denote by hp the length of E € £(K). Then, by (3.3), either hp ~ h#
or hg ~ hL. From the definition of (5.32) and anisotropic scaling, we see that

1k @) { ki e = Ar e (O Eagy b b
(hx)?lv" |k — Ak (v )HLZ(E)a hg ~ hy.
Hence, the inverse inequality (5.19) implies
N[, (™)
< Ipx/? { (hi) Rl e — Ak ) 2a . e hﬁa (5.36)
vk — AK,E(UH)H%%E)’ hg ~ hy.

We continue by bounding [|v"|x — v°|k||r2(p). First, we consider the case E €
E(K) \ Ep(K). From the definition (5.31), the triangle inequality, the uniform

boundedness of card(Ak, g)~?, and the fact that v™ € Vi’g’L (cf. Proposition 5.2),
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we obtain

1
o _A o 22 < - o — " s 22
H |K K,E( )HL (EB) ~ Ca’rd(AK.’E)Q K/GAEE\{K} || |K |K HL (E)

ST DR | ) PR 9% (5.37)
K’GAK’E\{K}

S Y ITele s

FEF) (Ax p)

Again, if the sets Ax g\ {K} or F € .7-'1” (Ak g) are empty, then the right-hand

side of (5.37) is understood as zero, in which case we have (v"|k)|g = Ak, g(V").
Second, let E € Ep(K) be a Dirichlet edge. Then, consider a boundary face

F =Fg/p, with E€ E(F), F € F(K'), for K! € Ak g and ¢ € Jp. As before, we

may assume F' € f,lrl) (Ak E), otherwise Lk g(v") = 0 due to the partial conformity
of v™ and (5.31), (5.32). We find that

10" = Arp (@) 2y < I0°1Fl2m S D I0°TelZam)  (5:38)
FGJ“%(AK,E)

For I' € .7:IHD(AK7E) written in the form (3.32), the inequality (5.24) applied on
E C F in direction perpendicular to E implies

20pl =1y 1,m7 112 1
n p h v 2 hgp ~h s
1D ey { pul i Il he =i (5 5)
lpx|*(hg) ™ l[v ]]FHL?(F) hi = hy.
Therefore, combining the inequalities in(5.36), (5.37), (5.38) and (5.39) gives the
desired bound (5.34). O
We define the full edge lifting
L") = > Lrp(") €S (K), KeM, (5.40)
Ecé(K)
and introduce the approximation v* € S, (K) by

v

°|lk ="k — L% (0"), K e M. (5.41)
The definition (5.41) only affects the edge parts of v"|x in (3.14), (3.15), while

nodal, face and interior parts of v"|x are not modified. By construction and
Lemma 5.3, there holds
(’U6|K)|E :AK7E(’UD), EEE(K), (542)
Vo (IN) = 0" | g (IN), N e N(K). (5.43)

The analog of Proposition 5.2 reads as follows.

Proposition 5.5. For K € M, let v®|k be defined in (5.41). Then, v¢ € V?g’L

and there holds

TJL\/I [v— Ue]2 +jmp]__}|D(M)[Ue]2 S |P|10 jmp]:}lD(M)['U]? (5.44)
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—,0,
Proof. By construction, it follows that v® € Vg’g'l'. Then, by proceeding as in the
proof of Proposition 5.2, the estimate (5.34) yields

T/J\_/l[vn - ve]Q +jmp]:IHD(M)[Ue]2 5 |p|6 jmp]_-IHD(M)[Un]2-

The triangle inequality and the bound (5.29) now show (5.44). O

5.4. Averaging over Ag p. With (3.17) and the definition of the minimum edge
—t
degrees in (3.13), the approximation v° € Vg’g’l satisfies:

(°lx)lr € Qp, . (F), K eM, FeF(K), (5.45)

with the minimum face degree P € N? in (3.12). We average v® over Ag p
n (5.3):

1
— ) e, F e FIK)\ Fp(K),
A p(v®) = { card(Bg.r) K/ezA:K,F( wlle U D) (5.46)
0, FE;D(K).

By (5.45), the function A r(v°) is a polynomial in Qg, . (F).

Lemma 5.6. Let K € M and F € F(K). Then, Ak p(v°) = A p(v°) for K' €
Ak p. Moreover, if E € E(F) is an edge of F', we have Ax r(v°)|p = (v°|k)|E.

Proof. The first property follows from (5.7). To show the second property, consider
xeF e S(K) With (54) and Lemma 5.3, AKlyE(’Un) = AK_’E(’UH) for K’ € AK,F-
Employing (5.46) and (5.42) then yields

A N = Ak,
= A =A n =°
p— AKF K{;}ﬁ k.5(0")(x) = Ag p(v")(2) = v°|k (2),
which completes the proof. O

For K € M and F € F(K), we denote by Lx r(v°) € Sp, (K) the unique
polynomial lifting which is given by

EK,F(’UeHF = (’Ue|K)|F — A}gp(’l)e) S @ﬁK,F(F) on F, (547)

and by a linear blending function in direction orthogonal to F. With Lemma 5.6,
there holds

EK,F(’UEHE:O, EEg(F) (548)
Therefore, the lifting L (v®) vanishes on all other elemental faces F' € F(K)
with F/ # F.

Lemma 5.7. For K € M and F € F(K), let the face lifting L r(v°) be defined
by (5.47) with Ag,r(v®) in (5.46). Then there holds

Nﬁ [‘CK,F(UE)]Q 5 |pK|4jmpJ—‘,”D(AK,F) [Ue]2a (549)

with f}lD(AKF) in (5.13). If f}lD(AKF) =0, the sum on the right-hand side is
understood as zero.
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Proof. Let first F € F(K)\Fp(K). We have card(Ag, r) € {1,2}. If card(Ag,r) =
1, then F is irregular in F(M) or a Neumann boundary face in Fy(M). In this

case, we find that Lx p(v®) = 0 and }“}lD(AK,F) = (. Hence, (5.49) is satisfied.
Next, let card(Ak p) = 2. Then there is K’ € Ak p such that F = Fg € Fr(M)

is aregular face. We may assume that F' € .7-'}' (M); otherwise we have L r(v®) =0
since v° € Vﬁ’g% The properties (3.31), (3.32), anisotropic scaling and the inverse
inequality (5.19) yield
NiglLr,r() S Ipx|"het 10k — Ak r(0°)]|72(r)
S [prel'p 1[0l F 172 (ry-
Second, consider F' € Fp(K). Then, F' = Fxr, € Fp(M) is a Dirichlet face for
Lt € Jp. Again, we may assume F' € }“jlé (M). Proceeding as before, we obtain

(5.50)

NilLwr,r(0)? S lpx["0p 1[0 F 122 (r)- (5.51)
Referring to the bounds (5.50), (5.51) and the definition of the sets }“}lD(AKyF)
in (5.13) implies (5.49). O
For K € M, we define the full face lifting by
L) = > Lrr®)€Sp, (K), (5.52)
FeF(K)

and introduce vf € Vﬁ’g’L by setting

V| = 0% — L5 (0°) € Sp, (K), K eM. (5.53)
The definition (5.53) only affects the face parts of v°|x in (3.14), (3.15), while the
other parts of v°|x are left unchanged. In particular, the interior part of vf|x is
equal to that of v|x. By construction, the function v! is conforming over all faces
FeFHh(M)UF ,”3 (M) and over all regularly matching interior faces F' € F }l (M).
With Lemmas 5.3 and 5.6, there holds

(V'|k)|lr = Ak p(v°), FeF(K), (5.54)
(')l = (s, E € EK), (5.55)
Vg (N) =0 |g(N), N eN(K). (5.56)

We are now ready to establish Theorem 3.12 in Section 3.4.

—£,0, —£,0,
Proof of Theorem 3.12. Given v € VU’,Z'L, we define .Af;s (v) := vf with o € VU’,Z'L

as introduced above. Clearly, Af;.,s is linear. By construction, the function vf is
conforming over all faces I € Fp,(ML)UF 1”) (M?) and over all regularly matching
interior faces I’ € .7-'1H (M), With Assumption 3.1, this implies items (i), (ii), (iii)
in Theorem 3.12. In addition, if v € ijgl , all liftings constructed in this section are
zero, which implies item (iv). Similarly to the proofs of Propositions 5.2 and 5.5,
it follows from (5.49) that
f : £ .

T*/l [v* = ]2 +Jmp_7:i\r\ (M)[U ]2 S |p|4 (]mp]__}\D(M)[Ue]Q.

Hence, the triangle inequality and the bounds (5.29), (5.44) yield

Tovlv = v +jmp gy 0 S [P jmp gy [0 (5.57)
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which is the bound (3.45) in Theorem 3.12. O

6. PoLYNOMIAL JUMP LIFTING OPERATORS

We construct the operators Ee and prove Theorem 3.14. Throughout this

) —£,0,1 . .
section, we fix vf = .Af;_’ (v) for v € V7. While conforming across regular faces

and over different mesh patches, the approximations v are generally discontinuous
over irregular faces between different mesh layers in the interior of mesh patches.
By construction of our meshes, it is sufficient to consider three types of irregular

mesh configurations in the context of the reference mesh patches.

6.1. Anisotropic faces. Anisotropic irregular faces arise in the generic geometric
situation illustrated in Figure 4 along an edge e (i.e., in direction of z!l). The figure

2l

-

FIGURE 4. Interface between K and Ki,Ks for ¢ = 0.5 and
length All. The anisotropic irregular faces F, Fs, the irregular
edge Ell and the elemental edges Ei, E|| Ey, E|| of K are illus-
trated. The highlighted nodes are regular Vertex nodes.

displays the elemental face F' € F(K) of the outer element K, which is subdivided
into two irregular faces Fy := Fg, x € F(K;) and Fy := Fg, g € F(K3), for two
refined elements K, K in the inner layer. The corresponding irregular edge Ell
on F is an elemental edge of K1, Ko, but El ¢ £(K). All elements belong to the
same mesh patch of the underlying geometric mesh. The elements { K, K1, K2} and
the faces {F, Fy, F»} are possibly anisotropic; their edge-parallel lengths are thus
denoted by the generic parameter hl. The edge-perpendicular diameters of the
elements involved are shape-regular and of size hp ~ hILﬂ- ~ ht for i = 1,2, with
ht < Rll. The precise locations of the elements in edge-perpendicular direction are
determmed by the parameters ai, az, bi, by, whose values only depend on o. The
setting is such that the irregular faces F, Fj satisfy (3.31), (3.32). The configuration
shown in Figure 4 is prototypical as it appears along edges in reference edge mesh
patches /\/le © or in the scaled edge-patch blocks MY el introduced in (4.19), (4.20)
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for reference corner-edge mesh patches /T/lﬁf,’ce. We note that two rotated and su-
perimposed configurations of this type can overlap over one of the smaller elements
K, or Ky; cf. Figure 1 and [20, Figure 2].

In Figure 4, we have Ell = {(ai,0,2!) : 2l € (0, nl)}. We further introduce the
parallel elemental edges Eﬂ,Eg € E(K) given by Ell = {(0,0,z") : 2! € (0,nl)}
and Eg = {(az,0,2!) : zll € (0,n)}. In the reference mesh patches these edges
always appear as regular edges. With (5.4), the nodes highlighted in Figure 4
are then regular vertex nodes. We further denote by Ei, Ey € &£(K) the per-
pendicular elemental edges of K given by Ei = {(21{,0,0) : 21 € (0,a3)} and
Es = {(x1,0,h!) : 21 € (0,a3)}. Accordingly, we have FZL = Ei UE; for
i = 1,2, with Ej; € £(Kj) irregular in £(M). Upon writing Py p = (ﬁﬁ_’F,ﬁL_’F)
and Py, g, = @Jf%j,Fjaﬁ!(j,Fﬂ and since Ag r = {K, K1, K2}, Ak, r, = {K;, K},
the definitions (3.12) and (3.13) imply

_L _L _ _ _ _ .
P, Fr < DK, F;> PL,F < p'}g,pj, Pk.pt =Pk, EL 1<4,5<2. (6.1)

With (6.1) and noting that (v'|x)|pr € Py, (Ef) and (v[x)r € Qp, . (F), it

ZDK,EiL
follows that

(Uf|K)|EiLj GPﬁKj,E;_ (Ezlg_)v (Uf|K)|Fj E@ﬁkj,pj (Fj)a 1<4,j<2. (62)

The face approximation v is generally discontinuous across the irregular face Fy;
we then recall from (3.6) that [v]r, = v|x, — v|x. The properties in (6.2) imply

(V15)les €Br, (), W5 €@, (), =12 (63)
We define the jump [v]r over F = F; U Fo piecewise as
([Wlp)lF, = [Vl  §=1.2. (6.4)

Lemma 6.1. In the configuration of Figure 4, we have [vf]p € CO(F), as well as
[v{]F =0 on Eﬂ and on EQ

f

Proof. By Theorem 3.12, the approximation v' is continuous across the regular face

Fk, k,, which implies [v]r € C°(F). Since Ell and EJ are regular edges, then
{K, K} C A g = Ay s see (5.6). The second assertion follows now from the

construction of vf; cf. (5.42) and (5.55). O

To remove non-vanishing jumps of v over the perpendicular elemental edge Ei-

€L
of K, we introduce the polynomial edge jump lifting 55 i (vf) by

LREE (4 { [T (o, 0,0)(1 =g /o) (1 = ol /B), - on KK,
0, on K.

Due to Lemma 6.1, EE’EIL (vf) € C°(K; U K4). With (6.3) and since EE’EIL (vh) is

linear in directions of x3- and z!l, we have ﬁg’ElL (W)|k, € Sp,. (K;) for j =1,2.

The lifting reproduces [vf]F on Fj and vanishes on the planés ry = bi, zll =

hll, as well as on the edges Ell, Eg Moreover, it vanishes identically if Ei- is a
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L
Dirichlet boundary edge. A corresponding lifting P (v!) can be constructed for
the edge E5-. In the geometry of Figure 4, we then introduce the full edge lifting

2
LEEWY =3 (). (6.6)
=1

Lemma 6.2. For j = 1,2, there holds
Nig, 1L F (N < Ipl°bi, 1[0 5 172 r - (6.7)
Proof. The proof follows along the lines of Lemma 5.4: The definition (6.5) yields
F,E;-
T S A 1 | 0 P ey (6.8)
Then, the inequality (5.24) applied on Ffj C F; in edge-parallel direction implies
15 ey S 1> (W) M I T8 12y (6.9)

The inverse estimate (5.19), the above bounds and employing that h* ~ hr, give

F,Ei _ F.E —
Nig,[Ce™ (PSS pI*(h) 2lILe™ ()IF2k,) S P05 1[0 TE, 122, (6.10)
This implies (6.7). O
Remark 6.3. The lifting £ (v) does not generally vanish on zl =0 and zll =

hll. However, with Assumption 3.1 the constructions of corresponding liftings in
adjacent elements will lead to conformity of v'%F across zl = 0 and zl = !l in
edge-perpendicular direction. This will be detailed in Section 6.3.

Next, we introduce the auxiliary function

f EF’E f K. K
oIFE { Uf e (v, on iy, g, (6.11)
v, on K.

Then, v"FF € CO(K, U K3) and oM P, € Sy, (). With (6.1) and as in
Lemma 6.1, we have [v""F]p € @ﬁKijj (F}) and [v"FF]r € C°(F). By construc-
tion,

[ FFlp=0on EF, [FElp=0onE!, i=12 (6.12)
Morever, we have

(5215 1 € Pﬁxj,Eu (El, j=1,2, (6.13)

since i, pi = Pie, p, bY (313), (0 |x)p € By (EN) and Py p < P, , by (6.1).
Following [20, Section 5.2.1], we introduce the lifting associated with F' by

VP EE] p(et, 0,2 (1 — 24 /b)), on Ky, Ko,
,cf(vf):{[[ Ir(on ( 2/

6.14
0, on K, ( )

with vHFF in (6.11). Clearly, £L(v') € C°(K, U K5). Due to (6.12), (6.13),
LE (WY |k, € Sp,. (K;) for j =1,2, and LL (v")|p = [v"FF]p. Morever, the lifting

LE (v vanishes on the planes z3 = b, 21 = 0, 21 = as, and zl =0, 2/ = Al
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Lemma 6.4. For j = 1,2, there holds
Nig, [£2 N7 < [Pl 1107 2o r - (6.15)
Proof. As in (5.49), we have

NE1LE O S Pl 10" e, 22, - (6.16)

Then, the trace inequality in Lemma 4.11 implies

b I P1R 122 (5 S B 107 12 + Nie, (€67 ().
Referring to (6.7) completes the proof. O
To analyze the lifting (6.14), we introduce the piecewise polynomial function

b= { vt = LEF N — L8 (W), on K, Ko,

of on K,

3

(6.17)

We have v € CO(K1 U K3) and v"F|g, € Sp,. (K;) for j =1,2.

Lemma 6.5. The function v'F in (6.17) is continuous across F.
Proof. Consider « € Fj for j = 1,2. Then, with the definitions in (6.6), (6.14),
[ 15 () =[], ()~ L7 () |k, (2) = [0"7FT5, (@),

with o&FF in (6.11). Since [v"F"F]p, (x) = [v']F, (x)—LEF (1)K, (), it follows
that [o"F]p(x) = [v"F]p, (z) = 0. O

6.2. Isotropic faces. Isotropic irregular faces appear by subdivision of elemental
faces into four or two isotropic faces.

6.2.1. Refinement of one elemental face into four faces. First, we consider the
generic configuration in Figure 5 where the elemental face F' € F(K) of the outer
element K is subdivided into four irregular faces F; = FKPK S f(Kj), 1<j <4,
with four elements K7, Ko, K3, K4 in the inner layer. All elements and faces in-
volved are in the same mesh patch and are isotropic of mesh size h. As such, the
faces F' and Fj satisty (3.31), (3.32). As before, the parameters a1, as, by and ¢q, co
only depend on o. We further denote by F1, Es, F3, E, the elemental edges of K
on xo = 0; cf. Figure 5. The elemental vertices of K on x5 = 0 always appear
as regular vertex nodes in A(M). This configuration arises in reference corner
mesh patches Mﬁ’c or in corner-type sub-meshes /T/l/f,’ce’L of reference corner-edge
mesh patches Mf;’ce with refinement along one or two edges; cf. Figure 1 and [20,
Figures 4, 8 and 10]. Again, two rotated and superimposed configurations of this
type can overlap over two of the elements in { K7, Ko, K3, K4}; cf. Figure 1 and [20,
Figure 4].
From (3.12), we see that

Pr.r <Pk, r;  Pkp <Pr,r, 1<i<4 (6.18)
Therefore, as in (6.1), we have
(v x)| 5 € s, v, (F5) [0k, € Qo p, (F5),  1<j<4 (6.19)

As in Section 6.1, we define the jump [v']r piecewise as

(1P)le == r,  1<j<4 (6.20)
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K4 T3
) . :
A C2
/ Ky / K3
C1
b1 F3
K Koy B,
[ _ =2 =2 - T1
F1 El F2
K

FIGURE 5. Interface between K and K, Ko, K3, K4 for o = 0.5.
The isotropic irregular faces Fi, Fb, F3 and the elemental edges
FE4, Es of K are indicated. The highlighted nodes are regular vertex
nodes.

Lemma 6.6. In the configuration of Figure 5, there holds: (i) [vi]r € C°(F);
(ii) [v']F(N;) = 0 at the four elemental vertices N1 = (0,0,0), Ny = (a2,0,0),
N3 = (a2,0,¢2), and Ny = (0,0, ca).

Proof. By Theorem 3.12, the approximation v! in (5.53) is continuous over the
regular faces Fi, k,, Fk, K, Fiyx, and Fg, k,. As a consequence, we have
[v']F € CO(F). Since {K,K;} € Ax,n = Ak, n (see (5.5)), the second assertion
follows again from the construction of v and property (5.56). O

We introduce edge liftings associated with the elemental edges Fi, Fs, E3, Ey
of K. We focus in detail on edge Eq = {(21,0,0) : 21 € (0,a2)} € £(K) intersecting
with Fy, Fy and K1, Ks. By writing FE{ = FE{1 UFE> with Elj S S(KJ), 7=1,2,it
follows from (3.13), (6.18) that py p, < Pk,E.;» J =1,2. Therefore,

WKle, €Pp o (Bry),  ([VR)ley, €Ppy , (Bry),  j=1,2. (6.21)

We then introduce the polynomial edge jump lifting associated with E; by
rFE (’Uf) — { [[Uf]]F(mlaov 0)(1 —22/b1)(1 —w3/c1), on Ky, Ka,

0, on Kg, K4.
From Lemma 6.6, L5 (v') € C°(Uj_,K;). Due to (6.19), (6.21) and since
LEF1(v') is linear in directions of x2,x3, we have LIF1(vf)|k, € Sp, (K;) for

(6.22)

1 < j < 4. The lifting reproduces [v!]r on E; and with Lemma 6.6 vanishes on the
other edges Fs, F3, F4. 1t also vanishes on 2o = b; and x3 = ¢;. It vanishes identi-
cally if By is a Dirichlet boundary edge. Corresponding liftings {£5Fi (vf)}4_, can



hp-FEM FOR ELLIPTIC PROBLEMS IN POLYHEDRA 39

again be constructed for the other edges Fs, Fs3, E4y. The full edge lifting is thus
defined as

4
LEPh =>"LlhPh. (6.23)
i=1

Proceeding as in Lemma 6.2 (with isotropic scaling) immediately yields the stability
bound

Nig, [£e P N7 S Ipl°0p 11 m 2oy, 1<i<4. (6.24)

Remark 6.7. As will be discussed in Section 6.3, the conformity of £I"F (v!) across
outer boundaries of {K, K, K3, K4} will follow from the constructions of corre-
sponding liftings in adjacent layers of elements; cf. Remark 6.3.

We next consider the piecewise polynomial function

(6.25)

B
v = ¢

fFE 'Uf_ﬁf’E('Uf), on K17K27K3)K47
v, on K.

Then, o""F € C°(Uj_, K;). and o"FF |k, € Sy, (K;). With (6.18), (6.19) and
similarly to Lemma 6.6, we have [v""""]r € C°(F) and [v""'"F]p € Q. . (F).
Moreover, the analog of property (6.12) holds:

[v"FF]p = 0 on E;, 1<i<4. (6.26)
If B € E(F;) with E'NE; =0 forall1 <i <4 (ie., E' € £(Kj) is irregular
between K, K; and situated in the interior of F'), we further have

(" P1lr) e € Pry, o (E), (6.27)

since, as in (6.13), D, g = ﬁlf(jfj for an index k = 1,2, (vf|x)p € Pp: (E') and
Picr < ﬁlf(j)Fj due to (6.18).
Following [20, Section 5.3.1], we then introduce the lifting over the face F' by

F £y . [[vf7F7E]]F(z1507$3)(17"E2/b1)a on K15K25K37K4a
AR e (6.28)

with oF in (6.25). Then, LI (v') € C%(Uj_,K;) and LI (v')[x, € Sﬁxj (K;),
1 < j <4, in view of (6.26), (6.27). The lifting £Z (v') vanishes on 25 = b; and
over the sets F; x (0,¢1), 1 <i < 4. Proceeding as in proof of (6.15) (with isotropic
scaling) yields

Nig,ILE @O S Ip"vp 1T N Tery), 15 <4 (6.29)

Analogously to (6.17), we introduce

(6.30)

‘ p ot — LEE (WY — £E (W),  on Ky, Ky, K3, Ky,
v ? =
v, on K,

We have v € C°(Uj_, K;) and M|k, € Sﬁxj (Kj) for 1 <j<A4.
The following variant of Lemma 6.5 holds true.

Lemma 6.8. The approzimation v>F in (6.30) is continuous across F.
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6.2.2. Refinement of two elemental faces into two faces. Second, we consider the
isotropic configuration depicted in Figure 6. It involves an element K where two
adjacent elemental faces F,F' € F(K) are subdivided by using isotropic versions
of the irregular refinement in Figure 4, thereby yielding the elements K;, Ko and
Ki, K.

7 T3

- I

Ki K5

FIGURE 6. Two elemental faces F, F’ € F(K) are irregularly sub-
divided as in Figure 4. The elements K, Ko, K|, K}, KP, K2 the
irregular faces Fy, ) and the elemental edge F € E£(K) are illus-
trated. The highlighted nodes are regular vertex nodes.

As in Section 6.1, we then introduce the irregular faces Fj := Fi, x € F(Kj)
and F} := Fgi ik € F(Kj) for j = 1,2. Then, F=F,UFand F = Fll UF/Q. In
Figure 6, we further illustrate the elements K¥, K2 on the diagonal. We consider
the elemental edge F € £(K) given by

E :={(21,0,0) : 0 <2y <ay }. (6.31)

All elements are situated in the same mesh patch. This geometry only arises in
diagonal elements of corner-edge mesh patches with simultaneous refinement along
two or three edges e;, with K, KP and K2 corresponding to diagonal elements; cf.
Figure 3. With (6.4) and the continuity properties of v, we have [v]r = [v!]#
on E. However, the edge liftings £E'F(vf) over ?f := {K, K, K2} associated
with F as in (6.5) and £ F(vf) over of" =: {K, K}, K}} associated with F' are
not necessarily continuous across the regular faces Fy KP and FK]’,, KP forj =1,2.

To correct for this, we introduce on { K, KP} the additional diagonal edge lifting
ED(Uf) = [[’Uf]]p(ml,o,())(l—xg/bl)(l—.@3/01), on KlD,KQD (632)

This lifting reproduces [vf]F on E. Since [v']r(IN) = 0 for N = (0,0,0) and
N = (ay,0,0), see Lemma 6.1, it vanishes on 0K N{z; = 0} and 0K N{z1 = a1},
implying that it does not affect the values of v outside the configuration depicted
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in Figure 6. We also have Lp(v) € CO(??U?;D) and ED(vf)|K]p € Sp, »(KP)

PyD
j

for j =1,2. As in (6.24), the following (isotropic) stability bound holds:
Nigp Lo @) S IpI"r 101112y, G =1,2- (6.33)

Similarly to (6.11) and in the geometry of Figure 6, we then introduce the aux-
iliary function

’Uf — EE’E(Uf), on Kl, KQ,
fiﬁF’,E f K K!
,Uf,D — Uf e f(v )7 on 1[; 27D (634)
v 7‘CD(U )a on Kl 7K2 )
of, on K.

We have v'P|g € Sp, (K) for K € {Ky, K>, K{, K}, KP, KP}. Then, since the
faces Fy, xp and Fy/ o are regularly matching for ¢ = 1,2, the function ot s
conforming over these two faces due to Theorem 3.12. From the definition of the

liftings it then follows that

WP e VK, UK, UK, UK, UK, UKY). (6.35)
6.3. Superposition. We superimpose the constructions in Sections 6.1 and 6.2.
Upon employing the patch maps G|, , it is sufficient to consider the geometric refer-
ence mesh patches. For M € {M%'}c(ce.ce,int}, We denote by Fe(M) and Fe(M)
the sets of all macro-faces F' appearing as in Figures 4 and 5, respectively. We
denote by 0L = {K, Ky, Ky} respectively 0f = {K,Kj,..., K4} the sets of ele-
ments associated with these configurations. The geometry in Figure 6 involves two

isotropic versions of the configuration in Figure 4. We then denote by © (M) the set
of all pairs D = {KP, KP} of elements appearing on the diagonal as in Figure 6.

Let M, =G, (M) be a mesh patch and let M € {Mﬁ’t}t c{ce,ce,int} be the cor-
responding geometric reference mesh patch. The averaged approximations v’ , in
Theorem 3.12 restricted to the mesh patch M, can be pulled back to the reference

patch M and will be denoted by ol - We now define v°| 57 as:

5c|/\/1 ::Mf|M - Z (‘CgﬁE(ﬁf)""Cg(U%))

FEF (M)

(6.36)
= > (£EP@Y+LEEN) - YD Lo@).
FEF (M) DeD (M)

Here, LEF(3') and LE (vF) are the liftings in (6.5), (6.6) and (6.14) associated with
the face F' and the elements in . The liftings £#(3f) and £F(2') are given
in (6.22), (6.23) and (6.28) with respect to the set 0X". Finally, £p(0") are liftings
as in (6.32) over the element pairs D = { K, KP} depicted in Figure 6.

Remark 6.9. The liftings £F (v%), £F (?%) and Lp (') in (6.36) are locally supported
and vanish at the patch interfaces of M. Hence, they do not affect inter-patch
continuity.

For M, = G, (M), we then set v|m, = 050 Gy 'lg, - This gives rise to
. . 74,0 . . .
a finite element function v € V.. The approximation v“ belongs in fact to the

. 2,1 .
conforming space Vs, as we show in two steps.
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Lemma 6.10. The approximation v°¢ vanishes on all Dirichlet boundary faces and
s continuous across adjacent mesh patches.

Proof. Since o' and the liftings £E°F(3), £LEF(3) in (6.36) vanish on patch faces
corresponding to Dirichlet boundary faces, it follows with Remark 6.9 that v°¢ van-
ishes on Dirichlet boundary faces. The approximation vf is conforming across
adjacent mesh patches; see Theorem 3.12. Similarly, from Assumption 3.1 and
the continuity properties of vf, we conclude that mapped versions of the liftings
LEE @) and £EF (') in (6.36) yield conforming approximations over the corre-
sponding mesh layers across two matching irregular configurations of two adjacent
mesh patches. With Remark 6.9, this implies inter-patch continuity. ]

We next establish the inner-patch continuity of v°.

Lemma 6.11. On each mesh patch M, , the approzimation v°|pz, is continuous
across all faces within M, .

Proof. Since M, = G, (Mv) for M € {.//\/lvf;"‘}te{c7e7ce7int}, upon mapping it is
sufficient to verify separately the continuity of ©¢ in (6.36) for each reference mesh
patch type. Note that o' is continuous over all regular faces where no additional
jump liftings are necessary; cf. Theorem 3.12.

__Interior patches: By construction, only regular faces arise in an interior patch
M = ML That is, Fe(M) = Fe(M) = D(M) = 0 in (6.36). Hence, 0°| i =
o 1 and the inner-patch continuity follows.

Edge patches: For M = M%®, we have Fo(M) # 0 and F(M) = D(M) = 0.
In each of the £ — 1 outermost layers of the patch, the definition (6.36) involves
two rotated and overlapping versions of the anisotropic irregular configurations in
Figure 4, along a common edge corresponding to E|1| or Eg in Figure 4; cf. Figure 1
and [20, Figure 2]. Let then F be an irregular face in the patch. By the properties
of the liftings ££F(vf) and £ (@), the jump [0°]F coincides with [o'F]r, where
v8F is defined in (6.17) over the elements 0% associated with F. Then Lemma 6.5
ensures the conformity across the irregular face F. .

Corner patches: For M = M%¢, there holds Fe(M) = D(M) = (). As before,
in each of the ¢ — 1 outermost layers in the patch, the definition (6.36) yields
three rotated and superimposed versions of the geometry in Figure 5, along edges
corresponding to E; in Figure 5; cf. Figure 1 and [20, Figure 4]. If two geometries
are superposed over such an edge Ej, the continuity properties of o imply that the
corresponding edge liftings ££F:(3") defined as in (6.22) from within each of the
two configurations coincide on Ej; cf. [20, Lemma 5.10]. If F' is now an irregular
face in the patch, then [0°]r is equal to [o'F]r, where v*F is defined in (6.30)
in terms of liftings £XF (0f) and L£E'(vf) over the elements 2 associated with F.
Lemma 6.8 yields conformity across F.

Corner-edge patches with refinement along one edge: Note that TD(MV) =19
in (6.36). We then use the representation (4.19)—(4.22) in Section 4.3.2. In each
edge-patch block @z’,ce(ﬂg’,e), 2 < {' <4, the definition (6.36) activates the edge-
patch liftings £5°F (vf) and LE (vf) as above; thereby ensuring conformity across ir-
regular faces F' within each of these blocks due to Lemma 6.5. In edge-perpendicular
direction, the isotropic mesh D%¢eL U 5&“ consists of two sequences of £ — 1
irregular and overlapping configurations as in Figure 5, with the smallest config-
uration extending into the corner mesh T%¢; see Figure 2. The approximation 7°

o
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in (6.36) then invokes the corner-patch liftings L5 (3f) and LI (@ )7 which, as in
the corner patch case, enforce the continuity across irregular faces in Df;*ce*l- U 556
and from De ce.L into Te < cf. Lemma 6.8. The edge-jump liftings £5F (') and
LEE () result in approximations which are conforming across edge-perpendicular

faces of diagonal elements into the corresponding elements of /\/le cel (for exam-

ple, across the regular faces fr/ xy and fx; ry in Figure 2 (right)). Similarly,
they yield continuous approximations from corner elements in %f;,c into elements in
\112 ce('//\;l/Q e)

Corner-edge patches with refinement along two edges: We now have D (M ) #0,
as the refinements towards two edges introduce the geometric situation analyzed
in Figure 6 over the diagonal elements in D4¢er N DLeez (e.g., over Kg, Kj in
Figure 3 (left)). We use the representation (4.24), (4.25) in Section 4.3.3. In
the submeshes M5 and M5!l the liftings £5°F(3f) and £L(?") are again
activated and ensure the continuity over edge-parallel anisotropic faces. Simi-
larly, the liftings £5F (%) and £ (3%) yield continuity across the irregular faces
in 5@ el (54 cer Db t-e€2) in perpendicular direction and from 5@ ce:L into the
corner elements in T4¢. In addition to ££-Z (%), £— 1 versions of the liftings £p ()

in (6.32) are invoked in (6.36) (e.g., from Kg into D = {K}, K{} in Figure 3 (left),
where K} is the element depicted underneath K}). In the configuration situated
closest to ¢, these liftings extend into two corner elements of ‘Ef;’c. With (6.35),
this procedure ensures continuity over diagonal elements along the edges. In per-
pendicular direction, the edge-jump liftings £5# (vf) and £LLF (v) give conforming
approximations across faces of diagonal elements into the corresponding elements in
the edge-patch blocks (e.g., across the regular faces Fi/ k1 or Fg/ gr in Figure 3
(left)), as well as from T4€ into elements in W2-ce: (.//\/lviel) fori=1,2.

Corner-edge patches with refinement along three edges: Clearly, @(Mv) £ 0.
With (4.27), the geometric situation in Figure 6 now appears along three edges
on the diagonal elements in 5(‘;"381 N 5f;’°62, 5(‘;"382 N 5(‘;"383, and 5(‘;"381 N 5(‘;"383
(e.g., over the element pairs { K1, K1}, {K4, K}} and {Kg, K} in Figure 3 (right)).
Isotropic irregular faces as in Figure 5 are not present in this case (i.e., Sc(ﬂ) =0).
Hence, in (6.36), only the liftings £ (3%), £F (v) and Lp(v f) in (6.32) are active.
The liftings £ (3) extend into the corner elements in T4¢. Property (6.35) then
ensures the continuity over diagonal elements and into %ﬁvc. O

We now complete the proof of Theorem 3.14 in Section 3.4.
Proof of Theorem 3.14. We set Eés(vf) = v, with v° constructed above. By

construction, 5575 is linear and reproduces functions in V,f,’sl. Lemmas 6.11 and 6.10
imply v¢ € ijﬁl . From (6.36) and the properties of the liftings, we further find that

Tl - S Y (TarlclP @)+ Tor L))
FEF (M)

+ Y (P LEEEP + o 5@+ DD THLo @)

FeFo(M) DeD(M)

for any geometric reference mesh patch M. The stability estimates (6. ), (6.15) for
LEE@) and £E ('), the estimates (6.24), (6.29) for L5 (@') and £E (?"), and the
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bound (6.33) for Lp (') finally yield

Y0 =T < 1Pl mp oy ) 0, (6.37)
where .7-'}' (M) denotes the interior faces on M which satisfy (3.31), (3.32). After
mapping to the physical patches and summing over all patches, this implies the

bound (3.46). O

7. CONCLUSIONS

We established the H'-norm exponential convergence rate exp(—bv/N) of con-
forming hp-FEMs in axiparallel polyhedral domains Q C R3. The FE spaces are
based on o-geometric mesh families 9, of hexahedral elements containing, in gen-
eral, irregular faces and edges. Geometric meshes M € 9N, are obtained as finite
unions of four types t € {c, e, ce,int} of o-geometric reference geometric mesh
patches Mﬁ’t. The hp-version FE spaces allow for anisotropic elemental polyno-
mial degree distributions with s-linear growth in terms of the logarithmic element
distance to the singularity set S of 2. General subdivision ratios 0 < ¢ < 1 and
slope parameters s > 0 are admitted (the analysis extends in a straightforward fash-
ion also to directional slope parameters sl and s1). Inter-patch mesh compatibility
is ensured by a compatibility requirement on the patch maps, and inter-element
continuity is ensured by a minimum degree rule on the local polynomial spaces.

Our principal technical contribution are the constructions of hp-version quasi-
interpolation operators. The operators can be assembled from four types of refer-
ence patch quasi-interpolants ﬁf;%jt which are well-defined on H 1(@) and exponen-
tially consistent in the H'-norm for functions @ belonging to an analytic reference
class By (@), with weighting towards corners and edges of @ according to the patch
type t € {c, e, ce,int}. Analogous L*norm error bounds for L2-projections for the
approximation of solutions in B_(2) are also obtained.

We considered the particular, second-order model elliptic problem (1.1)—(1.3) for
which analytic regularity was established in [5]. The presently proved exponential
convergence rate estimates are, however, independent of the particular PDE and
apply to any elliptic problem which admits an analytic regularity shift in the ana-
lytic classes B_1_p(f2) in Definition 2.1. The present results extend also to hp-FE
spaces which enforce conformity by the maximum degree rule. They also imply ex-
ponential bounds dy (K, X) < exp(—bv/N) on the Kolmogoroff N-widths dy (IC, X)
of the analytic classes K = B_1_(Q) N H'*9(Q) which are compact subsets of the
Hilbert space X = H'(£2). This bound is of interest in connection with reduced ba-
sis approximations generated by greedy algorithms in X'. We refer to [4] for theory,
and to [17] for recent developments for elliptic problems.

APPENDIX A. PROOF OF THEOREM 4.3
We outline the major steps of the proof of Theorem 4.3.
A.1. Approximation results. We first establish auxiliary approximation results.

A.1.1. Univariate approzimation properties. The following consistency bound holds
for the H'-projector mp, 1 in (4.1) on I = (—1,1); see [26, Corollary 3.15].
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Lemma A.1. Let p > 1, 4 € H*"'(I) and 0 < s < p. Then there holds

Ha 7Tp 1UHH1(1) ~ ;DS”u(é—’_l)HLZ(I)

Here,

L(g+1—r)
==, 0<r<yg, A2
& g+ 1+7r) =r=q ( )

where T is the Gamma function satisfying T'(m + 1) = m! for any m € Ny.

The subsequent H'-norm error bound holds for the L?-projection 7, (see
also [26, Theorem 3.11] for p-optimal bounds).

Lemma A.2. Let p > 1,4 € H ' (I) and 0 < 5 < p. Then there holds

1= T2 gy S P T2, 7 (A3)
Proof. We recall from [25, Lemma 5.1] that
H(%p,Oa)(s)HLz(f) N max{l,p}%Ha(s)HN(f), p=>0,s>0. (A-4)
With (A.4) and for p > 1, we find that
[ — %p,OaHHl(f) <llu- %p,laHHl(f) + [[7p0(u — %p,la)HHl(f)
Spla— %p71a||H1(f)-
Referring to (A.1) yields (A.3). O

A.1.2. Approzimation properties of Tp .. We next derive approximation results for
the tensor projectors in (4.3). On K = I3, we introduce the tensor-product space

HL (K):=H! (K" o HY(K) := H\(I)® H'(I) @ H'(I). (A.5)

mix mix

endowed with the standard (tensor-product) norm |- [, (- Let K = Kteo Kt

be an axiparallel element, px = (pg,p I %) an elemental degree vector and rx €
{0,1} an elemental conformlty index in edge-parallel direction. For u : K — R, we
denote by U := uo ® g the pull-back to the reference element K. In this setting, the
tensor projection mp . r, U = %:‘i,O(X)%ﬂL’TKﬂ defined in (4.3) satisfies the subsequent

bounds.
Proposition A.3. The error fjy = U — ;‘ 017 in edge-perpendicular direction
satisfies

12 138 1

|| ||Hl1mx(f() 5 (pK) \Ilpﬁ,sﬁEin( (Kvu)a (AG)

or any 0 < s < pr, with
K K

s+2
aLf aH, aL Gc”
ErEu) = > DT (h)2e 20 DY DY ulfRa ey - (AT

|at|=s+1 all=0,1

The error il = — %p“ TK@ in edge-parallel direction satisfies
Ko

||Da (hJR)Q\a*|—2(hL)25‘I‘(+1HDa D K+1U||%2(K), (A8)

||L2(K) ~P pkl( SH I

for any ri = 0,1, |at]| >0, all=0,1, cmd0<s” <p”
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Proof. We have

i =a-7) @r? a=@-) @ +7l) (a-72 @) .

Tk .0 P0 %50
Hence, by the triangle inequality and the stability property (A.4) of the univariate

L2-projector %1(71;) o

2
112 2y S RV (DT -7 Gall%, (&) -
=1

The univariate approximation properties (A.3) in Lemma A.2 now imply

s at a2
11 oy S GRS e (D0 IDCEHer g2, o

we find

0<az,all<1
se41al)~
+Y Dtttz
Ogaf,augl
for any 0 < sll( < pll( and where we write D® = D{(@1,22,23) for a multi-index

a = (a1, a2, a3). This bound and a scaling argument as in [24, Section 5.1.4] yield
the desired bound (A.6) for 7j; .

The bound for 7l is an immediate consequence of the consistency bounds (A1)
(re = 1) and (A.3) (rx = 0) applied in edge-parallel direction, combined again
with a scaling argument as in [24, Section 5.1.4]. O

A.1.3. Weighted norm estimates in plane domains. In plane domains perpendicular
to edges, we shall use estimates in weighted spaces analogous to those in [13, Sec-
tion 3]. To state them, let & be an axiparallel and shape- regular rectangle of diame-

ter hg which is affinely equivalent to the reference square R =I2. Let c be a corner
of & and set r(x) = |z—c|. For a weight exponent 3 € [0,1), we denote by L2 () the

weighted L2-space endowed with the weighted norm HuHL%(ﬁ) = ||rﬁu||L2(ﬁ). For
m = 1,2, the weighted Sobolev space ng"m(ﬁ) is defined as the completion of all
A : : 2 - 2 2
c> (ﬁ)—functlons with respect to the norm HuHHgL,m(ﬁ) = |l gy |u|HgL,m(ﬁ),
where |u[?m. mig) = 2lal=m P D™ u[|72(q)- We denote by 77, the L2-projection
E]
onto the tensor-product polynomial space Q,(R) obtained by mapping 7r oon R.

Lemma A.4. Let 8 € [0,1) be a weight exponent. For u € Hé’l(ﬁ) and p > 0,
there holds

2-2
Hu - 7-‘-;E,OUH%Q(R) 5 h.ﬂ ﬂ|“|i{évl(ﬁ)' (A.Q)
Similarly, for u € HE’Q(R) and p > 1, there holds
4—
= 72 ey + W3V~ ) Bage) S e . (A0)

The implied constants depend on the aspect ratio of R.

Proof. To prove (A.9), we apply the triangle inequality and the stability of the
L?-projection 72 ; to obtain

lu— 72 gull L2y S llu — 75 oullL2(s) + 17 0(w — 75 gu) [ L2(s) S llu— 75 gullL2(w)

The proof of (A.9) for p = 0 can then be found in [19, Proposition 27].
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To show (A.10), upon scaling it is sufficient to consider the reference square
& = (—1,1)%. We denote by p? ; the L*-projection onto the polynomial space Py (K).
With the stability bound (A.4), it follows that

~

lu— OUHHl R®) ~ S lu—pi OHH1 +H7T ot — P, 0“)” *)

5 p4HU - 1,0u||H1(3§)'

Hence, it suffices to prove (A.10) for p7 ;: We claim that there is a constant C>0
independent of u such that

”U'HH2 2 < C(|U|H2 2(ﬁ) + le OUHLZ(}i)) . (A'11>

The bound (A.11) follows with standard arguments from the Peetre-Tartar lemma
(see [10, Lemma A.38]) and the fact that the embedding H§’2(ﬁ) — HY(R) is
compact (see [13, Lemma 3.4]). Invoking (A.11) for @ — p3 ¢u and noting that
|E%017|H§,2(ﬁ) =0, E%O(ﬂ—ﬁioﬂ) = 0, results in || — p? Ou||Hz 23 < C|u|H2 2Ry
which finishes the proof. (]
A.1.4. Edge-parallel interpolation. We construct univariate hp-projectors and es-
tablish exponential convergence bounds for univariate geometric refinements on
the interval w = (0,1) towards x = 0. These results will be used for the hp-
approximations along edges e € &, towards corners ¢ € C.

In w and for o € (0,1), we introduce geometric meshes 7 = {I; }”1 with
elements given by Iy = (0,0°) and I; = (o/T277,o170) for 2 < j < L +1,
respectively. We introduce the local mesh sizes h; := o and

hj:=o™ i (1—-0), 2<j<l+1. (A.12)
Then, there is a constant £ > 0 solely depending on o € (0,1) with
Kk thy <z <kh;j, wx€l;,2<j<l+1. (A.13)

On the geometric mesh 77, let pll = (pg, e ,pEH) € N1 be an (edge-parallel)

polynomial degree vector with pljl = max{1l, |sj|}, for s > 0 as in Section 3.2.1. We

1 I!

set |pll| = max;"; p; and introduce the space

VO(TE, pl) = {v € I2W) : vly, € B y(I)), j = 1,...,e+1}. (A.14)

For conformity indices 7; € {0, 1}, we denote by 7 the projection onto VO(T7%,pll),
given on interval I; as the (scaled) univariate projector T, s T (I;) — P (L;).
o7 i
For u € H'(w), we define the approximation errors 1 := u — 7u, and set
Ty[n)* := hj_2||77||2L2(Ij) + H77I||2L2(1j)- (A.15)
Lemma A.5. For a weight exponent 3 > 0, let u € H(w) be such that
2] P 2y < CEFIT(s +1), s> 2. (A.16)

Then, for any conformity indices r; € {0,1}, there exist b,C' > 0 independent of
> 1 such that Z”l T;[n)* < Cexp(—2b0).
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Proof. Fix I; € T for 2 < j < £+ 1. A straightforward scaling argument yields
Ti[n)? =~ (hifo) " ”77”?11(7)’ where as usual we denote by v the pull-back operator

from vz, to the reference interval T = (—1,1). The bounds in (A.1) and (A.3) yicld
(s
Tj[n]Q 5 |p”|4(h]/2) v H HH (5541 HiQ(f)v

for any 1 < sl} < py, where we exclude sy =0in (A.1), (A.3) to ensure that s > 2
in (A.16). Scaling the right-hand side above back to element I; results in

S‘.I sH
Ty < 1 0o D g, (A17)
Moreover, by the equivalence (A.13),
sl 2428-2(sl+1), ol sl
D 2oy = by a7, (A.18)

By combining (A.17), (A.18) with the regularity assumption (A.16), we find that

—2s — s” s”
T < [pl*h 252 25 o, H|||x| 1=B+(s;+1),,( ]+1)||2L2(m (
A.19)

S [pI[AR27 () w ot D(s) +2)°

for 1 < s” < p An interpolation argument as in [24, Lemma 5.8] shows that the

bound (A.19) holds for any real sl} € [1,p|}].
Next, we sum the bound (A.19) over all intervals 2 < j < £+1. In view of (A.12),
we obtain
+1 41

12 < I 2(0+1—5)8 25! _ 2})
ZT Ip!l|* (ZO’ HImn C J\Ppy7sgf(sj+2) .

s)€llp)]
By [24, Lemma 5.12], the bracket on the right-hand side above is exponentially
small. Adjusting the constants to absorb |pll|* finishes the proof. O
Similarly, we obtain the following result.

Lemma A.6. For a weight exponent 3 > 0, let u € L?(w) be such that

a5 +u® o) < CSFT(s+2), 521, (A.20)
For any conformity indices r; € {0,1}, there exist b,C > 0 independent of £ > 1
such that Z”l ||77||L2(1 ) < < Cexp(—2b0).
Proof. This follows as in Lemma A.5 or [25, Proposition 5.5]. O

A.2. Reference corner-edge mesh. We consider the reference corner-edge mesh
patch /Wﬁ’ce on @ for ¢ € C and e € &; cf. Figure 1 (right). As in [25, Section 7],
it is sufficient to focus on the elements in Mﬁ’ce near the corner-edge pair. To this
end, we introduce the submesh /Ef_vce - Mﬁ’ce given by

+1 g

Kee = |J U 22, (A.21)

j=1li=1

where the sets Ezcje stand for layers of elements with identical scaling properties
with respect to ¢ and e; cf. [24, Section 5.2.4]. The index j indicates the number
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of the geometric mesh layers in edge-parallel direction along the edge e, whereas
the index i indicates the number of mesh layers in direction perpendicular to e. In
agreement with [25, Section 7.1], we split I%ﬁ*ce into interior elements away from ¢
and e, boundary layer elements along e (but away from ¢), and corner elements
abutting at ¢. That is, we have K& = 9L U TL U T, with

+1 g 41 N _
.= UzLL, U ey gl.=gll (A.22)
Jj=21i=2

Here, for 2 <1i,7 < £+ 1, interior elements K € E’c{: satisty

~ hL oo b1
hi ~o ,

Te|lK =~ Te|K >~ hﬂ( ~ gt T1d, (A.23)

Similarly, boundary layer elements K € Eg satisfy

¢ relg ~ bl ~ o1 2 << (A.24)

1L
relk S hg ~o°,

Finally, a corner element in the layer %ﬁ = Eéé is isotropic with re|x < hx ~ ol

and el < hi ~ of. The sets £ and £1L are in fact singletons, and without loss
of generality K; € £/ can be written in the form

Kj=K'xK), 2<j<t+1, (A.25)

cf. (3.3), where K+ = (0,0%)2, and the sequence {KH}ZJrl forms a one-dimensional
geometric mesh 7 along the edge e as in Section A.1.4. The s-linearly increasing
polynomial degree distributions on %°¢ in (A.21) are given by

VK € Ezc]e : pr = (pf ,py) ~ (max{1, |si|}, max{1, |sj]|}). (A.26)

In the sequel, we introduce the domain Qf;e = ( Ugeittee ?)o. Analogously
to (2.6) and for exponents B = {fe, fe}, we introduce the non-homogeneous refer-
ence corner-edge semi-norm on Qf;e:

r;nax{ﬁc-ﬂa\,O}pgleax{ﬁe-ﬂaL|,0} Dau‘ 2 7 (A27>

L2(QL,)

2
lulg @) =

|| =k

for any k > 0 and where 7. and 7 are the distances to ¢ and e, respectively, and
Pce = Te/Te. For m > kg as in (2.7), the weighted Sobolev spaces NB (Qé ) are
defined as in Section 2.2 with respect to the norms | - ||% @) = =3l NK(Q/»’ )

The corresponding analytic reference class Bg(ﬁﬁe) consists of all functions w :
Qf, — R such that u € Ng(ﬁﬁe) for k > kg and such that there is a constant
d,, > 0 with

Jul 3 @,y < d"FIT(k+1) V> kg. (A.28)

In the following, we restrict ourselves to the classes B__p(€2%,) and B_p(Q2%,)
for exponents b = {bc,be} in (0,1) as in Remark 2.3. In the first case, we have
kg € (1,2) and the norms on the right-hand in (A.27) are given by

lal = 0,1, |a*|=0,1,
lal > 2, la*| =0,1, (A.29)

10w,

—1- b‘HO‘T a
Ivs D"l

_ I 71 be+
[[rbe—beto etlo” D2, g ) lal 22, fat 22,
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Similarly, for the second analytic class B_p(QL,), we have kg € (0,1) and the norms

on the right-hand side of (A.27) take the form
o jal =0, Ja*| =0,

Jret sl o, =1 lal[=0.  (A30)

[rheterel g betleTpay 2 o > 1, Jat| > 1.

L2(Qf,)
In the axi-parallel setting considered in the present paper, when functions u €
B_1_() and u € B_y(R) as in Theorem 4.3 are localized and scaled to QY they

ce’
belong to the reference classes B_1_p(Q%,) and B_ (ch) respectively; cf. [20,
Section 3.4].

To prove Theorem 4.3 in the reference corner-edge framework, it is now enough
to bound the error contributions as in (3.34), (3.33) over K5 = O, UT! U TL.

ce)

Proposition A.7. For be,be € (0,1), let u € B_1_u(Q%) N H(QL,) for some
0 € (0,1), and let Tu = 73 @ wlu be the base interpolant (4.4) over K4 for any
conformity indices ri € {0,1}. For the errors n, ng-, nll in (4.7), we have

Ty, [+, [0 +Tg, [ + 1L (0] + T, [ < C exp(—2b0),

with b, C > 0 independent of £. N N
Moreover, for be,be € (0,1), let u € B_(Q%.) N HY(QL,) for some 0 € (0 1),
K [

and let mou = 13 ® ﬁgu be the L?-projection over Kﬁ’ce. For the errors o, 0y, Mo
n (4.7), we have

HUO ||L2(D‘~’ ) + ||77 HLZ(D" ) + H770 HLZ(TL’) + HnO”LQ(TZ) + ”nOHLz(Tl) < Cexp(—Qbf),
with b, C > 0 independent of £.

The remainder of this section is devoted to the proof of Proposition A.7.

A.3. Proof of Proposition A.7. We bound the errors in Proposition A.7 sep-
arately for the set D%, (Propositions A.9 and A.10), for T¢ (Propositions A.11
and A.12), and for T (Proposition A.13).

A.3.1. Convergence on 55£e. We begin our analysis by recalling essential scaling
properties; see [24, Section 5.1.4].

Lemma A.8. Let K = (0,h%)? x (O,hk) be of the form (3.3). Letv : K — R,
and O =vo ®x'. Then:

(0) lolZ2rey S (i) R IB12, -

(i) (hhe) 20220y + [ID0l2a () S (hik)? ()~ (|6 Oy ck) + IDI1Z: z))-

(i) (hk)~[0l3are) + 1D L0300y S Pk (1812, &, + D102

L2(K) L2 (f()) ’

We bound 73~ over 5£e as follows.

Proposition A.9. Let u € B_i_y(QL,) respectively u € B_y(QL,). Then there are
constants b, C > 0 independent of ¢ such that TDL’ [n5]? < Cexp(—2bl) respectively

l1m5- HL?(DL’ ) < Cexp(—200).
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Proof. Let u € B_1—b(§£e). We consider an element K € Elc]e with 2 <j</(+1
and 2 < i < j; see (A.22). With Lemma A.8 (observing that hy; < hﬂ(), the
approximation results for 7j3- in Proposition A.3 and (A.26), we conclude that

Nicln > S Bl %y So b Wyt o2 B (K ),

for 1 < si < pj, where EX (K;u) is the expression in (A.7). Notice that here we
exclude the choice s;- = 0 to ensure that || > |a*| > 2 in B}, (K;u). Thanks to
the equivalences (A.24), we insert the appropriate weights as in (A.29) and obtain

105" Dl gy = ()220 20 (2002l

« Hrge—bcm”Te—l—be+|aL\Df | UH%Z(K) ,

for 2 < siL +1< et < sf +2 and oll =0, 1. Hence, it follows that

siL+3

Niel P Sp(hge )" (hie)e 3~ Julfoe, e -
k_strl

The analytic regularity (A.28) then implies the existence of C' > 0 such that

Nl 12Sp Wyr oo (hje) 220 (R )2 25 T (st + 4)?, (A:31)

~P = p;

forall 1 < si < p;-. Summing (A.31) over all layers in ! in (A.22) in combination
with (A. 23) results in

l+1
Tée 7 szaz(bcfbe)(eﬂ j (Zazbe (6+1— z)\I, CQSjF(S,ﬂ_ +4)2) .
=2 =2
By interpolating to real parameters s € [1,p;] as in [24, Lemma 5.8], this sum

is of the same form as S in the proof of [24, Proposition 5.17], and the assertion
now follows from the arguments there and after adjusting the constants to absorb
the algebraic loss in |p|.

For u € B_p(9,), we proceed similarly and note that

6 13200y (R 151y S (BB Wi o1 Bt (K5 w),

for 1 < s < p . Hence, we obtain

sf+3
_ 2
161220y Sp W o (P22 (R D7 Julfoe, gy -
lc:siL +1
The second bound follows as before. O

Next, we establish the analog of Proposition A.9 in edge-parallel direction.

Proposition A.10. Let u € B_y_p(QL,) respectively u € B_y(QL,). Then there
are constants b, C' > 0 independent of £ such that TI}D{;E 112 < Cexp(—2b¢) respec-

tively H77 |2 < Cexp(—2b0).

L2(He,) =
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Proof. For u € B_1_(Q.,), we claim that
Nl P Splul®

~s +2
71 b

(A.32)

)

for any K € 5£e and 1 < sk < pk To prove (A.32), we start by employing
Lemma A.8 and the approximation property for 7l in Proposition A.3:

— — H,\
() 120y + 1D 13200y S (i) () ™ Z 15§ A2 )
all=0,1

s s +1
oWy (e D7

for any 1 < sﬂ( < pﬂ(, where we again exclude the choice sﬂ( = 0 so that |a] > 2.
We then insert suitable weights with the aid of (A.23), (A.29) to obtain

||D K+1 (h” )217 —2sK|| —1-bc +SK+1D K+1

U||L2(K) I u||2L2(K)'

Hence,

(hi) M2 ae) + 10y 200 S T (i)™l

o (K)

By proceeding similarly, we find that, for |at| = 1,

I I Rat QHA
ID% 7132 ) S ke > 192 f Al sy
all=0,1

I 1osh 41
Sp¥, 1 ()< DY DY fa
I

—betsl 41 ot 1
SpW, () e TR DS DI

<Y, sl (hH )
)

This establishes the bound (A.32).
For u € B_p(2%,), we use analogous arguments based on Lemma A.8, Proposi-
tion A.3 and (A.30). This results in
s“ S\I +1
(hle )= +2| D}

61720 S0 21 o1 ullf )

—botsl! sl
< \IJ ” H (h,” )2bCHTC + K+1DHK+1UH%2(K) (A33)

< <h” >2b Jul?
P ~S‘L+1(K

Next, we sum the bounds in (A.32), (A.33) over all layers of O, . By notic-
ing (A.23), (A.26) and the analytic regularity (A.28), we conclude that

{+1 J
we B p(@): XL P, 03 W, e 1 3y
° =2 i=2
_ 41 g
u € B_p(Qhy) : ||77 ||L2(D[ )szqup;' SH02(e+1 J)bcC%]F(SH +92)2.

Jj=2 i=2
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The terms in the sums above are independent of the inner index 7. Interpolation to
non-integer differentiation orders sy € [1, p”] as in [24, Lemma 5.8], applying [24,
Lemma 5.12] and absorbing the algebraic loss in |p| complete the proof. O

A.3.2. Convergence on ‘Eﬁ We first consider edge-perpendicular elements.

Proposition A.11. Let u € B_y_y(QL,) respectively u € B_y(QL,). Then there
are constants b, C' > 0 independent of £ such that Tff [n5]? < Cexp(—2bf) respec-

tively [ |17z, < C exp(=2b0).

Proof. Let K = K; = K+ x K“ be an element of %e as in (A.25). We claim that

(hL) 2||770 HLZ(K) + ||DJ_770 ||L2(K S g2 mindbe be}l|u|2~z K (A.34)
1-6(K)
< 2min{be,be}l|,, (2.
||D||770 ||L2(K) g |u|N31,b(K) ) (A35)
I [3agaey S 02 ™0t H (A.36)

To show (A.34), let s = |a| = 0,1. Applying the bound (A.10) with 8 =1—b,
(noting that pg = max{1,s} by (A.26)) and from (A.24), (A.29), we see that

_ €
(hie)* VDT 5 7 S (i)™ lIre™* D3l
< () 720e ) (i) e~ eri ™" DY llFaiey,

where |D% v|? = Z\aH 5 |DL v|2. Thus, combining these estimates and expressing
the mesh sizes in terms of o, see (A.24), we have

J_ (s—1) 2be (0+1—5)+2be(5—1),,|2
(hi) 2= VDS 0 2250y S 0 e

5 0_2 min{be, be}l|u|2

2 e (E)
which yields (A.34). To prove (A.35), we similarly conclude that

(hJ_ )2+2be 1—be D2

e D||U||2L2(K)
—2b b iR b be—b —b,
< (hl) 727t e (o) 2H20e | pbe—bet 1 =be D3 D3,

HDH770 HL?(K)

< 2m1n{bc,be}l|u|2~ )
~ N2, (K)

For proving (A.36), we employ an analogous argument based on (A.9) (with
B =1—be). With (A.24) and (A.30), this results in

be ||, 1—be
1957172y S (h3c) ™ llre™"*D a2

(hH 2be— 2be(hJ_ 2beHTbe b, 1 beDLU”QL?(K)

<
5 2min{bc,be }Z|U|N1 (Qe )
which is (A.36).

The assertions now follow by summing the estimates (A.34), (A.35) and (A.36)
over all elements K € T (i.e., over 2 < j < ¢+ 1) and by suitably adjusting the

constants. O

A similar estimate holds for the approximation errors in direction parallel to e.
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Proposition A.12. Let u € B_y_y(Q%,) respectively u € B_y(QL,). Then there
are constants b, C' > 0 independent of ¢ such that ng [1? < Cexp(—2b¢) respec-

tively Hn(l)‘Hiz(%ﬁ) < Cexp(—2b0).

Proof. For u € B_1_p(Q%,), we have u, Dyu,Diu e L2(QL,) with (A.28) and
Hrcilibdau (|3|t”U||L2(§e ) < CO‘HHF(a” +1), al > 2,

— I
gt D D L] g, ) < CU (0l +2),  all > 1.

Cc

Similarly, for u € B_p(€2%,) it follows with (A.30) that u € L2(€%,) and

Cphotal ~eal ol
Ir " D ull ey < C* '@+ 1), ol > 1

c

In view of (A.24), (A.25), these properties correspond to the one-dimensional an-

alytic regularity assumptions considered in (A.16) and (A.20), respectively. More-

over, due to (A.26), the polynomial degrees pu( along the edge e are s-linearly

increasing away from the corner ¢. Hence, Lemma A.5 respectively Lemma A.6
along with the tensor-product structure of the elements yield the assertions. O

A.3.3. Convergence on T.. It remains to show exponential convergence on T.

Proposition A.13. Let u € H'(QL,) respectively u € H(QL,) for some 0 €
(0,1). Then there exist constants b,C' > 0 independent of { such that T%E n)? <

C'exp(—2bl) respectively ||nol| < Cexp(—200).

2 ~
L2(%9)

Proof. The element K € %ﬁ is isotropic with hx =~ of; cf. (A.22). Standard
h-version approximation properties then show that NJ.[n]? < h%?”“”?que( K Te

spectively [[nol|7(x) < h%?”u”fqg(m. This implies the assertions. O
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