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Abstract

It is well-known that curvelets provide optimal approximations for so-called cartoon images which
are defined as piecewise C2-functions, separated by a C? singularity curve. In this paper, we consider
the more general case of piecewise C”-functions, separated by a C? singularity curve for 8 € (1,2].
We first prove a benchmark result for the possibly achievable best N-term approximation rate for
this more general signal model. Then we introduce what we call a-curvelets, which are systems that
interpolate between wavelet systems on the one hand (o = 1) and curvelet systems on the other
hand (a = 1). Our main result states that those frames achieve this optimal rate for a = %, up to
log-factors.

1 Introduction

In various applications in signal processing it has proven useful to decompose a given signal in a multiscale
dictionary, for instance to achieve compression by coefficient thresholding or to solve inverse problems.
The most popular family of such dictionaries are undoubtedly wavelets, which have had a tremendous
impact in applied mathematics since Daubechies’ construction of orthonormal wavelet bases with compact
support in the 1980s. While wavelets are now a well-established tool in numerical signal processing (for
instance the JPEG2000 coding standard is based on a wavelet transform), it has been recognized in the
past decades that they also possess several shortcomings, in particular with respect to the treatment of
multidimensional data where anisotropic structures such as edges in images are typically present. This
deficiency of wavelets has given birth to the research area of geometric multiscale analysis where frame
constructions which are optimally adapted to anisotropic structures are sought.

1.1 Geometric Multiscale Analysis

A milestone in this area has been the construction of curvelet and shearlet frames which are indeed
capable of optimally resolving curved singularities in multidimensional data. To be more precise, the
landmark paper [3] has shown that simple coefficient thresholding in a curvelet frame yields an, up
to (negligible) log-factors, optimal N-term approximation rate for the class of so-called cartoon images
which are roughly defined as compactly supported, bivariate, piecewise C? functions, separated by a C?
discontinuity curve. After this breakthrough result new constructions of anisotropic frame systems have
been introduced which achieve the same optimal approximation rates for cartoon images. Among those
we would like to single out shearlets which are better suited for digital implementation than the original
curvelets. They were first introduced in [12] and a comprehensive summary of their properties can be
found in the survey [14]. The recent work [11] introduced the framework of parabolic molecules which
subsumes all the earlier constructions mentioned above and which established a transference principle
of approximation results between any two systems of parabolic molecules, provided that one of them
constitutes a tight frame for L?(R?).

1.2 General Image Models

By now the model of such cartoon-images is widely recognized as a useful mathematical model for image
data. However, for certain applications it might appear still too restrictive. For instance one could
imagine signals which consist of piecewise smooth parts separated by a singularity curve which might not
necessarily be exactly C? but of higher or lower smoothness.



The approximation of such a generalized signal class by hybrid shearlets has been studied in [15] for
three-dimensional data. In that paper the best N-term approximation results which could be established
are suboptimal by a small margin. In addition, hybrid shearlets are compactly supported, but do not
form a tight frame.

1.3 Our Contribution

In the present paper we study optimal approximation schemes for a more general model, namely bivariate
piecewise C? functions, separated by a C? discontinuity curve, where 3 € (1,2]. We establish a benchmark
result which states that one cannot in general achieve an N-term approximation rate higher than g for
such functions. We then introduce the notion of a-curvelet frames which generalize the construction
of [3], where o € [0,1] describes the degree of anisotropy in the scaling operation used for the frame
construction. The parameter o = 0 corresponds to ridgelets [2], the case o = % to second-generation
curvelets as in [3], and the case a = 1 to wavelets. a-curvelets form a tight frame for any parameter
a in contrast to the systems considered in [15]. Our main result then states that all intermediate cases
a€ [%, 1] provide optimal (up to log-factors) N-term approximation rates for the above mentioned signal
class with 8 = é This is particularly surprising, since for the result in the 3D situation ([15]) for
intermediate parameters only a suboptimal rate could be proven. Our proof techniques rely somehow on
[3], however we wish to mention that the technical details are actually quite different from those used
there. In particular, we have to deal with smoothness spaces of fractional orders which forces us to replace
estimates for derivatives in [3] by estimates on certain moduli of smoothness.

Having such an approximation result for a tight frame system at hand will allow us to transform
our approximation result to arbitrary systems of frames of a-molecules (including compactly supported
hybrid shearlets as special case), as first introduced in [9]. This will be the subject of the forthcoming
work [10], generalizing the framework of parabolic molecules [11].

1.4 Outline

After introducing the general class of image models in Section 2 and deriving the benchmark result in
Theorem 2.2, Section 3 is devoted to the construction of a-curvelets. Our main result on the optimal
approximation properties of a-curvelets for any parameter o € [%, 1] is then stated in the next section as
Theorem 4.1. This section as well as the appendix do contain the lengthy, quite technical proof of this
result.

1.5 Preliminaries

Let us fix some notational conventions used throughout this work. For z € R? we denote the Euclidean
distance by |z|2 and the ¢;-norm by |z|. Further, we put 2™ = z{"* - 2]]'* for m € N&.
For a function f : R? — R the forward difference operator Ahy,... hg)s Where hy, ... hg € R, is given
by
Athy o) f (@1, xa) i= f(wr + by, zg + ha) — f(o1,...,2q).

In the one-dimensional case it takes the simple form Apf(¢t) := f(¢t + h) — f(t). We will often apply
the forward difference operator to a bivariate function f : R — R. To simplify notation, the operator
Ay, shall exlusively act on variables denoted ¢ or 7 € R, e.g., the symbol Ay, f(¢,u) denotes the function
(tvu) = f(t+hau) B f(t,'l.l,).

We denote by 9; the derivative in the i-th coordinate direction, i € {1,...,d}, and we let 9™ =
o7 -9 for m € N

We write || - ||, for the respective norms in the spaces LP(R?) and ¢?(A), where A is a discrete set.

For f € L'(R%), d € N, the Fourier transform Ff is defined by

Ff() = y f(z) exp(—2mix - §) dx.

The short-hand notation for Ff is f



We shall also make extensive use of the Radon transform R f given by

RF(t,n) := . F(z)dl(x),

with (¢,7) € R x (—7/2,7/2] and £, := {(x1,22) € R? : sin(n)zy + cos(n)zs = t}.
The Holder spaces C7 for v € (1, 2] are defined as follows:

CV(RY) = {f € O(RY) : mjachél(aif,y 1)< oo}
where for a function f : R¢ — R we we use the notation

Hol(f,a) = sup LDIWI oy
z,yeR |:L‘ - yla
for the Holder constant. The notation C refers to compactly supported functions in C7.
In the sequel, for two quantities A, B € R, which may depend on several parameters we shall write
A < B, if there exists a constant C' > 0 such that A < C'B, uniformly in the parameters. If the converse
inequality holds true, we write A 2 B and if both inequalities hold we shall write A < B.

2 Cartoon Approximation

Many applications require efficient encoding of multivariate data in the sense of optimal (sparse) ap-
proximation rates by a suitable representation system. This is typically phrased as a problem of best
N-term approximation as explained in Subsection 2.1. The performance of an approximation scheme
is then analyzed with respect to certain subclasses of the Hilbert space L?(R?), which is the standard
continuum domain model for 2-dimensional data, in particular in imaging science. The key feature of
most multivariate data is the appearance of anisotropic phenomena. Hence such a subclass of L?(R?) is
required to provide a suitable model for this fact, which is fulfilled by the subclass of so-called cartoon-like
images as defined in Subsection 2.2. The main result of this section, Theorem 2.8, will provide an upper
bound for the maximal achievable approximation rate for this class of cartoon images. It serves as a
benchmark for the approximation performance of concrete representation systems.

2.1 Sparse Approximation

Let us start with a short introduction to some aspects of approximation theory. The standard continuum
model for 2-dimensional data, in particular in imaging science, is the Hilbert space L?(R?). From a
practical standpoint however, a function f € L?(R?) is a rather intractable object. Therefore, in order
to analyze f, the most common approach is to represent it with respect to some representation system
® = (pa)rea C L2(R?), i.e., to expand f as

F=> g, (1)

AEA

and then consider the coefficients ¢y € R.

Moreover, since in real world applications infinitely many coefficients are infeasible, the function f has
to be approximated by a finite subset of this system. Letting N be the number of elements allowed in this
approximation, we obtain what is called an N-term approxzimation for f with respect to ®. The best N -
term approximation, usually denoted by fy, is optimal among those in terms of a minimal approximation
error and is defined by

fv= argmin | f—g|2 st. #Ax < N.
9= xeay OAPA

The approximation performance of a system ® for a subclass § C L?(R?) is typically measured by the
asymptotic approximation rate, i.e., the decay of the L2-error of the best N-term approximation || f — fn||2
as N — oo.



In a very general form the representation system ® can just be an arbitrary dictionary, i.e. we require
only L?(R?) = span ®. General dictionaries ® can be rather pathological, and for f € L?(R?) there might
not even exist a best N-term approximation. For example, since L?(IR?) is separable, we can choose ® to
be a countable dense subset of L?(R?). This choice would yield arbitrarily good 1-term approximations
since the elements of ® can come arbitrarily close to f.

Therefore, without reasonable restrictions on the search depth, the investigation of best N-term
approximation with respect to a given dictionary may not even make sense. A commonly used and
suitable restriction is to impose polynomial depth search, which requires that the terms of the N-term
approximation have to come from the first 7(N) elements of the dictionary, where m is some fixed
polynomial [6].

2.1.1 Polynomial Depth Search in a Dictionary

Let us get more specific and assume that we have a countable dictionary ® = (¢, )nen indexed by the
natural numbers, and a fixed polynomial 7 specifying the search depth. A non-linear N-term approxi-
mation scheme can then be described by a set-valued selection function S, which determines for given
f € L*(R?) and N € N the selected dictionary elements, i.e. S(f, N) C ® with #S(f,N) = N. The
function S shall obey the polynomial depth search constraint, i.e. S(f,N) C {¢1,...,9x(n)}, and the
dependence on f allows for adaptive approximation schemes.

Let us recall a benchmark concerning the optimality rate of approximation in a dictionary with
polynomial depth search, as derived in [6]. Before, we have to define what it means for a class of
functions to contain a copy of 5.

Definition 2.1. 1. A class of functions § C L*(R®) is said to contain an embedded orthogonal
hypercube of dimension m and sidelength § if there exist fy € § and orthogonal functions ; €
L2(R?) fori=1,...,m with ||1;]|2 = & such that the collection of hypercube vertices

H(m;fo,(w)i):{h:fwzgﬂz;i Cee (o)

is contained in §. It should be noted that H just consists of its vertices.

2. A class of functions § is said to contain a copy of ¢5, p > 0, if there exists a sequence of orthogonal
hypercubes (Hy)ren, embedded in §, which have dimensions my and side-lengths Oy, such that
0, — 0 and for some constant C' > 0

my > C6. Y for all k e N. (2)

Note, that if § contains a copy of £f), then it also contains a copy of ¢} for all 0 < ¢ < p. It was
shown in [6] that if a function class § contains a copy of 5 there exists an upper bound on the maximal
achievable approximation rate via reconstruction in a fixed dictionary.

We state a reformulation of this landmark result, which in its original form [6] was stated in terms of
the coefficient decay. The original proof however can be adapted to lead to the following formulation in
terms of the best N-term approximation, which is more appropriate for our needs. We remark, that this
theorem is also valid in a general Hilbert space setting.

Theorem 2.2. Suppose, that a class of functions § C L*(R?) is uniformly L?-bounded and contains a
copy of €5. Then, allowing only polynomial depth search in a given dictionary, there is a constant C' > 0
such that for every No € N there is a function f € § and an N € N, N > Ny such that

If = ]2 > C(Nlogy(N)) #7777,

where fn denotes the best N-term approximation under the polynomial depth search constraint.

Proof. Let ® = (5, )nen be a given dictionary and 7 the polynomial, specifying the search depth. The best
N-term approximation of f € L?(R?) obtained in this setting shall be denoted by fx, the corresponding
selection rule, as described above, by S.



Each system S(f, N) can be orthonormalized by the Gram-Schmidt procedure (starting from lower
indices to higher indices), giving rise to an orthonormal basis of span S(f, N) (with the exception of some
possible zero vectors). Therefore we can represent each fx by the unique set of coefficients obtained from
an expansion in this basis. (If a basis element is zero, the corresponding coefficient is chosen to be zero.)

In order to apply information theoretic arguments, we consider the following coding procedure. For
f € § we select the dictionary elements S(f, N) and quantize the coefficients of fy obtained as above by
rounding to multiples of the quantity q = N~2/P.

We need N log,(m(NN)) bits of information to encode the locations of the selected elements S(f, N)
and N log,(27T/q) bits for the coefficients themselves, where T is the L?-bound for the elements of F.
Hence, in this procedure we are encoding with at most

R(N)ZN(01+0210g2(N)), 01,02 > 0,

bits, and for N > 2 we have R(N) < C5Nlog,(N) for some constant C5 > 0. To decode, we sim-
ply reconstruct the rounded values of the coefficients and then synthesize using the selected dictionary
elements.

Let H be a hypercube in § of dimension m and sidelength 6. Starting with a vertex h € H the
coding-decoding procedure (for some fixed N € N) yields some heL? (R?%). By passing to the L?-closest
vertex h, we again obtain an element of the hypercube H.

Every vertex h € H can be represented as a word of m bits, each bit corresponding to one side of the
cube. Thus the above coding procedure gives a map of the m bits, which specify the vertex h € H, to
R = R(N) bits. The decoding then reconstructs the m bits specifying the vertex h € H. Since at the
intermediate step we just have R bits of information we unavoidably loose information if R < m.

Now we can apply an information theoretic argument. By rate-distortion theory [6, 1] there must
be at least one vertex h € H, where the number of false reconstructed bits is larger than D,,(R). Here
D,,(R) is the so-called m-letter distortion rate function. Since each bit determines a side of the cube,
the error we make for this vertex h obeys

|h = hl|3 > 6> - Dyu(R).

Since by construction || — hllz > ||h — h||2 we have ||h — b2 > %HiL — h|2- Tt follows
~ 1
b= b3 = 252 D, (B).

By assumption, § contains a copy of 5. Therefore we can find a sequence of hypercubes H;, with
sidelengths 6 — 0 as k — oo and dimensions my = my(dx) > C§,”. We pick N, € N such that
C35Nilogy(Ny) < %mk and Ny — oo as k — oo. For large k we then obey the inequality R(Ny) < %mk,
in fact Ny > 2 is sufficient.

Here we can apply another result from rate-distortion theory. If % < p for some p < 5 it holds

< 3, we

1
2
Dy, (R)/m > D1(p), where Dy is the so-called single-letter distortion-rate function. Hence, if £
have

- 1 1
h—h|%> =D:(=)8*m.
Ih = Bl > £ Dy(5)0%m
Let hj, denote the vertices with maximal reconstruction error ||hy — izk |l2 at each hypercube Hj. Then
we can conclude for large k

~ 1 1
Ak — hall3 > 1D1(§)5imk 2 0imy, 2 (Ny logy(Ny))~P)/e.
Finally we have to take care of the rounding errors. The Euclidean distance between the best Nj-term
approximation hj, differs from hy by at most qv/N, i.e.

1 — higll2 < a /N,
since the coeflicients belong to an orthonormal basis. It follows, with some constant C' > 0,
~ ~ 1_ 1 — —(2—
s = hicllo = hs = hilla = i = i llz > C(Ni logy (Ni))* ™% = N/ 72/7 2 (N logy (M) =/ P,
This finishes the proof. O



2.1.2 Frame Approximation

In practice one needs representations, which are robust and stable with respect to noise. This leads to
the notion of a frame [4], which is a special kind of dictionary.

A system ® = (¢y)ren C L*(R?) is called a frame for L?(R?), if there exist constants 0 < C; < Cy <
oo such that

AR < ST e < Coll fI3 for all £ € L*(R?).

A€A

A frame is called tight, if C; = Cs is possible, and Parseval, if C; = Cy = 1. Since the frame operator
S: L*(R?) — L?(R?) defined by Sf = >, o2 (f: @a)@a is always invertible, it follows that one particular
sequence of coefficients in the expansion (1) can be computed as

cy = <f, S_l(,O)\>, AEA, (3)

where (S71py )y is usually referred to as the canonical dual frame. Note, that in general for a redundant
system the expansion coefficients in (1) are not unique. The particular coefficients (3), however, are
usually referred to as the frame coefficients. They have the distinct property that they minimize the
£2-norm.

Even in the frame setting, the computation of the best N-term approximation is not yet well-
understood. The delicacy of this problem can for instance be seen in [7]. A typical approach to circumvent
this problem is to consider instead the N-term approximation obtained by choosing the N largest frame
coefficients. It is evident that the associated error then also provides a bound for the error of best N-term
approximation.

There exists a close relation between the N-term approximation rate achieved by a frame, and the
decay rate of the corresponding frame coefficients. A typical measure for the sparsity of a sequence (cy)x
are the ¢P-(quasi-)norms, for p > 0 defined by

1/p
lex)allwer := (supsp . #{/\ s ea] > 5}) .
e>0

Equivalently, for a zero sequence (c¢j,)nen indexed by N, these (quasi-)norms can be characterized by
(cn)nllwer = sup,,-on'/P|ck|, where (c}), denotes the non-increasing rearrangement of (c,,).,.

The following lemma shows that membership of the coefficient sequence to an ¢P-space for small p
implies good N-term approximation rates. For a proof, we refer to [5, 16].

Lemma 2.3. Let f = Y. cxpx be an expansion of f € L*(R?) with respect to a frame (px)aen. Fur-
ther, assume that the coefficients satisfy (cx)x € wl?**D for some k > 0. Then the best N-term
approzimation rate is at least of order N7F, i.e.

||f— fNHz § N7F.

Next, we apply Theorem 2.2 to obtain an upper bound on the approximation rate of cartoon-like
images.

2.2 Cartoon-like Images

To model the fact that multivariate data appearing in applications is typically governed by anisotropic
features — in the 2-dimensional case curvilinear structures —, the so-called cartoon-like functions were
introduced in [6]. This class is by now a widely used standard model in particular for natural images. It
mimics the fact that natural images often consist of nearly smooth parts separated by discontinuities.

The first rigorous mathematical definition was given in [6] and extensively employed starting from the
work in [3]. It postulates that images consist of C2-regions separated by piecewise smooth C?-curves.
Since its introduction several extensions of this model have been introduced and studied, starting with
the extended model in [15]. We consider images that contain two smooth CP-regions separated by a
piecewise smooth C7-curve, where §8,v € (1,2].

Without loss of generality we will subsequently assume the smoothness of the edge curve. In addition,
to avoid technicalities, we restrict our considerations to star-shaped discontinuity curves, which allow an



easy parametrization. This is a classical simplification also used in [6, 3, 16, 15] . We remark however
that this restriction to star-shaped curves is artificial. In fact, we could work with the class of regular
C7-Jordan domains contained in [0,1]?, where v € (1,2] and the Holder constants in the canonical
parametrization are bounded.

We begin by introducing the class of star-shaped sets STAR?(v) for v € (1,2] and v > 0. For that
we take a C7-function p : T — [0,00) defined on the torus T = [0, 27], where the boundary points are
identified. Additionally, we assume that there exists 0 < pg < 1 such that p(n) < pg for all n € T. Then
we define the subset B C R? by

B= {a: €R? : 2 = (|z|2,n) in polar coordinates with n € T, |z|y < p(n)}, (4)

such that the boundary I' = 9B of B is a closed regular C7-Jordan curve in [0, 1]? parameterized by

_ (p(n) cos(n)
bn) = (p(n) Sin(n)) o nel 5)

Furthermore, we require the Holder constant of the radius function p to be bounded by v, i.e.,

') = P ()] _

Hél(p',v — 1) = sup <v, (6)

n,7€T In— a1t
where the distance |n — 7| is measured on the torus T.

Definition 2.4. For v > 0 the set STARY(v) is defined as the collection of all subsets B C [0, 1]?, which
are translates of sets of the form (4) with a boundary obeying (5) and (6).

The class of cartoon-like functions is then defined as follows.

Definition 2.5. 1. Let v > 0, 8,7 € (1,2]. The cartoon-like functions £8(R%*v) C L*(R?) are
defined as the set of functions f : R? — C of the form

f:f0+f1X87

where B € STARY(v) and f; € CP(R2) with supp fo C [0,1]2 and || fil|cs < v for eachi=0,1. To
simplify notation we let E°(R?) = Sg(]RQ).

2. Egi"(RQ;V) denotes the class of binary cartoon-like images, i.e., functions f = fo + fixg €
55(R2;V), where fo =0 and f1 = 1.

We aim for a benchmark for sparse approximation of functions belonging to Eff (R?). For this we can
use the results from the previous section. In order to apply these results to our model of cartoon-like
functions we investigate for which p > 0 the class of cartoon-like images contains a copy of 5 following
15, 13].

Theorem 2.6. Let v > 0 be fized, and 3, € (1, 2].
1. The class of binary cartoon-like images Sgi”(Rg; v) contains a copy of £ forp=2/(y+1).

2. The class Cg([(), 1)%;v) of Hélder smooth functions f € Cg([O, 1)?) with ||f||cs < v contains a copy
of £y forp=2/(8+1).

Proof. ad 1) This was proved by Donoho in [6].
ad 2) To show that C’g ([0,1]%; ) contains a copy of £5 we have to find a sequence of embedded orthogonal
hypercubes (Hy)ren of dimension my and size d; such that 6 — 0 and (2) holds.

Let ¢ € C§°(R) with supp ¢ C [0,1] and ¢ > 0 and put ¥(t) = ¢(t1)¢(t2) for t = (t1,t2) € R2. Then
¢ € CP(R?) with supp ¢ C [0,1]2. By possibly rescaling we can ensure ]lcsmey < v. Further, we
define for k € N and i = (iy,i2) € {0, ...,k — 1}? the functions

wi,k(t) = k_ﬂ¢(kt1 — il)(b(k‘tz — ig).



These functions v; , € C”(R?) are dilated and translated versions of v satisfying Hol(v; 1, 8) = Hol(y), 3)
and [[¢ikllcsmz)y < 1¢lloswey < v. Moreover, it holds [[¢;x[3 = k~2°2[|43, and since supp ¢;, C
[2, 2] [%, 2] the functions v, and t; ), are orthogonal in L?(R?) for i # j.

The hypercubes Hj, of dimensions my = k? given by

k k
My o= M0, (ir) = {h =D > eiadlk-—i1)d(k - —ia) | i, 4, € {0,1}}

i1=11is=1
= {h = Za?ﬂ/%,k | i € {0, 1}}
i=1

with side-lengths &y, = ||1; &||2 = k~#71||¢||2 are clearly contained in Cg([O, 1]%;v). We have to check (2).
It holds

1) —F 22 _ 2
m’“:’“ZZ( | ) = [QlIFF - (6) 7P,
e

and the sequence (d)gen obeys dp — 0. This finishes the proof. O
An immediate corollary is the following result.
Corollary 2.7. The function class 55 (R%;v) contains a copy of €5 for p=max{2/(8+1),2/(y+1)}.

As a direct consequence of Theorem 2.2 we now state the main result of this subsection, which has
also been proved in [15].

Theorem 2.8. Given an arbitrary dictionary and allowing only polynomial depth search, for the class of
cartoon-like images f € 575(]13&2) the decay rate of the error ||f — fn||3 of the best N-term approximation

cannot exceed N~ ™87}

We observe that the upper bound on the approximation rate for 55 (R?) is the same as for the larger
class £mn18:7}(R?). Therefore we restrict our investigation to classes of the form £°(R?). Since we are
able to establish a lower bound for £7(R?) differing only by a log-factor from this upper bound, we do
not loose much.

3 Hybrid Curvelets

Second generation curvelets, which are nowadays simply referred to as curvelets, were introduced in 2004
by Candeés and Donoho [3]. The construction involves a parabolic scaling law, which can be viewed as a
natural compromise between isotropic scaling, as utilized for wavelets, and scaling in only one coordinate
direction, as utilized for ridgelets [8].

A more general anisotropic scaling law is realized by so-called a-scaling, where the parameter a € [0, 1]
is used to control the degree of anisotropy in the scaling. The associated a-scaling matrix is defined by

s 0
DS = (0 Sa), S ER+

Isotropic scaling corresponds to a = 1, and scaling in one coordinate direction to o = 0. Parabolic scaling
is the special case for a = % In this sense, curvelets can be viewed as lying in between ridgelets and
wavelets.

Adapting the construction of curvelets to a-scaling yields, what we will call hybrid curvelets, or more
specifically a-curvelets. In the following we will construct bandlimited tight frames of a-curvelets for
every a € [0,1]. Thus, we obtain a whole scale of representation systems, which interpolate between
wavelets for a = 1 on the one end and ridgelets for &« = 0 on the other end.

The construction follows the same recipe used for the tight ridgelet frames in [8]. As mentioned above

it can also be seen as a variation of the classical second generation curvelet frame from [3].



The construction is simplified by treating the radial and angular components separately. For the
construction of the radial functions W) at each scale j € Ny we start with C>°-functions W© : R, —
[0,1] and W : R} — [0, 1] with the following properties

supp W@ c[0,2], WO()=1forallre [0, 3,
supp W C [1,2], W(r)=1forall r € (2,2].

Then we define for j € N the functions W) (r) := W (279r) on R... Finally, we rescale for every j € Ny
(to obtain an integer grid later)

W () .= WO (8xr), reRy.

Notice, that it holds 2 > ST W) > 1.
Next, we define the angular functions VU : S — [0,1] on the unit circle S' € R?, where j € N
specifies the scale and ¢ the orientation, running through {0, N 1} with

L;= 2[j(1—o¢)j7 jeN.
This time we start with a C*°-function V' : R — [0, 1], living on the whole of R, satisfying
supp V' C [=§, 3] and V(t)=1forallte|-Z, 2.

Since the interval [—, 7] can be identified via ¢ — e/ with S, we obtain C*°-functions V@0 : ST — [0,1]
for every j € N by restricting the scaled functions V(2101 =®)1.) to [—x,7]. In order to end up with real-
valued curvelets, we then symmetrize

VOO(g) == VOO(6) + VOO (=) ges.

At each scale j € N we define the characteristic angle w; = 72~ (1=) "and for £ € {0,1,...,L; — 1} we
let

cos(wje) —sin(wj )

B (Gmiers) i) "

be the rotation matrix by the angle w;, = fw;. By rotating V09 we finally get VU9 : St — [0, 1],
VOO(e) = VU (R £)  for € e SL.

In order to secure the tightness of the frame we need to renormalize with the function

¥(©) = WO + L WO Vo0 ()
7.4

which satisfies 1 < W(¢) < 8 for all ¢ € R2. Bringing the radial and angular components together, we
obtain the functions

_ O WO )V (o)
v(¢) U(¢)

It is obvious that xo, xj.¢ € C°°(R?). Moreover, these functions are real-valued, non-negative, compactly
supported, and L>-bounded by 1. Let ¢; = (1,0) € R? be the first unit vector and put

for ¢ € R, (8)

xo0(§) : ; Xje(§) =

S; = {xESl : |<x,el>|2cos(wj/2)}.

Indeed, we have supp xo C Wy = {£ € R? : 8r|¢| < 2} and supp x;¢ C W,, where for j € N,
le {0,...,Lj — 1} the sets

W = {g eR? : 277 <8rfg <27, é—| € Rjj;sj} (9)



are antipodal pairs of symmetric wedges.
After this preparation, we are ready to define the functions ¢y and ;¢ on the Fourier side by

Yo(€) == x0() and (€)= xje(€) for & € R”.
They have the following important property.

Lemma 3.1. For every f € L*(R?) it holds

3

I£13 = I1f = boll3 + D If * s

gl
Proof. By construction the system satisfies the discrete Caldéron condition, i.e.,

[Do©) + 3 [j.e(€))P =1 forall € € R%.
7.

This yields for all f € L?(R?)
2 _ N 2d
113 = [ 1F@)R de
_ i 2171 eV (12 s 21 7 e (2
- [ Wterifor s+ | DTERTRIE

= f ol + D IIf * ¢yl

J:t
O

The full frame of a-curvelets is obtained by taking translates of 19 and 1;, in the spatial domain
and L?-normalizing afterwards. Accordingly, for j € N, ¢ € {0,1,...,L; — 1}, and k € Z? we define

'1/107]@ = ’ll)o( — k) and
’(/)j,g,k = 2—j(1+a)/2 'wj,f(' - xj7g7k) with Tjlk = R;engjlki

The corresponding set of curvelet indices u = (j, ¢, k) will henceforth be denoted by M. Further, we will
use the following notation for this system

ca(W@),mV):(wu)ﬂeM:{wo,k : keZQ}u{wj,g,k : jeN,keZQ,£e{o,1,...,Lr1}}.

Theorem 3.2. Let a € [0,1] and W, W, V be defined as above. The a-curvelet system Co (W), W, V)
constitutes a tight frame for L?(R?).

Proof. For j € N the wedges W; ¢ are contained in the rectangles Z; o,
Wio C 87([—2”1723“] X [—47T2]a,47T2Ja]> C [-2771 2071 x [—2ie—t gie=l] =0 (10)
and W, is contained in the cube [—2,2]2/(87) c [—1,112 = Z;. Since W,, = R:}W., we can put
272 7 5.6 YV,

Ej,g = R;;Ejp such that Wj,[ C ij.
For each fixed j € N the Fourier system (u; 1)rez2 given by

g (€) = 2770 R exp (2mizjon - €)  with wjon = (2771, 277%e) = Dy 'k (11)
constitutes an orthonormal basis for L?(Z; ). Observe that ;5 = R;z}xj,O,k- Therefore,

ujk(R;08) = 97 (14+)/2 oxp (2mizj o - €),

10



and the system (u; (R ")) is an orthonormal basis for L?(Z;,). By Lemma 3.1 it holds

keZ?

5

IF13 = 1 = boll3 + D If * s

JiL

By the above observation we have for j € N

~ o~ ~ —~ ~ ~ 2
£ seld = 1F-yali = [ 1F@D0F de= 3 | [ FOBa(usn(Rist)ds
=it kez?
= > F 27 2 e 2 = N f s k)
keZ? keZ2
A similar argument for || f  1o||3 finishes the proof. O

In order to simplify the notation we henceforth use the capital letter J to denote a scale-angle pair
(4,£). In this context |J| shall denote the corresponding scale variable j, i.e. for J = (4,¢) it is |J| = j.
Therefore, from now on we may write e.g. wy, R to abbreviate w; ., R; ., etc.

4 Cartoon Approximation with a-Curvelets

In this main section we will use the tight frame of a-curvelets Co(W©, W, V) = (¥,) e, constructed
in the previous section, to approximate the cartoon image class £°(R?). In this investigation we keep

€ [%, 1) fixed in the range between wavelets and curvelets, and put 3 = a~!. Our main goal is to prove
the following approximation result, which generalizes an analogous result in [3] for second generation
curvelets.

Theorem 4.1. Let o € [%, 1) and B = a~'. The tight frame of a-curvelets Co (W), W, V) constructed
in Section 3 provides almost optimally sparse approzimations for cartoon-like functions £%(R?). More
precisely, there exists some constant C such that for every f € E°(R?)

If = fnl3 < CNP - (logy )P as N = oo,

where fn is the N-term approximation of f obtained by choosing the N largest curvelet coefficients.

When we compare this theorem with the benchmark Theorem 2.8, we see that Co(W (), W, V) =
(¥) pem attains the maximal achievable approximation rate up to a log-factor. This is remarkable since
this rate is achieved by simply thresholding the coefficients, leading to an intrinsically non-adaptive
approximation scheme.

Theorem 4.1 is proved in several steps, extending the techniques used in [3]. The basic idea is to
study the decay of the sequence (6,,),enm of curvelet coefficients 0, = (f,1,) for f € E#(R?). According
to Lemma 2.3 this decay rate provides us with the desired information on the approximation rate.

4.1 Sparsity of Curvelet Coefficients for Cartoon-like Images

We first state a simple a-priori estimate for the size of the curvelet coefficients 6, = (f,,) at scale j.
The curvelets v, are L?-normalized and essentially supported in a box of length 2=/ and width 277.
Therefore we can estimate

[l < B27 DI s, ||y < B27(FI/2,

where the constant B is uniform over all scales. This argument can easily be made rigorous, and we
obtain the following estimate for the coefficients at scale j:

1ul = [{F, 9] < [ fllso iy < Bl flloo2~0H972, (12)

Not surprisingly, this a-priori estimate is not yet sufficient to prove Theorem 4.1. A more sophisticated
result is the following theorem.

11



Theorem 4.2. Let 0% denote the (in modulus) N-th largest curvelet coefficient. Then there exists some
universal constant C' such that

sup (0] < C- N2 (log, N)HH2/2
fegs(R?)

Proof. Let M; C M denote the indices corresponding to curvelets at scale j, and for € > 0 put
M. = {,u € M;,|0,] > 5}.
By Theorem 4.3, which is stated and proved below, we have for € > 0
#M;. = #{u € M;,10,] > g} < e72/048), (13)
On the other hand, (12) shows that there is a constant B, independent of scale, such that
16,1 < BI|flloc2™tF3/2,

It follows that for each € > 0 there is j. such that at scales j > j. the coefficients satisfy 6,, < e. Hence,
for j > j.
#Mj = #{p € M;,|0, > e} =0.
The number of scales at which M . is nonempty is therefore bounded by
2
1+a

It follows from (13) and (14) that there is a constant C' > 1 such that

#{u € M,|0,] > 6} = Z#{u € M;,|0,] > 5} < Ce /8 1og, (e71).

(1082(B) + 1og(Ifloc) + loga(c™1)) < Toga(c™). (14)

Let 0% be the N-th largest coefficient. Then for ey > én, where 6 satisfies NV = 05_2/(1+6) log,y (3 b,
we have [0%] < ey. If N > 2 it holds CN*/(1+8) log,(N?) > N, because 1 < 8 < 2 and C' > 1. For
N > 2 therefore

N4A/(1+8) logQ(N2) > 5;/2/(14-3) IOgQ((SX/l).

This implies 65 > N2, and we can conclude that ey > 0y if we choose e as the solution of
N = 6’6&2/(14_&) log,(N?).

This choice leads to
ey = (20)149)/2 L N=U+8)/2(1og, N)(145)/2]

which proves our claim with constant C' = (25)(1+6)/2. O
In fact, Theorem 4.2 is strong enough to deduce Theorem 4.1 via Lemma 2.3.
Proof of Theorem 4.1. Applying Lemma 2.3 and Theorem 4.2 we can estimate

19 = SIS 2 10 S S m O oy m) ) € [0 g, )
N

m>N m>N
Using partial integration we obtain

. )
/ t_(1+6) . (10g2 t)(1+ﬁ) dt 5 [—t_B (10g2 t)(1+/3)]]ovo +/ t—(1+5) . (10g2 t)ﬁ dt
N N

< N8 (logy, N)HA) 4 / =48 . (log, t)1°1 at
N

<...< NP (log, N)<1+5)+/ = (+8) gy
N

< N7 (log, N)(H'ﬁ) .

~
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It remains to prove Theorem 4.3, which is the main building block in the proof of Theorem 4.2. By
abuse of notation, we write ¢; for the subsequence (,,),cns,; of curvelet coefficients, where M; denotes
the curvelet indices at scale j. Theorem 4.3 then reads as follows.

Theorem 4.3. The sequence 0; obeys
||9j||wZ2/(1+g) S C’

for some constant C independent of scale.

For the analysis of the coefficient sequence 6; we follow the technique in [3] and smoothly decompose
f into so-called fragments, which can then be analyzed separately. For that we cover R? at each scale
J € Ny with cubes

Q = [(k1 — 1)279%, (ky + 1)279°] x [(ky — 1)277%, (k2 + 1)277%],  j €N, (k1, k) € Z%,

which we collect in the sets Q;. Further, we put Q := UJEN Q;. Note how the size of the squares depends

upon the scale 277: The ‘width’ of the curvelets at scale j obeys ~ 277 and the ‘length’ of the curvelets
is approximately ~ 27/, Thus, the size of the squares is about the length of the curvelets.

Next, we take a smooth partition of unity (wg)geg,, where these squares are used as the index set
and the functions wg are supported in the corresponding squares Q = (279%k;,277%ky) 4 [—277*, 277*]2,
More precisely, for some fixed nonnegative C'>°-function w vanishing outside the square [—1,1]?, we put
wg = w(29%ry — k1,29%5 — k) and assume that ZQer wq(z) = 1. The function f can then at each
scale j € Ny be smoothly localized into the fragments

For Q € Q; let 6o denote the curvelet coefficient sequence of fg at scale j, i.e.,

O = (<f@a%>) (15)

reM;

The strategy laid out in [3] is to analyze the sparsity of the sequences g and combine these results
to obtain Theorem 4.3. In this investigation we have to distinguish between two cases: Either the square
Q@ € Q; meets the edge curve I' = 0B or not. Accordingly, we let Q? be the subset of Q; containing
those cubes, which intersect the edge curve I'. Among the remaining cubes of Q; we collect those, which
intersect supp f, in Q% The others can be neglected, because they lead to trivial sequences .

The following two propositions directly lead to Theorem 4.3.

Proposition 4.4. Let Q be a square such that Q € Q?. The curvelet coefficient sequence g obeys
||9QHUJ€2/(1+L?) <C-: 2_(1+a)j/2>

for some constant C independent of Q and j.

Proposition 4.5. Let Q be a square such that Q € le-. The curvelet coefficient sequence g obeys
||0QHUJ£2/(1+B) <C: 27(1+O¢)j7

for some constant C independent of QQ and j.

Theorem 4.3 is an easy consequence of these two results and the observation, that there are constants
Ap and Ay, independent of scale, such that

#Q0 < Ap2%  and #Q) < A1(22% 4+4.2%7). (16)
The estimates (16) hold true since f is supported in [0, 1) C [-1,1]?.
Proof of Theorem 4.3. For 0 < p <1 we have the p-triangle inequality

lat b2, < llalZ +1bI%,.  a.bewh,.
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Since 0; = ZQEQJ- 6o, we can conclude

10152 < D7 Nz < (#Q9) -sup l6aliZi, 7, + (#Q)) - sup l9ollZs)

wla/(14p) — wf2/<1+ﬁ) = o wla/(148) ol wla/(146)"
QEQ; 3J J

The claim follows now from the above two propositions together with observation (16). O

It remains to prove Propositions 4.4 and 4.5. For that let Q € Q; be a fixed cube at a fixed
scale j € Np, which nontrivially intersects supp f. We need to analyze the decay of the sequence
0o = ((f@:¥u))uenm,. Since the frame elements ¢, are bandlimited, it is advantageous to turn to the
Fourier side. The Plancherel identity yields

(for ) = (o u)-

These scalar products can be estimated, if we have knowledge about the localization of the functions fQ.
This investigation is carried out separately in Subsections 4.2 and 4.3 for the cases @ € Q?- and @Q € Q},
respectively.

4.2 Analysis of a Smooth Fragment

Let us first treat the case @ € Q} where the cube @) does not intersect the edge curve I' = 9. In this
case we call fo = fwg a smooth fragment.

Before we begin, we briefly recall our setting. The parameters a € [%, 1) and 8 = a~! € (1,2] are
fixed, as is f € £#(R?). Since @ does not intersect the edge curve, there is a function g € C?(R?) such
that fo = gwg. By smoothly cutting g off outside the square [—1,1]2, we can even assume g € C’g(Rz).

We want to analyze ]?Q and for simplicity we look at the following model situation. Without loss of
generality we assume that the cube @ is centered at the origin, by possibly translating the coordinate
system. In this case the smooth fragment takes the simple form

fQ = gw(2aj.)7

where g € C’OB(RQ) and w € C§°(R?), supp w C [—1,1]2, is the fixed window generating the partition of
unity (wq)g. By rescaling we obtain for each scale j the functions

F(z) = g2 %r)w(x), =€R? (17)

with supp F C [-1,1]2. We put g;(z) := g(27*z), so that we can write F(z) = g;(z)w(z). It is
important to note, that g; and F' depend on the scale, whereas w remains fixed.

Since the following inverstigation takes place in the model situation, the explicit reference to the cube
@ is not necessary in this exposition. Therefore, by abuse of notation, we will write henceforth f for the
standard segment fg and accordingly ¢ for the sequence 0.
4.2.1 Fourier Analysis of a Smooth Fragment

We first analyze the localization of F. The key result in this direction will be Theorem 4.7. Its proof
relies on Lemma 4.6 below.

Lemma 4.6. Assume that h = C2~ (1= for some fized constant C > 0. We then have
1A% 0O F 15 S 202720,

where the implicit constant is independent of the scale j. Notice that h is not independent and depends
on the scale j.

Proof. Since supp F C [—1,1]? it suffices to prove

1AG,0)01 Flloe < hP2772 (18)
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By the product rule we have 01 F' = 01g; - w + g; - 01w and it holds

3

A(h 0) (Orgj - w Z hO)ang ( , ) w(-+ kh,-),
k_
3

A}, o) (95 - O1w) Z (o) 95 - Al 6y Orw(- + kh, ).
k=

Clearly, we have for every k € N the estimates [|Af, wlloc S h* and [[Af, 0wl S h*. Further,

~ ~

according to Lemma A.3, it holds [|01 ;o0 < 27, HA 0y 9jllee S h27%7, and

~ ~

”A?h,o)gj”oo < hP277 for k> 2,

HA]Fh,O)algj”oo < hP2=%  for k> 1.
Since h3 < hP279% for h = C2-(1=*) and a € [L, 1), the assertion (18) follows. 0
The previous lemma is key to the proof of the following theorem. Here we use the notation |£| ~ o(l—a)j

to indicate |£| € [012(1’0‘”,022(1’0‘”} for some arbitrary but fixed constants 0 < C7 < (3 < oo. A
typical choice would be C; =1 and Co = 2172,

Theorem 4.7. It holds independent of the scale j

/ B de < 2729,
el~20-00s

Proof. Let 0 < (7 < Cy < oo be fixed and choose C > 0 such that CoC < 27. Putting h := C’Z_(l_“)j,
there then exists ¢ > 0 such that [e®" — 1|2 > ¢ for every & with |&| € [C1201-)7 Co2(1=)F], Using
Lemma 4.6 we then estimate the integrals on the vertical strips:

g P61, 6)P deadey < [ GP (&) des dey
|€1]~201= )i J gy |€1]~2—a)i Je,
5/ et — 1151612 |F (&1, &)|? déa dy
€1 |~20-2i S,
= / / \A(h 001 F (€1,6)|? déz d&
|€1] ~2(1—a)j
< [ AR B E©F de = |80, i FI3 £ 12727
Interchanging &; and & yields analogous estimates for the horizontal strips. Altogether, we obtain
/ |F()[? de < 272 0-e)p2Pg=2ia = 9=26],
[€]~2(1—a) ~

O
As an immediate corollary, we deduce a corresponding estimate for the original smooth fragment f.

Theorem 4.8. We have independent of scale j
[P g2,
|€]~27

Proof. The statement follows from the relation f(£) = 27209 F(2-99¢). O

Finally, we state a refinement of Theorem 4.8.
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Corollary 4.9. Let m = (m1,ma) € N§ and 0™ = 07" 03**. We have
[ oo d g aaieimiz-een,
|€]~27

Proof. Recall that f = gw(2%7.). Let us define the window w,, (z) := 2™w(x) and the function f,,(x) :=
9(2)wm (2% 7) for z € R2. Then for every z € R?

2" f(x) = g(x)2"w(2 ) = 2771 g (2w, (2% ) = 27901 ().

We conclude with Theorem 4.8

[ orfpde= [ ri©P =2 [ F P dg g o ey i,
|€]~27 |€]~27 1€

[~23

4.2.2 Curvelet Analysis of a Smooth Fragment

Let J be a scale-angle pair and xo and y s the functions from (8), used in the construction of the a-curvelet

frame Co (W), W, V). We remark, that y s is generally not a characteristic function. However, x is a

non-negative real-valued function, supported in the wedges Wy given in (9) and satisfying ||xs|lecc < 1.
Theorem 4.8 directly leads to a central result, namely that it holds

[ S 1@ P e s 22, (19)
R2 ,
|7]=4
Our next goal, is to refine this result. Let us first record a basic fact.
Lemma 4.10. Let m € N2. It holds for all £ € R?
D 0 xa ()P S 27l
[71=4

Proof. From the definition it follows that y; scales with 27/ in one direction and with 2_‘j in the
orthogonal direction. No matter what direction, we always do better than |0™y (£)? < 2-2@lml For
fixed ¢ only a fixed number of summands are not zero, uniformly for all £&. The claim follows. O

Next we prove an auxiliary lemma. Here A = 97 + 05 denotes the standard Laplacian.
Lemma 4.11. It holds for m € Ny
/ ST IA™(Fxs)(€)Fde S 272 ke gdmal,
[J]=j

Proof. For m = 0 this is just (19), a direct consequence of Theorem 4.8. Now let m > 0. It holds with
a,be Ng and certain coefficients ¢, € Ny

A™(Fx)E) = D casd F(€) xs(E).

|a]+]b|=2m
Let a,b € N3 such that |a| + |b| = 2m. Then with Lemma 4.10 and Corollary 4.9

/ > [0 F(&)2[0"xs (&) de < 272 / |0 F (&) de

1= l&1~27
< 9—2jalblg—2jalalg—2(B+a)j

— 9—2ja(al+[bl)9=2(8+a)i _ 9g—4jamg—2(B+a)j_

16



Now we come to the refinement of (19). For that, we need the differential operator
L=T-2*A,

where Z is the identity and A the standard Laplacian. The theorem below shows that £2 (fx J) obeys
the same estimate (19) as fx.

Theorem 4.12. It holds
/ Y IL(Fxn) () dg S 2720
R2

[7|=j

Proof. Tt holds _ _
LP=T 222\ 4 28 A%,

Applying (19) and Lemma 4.11 yields the desired result. O
Finally we can give the proof of Proposition 4.5.

Proof of Proposition 4.5. Recall the curvelet frame Co(W (), W, V) = (¥p)penr. On the Fourier side
bjen = Xsujr(Rye),
with rotation matrix Ry given as in (7) and functions
Uj,k(f) _ 2—j(1+a)/262m‘(2*1k1,2*0”'1@2)-57 ce R2.
The curvelet coefficients (6,,),en of f = fg are therefore given by the formula

Ou = (f, V) = /R2 J?XJ(g)uj,k(RJg) dg.
We have to study the decay of the subsequence 6§ = 6 defined in (15). We observe
Lujp=(1+ 97 2(—a)p2 4 k3)uj g,
which also holds for the rotated versions u; ,(R;-). Partial integration thus yields
6 = /R T Ox (©uje(RsE) de = (1427890 kE 4 1)~ /R L2 xr)u (R ) de.
For K = (K1, K») € Z* we define the set
3ic= {(b ko) €22 k27907 € Ky Ky + 1), ks = K ).

Further, we put
Mk i={p=(j.t.k) € M; : ke3xh,

where M; denotes the curvelet indices at scale j. It follows from the orthogonality properties of the
Fourier system (u; k)rez2 that

S0 < @K [ (PP e,
k€3 K k2
where |K|? = K2 + K2. We further conclude

S =Y S (6,2 < (1+|KP) /

M; |J|=j k€3 K R

D 1) P de.

|7|=4

17



Now we apply Theorem 4.12 and obtain

Y16, S 27 (1 4 K
M; i

which directly implies
16 ety el e S 277001+ |K?) 72 (20)

It holds #3x < 1+ 2/(1=%) and therefore, since L; = 2L00=9] the estimate #M; g < 2 - 22/(1=%),
Now we recall the interpolation inequality [[(cx)l|e, < n'/P=1/2||(¢y)]|e, for a finite sequence (cy)x with n
nonzero entries. Applying this inequality with p = 2/(1 + ) we get from (20)

H(9 )MEMJ K H@2/(1+ﬁ) S 2J(ﬁ 1)H HEMJ,KHZZ S 2—j(1+a)(1 + |K|2)_2
It follows

2/(146) < 9=i(1+a)2/(148) 4/(1+8) _ 9—20i 2)-4/(1+8)
6] 2- (LK) 277+ KT :

neMj Kk

Finally, we have

Z 16,,|2/0+0) = Z Z 10,2/ (+8) < 9=20 Z (1+|K?)~4/0+8) < 9207,

HEM; Kez? peMj k Kez?
The desired estimate for § = 6g follows, i.e.

||6Q||52/(1+[s) S 27 J((H_l)

The following subsection is devoted to the proof of Proposition 4.4.

4.3 Analysis of an Edge Fragment

Let us turn to the more complicated case @ € Q? and the proof of Proposition 4.4. In this case the cube
Q intersects the edge curve I' and fg = fwg is accordingly called an edge fragment.
In order to prove Proposition 4.4 we need to analyze the decay of the sequence 0 = ((fq, Vu))uem; =

(( fQ ’(/JIL>) pen;- To estimate these scalar products, we again study the localization of the function fQ
As in the treatment of the smooth fragments, our investigation starts with some simplifying reductions.

Firstly, we note that it suffices to prove Proposition 4.4 for a function f € £7(R2) of the form f = gxs
with g € C’g (R?). In fact, the curvelet coefficient sequence of a general cartoon f = fO 4+ fM = go-xg+g1
can be decomposed into 98) = ((f( s Vu))penm; and 9(1 (<f ﬂ/m»ueMj- From Proposition 4.5 we

already know

1 « «
109 ety S 27 CF < 2= (4eir2,

Therefore it only remains to show HGQ lwts)osp < 270F3/20 Since B C [-1,1]%, we can further

smoothly cut off gy outside of [—1,1]? to obtain a function g € C’g (R?) such that f©) = gxs.

Secondly, without loss of generality we restrict to the following model situation. The cube @ is
centered at the origin and the edge curve T is the graph of a function E : [-277% 277%] — [-277% 2779
belonging to C#(R), with 2y = E(x3). Further, it shall hold E(0) = E’(0) = 0, so that I' approximates
a vertical line through the origin. If the scale j is big enough, say bigger than some fixed base scale
jo € Ny, it is always possible to arrive at this setting by possibly translating or rotating the coordinate
axes. Henceforth, we assume j € N and j > jo which clearly poses no loss of generality.

In this simplified model situation the edge fragment f = fo can be written in the form

f(2) = w(2%2)g(2) X {21 > E(22)}» x = (v1,22) € R?,
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where g € CJ(R?), and w € C§°(R?) is the nonnegative window with supp w C [—1,1]2, generating the
partition of unity (wg)g. For our investigation it is again more convenient to work with a rescaled version
F of the edge fragment. Therefore we put g; = g(27%7-) and define

F(z) = w(@)g; (%)X {213 B, (22)}, ¢ = (x1,32) € R?, (21)
with the rescaled edge function
Ej:[-1,1] = [-1,1] , Ej(z9) = 2% E(27 % z,).
It holds E; € CP([-1,1]) with E} = E'(27%/.) and HGI(E}, 8 — 1) < §;, where
6, =270 "HEI(E, B —1).

Observe that HOI(E', 8 — 1) is a constant independent of the scale j. Together with £;(0) = E}(0) =0
this implies for all u € [—1, 1] that

|Ej(u)] <6; and  [Ej(u)] < J;. (22)

For convenience, we continuously extend the function F; to the whole of R by attaching straight lines
on the left and on the right, with constant slopes E7(1) and E7(—1) respectively. Since this extension
occurs outside of the square [—1,1]?, it does not change the representation (21) of the edge fragment.
Furthermore, it also does not alter the regularity and the Holder constant.

4.3.1 Fourier Analysis of an Edge Fragment

Our first goal is to analyze the Fourier transform F (and thus also f) along radial lines, whose orientations
are specified by angles n € [—7/2,7/2] with respect to the z;-axis. If the angle 7 satisfies |sinn| > ¢;, it
is possible because of (22) to define a function v = u;(-,n) : R — R implicitly by

E;(u(t)) cosn + u(t)sinn = t. (23)

The value u(t) is the zo-coordinate of the intersection point of the (extended) edge curve I' and the line
L4,y defined by

Ly = {a:: (z1,72) €R? 1 1y cosn—l—xgsinn:t}. (24)
Further, we can define the function a = a;(-,n) : R — R by
a(t) == —E;(u(t)) sinn + u(t) cosn. (25)

The value a(t) is the za-coordinate of the point (Ej(u),u)” € I' in the coordinate system rotated by the
angle 1. For an illustration we refer to Figure 4.3.1.

The functions u and a are strictly monotone, increasing if n > 0 and decreasing if n < 0. Note, that
we suppressed the dependence of u and a on j in the notation. The following lemma studies the regularity
of u under the assumption |sinn| > 24;.

Lemma 4.13. Assume |sinn| > 26;. Then the function u: R — R defined implicitly by (23) belongs to
CP(R). Moreover, we have ||[u'||o < |sinn|™! and

AR oo S 857 sing| =7,
where the implicit constants are independent of the scale j, the angle n, and h > 0.

Proof. First of all it is not difficult to show that u = u;(-,n) € C*(R) with

' (t) = (sinn + Ef(u(t)) cosn) -
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(Ej(w).w)

(t.a(t))

Edge curve
1 = E(22)

Figure 1: Illustration of standard edge fragment.

Under the assumption |sin7| > 26; it follows [|u/[|oe < [sinn|~" because of |Ef(u)| < §; < 1]sinn] for all
u € [—1,1]. Finally, we examine Apu’. For t € R

Apd/(t) =u/(t+h) — /() =/ (t+ b/ () (W' (t) " =/ (t+h)7)
= u/(t + h)u'(t) cosn(Ej(u(t)) — Ej(u(t + h))).

Using HOl(E}, 8 — 1) < 0; and the mean value theorem leads to

1R [l < [lu'[1305 | Anull3s™ < [lu'|50;h7 7 < 6;0° [ sing| 7177,

O
The following lemma collects some properties of the function a : R — R defined in (25).
Lemma 4.14. Assume |sinn| > 25;. It holds a € C?(R) with
la" oo S [sinn| ™", [[Anallee S Blsinn[~™,  [And'|l S8R sing[ 717,
with implicit constants independent of j, n, and h > 0.
Proof. This is an easy consequence of the properties of u proved in the previous lemma. O

Next, we introduce the scale-dependent interval

I(n) := I;(n) := laj(n), bj(n)], (26)

where a;(n) = Ej(—1)cosn —sinn and b;(n) = E;(1)cosn + sinn. The restrictions of v and a to I(n)
correspond precisely to that part of the edge curve I lying inside the square [—1,1]?. In particular, we
have a bijection w : I(n) — [—1, 1]. In the sequel it is more convenient to work with an extension of I(7),
given by

I(n) = I;(n) = [a;(n) — Cé;,b;(n) + C4;],
for some suitable fixed constant C' > 0.

Lemma 4.15. For |sinn| > §; we have

[I(n)| S [sing| and  [I(n)] < |sing].

20



Proof. In view of |sinn| > §; and (22) we can estimate

(1) < [E;(1) = Ej(=1)[cosn| + 2| sinn| < 26; + 2| sinp| < |sin7].

The estimate for I(n) then follows directly from |sinn| > d;. O

We want to analyze F along lines through the origin with orientation n € [—7/2,7/2]. The central
tool in this investigation is the Fourier slice theorem. In view of this theorem it makes sense to first study
the Radon transform RF, in particular its regularity. By Paley-Wiener type arguments we can then later
extract information about the decay of F. This is the same approach taken in [3]. Due to the lack of
regularity in our case, however, we have to use a more refined technique in this investigation. The main
idea is to use finite differences instead of derivatives.

The value RF(t,n) of the Radon transform is obtained by integrating F' along the line £;, defined
in (24). Rotating F' by the angle n yields the function F" and we can write

(RF)(t,n) = / Pt u) du.
R
The rescaled edge fragment F' can be rewritten as the product I' = Gx{4,>F,(«,)} With the function
G = wg(27Y.) = wy;.
Then we have
a(t,n)
(RF)(t, ) = / G (¢, u) du, (27)
—o0
where G" is the function obtained by rotating G' by the angle 1. Using the notation g;’ and w" for the
rotated versions of g; and w, the integrand of (27) takes the form

G = gjw".

We see, that the component g7 = ¢7(27%-) € Cg(RQ) of G is scaled and the window w" € C§°(R?)
remains fixed. During the following investigation the angle  remains constant. Therefore, we can simplify
the notation by omitting the index 7.

The central lemma of this subsection is given below. Its proof relies on estimates of the functions g?
and w’, outsourced to the appendix.

Lemma 4.16. Assume that |sinn| > 26;. For h = C2~ (=% where C' > 0 is some fized constant, we
then have
ApORE(t,m) = Si(t,n) + Sa(t,n)

with
1513 < 87h>P 7 | sinn| =127,
1A h,0yS2( )13 S B2 |sing| =27,
where the implicit constants are independent of the scale j and the angle n.
Proof. First we differentiate RF(t,n) with respect to ¢ and obtain from (27)

a(t)
O (RF)(t,n) = d' (t)G(t,a(t)) —|—/ O G(t,u)du=:T(t)
where on the right-hand side the dependence on 7 is omitted in the notation. Applying Aj then yields
for t € R
a(t+h) a(t)
ART(t) = Apd' ()Gt + hya(t + k) + d' (t) ARG (¢, a(t)) + / HG(t+ hyu)du + Ap,0)01G(t, u) du
a(t) —00
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Next, we estimate the L°°-norms of the functions T; for i € {1,2,3,4}. Let us begin with 7. Applying
Lemma 4.14 we obtain

ITlloo < 1ARA"loo G lle S 1ARA" e < 8587 sinn| =7 < BP| sing| =7
The estimate of T takes some more effort. The product rule yields for ¢ € R
To(t) = d' (t) ApG(t, a(t)) = d'(t)Ang;(t, a(t)w(t + h,a(t + h)) + ' (t)g; (t, a(t)) Apw(t, a(t)) =: To1(t) + Toa(t).
Using the mean value theorem and Lemmas 4.14 and A.4 yields

I Torlloo < llalloo sup [Ang; (8, a(®)[wlloo S Alsing| =277 < A7 sing| =7,
teR

We take another forward difference of the component T35 and obtain

ApToo(t) = Apd (t)g;(t+ hya(t + h)Apw(t + h,a(t + h))
+a' () Ang;(t, a(t)) Apw(t + hya(t + h)) + a' (t)g(t, a(t)) Arw(t, a(t))
= Top(t) + T5(t) + Ton(t).

These terms allow the following estimates, where we use Lemmas 4.14, A.6 and A.4. Also note h < |sinn|.

|1 Toalloe < PP+ sing| 277 < 1P| sing| =7,
|1 T3allo < R2[sing| =277 < BP|sing| =177,
|1 T3alloe < R2[sing| = + h7+ sing| 727 < hP|sing| =77,

By substitution the term T3 transforms to
t+h
T3(t) = / HG(t+ h,a(u))d (u) du
t

t+h t+h
= / 0195 (t + hy,a(u))w(t + h,a(u))a’ (u) du + / gj(t + h,a(u))d1w(t + h,a(u))a’ (u) du
t t
= Tgl(t) + T32 (t)
We apply Ay, to T31. Here Ay acts exclusively on ¢ and 7. We obtain
t+h
ATa(t) = / AL [y (¢t + b a(r))w(t + b, a(r))d' (7)] dr
t
t+h
= / Apdvg;(t+ h,a(r))w(t + 2h,a(t + h))d' (t + h) dr
t

t+h
+/ 019 (t + h,a(7))Apw(t + h,a(r))a’ (T + h) dr

t+h
+/t O19;(t + hya(T))w(t + h,a(r))Apd (1) dr
= T3 (t) + T3 (t) + T3 (b).

Analogously, we decompose
t+h
ApTsa(t) = / Anfgi(t+ ha(m)drw(t + h,a(r))a’(7)] dT =: Tsy(t) + T (t) + Tip(t).
t

Then we estimate with the results from the appendix
I T51lloc S Bl sing| =277 (A7~ 4+ B~ Y sing|'=7) < AP |sing| =7,
T3 lloc S hlsing| ™27 (h+ Al sing|~*) < hP|sing| =17,

1751 lloe < B2 | Ana oo < hP[sing| =7,

~ ~
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and

| Tsalloo < hlsing| =27 (h+ hlsing| ™) < h”|sing| =17,
I T5alloo S hlsing| ™" (h+ hlsing| ') < h7|sing| =7,

TS0 < hllARA||oo < BT sing =77

Finally, we treat the term T},

a(t) a(t)
Ty(t) = ARG (t,u) du = / Aj, (8lgj(t7 ww(t,u) + g;(t, u)ow(t, u)) du

—00 — 00

a(t) a(t)
= / Ap1g;(t, w)w(t + h,u)du+ / (0195 (t, u) Apw(t, u) + Apg;(t, u)drw(t + h,u)) du

—00

a(t)
—I—/ gj (t, u)ApOw(t, w) du =: Ty1(t) + Taa(t) + Tus(t).

— 00

The terms Ty and Ty can be estimated directly,

|1 Tarlloe S RP7H-277 <7,
[ Tulloo Sh-27% <279 < 27308=1) < f,

The term Ty3 again needs some further preparation,

a(t+h) a(t)

ApTys(t) = / gi(t+ h,w)Apd1w(t + h,u) du + / Ay, (gj(t, w)Apdw(t, u)) du =: T413(t) + T423(t).

a(t) —00
In the end we arrive at

| Tisllo < R2[sing| = < hP|sing| ™,

~

ITHlle < h° < HP.

~

Now we collect the appropriate terms and add them up to obtain S; and Ss. In a last step, we use our
L -estimates to obtain the desired L2-estimates. Here we use that |supp T;| < |1(n)] < | sinn| according
to Lemma 4.15 for ¢ € {1,2,3} and |supp T4| < 1. This finishes the proof. O

The previous lemma is the key to the following theorem. The notation |A| ~ 2(1=2)i indicates that
|\ € [C120172) C5201=)] for fixed constants 0 < C; < Cy < oo. A typical choice would be C; = 1 and
Cy = 21—,

Theorem 4.17. [t holds

~ . : —1-28
/ |F'(Acosn, Asing)|? dx < 2= (1= (1 + 2= in n|>
[A|~2(1=a)i
with an implicit constant independent of j and 7.

Proof. First we assume |sinn| > 24;. The integration domain is given by [C1200=)7 Cy2(1=)3] for fixed
constants 0 < C < Oy < 00. Let us fix h := 02_3(1_0“), where C > 0 is chosen such that CoC < 27. For
this choice of h there is ¢ > 0 such that | — 1|2 > ¢ for all |\| € [C1200-%)7, C52(1=2)J] at all scales.
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We conclude, where S;, i = 1,2, denote the entities from Lemma 4.16:

IA2|F(Acosn, Asing)[?> dA < / e — 12| APP|F(A cosn, Asinn)[? dA

[A[~2i(1=e) [A|~2i(1—a)

- / F[AROREC, n)] (V]2 dA

[A|~2i(1=a)

s [ IStamEa

i:1|>\\N2j<1—a)

< / e — 1215, (V)2 dA + / S M dA

[Al~20(1-a) [Al~20(1-a)
/W 12150 m (A )|2d>\+/|51('777)(>\)|2d>\
= 150Co 2 + (1A Sa ()3 < 12 sing =25,

It follows

= . i (1—a) . —1-28
/|>\ e |E(Acosn, Asing)|?dX\ < 2790 a)(27(1 a)\sm77|) .
Next, we handle the case |sinn| < 2d;. We want to show
/ |F(Acosn, Asing)[>dA < 277(1—), (28)
‘>\|N2J(1 a)

Altogether we then obtain the desired estimate

~ . . —-1-28
/ |F(Acosn, Asing)[2dX < 27 (=) (1 + 2(=a)j| sin77|) ,
[Al~20—0)s

since 201727 | sinp| > 1 if |sinn| > 26; and 20797 |sinn| < 1 if |siny| < 205,
It remains to show (28). For this we write the edge fragment as a sum F' = Fj + D, where

Fo(z) = 9(27ja$)w(x)><{xlzéj}7 z € R?
is a fragment with a straight edge and D(x) = F(z) — Fy(z) is the deviation.
The function D is supported in a vertical strip around the zs-axis of width 2§;. For n satisfying
|sinn| < 26, the Radon transform RD(-,n) is L>°-bounded and supported in an interval of length
2(6; cosn+sinn) < 0;.

It follows |RD(-,n)|13 < 6; < 277079 and therefore
/ |D(\cosn, Asing)|2dA < / IRD(-,n)(N)2dx < 2790-o),
[A]~27 (1 =) R
Finally, the estimate

/ |FB()\ cosn, Asing)[2d\ < 2771-)
)\‘NQJU )

follows from the fact, that we have decay |FB (A, 0)| ~ [A|7'/2 normal to the straight singularity curve,
and that the second argument (Asinn) remains bounded due to the condition |sinn| < 26;. This finishes
the proof. O
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A direct consequence is the following corollary.

Corollary 4.18. We have

~ _ _ —1-28
/ |f(Acosn, Asing)[2dX < 2~ (1200 (1 + 201797 | in 77|> .
|Al~2s

Proof. The statement follows directly from the relation f(g) = 2727 ﬁ(2_"‘-7§). O

4.3.2 Refinement of the Previous Discussion

In this subsection we will prove a refinement of Corollary 4.18. For that we need to analyze the modified
edge fragment F', given for fixed m € Ny by

F(z) =r(z)"F(z), =¢€R? (29)

where the function 7 : R? — R maps = € R? to its first component z; € R. It can be written as the
product F(z) = G(2)X{x,>E,(«s)} With the function

G(z) == r(z)"G(z) = r(z)"w(x)gj(z), =R (30)

Rotating by the angle 7 yields G"(x) = ((x))™G"(z), where G" and r" are the functions obtained by
rotating G and r, respectively. The function 77 : R2 — R then has the form

r(t,a) == tcosn —asinn, (t,a) € R?.

Note, that since G"(x) = g} ()w"(2) we have G(z) = (r"(x))™gj (x)w" (). Some important properties
of 7" and G" are collected in the appendix.
Similar to the investigation of F' in the previous subsection, the angle 1 remains fixed in the remainder.

We can therefore again simplify the notation by omitting this index. The following result generalizes
Lemma 4.16.

Lemma 4.19. For m € Ny let F be the modified edge fragment (29). Further, assume that |sinn| > 24,
and h < 2=(1=)7_ Then the function S := A,OLRE(-,n) admits a decomposition

S =5 +59,
such that ARSI = S} + 53,
ARSI = 82+ 82,

ARSy = S + 577,
ApSg =S,

with the estimates
15F]13 < 272 p2P | sin | 71720 4 270 )BOFD = 0,1, m 4 1.

For convenience we set S;’LH =0.

We introduce the following language and say, that the function S admits a decomposition (S¥,S5),
of the form (x) of length m + 1 with the estimates

||Sf||§ < 272jm(17a)h2ﬁ| Sin’r]‘flfﬂg + 27j(17a)(2ﬁ+1)’ k=0,1,....,m+1.

Proof. We have G(z) = r(z)™G"(z) for z € R? and

. a(tn) _
RF(t,n) = / G"(t,u) du.

— 00
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For simplicity we omit the superindex 7 subsequently. Similar to the proof of Lemma 4.16 we obtain

a(t+h)

_ - - a(t) _
S(t) = Apd ()G (t + hya(t + h)) + a' (£) ARG(t,a(t)) + / MGt + hyu)du + / A(p,0)01G(t, u) du

a(t)
= Ty (t) + Ta(t) + T5(t) + Tu(t).
We will show the assertion for each of these terms separately. Moreover, it suffices to prove L>°-estimates,

which can be transformed to the desired L?-estimates via the corresponding support properties. Note
that |supp T;| < [I(n)] £ |sinn| according to Lemma 4.15 for i € {1,2,3} and that |supp T4| < 1.

For T 1 the estimate

”TIHOO

IN

|ARa'[|oe sup [G(t, a(t))] < |Ana'llse sup [r(t, a(t)|™
teR tel(n)
< 5;’1“/1'8_1|sin77|_1 B < hmpB|sing|~1P

is sufficient. Next, we show that T and T3 admit decompositions (TF,TF), of the form (x) of length
m + 1 with supp TF C I(n), i € {1,2}, and the estimates

||f1k||oo S hmh5|sinn|717ﬁ, k=0,....,m+1,
|TH||oe < B™|sing|™Y, k=0,...,m

The decomposition of the component Ty is provided by Lemma A.10. Let us turn to Ts. By substitution
this term transforms to

_ tHh
T5(t) = / O G(t+ h,a(u))d (u) du.

We put T Y =0 and TQO = fg. These terms clearly satisfy the assertions. Next we take the forward
difference of TY. Here Aj, acts on both ¢ and 7. We obtain

AVTO#) = AnTs(t) = / An(0,G(t + by a(r))d (7)) dr
/ " MGt B a(r))d(r) dr

t+h
Jr/ Gt + 2h,a(T + h))Apd (1) dr
t
= Tyi(t) + Taa(t).
Lemma A.12 then yields a decomposition (,’S'v{“7 §§)k, such that we can write

ARGt + h,a(r))d (1) = SO(t, 7) + S9(t, 7).
This leads to
t+h . t+h .
Tt / Andh Gt + b, a(r))a ’(T)dfz/ S?(t,T)dT—i—/ 0t 7) dr.
t t
We put TH(t) := Tao(t f”h SO(¢,7)dr and TL(t) := [7" SO(t,7)dr. These terms 7% and 7% then

t
satisfy the requlrements ie.,

1T oo S 1T52llce + hsup  sup  [SP(t,7) S -6 - BP715;] sing| 17,
teR T€(t,t+h]

I3 lloo S hsup  sup [S3(t,7)| < ™[ sinn| "
teR T€(t,t+h]
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Taking another forward difference of 721 yields
t+h

ARTY () = ARSY(t,T)dr
t

Proceeding inductively from here with Lemma A.12 settles the claim for the component Tg.
Finally, we turn to the function Ty(t) = ffg Ap0)01G(t,u) du. First, we calculate

_ a(t+h) _ a(t) " " "
AhT4 (t) = / A(h70)81G(t + h, u) du + / A%h’o)alG(t, u) du =: T41(t) + T42 (t)
a(t)
_ a(t+h) a(t) _ _ "
and ApTyo (t) = /(t) A%h’o)alG(t +h u) du + Af’hm&lG(t, ’LL) du =: T43(t) + T44(t).
a
Next, we show [|Tislso < WP+ because then, in view of |supp Tys| < 1,

| Taal3 < B2PH < 277 (1-0)(26+1)

The L*-estimate of the term T44 relies on the fact, that for h =< 2771~
1A%, 0001 Glloo S BP27%0 < AT

This estimate is a consequence of Lemmas A.3, A.5, and A.7 and is analogous to (18). Essential is the
observation that since o > % Lemma A.3 yields

1A (,0y019j]l00 S 27RP < RPFL

Finally, we take care of the remaining terms Ty and Tys. First we note that |supp Tu1| < |1(n)] <
|sinn| and also [supp Ty3| < [1(n)| < |sinn|. Hence, it suffices to prove ||Ty1||oc < R™hP|sinn|~1=# and
I T41]lo0 < A™RP|sinn|~1=A. Tt holds

_ a(t+h) . a(t+h) _

ITu1lloc < sup‘/ NG (t+ 2h,u) du‘—&—sup‘/ G(t+ h, u)du’
ter | Ja(t) ter | Ja(t)

Analogously, we have

a(t+h)

M G(t + 2h,u) du’

_ a(t+h
1Tus]lcc < sup’/ G(t + 3h,u) du
teR

teR | Ja(t)

a(t+h) _
—&—Sup‘/ G(t + h, u)du‘
ter | Ja@)

All these terms on the right hand side can be estimated in the same way as

~ t+h ~
Ty(t) = / 01G(t + h, a(u))d (u) du.

This finishes the proof. O
The following theorem generalizes Theorem 4.17.

Theorem 4.20. We have for m = (mq,ma) € N3 the estimate

/ |0 F(Acosn, Asinn)[2dx < 2720 -a)imig=(1-a)j (1+ 207 sin 7])_1_25 4 230ig(=1-28);
|A|~2i (=)
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Proof. Note that omF = (me)/\ We define the edge fragment F' := z5"?F, with a little abuse of
notation. Further, we put F := z]" F. Analogous to Theorem 4.17 we distinguish between the cases

|sinn| < 2, and |sinn| > 26;.
In case |sinn| < 26; we write F' = Fy + D with
Fo(z) = 2" Fy(z) = a1 92770 )w(T) X a1 35,3 = T1 F(T)X (0136,

and D(z) = F(z) — Fy(z) the deviation. We also let D(z) = F(z) — Fy(z). Note that Fy is a fragment
with a straight edge of height about 6;7“. We want to show

~

/ |F(Acosn, Asinn)|? dx < 27 2mi(l—a)g=i(l—a)
A[~2i(1—a)

The function D is supported in a vertical strip of width 2d;. For n satisfying |sinn| < 26, the

Radon transform RD(-,n) is L*-bounded with [|[RD(-,7)[lec < 6™ |RD(-,n)ls0 and it is supported in
an interval of length

2(6; cosn +sinn) < 0;.

It follows |RD(-,n)|3 < 65716, < 67712771, Therefore
/ |ﬁ()\ cosm, Asing) |2 d\ < / |R5(\,n)()\)|2 d\ < 5J2,m12*j(17a).
Al~2i =) R

It remains to show

/ |Fo(Acosn, Asing) > dA < 5j2-m12_j(1_“).
|)\\N2j(lff¥)

This follows from the fact, that we have decay |Fy(),0)| < 67t |A|~1/2 normal to the straight singularity
curve, since the height of the jump is 5;”1. Further, the second argument (Asinn) remains bounded due
to the condition |sinn| < 24;.

In case | sinn| > 26; we conclude as follows. Let Cy, Cy > 0 be the constants specifying the integration
domain [C7270~®) C52/(1=2)]. We choose C' > 0 such that CoC < 27 and fix h := C2770-%) Then
there is ¢ > 0 such that "M — 1™ > ¢ for || € [C127(1=®) C,27(1=)] at all scales. We obtain

/ |)\|2|8’”13()\cos17,)\sinn)\Qd)\,S/ e — 1\2|)\|2\m/’”77()\cos17,)\sinn)|2d)\
|A|~2i(1—a) |A|~2i(1—a)

S/u . € — 1PAP[(R (2™ F) (-.n))" (A)]* dA
: /IA 23 (1-a) ”AhalRF("n)]A()‘)Fd)\

From Lemma 4.19 we know, that S = A,0,RF(-,n) admits a decomposition (S¥, S%¥);, of length m; with
estimates

ISE(13 < 2720 RB sinp| 7120 427/ EEED | — 0,1, my + 1
Using the same trick as in Theorem 4.17 we can then conclude
/ |/\|2|amﬁ(Acosn,Asinn)|2dAg/ I[AROIRE(,m)]" (V)2 dx
[A|~2i(1=a) [A|~2i(1=a)
mi+1 P
< |S¥[? dA
kZ:O />\|N2j(1—a) !

mi+1
k
SIDSNEHF
k=0

S 2—2jm1(1—o¢)h2[3| Sinn|—l—2ﬁ + 2—]’(1—(1)(2[3—}-1).
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It follows
/ |87”ﬁ()\ cosn, Asing)|* d\ < 2_2j(1_a)(m1+1)h2’6| sinn\_l_w + 27 7(1=a)(28+3)
A ~2i(1—a)
: < 9 2(1-a)ymig=(1-a); (2(1_0‘)j sin n)_l_w 4 93ajg(=1-28)j
This finishes the proof. O

Rescaling F' to the original edge fragment f yields the following corollary.

Corollary 4.21. We have for m = (my,ma) € N3 the estimate

\amf(A cosm, Asinn) |2 d\ < 9—72alml (2_j2(1_“)m12_(1+20‘)j (1 + 2(1_“)j| sinn\)iliw + 2(—1—2,3)1‘)_
A~

Proof. The statement follows directly from the relation f(&) = 272 F(2-9¢). O

4.3.3 Curvelet Analysis of an Edge Fragment

In the following J = (j,¢) shall denote a scale-angle pair with j € No, £ € {0,...,L; — 1}, and x; and
Xo shall be the functions from (8). Recall also the characteristic angle w; = 72~ LI0=] at scale j and
the corresponding orientations w; = fw;, ranging between 0 and 7. From Corollary 4.18 we can directly
conclude the following result.

Theorem 4.22. We have
—~ . . —-1-28
P de 2700 (14207 sinwy )7 (31)

Proof. Tt holds ||x7]lec <1 and supp x; C Wy, where Wj is the wedge defined in (9). Let us define the
intervals K; = ¢=[2071,297 ) and A; = [wy — w;/2,wy + w;/2]. Using Corollary 4.18 we calculate

/ Pra(©) de < / Fe)[? ae
R2 Wy

:/Kj (AJ+/7T+AJ)|f<A,n)2AdndA

. . —1-28 .
< (/ +/ )2*“*2“)] (1 +2<1*a>1|sinn\) 29 dny
A m+ Ay

. _ —1-28
< 9= (1+a)j (1 (1= sian|)

O
For a scale-angle pair J = (4, £) let us define
ly=1+ 2(170‘)j| sinw
and the differential operator
L= (T~ (22/£;)?D3)(T —22%9D3) = T — 2%(;*D? — 22093 4 22(1+)iy 22
with identity Z and partial derivatives
Dy =coswy- 01 +sinwy-0; and Dy = —sinwy 01 +coswy - Js. (32)

We will show that E(]?XJ) obeys the same estimate (31) as fo.
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Theorem 4.23. We have
~ ) , —1-28
[ e ©F ds £ 270 (1420 sy )

RQ

Proof. First, observe that for each pair m = (m1, mz) € N¢ the mixed derivative of y; obeys
HIDTIDQL2XJ||OO — O(Q_jml . 2—jo¢m2). (33)
This follows from the fact, that the functions x; from (8) scale with their support wedges W, which are

of length ~ 27 and width ~ 27,
Next, from the definition (32) of the operators D; and Dy we deduce for m; € Ny

DM f: Z Ca,b(cOswy)®(sin w)’)é)(“!”)f

a+b=m1

with binomial coefficients ¢, € N. A similar formula holds for D;nzf and mg € Np. Using |sinwy| <
2=(1=2)jp; we obtain the estimate

||D1n1f||2L2(wJ) S Z |sinw,[* - ||3(a’b)f||2L2(wJ) < Z (27U ig )2 Ha(a’b)fHZm(WJ)'

a+b=mq a+b=mq

Analogously, we obtain
D52 Flz2 0wy S D 10D Fl720m,y)-

a+b=msy

Taking into account the width ~ 27 of the wedges W;, Corollary 4.21 gives for (a,b) € N3 the bound
||6(a’b)f||%2(WJ) < Oa,b2aj . 9—520(a+b) (272j(17a)a27(1+2a)j€;1—25 + 2(—14&);‘)’
with some constant Cj,, > 0 independent of scale. Therefore we can estimate for m; € Ny
”’DIMJ?H%WWJ) < 9—j20my (272j(17a)m1 27(1+a)j€l2]m1*1*2ﬁ + 2aj2(7172ﬂ)j).
If my < 2 this further simplifies to
ID7" Fllfaw,) S 272m2m(rediggm=1=2?, (34)
since for every my < (1 + a)/« we have
9ajo(—1-28)j < 2*2j(1*04)m127(1+a)j£2Jm1—1—2ﬁ'
Similar calculations lead to
D5 Fllgegw,) < 272002 (e =2, (35)
Indeed, if a + b = mo we have
Hailagﬂﬁz(w” < Cup- 90, 9—2aima (2—(1+2a)j£;1—2[3 + 2(—1—25)j).
Since 1 < £y < 2-2(1=9)J it holds
9i(1+e)g=26j — 9=(1=e)(1+28)j < y~1-25
Therefore, taking into account 1 < 21~ we can conclude
9(-1-20)j < i(l+a)g=28ig-(1420)j < 9=(1+2a)jy—1-26

Altogether we obtain the desired estimate (35).
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After this preliminary work we can finally prove the statement of Theorem 4.23. We have
L(fxs) = Fxs = 229057 DY(Fxs) = 2299D5(Fxa) + 22052 DIDY (),

which allows us to show the desired estimate for each term separately. For fx J the estimate holds true
by Theorem 4.22.
Let us turn to the second term. The product rule yields

Di(fxs) = (DIf)xs +2D1f)(Dixs) + f(Dixs)-
The previous estimates together with the Holder inequality then lead to
IDF(Fxn)l3 < 272 ey =2,

Here (34) was used, and that ||D]"' x s||2, <272 < 2-2m1/%™ by (33). This settles the claim for the
second term.
Analogously, we can deduce

ID3(fxs)|I3 < 2 tedg=(reip =20,

using (35) and that || D5 x |2, < 272%™2 by (33). This gives the estimate for the third term.
Finally, it also holds

IDIDS (Pl < 2790 egam ey =27,

which establishes the result for the fourth term.

At last we are ready to give the proof of Proposition 4.4. The essential tool is Theorem 4.23.

Proof of Proposition 4.4. Recall the curvelet frame Co(W®) W, V) = (¥u)perr- On the Fourier side we
have

bk = Xsuk(Ry),
with rotation matrix Ry given as in (7) and functions
uj(§) = 27j(1+o‘)/2627”-(27jk1"27@%2)'5, £ e R%

The curvelet coefficients (6,,),en are therefore given by the formula
0= 1) = [ PO ds.
Since

L(ujr) = (14 052K (1 + k3)ujk,

integration by parts yields

0u= 1+ G A+ KT | LX) ETR(RSE) de:

Let K = (K1, K») € Z? and define

3ic = {(h ko) €22 ¢ 05 € (K Ko+ 1), by = Ko .

For fixed J = (j,¢) the Fourier system (ujvk(RJ'))keW
the rectangle defined in (10) containing the support of x ;. Therefore,

is an orthonormal basis for L?(Z;), where Z; is

S0P S 0+ K0+ K37 [ jeFo)©P e

k€3 K
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The integral on the right-hand side is bounded by Theorem 4.23, and we thus arrive at
Z ‘0 | (1+D¢)_]€ 1-28 (36)
k€3

with L = (1+ K?)(1 + K2).

Let M; denote the subset of curvelet coefficients associated with a fixed scale-angle pair J = (4, /).
Further, let Nj i (¢) be the number of indices p € M such that k € 3 and |6, > .

Since #3x < £; and because of (36) we can conclude

Nyx(s) < min {zJ, (gLK)—Qz—“M)J’e;l*w}. (37)

For w; = 7£2- 0= ¢ [0,7) let (w;) denote the equivalent angle modulo 7 in the interval
(—m/2,7/2]. The corresponding indices in the range {|—L;/2 + 1],...,|L;/2]} shall be denoted by
(£). Since it holds |sinn| < |n| for n € [—7/2,7/2], it follows

Cy=14207 | sinw;| =1+ 2079 sin(ws)| < 1+ [(£)]. (38)

Let £, be the solution of ¢, = (eLg)~22~1+@ig 1725 and put L* = |¢,]. Utilizing (37) and (38)
yields

YoNukle)S Y A+leh+ YD (eLr) P2 T

|J|=4 £€{0,...,L;—1} 2e{0,...,L;—1}
[(ey|<L* -1 [(&)|=L"
L*—1
< Z (L4 [e]) + Z( R (1)
=L~

N(L*) + (eLg) 227 HI (L) =2
This translates to

Z Nyk(e £—2/(1+5) L;{Q/(Urﬁ) 9= (1+a)j/(1+8)
|J]=3

2/(1+8)

Since f < 3 we have ) oo Ly < oo. Hence

#{ie My 10, > e} = 30 30 Nye(e) S 2703/ (40 e2/048),
Kez2 |J|=j

This finishes the proof. O
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A Additional Technical Estimates

This appendix contains some technical estimates, which are needed for the proofs of the main results.
They were outsourced from the main exposition to enhance the readability. We first state a lemma, which
shows how scaling affects the Holder constant in an abstract setting.

Lemma A.1. Let f € C*(R) and 0 < o < 1. Then fort,s >0
Hol(sf(t), o) = st - HOI(f, o).

Subsequenlty we establish some estimates for the ‘elementary functions’ ", w"”, and r", which occur
as components of the edge fragments F' and F. These estimates provide the basis for the more complex
estimates needed throughout this paper. To enhance readability we omit the superindex 7 during this
discussion.

A.1 Estimates for g”

The functions g;7 are defined for j € Ny by g;7 = g"(27%.), where g" € Cé’ (R?) is a fixed function and
B € (1,2]. For simplicity we write henceforth g; and g.

Clearly, still g; € C’g (R?). However, the parameters of the regularity change. It is obvious that
ll9jlloc < 1. Further, the chain rule yields

101g5llo0 $277 and  [|02g;]lc S 27
Applying Lemma A.1 yields the following result.
Lemma A.2. Let 5 € (1,2] and g € C§(R?). Then for g; = g(2=%.)
H6l(0vg;, 8 — 1) = 277 H6l(0h g, B — 1).

Proof. In view of Lemma A.1 we have

H6l(d1g;, 8 — 1) = Hol(2= 1 g(27%7), 8 — 1) = 277 Hol(Drg, 8 — 1).

Some more estimates for g; are collected in the following two lemmas.
Lemma A.3. The following estimates hold true for g;:
1A n,0)95lloe S 277,
1800195 ll00s 1A (1,0 0295 ll00 S 277R 1 = 279917,
1A%.0)95ll00 < 27707,
with implicit constants, that do not depend on j € Ny and h > 0.

Proof. Applying the mean value theorem yields

1A (h.0)95]lo0 < B)101gj 00 S 27%h.

~

Considering Lemma A.2 we obtain
[A,0)0195]l00 S 277RPH =279 pF,

~

Noting the commutativity 914, 0) = Ap,0)01, we obtain

HA%h,O)Qj”oo S AR 195ll0 S 9=IipB.

~
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The next lemma gives estimates for g; along the edge curve. Here the function a € C?(R) comes into
play, which was defined in (25). The following estimates also depend on the properties of a, which are
summarized in Lemma 4.14.

Lemma A.4. Assume |sinn| > 26;. The following estimates hold true for g;:
sup |Ang; (. a(t))| < hlsing| =27,
teR

sup | A D105 (¢, a(t))], sup | Andag; (t,a(t))] S hP=sing|' P27,
teR teRrR

juglﬁigj(t,a(t))l < PP sing| P27,
te

where the implicit constants are independent of j € Ng and h > 0.
Proof. In view of Lemma 4.14 it holds

d
sup |Ang;(t,a(t))| < h-sup Iﬁgj(t, a(t))|
teR teR

S b (sup9rg; (t,a(t)| + sup |0ag; (t, a(t))a' (1))
teR teR
< h-|sing| 7127,
Considering the transformation behavior of the Holder constant we obtain with Lemma 4.14

sup |And1g;(t, a(t))| S 279 sup |(h,at + h) — a(t))|5 "
teR teR

<27 (RP 4 ilelug la(t + h) —a(t)|P71)

<277 singt P,

Applying Lemma 4.14, the mean value theorem and %Ah = Ah% yields

d
sup [ A2 g; (1, a(0)] < h-sup | A g5t a(t))
teR teR

= h-sup | An (015(t, a(t)) + Oag; (t, alt))a' (1))
= h5up | 10105(t,0(0)) + A (1 )¢+ 1) + gy (1. a(0) A (1)

< BP|sing[* 279 4 WP sing| P27 4 §;hP | sinp| P27,

A.2 Estimates for w"

Similarly, we obtain estimates for the window function w” € C§°(R?), which in contrast to the functions
g; remains fixed at all scales. This fact and the smoothness of w result in different estimates.
First we state the trivial estimates ||w]oo S 1, |O1w]loo < 1, and [|02w]|eo S 1. Next, we apply the
forward difference operator A, gy to w.
Lemma A.5. Let k € Ny. It holds with implicit constants independent of h > 0
k k k k
||A(h,o)wHoo ShY o oand ||A(h,0)6lw||oo S hh
Analogous to Lemma A.4 we establish estimates along the edge curve.
Lemma A.6. Assume |sinn| > 26;. It holds

sup |Apw(t, a(t))| < h|sing| 71,
teR
sup |Apd1w(t, a(t))|, sup |Apdsw(t, a(t))| < hlsing|~t,
teR teR
sup |AZw(t, a(t))| < h?|sinn| =2 + §;h°| singy| 7177,
teR

Proof. This proof is analogous to the proof of Lemma A.4. O
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A.3 Estimates for r”

Next we analyze the function r” : R? — R given by
r(t,a) ;= tcosn —asinny, (t,a) € R?,

which is a component of the modified edge fragment F. Clearly r € C>°(R?). Note however, that r is
not compactly supported. Since r only occurs as a factor in products with the window w this does not
cause any problems.

Thanks to the smoothness of r we have the following result.

Lemma A.7. Let k,m € Ny and K C R? a compact set. Then we have

1A 0™ Iz () S BE

Along the edge curve the following estimates hold. Here I(n) denotes the interval defined in (26).

Lemma A.8. Let |sinn| > 20;. Then we have SUD, ¢ (1) [r(t,a(t))] < 0. Moreover, for h > 0 it holds

sup |Apr(t,a(t))| Shoand  sup|AZr(ta(t))] < BP8;]sing| 7.
teR teR
Proof. For every t € R the point (¢,a(t)) € R? in rotated coordinates lies on the (extended) edge curve
I'. We know that the function E; deviates little from zero and obeys sup,,, < |[Ej(22)| < 6; < 2-1(1=a)
according to (22). Furthermore, the slope of E; outside of [—1,1] is constant and bounded by ;. This
yields the estimate sup, 7, Ir(t,a(t))] < 6.

The other estimates follow from Lemma 4.14. In view of this lemma we conclude

sup |Apr(t,a(t))| < h-sup|cosn — a(t)sinn| < h|sinn|~!|siny| = h,
teR teR

and

sup |ARr(t a(t))] < hlsingl|Ana'|lo S 776;]sing| 7.
€

A.4 Estimates for G”

The function G is the rotated version of the function

G(t,a) =r(t,a)"G(t,a) = r(t,a)"g;(t,a)w(t,a), (t,a) € R

which is a composition of the ‘elementary functions’ discussed before. Hence we can apply the previous
estimates to obtain estimates for G".

Lemma A.9. Let |sinn| > 20;. Let G'(t,a) = r(t,a)"G"(t,a) for (t,a) € RZ, m € N, m # 0. Then
there are the estimates

sup|G(t, a(t))| < 67", sup | A, G(t, a(t)] < 67,

teR teER
sup [01G (¢, a(t))| < 07, sup |G (¢, a(t))] < 67| sing].
teR teR

Proof. We calculate for (¢,a) € R?

HG(t,a) = b, (r(t,a)™G(t,a)) = (cosm)mr(t,a)™ 'G(t,a) + r(t,a)"G(t,a),
and 9G(t,a) = 9y (r(t,a)™G(t,a)) = —(sinp)mr(t,a)" 'G(t,a) + r(t,a) " 0:G(t, a).

The assertion is then a consequence of the following facts. It holds |G|lec S 1 and (¢, a(t))| < §; for all
t € I(n). Further, for t ¢ I(n) the expressions G(t,a(t)), 01G(¢,a(t)), and G (t, a(t)) vanish. O
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A.5 Auxiliary Lemmas

In this last subsection we prove three important technical lemmas, which are the foundation of the proof
of Lemma 4.19. We refer to Lemma 4.19 for an explanation of the terminology.

Lemma A.10. Let G(z) = r(z)™G(z) for z € R? and m € Ny. Further, let h =< 2770~ The function
T :R — R defined by T(t) = ' (t)ArLG(t,a(t)) then admits a decomposition (T, T¥)x of the form (x) of
length (m + 1) with the estimates

ITH oo S B RA sing| =%, kb =0,...,m+1,
||T2’“HOO < hm\sinnrl, k=0,...,m

and subject to the condition supp TF C 7(77)
An explanation of the terminology is given in Lemma 4.19.

Proof. We prove this by induction on m. If m = 0 we put T = Toy, Ty = Tao, Tt = ApTas, and Ty = 0,
with entities T5; and Tso as defined in the proof of Lemma 4.16. The estimates for T5; and ApT52 have
been carried out there. In view of h < sinn we can further estimate

T30 = I T22llc < hlsing| = < h°|sing|~".

This proves the case m = 0.

We proceed with the induction and assume that the lemma is true for 7', where m € Ny is fixed but
arbitrary. The associated decomposition of length m + 1 shall be denoted by (TF,T¥)z. We will show
that under this hypothesis also the function T(t) := a/(t)An G4 (t, a(t)), where G (z) = r(z)™ 1 G(z) for
z € R?, admits a decomposition (7%, TF); of the form (%) of length (m + 2) with the desired properties.

First we can decompose as follows,

T(t) = a' () An(r(t, a(t))G(t, alt)))
a'(t)Ahr(t a(t))G(t+ h,a(t + h)) + r(t, a(t))a' () ApG(t, alt))
= [r(t,a®))TL(t)] + [@' (@) Anr(t,a(t)G(t + hya(t + h)) +r(t, a(t)T(t)]
TPt )+T2( ).

In view of the properties of T and Lemma A.8 we see that the function T{) satisfies the assertion. The
estimate ~ _
172 [loe < lla’lloo sup [Anr(t, a(t))[sup |G(t, a(t))] < |sing| =" - h- 57",
teR teR

where Lemmas 4.14, A.8 and A.9 were used, shows the claim also for Ty.
We take another forward difference of the component T3 and obtain

AT = Apd ()Anr(t + hya(t + h)G(t + 2k, a(t 4 2h)) + ' () A3 r(t, a(t))G(t + 2h, a(t + 2h))
+Apr(t,a(t))a(t )AhG(t +hya(t 4+ h) + Apr(t,a(t)TY(t + h) + r(t, a(t) ALTS(t)
= Apd (At + hya(t + R)G(t + 2h, a(t + 2h)) + d' (1) A2 r(t, a(t))G(t + 2h, a(t + 2h))
ALt a(t)(TY(t+ h) + T9(t + h)) — Apr(t,a(t)) Apd (t )AhG(t + hya(t + h))
+ARr(t, a(t)TY(t+ h) +r(t,a(®)TL(E) +r(t, a(t)Ts ()
= [Awd () Apr(t+ h,a(t + h)G(t + 2h, a(t + 2h)) + ' () A2r(t, a(t))G(t + 2h, a(t + 2h))
t

—Apr(t,a(t))Apa ) ARG (E + hya(t + h)) + r(t, a()TEE) + Apr(t, a(t))TO(t + h)]
+[2A4r(t, a(®)TS(t + h) + r(t, a(t)T5 (t)]
= TLt) + Ti(t).
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For T} we check directly
sup |Apd’ (£) Apr(t, a(t))G(t + h, a(t + )| < hP716; | sing| " = Phh™ = KR8 | sing| 17,
teR
sup @ (£)AZr(t, a(t))G(t + 2h, a(t + 2h))| < | sing| " hP8;) sing|PR™ = ATIRP | sing| TP,

teR
sup |Anr(t, a(t)) Apa’ () ARGt + hy a(t + h))| S 67" B Al sing| =7 < ™R sing| =17,
teR

The estimates for the remaining two terms are obvious. Hence Tll fulfills the desired properties.
For T} we use the induction hypothesis and Lemma A.8 to obtain

15 lloo S sup [r(t, a() Ty ()] + sup |Apr(t, a(t) T3 (¢ + )| S ™ sing| .
teR teR

Moving forward, this procedure yields terms for k =1,...,m + 1,
TEYt) = r(t,alt ))Tk“(t) + (k+ 1)Apr(t + hya(t + h)TE(t + h)
+(k+ D)AZr(t,a®) Tyt 4+ h) + (k + D)AZr(t,a(t)TH (t + h),
T3(t) = r(t,aO)T5 () + (k+1)Aur(t,a() Tyt + h),

Tm+2

which satisfy the desired estimates. Here we put T2 = 0 for convenience. Indeed, using the

induction assumptions, we obtain

1T oo S Sup [r(t, a(t) T (1)] + sup | Anr(t+ hya(t + h))TE(E+ )|

+sup |AZr(t, a(t))Tffl(t + h)| + sup |AZr(t, a(t))TQk(t +h)| < hm+1hﬂ| sinn\_l_ﬁ,
teR teR

T3 lloe S sup |r(t,a(t)) T3 ()] + sup |Apr(t, a(t) Ty~ (t + k)| S B[ sing| .
teR teR

Note, that 73"t = T/"*2 = T;"*2 = 0. Hence, for k = m + 1 these expressions read

T T2(t) = (m + 2)Anr(t 4+ hya(t + h))T Nt + h) 4 (m + 2)A2r(t, a(t)) TS (t + h),
TN (t) = (m + 2)Apr(t, a(t)) T3 (t + h).

Since ATy = T2 we have T3 = 0 and the proof is finished. O

The following Lemma A.11 is in the same spirit as Lemma A.10.

Lemma A.11. Let G(z) = r(z)™G(z) for x € R*, m € Ny, and h =< 2-7(1=a) " Then the function
S : R — R defined by S(t) = a'(t)An01G(t,a(t)) admits a decomposition (S¥,S5)i of the form (x) of
length m + 1 with estimates

15|00 < R™ AP sing|~17#, k=0,...,m+1,

(15500 < R™ Y sing|~t, k=0,...,m

Moreover, these functions can be chosen such that supp SF C f(n)

Proof. The proof is by induction on m. The assumptions are clearly true for m = 0.

For the induction we let m € Ny be fixed and let S be the function defined in the setting. Further,
let us assume that we have a decomposition (S¥, S%); of length m + 1 with the desired properties for S.
We put S5 = 0 and for convenience we also define S7"*? = S57"*2 = 0. We will show that under these

assumptions the function S : R — R given by S(t) := a/ () ARG (L, a(t)), where G4 (z) = r(z)™ 1 G(z)
for z € R?, admits a decomposition (S¥, S%)x of length m + 2 of the same form. First we calculate

S(t) = d' () A0 G (t, a(t) = a' () Ap (cosnG(t,alt)) + r(t, a(t)) D G(t, a(t)))
= d'(t) cosnARG(t, a(t)) + a' () Anr(t, a(t) D G(t, a(t)) + r(t + h,a(t + h))a' (t) ARdL G(t, a(t)).
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Using the induction hypothesis we can proceed,
Sty = [r(t+ha(t+h)S1)]
[t + hyat + 7)SS(t) + d'(t) cos nARG(t, alt)) + a' () Apr(t, a(t)) 1 G(t, a(t))]
= SY(t) + S3(1).
The terms 59 and 58 have the desired properties, which follows from the estimates

sup |r(t + h,a(t + h))S(l)(t)| < hhmflhﬁ| sin 77|71*6,
teR

sup |r(t + h,a(t + h))Sg(t)| < hhm_l\ sin 77|_17
teR

sup|d(t) cos AL G(t, a(t))] S | sinn| =167,
teR

sup |a’ (t)Apr(t, a(t))alé(t, a(t))] < |sin 77|_1h(5;-"71.
teR

Taking another forward difference of SS yields
ARSS() = Apr(t+ hya(t +h)SY(t) + r(t + 2h, a(t + 2h)) ApSY(t) + And’ (t) cos nALG(t, alt))
+d (t 4 h) cosnA2G(t, a(t)) + Apa () Apr(t, a(t)) O G(t, a(t))
+d (t 4 h)A2r(t,a(t)01G(t, a(t)) + d' (t + h)Apr(t + b, a(t + h)) AR, G(t, a(t)).
Let T denote the function from Lemma A.10. We observe,
a'(t+h)ALG(ta(t)) = d'(t+h) (ApG(t + hya(t + b)) — AyG(t,a(t)))
= a/(t + D) ARG(t+ h,a(t + ) — ' (D ARG(L alt) + (@' (t) — o/ (t + 7)) ARG (t, alt))
= a/(t + ) ARG(t+ h,a(t + ) — ' () ARG(t, alt) — Apa/ ()2, G(t, a(t))
=T(t+h) — T(t) — Apad’ () ARG(t, a(t)) = ART(t) — Apa' () ARG(t, a(t)).

Now we know by Lemma A.10 that there is a decomposition (TF,T5)x of T of length m + 1 with the
specific properties given there. This allows to decompose AT = AT + T} + T3 and we obtain

d' (t+ h)ARG(t,a(t)) = ARTY(t) + T (t) + T3 (t) — Apd’ () ARG(t, a(t)).
Using this observation we obtain
ARSS(t) = Apr(t+ hya(t +h))SS(t) + r(t + 2h,a(t + 2h))St(t) + r(t + 2h, a(t + 2h))S3(t)
+Apd () cosnARG(t, a(t)) + cos nARTY(t) + cos (T} (t) + Ty (t)) — cos nAna (1) AR G(t, a(t))
+ARa () ARr(t, a(t) D1 G(t alt) + a' (t+ h)ARr(t, a(t) 91 G(t, a(t))
a' (D) ARr(t+ Dy a(t + h)Apd1 G(t, a(t) + (' (¢ + h) — ' (£) Apr(t + b, alt + ) Ardi G(t, a(t))
and further
ARSS(t) = [r(t+2h,a(t+2h))S(t) + Apd'(t) cosnARG(t, alt))
+cos pARTY (1) — cosnAna’ (1) ApG(t, alt)) + cos T} (t)
+ARd () Apr(t, a(t)d1G(t, a(t)) + a' (t + h)A2r(t, a(t)d1 G(t, a(t))
F AR () A (t+ hya(t + h) AR G(t, alt)) + Aur(t + hyat + h))SY ()]
+[r(t + 2h, a(t + 2h))S5(t) + cosnTy (t) + 2A,7(t + b, a(t + h))S(t)]
= SH(t)+ Sa(t).
Now we can split A,S9 = ST + S} with
SHt) = r(t+2h,a(t+ 2h))SH(t) + cosnAna' () ARG(t, a(t)) + Apd () Apr(t, a(t))0,G(t, a(t))
+d'(t + h)AZr(t, a(t) O G(t, at)) + Apr(t + h, a(t + h))SY(t) + cos nAL T (t)
+ARd () Apr(t + hya(t + h))ARd1G(t, a(t)) — cos nApa’ () ARG(t, a(t)) + cosnTL(t),
Sy(t) = 20u7(t+ hya(t + h)SY(t) + r(t + 2h, a(t + 2h))Sa(t) + cos nTy (t).
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These terms have the desired properties. To see this, we calculate

sup |r(t + 2h, a(t 4 2h)) ST (t)| < hh™ 1 hP|sing| 7177,

teR
sup | Ana (ARGt a(t))| S 6% singl 17 - 571,
teR
sup | Apd/ (£) Apr(t,a(t) G (t,a(t))] < 6;° 7 sing| 77 b 677
teR
sup |a'(t + h)A2r(t, a(t ))8lé(t,a(t))\ < |sinn| ™t - hﬂ5j| sing|=# - 5;”71,
teR
sup |Apr(t + h,a(t + h))S(t)] < hh™ 1 hP|sinny| =177,
teR
sup |ALTY(t)] < h™hP|sing| =177,
teR
sup [And' () ARG(t, a(t)| S 0;h7 7 sinp| =P 67 h,
teR
sup | Apa’ () Apr(t+ hya(t + b)) 8pd1 G(t, a(t)| < 6;h° [ sinng| =2 b7,

teR
sup [T} (t)] < &7"A7| sinn| =177,
teR

and

sup [2Apr(t + h,a(t + h))Sg(t)\ < hhm*1| sinn|*1,
teR

sup |r(t + 2h,a(t + 2h))5’21 @) < hhm_1| sinn|_1,
teR

sup [T, (1)| S hh™ | sinn| ™"
teR
We proceed with
ARS3(t) = [cosnTE(t) +r(t+ 3h, a(t 4 3h))S2(t) + 24,7 (t + 2R, a(t + 2h))S] (1)
+2A57(t + h,a(t + h))S5 ()] + [cosnT5(t) + r(t + 3h,a(t + 3h))S5(t)
+3Au7(t + 2k, a(t + 2h ))S3(t)] =: ST(t) + S5(t).
Inductively, we put for k = 1,...,m + 1, where for convenience Tm+2 =0,
SEFLt) = cosnTFT(t) +r(t + (k4 2)h, a(t + (k +2)h))SET (1)
+(k 4+ DALt 4 (k+ Dh,a(t + (k+ 1)h)SE(t) + (k + 1)AZr(t + kh, a(t + kh))S5 (1),
SE(t) cos TR (t) + 7(t 4+ (k + D)h,a(t + (k + 1)h))SE(t) + (k + 1)Apr(t + kh, a(t + kh))SE~1(t).
These terms clearly satisfy A, S5 = S¥1 4 S8+ They also have the desired properties since

Suﬂngf“(t)l < PR sing 77,
te

sup [7(t + (k + 2)h, a(t + (k + 2)h))SET ()| < h- ™ 1hP| sing| =175,
teR

sup [Apr(t + (k4 Db alt + (k+ DR)SEO] S - ™ 08 sing| 7,
teR

sup [A2r(t + kh, a(t + kh) S5~ (0)] < hP6; sing| - ™ sing| ",
teR

and
sup [T3° ()| < h™|sinn| ™",
teR

sup [r(t + (k+ Dh,a(t + (k+ 1)h))S§(t)| <h-hmH sinn|71,
teR

sup |Apr(t + kh, a(t + kb)) S5~ (1) < b - h™ Y sing| L.
teR
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Since Syt = S7t2 = Syt = Tyt = T2 = (), for k = m + 1 these expressions read

SmE2() = (m+2)Anr(t+ (m 4 2)h, a(t + (m + 2)h))ST ()
+(m 4+ 2)AZr(t + (m + 1)k, a(t + (m + 1)h)) S5 (1),
Sytit)y = (m+2)Apr(t+ (m+ Dh,a(t 4 (m + 1)h)) S5 (t).

We see that A, S5+ = S7F2. Therefore S5"*? = 0 and the proof is finished.

A slight modification of the previous proof leads to the following lemma.

Lemma A.12. Let G(x) = r(z)"G(z) for x € R? and m € Ny and h =< 2770-9)_ The function
S :R? — R given by S(t,7) = a/(1)ArLO1G(t,a(T)) for (t,7) € R? admits a decomposition (S¥,S5), of

the form (x) of length m + 1 with estimates

sup  sup  |SE(t,7)| S ATTRAsing| VP, k=0,...,m+1,
tER T€[t—h,t+h]

sup  sup  |SE(t,7)| S A Ysing| 7Y, k=0,...,m.

tER T€[t—h,t+h]

Proof. A small adaption of the previous proof is required to account for the little deviation of 7 from ¢.
We just make the following remark. For ¢, 7 € R we have r(t,a(7)) = r(t,a(t)) + (a(t) — a(7)) sinn. It
follows for h € R

sup [r(t,a(7))| < |r(t, a(t))| + |hsinnllla’le < [r(t al(t)] + |A].
TE[t—h,t+h)

Since h =< 2771=9) this additional term poses no problem in the estimations. O
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