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Abstract

The paper aims at analytically exhibiting for the first time the fundamental mechanisms
underlying the fact that effective biological tissue electrical properties and their frequency
dependence reflect the tissue composition and physiology. For doing so, a homogenization
theory is derived to describe the effective admittivity of cell suspensions. A new formula is
reported for dilute cases that gives the frequency-dependent effective admittivity with re-
spect to the membrane polarization. Different microstructures are shown to be distinguish-
able via spectroscopic measurements of the overall admittivity using the spectral properties
of the membrane polarization. The Debye relaxation times associated with the membrane
polarization tensor are shown to be able to give the microscopic structure of the medium.
A natural measure of the admittivity anisotropy is introduced and its dependence on the
frequency of applied current is derived. A Maxwell-Wagner-Fricke formula is given for
concentric circular cells, and the results can be extended to the random cases. A randomly
deformed periodic medium is also considered and a new formula is derived for the overall
admittivity of a dilute suspension of randomly deformed cells.
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1 Introduction

The electric behavior of biological tissue under the influence of an electric field at frequency w
can be characterized by its frequency-dependent effective admittivity k. ¢ := oo (w) +iwe,f(w),
where 0, and ¢, are respectively its effective conductivity and permittivity. Electrical impedance
spectroscopy assesses the frequency dependence of the effective admittivity by measuring it
across a range of frequencies from a few Hz to hundreds of MHz. Effective admittivity of bio-
logical tissues and its frequency dependence vary with tissue composition, membrane charac-
teristics, intra-and extra-cellular fluids and other factors. Hence, the admittance spectroscopy
provides information about the microscopic structure of the medium and physiological and
pathological conditions of the tissue.

The determination of the effective, or macroscopic, property of a suspension is an endur-
ing problem in physics [44]. It has been studied by many distinguished scientists, including
Maxwell, Poisson [52], Faraday, Rayleigh [54], Fricke [31], Lorentz, Debye, and Einstein [26].
Many studies have been conducted on approximate analytic expressions for overall admittivity
of a cell suspension from the knowledge of pointwise conductivity distribution, and these stud-
ies were mostly restricted to the simplified model of a strongly dilute suspension of spherical
or ellipsoidal cells.

In this paper, we consider a periodic suspension of identical cells of arbitrary shape. We
apply at the boundary of the medium an electric field of frequency w. The medium outside
the cells has an admittivity of ko := 0p + iwep. Each cell is composed of an isotropic homo-
geneous core of admittivity kg and a thin membrane of constant thickness J and admittivity
ki := oy + iwey,. The thickness § is considered to be very small relative to the typical cell size
and the membrane is considered very resistive, i.e., 0;;, < 0p. In this context, the potential in the
medium passes an effective discontinuity over the cell boundary; the jump is proportional to
its normal derivative with a coefficient of the effective thickness, given by dkg /k;,. The normal
derivative of the potential is continuous across the cell boundaries.

We use homogenization techniques with asymptotic expansions to derive a homogenized
problem and to define an effective admittivity of the medium. We prove a rigorous convergence
of the original problem to the homogenized problem via two-scale convergence. For dilute cell
suspensions, we use layer potential techniques to expand the effective admittivity in terms
of cell volume fraction. Through the effective thickness, d ko/ky,, the first-order term in this
expansion can be expressed in terms of a membrane polarization tensor, M, that depends on
the operating frequency w. We retrieve the Maxwell-Wagner-Fricke formula for concentric
circular-shaped cells. This explicit formula has been generalized in many directions: in three
dimension for concentric spherical cells; to include higher power terms of the volume fraction
for concentric circular and spherical cells; and to include various shapes such as concentric,
confocal ellipses and ellipsoids; see [14, 15, 28, 29, 30, 43, 55, 56, 57].

The imaginary part of M is positive for J small enough. Its two eigenvalues are maxi-
mal for frequencies 1/7;,i = 1,2, of order of a few MHz with physically plausible parameters
values. This dispersion phenomenon well known by the biologists is referred to as the -
dispersion. The associated characteristic times 7; correspond to Debye relaxation times. Given
this, we show that different microscopic organizations of the medium can be distinguished via



7,1 = 1,2, alone. The relaxation times 7; are computed numerically for different configura-
tions: one circular or elliptic cell, two or three cells in close proximity. The obtained results
illustrate the viability of imaging cell suspensions using the spectral properties of the mem-
brane polarization. The Debye relaxation times are shown to be able to give the microscopic
structure of the medium.

In the second part of this paper, we show that our results can be extended to the random
case by considering a randomly deformed periodic medium. We also derive a rigorous homog-
enization theory for cells (and hence interfaces) that are randomly deformed from a periodic
structure by random, ergodic, and stationary deformations. We prove a new formula for the
overall conductivity of a dilute suspension of randomly deformed cells. Again, the spectral
properties of the membrane polarization can be used to classify different microscopic structures
of the medium through their Debye relaxation times. For recent works on effective properties
of dilute random media, we refer to [7, 17].

Our results in this paper have potential applicability in cancer imaging, food sciences and
biotechnology [41, 42], and applied and environmental geophysics. They can be used to model
and improve the MarginProbe system for breast cancer [61], which emits an electric field and
senses the returning signal from tissue under evaluation. The greater vascularization, differ-
ently polarized cell membranes, and other anatomical differences of tumors compared with
healthy tissue cause them to show different electromagnetic signatures. The ability of the probe
to detect signals characteristic of cancer helps surgeons ensure the removal of all unwanted tis-
sue around tumor margins.

Another commercial medical system to which our results can be applied is ZedScan [62].
ZedScan is based on electrical impedance spectroscopy for detecting neoplasias in cervical dis-
ease [1, 20]. Malignant white blood cells can be also detected using induced membrane po-
larization [53]. In food quality inspection, spectroscopic conductivity imaging can be used to
detect bacterial cells [12, 59]. In applied and environmental geophysics, induced membrane
polarization can be used to probe up to subsurface depths of thousands of meters [58, 60].

The structure of the rest of this paper is as follows. Section 2 introduces the problem settings
and state the main results of this work. Section 3 is devoted to the analysis of the problem. We
prove existence and uniqueness results and establish useful a priori estimates. In section 4 we
consider a periodic cell suspension and derive spectral properties of the overall conductivity.
In section 5 we consider the problem of determining the effective property of a suspension of
cells when the volume fraction goes to zero. Section 6 is devoted to spectroscopic imaging
of a dilute suspension. We make use of the asymptotic expansion of the effective admittivity
in terms of the volume fraction to image a permittivity inclusion. We also discuss selective
spectroscopic imaging using a pulsed approach. Finally, we introduce a natural measure of
the conductivity anisotropy and derive its dependence on the frequency of applied current. In
section 7 we extend our results to the case of randomly deformed periodic media. In section
8 we provide numerical examples that support our findings. A few concluding remarks are
given in the last section. For simplicity, we only treat the two-dimensional case. Our results
can be extended into the three dimensional setting [35].



2 Problem settings and main results

The aim of this section is to introduce the problem settings and state the main results of this
paper.

2.1 Periodic domain

We consider the probe domain ) to be a bounded open set of R? of class C2. The domain
contains a periodic array of cells whose size is controlled by ¢. Let C be a C>" domain being
contained in the unit square Y = [0,1]?, see Figure 2.1. Here, 0 < 7 < 1 and C represents
a reference cell. We divide the domain () periodically in each direction in identical squares
(Yen)n of size €, where
Yen =en+eY.

Here, n € N, := {n € Z*|Y,, N Q # @}.

We consider that a cell Cg, lives in each small square Y; ;. As shown in Figure 2.4, all cells

are identical, up to a translation and scaling of size ¢, to the reference cell C:
Vne N, Cepn=en+eC.

So are their boundaries (T¢ ;) nen, to the boundary T of C:
VneN, Teyn=en+el.

Let us also assume that all the cells are strictly contained in (), that is for every n € N, the
boundary I'; , of the cell ¢, does not intersect the boundary d(:

0N (| Ten) = .

neN;

2.2 Electrical model of the cell
Set for any open set D of R? :

12(D) = {f e13(D)| /an(x)ds(x) - o}

and

HY(D) := {f c LZ(D)MVﬂ c LZ(D)}.

We consider in this section the reference cell C immersed in a domain D. We apply a sinu-
soidal electrical current ¢ € L3(dD) with angular frequency w at the boundary of D.

The medium outside the cell, D \ C, is a homogeneous isotropic medium with admittivity
ko := 0o + iweg. The cell C is composed of an isotropic homogeneous core of admittivity ko
and a thin membrane of constant thickness ¢ with admittivity k,, := oy, + iwe,,. We make the
following assumptions :

op>0,04 >0,e0 >0,¢, > 0.



If we apply a sinusoidal current g(x)sin(wt) on the boundary dD in the low frequency
range below 10 MHz, the resulting complex-valued time harmonic potential i is governed by

AV (ko + (km — ko)xra)Vﬁ) =0 inD
oy _
nlop ~ &
where I’ := {x € C : dist(x,T) < §} and xp is the characteristic function of the set I.

The membrane thickness J is considered to be very small compared to the typical size p of
the cell, i.e., 6/p < 1. According to the transmission condition, the normal component of the

il
current density ko=— can be approximately regarded as continuous across the thin membrane
n

0
I.

) . C
We set B := o Since the membrane is very resistive, i.e. ¢;,/0p < 1, the potential i in

D undergoes a jurnrqlp across the cell membrane I', which can be approximated at first order by

,Bkoa—u. A rigorous proof of this result, based on asymptotic expansions of layer potentials, can
be found in [37].

More precisely, we approximate i by u defined as the solution of the following equations
[37, 50, 51]:

V- koVu =0 in D\ C,
V - koVu =0 in C,
koal = Oal‘ on F,
onl4 on |- (2.1)
u]+—u]_—,8kog—Z:0 onT,
a—u‘ = / (x)ds(x) =0 u(x)dx =0
nlap — 8 Jopé 7 Jpe -

Here n is the outward unit normal vector and u|+ (x) denotes lim u(x £ tn(x)) for x on the
t—0

ou

—| =1 + . .

» ’i tlir(?+ Vu(x £tn(x)) - n(x)

Equation (2.1) is the starting point of our analysis.

For any open set B in IR?, we denote H}:(B) the Sobolev space H'(B)/C which can be

represented as :

concerned boundary. Likewise,

HL(B) = {u e H'(B) | / u(x)dx = 0}.
B
The following result holds.

Lemma 2.1. There exists a unique solution u := (u*,u~) in H-(D") x HY(D™) to (2.1).



(ko)

Figure 2.1: Schematic illustration of a unit period Y.

Proof. To prove the well-posedness of (2.1) we introduce the following Hilbert space: V :=
H{ (D) x H'(D) equipped with the following natural norm for our problem:

Vu € Vully = VT ll2pos) + IV~ 2oy + ™ — w7 |l 2
We write the variational formulation of (2.1) as follows:

Findu € Vsuch that for allv := (v",07) € V:
/+ koVu™(x) - Vo~ (x)dx +/ koVu™(x)- Vo~ (x)dx
D D~
+ﬁ1ko /r(uJr —u") (vt —v)do(x) = klo/mgvda(x).
1 Tm00 + €mé€o

B = olka
obtain existence and uniqueness of a solution to problem (2.1). O

Since R(kg) = 0p > 0 and R( > 0, we can apply Lax-Milgram theory to

We conclude this subsection with a few numerical simulations to illustrate the typical pro-
file of the potential u. We consider an elliptic domain D in which lives an elliptic cell. We
choose to virtually apply at the boundary of D an electrical current g = 30"

We use for the different parameters the following realistic values:

e the typical size of eukaryotes cells: p ~ 10 — 100 ym;

e the ratio between the membrane thickness and the size of the cell: 6/p = 0.7 - 1073;

7
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Figure 2.2: Real and imaginary parts of the potential u outside and inside the cell.

Figure 2.3: Gradient vector fields of the real and imaginary parts of u.

the conductivity of the medium and the cell: op = 0.5 Sm~ L

the membrane conductivity: ¢, = 10°8S.m~!;

the permittivity of the medium and the cell: ¢y = 90 x 8.85-10 2 Em™};
e the membrane permittivity: e,, = 3.5 x 8.85-10"'2 Em*;
o the frequency: w = 10° Hz.

Note that the assumptions of our model § < p and 0, < 0y are verified.

The real and imaginary parts of u outside and inside the cell are represented in Figure 2.2.

We can observe that the potential jumps across the cell membrane. We plot the outside and
inside gradient vector fields; see Figure 2.3.



2.3 Governing equation
We denote by () the medium outside the cells and Q). the medium inside the cells:

Q+ Qﬂ U an\an U C€1’l
neN; neN;

Set I := | J T'en. By definition, the boundaries 9Q);” and 9Q); of respectively Q" and O

neN;
satisfy:
a0 =9OUT,, 90, =
We apply a sinusoidal current g(x)sin(wt) at x € 9Q), where ¢ € L3(9Q2). The induced
time-harmonic potential u, in () satisfies:

V koVul =0 in QF,
V -koVu; =0 in O,
+ —
ko 85!8 = ko Baug on I,
" " 2.2)
N B 8u+
u; —u, =0 on I,
k uf | _ / (x)ds(x) =0 / uf (x)dx =0

utf  inQf,
where 1, = . _
u, in Q.

Note that the previously introduced constant S, i.e., the ratio between the thickness of the
membrane of C and its admittivity, becomes ¢fB. Because the cells (C)nen, are in squares of

size ¢, the thickness of their membranes is given by ¢ and consequently, a factor ¢ appears.

2.4 Main results in the periodic case

We set YT := Y\ Cand Y~ := C. For any open set D in IR?, we denote H} (D) the Sobolev
space H!(D)/C which can be represented as :

H}:(D):{ueHl |/ dx—O}

Throughout this paper, we assume that dist(Y~,9dY) = O(1). We write the solution u, as
Vx € Q ue(x) = up(x) + eup(x, f) +o(e), (2.3)

with
uf (x,y) inQx YT,

—— u1(x,vy) Y-periodic and uq(x,vy) =
y 1(x,y) Y-p 1(x,y) {ul(x,y) nQxY~.

The following theorem holds.



Figure 2.4: Schematic illustration of the periodic medium ().
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Theorem 2.1. (i) The solution u, to (2.2) two-scale converges to uy and Vu,(x) two-scale converges
to Vuo(x) + xy+ () Vyui (x,y) + xy-(y)Vyuy (x,y), where xy+ are the characteristic func-
tions of Y*.

(ii) The function ug in (2.3) is the solution in HL(Q) to the following homogenized problem:

{ V- K*Vug(x) =0 inQ,
(2.4)

n-K*'Vuy=g onoQ),
where K*, the effective admittivity of the medium, is given by

V(i,j) S {1,2}2, Klftj = ko (51‘]‘ + /Y(Xy+wa +xy7Vw[) '€j> , (2.5)

and the function (w;);—1 » are the solutions of the following cell problems:

V -koV(w; (y) +yi) =0 inYt,
V koV(w; (y) +yi) =0 nY,
0 J, _
koo (W] (y) +yi) = ko (w; (y) +yi)  onT, (2.6)
_ )
w” —w; = Bkoz (W] (y) +yi) =0 onT,
Ly — w;(y) Y-periodic.

(iii) Moreover, uy can be written as

V(x,y) €QxY, m(x,y) =}, 3, Di(y). (2.7)

We define the integral operator Ly : C>/1(T') — CY1(T), with 0 < 57 < 1 by

2 n _
£rlel) = 5 [ Grmr #0s), xeT. @)

Lr is the normal derivative of the double layer potential Dr.

Since Lr is positive, one can prove that the operator I + aLr : C>'(I') — CYI(T) is a
bounded operator and has a bounded inverse provided that ®a > 0[23, 47].

As the fraction f of the volume occupied by the cells goes to zero, we derive an expansion
of the effective admittivity for arbitrary shaped cells in terms of the volume fraction. We refer
to the suspension, as periodic dilute. The following theorem holds.

Theorem 2.2. The effective admittivity of a periodic dilute suspension admits the following asymptotic
expansion:

K* = ko (1 +fM < - f;M> 1) +o(f?), (2.9)

11



where p = \/|Y~|, f = p?,
M= (My=pho [ mgisw) 210)

(i,j)e{1,2}?

and 1} is defined by

ll)l* = — <I+,Bk0£p71r) [I’IZ‘]. (2.11)

Note that p~!T is the rescaled membrane and therefore, M is independent of p.

2.5 Description of the random cells and interfaces

We describe the domains occupied by the cells. As mentioned earlier, they are formed by
randomly deforming a periodic structure. We transform the aforementioned periodic structure
by a random diffeomorphism ® : R? — R?. Let

Ry = m+Y"), Ry:== ) m+Y), TIi= ) m+T). (2.12)

nez? nez? nez?

The cells, the environment and the interfaces are hence deformed to ®(R, ), ®(R; ) and ®(T).
We emphasize that the topology of these sets are the same as before. Finally, the deformed
structure is scaled to size ¢, where 0 < ¢ < 1, by the dilation operator eI where I is the identity
operator. The final sets eé®(R; ), e®(T) and ¢P(R]) thus are realistic models for the random
cells, membranes and the environment for the biological problem at hand.

To model the cells inside an arbitrary bounded domain () as in (2.2), we would like to set
Qf = 0Ned(R;) and I, := QNed(T). However, a technicality is encountered, precisely,
the intersection of e®(I') with the boundary 0Q) may not be empty. In this case, some cells are
cut by the boundary of the body, which is not physically admissible. Moreover, an arbitrary
diffeomorphism ® may allow some deformed cells in e®(R, ) to get arbitrarily close to each
other. This imposes difficulties for rigorous mathematical analysis. In order to resolve these
issues, we will impose a few conditions on ® and refine the above construction in the next
subsection.

2.6 Stationary ergodic setting

Let (O, F,P) be some probability space on which ®(x, ) : R? x O — R? is defined. Through-
out this paper, we assume that F is countably generated so that the space L?(Q) is separable.
For a random variable X € L}(O,dP), we denote its expectation by

EX = [ X(1)dP(y).

Throughout this paper, we assume that the group (Z2,+) acts on O by some action {T; :
O — O}, ez, and that foralln € 72,1, is P-preserving, that is,

P(A) =P(t,A), forall Ae€ F.

We assume further that the action is ergodic, which means that for any A € F, if 1,A = A for
all n € Z?2, then necessarily P(A) € {0,1}.

12



Following [19], we say that a random process F € L! (R?, L}(0)) is (discrete) stationary if

loc

Vn € 72, F(x+mn,v) = F(x,1,7) for almostevery x and 7. (2.13)

Clearly, a deterministic periodic function is a special case of stationary process. However, we
precise that the above notion of stationarity is different from the classical one, see for instance
[49] and [39]. Throughout this paper, we presume stationarity in the sense of (2.13) if not stated
otherwise. What makes this notion useful is the following version of ergodic theorem [25, 34].

Proposition 2.1. (i) Let F € L®(R?, L1(O)) be a stationary random process. Equip Z?* with the norm
|1]ee = maxi<i<s |1;| for all n € Z2. Then

1 LOQ
m |n|wZ<NF(X, Tn’)/) I\H—oo> IEF(X, ) fOT’ a.e.y € 0. (214)
This implies in particular that
X L*™ weak-*
F (E,'y) — E </YF(x, -)dx) forae. v e O. (2.15)

(i) For p € (1,00), suppose F € LF(O, L{ (R?)) is a stationary random process, then the above

convergence results still hold if we replace L by L} .

We assume that for every v € O, ®(+,7) is a diffeomorphism from R? to R? and that it
satisfies

V®(x, ) is stationary. (2.16)
essinf det(V®(x,v)) =x >0, (2.17)
7€0,x€R?
esssup |V®(x,v)|p=«" >0, (2.18)
7€0,x€R?
where | - |f is the Frobenius norm and ess inf and ess sup are the essential infimum and the

essentiel supremum, respectively. We point out that ®~! automatically satisfies similar condi-
tions with constants x1 and /. By the uniform Lipschitz assumption on ® and ®~! above, we
have

()~ yr = val < 1@(y1,7) = (y2,7)| < ¥'ly1 — w2,
So the cells remain well separated after the deformation. To avoid the intersection of d() and

the random cells e®(IR; ), we erase those intersecting the boundary. More precisely, given a
bounded and simply connected open set () with smooth boundary and a small number ¢ < 1,

we denote by () /. the scaled set {x € R? | ex € Q}. Let E)T//g be the shrunk set
Qe = {x € Oy, | dist(x, 90 ) > dist(Y~,dY)}.

We introduce for n € Z2, Y,, and Yf the translated cubes, reference cells and reference environ-
ments: Yy, :=n+Y,Y; :=n+ Y*. Let Z, C Z? be the indices of cubes Y, such that Y, € Q.
Note that Z; corresponds to N; in the periodic case. We set (), to be

Q; = | e@(Y;) (2.19)

nel;

13



and then O = O\ O, . We also define the following two notations:

Eo:= |J e®(Yy) and K,:=Q\E.. (2.20)
nele

Clearly, E, encloses all the cells in ¢®(Y; ), n € Z, and their immediate surroundings ¢®(Y;");
K, is a cushion layer near the boundary that prevents the cells from touching the boundary.
From the construction we see that

inf dist(x,0Q2) > Ce and sup dist(x,9Q) < Ce. (2.21)
xeQg x€Ke

Furthermore, we can check that

sup inf |x —y| > Ce. (2.22)
njelen#j xX€e®(Yy)yced(Y;")

Above, the constants C vary but all of them depend only on dist(Y™,Y), « and «’ and are

uniform in . This shows that the cells in () are well separated, i.e., with a distance comparable
to (if not much larger than) the size of the cells.

2.7 Main results in the random case

The first important result in the random case concerns an auxiliary problem which produces
oscillating test functions that are used in the stochastic homogenization procedure. In the fol-
lowing theorem, a function f in W,*(IR?) is said to be an extension of f € W, (R)) if

ot = fonRy and || f|ys (k) < C(K, R;)HfHWLS(Rme), for any compact subset K.
The following theorem holds.

Theorem 2.3. Let ®(-,7y) be a random diffeomorphism from R? to R? defined on the probability space
(O, F,P), and assume that (2.16)(2.17)(2.18) hold. For a.e. v € O and for any fixed vector p € R?,
the system

Vko(Vw;;(y)er) =0 in CD(]Rzr,fy),
V- ko(Vw;(y) +p)=0 in (R, 7),
L dw,; L dw, . o
OW@)— 075, (y) = on (T, ),
ow;
w;—a|r —w, = Bko <anp(y) + vy - P) on (T, 7), (2.23)
w;?t (% 7) = @f} ((I)*l (% 7)/ ')/), V@;ﬁ are stationary,
= ZT);Xt c HfOC(]RZ) that extends zb;' s.t. Vz’();xt —p (Vzb ;)
and E (fy Vg (y, -)dg) =0,

admits a unique (up to an addition of a random variable) weak solution w, = w,; Xo(r;) T Wp Xor;)
in HL_(P(RF)) x Hi (P(IR; )) and the operator P above denotes the extension operator of Corollary
Al
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The precise weak formulation of the system above is postponed to section 7, where the proof
of this theorem is given; see (7.1). We remark that the non-unique additive random variable is
not important and what matters is the fact that the gradient Vw),, of the solution is unique. The
second main result in the random case is the following homogenization theorem.

Theorem 2.4. Let Q) be a bounded and connected open subset of R? with regular boundary. Let ®
be a random diffeomorphism on (O, F,P) satisfying (2.16)(2.17)(2.18). Assume that the cells Q) are
constructed as in Section 2.6. Then for a.e. v € O, the solution ug(-,y) = (ug,u;) of (2.2) satisfies
the following properties:

(i) We can extend ut (-,y) to us(-,v) € HY(Q)), where u$*(-, ) converges weakly, as e — 0, toa
deterministic function ug € H(Q).

(ii) The function u.(-,7y) converges strongly in L?(Q) to ug above. Further, let Q be the trivial
extension operator setting Qf = 0 outside the domain of f, and define

-1
0 := det (]E/ Vo(z, -)dz) , 0:=0E [ detV®d(z,-)dz <1, (2.24)
Y Y-

where det denotes the determinant. Then, Qu, converges weakly to Oug in L2(Q)).

iii) The function ug is the unigue weak solution in HL(Q)) to the homogenized equation
q C g q

V- K*Vuy(x) =0, x €,
(2.25)
n(x) -K*Vuy(x) =g, x€0Q,
The homogenized admittivity coefficient K* is given by ¥(i, ) € {1,2}?,
K:} = kg ((51] + QIE XD(Y) e (xq)(w)Vw;f -+ X@(yf)Vw;)(y, ) dy) , (2.26)

where {e;}?_, is the Euclidean basis of R? and for each p € R?, the pair of functions (wy, w),) is the
unique solution to the auxiliary system (2.23).

We mention the fact that K* is uniformly elliptic, the proof of which is standard and is
omitted. In the dilute limit p := /|Y~| < 1, we obtain the following approximation of the
effective permittivity for the dilute suspension:

K = ko(I + fEMy) + o(f), (2.27)

where ¢ accounts for the averaged change of volume due to the random diffeomorphism and
f := 0p? is the volume fraction occupied by the cells ; the polarization matrix M is defined by

Mij = Bko / Pin; ds (i), (2.28)
p~ ()

where
i = —(I+ Bkon - VDp-rgr)) ' i,

with D, 141 the double layer potential associated to the deformed inclusion scaled to the unit
length scale.
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3 Analysis of the problem

For a fixed ¢, recall that H}(Q);) denotes the Sobolev space H! (") /C, which can be repre-
sented as

HL(QF) = {u e H'(Q) | / x)dx = o} (3.1)
The natural functional space for (2.2) is
W, := {u =utxs +ux |ut € H(O),u™ € HI(QQ)} , (3.2)

where x7 are the characteristic functions of the sets QF. We can verify that

Nl—

lllw, = (175 2agepy + IV By +ell™ =1 [, ) (33)

defines a norm on W;. In fact, as it will be seen in Proposition 3.2, this norm is equivalent to the
standard norm on W, which is

—~
o
~—
N——~7
N|—=

||uHHé(Q:T)><H1(Q (HVM+HL2 o) + Hvu_HiZ(Q;) + Hu_H%Z o) (34)

3.1 Existence and uniqueness of a solution

Problem (2.2) should be understood through its weak formulation as follows: For a fixed € > 0,
find u, € W, such that

/ koWt (x) - Vo (x)dx+ / koW (x) - Vo (x)ds(x)

top [ =)@ =0 ) (wds() = [ (x0T (0)ds(x),
(3.5)
for any function v € W.
Define the sesquilinear form a.(-, ) on W, x W, by

ag(u,v) = / koVu™ - Votdx —|—/ koVu~ - Vo-dx + 1 (ut —u") (ot —ov)ds. (3.6)
of o; ep Jre
Associate the following anti-linear form on W; to the boundary data g:

(u) = . gutds. (3.7)

The forms a, and ¢ are bounded. Moreover, 4, is coercive in the following sense

_ _ 1 -
R ks ac (1, 1) = (/Q ywﬂ%zw/ﬂs Vu \de> n gﬁ/r ut —u2ds > Clluly,  (38)
where B := 6(0pom + w?eoem)/ (02, + w?e?,). Consequently, due to the Lax-Milgram theorem

we have existence and uniqueness for (2.2) for each fixed € and for almost every v € O. Note
that C can be chosen independent of ¢.
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Proposition 3.1. Let ¢ € H~'/2(9Q)). There exists a unique u. € W, so that

ag(ug, ¢) — g(q’), v¢ € Wg. (3-9)
To end this subsection we remark that the two norms on W, are equivalent.

Proposition 3.2. The norm | - ||w, is equivalent with the standard norm on HL(QF) x HY(Qy ).
Moreover, we can find two positive constants C; < Cy, independent of €, so that

Cillullwe < llull g scm < Collullwe, (3.10)

forany u € HE(QF) x HY(Qy).

Similar equivalence relation was established by Monsurro [45], whose method can be adapted
easily to the current case. For the sake of completeness, we present the details in Appendix C.

3.2 Energy estimate

For any fixed 7 € O and a sequence of ¢ — 0, by solving (2.2) we obtain the sequence u, =
ut xt + u; x; . We obtain some a priori estimates for .

We first recall that the extension theorem (Theorem A.2) yields a Poincaré-Wirtinger in-
equality in H}: (Q)) with a constant independent of ¢. Indeed, Corollary B.1 shows that for all
v € HE(Q) ), there exists a constant C, independent of ¢, such that

o™ 200y < CIVE li2at)-

Similarly, we can find a constant, independent of ¢, by applying the trace theorem in H (Q;}).
Using Corollary B.2, the following result holds.

Proposition 3.3. Let g € H: (0Q)). For almost any vy € O, let QO = QFf UT. U Q. Then there exist
constants C’s, independent of € and -y, such that the solution u, to (2.2) satisfies the following estimates:

96 206 + 195 ) < Cleol gl (311)
i = 7 < Cleol ™ VaBllgl, y oy (312)

Proof. By taking ¢ = u, in (3.9), and taking the real part of resultant equality, we get

IVl o) + IVUE 2y + (8) 7 Hlud —uZ Iz, o (g uf). (3.13)

Here (g, u) = / qui ds is the pairing on H -2 (0Q)) x H 2(9Q2), for which we have the esti-
]

mate o

ul |l

+ ur
&M < 118l o 192 13 o0y < Cal8 3 oy 12 Nt

thanks to the Cauchy-Schwarz inequality and Corollary (B.2). C; is here a constant which does
not depend on e.
Applying Proposition 3.2 yields

(g u) < Callgll -y o el

“2(0Q))

17



with a constant C; independent of e.
Using this in (3.13) along with the coercivity of a we get

Jtellw, < Calkol Mg, 3 o

where Cj is still independent of e.
It follows also that

-1
(g, u")| < CaCslko|~ Hg||H,7 o0y’
Substituting this estimate into the right-hand side of (3.13), we get the desired estimates. O

Next, we apply the extension theorem (Theorem A.2) to obtain a bounded sequence in
H'(Q) for which we can extract a converging subsequence.

Proposition 3.4. Suppose that the same conditions of the previous proposition hold. Let P5, : H o) —
H(Q) be the extension operator of Theorem A.2. Then we have

1PSu [y < Clol 7 lIgl - (3.14)

~2(00)"
and

[Py — ez < Celkol (1 + VBG4 - (3.15)

Proof. The first inequality is a direct result of (A.11), (B.2) and (3.11). For the second inequality,
we have

IPsu —uellra) = IPSud — g |l 200

< CVellPyud —ug[lpr,) + Cel V(Pud —ug )li2a;)-

Here, we have used estimate (C.3). Now, |[Pfu; — u; ||;2r,) = |lu — u; [|12(r,) is bounded in
(3.12). The second term is bounded from above by

Cel| VPl || 2oy + Cel Vg |2 (ar) < Ce(I Va2 ap) + 11V [l 2r )
where we have used again (A.11). This gives the desired estimates. O

Remark 3.1. As a consequence of the previous proposition, we get a sequence in H(Q)), namely Pluf
which is a good estimate of u. in L*>(Q)) and from which we can extract a subsequence weakly converging

in H'(Q)) and strongly in L2(Q)).
4 Homogenization
We follow [5, 6] to derive a homogenized problem for the model with two-scale asymptotic

expansions and to prove a rigorous two-scale convergence. In [45], the homogenization of an
analogue problem is developed and proved with another method.
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4.1 Two-scale asymptotic expansions
We assume that the solution u, admits the following two-scale asymptotic expansion
Vx € O ue(x) = up(x) +eup(x, %) +o(e),

with
uf (x,y) inQx YT,

—— uq(x,vy) Y-periodic and uq(x,y) =
y 1(x,y) Y-p 1(x,y) {ul—(x,y) inQxY".

We choose a test function ¢, of the same form as u,:
X
Vx € Q, ¢e(x) = po(x)+epi(x, E)'

with ¢p smooth in ), ¢1(x,.) Y-periodic,

@) (x,y) inQ x YT,

X, y) =
#1(x.¥) {(pl(x,y)inQXY,

and @3 smooth in O x Y*.

In order to prove items (ii) and (iii) in Theorem 2.1, we perform an asymptotic expansion of
the variational formulation (3.9). We thus inject these ansatz in the variational formulation and
only consider the order 0 of the different integrals.

At order 0O,

Vue(x) = Vug(x) + Vyui (x, g) +o(e).
Thanks to Lemma 4.1, we then have for the two first integrals:
L, X _ X
/Q? ko (Vuo(x) + Vyuy (x, E)> . (quo(x) + V97 (x, E)> dx

— /Q /Y+ ko (Vuo(x) + Vyui (x,y)) - (V@y(x) + Vy@; (x,)) dxdy + o(e)

and

/Q; ko (Vuo(x) + Vyuy (x, %)) . <V¢0(x) + Vyo; (x, %)) dx
= [ ] ko (Tuo() + Vo () - (V90(x) + V35 (3,9) ddy + o(e).

We write the third integral in (3.6) as the sum, over all squares Y¢,, of integrals on the
boundaries I'; ,. We have

e (D) e ) (005 - 7 0 ) s



Let x,, be the center of Y; , for each n € N;. We perform Taylor expansions with respect to
the variable x around xo , for all functions (1;);c(1,23 and (@;);eq1,2) on Y . After the change of

variables €(y — yo,.) = x — X0,,, we obtain that

ue(x) = uo(xo,n) + eur(x,y) +e(y — yonu) - Vo(xo,n) +0(e),
@e(x) = @o(x0,n) +ep1(x,y) +€(y — You) - Vpo(xo) +0(e).

Consequently, the third integral in the variational formulation (3.9) becomes

o2
B L /rn ()" (X0, y) — uy (X0, Y)) (@) (X0, y) — @7 (X0,0,)) ds(y)-

neN,
Finally, Lemma 4.1 gives us that

1
B Jr, "

1 - A —_—
- /3/Q/r (uf (x,y) —uy (v, v)) (@7 (x,v) — 97 (x,v)) dxds(y) + o(e).
Moreover, we can easily see that

otd :/ 0ads + )
8P 45 = | 8Pods o(e)

The order 0 of the variational formula is thus given by
/Q /w ko (Vuo(x) + Vyui (x,)) - (Voo (%) + Vi@ (x,y)) dxdy
+ /Q/Y* ko (Vi (x) + Vyuy (x,)) - (VP (%) + Vy Py (x,7)) dxdy
* ;5 /Q /r (i (v, y) —uy (%)) (97 (x,y) — 91 (x,y)) dxds(y)

— [ g@p(x)ds(x) = 0.

By taking ¢o = 0, it follows that
| [ o (Tuo() + Vi (x,9) - 9,3 (x, y)dxdy
+ ] ko (Vuo(x) + Vot (x,9)) - Vi (x,y)ddy

* ;13/0 /r (1 (x,y) —uy (x,9) (@1 (x,y) — 9y (x,y)) dxds(y) =0,

which is exactly the variational formulation of the cell problem (2.6) and definition (2.7) of u;.
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By taking ¢; = 0, we recover the variational formulation of the homogenized problem (2.4):
L L. ko (V) + Dy (x,9)) - Vi (x)dxdy
[ ko (Tuoo) + Fyui (x,)) - Vg (x)dxdy

- x)o,(x)ds(x) = 0.
| 8Py (x)ds(x)
We introduce some function spaces, which will be very useful in the following:

o C°(D) is the space of functions, which are Y - periodic and in C*(D),
o L;(D) is the completion of C°(D) in the L*norm,
3 Hé (D) is the completion of C{°*(D) in the H Lnorm,

o 12(0), Hg(D)) is the space of square integrable functions on () with values in the space
H;(D),

e D(Q) is the space of infinitely smooth functions with compact support in (2,

o D(€Q, C(D)) is the space of infinitely smooth functions with compact support in © and
with values in the space C;?,

where DisY, YT, Y~ orT.
The following lemma was used in the preceding proof. It follows from [5, Lemma 3.1].

Lemma 4.1. Let f be a smooth function. We have

(i) 22/ f(x0,n,y)ds(y //fxydxds ) +o(e);

neN;

(i) [ flx dx—// F(x,y) dxdy + o(e)
and /ng(x,z)dx:/o/yf(x,y)dxdy—l—o(e).

We prove that the following lemmas hold.
Lemma 4.2. The homogenized problem admits a unique solution in H-(QY).

Proof. The effective admittivity can be rewritten as
K = ko/ (Vw! +e;) - (VE%—ej)dx + ko /Y,(Vwi_ +e;) - (Vwij’—kej)dx
/3/ W' —w;)ds, i,j=1,2.
Therefore, it follows that, for & = (&1,&) € R?,

1
K*g.gzko/ ]Vw++§\2dx+k0/ ]Vw’—i—é\zdx—k—/ |w —w™|?ds,
Y+ Y- BJr
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where w = ), §;w;. Since R > 0,
K*E-& > ko / Vot + &Pdx + ko/ Vo~ + ¢|2dx.
Y Y-
Consequently, it follows from [3] that there exist two positive constants C; and C; such that

C1|g)* < RK*¢- ¢ < G[g)™

Standard elliptic theory yields existence and uniqueness of a solution to the homogenized prob-
lem in HL(Q)). O

Lemma 4.3. The cell problem (2.6) admits a unique solution in H;(Y*)/C X H;(Y*).
Proof. Let us introduce the Hilbert space
W, = {v =0 xys +o xy- (0T, 07) € HE (YY) x Hl(Y’)},
equipped with the norm
ol = IV IE2 ey + 1VO 12y + 07 =07 [y
We consider the following problem:
( Find w; € W; such that for all p € Wy

[ KoVl )95 iy + [ kVar (v)- Ve )y

(4.1)
b [ @ =) () (97 ~77) (ds(y) =

- /Y+ koVy; - Vo' (y)dy — /y— koVyi - Vo~ (y)dy.

Lax-Milgram theorem gives us existence and uniqueness of a solution. Moreover, one can
show that this ensures the existence of a unique solution in Hﬁl(YJr) /C x Hﬁl (Y™) for the cell
problem (2.6). O

We present in the following numerical examples (Figures 4.1-4.4) the real and imaginary
parts of the solutions w; and w; of the cell problems.
4.2 Convergence

We present in this section a rigorous proof of the convergence of the original problem to the
homogenized one. We use for this purpose the two-scale convergence technique and hence
need first of all some bounds on u, to ensure the convergence.
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0.1
0
—0.1

Figure 4.1: Real and imaginary parts of the cell problem solution w;.

0.1
0
-0.1

Figure 4.2: Real and imaginary parts of the cell problem solution w,.

Figure 4.3: Gradient vector field of the real and imaginary parts of w;.
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Figure 4.4: Gradient vector field of the real and imaginary parts of w,.

4.2.1 A priori estimates

Theorem 4.1. The function u; is uniformly bounded with respect to ¢ in H'(Q), i.e., there exists a
constant C, independent of €, such that

lu | o) < C.

Proof. Combining (3.11) and Poincaré - Wirtinger inequality, we obtain immediately the wanted
result. O

The proof of the following result follows the one of Lemma 2.8 in [45].

Lemma 4.4. There exists a constant C, which does not depend on €, such that for all v € W;:
o7 205y < Cllollw,-

Proof. We write the norm [|o™ || ;2(-) as a sum over all the cells.

lo 10 = X 10 Bay = & [ o™ ()P

neN; neN;

We perform the change of variable y = % and get

o oy =€ X [, loc )Py, @2)

neN;

where v, (y) :=v (ey) forally € Y- and Y, =n+ Y~ withn € N,.
Let W denote the following Hilbert space:

W= {oi= o xys + 0720 |(0%,07) € H(YT) x H(Y )},
equipped with the norm:

oI5 = Vo 2y + 1IV0 2y + 10" =07 12y
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We first prove that there exists a constant C;, independent of ¢, such that for every v € W:
[0 [[2v-) < Callolw- (4.3)

We proceed by contradiction. Suppose that for any n € IN¥, there exists v, € W, such that

- 1
lon 2y =1 and  lonllw < —.

1
Since [0, || 12(v-) = 1and |V [ 12(v-) < [[oallw < 7 Vn is bounded in H'(Y ™). Therefore
it converges weakly in H'(Y~). By weak compactness, we can extract a subsequence, still
denoted v, , such that v, converges strongly in L>(Y ). We denote by [ its limit.

Besides, Vo, converges strongly to 0in L?(Y ™). We thus have VI = 0 and / constant in Y.
By applying in Y the trace theorem and Poincaré-Wirtinger inequality to v;, one also gets
that
C/

o 12y < o = o5 ey + 198 2y < N9 = o5 2y + Cllog e < P

Consequently, v;, converges strongly to 0in L?(T') and/ =0 onT.
We have then | = 0in Y, which leads to a contradiction. This proves (4.3).
We can now find an upper bound to (4.2):

[0 oy <€ T [ Vet Py + [ 1907 )Py + [ fof () — o () Pas(y).
neNg n n

After the change of variable x = €y, one gets
o™ () < €Ca (vaﬂ‘izmj) Vo Iz, + el = UﬁH%Z(n)) :

Since ¢ < 1, there exists a constant C;, which does not depend on ¢ such that for every
ve W,
107 1200y < Callvllwe,

which completes the proof. O

Theorem 4.2. u_ is uniformly bounded in ¢ in H'(Q),), i.e., there exists a constant C independent of
¢, such that
e [0y = €

Proof. By definition of the norm on W, , ||Vu, H ) < [Jute] 3y, -
We thus have with the result of Lemma 4.4:
g o) < Calluel, (44)

with a constant C; which does not depend on e.
Furthermore, using the result of Theorem 4.1, there exists a constant C, independent of ¢
such that
la(ue, ue)| < Co.

We use the coercivity of a and get a uniform bound in ¢ of u, in W,. This bound and (4.4)

complete the proof. O
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4.2.2 Two-scale convergence
We first recall the definition of two-scale convergence and a few results of this theory [2, 48].
Definition 4.1. A sequence of functions u, in L*>(Q)) is said to two-scale converge to a limit ug

belonging to L?(Q) x Y) if, for any function  in L*(Q, C4(Y)), we have

lim ug(x)gb(x,g)dx:/Q/Yuo(x,y)gb(x,y)dxdy.

e—0.J0O

This notion of two-scale convergence makes sense because of the next compactness theo-
rem.

Theorem 4.3. From each bounded sequence u. in 12 (Q)), we can extract a subsequence, and there exists
a limit ug € L?(Q X Y) such that this subsequence two-scale converges to u.

Two-scale convergence can be extended to sequences defined on periodic surfaces.

Proposition 4.1. For any sequence u, in L?(T) such that
s/ ]uglzdx <C, 4.5)
Te

there exists a subsequence, still denoted u., and a limit function ug € L*(Q, L*(T)) such that u. two-
scale converges to g in the sense

lims/ ue(x)p(x, = ds / /uo x,y)p(x, y)dxds(y),

e—0 .
for any function p € L*(Q), C4(Y)).

Remark 4.1. If u, and Vu, are bounded in L2(Q)), one can prove by using for example [4, Lemma 2.4.9]
that ue verifies the uniform bound (4.5). The two-scale limit on the surface is then the trace on I of the
two-scale limit of u, in Q).

In order to prove item (i) in Theorem 2.1, we need the following results.

Lemma 4.5. Let the functions (u.), be the sequence of solutions of (2.2). There exist functions u(x) €
HY(Q), v (x,y) € L*(Q, Hﬁl(Y*)) and v~ (x,y) € L2(Q, Hé(Y*)) such that, up to a subsequence,

U u(x)
+X + +
Xe (E)V”e two-scale converge to xv+ () (Vu(x) + Vyo'(x, y)>
_, X _
Xe (E)Vue xv-() (Vu(x) + Vo~ (x, y))

Proof. We denote by * the extension by zero of functions on Q0 and (), in the respective do-
mains ), and Q).
~ = * .
From the previous estimates, i and Vu, are bounded sequences in L?(Q)). Up to a subse-

quence, they two-scale converge to 7= (x,y) and &= (x, ). Since #i= and Vu, vanish in QF, so
do t* and ¢*.
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Consider ¢ € D(Q, C°(Y))? such that ¢ = 0 for y € Y~. By integrating by parts, it follows

that
es/ﬂ£+ Vu/ (x) - 9(x, %)dx =— /Qg+ ul(x) (divya( ) + edivy (x, )) dx.

We take the limit of this equality as ¢ — 0:

- *(x,y)div, §(x, y)dxdy.
/Q/Y+T (x, y)divy ¢(x, y)dxdy

Therefore, 7" does not depend on y in Y, i.e., there exists a function u™ € 12 (Q) such that

T (x,y) = xy+(y)ut(x) forall (x,y) € QA x Y. o
Take now ¢ € D(Q), C&”(Y))2 such that ¢ = 0 for y € Y~ and div,¢ = 0. Similarly, we have

+ LAY MU B . e
L V)t e = = [ (x)divep(x, D,
and thus

/ " EH(x,y) - @(x,y)dxdy = / /Y+ x)divy ¢(x, y)dxdy. (4.6)

For ¢ independent of y, this implies that u™ € H!(Q). Furthermore, if we integrate by parts
the right-hand side of (4.6), we get

| L ey - ayaxay = [ [ V() y)axay,

forall ¢ € D(Q), CB"’(YJF))2 such that div,¢ = 0 and ¢(x,y) -n(y) = 0foryonT.
Since the orthogonal of the divergence-free functions are exactly the gradients, there exists
a function v* € L2(Q), H& (Y™)) such that

&M y) = xv+ () (Vu' (x) + Vo' (x,y)),

forall (x,y) € Q x Y.
Likewise, there exist functions u~ € H'(Q) and v~ € L?(Q), Hﬁl(Y*)) such that

T (%,y) = xy- (y)u"(x), and & (x,y) = xy-(y) (Vu~ (x) + Vo~ (x,y)),

forall (x,y) € QA x Y.
Furthermore, thanks to Remark 4.1, we have also

E/8 uE(x)g( dx —>/ / @(x,y)dxdy,

e—0

forall ¢ € L2(Q, ().
Recall that u; is a solution to the following variational form:

/ koVu (x) - Vo (x dx+/ koVug (x) - Vo, (x)dx

1
+813/rg(u§“—u;)(q)g+ P, ds—ko/ gglds =0,
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forall (¢, ¢; ) € (H'(QUF), H'(Q;)).

We multiply this equality by ¢* and take the limit when ¢ goes to 0. The first two terms
disappear and we obtain, for all (¢, ¢~) € D(Q, C*(Y™)) x D(Q, CF(Y7)):

;/Q /r(u+(x) —u (%) (@ (x,y) — 9 (x,y))dxdy = 0.

Thus u™ (x) = u~(x) for all x € Q, and u, two-scale converges tou = u™ = u~ € H'(Q).
This completes the proof. O

Now, we are ready to prove Theorem 2.1. For this, we need to show that u = ug, that
vt — uf is constant, and that v~ — u; is constant, where uli is defined in (2.7). The uniqueness
of a solution for the homogenized problem and the cell problems will then allow us to conclude

the convergence, not only up to a subsequence.

Proof. We first want to retrieve the expression of u; as a test function of the derivatives of ug
and the cell problem solutions w;.
We choose in the variational formulation (3.5) a function ¢; of the form

P:(x) = egu(x, %),

where g1 € D(Q, CP(Y")) x D(Q, CP(Y7)).

Lemma 4.5 shows the two-scale convergence of the following three terms:

e—0

| kv (0 Vgl ax — [ [ ko (Vu() + Vot (v9) - Vit (xy)dxdy

/Qs koVug (x)- Vo, (x)dx — /Q/,ko (Vu(x) +Vyo~(x,y)) - Vy@y (x,y)dxdy

e—0

g7 s — 0

e—0

We can not take directly the limit as ¢ — 0 in the last term:

slﬁ Fc(uj(x) —uy () (@ (x) — ¢, (x))ds(x)

= 5 [0 @)~ () (7

Lemma D.1 ensures the existence of a function 6 € (D(Q), Hé (YT)) x D(Q), Hﬁ1 (Y™)))?such
that for all p € H} (Y")/C x H{(Y™):

) =71 (x, 7)) ds(x).

[ Wt )-8 @y + [ V)-8 (xopdy
4.7)
[ = ) @ 59~ (5) dsly) = 0.
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We make the change of variables y = %, sum over all (Y. )nen,, and choose ¢ = u, to get

X

D) =91 (x5 ) ds(x) =

_ +x, XY 0t (x, )dx — (2. 5y 0 (x, 2
/0? Vu] (x,e) 0 (x,e)dx o Vu, (x,g) [l (x,e)dx.

) = ) (91

We can now take the limit as € goes to 0:

X

lim [ (i (x) =g (1)) (1 (v, 2) — 97 (x,3)) ds(x) =

e—=0 JT,
- /Y (Vu(x) + Vyot (x,y)) -8 (x,y)dxdy — /Y (Vu(x) +Vyo~(x,y)) -0 (x,y)dxdy.
Finally, the variational formula (4.7) gives us
tim | (e () = g () (97 () = 1 (0, 3)) ds(x) =
L[ @ =0 ) @ ) =75 (xw) ds).
For ¢.(x) = e¢1(x, g), with ¢1 € D(Q), CB"’(Y*)) x D(Q, C°(Y ™)), the two-scale limit of

the variational formula is

/Q y+k0 (Vu(x) + Vot (x,1)) - V9! (x,y)dxdy
+//7ko (Vu(x) + Vyo~ (x,y)) - Vy@y (x,y)dxdy
5// —o(y)) (@ (x,y) — 91 (x,y)) ds(y) = 0.
By density, this formula holds true for 1 € L2(Q, H}(Y*)) x L*(Q, H}(Y™)). One can

recognize the formula verified by ui" as the definition of the cell problems. Hence, separation
of variables and uniqueness of the solutions of the cell problems in W give

v (xny) =u =

|
i

and, up to a constant:

v (o) =uf = L G2 (x)w v).

i=1,2
We now choose in the variational formula verified by u, a test function ¢.(x) = ¢(x), with

@ € C*°(Q).
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The limit of (3.5) as € goes to 0 is then given by
/(‘)/wko (Vu(x) + Vyzﬁ(x,y)) - Vo(x)dxdy
—|-/Q/_k0 (Vu(x) + Vyv_(x,y)) V@(x)dxdy

+ /an(x)ﬁ(x)ds(x) =0.

By density, this formula hold true for ¢ € H'(Q)), which leads exactly to the variational formula
of the homogenized problem (2.4). Since the solution of this problem is unique in H¢(Q), u,
converges to up, not only up to a subsequence. Likewise, Vu, two-scale converges to Vug +
Xy Vyul + xy-Vyuy. O

5 Effective admittivity for a dilute suspension

In general, the effective admittivity given by formula (2.5) can not be computed exactly except
for a few configurations. In this section, we consider the problem of determining the effective
property of a suspension of cells when the volume fraction |Y~| goes to zero. In other words,
the cells have much less volume than the medium surrounding them. This kind of suspension
is called dilute. Many approximations for the effective properties of composites are based on
the solution for dilute suspension.

5.1 Computation of the effective admittivity

We investigate the periodic double-layer potential used in calculating effective permittivity of
a suspension of cells. We introduce the periodic Green function G;, for the Laplace equation in
Y, given by

elZnn-x

nez2\{0}

The following lemma from [11, 9] plays an essential role in deriving the effective properties
of a suspension in the dilute limit.

Lemma 5.1. The periodic Green function Gy admits the following decomposition:

Vx €Y, Gy(x) = %In |x| + Ra(x), (5.1)

where Ry is a smooth function with the following Taylor expansion at 0:

Ra(x) = Ra(0) — 3 (3 +33) + O(Jx[*). (5.2)

Let [2(T) = {(p € LZ(I")‘ /rgo(x)ds(x) - 0}.

We define the periodic double-layer potential Dr of the density function ¢ € L3(T):

d

Dr[g](x) = A aleGﬁ(x —y)e(y)ds(y).
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The double-layer potential has the following properties [9].

Lemma 5.2. Let ¢ € L3(T). Dr[g] verifies:

(i) ADr[g] =0 inY",
ADrlp] =0 nY",

3 J ~ J ~

(i) %Dr[(ﬁ]h = 5. Drlg] ’_ onl,

(iii) 15r[g0]‘i = <:F;I—I—/€r> [¢p] onT,

where Kr : L3(T) v LZ(T) is the Neumann—Poincaré operator defined by

el Kilgltr) = [ 55-Gilx - y)pw)dsy).

The following integral representation formula holds.

Theorem 5.1. Let w; be the unique solution in W of (2.6) for i = 1,2. w; admits the following integral
representation in Y:

~ ~\ —1
w; = —ﬁko Dr (I + ﬁkoﬁr) [7’11'], (5.3)

~ oD . ,
where Lt = a—nr and n = (n;)i—1 is the outward unit normal to T.

Proof. Let ¢ := —Bko <I + ,Bkoﬁ) [ni]. ¢ verifies :

[ ow)isty) = —pko [ 2 (Brlol(y) + yds(y) = 0.

The first equality comes from the definition of ¢ and the second from an integration by parts
and the fact that Dr[¢] and I are harmonic. Consequently, ¢ € L3(T).
We now introduce V; := Dr[g¢]. V; is solution to the following problem:

(V-kVV,=0 inY",
V- -kVV,=0 inY~,
av;| IV
k()% = k(]% B on F,
Vile =Vil- =9 onT,
y — Vi(y) Y-periodic.

We use the definitions of ¢ and V; and recognize that the last problem is exactly problem (2.6).
The uniqueness of the solution in W gives us the wanted result. O
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From Theorem 2.1, the effective admittivity of the medium K* is given by

V(l,]) S {1,2}2, K:i] =k (51] +/Yle . 6]) .

After an integration by parts, we get
v(i,j) € {1,2}? K} = ko <(5i]- + /aY wi(y)ni(y) ds(y) — /r (w;” —w;) nj(y) ds(y)) .

Because of the Y-periodicity of w;, we have: / w;(y)njds(y) = 0.
Y

Finally, the integral representation 5.3 gives us that

v(i,j) € {1,2}?,  K{;=ko <5ij — (Bko) /r (1 + ﬁkofr) o [ni]n; ds(y)> :

We consider that we are in the context of a dilute suspension, i.e., the size of the cell is small
compared to the square: |Y*‘ < |Y| = 1. We perform the change of variable: z = p~'y with

p = |Y~|2 and obtain that

Vi) € (L2, K=o (8= 2(Bk) [ (1+0BRlr)  Inlpan(2)ds(2) )

where 7 is the outward unit normal to I'. Note that, in the same way as before,  becomes pf8
when we rescale the cell.

<\ -1
Let us introduce ¢; = — (I +pﬁk0£r) [n;] and ¢;(z) = @i(pz) for all z € p~'T. From
(5.1), we get, for any z € p~'T, after changes of variable in the integrals:

Erlod(ps) = 5 Prlpl02) = 07 5Dy el @) + 5o [ 55 Ralpz = py)plo)as(y).

-1

Besides, the expansion (5.2) gives us that the estimate

VRy(p(z 1)) -n(y) = =5z =) -n(y) + O(p*),

holds uniformly in z,y € p~'T
We thus get the following expansion:

Lelol(o2) = o7 Ly nlp)2) = & 1y [ ngi(n)ds(v) +O(6).
2 o
Using ¢ defined by (2.11) we get onp~ T
— ; + ol Z 97 [ R 0as) + O, 64
By iterating the formula (5.4), we obtain on p~'T that

¥i = v + ro’ zzp]/ W)9: ()ds(y) +Op).

]12

Therefore, one can easily see that Theorem 2.2 holds.
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5.2 Case of concentric circular-shaped cells: the Maxwell-Wagner-Fricke formula

We consider in this section that the cells are disks of radius 7. p~!T becomes a circle of radius
ro.
For all g € L?((0,271)), we introduce the Fourier coefficients:

5 1 7 —im
VmeZ, g§(m)= E/o g(p)e"dg,

and have then for all ¢ € (0,27) :

For f € C?>'1(p~'T), we obtain after a few computations:

-1
V6 €]0, 27|, (I+/3k0£p,1r)71[f](9) = Z (1 + Bko |2er’> F(m)e™,

mez*

For p = 1,2, 5, = —(I+ koL pflr)‘l [1,] then have the following expression:

] Bko\ ™

Consequently, we get for (p,q) € {1,2}%:

ﬁko TTro
Po’
1+ 2r0

Mp,g = —dpq

and hence,

10w €m0y — €00m)
Cx —
SMp,g = 0pgq

5, ; 5 (5.5)
(Um—i—(m%) + w”(em +e0%)
Formula (5.5) is the two-dimensional version of the Maxwell-Wagner-Fricke formula, which
gives the effective admittivity of a dilute suspension of spherical cells covered by a thin mem-
brane.
An explicit formula for the case of elliptic cells can be derived by using the spectrum of the
integral operator £, -1, which can be identified by standard Fourier methods [36].

5.3 Debye relaxation times

From (5.5), it follows that the imaginary part of the membrane polarization attains its maximum
with respect to the frequency at

1 Om + 00

2ry

€m+€0?
0
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This dispersion phenomenon due to the membrane polarization is well known and referred
to as the B-dispersion. The associated characteristic time T corresponds to a Debye relaxation
time.

For arbitrary-shaped cells, we define the first and second Debye relaxation times, 7;,i = 1,2,
by

11’1‘ = arg max [Ai(w)], (5.6)

where A1 < A; are the eigenvalues of the imaginary part of the membrane polarization tensor
M(w). Note that if the cell is of circular shape, A1 = A,.

As it will be shown later, the Debye relaxation times can be used for identifying the mi-
crostructure.

5.4 Properties of the membrane polarization tensor and the Debye relaxation times

In this subsection, we derive important properties of the membrane polarization tensor and
the Debye relaxation times defined respectively by (2.10) and (5.6). In particular, we prove that
the Debye relaxation times are invariant with respect to translation, scaling, and rotation of the
cell.

First, since the kernel of £ o-1T is invariant with respect to translation, it follows that M(C, Bko)
is invariant with respect to translation of the cell C.

Next, from the scaling properties of the kernel of £,-1 we have

M(sC, Bko) = s*M(C, ﬁsko)

for any scaling parameter s > 0.
Finally, we have

M(RC, ko) = RM(C, Bko)R' for any rotation R,

where t denotes the transpose.

Therefore, the Debye relaxation times are translation and rotation invariant. Moreover, for
scaling, we have

7 (hC, Bo) = Ti(c,%ko), i=1,2, h>0.

Since f is proportional to the thickness of the cell membrane, /4 is nothing else than the real
rescaled coefficient B for the cell C. The Debye relaxation times (7;) are therefore invariant by
scaling.

Since L,-1r is self-adjoint, it follows that M is symmetric. Finally, we show positivity of the
imaginary part of the matrix M for § small enough.

We consider that the cell contour I' can be parametrized by polar coordinates. We have, up

to O(63),
M+ Bp || = —p? /p]r nLyp[n]ds, (5.7)

where again we have assumed that 0y = 1 and €y = 0.

Recall that
00, . Owey

= —1 .
0%+ w?€, 0l + w?e,

p
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Hence, the positivity of £,-1r yields

for 6 small enough, where I is the identity matrix.
Finally, by using (5.7) one can see that the eigenvalues of 3 M have one maximum each
with respect to the frequency. Let [;,i = 1,2, [; > I, be the eigenvalues of fp*lr nﬁpqr[n]ds. We

have
26%we o

(02, + w?e2))? is

Therefore, T; is the inverse of the positive root of the following polynomial in w:

A= Mm —

i =1,2. .
o(02, + wiel,) =1 8

—et [T |w? + 662, 0,1;000% + 04 |T|.

5.5 Anisotropy measure

Anisotropic electrical properties can be found in biological tissues such as muscles and nerves.
In this subsection, based on formula (2.9), we introduce a natural measure of the conductiv-
ity anisotropy and derive its dependence on the frequency of applied current. Assessment
of electrical anisotropy of muscle may have useful clinical application. Because neuromuscu-
lar diseases produce substantial pathological changes, the anisotropic pattern of the muscle is
likely to be highly disturbed [21, 32]. Neuromuscular diseases could lead to a reduction in
anisotropy for a range of frequencies as the muscle fibers are replaced by isotropic tissue.
Let A1 < A; be the eigenvalues of the imaginary part of the membrane polarization tensor

M(w). The function

M(w)

)\2 (w)

can be used as a measure of the anisotropy of the conductivity of a dilute suspension. Assume
€o = 0. As frequency w increases, the factor Bky decreases. Therefore, for large w, using the
expansions in (5.8) we obtain that

)\1 (CU)
)\2 (w)

where [; < I, are the eigenvalues of fp—lr nL,p[n]ds.

Formula (5.9) shows that as the frequency increases, the conductivity anisotropy decreases.
The anisotropic information can not be captured for

w —

2000

2
02 4+ w?e2 ) |T| +0(), (5:9)

:1—1—(11—12)(

w > a((h lz) |I_,‘ Um) .

6 Spectroscopic imaging of a dilute suspension

6.1 Spectroscopic conductivity imaging

We now make use of the asymptotic expansion of the effective admittivity in terms of the vol-
ume fraction f = p? to image a permittivity inclusion. Consider D to be a bounded domain
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in Q) with admittivity 1 + fM(w), where M(w) is a membrane polarization tensor and f is the
volume fraction of the suspension in D. The inclusion D models a suspension of cells in the
background (). For simplicity, we neglect the permittivity €y of () and assume that its conduc-
tivity 0p = 1. We also assume that M(w) is isotropic. At the macroscopic scale, if we inject a
current g on d(), then the electric potential satisfies:

V- -1+ fM(w)xp)Vu=0 in Q,

a .
%‘an =& /an(x)ds(x) =0, /Q u(x)dx = 0. (6.1)

The imaging problem is to detect and characterize D from measurements of u on 9Q).
Integrating by parts and using the trace theorem for the double-layer potential [23, 47], we
obtain, V x € 9Q),

;uwk140“‘”““M@%wng;ggwmu—m%@

27 |x — y[z 62)
—y)
Vu(y d
/ —yY
Since f is small,
—Y)
Vu ) dy ~ / d
A u—yv —ywy
holds uniformly for x € 0Q2, where U is the background solutlon, that is,
AU =0 in O,
ou
T oo = & /Q U(x)dx =0,
Therefore, taking the imaginary part of (6.2) yields
1y 1o (xmy)n(x) o / )
2\su(x) tos /an -y Su(y)ds(y) ~ VU(y |2dy (6.3)

uniformly for x € dQ), provided that g is real. Finally, taking the argument of the maximum of
the right-hand side in (6.3) with respect to the frequency w gives the Debye relaxation time of
the suspension in D.

6.2 Selective spectroscopic imaging

A challenging applied problem is to design a selective spectroscopic imaging approach for
suspensions of cells. Using a pulsed imaging approach [33, 38], we propose a simple way to
selectively image dilute suspensions. Again, we assume for the sake of simplicity that ey = 0
and oy = 1.

In the time-dependant regime, the electrical model for the cell (2.1) is replaced with

u(x,t) = /fl(w)ﬁ(x,w)ei“’tdw,
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where 71(x, w) is the solution to

Ai(-,w) =0 in D\ C,
Ad(-,w) =0 in C,
aﬁ(-,w)’ _ aﬁ(-,w)’ on T
on |y on |- ! (6.4)
N R o1(-, w
a(w)l — (@) - p@ 2 —o  onr,
(-, w)| . B
5 ‘BD = f, aDu( ,w)ds =0,

and

= /fz(w)ei“”dw

is the pulse shape. The support of / is assumed to be compact.
At the macroscopic scale, if we inject a pulsed current, ¢(x)h(t), on 90, then the electric
potential u(x, t) in the presence of a suspension occupying D is given by

u(x,t) = /fl(a))ﬁ(x,w)ei“’tdw,

where
V- (14 fM(w)xp)Vi(-,w) =0 in Q,

o1 (-, w) B . B
on ‘BQ - & /anu( w)ds =0.

Assume that we are in the presence of two suspensions occupying the domains D; and D,
inside Q). From (6.2) it follows that

%amw) b | Wﬁ(%@dsw) ' % | sw)nlx —y|ds<y>

27 yP (6.5)
/‘vu )d+ /’vu yU
—yrY —yP
and therefore
1 1 —v) - 1
Eu(ac, t> . /aQ m(y Ds(y) + 5=h(e) [ glo)infx = lds(y) "
it [ vuw - E iy s Lo [ vuw- E D,

uniformly in x € 0Q) and t € supp h, where
)i= [ hl@)Mi@)ede, i=1,2.

As it will be shown in section 8, by comparing the Debye relaxation times associated to M; and
M, one can design the pulse shape / in order to image selectively D; or D,. For example, one
can selectively image D; by taking /i(w) close to zero around the Debye relaxation time of M,
and close to one around the Debye relaxation time of M;.
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6.3 Spectroscopic measurement of anisotropy

In this subsection we assume that M is anisotropic and consider the solution u to (6.1). We
want to assess the anisotropy of the inclusion D of admittivity 1+ fM(w) from measurements
of u on the boundary dQ).

From (6.3) it follows that

/E)Qg(x) B%u(x) + % /BQ W%u(y)ds(y)] ds(x)
f

6.7)
~ E/D%M(w)vu(y)-vu(y)dy,

provided that g is real. Now, taking constant current sources corresponding to ¢ = a - n, where
a € R? is a unit vector, yields

St = [ _g() B%u(x) ton /| wcju(y)ds(y)} 45(x) ~ L SM(w)laf? D]

min, Sla] Ay (w)
max, S[a] — Ax(w)’

where A; and A; (with A; < A,) are the eigenvalues of M, it follows from subsection 5.5 that

min, Sla]
max, S[a]

is a natural measure of conductivity anisotropy. This measure may be used for the detection
and classification of neuromuscular diseases via measurement of muscle anisotropy [21, 32].

7 Stochastic homogenization of randomly deformed conductivity re-
sistant membranes

The first main result of this section is to show that a rigorous homogenization theory can be
derived when the cells (and hence interfaces) are randomly deformed from a periodic structure,
and the random deformation is ergodic and stationary in the sense of (2.13).

7.1 Auxiliary problem: proof of Theorem 2.3

In this subsection, we prove Theorem 2.3 about the existence and uniqueness of the auxiliary
problem. This is the key step in stochastic homogenization. The main difficulty is due to the
fact that one does not have compactness in the general stationary ergodic setting.

We first make the weak formulation of the system (2.23) precise. To this end, we introduce
the space H := L2(0, Hl (RS) x HL (R;)) and the space Hs which is a subspace of H where
the elements are stationary. Define also the space H := {w = @o®~! | @ € H} and the space

Hg := {w:@o®*1|@€ﬁ5}.
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We say that w, = w)} Xo®y) T Wy Xor;) € M is a weak solution to (2.23) if Vawy, is station-
ary and for all ¢ € H with compact support K C R?, it holds that

E ko(p +Vwy) - Vgdx +E ko(p+ Vw, ) - Vodx
KN®(R3,7) KN®(R; ,7) o)
1 .
B[ L)@ st <o
k() ﬁ(wp w, ) (@™ — 9 )ds(x)

. . +
Since the integrals above do not control [|w, [/ 2,12 (@(rs))) and the space # does not possess
Poincaré inequality, the existence of weak solutions is not immediate.

Remark 7.1. Due to the separability of L*(Q), one can show that for almost all v € O, the solution
wy (-, 7y) satisfying (7.1) is also a weak solution in the usual sense. That is, for all ¢ = ¢ o ®~1 where
¢ € HL_(R}) x HL _(R; ) with compact support K C R?

loc

ko(p—f—Vw;)-chdx—i—[D( Ko(p + V) - Vi

[b(KmJR;,y) KNR; ,7)

(7.2)

1 C )
* [D(Kmr,zy) B(w; —w, ) (¢ —¢ )ds(x) =0.

We refer to [35, Proposition 4.1] for the proof.

Our strategy is as follows: First, an absorption term is added to regularize the problem.
The sequence of regularized solutions, which corresponds to a sequence of vanishing regular-
ization, have a converging gradient. Secondly, the potential field corresponding to the limiting
gradient is shown to be a solution to the auxiliary problem. Finally, using regularity results
and sub-linear growth of potential field with stationary gradient, we prove that the gradient of
the solution to the auxiliary problem is unique.

Proof of Theorem 2.3. Step 1: The reqularized auxiliary problem. Fix p € R?. Consider the following
regularized problem where an absorption & > 0 is added.

—V -ko(Vw,,(y) +p) +aw,, =0 in  S(Ry,7),
n-koVw,,(y) =n-kVw,,(y), in O, 7),
pa— Wpo = Pkon - (Vw,,+p) in  @(T,7),

w
p
Wy (y,7) = @;a(cb’l(y,'y),'y), and @;,'fa are stationary.

(7.3)
)4
+
p,

We first construct a solution for the above equation in Hs in a sense that seems weaker than
(7.1). It can be verified that Hs equipped with the inner product

(u,0)y, =E (/ Vi - Vadx +/ Vi - Vadx +/ ﬁﬁdx) . (7.4)
Y+ Y- Y
is a Hilbert space. For any fixed & > 0, define the bilinear form A, : Hs x Hs — R by

Ay(u,v) =E (/ koVut - Votdx +/ koVu~ - Vo—dx
d(Y+) d(Y-)

Gdx + L + Yo — o)
+“/¢m uvdx—kﬁlb(ro)(u u )(vt—ov )ds),
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and the linear functional b, : Hs — R by

by(v) = —koE <[1>(Y+) p-Votdx + [p(y) p- Vv—dx) .

We verify that A, is bounded and coercive, and b, is bounded. By the Lax-Milgram theorem,
there exists a unique element w , € H; satisfying

Aa(Wp,a, @) = bp(9), Vo € Hs. (7.5)

By choosing ¢ to be wy, ,, we obtain the estimates:
E/Yiwwfgaﬁgc, ]E/r @ — @5, 2 < C, ]E/ |2<f (7.6)
0

Next we argue that for almost all v € O, the solution wy,,(-,y) above satisfies (7.3) in the
usual distributional sense. That is, for any ¢(x) € C*(IR}) N C®(R, ), whose support K is a
compactly contained in R?, we have

ko(p + V) - Vd ko(p + Vw; ) - Vd
/KW(IRI“Y) olp Wpa) - Vipix KN®(R; ,7) olp Vi) - Vipix

(7.7)

b [t [ w0 @ - s =
Indeed, due to the regularization, the above problem (with any fixed v € O and any fixed
6) admits a unique solution in the space H}  (®(Ry, 7)) x H. . (®(R;,7)). This result is
nontrivial and we refer to [35, Lemma 4.3] for the proof. Then one can verify that the solution
Wp,«(-, ) is stationary and satisfies (7.5); therefore, it must agree with the solution provided by
the Lax-Milgram theorem. As a consequence, wp,,x(x, 7) is also a weak solution in # to (2.23)
in the sense of (7.1).

Applying Corollary A.1 and Corollary A.2 to the family {@j,, }», we obtain a family {@}y;
P@;,}e C L*(O, Hy, (R?)) and a family {w$¢ = Pyw,,}e. Further, {5}, are stationary.

They satisfy that w$¥ = @55 o @' and that

ext __

IE/ |v~ext|2<c IE/ |~ext |2 <C ]E/‘~ext|2< ~ (7.8)

Step 2: Extraction of a converging subsequence. The family {@$ }« may be studied from two

view points. Firstly, they form a bounded family in Hs. Secondly, they belong to  and for any
compact set K C IR?, the estimates (7.8) imply that

E[IVopiP<c), E[ |agti-a,,F<CK), oF [ |agif<ck.  09)

From the first point of view, there exists a subsequence, still denoted by V@5}, which con-

verges weakly as « | 0 to a function 77X € [L%(O, L (IR?)]* where the subscript S indicates

stationary. By a change of variable, we also have that Vw§y

U;Xt d

converges in [L?*(O, L2 _(R?)]? to

1y () = VX (v, V7(F,7), (7.10)
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where ¥ = ®~! and 7 = ¥(y). Moreover, as gradients, V@5 and Vw5 are curl free. This
property is preserved by their limits:

Ay, (1y)j = 9y, ;)i 9g,(71;")j = 9g, (7 )i, i,j € {1,2}. (7.11)

That is to say, 7" and 77, are also gradient functions. Consequently, there exist w§** and

@y such that 7 = Vywe"t and 77 = V@3, The relation (7.10) implies that w(y) =
@ (¥ (y,7),7) + Cp(7y) where C (’y) is a random constant. We hence re-define @5 by adding
to it the random variable C, so that w* = @5 o ¥. By the same token, we have that Vo, ,

mext

and Vw,, converge (along the above subsequence) to f, € [L3(O, L} (R;))]* and 7, 6

[L2(0, leoc( (R )))]? respectively. In addition, for some @, € L*(O, H, (IR;)) and w, €
L*(O, H|.(R;)) satisfying that w, = @, 0¥, we have fj, = V@, and 17, = Vw, . Similarly,
due to the second bound in (7. 8) one observes that { (@}, eXt — Wy, | ta converges (through a

subsequence) to some {, € L3(O, L% (T)). Again, by a change of variable, { (w4 — W, ) o (r)

converges to certain {, € Lz(O L2 (T)) and it holds that {, = {, o ¥. Finally, since weXt is

loc pa
stationary, one has E [, V@5ady = 0. Passing to the limit, we get

IE/ V! (7)dij = 0. (7.12)

Now, from the second point of view and the estimate (7.9), we can choose a further sub-
sequence of the converging subsequence obtained from the first view point, still denoted by
{@p,a }a and so on, such that the family V@S converges in L?(O, [Lf, ((IR?)]?) to 75X, {V®,, , }«
(T)) to {p. We then verify that

qext =

p iy
and {, obtained from the first point of view. As a result, we take expectation on the weak
formulation (7.7), and then pass to the limit and obtain: for all ¢ € H with compact support
K C R?, we have

converges to 77, and {(@5y — @), o) |} converges in L2(O, L,

these functions are stationary, and by the ergodic theorem they agree with the limits 7

E k Vw!) -Vedx+E ko(v +Vw, ) -Vaod
KNO(RS,7) olp +Vuoy) - Vgdx KN®(R; ,7) o+ Vi) Ve (7.13)
1 .
B[ Lot -
P ﬁép(qv ¢ )ds(x)

This is almost (7.1) except for the interface term. By choosing ¢ compactly supported in ®(IR;)
(respectively in ®(R, )) we verify that the first (respectively the second) equation of (2.23) is
satisfied. By choosing ¢~ = 0 first and then ¢+ = 0, and applying the divergence theorem we
check that the third line of (2.23) is satisfied and further

Bwi,t
Bko W(y) +vy-p | = Ep

To relate gp with wy —w,, for any h € C®(®(T)) such that f¢(Fk) h = 0 for each k € 74, we

can find ¢* such that for some fixed ball B® CC Y which contains Y~ and its boundary is well
separated from dY ™

—V -kgVe= =0, in  &(Y,)and ®(k+ B°)\ d(Y;),
n-kgVet =n-kgVe~ =h, on  O(I}),
¢t =0, on  ®(k+9B%).
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Use ¢ = (¢, ¢~ ) in (7.13) and apply again the divergence theorem. We verify that w,; —w, =
{p + C(w, k) on each ®(Tk). By adding the constant to w,,, we may set { = w, — w,; so the
fourth line in (2.23) is proved. From the construction, it is easy to see that the last two lines of
that equation also hold. To summarize wg"t Xo(R;,7) T Wp Xor,) € M provides a weak solution
to (2.23).

Step 3: Uniqueness of Vw,. For any two solutions w1 and w2 of (2.23), let vp be their differ-
ence. Then it satisfies (7.1) with p = 0. In addition, there is an extensmn of 75 denoted by 7§,
such that Vo§** = P(V7, ) where P is the extension operator of Corollary A.1, and o§* sat1sf1es

Vo is stationary, and E / Vatdx = 0. (7.14)
Y

In the usual weak formulation of the equations satisfied by (06r , Uy ), take vy itself as the test
function and integrate over ®(NY) for a large integer N. We get

/ ko| Vo [2dx + / ol Vg P
®(NYNR;)

- *—*Zd:/ ko(n - Vo Yo ds.
+B L(NYQI’) [vg — g |°ds oY) o(n - Vog )ovg ds

Invoking elliptic regularity, we can show that [Vog | < C|[Vopl|2((y,)) along the bound-
ary 0®(NY). Let Ky(yy) denote the indices of those cubes. By a change of variables and ex-
tension, we also have such bound of Vﬁg"t. On the other hand, due to the assumption that
Vg is stationary and satisfies E [, V3§'dy = 0, in light of Lemma A.5 of [13], we conclude
that 7§ grows sublinearly almost surely. Consequently, the integral on the right is of order

o(N )Zkelca ) IVoollr2(@(y,))- Divide the above equality by N?, and change variable in the

integrals, we have, with Z(N) being the indices of cubes {Y,, C NY}.
1 _ _ _
N ) [/ . oo|Vog lzdx—l—/ ) Uo’VUO |?dx + RB 14@ | log — v, \st]

n€Z(N)

converges to the limit of 01(\171\21) Lke Koy, V55| 12(v,), which is zero by the fact that the cardinal-

ity of Ky(ny) is O(N) and by using ergodic theorem for this sum. By a change of variable with
bounds (2.17) and (2.18), the above implies

1 . . 245 e . N YN
= T [/Y ool Vg Paz+ [ ool VoyPaz+p7 [ lag - |2(x)ds(x)] —0.
nEI(N) n n n
By the stationarity of the integrands and again the ergodic theorem, we have
IE/ Vo Pdx +]E/ Vo 2z +]E/ 65 — 9y [2(%)ds(%) = 0.
Y+ Y- ro

This implies that 5] = 3, = C(y) for some random constant. This proves the uniqueness of
Vwy. O
7.2 Proof of the homogenization theorem

In this section, we prove the homogenization theorem using the energy method, i.e., the method

of oscillating test functions [46].
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7.2.1 Oscillating test functions

We first build the oscillating test functions. For a fixed vector p € R%. Let (wy, w, ) € H be the
unique solution (up to the addition of a random constant) of the auxiliary problem (2.23). In

particular, w;f has an extension w'f,Xt. We define

X
wi,(x,7) = x - p+ ewy t(g,’Y), x € R?, 15
X .

Wy, (x,7) = - p+eQuy, (L,7), xR

Here and in the sequel, Q denotes the trivial extension operator which sets Qf = 0 outside the

spatial support of f. By scaling the auxiliary problem, we verify that (w‘;ﬁ, w,"~ ), where w‘;* is

the restriction of wj, in e®(RS) and wj,” is the restriction of w5, in e®(R, ), satisfies

v -koVw;Jr =0 and V -kOVw;_ =0 in eCD(IRf),
kon - waf =kon-Vw,”  and wif —w, = ¢efkon - Vuw,~ on e®(T).

This means that for any test function ¢ = (¢, ¢~) € L?(O, H}_(e®(RS) x ¢P(R;))) com-

loc
pactly supported on a bounded open set & C R?, we have that

E koVw," - Votdx +E

koVwt ™ -Vo—d
ONed(RY) oVT®y ¢ox

ONed(RR;)

+ (ef) 'E /fﬂs@(l‘)(w;_ —w, )(¢T —¢7)ds =0.

(7.16)

Clearly, this is the scaled version of (7.1). Remark 7.1 applies here also, so wj}, solves the above
equations in the usual weak sense as well. We define the vector fields qf,i = kOVw‘;i. They
satisfy the following convergence results.

Lemma 7.1. Let w;i and the vector fields 17?} be defined as above and let 0 C R? be a bounded open
set. Then as ¢ — 0, we have the following:

Wi, =X p, uniformly in O a.s.in O; (7.17)
Wy, = X p, in L*(0) as.in O. (7.18)
Qnst — g A ko (Vwi(x, ) +p)de  in[13(0)7 as.inO.  (7.19)

Proof. To prove the first result, we recall that (w);, w,, ) solves (7.1) and by the elliptic regularity
theorem adapted to the space H we have

+ e ot
IE/¢(Y+,7) ]pr (x,7)°dx < oo,  which implies IE/Y‘VZUZX (y,7)[*dy < oo

for some s > 2. In addition, V@ is stationary and its integral over Y has mean zero. By a
version of Birkhoff’s ergodic theorem, see e.g. Theorem 9 of [40], we have that

lim sup ‘swe’(t (%,7)’ =0 P-as.

e—0 xeK
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for any compact set K C R2. The desired convergence result follows from the relation between
wt and &<t
p P
For the second convergence result, we first observe the following decomposition

X <t (X <t (X
'Z/USP—X']O:F,(ZUP (g)—w;t( ))ng)( )"‘Swet(g) X€¢(R2—)
By the proof of the first result, the second item on the right above converges uniformly in &

to zero and it suffices to show that J. := [[ew,, (e7'x) — ew§* (e7'%) | 2 car(r ~)ne) converges to

zero. Given @ and ¢, we can find Z,(€¢') C Z? such that & C Uyc7.e®(Y;) and |Z;| < C(0)e 2
Then a.s. in O we verify that

2

Je < E/@(Y[)fsz’wf,’“ <§> ( ) dx—£4 2/ W (x) — wy, (x)| dx

nel nel

< Cet Z/_

‘2
nele

—w, (y)| dy.

In the last inequality, we used the change of variable y = ®~!(x) and the bounds (2.17) and
(2.18). Using the estimate (C.4), we have

2P0

nel,

Je < Ce?

5 (y) — @ ()| ds(y +/ — Vo, (y)\zdy)]-

Note that the integrands above are stationary and the item inside the bracket is ready for ap-
plying ergodic theorem. This item converges to

]E/] w, [*(y)ds(y —HE/ V@t — Vo, [dy,

which is bounded for example by (7.6) and (7.8). Consequently, Jc — 0, proving (7.18).
For the third convergence result, we set first

Qffy = (kolp + (V) 'V, ) xps-

These functions are stationary and we have the relation Q5" = (Q77;) (®~(%,7)) holds. By
an ergodic theorem adapted to the stationary ergodic setting of this paper given in Lemma 2.2.
of [19], we obtain (7.19). O

7.2.2 Proof of the homogenization theorem

In this subsection we prove the homogenization theorem using Tartar’s energy method. Here
is the strategy: In the first step, we recall the energy estimates for the solution u, to the prob-
lem (2.2) and extract a subsequence along which u&** converges weakly in H(Q) to some uy,
and the trivially extended gradient functions QVuJr and QVu; has weak limits in [L2(Q)]".
Passing to limits in the weak formulation of (2.2), we obtain equations for these limits and the
proper boundary conditions. In step three we identify uy as the unique solution to a homog-
enized equation. This is done by choosing the oscillating test functions ((pwiﬁp, (pw7§p) for the

ue-equation and the oscillating test functions (goE, (/)E) for the w},-equation. The uniqueness
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of the solution to the weak formulation of uy relies on the fact that the trivial extension of u
converges weakly in L2(Q) to ug for some constant § < 1. This fact is proved in step two.

In view of Proposition 3.3, Lemma 7.1 and Theorem 2.3, there exisit a faithful subset O; of
O such that the conclusions in these results hold. We henceforth fix a ¢ € O; and ignore the
dependence on 7.

Proof of Theorem 2.4. Step 1: Extraction of converging subsequences. Let (u;, u; ) be the solution to
(2.2). In particular, u; has an extension u®™* € H!(Q)). Let the vector fields ¢ be koVu;. Then
the estimates (3.14) and (3.11) show that

1 N 1) + 11QE 2 (a2 + 1Q8: l12(cy2 < C-

Consequently, there exists a subsequence and functions uy € H'(Q) and &1, & € [L2(Q)]?, such
that

ust — 4y weakly in H'(Q)), u®t — g strongly in L?(Q)); (7.20)
Q& — & weaklyin [L*(Q)]?, Q& — & weakly in [L2(Q)]?. '
In the proof of Proposition 3.4, we also proved that
u®ty. — Qu, — 0 strongly in L*(Q). (7.21)

Now fix an arbitrary test function ¢ € C5°(Q). Take (¢x;, ¢x; ) as a test function in (3.5).
Then the interface term disappears and we get

/Qko<Q§:>-V7dx+/Qko(Qc;>-dez&

Passing to the limit ¢ — 0 along the subsequence above, one finds

/Q(Cl +&)-Vedx =0, Ve € CF(Q). (7.22)
Therefore, the limiting vector field ¢; + ¢ satisfies that
V- (G1+8&)=0, inD(Q), (7.23)

where D'(Q)) denotes the space of tempered distributions on (). Now for any ¢ € C*(9Q)), we

may lift it to a smooth function ¢ € C®(Q)) such that ¢ = ¢ on 9. Take (¢x;, ¢x; ) as the test
function in (3.5) and pass to the limit; we get

| @ +e) Vodx= | gpas (7.24)

Since &1 + & € L2(Q)) and V - (& + &) € L%(Q), the trace n - (&1 + &) on the boundary 9Q) is
well defined. Applying the divergence theorem and (7.23) we get

Jon-@regas= [ ggas, voecH(@),

This shows that, n - (1 + &) = g at dQ). Further, since the trace of Q¢, is zero for all ¢, the
same argument above shows that 7 - ¢, = 0 at d(). We hence get

n-¢1 =g atoQ.
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Step 2: Weak convergence of Qu, . We can write Qu, as ux; + (Qu; — u®x; ). Due to
(7.21) and the fact that u&* converges strongly to u, we only need to verify that x; converges
weakly to 6. To this purpose, fix an arbitrary open set K compactly supported in (), and observe
that for sufficiently small ¢, K is compactly supported in E; defined in (2.20). Then we have

z z
/K)(Q—dx = /I<m£q>(R2)dx = @71(%))(]Rz_(g)detvcb(g,'y)dz.

In [19, 18], it is shown that the characteristic function e® ! (%) converges strongly in L!(R?)
to that of the set [E [, V®(y,-)dy] 'K. On the other hand, since the function XR; detVP is
stationary, by ergodic theorem, we have

X]Rz—(z) det Vd)(z,'y) B ]E/ Xg; det V®(z,7)dz = 007!, inL®(R?).
Y

Here, 0 is defined as in (2.24). Consequently, we observe that for any open set K compactly
supported in (2, we have

-1
/XKxﬂfdx — 60! dx = 0o~ ! det <]E/ Vo(y, -)dy> |K| = 6|K|.
¢ Y

[E [y V®(y,")dy] 1K

Here, we used the fact that det (E [, V®(y,-)dy) = o, a fact also proved in [19, 18]. Since
linear combinations of characteristic functions of compact sets in () are dense in L?((}), we
get the desired result. The fact that 6 < 1 is due to the fact that ® does not expand the cells
dramatically. This completes the proof of item two of the theorem up to a subsequence.

Step 3: Identifying the limit. Fix an arbitrary test function ¢ € C§°(€)). Recall the definitions of
Q. , K¢ and E; in (2.19) and (2.20). For sufficiently small ¢, the function ¢ is compactly supported
in E..

Choose p = ¢, k = 1,2 where e; = (1,0) and e; = (0,1). Let wiek and wgek be as in (7.15).
In view of Remark 7.1, the weak formulation (7.16) still holds if we remove the integral over
v € O. Take (gug, pu; ) as a test function there; we get

(@i Vi@udyax+ [ (Qu) -V (gu
+ elﬁ/rg(wiek — w5, )P(u —u; )ds = 0.
Similarly, in the weak formulation (3.5), take ((p@, q)@) as the test function; we get
J(Qed) - Vg, )ax + / (QE7) - V (s, )dx
8,8 / @(wi,, — wh, )ds = 0.

Note that the integrating domains in the first formula can be taken as above because ¢ is com-
pactly supported in E., which implies that e®(I') Nsupp ¢ = I'. N supp ¢. Subtracting the two
formulas above and noticing in particular that the interface terms cancel out, we get

[ (@) Vguetax+ [ (Qus) - Voustax+ [ (Qu)- Vo(Qup —ux; )dx

— [ (Qe)- Voo dx+ [ (Q2:)- Vous,dx=o0.
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By the convergence results (7.19), (7.17), (7.18), (7.20) and (7.21), we observe that each integrand
above is a product of a strong converging term with a weak converging term. Therefore, we
can pass the above to the limit e — 0 and get

[ O+ 20 Vg = [ (&1+ &) Vo, (7.25)

" n

where 171, (resp. 772¢,) is defined as the right-hand side of (7.19) with the "+" (resp. "—") sign.
The integral on the right can be written as

@+ &) - (Vipn) —agldx = — [ (@ +82) e i,

where we have used (7.22). For the integral involving #1,, + 172¢,, we check that

¢+ (11, + 12¢,) = koQlE [p(Y) (ch(Y*)ei Vg (%) + Xor-)ei - Vo (x,7) + 5’7> ax.

This shows that

To— ) P _ o 0P
(M1, + 12e)1t0 - Vo = g e (e, + erk)uoaTCj = KkjuoaTCj,
where we have used the definition of the matrix (KZ*]) in (2.26). Now (7.25) becomes

2 d .
Kiaig 2P dx = —/ e Gix.
/Qj—l kjuoaxj X Q(§1+Cz) e pdx

Since ¢ € C°(Q))) is arbitrary we conclude that
2 * aMO
(G1+8) e =) Kym, forallk.
=0
Substitute this relation in (7.22) and (7.24); one obtains

/ K*Viug - Vgdx = /a g9, forallp € H'(Q). (7.26)
QO

Finally, we recall that for all y € Oy,

/ Quf (x,7)dx =0, and Qu, (-,7) — Bug(-,7) weakly in L*(Q)
@)

indicate that
[ o)z =tim [ (Qu(x,7) + Qui; (x,7))dx
0O e—0.J0

zlim/QQu;(x,'y)dx = G/QMO(x,'y)dx.

e—0

Since 6 < 1, we obtain
/ up(x, y)dx = 0. (7.27)
Q
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In summary, the weak limit uy(x, ) provides a solution to the problem (7.26)(7.27). Thanks to
this normalization condition and the fact that K* is uniformly elliptic, the proof of which is not
difficult and is omitted, the solution to this problem is unique.

We check that the unique deterministic solution to the homogenized equation (2.25) solves
the problem (7.26)(7.27). By uniqueness of the latter problem, we conclude that uo(x,y) ob-
tained in step one for all v € O; must agree with the deterministic solution to (2.25). We
denote this solution as 1y(x). Consequently, all converging subsequences of (u;, u; ) converge
to 1o (x) and hence the whole sequence converges to this limit. This completes the proof.  [J

7.3 Effective admittivity of a dilute suspension

In this subsection, we consider the case when the cells are dilute. We aim to derive a formal
first order asymptotic expansion of the effective admittivity in terms of the volume fraction of
the dilute cells.

In the formula of the homogenized coefficient (2.26), the integral term has the form

L]—JE/ 6 Vuw,: y,)dyHE/ -Vw, (y,-) dy.

Thanks to the ergodic theorem, J;; also takes the form

1
Jij = lur;oﬁ ) (/P(W) ej- Vg (v, ) dy+/ e] Vw, (y,- )dy).

neZ(N)

Here, Z(N) is the indices for the cubes {Y; } inside the big cube NY. Now using integration by
parts, we simplify the above expression to

1 +
Jij = lell—rgoﬁ </aq>(NY) jte; (¥

Here, n denotes the outer normal vector along the boundary of ®(NY) and ®(Y;, ), n € Z(N);
nj = n-e; denotes its j-th component. Note that the boundary terms at {0®(Yy) },ez(n) N
®(NY) are canceled because two adjacent cubes share the same outer normal vector at their
common boundary except for reversed signs.

Finally, we have seen that w; has sub-linear growth. Since the surface ®(NY') has volume of
order O(N), the sub-linear growth indicates that the boundary integral at 0®(NY)) is of order
0(N?). Consequently, when divided by N? this term goes to zero. By applying the ergodic
theorem again, we obtain that

- r / ), ds(y))

neZ(N

Jij = lmloﬁne; / w, —w, ) (y,-)njds(y) = E acp(yf)(w;" —w, ) (y,-)njds(y). (7.28)

In the following, we investigate this integral further by deriving a formal representation for the
jump w;,"’ — w,, in the case when the inclusions are dilute, i.e., small and far away from each
other.

To model the dilute suspension, we assume that the reference cell Y~ is of the form pB,
where B is a domain of unit length scale and unit volume, and p := /|Y~| < 1 denotes the
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small length scale of the dilute inclusions. Due to the assumptions (2.17) and (2.18), the length
scale of the cell ®(Y ) is still of order p. Further, by our construction the distance of the cell
®(Y ") from the “boundary” o (Y) is of order one, which is much larger than the size of the
inclusion.

Since the distances between the inclusions are much larger than their sizes, we may use
the single inclusion approximation. That is, w;f can be approximated by the solutions to the

following interface problem:

V- koVw; =0in ®(Y ™) and R?\ cp(y*)
ow,; _ dw,,

on  on
w;f — 0 at oo.

dw
, and w} —w, = pﬁko( “ +n-e)ondT),

Here, ®(T') denotes the boundary of the inclusion. Note that the extra p in the jump condition
is due to the fact that the length scale of the inclusion ®(Y ™) is of order p. Using double
layer potentials, we represent w,; and w, as Dgr)[¢i] restricted to ®(Y ™) and R* \ ®(Y )
respectively. Due to the trace formula of Dgr) and the jump conditions above, the function ¢;
is determined by

9Dag(r) [¢1]
¢ = ppko(—3 o + ;). (7.29)
Let us define the operator Lqr) P
wi —w, = —¢; = ppko(I + ppkoLor)) '[ni], ond(T).

As a consequence, we have also that
Jij ~ —pPBkolE / (I4 ppkoLaor)) " [ni]n;ds.

Let us define ¢; to be — (I + pBkoLer)) ' [n], thatis ¢; + ppkon - VDg(r)[1hi] (x) = —n;. Define
the scaled function §;(%) = 1;(p%) on the scaled curve p~!1®(T). Using the homogeneity of the
gradient of the Newtonian potential, we verify that

0 [#i](x) = Do) [i] (%), and  pn - VD [#i](x) = n- VDy1qm) [$i] (%),

where & = p~'x. This shows that §; = — (I + BkoL,-1¢r)) ' [1:]. Using the change of variable
y — p¥ in the previous integral representation of J;;, we rewrite it as

Jij =~ pBkoE / i(p7)njds(og) = p*BkoE / lPindeQJ)-

Finally, the approximation (2.27) of the effective permittivity for the dilute suspension holds,
where f = gp? is the volume fraction where ¢ accounts for the averaged change of volume due
to the random diffeomorphism; the polarization matrix M is defined by (2.28) and is associated
to the deformed inclusion scaled to the unit length scale. Note that the imaging approach
developed in subsection 6.2 can be applied here as well.
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8 Numerical simulations

We present in this section some numerical simulations to illustrate the fact that the Debye re-
laxation times are characteristics of the microstructure of the tissue.

We take realistic values for our parameters, which are the same as those used in Subsection
2.2 and let the frequency w € [10%,10°] Hz.

We first want to retrieve the invariant properties of the Debye relaxation times. We consider
(Figure 8.1) an elliptic cell (in green) that we translate (to obtain the red one), rotate (to obtain
the purple one) and scale (to obtain the dark blue one). We compute the membrane polarization
tensor, its imaginary part, and the associated eigenvalues which are plotted as a function of the
frequency (Figure 8.2). The frequency is here represented on a logarithmic scale. One can see
that for the two eigenvalues the maximum of the curves occurs at the same frequency, and
hence that the Debye relaxation times are identical for the four elliptic cells. Note that the
red and green curves are even superposed; this comes from the fact that M is invariant by
translation.

Next, we are interested in the effect of the shape of the cell on the Debye relaxation times.
We consider for this purpose, (Figure 8.3) a circular cell (in green), an elliptic cell (in red) and
a very elongated elliptic cell (in blue). We compute similarly as in the preceding case, the
polarization tensors associated to the three cells, take their imaginary part and plot the two
eigenvalues of these imaginary parts with respect to the frequency. As shown in Figure 8.4,
the maxima occur at different frequencies for the first and second eigenvalues. Hence, we can
distinguish with the Debye relaxation times between these three shapes.

Finally, we study groups of one (in green), two (in blue) and three cells (in red) in the unit
period (Figure 8.5) and the corresponding polarization tensors for the homogenized media.
The associated relaxation times are different in the three configurations (Figure 8.6) and hence
can be used to differentiate tissues with different cell density or organization.

These simulations prove that the Debye relaxation times are characteristics of the shape and
organization of the cells. For a given tissue, the idea is to obtain by spectroscopy the frequency
dependence spectrum of its effective admittivity. One then has access to the membrane po-
larization tensor and the spectra of the eigenvalues of its imaginary part. One compares the
associated Debye relaxation times to the known ones of healthy and cancerous tissues at dif-
ferent levels. Then one would be able to know using statical tools with which probability the
imaged tissue is cancerous and at which level.

9 Concluding remarks

In this paper, we have explained how the dependence of the effective electrical admittivity
measures the complexity of the cellular organization of the tissue. We have derived new for-
mulas for the effective admittivity of suspensions of cells and characterized their dependence
with respect to the frequency in terms of membrane polarization tensors. We have applied the
formulas in the dilute case to image suspensions of cells from electrical boundary measure-
ments. We have presented numerical results to illustrate the use of the Debye relaxation time
in classifying microstructures. We also developed a selective spectroscopic imaging approach.
We have shown that specifying the pulse shape in terms of the relaxation times of the dilute
suspensions gives rise to selective imaging.
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Figure 8.1: An ellipse translated, rotated and scaled.
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Figure 8.3: A circle, an ellipse and a very elongated ellipse.
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An important problem is to investigate the frequency dependence of the effective electri-
cal properties of dense periodic arrangements of cells such as skin cells. Our classification
approach proposed in this paper is expected to be applicable for nondilute suspensions but
at given volume fraction. Another challenging problem is to extend our results to elasticity
models of the cell. In [10, 8], formulas for the effective shear modulus and effective viscosity
of dilute suspensions of elastic inclusions were derived. On the other hand, it was observed
experimentally that the dependence of the viscosity of a biological tissue with respect to the
frequency characterizes the microstructure [16, 24]. A mathematical justification and modeling
for this important finding are under investigation and would be the subject of a forthcoming
paper.

Finally, it would be very interesting to develop a physics-based learning approach, based
on Debye relaxation times, for classifying tissue organizations at the cell scale from macro-
scopic spectroscopic admittivity measurements. One can learn from training examples such
as biopsies the underlying microstructures and then, classify unseen ones from spectroscopic
measurements of their admittivities. For doing so, it is important to construct a distance be-
tween spectroscopic measurements which allows to statistically classify or separate different
microstructures into different groups.

A Extension lemmas

Due to the problem settings of this paper, we need to study convergence properties of functions
that are defined on the multiple connected sets Ry, ®(IR;) and ¢e® (R, ). Extension operators
becomes useful to treat such functions.

Consider two open sets U,V C R? with the relation U C V, and two Sobolev spaces
WLP(U) and WP (V), p € [1,00]. What we call an extension operator is a bounded linear map
P : WYP(U) — WYP(V), such that Pu = u a.e. on U for all u € WYP(U). In this section, we
introduce several extension operators of this kind that are needed in the paper. They extend
functions that are defined on Y, Ry, ®(R} ) and ¢P(R; ) (hence ()") respectively.

Throughout this section, the short hand notion M 4(f) for a measurable set A C R? with
positive volume and a function f € L!(A) denotes the mean value of f in A, that is

Ma(f) = @ / fax (A1)

We start with an extension operator inside the unit cube Y. Since Y~ has smooth boundary,
there exists an extension operator S : W'P(YT) — WP (Y) such that for all f € WP (YT) and
p el o)

ISAllecyy < Cliflleeysy, ISFllwrrery < ClFlwre vy, (A.2)

where C only depends on p and Y. Such an S is given in [27, section 5.4], where the second
estimate above is given; the first estimate easily follows from their construction as well. Cio-
ranescu and Saint Paulin [22] constructed another extension operator which refines the second
estimate above. For the reader’s convenience, we state and prove their result in the following.
Similar results can be found in [34] as well.

Theorem A.1. Let Y, Y™ and Y~ be as defined in section 2; in particular, dY~ is smooth. Then there
exists an extension operator P : WYP(YT) — WUP(Y) satisfying that for any f € WYP(YT) and
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p € [1,00),
IVPfllreyy S CUV ey, IPfllrery < Clifllrere)s (A3)

where C only depends on the dimension and the set Y.

Proof. Recall the mean operator M in (A.1) and the extension operator S in (A.2). Given f, we
define Pf by
Pf = My (f) +S(f = My+(f))- (A4)

Then by setting ¢ = f — My+(f), we have that

IVPfllryy = IVSPlleeyy < Cllgllweryry < CIV Iy = CIV ey

In the second inequality above, we used the Poincaré-Wirtinger inequality for ¢ and the fact
that ¢ is mean-zero on Y. The L? bound of Pf follows from the observation

My (Dllirr < (|'YY+'|) Il

and the L7 estimate of Sf in (A.2). This completes the proof. O
Apply the extension operator on each translated cubes in R;, we get the following.

Corollary A.1. Recall the definition of Y,,, Y, and Y, in section 2. Abuse notations and define

(Pu)ly, = P(uly:), neZ?ue W/ (RS). (A.5)

loc

Then P is an extension operator from W P(Ry) to W1 J(IR?). Further, with the same positive constant
C in (A.3) and for any n € Z2, we have

IVPullpy,) < ClIVullpn-y, I1Pullzey,) < Cllullp ;) (A.6)

Given a diffeomorphism, the extension operator P can be transformed as follows. In the
same manner, under the map of scaling, the extension operator is naturally defined.

Corollary A.2. Let ®(-,y) be a random diffeomorphism satisfying (2.17) and (2.18). Denote the inverse
function @~ by Y. Define P, as

Pou=[P(uo®)]o¥, ueW(D(R))). (A7)

loc

P(D(RF)) to Wi (D(IR?)) which satisfies that

Then P, is an extension operator from W o

loc
HVPWMHLF(d)(Y,,)) < CHV“HLP@(Y;))I HP’YuHLF(d)(Yn)) < CH“HLP(CD(Y,,‘))/ (A.8)

where the constant C depends further on the constants in (2.17) and (2.18).

Corollary A.3. Let ®(-,7) and ¥ be as above. For each ¢ > 0, define P as follows: for any u €

WP (e®(R3)), Piu is defined on each deformed and scaled cube e®(Y,,) by

loc

Piu(x) =ePi(¥(-)), (A9)



where il = e 'uoed and P is as in (A.6). Then P§ is an extension operator from Wllo’f (eq)(]sz ) to
Wlt’f (e®(IR?)) which satisfies that for any n € Z2,

VP ullreay,)) < ClIVUllp oy, 1Pyl o)) < Cllulli oy, ), (A.10)
where the constant C depends on the same parameters as stated below (A.8).

Proof. We focus on proving (A.10). Under the change of variable x = e®(y), we have

ViPiu(x) = VE(C)V,Pi(®(2)) = V(@) VyPa(y),

On each deformed and scaled cube qu(Yn), we calculate
IV P oy = [ | TPz = [ [V¥(@(5) Ty Pa(y)|P det(T(y)dy
<e / |W ()P |V, Pii(y) [P det(Vb(y))dy < Ce? / IV, Pi(y) |Pdy.

Here, we have used the Cauchy-Schwarz inequality and the bounds (2.17)-(2.18) on the Jaco-
bian matrix and its determinant. Upon applying (A.3), we get

IVPEI1 ) < 2NV,

Since (y) = Lu(e®(y)), we have V,ii(y) = VyQD(y)qu(s (y)) Change variables in the last
integral and repeat the analysis above to get

IVyitll}, ey < Ce IVl

LP(Y,1) LP(e@(Y;1))"

Combining the above estimates, one finds some C independent of ¢ or 7y such that (A.10) holds.
Moreover, the constant C is uniform for all e®(Y;). The L? estimate for Pu is simpler and
ignored. This completes the proof. O

Finally, we define the extension operator from W7 (Q}) to W' (Q). This is essentially the
same operator in Corollary A.3. Indeed, recall that () is decomposed to the cushion K, and the
cell containers Eg; see (2.20). We only need to apply P in E..

Theorem A.2. Let the domains QF, K, and E. be as defined in section 2. Let ®(-,v) be a random
diffeomorphism satisfying (2.17)-(2.18). Define the linear operator Py, as follows: for u € WP (QF), let

Py u be given by (A.9) in E,, and let P5u = u in Ke. Then Py is an extension operator from WLP(QF)
to WYP(Q) and it satisfies

IVEullr ) < ClIVullas), 1Pyl < Cllulleog), (A11)
where the constants C’s do not depend on € or .

Proof. Since P7 leaves u unchanged in K, and it satisfies the estimates (A.10) uniformly in the
cubes E; = Uye7,e®(Yy), we have the following:

||VP§MH€P - HVI/[H I(E + Z HVPSMHLP SCD Yn)
neZ;
<Vullfy gy +C X IVl oy < CIVEIT, o
nel;

This completes the proof of the first estimate in (A.11). The second estimate follows in the same
manner, completing the proof. O
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B Poincaré-Wirtinger inequality

Our next goal is to derive a Poincaré-Wirtinger inequality for functions in H'(Q)) with a
constant independent of € and <. The following fact of the fluctuation of a function is useful.

Lemma B.1. Let X C R? be an open bounded domain with positive volume and f € L'(X). Assume
that X1 C X is a subset with positive volume, then we have

If = Mx, (D) llr2xy < = Mx(H)lleax)- (B.1)

Proof. To simplify notations, let f; be the restriction of f on X;, m; = Mx,(f1) and 6; =
|X1]/|X]|. Similarly, let f, be the restriction of f on Xo = X\ Xy, my = Mx,(f2). Let m =
Mx(f). Then we have that

f—m: fl—m1+(1—9)(m1—m2), x € Xy,
fz—Mz—i—Q(Tnz—ml), x € Xo.

Then basic computation plus the observation that f; — m; integrates to zero on X; fori = 1,2
yield the following:

If = mlifa) = Ifi = millfacx,) + f2 = m2llfa i, + (1= 0)0] X (mz — m1)?.
Since the items on the right-hand side are all non-negative, we obtain (B.1). O
Corollary B.1. Assume the same conditions as in Theorem A.2. Then for any u € HE(Qy), we have
that
[l 208y < ClIVuUll20z), (B.2)
where the constant C does not depend on € or +y.

Proof. Thanks to Theorem A.2, we extend u to Pfu which is in H'(Q)). Use (B.1) and the fact
that M+ (1) = 0 to get
lll 20y < 1Byu = Ma(Piu)l 12
Now apply the standard Poincaré-Wirtinger inequality for functions in H!(Q}), and then use
(A.11). We get
1Py = Ma(Pyu) [0y < ClIVPyull2(0) < ClIVull2(0f)-

The constant C depends on () and the parameters stated in Theorem A.2butnoton e or vy. The
proof is now complete. O

Another corollary of the extension lemma is that we have the following uniform estimate
when taking the trace of u € W; on the fixed boundary 00).

Corollary B.2. Assume the same conditions as in Theorem A.2. Then there exists a constant C depend-
ing on ) and the parameters as stated in Theorem A.2 but independent of € and <y such that

1]l 3 oy < ClIVullz o), (B.3)

2(00)
for any u € H'(Q).

Proof. Thanks to Theorem A.2 we extend u to Pyu which is in H 1(Q)). The trace inequality on
() shows
I1PSul3 00y < CONPSHln 0 (B.4)

The desired estimate then follows from (A.11) and (B.2). O
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C Equivalence of the two norms on W,

In this section, we prove Proposition 3.2 which establishes the equivalence between the two
norms on W,. We essentially follow [45] where the periodic case was considered. The ran-
dom deformation setting requires certain modification. The details of such modifications are
provided here for the reader’s convenience.

The first inequality of the proposition is proved by the following lemma together with the
Poincaré-Wirtinger inequality (B.2):

Lemma C.1. There exists a constant C independent of € or -y, such that
o= 122,y < Cle o™ M7y + el VOF 72 qx)) (C1)
for any v+ € HY(QF) and v= € HY(Q),).

Proof. According to the set-up, the interface I'c consists of e®(I';) where i = 1,---,N(e) are
the labels for the deformed cubes {e®(Y;)} inside Q) and I; are the corresponding unit scale
interfaces.

Let us consider the case of vt € H!(Q/); the other case is proved in the same manner.
Denote by v; the restriction of v on the deformed cube e®(Y;). We lift this function to 7;(y) =
v;(e®(y)) which is now defined on Y;". For this function, we have the trace inequality

HﬁiH%Z(r < C(HUZHLZ y+ + ||VU1HL2 y+ ) (CZ)
Note that this constant depends on the reference shape Y~ but is uniform in i.
On the other hand, because for any 7y € O, the diffeomorphism ® satisfies (2.17) and (2.18),

the Lebesgue measures ds(x) on the curve e®(I;) and ds(y) on I';, which are related by the
change of variable x = e®(y), satisfy

Cids(x) < eds(y) < Cpds(x)

for some constant C;» which depend only on the constants in the assumptions and Y~ but
uniform in € and 7; see e.g. [35, Proposition A.1] for a precise relation between ds(x) and ds(y).
Consequently, we have

o e, z / s <cgz /]vl ) ds(y).

Apply (C.2) and change the variable back; use again dx ~ szdy and V,0; = eV,v; to get
0" B, < Ce z / y)P + V20 Pdy

< Ce! / (x) ]2 + 2|V 24
€ l; (1) [0;(x) ]+ &°|Vo(x)[*dx

This completes the proof of (C.1). O

The other inequality in (3.10) is implied by the following lemma:
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Lemma C.2. There exists a constant C > 0 independent of € or <y such that
lollizary < € (Vellollaw, +el Vol iz ) (€3)
forallv € HY(Qy).
Proof. We first observe that on the reference cube Y with reference cell Y~, we have that
loly ) < € (ol + 1Vl ). (C4)

for any v € H'(Y~) where C only depends on Y~ and the dimension. Indeed, suppose other-
wise, we could find a sequence {v,} C H'(Y™) such that [[v,|;2(y-) = 1 but

lonlli2(ry) + VOl 2y-y — 0, asn — oo

Then since ||v, || is uniformly bounded, there exists a subsequence, still denoted as {v, }, and
a function v € H!(Y ™) such that

v, — vweaklyin H'(Y™), Vu, — Vovweakly in L?(Y ™).

Consequently, || Vo|;2 < liminf ||Vv,|;2 = 0, which implies that v = C for some constant.
Moreover, since the embedding H!(Y~) < L?(T) is compact, the convergence v, — v holds
strongly in L?(T) and [oll2(ry < lim[[vn||12(r,) = 0. Consequently v = 0. On the other hand,
v, — v holds strongly in L?(Y~) and hence [0l 2(v-) = lim[[vn||2(y-) = 1. This contradicts
with the fact that v = 0.

To prove (C.3), we lift functions in e®(Y;”) to functions in ¥; as in the proof of the previous
lemma, and use the scaling relations of the measures: dx ~ €?dy and ds(x) ~ eds(y). We
calculate

. N(e)
ol }: / JoPar<ce [ oy < ce ) [ JePds+ [ vofay

where in the last inequality we used (C.4). Change the variables back to get

N(e)
2 Lo / —d+11,124 / ~d+2 |75 2dy.
HUHLZ(OS) =€ l; g<1>(ri)€ [of"ds + s@(Y;)E [Volidy

Note that we used again V0 = ¢V 0. The above inequality is precisely (C.3). O

Proof of Proposition 3.2. To prove the first inequality, we apply Lemma C.1 to get

ellut —u|Fr,) < 20ellut I, +ellu”lIzar,)

< C(lut 200y + 7 220y + ENVET T2 ) T EIVET 2000 ))-

Only the first term in (B.2) does not show in || - || HLx w1, but it is controlled by VUt |20
uniformly in € and -y thanks to (B.2).

58



For the second inequality, we only need to control [[u~ |2 ). We apply Lemma C.2 and
the triangle inequality:

072y < € (el By + ellt = [Bagey + 1V )
Only the first term does not appear in || - ||w,, but using Lemma C.1 and (B.2) we can bound it
by
el far, < CUM I qr) +EIVET T 00) < CIVEFIT g0
This completes the proof. O

D Technical lemma

Lemma D.1. Let @1 be a function in D(Q), C&”(Y*)) x D(Q, C°(Y™)). There exists at least one
function 6 in (D(Q, H;(Y")) x D(Q, Hy(Y™)))? solution of the following problen:

~V, -0t (x,y) =0 inYT,
~V,- 0 (x,y) =0 nY-,
0t (x,y) - n=0"(x,y)-n onT, (D.1)

0" (x,y)-n =9 (x,y) — ¢y (x,y) onT,
L ¥y — 0(x,y)Y — periodic.

Proof. We look for a solution under the form 6 = V7. We hence introduce the following
variational problem:

Findy € (H;(Y")/C) x (H;(Y~)/C) such that
Vit (y) -9 (y)dy + /Y Vi (y) -9 (y)dy

= a0 @t~ - ) W)is(w)
| forallp € (H!(Y*)/C€) x (H!(Y7)/C),

Y+

for a fixed x € (). Lax-Milgram theorem gives us existence and uniqueness of such an . Since
g1 € D(Q,CP(YT)) x D(Q, C°(Y™)), there exists at least one function 6 € (D(Q, HT}(YJF)) X
D(Q), Hﬁ1 (Y™))? solution of (D.1). Note that we do not have uniqueness of such a solution. [
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