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Abstract

Strong convergence rates for (temporal, spatial, and noise) numerical approxi-
mations of semilinear stochastic evolution equations (SEEs) with smooth and regu-
lar nonlinearities are well understood in the scientific literature. Weak convergence
rates for numerical approximations of such SEEs have been investigated since about
11 years and are far away from being well understood: roughly speaking, no essen-
tially sharp weak convergence rates are known for parabolic SEEs with nonlinear
diffusion coefficient functions; see Remark 2.3 in [A. Debussche, Weak approxima-
tion of stochastic partial differential equations: the nonlinear case, Math. Comp.
80 (2011), no. 273, 89-117] for details. In this article we solve the weak conver-
gence problem emerged from Debussche’s article in the case of spectral Galerkin
approximations and establish esssentially sharp weak convergence rates for spatial
spectral Galerkin approximations of semilinear SEEs with nonlinear diffusion co-
efficient functions. Our solution to the weak convergence problem does not use
Malliavin calculus. Rather, key ingredients in our solution to the weak convergence
problem emerged from Debussche’s article are the use of appropriately modified
versions of the spatial Galerkin approximation processes and applications of a mild
1to6 type formula for solutions and numerical approximations of semilinear SEEs.
This article solves the weak convergence problem emerged from Debussche’s article
merely in the case of spatial spectral Galerkin approximations instead of other more
complicated numerical approximations. Our method of proof extends, however, to
a number of other kind of spatial, temporal, and noise numerical approximations
for semilinear SEESs.

1 Introduction

Both strong and numerically weak convergence rates for numerical approximations of
finite dimensional stochastic ordinary differential equations (SODEs) with smooth and
regular nonlinearities are well understood in the literature; see, e.g., the monographs
Kloeden & Platen [20] and Milstein [26]. The situation is different in the case of possi-
bly infinite dimensional semilinear stochastic evoluation equations (SEEs). While strong
convergence rates for (temporal, spatial, and noise) numerical approximations of semi-
linear SEEs with smooth and regular nonlinearities are well understood in the scientific
literature, weak convergence rates for numerical approximations of such SEEs have been
investigated since about 11 years and are far away from being well understood: roughly
speaking, no essentially sharp weak convergence rates are known for parabolic SEEs with



nonlinear diffusion coefficient functions (see Remark 2.3 in Debussche [12] for details). In
this article we solve the weak convergence problem emerged from Debussche’s article in
the case of spectral Galerkin approximations and establish essentially sharp weak conver-
gence rates for spatial spectral Galerkin approximations of semilinear SEEs with nonlinear
diffusion coefficient functions. To illustrate the weak convergence problem emerged from
Debussche’s article and our solution to the problem we consider the following setting
as a special case of our general setting in Section 5 below. Let (H,(-,-);,||l;) and
(U, (-,*)r» IIlly) be separable R-Hilbert spaces. Let T' € (0,00), let (2, F,P, (Fy)ico,r))
be a stochastic basis and let (W}).c0.77 be a cylindrical Idy-Wiener process with respect
to (Ft)wco,r]- Let (en)nen € H be an orthonormal basis of H and let (A, )nen € (0,00)
be an increasing sequence. Let A: D(A) C H — H be a closed linear operator such that
D(A) ={ve H: Y (en,v) y|* < 00} and such that for all n € N it holds that
Aen, = —Apen. Let (Hy, () g 5 I, ), 7 € R, be a family of interpolation spaces associ-
ated to —A (see, e.g., Theorem and Definition 2.5.32 in [19]). Let . € [0, ] and let £ € H,.
Finally, let v € [0,3], and let F € N, C}(H,, H,), B € Ny, pCi(H,, HS(U, H,)),
where for two R-Banach spaces (V4,]]|y,) and (Va, [|-||;,) we denote by Cy(Vi,V5) the
R-vector space of all four times continuously Fréchet differentiable functions with glob-
ally bounded derivatives. The above assumptions ensure (cf., e.g., Proposition 3 in Da
Prato et al. [8], Theorem 4.3 in BrzeZniak [6], Theorem 6.2 in Van Neerven et al. [33]) the
existence of a continuous mild solution process X : [0,7] x Q — H, of the SEE

dX, = [AX, + F(X,)] dt + B(X,)dW,, te[0,T], X,=¢. (1)

As an example for (1), we think of H = U = L*((0,1); R) being the R-Hilbert space of
equivalence classes of Lebesgue square integrable functions from (0,1) to R and A being
the Laplace operator with Dirichlet boundary conditions on H (cf., e.g., Da Prato &
Zabczyk [9] and Debussche [12] for details). In the above setting the parameter  controls
the regularity of the operators I and B.

Strong convergence rates for (temporal, spatial, and noise) numerical approximations
for SEEs of the form (1) are well understood. Weak convergence rates for numerical
approximations of SEEs of the form (1) have been investigated since about 11 years; see,
e.g., [32, 16, 11, 13, 15, 21, 14, 3, 22, 25, 23, 24, 4, 5, 2, 34, 36, 17, 12, 35]. Except for
Debussche & De Bouard [11], Debussche [12] and Andersson & Larsson [3], all of the
above mentioned references assume, beside further assumptions, that the considered SEE
is driven by additive noise. In Debussche & De Bouard [11] weak convergence rates for
the nonlinear Schrédinger equation, whose dominant linear operator generates a group
(see Section 2 in [11]) instead of only a semigroup as in the general setting of the SEE (1),
are analyzed. The method of proof in Debussche & De Bouard [11] strongly exploits this
property of the nonlinear Schrodinger equation (see Section 5.2 in [11]). Therefore, the
method of proof in [11] can, in general, not be used to establish weak convergence rates
for the SEE (1). In Debussche’s seminal article [12] (see also Andersson & Larsson [3]),
essentially sharp weak convergence rates for SEEs of the form (1) are established under the
hypothesis that the second derivative of the diffusion coefficient B satisfies the smoothing
property that there exists a real number L € [0, 00) such that for all x,v,w € H it holds
that!

1B () (0, w)l gy < Lllells, el )

As pointed out in Remark 2.3 in Debussche [12], assumption (2) is a serious restriction for
SEESs of the form (1). Roughly speaking, assumption (2) imposes that the second deriva-
tive of the diffusion coefficient function vanishes and thus that the diffusion coefficient

! Assumption (2) above slighlty differs from the original assumption in [12] as we believe that there is
a small typo in equation (2.5) in [12]; see inequality (4.3) in the proof of Lemma 4.5 in [12] for details.
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function is affine linear. Remark 2.3 in Debussche [12] also asserts that assumption (2)
is crucial in the weak convergence proof in [12], that assumption (2) is used in an es-
sential way in Lemma 4.5 in [12] and that Lemma 4.5 in [12], in turn, is used at many
points in the weak convergence proof in [12]. To the best of our knowledge, it remained
an open problem to establish essentially sharp weak convergence rates for any type of
temporal, spatial, or noise numerical approximation of the SEE (1) without imposing
Debussche’s assumption (2). In this article we solve this problem in the case of spatial
spectral Galerkin approximations for the SEE (1). This is the subject of the following the-
orem (Theorem 1.1), which follows immediately from Corollary 5.2 (the R-Hilbert space
H in Corollary 5.2 corresponds to the R-Hilbert space H, in Theorem 1.1).

Theorem 1.1. Assume the setting in the first paragraph of Section 1, let p € Cif(H,,R),
let (Py)neny € L(H_4) satisfy Py(v) = 25:1 (en, V) e, forallv e H, N € N, and for
every N € N let XN :[0,T] x Q — Py(H) be a continuous mild solution of the SEE

dX} = [PyAX) + PyF(X")] dt + PyB(X]Y)dW,, t€[0,T], X' = Pn(é). (3)

Then for every e € (0,00) there exists a real number C. € [0,00) such that for all N € N
it holds that

[E[p(X7)] = E[p(X)]| < C- ()™ 7777 (4)

Let us add a few comments regarding Theorem 1.1. First, we would like to empha-
size that in the general setting of Theorem 1.1, the weak convergence rate established in
Theorem 1.1 can essentially not be improved. More specifically, in Corollary 6.5 in Sec-
tion 6 below we give for every ¢ € [0, 1], 7 € [0, 1] examples of A: D(A) C H — H, F €
mr<L—VC§(Hw H,), (U, ¢, )p s Illy), B € mr<LJ//2Clz>l(]—Iw HS(U, H,)), and ¢ € Cy(H,,R)
such that there exists a real number C' € [0, 00) such that for all N € N it holds that

[E[o(X7)] = E[p(X)]]| > C- () 7. (5)

In addition, we emphasize that in the setting of Theorem 1.1 it is well known (cf., e.g.,
Corollary 6.1.11 in [19]) that for every € € (0, 00) there exists a real number C. € [0, 00)
such that for all N € N it holds that

E[IXr — XY 15" < c- w) (57, (6)

The weak convergence rate 1 — v — ¢ established in Theorem 1.1 is thus twice the well
known strong convergence rate 1}& in (6). Moreover, we add that Theorem 1.1 uses the
assumption that the first four derivatives of ¢, F', and B are globally bounded. While
the proof of Theorem 1.1 can in a straightforward way be extended to the case where ¢
has at most polynomially growing derivatives, it is not clear to us how to treat the case
where [ and B are globally Lipschitz continuous with the first four derivatives having
at most polynomial growth. Furthermore, we emphasize that Theorem 1.1 solves the
weak convergence problem emerged from Debussche’s article (see (2.5) and Remark 2.3 in
Debussche [12]) merely in the case of spatial spectral Galerkin approximations instead of
other more complicated numerical approximations for the SEE (1). The method of proof
of our weak convergence results, however, can be extended to a number of other kind of
spatial, temporal, and noise numerical approzimations for SEEs of the form (1). This will
be the subject of future research articles. Next we point out that the proof in Debussche’s
article [12] as well as many other proofs in the above mentioned weak convergence articles
use Malliavin calculus. Our method of proof does not use Malliavin calculus but uses —
in some sense — merely elementary arguments as well as the mild It6 formula in Da Prato
et al. [8].



The paper is organized as follows. In Section 1.1 below we give a brief sketch of
the proof without technical details. However, the main ideas needed in order to obtain
an essentially sharp rate of convergence are highlighted. Sections 1.2 and 1.3 present
the general notation and framework used in the paper. Section 2 addresses the weak
convergence of the Galerkin projection Py(Xr) to the solution X7 to the SEE (1) as N
goes to infinity. This result is then used in Section 3 to obtain the weak convergence of the
Galerkin approximation (3) to the solution of (1) in the case where the drift and diffusion
operators F' and B as well as the initial condition are mollified in an appropriate sense.
This provides a less general version of Theorem 1.1. Section 4 is devoted to the proof of
a elementary strong convergence result which is then used in Section 5 to establish weak
convergence (Proposition 5.2) for general drift and diffusion operators. Finally, in Section
6, we consider the case F' = 0 and provide examples of constant (additive noise) functions
B which show that the weak convergence rate established in Theorem 1.1 can essentially
not be improved.

1.1 Sketch of the proof of Theorem 1.1.

In the following we give a brief sketch of our method of proof in the case where £ € H,
(the case where ¢ € H, then follows from a standard mollification procedure; see (83) in
the proof of Proposition 5.1 in Section 5 for details). In our weak convergence proof we
intend to work (as it is often the case in the case of weak convergence for S(P)DEs; see,
e.g., RoBler [31] and Debussche [12]) with the Kolmogorov backward equation associated
to (1). In the case of an SEE with a general nonlinear diffusion coefficient it is, however,
not clear whether there exists any relation between solutions of the Kolmogorov backward
equation associated to (1) and solutions of the SEE (1); see Andersson et al. [1] and Da
Prato [7]. We therefore work with suitable mollified versions of (1) and (3). More formally,
for every k € (0,00) let F,,: H, — Hy and B,: H, — HS(U, H;) be functions given by
F.(z) = e F(x) and B.(x) = e"' B(x) for all x € H,. For every x € (0,00), x € H, let
X#r: [0, T] x Q — H, be a continuous mild solution of the SEE

AX7" = [AXPE 4 Fo(XP9)] dt + Bo(XP™) dW,,  t€[0,T),  Xi"=ux. (7)

For every k € (0, 00), let u,: [0,7]x H, — R be a function given by w,(t,z) = E[gp()%}’i’ft)]
for all (¢t,x) € [0,T] x H,. In particular, notice that for all k € (0, 00) and all nonrandom
x € H, it holds that u, (T, x) = ¢(x). Then, for every x € (0,00), N € Nlet X™*: [0,T] x
) — H, be a continuous mild solution of the SEE

dXtNﬁ = [PNAX;Vﬁ"“PNFH(XtN’K)} dt+PNBN(X2£V7H) tha le [OvT]v Xév = PN(&) (8)

The first key idea in our proof is then to bring certain modified versions of the SEEs (3)
and (8) respectively into play to analyze the weak approximation errors ‘E[gp()_(fp“)] —
E[gp(XéV“)” for N € N, k € (0,00). More specifically, for every x € (0,00), N € N let
YR [0, T] x Q — H,;; be a continuous mild solution of the SEE

AV = [V 4 B (P (V) i+ By (Pe(Y,"7) dWs, £ €[0,T], Y5 =€ (9)

It is crucial in (9) that Py(-) appears inside the arguments of F, and B, instead of in
front of F,, and B, as in (8) (and (3)). Moreover, notice the projection Py (Y;"") = X"
P-a.s. for all N € N, k € (0,00), t € [0,T]. To estimate the weak approximation errors
’E[gp(f(fp“)} — E[gp(XéV“)H for N € N, k € (0,00) we then apply the triangle inequality



to obtain that for all x € (0,00), N € N it holds that

[E[p(XF")] —E[e(X7)]]
< |E[e X“] E[o(Y7 )]+ [E[e( N’“>]—E[w<X¥’“>}
= [ E[ux(T, Y7 ™)]| + [E[e(Y, >] —E[p(Pn (Y7 ™))]]
= |E [u,.i TYN“ ) — u, (0, YN“H+]IE[ 2] = Elp(Py (Y7 )]

(10)

Roughly speaking, the processes YV* N € N, k € (0,00), are chosen in such a way
so that it is not so difficult anymore to estimate ’E[UH(T, vy — u,.i(O,YON’”)H and
’E[@(YI{V’“)] —E[@(PN(YTN’“))] | on the right hand side of (10). More formally, to estimate
the term }E[@(YTN“)] — E[@(PN(YI{V’”))” on the right hand side of (10) (see Section 2
and Lemma 3.1 in Section 3) we apply the mild It6 formula in Corollary 2 in Da Prato et
al. [8] to E[gp(YtN’“)}, t €10,7], and to E[@(PN(YI{V’“))], t € [0, 7], and then estimate the
difference of the resulting terms in a straightforward way (see the proof of Proposition 2.1
in Section 2 below for details). This allows us to prove (see Proposition 2.1 below) that

there exist real numbers OV € [0,00), € € (0,00), such that for all e,k € (0,00), N € N
it holds that

[E[p(Yr )] ~E[p(X7™)]| = [E[o(Y7™)] E[e(Py (Y7 )] | < D ()77 (1)

To estimate the term |E[w,(T, Y =, (0, YON’“)} | on the right hand side of (10) we apply
the standard It6 formula to the stochastic processes (u(t, }/tN7K))tE[O m FE (0,00), and

use the fact that the functions u,, x € (0, 00), solve the Kolmogorov backward equation
associated to (7) to obtain that for all Kk € (0,00), N € N it holds that

|E [u (T, Y2) = (0, Y5 | < Of IE[(Zu,) (s, YV (Fu(Py (YV9) = (Y N))] | ds

T B (Lo ) (s Y2 (| BelPry (Y )+Bu (Y™ | g5, | Br (P (V) =B (v V) g
B e T L )[R

JET 0

where (g;);es C U is an arbitrary orthonormal basis of U; cf. (39) in Section 3 below. The
next key idea in our weak convergence proof is then to again apply the mild It6 formula
(see Da Prato et al. [8]) to the terms appearing on the right hand side of (12). After
applying the mild Ito formula, the resulting terms can be estimated in a straightforward
way by using the estimates for the functions u,, £ € (0,00), from Andersson et al. [1].
This allows us (cf. (87) in the proof of Proposition 5.1 in Section 5) to prove that for all
e € (0,00) there exists a real number C” € [0, 00) such that for all x € (0,1], N € N it
holds that

&K K K K (2)
Putting (13) and (11) into (10) then proves that for all x € (0, 1], N € N it holds that
E[p(XF)] = E[p(Xz™)]] < CO w7 )™ 770 400 ()1 (1)

Estimates (13) and (14) illustrate that we cannot simply let the mollifying parameter s
tend to 0 because the right hand side of (14) diverges as x tends to 0. The last key idea
in our proof is then to make use of the following — somehow nonstandard — mollification
procedure to overcome this problem. For this mollification procedure we first use well-
known strong convergence analysis to prove (see Proposition 4.1 in Section 4) that for all
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e € (0,00) there exists a real number C¥) € [0, 00) such that for all € (0,1], N € N it
holds that

&R K I .
Ele(Xr)] - E[p(X5)]| + [E[e(X)] ~ E[o(xy™)]] < 0¥ sF). (15)
Combining (15) with (14) then shows that for all ¢ € (0,00), x € (0,1], N € N it holds
that
cw c®
(1=y—¢) + (I—v—¢)
(An) K (An)
As the left hand side of (16) is independent of x € (0,1], we can minimize the right
hand side of (16) over x € (0, 1] (instead of letting s tend to 0) and this will allow us to

complete the proof of Theorem 1.1; see (88) and (90) in the proof of Proposition 5.1 in
Section 5 below for details.

[E[o(Xr)] - E[p(X)]] < +C®R(57E) 0 (16)

1.2 Notation

Throughout this article the following notation is used. For a set S we denote by Idg: S —
S the identity mapping on S, that is, it holds for all € S that Idg(z) = x. Moreover, for
a set S we denote by P(S) the power set of S. Furthermore, let &, [0, 00) — [0,00), 7 €

(0,00), be functions given by &.(z) = [ Y07, ”}2:”1;52;]1/2 for all x € [0,00), r € (0,00) (cf.

Chapter 7 in [18] and Chapter 3 in [19]). Moreover, for normed R-vector spaces (£, |||, )

and (Ey, ||-[|5,) and a nonnegative integer k € No, let ||y, x i my o I llLipk (12 Ck(Eq,
E5) — [0, 00] be mappings given by
e, UL e
_ 7Y
| Fluiph 2y = 1O @O Gl 1) 5, 1, (17)
SUPyeks, = ‘keN
zty

and ||f||Lipk(E1,E2) = ||f(0)||E2 + Zf:o |f|Lipl(E17E2) for all f € Ck(Ela FEs) and let Lipk(El,
Es) be a set given by Lip*(Ey, Ey) = {f € C*(E,, Es): 1 g (1) < 00} In addi-
tion, for a natural number k£ € N and normed R-vector spaces (E, |||z, ) and (Ey, |||l z,),

let |'|c§(E1,E2) ) H'Hcg(El,Eg) : C*(Ey, Ey) — [0,00] be mappings given by ‘f|C{f(E1,E2) =

sup,e, |1f* ()| Lr 5,y and 1fllerermy = 1FO0)]e + S |flei (e g,y for all f €
C*(Ey, Ey) and let CF(E), Fy) be aset given by CF(E, Ey) = {f € C*(E}, E»): 1 e, i)
< 00}

1.3 Setting

Throughout this article the following setting is frequently used. Let (H,(-,)g.lz)
and (U, (-, )y, |I|l;) be two separable R-Hilbert spaces, let T € (0,00), n € [0,00),
let (Q,F, P, (Fi)icpor)) be a stochastic basis, let (W;)ejo,r) be a cylindrical Idy-Wiener
process with respect to (F;)iwcpo,r), let H € H be an orthonormal basis, let A\: H — R
be a function satisfying sup,cg s < 7, let A: D(A) € H — H be a linear operator
such that D(A) = {v € H: Y, |\ (b, v) > < oo} and such that for all v € D(A)
it holds that Av = >,y Ao (b,v); b, let (H,, (), |Il5), € R, be a family of
interpolation spaces associated to n — A (see, e.g., Theorem and Definition 2.5.32 in
[19]) and let (Pr)epm € L(H-y) fulfill that for all v € H, I € P(H) it holds that
PI(U) = Ebe[ <b7 'U>H b.

Throughout this article we also frequently use the well-known facts that for all r €
(O, OO), I e P(H) it holds that ”PI”L(H,H_T) = [infbel [7] — )\b]]—r = ”PIHE(H,H,I) and that
for all r € [0,1] it holds that sup;c (g ) H(—tA)TeAtHL(H) < SUP,e(oo0) | 5] < [Z]" < 1.

T
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2 Weak convergence for Galerkin projections of SPDEs

In this section we establish weak convergence rates for Galerkin projections of SPDEs (see
Proposition 2.1). Proposition 2.1, in particular, proves inequality (11) in Section 1.1. In
Corollary 3.3 in Section 3 below we will use Proposition 2.1 to establish weak convergence
rates for Galerkin approzimations of SPDEs with mollified nonlinearities. Proposition 2.1
is a slightly modified version of Corollary 8 in Da Prato et al. [8].

2.1 Setting

Assume the setting in Section 1.3, assume that = 0, and let 9 € [0, 1), F € Lip®(H, H_y),
B € Lip"(H,HS(U,H_y,)), ¢ € Lip’(H,R), £ € L3(P|x; H).

The above assumptions ensure (cf., e.g., Proposition 3 in Da Prato et al. [8], Theorem
4.3 in Brzezniak [6], Theorem 6.2 in Van Neerven et al. [33]) that there exist an up-to-
modifications unique (F)scpo,r)-predictable stochastic process X : [0,7] x © — H which
satisfies sup,c(o 77 || X¢l|£3(p;i) < 00 and which satisfies that for all ¢ € [0, 77 it holds P-a.s.
that

t t
X, =M+ / ACIR(X,) ds + / A=) B(X,) dW,. (18)
0 0

2.2 A weak convergence result

Proposition 2.1. Assume the setting in Section 2.1 and let p € [0,1 —0), I € P(H).
Then

[E[o(Xr)] = E[e(Pr(X1))]| < lellip ) max{1,sup,epr E[I1X:]%] }
L TP g+ Bl grarswn )

(19)
Tr " 1—p—0)

| Pl )

Proof. Throughout this proof let U C U be an orthonormal basis of U and let B® €
C(H,H_ys2), b € U, be given by B"(v) = B(v)b for all v € H, b € U. Next observe
that for all ¢ € [0,7] it holds P-a.s. that P;(X,) = e**Py(€) + [} e )P F(X,)ds +
fot eAt=9) P B(X,) dW,. The mild It6 formula in Corollary 2 in Da Prato et al. [8] hence
yields that

E[p(X7)] — E[p(Pr(X1))] = E[p(e"7€)] — E[p(e" Pi(€))]

T
+ / E[¢/ (e 0X,) AT IVP(X)] = E[/ (e T Pr(X,)) e TP F(X,)] dt

4z bz:/ AT=0 X (e A(T—t)Bb(Xt)’eA(T—t)Bb(Xt))} dt (20)
_ _;:j / AT Py (X)) (AT P B (X,), e T P B (X)) dt.

Next observe that the fact that for all r € [0, 1] it holds that sup;e (g ) H <_tA)7"€AtHL(H) <
SUD,c(0.00) | %] < [£]" < 1 implies that

[eluipocar) 1§l L@ [ Pl o m )

[E[p(eA7€)] — E[p(eATPi(€))]| < T (21)

Inequality (21) provides us a bound for the first difference on the right hand side of (20).
In the next step we bound the second difference on the right hand side of (20). For this

7



observe that for all € H, ¢t € [0,T) it holds that

‘ [(p,(eA(T_t)SL’) . g0/<€A(T_t)P[($))] eA(T—t)F<x>‘
| oluipt () | Pl ey 2]l 1 () |y (22)
(T — t)rt?)

<

and that

Pl Lipoarry 1Pl e,y [1F/ (@)1,

|/ (TP () (Idy —Py] eI F(2))] < (T — £)+D)

(23)
Combining (22) and (23) proves that

T T
/ E[¢ (e X,) AT P (X,)] dt — / E[¢ (e Pr(X,)) e* TP F(X,)] dt
0 0

T=p=10) SUP¢e(o0,T7] E[”XtHH ||F(Xt)||H_19 |‘P|Lip1(H’R)JFHF(Xt)”H_g |Lp|Lip0(H,]R)j| ||PH\I||L(H7H—p)

> (1—p—1)

< T elipt (s.) SUPeelo.Ty max{E[|| Xellu ||F Xl m_, L EIIFECOn_ ]} 1Pevillnomm_,)

- (1=p—9)

< T0=r=7) ||S0||L1p (HR) ||F||L1p H,H_y) max{1, SUP¢e(o,7] [HXtHH]} ||PH\I||L HH_p
- (1=p—1)

(24)

Inequality (24) provides us a bound for the second difference on the right hand side of
(20). Next we bound the third difference on the right hand side of (20). To this end note
that for all x € H, ¢t € [0,T) it holds that

gﬂ:} [gp”(eA(Tft):L’) o SO//(eA(T—t) P[(:U))] (eA(Tft)Bb(x), eA(Tft)Bb(:U))

25
g 1B s o Il | Pallser (25)
/2
= (T — £)e+D)
and that

S " (eATD Py(2)) ([Idgr +Prle T =D BY(z), [1dy —Pf]eA(T_t)Bb@))‘

belU
26

_ 20ehip i 1B s 1Pl (26)

= (T — £)+D) '

Combining (25) and (26) proves that

L [ Bl R AT, AT

belU

= / (AT P (X)) (AT PBY(X,), T PBY (X))t
bEU

T2~ | Py o) Welluag? ) S9Peeozry max{ B[ Xl 1BOXO By s )| ELIBCO s, 0] }
- (1—p—1)
_ T Panr |l e, i) 1 ip (2 | BllLio i, mrs sy ) max{ 1, supeegory [||Xt||H}}

- (1—p—19)

(27)



Combining (20), (21), (24), and (27) finally proves that

‘E[SO(XT)} _E[<P(PI (X71)) ” < ”@”Llp (HR) max{l tSBF;]E[HXtHH]}
S

L (28)
i n T=e=9) [HF”LipO(H,H_g) + ”BHLipO(H,HS(U,H_g/Q))} HP H
Tr (1 —p— 19) H\I||L(H,H_,)"
This finishes the proof of Proposition 2.1. O

3 Weak convergence for Galerkin approximations of
SPDEs with mollified nonlinearities

In this section we establish weak convergence rates for Galerkin approximations of SPDFEs
with mollified nonlinearities; see Corollary 3.3 and Corollary 3.4 below. Corollary 3.4, in
particular, enables us to prove inequality (13) in the introduction. In Section 5 below we
will use Corollary 3.4 to establish weak convergence rates for Galerkin approximations of
SPDFEs with “non-mollified” nonlinearities.

3.1 Setting

Assume the setting in Section 1.3, assume that n = 0, let U C U be an orthonormal
basis of U, let ¥ € [0,Y2), F € C}(H,H,), B € C{H,HS(U, H,)), ¢ € C}(H,R), € €
LYP|x,; Hy), let srp € R be given by ¢pp = max{l ||F||C3 HH_,) ||B||03 HHSWUH ) )}

let (FI)IE'P( ) - C(HaH)7 (BI)IG'P(H) - C<H7HS<U7H>)7 (Bb)bEU C C<H H) and

(B?)IeP(H),beU C C(H, H) be given by

Fr(v) = F(Pr(v)), Br(v)u=B(P(v))u, B’(v)=B(v)b, Bj(v)=B(Pr(v))b
(29)
forallv € H, w € U, I € P(H), b € U, and let (g,)reio,00) C C(H,R) be given by
gr(z) = max{1, ||z||};} for all r € [0,00), z € H.

The above assumptions ensure (cf., e.g., Proposition 3 in Da Prato et al. [8], Theo-
rem 4.3 in Brzeniak [6], Theorem 6.2 in Van Neerven et al. [33]) that there exist up-to-
modifications unique (F;);eqo rj-predictable stochastic processes X': [0,T] x Q — P;(H),
I € P(H), Y':[0,T] x Q — Hy, I € P(H), and X®*: [0,7] x Q — H, z € H, which
satisfy that for all I € P(H), z € H it holds that sup,cp 7y [ X || L) + 1Y/ HL4(P;H1 +
| X7 agen ] < oo and which satisfy that for all ¢ € [0,T], I € P(H), x € H it holds
P-a.s. that

t t
X} = eMP(€) + / A P (XY ds + / e Py B(X]) dW, (30)
0 0
t t
Yl = e / A F (Y] ) ds + / A By (V) AW, (31)
0 0
t t
X Aty / A=) p(XH) 4 4 / A B(X ) AW (32)
0 0

Moreover, let w: [0,7] x H — R be a function given by wu(t,x) = E[@(ngt)] for all
r € H, tel0,T],let cs5.. 5 € [0,00], d1,...,01 € R, k € {1,2,3,4}, be extended real
numbers given by

[(Zu)(t, A2) o, )]
$(01+...+6k) ||U1||H5 .
1

(33)

C§1,85,...,5, =— SUP Sup sup sup
te(0,T] s€[0,t] xEH vy,...,u, € H\{0}

Toell,

9



for all 61,...,0, € R, k € {1,2,3,4}, and let (K}),c(0,00),1e an C [0,00) be given by
K] = supciom E[g,(Y,))] for all r € (0,00), I € P(H).

3.2 Weak convergence results
Lemma 3.1. Assume the setting in Section 3.1 and let p € [0,1 — 1), I € P(H). Then

1 9 T (1=p—19)
[E[(Y7)] — Elp(X7)]] < [ﬁ + m} Illcs i,y sem K | Panell gy (34)

Proof. First of all, note that for all ¢ € [0, T] it holds P-a.s. that

t ¢
PV, = e P(€) + / A PR (P(Y]) ds + / AP B(Pr(Y])) dWy.  (35)
0 0
The fact that mild solutions of (30) are within a suitable class of solutions unique up
to modifications (see, e.g., Theorem 7.4 (i) in Da Prato & Zabczyk [9] for details) hence
ensures that for all ¢ € [0,7] it holds P-a.s. that P;(V) = X/. An application of
Proposition 2.1 hence proves that

Ele(v7)] = Ele(X0)]| < llellcpnr max{1,sup,cioqz B[V 5]}

NS n Tte?) [”FHC,}(H,H,M + HB”CZ}(H,HS(U,H,WQ))] T (36)
Tr (1 —p— 19) H\I||L(H,H-,)-
This completes the proof of Lemma 3.1. U

Lemma 3.2. Assume the setting in Section 3.1 and let p € [0,1 — 1), I € P(H). Then

H I T'=9=p F.B Ki 9T1779
}E[()O(XTH - E[¢<YT)] } S (1 _ ’l;— P) 1+ 2 (2 — 29 — P):| HPH\IHL(H,H_,))

o+ o0+ cv00+ Cooppopp  Cooppuppo+ Coopaopoo]- (37)

Proof. Throughout this proof let u;: [0, T|x H — R, uy: [0, T|xH — L(H,R), uy,: [0,T]X
H — LO(H,R), tppe: [0,T] x H — LO(H,R), upepe: [0,7] x H — LW (H,R) be
functions defined through w(s,y) := Zu(s,y), u.(s,y) = (%u(s,y), Uz (S, y) (V1, 02) ==

(aa_;?u<87 y))(”h U2)7 uwﬂ?ﬂ?(‘sv y)<U17 U2, U3) = (5_;3“(57 y))<vl7 V2, ’U3), ulBJBJBJB(S7 y)<v17 s 7U4>
= (%u(&y))(vl,vg,vg, vy) for all s € [0,T], y,v1,v9,v3,v4 € H. Then observe that Itd’s

formula proves that

Elp(Y)] — E[p(X7)] = E[w(T,Y}) — u(0, Y{)]

:/0 E[u(t,Y,') + ua(t, Y[) (AY, + Fy(Y,))] dt (38)

#5330 | Bl Y (B0, BT .

Exploiting the fact that u is a solution of the Kolmogorov backward equation associated
to XH=: [0,T] x Q — H, x € H, hence shows that

E[o(Y])] — E[p(X])]

= [ Bl () - 7))

32 [ Bl O B07) + B 07). B — B (07)]

(39)
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Below we will apply the mild It6 formula in Corollary 2 in Da Prato et al. [8] to the first
summand on the right hand side of (39). To this end we define functions F, s: H — R,
< (SaT]a s € [OaT)v by

ﬁ’t,s(l’)
= um(t eA(tfs)x) (F ( A(tfs)x) o F(eA(tfs)x)7 eA(tfs)FI(x))
+ua: t 6A(t s) ([ A(t— s) F/(GA(t_S)ZL')} GA(t_S)F[(ZL‘))
Y e A 8>x> F(A9), A9 Bl@), A9 BYw) ()
beIU
Z um t e A(t—s) ([F Alt F/( A(t—s)x)] eA(t—s)B?(l,)’eA(t—s)B?(x))
bGIU
41 E u:z: t e A(t— S)SL’ ([F” A(t— S)SL’ F1/<6A(t—s)x)} (€A(t_S)BII)(.I‘),eA(t_S)Bl;<l’)))
beIU

forallz € H,t,s € [0,T] with t > s. An application of the mild It6 formula in Corollary 2
in Da Prato et al. [8] then proves that for all ¢ € [0, 7] it holds that

E[u.(t,Y/) (Fr (V) = F(Y))]
= E[ug(t, M) (Fy (e4€) — F(ee))] + /O E|Fo(v)] ds.

Below we will also apply the mild It6 formula in Corollary 2 in Da Prato et al. [8] to the
second summand on the right hand side of (39). For this we define functions B, ;: H — R,
S (SaT]a s € [OaT)a by

ét,s(fb’)
=2 b Uaa(t, eA“—%)( [(BY) (eAt=9z) + (B (eAt*)z)] A=) Fy(x),
BIIJ(eA(t—s)l,) _ Bb(eA(t—s)x)>
Xt (t, A00) ( By ) 4 BY(eA),
belU
[(BII))/(BA“_S)@ - (Bb)/(eA(t_s)x)} eA(t_S)FI@))

Y Ut A 2) (BYAT ) + B(A),
belU

(41)

B (eAt=97) — Bb(eAt=9)g), eA(t—s)FI(x)>
+ 2wt AC90) ([(BR) (A092) + (B2 (eA090)] A B (),
1,02€
[(Bljz)/@A(tfs)x) _ (BbQ)I(eA(tfs)x)] eA(tfs)BlIn (SL’))

1
t5 %t AIn) (B (M) — Bh (M), (42)

b1,b2€U

[(BIIm)//(eA(tfs)x) + (Bbg)//<€A(tfs)x)] (eA(tfs)BlIn (SL’), eA(tfs)BIIn (.T)) )

1
30y et ) (B (eAt9) + Br(eAC9),
1,02€

[(BII)Q)”<€A(t_S)$) . (BbQ)”(eA(t_S)LU)] (eA(t—s)BIIn (I), eA(t—s)BlIn (I)) )

Y el eA(t—s)x>< [(B?z)/<€A(t—s)x) 4 (Bbg)/(eA(t—s)x)] A=) B (1),

b1,b2€U

BE2(eAt=5)g) — Bb2(eAlt=5)g), oAlt=s) gl (x)>

11



b a1, A (B (A0 4 B (A1),
b1,b2€U

[(BPY (e"2) = (B=)/(~a)] I B (2), = B (1))
1

LS Ut A0 9) (B (AC00) 4 B (A1), B (ACI) — Bo(eA-),
b1,b2€U

A B (2), A By (a))

forallz € H,t,s € [0,T] with t > s. An application of the mild It6 formula in Corollary 2
in Da Prato et al. [8] then proves that for all ¢ € [0, 7] it holds that

> Eluw(t,Y)(BI(Y) + B°(Y), B (Y)') - B'(Y)"))] (43)
=3 Elu(t, M) (BY(e€) + B (e'e), Bi (M) — BY(e€))] + /0 E| B, (v])] ds.

Putting (41) and (43) into (39) proves that
Ele(Yr)] — E[p(Xp)]

= [ Bl e () — F(ee))]a
F 35 [Blualt, OB + B(e), By(ee) - B (g ar

-/ /0 B[] + SB[ Bua(v])] ds .

In the following we estimate the absolute values of the summands on the right hand
side of (44). To this end observe that the fact that for all » € [0,1] it holds that
SUP; ¢ (0.00) ||(—tA) €| L) < SUDLc(00) [Z] < [£]7 < 1 ensures that for all ¢ € (0,7
it holds that

) (Fr(eE) — FIME)| < L Frle) - P,
C—y |F|CI(HH 9) HPH\IHL(HH ||€||H (45)
<
- AGR))
This and the fact that E[||¢]|x] < KT imply that
T
/ E[u, (1, e6) (Fy (e%€) — F(eV€))] dt
° (16)

. Kl c_yT0=9=-r) |F|(;1 HH_ q9)HP]HI\IHLHH )
= (1—9—p)

Inequality (46) provides us an estimate for the absolute value of the first summand on
the right hand side of (44). In the next step we bound the absolute value of the second
summand on the right hand side (44). For this we observe that the fact that g;(£)||¢||g <
g2(&) ensures that for all ¢ € (0,77 it holds that

2 [uaa(t, V) (BR(eM€) + BY(e€), B (e'€) — B'(e¢))|

< =R S B + B, 1B — B, )

tﬂ

2 C_9j2,— 0/ gz<f)
< H(p+0) ||B||Cg(H,HS(U,HJg/2)) HPH\IHL(H,H,,,) :

12



This and the fact that E[g.(¢)] < K imply that

> Jo Elusa(t, ) (B (M) + B (e1€), Bj(e''€) — B (e¢))] dt

belU
2 KQI C_9/2,— 0/ T(=9=p)
< 2Bt T i Vi

(48)

Inequality (48) provides us an estimate for the second term on the right hand side of (44).

In the next step we bound the absolute value of the term fOT fOtE[ﬁ’ns(Y;I)] dsdt on the
right hand side of (44). For this we note that (40) shows that for all s,t € [0,T], z € H
with ¢ > s it holds that

|Fis(a)]
< C;z,(] HFI(eA(tfs)x) . F(eA(tfs)x

HeA(tfs)FI (SL’)

I, I

C*_; H [FI/<6A(tfs)x) _ F/<eA(tfs)x>} eA(tfs)FI@)HHw

+ SE| () = R )|, (e B @) g “9)
C 190 bz%jH [F' A(t s) )_ F/(GA(t—s)x)} eA(t—s)B?(x)HH_ﬁ HeA(t—s)B?(x)HH
2#9 Z H [F” ) . F”((BA(FS):E)} (eA(t—s)B?(x) A(t— s)Bb HH ,
Next observe that for all z,v € H, r € [0,9], s,t € [0,T] with s < t it holds that
H[F/ eA(t s) ) (eAt s) )} (t_S)UHH_ﬁ
< H [F/ A(t— s)P ( ))PI F( A(t— S)l‘)] eA(t—s),UHH_ﬁ
<||[F(eA Pr(a)) = F/(eX )] PretCu||,
+ HF' e\ ):c) Pare Alt=s) UHH,ﬂ
—5 —5 —5 5
< VFlegai_o 162 Pevia ] | Pre" 0l + 1Pl cyin sy | Pae®2] O
e, 1Pl
< [91(96) 1 Flezmm_y) + ||F||C§(H,H_19):| - (- S),HLT(HH g
91(x) HF”cg(H,H_ﬁ) HU”H,T HL(H,H_,J)

= (t— )

This and the fact that for all x € H it holds that ¢;(x)| x|z < g2(z) imply that for all
x € H, s,t €[0,T] with s <t it holds that

2
92() ||F||CE(H’H719) Pl o e

| [ ) = F( )] AR @), < o = 6
3
and S| [Fr(et)z) — F'(eAt=9z)] e’w_s)B’}(a:)quﬂ9
beU (52)

92() ”FHcg(H,H,ﬁ) ”BHCI}(H,HS(U,H_WQ)) HPH\IHL(HvH—p)

(t—s)"*s

13



Moreover, note that for all z € H, s,t € [0, T] with s < ¢ it holds that

bZU H [FI//(BA(t—s)x) o F//(GA(t—s)l,)] (eA(t—s)B?(l,)’ eA(t—s)B?(x))
€

< 3 [ (e Pr(a)) ([(Idy +Pp] e =) BY(x), [Idy — Pr] e=9) BY(x))

+ Z H [F//(GA(t—s)PI(l,)) o F//(GA(t—s)l,)] (GA(t—s)B?(x)’ eA(t—s)B?(x))
belU

<2 ||F||C§(H,H_19) HeA(t_S)BI(x)HHS(U,H) HPH\IBA(t_S)BI(x)HHS(U,H)
‘F|Cg(H,H,19) 91(x) HPH\IHL(H,H_Q) HeA(t_S)BI(x)HZS(U,H)

(t —s)" (53)
2 HFHcg(H,H,ﬁ) ”BHQC;(H,HS(U,H_M)) | Par | o) 92()

(t — 5)"""
Fles i 1Blleyannswn ) |1 Ballzas,) g5()

(t— 5)"”

2 ||F||cg(H,H_ﬂ) ||B||é,}(H,HS(U,HJ/2)) [Pl m,) 93(2)

(t —s)"™

I,
I,

I,

Putting (51), (52), and (53) into (49) proves that for all © € H, s,t € [0, T] with t > s it
holds that

|Fool@)] < [eoa0 1P 123y 92(8) + o 1 N2, 92(2)

+C-9,00 ||F||C;(H,H,79) ||B||?Jg(H,HS(U,HJ/2)) 93(2)

+C-v,0 HB”%‘I}(H,HS(U,H_WQ)) 93(2) (| Fll o2 (ar,1_y) (54)
9 | Pevrll oo )
+ C_y ”BHC;(H,HS(U,H_ﬁ/Q)) g3(«r) HF”CS(HJ‘I_Q)] t’l9 (t _ S)(p+19) .
This implies that for all t € (0,77, s € [0,t), x € H it holds that
~ 2[c_y 4+ c_go+ 900l se.p 93(x) | Pas || noem

0t — )"

This, in turn, proves that

T s o 2T =2 ¢ g || Pas || oo,y K3 [c—o 4 c—o.0 + c—0,0,0]
E[Fm(YS )] ds dt| < LI, T 10 .
0o Jo (I=p=0)(2-p—29)

(56)

It thus remains to bound the term 3 fOT [V E[B,4(Y])] ds dt on the right hand side of (44).
To do so, we use a few auxiliary estimates. More formally, note that for all » € [0,],
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t € (0,T], s €[0,t), z,v € H it holds that

[ZbeU H[ Bb / eA(t—s)x) o (Bb)/(eA(t—s)l,)] cAlt—5) UHZ , }1/2
—9/2

— |[[B(e*9 Py(a) Py — B/ (eX0a)] A
<[[[B( eA(tfs)PI(:c)) — B'(eA9z)] PreAt=)
+ HB/(eA(t*S):U) P]HI\I pAt—3)

v ‘ ‘ HS(UH_y)5)
v ‘ ‘ HS(UH_g)5)

UHHS UH_y2)

A s
< |Blezmsw e Pavzl],, | Pre* ]|, (57)
+ ||B||cg(H,HS(U,HJ/2)) HPH\I6 (=) UHH
ol 1Pl o,
< |:|B|Cf(H,HS(U,H49/2)) g1(x) + ||B||Cg(H,HS(U,HJ/2))] o ,
_ g1(x) ||B||cg(H,HS(U,HJ/2)) ||U||H,T HL(H7H7P) and
- (t — 5)(P+7’) ’

[ZbelU H [(BII;>/<6A(t—s)x) -+ (Bb)/<ez4(t—s)x)] eAlt—s) UH?{_W ]1/2

= H [BI<€A(tis)P[(.T))PI + B/<6A(tis)x>} eA(t*S) UHHS(U,Hfﬁ/Q) (58)

2 ”BHCI(HHS(UH 979)) 0]l g
’ ’ _/ -r
<2 ”BHC,}(H,HS(U,H_M)) He UHH < : (t—s) :

Inequalities (57)—(58) imply that for all ¢t € (0,7], s € [0,¢), z € H it holds that

[ZbeU H [(B?)/(GA(t—s)x) _ (Bb)/(eA(t—s)x)} eAlt=9) Fy (1) HZJ/Q] 1/2

- g1(x) ||B||cg(H,HS(U,HJ/2)) ||FI(:E)||H_0 HPH\IHL(H,H,,J)
- (t — 3)(P+79)

(59)

- 92() ”BHCZ?(H,HS(U,H_WQ)) HF|’C;(H,H79) HPH\IHL(H,H_,))
- (t — S)(P+79) ’

[ZbeU H [(Bl;)/(eA(t—s)x) + (Bb)/(eA(t—s)l,)] eA(t_S)FI(x)HZJ/Q] 1/2

- 2 ||B||c,}(H,HS(U,HJ/2)) ||Fl(x)||H_19 2g:1(z) ||B||cg(H,HS(U,HJ/2)) ||F||cg(H,H_19)
- (t—s)” - (t—s)” ’

1/2
[Ebl,bgeU [[(BtY (eA6=9)z) — (Bby (eAt=5)5)] eAlt=—s) g (x)HZ_ﬂ/J

91() ”BHCg(H,HS(U,HJm)) HBI@)”HS(U,HJQ) HPH\IHL(H,H,,,)
(t — s)+3)

(60)

92(55) |’BHCl?(H,HS(U,H_19/2)) HB”CI}(H,HS(U,H_WQ)) HPH\IHL(H,H_Q)
(t — s)Pt3)

—S —S —S 2 1/2
{Zbl,bmH[(B?)’(e“‘“ Jw) + (B") (e *)x)] e ’B?l(x)HHJ/Q]
2
21 Blley i sty 1Br @ s _ ) 291(@) 1Bl s w i _y )

S 9 — 9
(t—s)2 (t—s)z

Y

(62)
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Moreover, observe that for all x € H, t € (0,T], s € [0,t) it holds that

1/2
Z H { Bbz //( A(t—s) ) (Bb2 )”(eA(t_s):E)} (eA(t—s)BlIn (x% eA(t—s)BlI?1 (z)) HQ
b1€U | baelU H,ﬁ/z

=9)2) + (B)" (A=) )] (A=) Bb1 (1), A=5) Bb1 (1 H
bﬁJ] )+ (B)"( )( b () I<0Iﬁwﬂjm

B// At=s) p (P A(tfs)Blh P A(tfs)Blh ) H
< 3 [B 1) (Pt B @), Pt B @) |
B// A(t—s) ( A(t— S)Bbl T 7eA(tfs)Bbl T )H
+ 3 [Brerea P (@) )] I
A(t—s A(t—s b 2
< |[B"(e* ) Pr@))| oo s mswonr 02) Z [PreAt=*) By (x)[
A(t—s A(t—s b 2
+ HBII(@ (=) HL(Q)(HyHS(UvHJ/z))bZ He “ )Bll(x)HH
1€U0
A(t—s 2 A(t—s 2
< ||B||cg(H,H5(U,HJ/2)) [HPI@ ( )Bf(x)HHS(U,H) +]le ( )BI('T)HHS(U,H)}
2
2 ”B”CS(H,HS(U,HJg/Z)) HBHCZ}(H,HS(U,HJg/Z)) 92(x)
and

1/2

Z H { Bbz)//( A(t— s)x) (Bbz )//(eA(t—s)x)} (eA(t_s)B?I (.T), eA(t—s)B?l (x)) H2

b1€U | baeU H,ﬂ/g
(eAl=9)y B/ (eAlt—5) 4 (eA(t—s)Bbl z), eAt=9) B (g )H

= 3 [ ) = (BY' (=) 7) 20 s

B// A(t— s)P — B eA(t_S)SC eA(t—s)Blh T 7eA(t—s)Bbl T H

< 3 B pi@) - Bt (A By @) P s
BY(eA9 Pr() ((1dn = Pr)ert*) By (2), (1dy +Pr)e?t) By (@) ) |

+ 5 [Brerepio) (s —Pett By @), 1+t OB @)

< [ AI P @) = B0 s E B @

+ HB” At=9) py(z HL<2> (HHS(U,H_g,5))

-bZUH(IdH —Pp) et By (2)|| , ||(1dy +Pr) A2 BY (2) ||,
1€

<— HB”( (t é)PI(x)) B”( (t S):L')HL(Z) H,HS(U,H H « S)BI(:L')HZS U,H
3 ( 3 19/2)) ( ) )
|| ” (t S) 1 HL(Z)(H HS(I/ H 19/2))

|lddn —PI)eA(t ) By (x HHS(U,H) | (1dx +P1)GA(FS)BI@)HHS(U,H)

2
IBlegimsw.a_o 1Bllcyamsw_ 0 [Pl a ) 95(@)
(t _ S)(P+19)

2
2 HB”cg(H,HS(U,HJ/Q)) HB”CI}(H,HS(U,HJ/Z)) ||PH\I||L(H,H,p) ga(x)
(t— S)(PJrﬁ)

2
2 ”B”CS(H,HS(U,HJ”Z)) HBHcg(H,Hs(U,H,o,Z)) HPH\IHL(H,H,I)) 93(2)
= (t— 5)@ '
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Putting (59)—(64) into (42) shows that for all ¢ € (0,T], s € [0,t), z € H it holds that
| Bes(w)]
< [2’3—79/2,—79/2 ||F||q}(H,H_ﬂ) |B|c;(H,HS(U,HJ/2)) ||B||Cg(H,HS(U,HJ/2)) 92()
+2Co/2 02 HFHC,}(H,H_Q) ||B||c,}(H7H5(U7HJ/2)) ||B||cg(H,HS(U,HJ9/2)) 93()
+2C0p2,-92,0 HFHCZ}(H,H_g) |B|cg(H,HS(U,HJ/2)) ||B||c,}(H,HS(U,HJ/2)) 93()
+2C_op2,— 0y HBH?&;(H,HS(U,H_%)) ”BHCI?(H,HS(U,H_WQ)) 93()

2
+ Cov/2,—0)2 |B|C§(H,HS(U,HJ/2)) ||B||q}(H,HS(U,HJ/2)) ||B||c§(H,HS(U,HJ/2)) 93()

(65)
3
T 2C_opa, 02 HBHCZ}(H,HS(U,H_M)) ”BHcg(H,HS(U,H_ﬁ/Q)) ga(z)
3
+2C 050720 |B|C§(H,HS(U,HJ/2)) ||B||c,}(H,HS(U,HJ/2)) 93()
3
+2¢0pp,—02,0 ”BHCI}(H,HS(U,H_%)) HBHCg(H,HS(U,H_ﬂ/Q)) 94(x)
3
+ Cov/2,—9/2,0,0 ‘B‘Cl}(H,HS(U,H_ﬁ/Q)) |’B"Cl}(H,HS(U,H_79/2)) 9a()
. HPH\IHL(H,H,,,)
19 (L — 5)etD)
This implies that for all t € (0,71, s € [0,t), x € H it holds that
- 9 [C_ﬂ/27_19/2 + Cvja,—9/20 T C_ﬂ/g’_ﬂ/2’070:| SF.B g4() HPH\IHL(H,H_,))
|Bys(2)| < y — . (66)
t(t —s)
This proves that
1 T t 5
5 / / E[Bt,scfj)] ds dt‘
o Jo (67)

9T 6 Pl
T 2(l-p=0)(2-p—20)
Putting (46), (48), (56), and (67) into (44) finally yields

[C_ojo,—vpa + Coo—oj0,0 + Coopo—0p20,0) K-

‘E[QO(X’EI@)} - E[SO(YTI)] ‘ < [0—19 +C 9o+ C 900+ Cvp vt Cop _vp0+ c,%,,g/w,o]

T (1=9—p) 9 7(1=9)
B - Ki||P :
(1—10—p) T 2(2—29—p) SrB 1y H H\IHL(H,H_p)
(68)
This finishes the proof of Lemma 3.2. O

The next result, Corollary 3.3, is an immediate consequence of Lemma 3.1 and Lemma 3.2
above.

Corollary 3.3. Assume the setting in Section 3.1 and let p € [0,1—1), I € P(H). Then

B 2
Blp(X5)] — E[p(xX)]| < 53 |1+ ] 1Pl e K

(69)
’ [HSOHC;?(H,R) +Coy F Coy 0+ C9,0,0 T Cvfo,—9/2 T Cvfp —9/20 + C-ﬁ/g,-ﬂ/g,o,o}-

In the next result (Corollary 3.4 below) we use Proposition 5.1.11 in [19] to estimate
the real numbers KI, I € P(H), on the right hand side of (69). For the formulation
of Corollary 3.4 we recall that for all z € [0,00), # € [0,1) it holds that & _y(z) =

0o a2 T(1-0)" 71/2 .
(>, ﬁ] (see Section 1.2).
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Corollary 3.4. Assume the setting in Section 3.1. Then it holds for every 6 € [0,1),
pel0,1—9), € PMH) that

B[] — Blo(Xh)]| < 77 [1+ 5] Blmax{s 115 | Pl

Tl_e\/i”F”cl(H,H_ ) !
Ea—p { i =+ V12710 ”BHCZ}(H,HS(U,H_G/Q))

(70)

* SF.B

: [||<P||cg(H,R) + oyt Cyot Cy00T Cvjo—vpF Covjp 950+ 0—19/2,—19/270,0}-

4 Strong convergence of mollified solutions for SPDEs

In this section an elementary and essentially well-known strong convergence result, see
Proposition 4.1 below, is established. Proposition 4.1, in particular, allows us to prove
estimate (15) in the introduction. In Section 5 below we will use Proposition 4.1 in con-
junction with Corollary 3.4 in Section 3 to establish weak convergence rates for Galerkin
approximations of SPDEs.

4.1 Setting

Assume the setting in Section 1.3, assume that = 0, and let p € [2,00), ¢ € [0,1),
F € Lip’(H, H_y), B € Lip’(H, HS(U, H_sp,)), € € LP(P|5,; H).

The above assumptions ensure (cf., e.g., Proposition 3 in Da Prato et al. [8], Theo-
rem 4.3 in Brzezniak [6], Theorem 6.2 in Van Neerven et al. [33]) that there exist up-
to-modifications unique (F3)ico,r)-predictable stochastic processes X*: [0,7T] x Q — H,
K € [0,00), which satisfy that for all x € [0, 00) it holds that sup,c 7y || X || o) < 00
and which satisfy that for all ¢ € [0,T], k € [0,00) it holds P-a.s. that

t t
X =eMe + / AT (X ds + / AT BXEY W, (71)
0 0

4.2 A strong convergence result

Proposition 4.1. Assume the setting in Section 4.1 and let k € [0,00), p € [0, %)
Then

HX% - X;HLP(]P’;H) < max{l, HSHL”(P?H)}

T V2| FlLip0 a1,
81_19{ \/g o)l 4 /T p(p— 1) HBHLipO(H,HS(U,H_lg/Q))}

2
-2 RP

(72)
T(1—p—10) p(p—1)T1=2p=7
MR I e TR —_—"
Proof. First of all, observe that Proposition 5.1.4 in [19] shows that
0 K
HXT o XTHLP(P;H)
T170ﬂ|F‘ L0 H_
<2 51_19[ \/1% S VT p(p—1) |B|Lip0(H,HS(U,Hg/2))]
t t
- sup / eAlt=s) (Idg —e™) F(X7) ds + / A=) (Idg —e™) B(XZ) dW
tefo, 7] || Jo 0 Lp(P;H)
(73)
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In the next step we observe that the fact that for all » € [0,1], u € [0,1] it holds
that supye g o) H<_tA>T€AtHL(H) < [ﬂ < 1 and sup;¢ (g o) [(=tA)~(Idn _eAt)HL(H) <1
implies that for all ¢t € [0, 7], r € [0,1 — ¥) it holds that

t
‘ / M=) (Idy —e™) F(XZF) ds
0

T(lfrfﬁ)
< -
~(1=r—=9)

Lp(P;H)

sup || F'(X{)|[ 10 " 74
tE[OT]H ( )HL(]P’Hg)] (74)

T(lfrfﬁ) X
< - 1, .,
- (1 —r— 19) || ||L1p (HH 9) max t:[l(l]l;] || ||Lp (P;H) K

and that for all ¢ € [0,T], r € [0,5?) it holds that

H/Ot A=) (1dy —e™) B(XF) dW,
p(p—l) VT [

Lp(P;H)

s

< m (75)

Tl 2r— 19
1 XF .
\/ \/7 1Bl g, mrs(v,m o)) max{ 7t2[%2“} [ HLP(]P%H)} K

Putting (74) and (75) into (73) yields that for all r € [0, 45%) it holds that

sup ||B(X[ , K
tEOT” ( t)HLP(P,HS(U,H_ﬂ/Q))]

X9 — XTHLP(]PH) <V2K" max{l sup || X} ||Lp(]P>H)}

te[0,T)

Tl 19\/_|F‘ 10( H_ )
51_19{ \/% 2R 4 /T p(p— 1) |B|Lip0(H,HS(U,H_19/2)) (76)
(1—r—9) 1) T(1=2r—9)
| HE P i + 2%

(1—r—9) V2—4r—20 ||B||Lip°(H7HS(U7H19/2))] :

Proposition 5.1.9 in [19] combined with (76) finishes the proof of Proposition 4.1. O

5 Weak convergence for Galerkin approximations of
SPDEs

In this section our main weak convergence results are established; see Proposition 5.1 and
Corollary 5.2 below. The proof of Proposition 5.1 uses both Corollary 3.4 in Section 3 and
Proposition 4.1 in Section 4. Theorem 1.1 in the introduction is an immediate consequence
of Corollary 5.2 below.

5.1 Setting

Assume the setting in Section 1.3, let p € C¢(H,R), 6 € [0,1), F € C}(H,H_4), B €
CHH,HS(U,H_qp)), & € L*(P|x,; H), and let ¢z € R be a real number given by
SF.B = max{l, 17 1dn +F||2C,§(H,H_g)’ HBH‘({“g(H,HS(U,HJ/Q))}'

The above assumptions ensure (cf., e.g., Proposition 3 in Da Prato et al. [8], Theo-
rem 4.3 in Brzeniak [6], Theorem 6.2 in Van Neerven et al. [33]) that there exist up-to-
modifications unique (F;);eqo rj-predictable stochastic processes X': [0,T] x Q — P;(H),
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I € P(H), and X®%*: [0,T] x Q — H, k € [0,00), x € H, which satisfy that for all
I € P(H), k € [0,00), z € H it holds that SUDse0,7] |:”XtIHL4(P;H) + HXEH’“’:”HM(P;H)] < 00
and which satisfy that for all t € [0,77], I € P(H), s € [0,00), z € H it holds P-a.s. that

t t
X/ = eMPr(¢) + / A PLE(XT) ds + / e P B(X ) dW, (77)
0 0

t t
XFL/{,:): _ eAtl’ +/ eA(nthfs)F(Xgﬂ,n,m) ds _'_/ eA(H+tfs)B(Xgﬂ,n,m> dW,. (78)
0 0

Moreover, let u*): [0,T] x H — R, k € [0,00), be functions given by u®(t,z) =
E[@(X?ﬂ’jm)] forall t € [0,T], x € H, k € [0,00) and let Cglf?---vék € [0,00], 01,...,0; € R,

ke {1,2,3,4}, k € [0,00), be extended real numbers given by

n (e u)(t, Az (vn, . )
c = Ssup sup sup sup
01,02,--+,0k 01+ +0k) HUIHH(SI cee ”UkHH(;k

(79)

te(0,T) s€[0,t) x€H v1,...,up €H\{0}

for all kK € [0,00), 01,...,0 € R, k € {1,2,3,4}.

5.2 A weak convergence result

Proposition 5.1. Assume the setting in Section 5.1 and let I € P(H), 9 € [0,3)N[0,6].
Then it holds for all 7 € [0,1 — ), p € (0,1 —0) that

E[p(XE)] —E[e(XP)]| < 22E[11V llellul] [1V 1 Tdallanno] 1Pal T, (80)
{ [TI—P/Q—O Inldy +F”cl}(H,H o T1-p—0 ||B||Cg(H,HS(U,H 9/2))

2
_ _ 3 T1719
o A g R iy + 2 1+ 5]

k€ (0,00)

l|’¢|’CS(HR + sup [(1;_'_6(1%0_'_6(1%00—1_6(”12/2 19/2"‘0( 73/2 ﬂ/zo"‘c(ng/z 19/200}}}

4
< 0Q.

Tl_e\/i”nIdH +F||01(H7H7 )
. ‘5(19) { e+ V12T I1Bllcmmsw,_y))

Proof. First of all, let A: D(A) C H— H and Fe Cy(H, H_y) be given by Av = Av—nu
and F'(v) = F'(v) +nv for all v € D(A) and observe that Proposition 7.3.1 in [19] proves
that for all t € [0,7T], [ € P(H), x € [0,00), € H it holds P-a.s. that

_ t B t
X =)+ [ NIRF as s [ ACIRBRD AV, ()
0 0

- t - t
XiHLn,x _ GAtl‘ + / 6A(m+t—s)F(X£{,m,m) ds + / 6A(n+t—s)B(X£{,m,m) dWS (82)
0 0

We intend to Proposition 5.1 through an application of Corollary 3.4. Corollary 3.4
assumes that the initial random variable of the considered SEE takes values in H; C H.
In Section 5.1 above we, however, merely assume that the initial random variable ¢ takes
values in H. To overcome this difficulty, we mollify the initial random variable in an
appropriate sense so that the assumptions of Corollary 3.4 are met and Corollary 3.4 can
be applied. More formally, note that there exist (cf., e.g., Proposition 3 in Da Prato
et al. [8], Theorem 4.3 in Brzezniak [6], Theorem 6.2 in Van Neerven et al. [33]) up-to-
modifications unique (F).cpo,77-predictable stochastic processes XTmd 0,7] x Q — H,
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K, € [0,00), such that for all x,0 € [0,00) it holds that sup;cp HX{’“"SHM(RH) < 00
and such that for all t € [0, T, k,d € [0,00) it holds P-a.s. that

N t o t .
th,n,6 _ 6A(6+t)P[(§) + / eA(/@—i—t—s)PIF(XSI,n,é) ds +/ eA(H-l-t—S)PIB(XSI,K,(S) dWS (83)
0 0

In the next step we observe that the triangle inequality ensures that for all &, € (0, 00)
it holds that

B[p(XE99)] ~ E[p(X5°)]| < [B[p(XE0)] - E[p(XE)]

. ) ) 84
+ [E[p(X3)] = E[po(X2™)]| + |E[o(X:™")] — E[p(X7*)]]. =

In the following we bound the three summands on the right hand side of (84). For the
first and third summand on the right hand side of (84) we observe that Proposition 4.1
shows that for all k,0 € (0,00), p € [0,1 — 0) it holds that

[Elp(X7*)] = E[p(X7™)]] + [E[p(X7™)] — E[¢(X7*")]]

T =0V2 || F|l 1
Ea_o) [ G ULI0) 4 /210 ||B||c;(H,HS(U,H_9/2))]

1-6

2

<4 ||<P||cg(H,R) (85)

4
2

1-P/2—0 || ~ VT1
: [Tl,pﬂHFHc;(H,H_@) + \/TlTp | Bllep o, msw.m_ @/2))] max{1, ||| L2pm) } 2.

Next we bound the second summand on the right hand side of (84). For this we note that
for all k € (0,00) it holds that

max {1 " F() ey 1€ BOIEsaras_yp} < srs max{1 s~} (86)
This and Corollary 3.4 show that for all k,0 € (0,00), r € [0,1 —¥) it holds that
[E[ e HMH—MMX?%H

2 T 9\/_IIF|| i 4

1—9—r V1—

K) K (%) (k)
: 9,00 T ! 3/27,19/2 +C i —opa0 T Clop, ﬂ/zoo]

. (37)

-mewmww+ém+c

18
P2 B [max{L, ¢} max{L, 20} | P

In the next step we plug (85) and (87) into (84) and we use the fact that for all » € (0, c0)
it holds that || Pr||r(mm_,) = [ Prll s 5, to obtain that for all x, 6 € (0,00), r € [0,1-1),
p € 10,1 —0) it holds that

}E[(p {HO00 } [(p(Xj{’O’é)” < [4 K5+ 18max{1,/{_2(9_19)}||PH\I||2(H,H_1)]

2
1-pP/2—-6 \/ 1-9
{ [Tl J2—0 ||F||01(HH o) T \/Tlip ||B||c1 (H,HS(U,H_g)5)) } ||S0||c1 (HR) T “7r ch [1 + 1T_19_r}

K K (k)
”‘PHCS(HR +C(Ig+c(g0+c(g00+c(3/2 0/2+c(g/2 —02,0 T Clipa, @9/200}}

4

T 0\[||F||CI(HH )
E[max{l |’§”H}] ‘ (1-6) |: \/ﬂ O 4+ NV12T - GHBHCI (H,HS(U,H_g,,))

(88)
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Next we use again the fact that for all r € (0, oo) it holds that || Py 1,z
to obtain that for all r € (0,00), p € (0,1 — ) it holds that

—r) T ”PIHE(H,H,l)

inf [4 k2 + 18 max{1, /{72(9779)}||PH\I||Z(H,H_1)]

Kk€(0,00)

g 2r 72(9 19)
[HPH\IHEPZI% 0)))] +18 max{ [HPH\IHEPZL(Z T)))] } ||PH\I||2(H7H71)

rp —4r(0—9 ar(0—1) 4r(0—1)
< 29 max{ HPH\IHEPJ};(Z 19))) max{l, HPH\IH&EI(IZ 9)) }HPH\IHEPJ};(Z[ 9)) ||PH\I||L( (p+4(9)79)) }

4r(0—9)

<22 ||PH\1||20;1<§ 191))) max{l, maX{ ||PH\1||£”(§;(I§ 191))) ’ 1}}
( 7,
< 22 max{1, | (= A7 | } | Paal| iy (89)

Putting (89) into (88) implies that for all § € (0,00), r € [0,1 =), p € (0,1 —0) it holds
that

‘E[SO XH05 ] [QO(XIO(S ” <22 max{l (- )%”L }HPH\IHEJFIA;(QHM

1-p/2—0 1 1-9
{ T Pl + Fmg | Blleyarmsw o] I9lcyns + 52 |1+ s ]
-E

”SOHCS(HR + s(up : [C( "+ gO +ct goo +C(Rg/z —9/2 +C(Rg/2 —9/2,0 +C( 13/2 @9/200}] }

_ - 4
Tt 6\/§”F”01(HH

H_g) -
[ max{1, ||¢]|3;}] ‘5(1 0) { =4 4+ V12T (’HBH(;;(H,HS(MHQ/Q))]

(90)

Moreover, we note that Corollary 5.1.5 in [19] ensures that for all J € P(H) it holds that
limgﬁoE[go(X;’o"s)} = E[p(X{)]. Combining this with inequality (90) proves the first
inequality in (80). The second inequality in (80) follows from Andersson et al. [1]. The
proof of Proposition 5.1 is thus completed. U

In a number of cases the difference 6 — ¥ > 0 can be chosen to be an arbitrarily small
positive real number (cf. Theorem 1.1 above). In the next result, Corollary 5.2, we further
estimate the right hand side of (80).

Corollary 5.2. Assume the setting in Section 5.1 and let I € P(H). Then it holds for
all p € (0,1 —6)N (4(0 — 9),00) that

—(p—4(0-9))
[BLo(X] - Ele(Xh] | <22 [1V | Maulsonay] | inf, [n—Ab]} (o1)
T1 P/2— 6||T]IdH+F||Cl(HH o) vVTi= ”B”CI(HHS’(UH ) CFB 71 2
e - St lellex 201+ 2]
{HQOHC?’ HR) T S(lép : [C(jz + C(Fgo + C(Rtg,OO +c 13/2 —9/a + 3/2 —9/2,0 + & 19/2 —9/2,0,0 ] }
ke (0,00
T2 s +Fllor gy !
E |]_ V ||€||H| } 5(19)|: 7o b 0 + V 127T1-0 ||B||C%(H,HS(U,H7(9/2)) < 0.
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Proof of Corollary 5.2. First of all, we choose r = p in (80) in Proposition 5.1 above to
obtain that for all p € (0,1 — 6) that

2

- pt
E[e(X])] —Elp(X7)]| <22E[|1V HfHHﬂ [V Tdg o] [Pl 7o (92)

)
{ Tl 720 lIntd JrF||C1(HH 0) + Tl HB”CI(H HSUH_g/5)

2
S T71-9
1—p/2—0 Vi—p—0 }H@HCZ}(H,R) Ff [1+ 1_19_p]

{HQOHC?’ aR) t sup [C(jz + C(H) ot C(Hzg,o,o + C(jz/g,w/g + C(jz/zfv/zo + C(Hg/Q,@/Q,O,O]:| }

Kk€(0,00)

T2 ||nldy 1w m_, !
"5<19>{ i T VRTBlopamswn_y || <00

Next we note that for all p € (0,1 —6) N (4(8 — 1), 00) it holds that

2

_pt
Vg g mo] 1Pav | 2

[1+4(0_19)/p_ +4(9 19)] 1 4(9p 79)]
1V [ Tdg o ay)] ||PH\I||L(H,H,1) ||PH\I||L(HH )

IA

14 400— A 93
[V gl pgm] [1V [ Pav e )" olrme=a 1t ]HPH\IH(p a9y (93)

L(H,H_1)
4(0—9
[V 1 gl i) [1V 1P llgran)” | Pl s )

4(0—0
< max{1, | 113 i} 1 Pevll )

IA

Combining this with (92), the fact that || Idu |74 5 ,) = [ 1du||r(rm_,) and the fact that
||PH\I||(LP(;£ 11’;) = [infpem s [ — Mo)] =) completes the proof of Corollary 5.2. O

6 Lower bounds for the weak error of (zalerkin ap-
proximations for SPDEs

In this section a few specific lower bounds for weak approximation errors are established
in the case of concrete example SEEs. Lower bounds for strong approximation errors for
examples SEEs and whole classes of SEEs can be found in [10, 27, 29, 30]. In the case of
finite dimensional stochastic ordinary differential equations lower bounds for both strong
and weak approximation errors have been established; for details see, e.g., the references
in the overview article Miiller-Gronbach & Ritter [28].

6.1 Setting

Assume the setting in Section 1.3, assume that (H,(-,-)y, [|-||g) = (U, (-, )y |-lly), as-
sume that n = 0, let 8 € [0, 3), let u: H — R be a function such that >, . |p|* M| 27 <
o0, and let B € HS(H, H_g) satisfy that for all v € H it holds that Bv = >, iy i (b, v) ; b.

The above assumptions ensure (cf., e.g., Proposition 3 in Da Prato et al. [8], Theorem
4.3 in Brzezniak [6], Theorem 6.2 in Van Neerven et al. [33]) that there exist up-to-
modifications unique (F)ep,r-predictable stochastic processes X': [0,T] x Q@ — H,I €
P(H), such that for all p € (0,00), I € P(H) it holds that sup,¢, T] | X7 || Loy < o0 and

such that for all I € P(H), ¢ € [0, 7] it holds P-as. that X/ = [; et~ P B dW..
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6.2 Lower bounds for the weak error

Lemma 6.1. Assume the setting in Section 6.1 and let I € P(H), b € H, ¢t € [0,T].
Then Var(<b th> ) L) le? (2 —1)
) H '

22

Proof. Observe that it holds P-a.s. that

t t
(b, X[, = <b, / eA(t‘S)PIBdWS> = / (Pr e b, BdW,)
0 H 0

t t (94)
= 1,(b) / M=) (b, BAW,) ;= 11(b) iy / M=) (b dW,)
0 0
This and It6’s isometry yield that
t 1,(b 2 (. 2Xpt 1
Va(0.0),) = 10?2 = OO L @)
0 2N

The proof of Lemma 6.1 is thus completed. O

The next elementary result, Lemma 6.2, is an immediate consequence of Lemma 6.1
above.

Lemma 6.2. Assume the setting in Section 6.1, let I € P(H), and let ¢: H — [0, 00)
fulfill that for all x € H it holds that p(x) = ||x[|%,. Then ¢ € C*(H,[0,0)) and

E[p(XH)] —E[e(xP)] = E[IXFV|}] = |25 |, ] 99)

Lemma 6.2 establishes a lower bound in the case of the squared norm as the test
function. The next result, Lemma 6.3, establishes a similar lower bound for a test function
in C}(H,R).

Lemma 6.3. Assume the setting in Section 6.1, let I € P(H) and let o: H — R be given
by p(v) = exp(—||v||%) for allv € H. Then ¢ € C}(H,R) and

s oKD E[IX7 V13|  Efp(x@)] (1—e=2Tinfoen Nl L[
Ele(Xn)] ~Ele(Xr)] 2 5 iimmn 2~ e bG%\I |
Proof. First of all, observe that for all x, uy, us, us,us € H it holds that
P (@) (w1) = =2 () (&, u1) 5 (97)
P (@) (ur, uz) = =2 [p! () () (2, u1) y + () (U2, ua) ]
=—2 Qp(x) [(ulv u2> —2 <£L’, ul)H <$, u2>H] ) (98)
80(3) () (u1, ug, ug) = [‘P(l)@)( (U3, ) gy ug + (U2, 1) Us)

@ () (uz, ug) (z,u1) y |, (99)

() (ur, ug, ug, ug) = 90(3)(90)@27 us, ug) (T, u1) gy + 0@ () (ua, ug) (us, u)y
+ (p(Q)(ZL‘)( (ug, ur) g us + (U, uy) 5 us, u4)] ) (100)

Identity (97) and the fact that for all r € [0, 00) it holds that sup,cp ([1 + [|z||] ¢(x)) <
oo show that for all € [0, 00) it holds that sup,cy ([1+ [lz]|5] [¢(2) + W (@) | Lmr)]) <
0o. This and identity (98) imply that for all r € [0, 00) it holds that

sup ([1+ el [ e @) o)) < oo (101)
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This and (99) yield that for all » € [0, 00) it holds that
sup ([1+ 2] [Siat W @) Lo am)]) < 00 (102)

This and (100) prove that ¢ € C{f(H,R). Next observe that for all ¢ € R it holds that

/Rexp(— [o]?) - \/12_exp(—$—2) dx:/R\/IQ_WeXp<—%2 [1+202])dx

2 1 (103)
/ exp< ) = .
1+ 202 V2T 2 V14202

This and Lemma 6.1 imply that

Elp(X7)] — E[o(X7)]

Tl ot ] sl (ot ]
=TI |1+ "% e —1) IT |1+ 5 (e 1)

bel . beH
e VLR S Gt )l Py ) P T

bel ) i bEH\ T

B —1/2 (104)

> I [+ s (@ 0] o | T [ue e (@ - )

beH ) beH\ 1

>E[p(X8)] [1- |14+ 3 bl (27 1)
beH\ !

In the next step we note that the fundamental theorem of calculus ensures that for all

z € [0,00) it holds that 1 — [1+ 2] /? = s 2y > L so[1+a]” 32 Combining
this with (104) and Lemma 6.1 proves that

E[p(X])] — E[p(XF)]

—3/2
E[p(X7)] P 12
el DO el Gt I FE ) Dl el Gl (105)
beH\T beH\T
o Bl E[1X7 5]
T2 E[IXV )
This and Lemma 6.2 complete the proof of Lemma 6.3. U

Proposition 6.4 (A more concrete lower bound for the weak error). Assume the setting
in Section 6 1, let b: N — H be a bijective function, let I € P(H), N € N, ¢,p € (0,00),
d € (—00,5 — —p) satisfy that for all n € N it holds that \,, = —cn? and j, = | Mo, |,
and let p: H — R be given by p(v) = exp(—||v||%) for allv € H. Then ¢ € C;(H,R),
B e ﬂre(fooﬁé[l/ﬁ%])HS(H, H,) and

B[] (1-e72T¢) Aoy | -0 1ot20D
2(1=200+0) Vp ((p—25p+c(25=1) (p—26p—1)"1/3)

Efp(xp" "] ~ E[o(X7)] 2 e (106)
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Proof. First of all, observe that Lemma 6.3 ensures that ¢ € C7(H,R) and that

{b1,...bn} H Elp(XF)] (1—e=2T¢) (20— D — 25—1)
E[p(X} )] —E[e(X])] > (e D Y e 1) n:%ﬂnm . (107)

Next note that the assumption that § < 1 — & ensures that p (26 — 1) < —1. This, in

2p
turn, implies that

o0 (25-1) o0 n+1 1 o0 n+1 1
Soweno S [ i Y[ i

n=N+1 n=N+1 n=N+1
00 . 14+p(26—1 p (1/p+25—1)
:/ 2P (26=1) 1o — (N + 1)[ P > (2N)" 7 (108)
o T+ o1 ~p(-20)—1
[2° /c](l/p+2571) I\ ‘(1/,,+25,1)
— N
[p (1 —26) —1]
Putting this into (107) proves that
{(brrbn ] o E[@(X%H)] (176*2%) 9(1+25p—p) |)\bN|(1/p+2671)
E[QP(XT )] EW(XT)] = 4c'e (p=26p=1) (14¢2-1) ZZO:NH"”%*”)M- (109)
This and the fact that
Soweno s [t Y [ i
-~ np(l_Q(S) - -~ ;L'P(l_Q‘S)
n=N+1 n=N+4+1"" 1 n=N+1 1 (110)
_ /00 1) g — N+p(20—1)] _ N (1426p—p) _ 1
N [1+p(20-1)] (p—20p—1) = (p—26p—1)
complete the proof of Proposition 6.4. U

In the next result, Corollary 6.4, we specialise Proposition 6.4 to the case where p = 2,
c = w2 (we think of A being, e.g., the Laplacian with Dirichlet boundary conditions on
H =L*(0,1);R)) and 6 € (—oo, 1/4).

Corollary 6.5. Assume the setting in Section 6.1, let b: N — H be a bijective function,
let I € P(H), N €N, 6 € (—oo, /1) satisfy that for all n € N it holds that \,, = —n*n?
and ju, = |\, |°, and let o: H — R be given by o(v) = exp(—|[v||%) for allv € H. Then
0 € CP(H,R), Ben 7_%[1/2+25DHS(H, H,) and

re(—oo

bi,....b E|p(XH)| 2(49=5) (1—e~T) —(1-[1/2426
E[QP(X,J{_‘I N})] —E[QO(X%H})} > (2£5+;75]—7) (1745)_1/3)3/2 | Ay | (1=[/2+23]) (111)
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