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A CONVERGENT ADAPTIVE STOCHASTIC GALERKIN FINITE
ELEMENT METHOD WITH QUASI-OPTIMAL SPATIAL
MESHES

MARTIN EIGEL, CLAUDE JEFFREY GITTELSON, CHRISTOPH SCHWAB,
AND ELMAR ZANDER

ABSTRACT. We analyze a-posteriori error estimation and adaptive refinement
algorithms for stochastic Galerkin Finite Element methods for countably-
parametric, elliptic boundary value problems. A residual error estimator which
separates the effects of gpc-Galerkin discretization in parameter space and of
the Finite Element discretization in physical space in energy norm is estab-
lished. It is proved that the adaptive algorithm converges, and to this end we
establish a contraction property satisfied by its iterates. It is shown that the
sequences of triangulations which are produced by the algorithm in the FE dis-
cretization of the active gpc coefficients are asymptotically optimal. Numerical
experiments illustrate the theoretical results.

Key Words: generalized polynomial chaos, adaptive Finite Element Methods,
contraction property, residual a-posteriori error estimation, uncertainty quan-
tification

AMS suject classification: 65N30

INTRODUCTION

The efficient numerical solution of high-dimensional, parametric elliptic partial
differential equations (PDEs for short) has attracted considerable attention in re-
cent years, in particular in the context of uncertainty quantification (UQ), but also
in connection with reduced basis approximation, optimization, and other compu-
tational techniques.

Depending on the particular goal of computation, numerical methods for para-
metric PDEs have particular advantages: we mention only the computation of en-
semble averages (which take the form of integrals over the entire parameter space
with respect to a probability measure on that space and which are treated by
high-dimensional numerical integration), but also questions of optimization where
a parsimonious, parametric numerical representation of the parametric solution
with uniform, guaranteed accuracy on the entire parameter space is required.

A major issue in the design and analysis of efficient algorithms for these purposes
has been the issue of intrusive vs. nonintrusive algorithms: the former are, roughly
speaking, methods which require some degree of redesign of existing simulation
code, whereas the latter rely on (possibly parallel) numerical solution with existing
(sometime referred to as “legacy”) code of the parametric PDEs in a number of
(judiciously chosen) parameter values from a possibly infinite-dimensional param-
eter domain I'. Examples include methods for numerical integration (eg. [14, 16])
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of mathematical expectations, and sparse, adaptive interpolation methods aiming
at the adaptive computation of interpolants of the parametric PDE solution with
uniform accuracy over the entire parameter spaces (eg. [4, 3]).

As a rule, nonintrusive, collocation type methods are not amenable to reliable
computable error bounds for the parametric surrogate solutions, likewise the results
of approximate numerical integration; in order to ensure control of discretization
errors in the context of UQ, therefore, the question of reliable or even guaran-
teed error bounds (in particular upper bounds) in the numerical solution of high-
dimensional parametric PDE problems is of some interest. In the present paper, we
continue our investigation [6] which analyzed intrusive so-called stochastic Galerkin
discretizations of parametric elliptic PDEs. Here, approximations with respect to
the parameter are achieved by Galerkin projection in mean square with respect to
a probability measure 7 on the parameter domain I". Using Galerkin projections
on generalized polynomial chaos bases on I instead of collocation of the paramet-
ric PDE problem requires modifications of the computational procedure which are,
however, manageable in the context of Finite Element Methods (FEMs) for elliptic
problems as we explained in [6]: most routines for generation of stiffness and mass
matrices which are available in existing FE codes can be reused. In particular, due
to the tensor product structure, the stiffness matrix corresponding to stochastic
Galerkin discretization never needs to be formed explicitly, and efficient matrix-
vector multiplications can be realized for the factored form of the matrix. Again,
we refer to [6] for details on this. In that reference also the issue of numerical a-
posteriori discretization error control has been addressed and, in particular, reliable
computable a-posteriori error estimators for the (mean-square) discretization error
have been derived. The possibility to treat high- or even infinite-dimensional prob-
lems efficiently by adaptive numerical methods is based on sparsity of coefficient
sequences in polynomial chaos type expansions of the parametric solutions; we refer
to [5] for sparsity results for the presently considered problems.

In the present work, we show that these error estimators have an intrinsic struc-
ture which allows to separate (in the sense of mean square with regard to the
probability measure 7 in I" and with respect to the natural energy inner product
of the problem of interest) the contributions of the stochastic Galerkin discretiza-
tion in the parameter domain as well as of the Finite Element discretization in the
physical domain. With this separation at hand, we show that it is possible to de-
sign adaptive refinement strategies in both the parameter domain I" and the physical
domain. Also, we prove in the present paper convergence and certain optimality
properties of such an adaptive refinement strategy. In particular, we show that the
proposed strategy produces a sequence of finitely supported stochastic Galerkin FE
solutions which converges in mean square with respect to w in I" and with respect
to the energy norm V in the physical domain, and we establish that the FE mesh
sequences generated by the proposed adaptive strateqy for each of the gpc coefficients
is, in a suitable sense, asymptotically optimal.

As in [6], we consider here only an elementary, second order linearly elliptic
problem in divergence form whose dependence on the parameter vector is affine.
We hasten to add, however, that the principal conclusions of the present work also
apply to more general, affine-parametric, linear elliptic problems, such as linear
elasticity or Stokes, or parabolic evolution problems with parametric uncertainty
as considered in [10].

The outline of the present paper is as follows: in Section 1, we specify the model
problem and establish basic properties of its solution. Tensor product bases of FE
bases and generalized polynomial chaos bases are introduced in Section 2. Section 3
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then reviews the residual error estimator from [6] for the stochastic Galerkin trun-
cation error, whereas Section 4 is devoted to computable error estimators for the
spatial discretization error; here, we use a more or less standard residual error esti-
mator, but remark that other error estimators can be used here as well. In Section
5, we present the adaptive stochastic Galerkin FEM algorithm. The algorithm is
similar to the one proposed in [6], but differs from it in that a single finite element
mesh is used for all active modes of the solution, as well as in several details which
we have found to yield quantitative improvements in extensive numerical exper-
iments which we performed since [6] (some of which are reported in the present
paper’s section 8). Section 6 establishes the convergence of the adaptive algorithm
(without rates), in particular the crucial contraction property. Section 7 estab-
lishes an optimality property of the iterates which are produced by the algorithm
in the physical domain. Finally, Section 8 contains several illustrative numerical
examples.

1. MODEL PROBLEM

1.1. A parametric elliptic boundary value problem. For a bounded Lipschitz
domain D C R? and a function

a(y,z) = a(z) + Z Ymam(2), x € D, (1.1)

depending on a sequence of scalar parameters y,,, we consider the elliptic boundary
value problem

(1.2)

-V -(aVu)=f in D,
u=0 onJdD.

For example, (1.1) may come from a Karhunen—Loéve expansion of a random field.
In order to ensure convergence in (1.1) and positivity of a, we assume |y,,,| < 1, i.e.
Y= (ym)_, € I' = [-1,1]°°, and a, a,, € W1H°°(D) with

- o || @m
eiselfr)lfa(x) > 0, m§::1 H;HLW(D) <vy<1l (1.3)

Let V := H(D) with the a-dependent norm |[v||y = /(v,v)y induced by the
inner product

(w,v)y ::/ a(xz)Vw(z) - Vo(z) dz. (1.4)
D
The operator
A(y): Hy(D) — H (D), v+ =V -(a(y)Vv), yeT, (1.5)

can be expanded as

A) = A+ ymAm, yeT, (1.6)
with unconditional convergence in 12(717/17 11/*) for the components
A: Hy(D) - H (D), v+ —V-(aVv) (1.7)
and
A HY(D) — HY(D), v+ —V-(anVv), meN. (1.8)
The operator equation
Auly) = f, yel, (1.9)

constitutes a weak formulation in space of the parametric boundary value problem
(1.2).
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1.2. Weak formulation. The weak formulation of (1.2) with respect to the pa-
rameter y requires a measure on the parameter domain I' = [—1,1]°°. We consider
symmetric product Borel measures; from a probabilistic point of view, this entails
that the parameters y,, are independent and have symmetric distributions.

For each m € N, let 7, be a symmetric Borel probability measure on [—1,1];!
then

= é T (1.10)
m=1

is a probability measure on I" with the Borel o-algebra. For the sake of clarity and
ease of notation, we forbid the measures m,, from being finite convex combinations
of Dirac measures, as this leads to finite instead of countably infinite bases in
Section 2.1 below.

Integrating (1.9) with respect to 7 leads to the weak formulation

/mwmmmmmwz//ﬂmwmmmw>Weﬁwwy(mn
I I JD

The left hand side of (1.11) is a scalar product

uwuﬁﬁmwwwmmmw=Lwame»wmmww@

(1.12)
on L2(I';V), which induces the energy norm ||-|| 4. In particular, existence and
uniqueness of the solution u of (1.11) are a consequence of the Riesz isomorphism,
and u coincides with the solution of (1.9) for m-a.e. y € I'.

The operator

Ar LI V) = LT3V, v [y = Aly)o(y)] (1.13)

allows (1.11) to be written succinctly as Au = f, and the inner product (1.12) is
(w,v) 4 = (Aw,v). Due to (1.6),

AzidLi(p) ®A—‘r ZKm®Ama (1.14)

m=1

where K,,: L2(I') — L2(I') refers to multiplication by ¥,,, which has operator
norm at most 1 since |y,,,| < 1.2

2. GALERKIN APPROXIMATION

2.1. Tensor product orthogonal polynomial basis. For each m, let (P)%
denote an orthonormal polynomial basis of L2 ([—1,1]) with deg(Py") = n. As
a consequence of the symmetry of the measure 7,,, such bases satisfy recursion

formulas

B Py (ym) = Ym Py (Ym) — Bra Pplo(ym), n > 1, (2.1)
with the initialization P§* := 1 and S{* := 0, and are unique e.g. if 5] are chosen
as positive for all n > 1, which we assume.

In case of a uniform distribution dm,,(ym) = % dyy,, the polynomials (Pr*)52
are Legendre polynomials, and 8 = (4 — n=2)~'/2. Alternatively, if dm,,(ym) =
11— y2)"Y2dy,,, then (PI")22, are Chebyshev polynomials of the first kind,
with 8" = 1/y/2 and B =
(9, 11].

1/2 for n > 2. Further examples are tabulated e.g. in

Le. T is invariant under the transformation yn, — —ym,.

2The tensor product ® is meant with regards to the usual representation of the Bochner space
L2(I'; V) as the Hilbert tensor product space L2(I") ® V, and similarly for V* in place of V.
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Tensor products of the orthonormal polynomials P)* across all dimensions m € N
are indexed by the set

F={pneNF; #suppp < oo} (2:2)

of finitely supported integer sequences, where supp(p) = {m € N; u,, # 0}. For
any p € F, the function P, == @ - _, P is expressed as the finite product

Py =T Pr )= TI 20 (um) (2.3)

mESsupp [

for y = (ym)59=; € I' since P§* = 1 for all m due to the normalization of the
measure 7,,. The recursion (2.1) implies

YmPu(y) = Byt 1 Puren, W) + B Pue,, (v), y €T, (2.4)

where €, == (dun )52, denotes the Kronecker sequence for the coordinate m, and
we set P, =0 if any p,, <0.

The tensorized polynomials (P,),cx form an orthonormal basis of L2(I"). Equa-
tion (2.4) indicates the representation of the multiplication operator K, in this
basis.

Lemma 2.1. The map Ky, : £2(F) — £*(F) given by (cu)per = (B 11Cuten +

m )IJ«G]: has operator norm at most one.

tm C—e€m

Proof. Due to (2.4), K,,, is the representation of multiplication by y,, in the or-
thonormal basis (P,),er. By Parseval’s identity, the operator norm of K,,, on £*(F)
coincides with that of K,, on L2(I"), and this is at most 1 since |y,,| < 1. O

For any subset A C F, we define supp(A) C N as the set of active dimensions in
A,

supp A == U SUpp fi. (2.5)
pneA

The boundary of A is the infinite set
oAN={veF\A;ImeN:v—¢, €AV vte,ec A} (2.6)
Restricting m in (2.6) to the support supp(A) leads to the active boundary
ON={veF\A;,ImesuppA:v—e€, €AV v+e, €A} (2.7)

which is a finite set with cardinality at most 2(# supp A)#A if A is finite.

A set A C F is monotone if p — €, € A for all 4 € A and m € supp(u). If
A is monotone, then dA and 0°A consist only of v = u + €, with p € A, and
consequently the cardinality of 9°A is at most (# supp A)#A.

2.2. Polynomial expansion. The expansion of the solution u of (1.11) with re-
spect to the basis (P,),er of L2(I") has the form

u(y, @) = Y uu(@) Puly), (2.8)

BEF

with coefficients u, in V' = HJ(D) and convergence in LZ(I";V). The vector of
coefficients (u,),er € (2(F;V) is determined by the infinite coupled system

Auy+ " An(B e, + B e, = o0 Y€ F. (2.9)
m=1

The coefficients 8" in this system are the coefficients in the recursion formula (2.1).
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For any subset A C F, the Galerkin projection of u onto

V(4) = {v/;(y,z) = Z VA (2)Pu(y); va, €V VL E /1} C LA(T; V)  (2.10)

peA

is the unique uy € V(A) satisfying

/M@M@WMWWM=//fMMW@®M@ Yup € V(A). (2.11)
I IJD

If A is finite, then the sequence of coefficients (u4,,)uea € VA = HueA V of uy is
determined by the finite system

AU‘A,M + Z Am(ﬂzn-g-lu/l,u-&-em + ﬂgfnu/l,u—em) = f(SMO Vi € A, (212)
m=1
where u,, == 0 for v € F\ A. The infinite sum in (2.12) can be restricted to the
finite set supp(A) since ua y+e,, = 0 for all m € N\ supp(A4).

2.3. Finite element approximation. We discretize (1.11) further by restricting
to a finite element space V,(7) of continuous piecewise polynomials of a fixed degree
p on a conforming simplicial mesh 7 of D. For any finite set A C F,

V(A T) = {UN Y, Z un, (T ); vnu € Vp(T) VY € /1} c V()
neA
(2.13)
is a finite-dimensional subspace of L2(I; V), and the Galerkin approximation of u
in V,(A,T) is the unique uy € V,(A, T) satisfying

/F<A(?/)UN(Z/)7 //f z)on(y,z) dzdr(y) Yoy € Vp(A, T).

(2.14)
The sequence of coefficients (un,,)uea € Vo(T)4 = [1,c4 Vo(T) constitutes the
finite element approximation of the system (2.12), determined by

ireyorow) + S (Am(B atiwgesen + B0t eo) o) = Fooruw) (2.15)
m=1
for all vy € V,,(T) and all p € A, where uy, =0 for v € F\ A.

More specifically, we consider meshes resulting from refinements of a prescribed
conforming simplicial mesh T, of D. For each cell T € T, let a sequence
of bisections of T" into uniformly shape regular simplices be prescribed, and let T
consist of all conforming simplicial meshes of D attainable through these bisections.
We assume T € T.

We denote the set of facets of the mesh 7 by & = S(7T), which are divided into
interior facets SN D and exterior facets SNAD. For any cell T' € T, the set SNOT
consists of the facets of T in the boundary of T'. Similarly, for any T € T, 0T N D
denotes the facets in the boundary of T' in the interior of D.

We define local mesh size parameters by hr = |T'|*/? for T € T, and the resulting
piecewise constant function hy on T taking the value hy(x) = hy for z € T.

The set T is partially ordered by the relation 7; < 72 denoting that 75 is finer
than 77, i.e. T3 can be obtained from 77 through a suitable refinement. Furthermore,
for any 71,72 € T, the overlay 7 = 71 ® T is the coarsest mesh in T with 77 <
Ti® Tz and T2 <X T1 @ T2. By [2, Lem. 3.7], the cardinality of 77 @ 73 is bounded by

#ToT) <#T+#T2—#To (2.16)
where 7q is any mesh 7y € T with 7o < 77 and Ty < Tz, e.g. To = Tinit-
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3. ESTIMATION OF THE TRUNCATION ERROR

3.1. Expansion of the residual. The residual R(w,) € L2(I";V*) of the any
approximation w4 of u in V(A) is

R(wa) = f — Awg = A(u — wy). (3.1

It can be expanded as R(ws) = Y, c 77 (wa)P, with convergence in L2(I;V*)
for the coefficients

Tl/(wA) = f(st - Aw/l,l/ - Z Am(ﬁgjnlewA,quem + ﬁ,anA,ufem)y IZ8S -F, (32)
m=1

ie.
(ru(wa),v) = / fopov — o, (wa) - Voda YoeV (3.3)
D

for
ou(wy) =aVwya, + Z amV(BSLHwA’V_s_em + 5;’;W,V_em), veF. (34
m=1

Noting that r,(w,) is nonzero ounly for v in A U dA, we have the decomposition
R(’LUA) = RA(wA) + RaA('LUA) for

Rz(wa) = > r,(wa)P,, ZCF, (3.5)
veE
and consequently
IRz (i) = IRA T2 (o) + IRoA@ T2 (o). (3.6)

Lemma 3.1. For any wy € V(A),
1

lwa — U||?4 2 m(HRA(wA)Hng(r;V*) + ||R8A(w/1)||%gr(p;v*))» (3.7)
2 1 2 2
s = ull < 7= (Rawn) By + IRoatwa) o). 33)
Proof. By the Riesz representation theorem in L2(I"; V*),
_ 2 2
HU o wAH?A — sup |<A(U ’U;A),’U>| o sup |<R(w/1)277)>‘ ,
veL2(T;V HU”A veEL2(T;V) ||U||A

)
and (1 = 9)[|vl1Z2 poy < 0I% < (L +)[[0ll72 pyy due to (1.3). The assertion
follows with (3.6). O

The component [[Ra(wa)|32 (r;v+) of (3.6) can be interpreted as an interior
residual in the sense that it gauges the distance of w4 to u4.

Lemma 3.2. For any wy € V(A),

1 1

mHRA(wA)HZLi(F;V*) < lwa —ual%y < ﬁHRA(wA)H%i(F;V*)' (3.9)

Proof. For any vy € V(A),

(A(ua —wa),va) = (A(u — wa),va) = (R(wa),va) = (Ra(wa), va).
The assertion follows as in the proof of Lemma 3.1 using

— R
||UA _ wAH.A = sup ‘<A(UA ’LUA),’UH - su |< A(’LUA),’UA>| )
vAEV(A) [valla vaAEV(A) [[v]l.a
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Remark 3.3. Using Lemma 3.2, a statement similar to that of Lemma 3.1 for the
Galerikin projection w4 = uy in a subspace of V(A) could be derived by means of
Galerkin orthogonality

lun = ull%y = lluw = wallZa + llua — ul%, (3.10)

with each term on the right corresponding to one component of the residual. How-
ever, this leads to Roa(ua) in place of Rga(un), which is less accessible.

We estimate the two terms of (3.6) separately, beginning with Roa(wa).

3.2. Upper bounds for the tail of the residual. Let A C F be a finite set. For
any wy € V(A) and any v € 94, let

am
Gl ZH | oy Bonalonscenllv + B2 wasmenllv). - (311)

The sum in (3.11) is a finite sum over supp(A) since all other terms are zero. For
any subset A C 9A, let

1/2
Clwy, A) = (ch wy) ) . (3.12)
veA
Lemma 3.4. If0 € A, then for any wy € V(A),
[Roa(wa)llzz(rive) < ¢(wa,dA). (3.13)

Proof. By Parseval’s identity,

[Roa(Wa)I72 (rovey = D lIrw(wa) 3=
vEOA

Since v # 0, (3.3) and the Cauchy—Schwarz and triangle inequalities lead to

/ ou(wy) - Vodz
D

Iy (wa)|lv+ = sup —— < Gu(wa).

veV HUHV

O

Due to the infinite cardinality of 04, {(wa,0A) is defined as an infinite sum in
(3.12). However, for v € A\ 0°A, i.e. v = p+ €, with p € A and m € N\ supp(A),

a
B wa

Golwa) = |7

. 3.14
e v (3.14)

Summing these terms over all inactive dimensions m leads to the lumped error
indicator

Cu(wa, A) 52( Z Cu+em(w/1)2>l/2

meEN\supp A
1/2
Am, ) 2
a L= (D)
meN\supp A

for 4 € A. The infinite sum remaining in (, (w4, A) is independent of w, and p,
depending only on supp(A); we assume that it can be computed. Then ((w,,9A)
is represented by the finite sum

C U)A,a/l Z CV wA + Z Cll wy, A)”. (316)

vEDA peA
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3.3. Lipschitz continuity of the error indicator. The error indicator {(w4, 9A)
depends Lipschitz-continuously on the approximation w, in V(A).
Lemma 3.5. For all vy, wy € V(A),
I¢(va,04) = ((wa, 04)| < [lva — wallz2 (ryv)- (3.17)
Proof. Let eq :==vs —wy € V(A). For any v € 94,
160 (04)* = G (wa)?] =[G (va) = Co(wa) | (G (va) + Cu(wa)) < Culea)sy

with s, = (,(va) + (. (wa). Appropriately rearranging terms and applying the
Cauchy—Schwarz inequality, Lemma 2.1 and (1.3),

o0
Q.
S Geatsn = lleasl | 3 |, (srsiren + A timcn)
neEA m=1 (D)

vEOA
1/2 1/2
sV(ZeMH%) (Z) ,

neEA vedA

and (3, con s2)1/2 < C(vy,0A) + C(wa, 0A) by the triangle inequality. The error
indicator ( satisfies

|C(UA,3A) - C(wA,GA)|(C(UA,8A) + C(wA,ﬁA)) = |C(UA,8/1)2 - C(w/;,ﬁ/l)2|
Z ‘CV(UA)2 - Cl/(w/l)2

vEOA

IN

)

and the assertion follows by inserting the above estimate for ¢, (v4)? — ¢, (w4)?|
and cancelling ¢(va,dA) 4 ((wa, 9A) since 35, qlleaullir = ||€/1H%3r(r;v)~ O

4. A SPATIAL ERROR INDICATOR

4.1. Residual-based estimation of the spatial error. For all wy € V,(4,7T),
TeT and pe€ A, let

__ __ 1/2
Nu,r(WN) = (h%lla 1/2(f5u0+v'gu(wN))||i2(T)+hT||a 1/2[[U/L(WN)]]||2L2(8T0D))
S (4.1)
where [-] denotes the normal jump over S € S(7), i.e. if S =T1 NT» and n; is the
exterior unit normal to T;, then

)

lo] = olr, - n1 + o|z, - na. (4.2)

Summing over p € A, we define the error indicator for the cell T' as

(i, )= (X aron ) " (43)

peA

and for any subset M C 7T, these terms combine to

1/2
n(wy, A, M) = ( Z nT(wN,A)Q) . (4.4)

TeM
Similarly, we define the oscillation of wy € V,(A4,T) as

osc,r(wn) = (hi[la"/?(id —ITap2)(fSu0 + V - ou(wn) |72 (7 (4.5)

12, 1/2
+ hrlla™?(d = Iap—1) [0 (wn)l|72 (970 0))

b

where p is the local polynomial degree of the finite element space V,(7) and II,,
denotes the orthogonal projection in L?(T') with respect to the weight a~! onto
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polynomials of degree n. Summing over u € A and T' € M C T gives the total
oscillations

1/2
oscr(wy, A) = (ZOSC#T wN) , (4.6)

pnEA

1/2
osc(wy, A, M) ( Z oscr(wy, A ) , (4.7

TeM

where M is any nonempty subset of 7. These terms are used only in our analysis,
and do not need to be computed in our adaptive algorithm. We note that the error
indicator dominates the oscillation,

oscr(wn, A) < nr(wy, A) (4.8)
for all T € T, see [2, Rem. 2.1].

4.2. Equivalence to the interior residual. Up to a term involving the oscillation
in the lower bound, the spatial error indicator is equivalent to the residual of the
Galerkin projection in V, (A, T). The constants ¢, and C,, appearing in Theorem 4.1
are independent of the set A of active indices since, as described in the proof, bounds
for each coefficient of the residual hold with uniform constants.

Theorem 4.1. The Galerkin projection un of u onto V,(A,T) satisfies
e (n(un, 4,T)? —osc(un, A, T)?) < [Ra(un)lZ2ryvey < Conlun, 4,T)% (4.9)
with constants c,, Cy > 0 depending only on a, p and the shape regularity of T, but

not on A.

Proof. For any u € A, the proof of [7, Thm. 6.1] extends verbatim to arbitrary
polynomial degrees p to show

[(ru(un), v = Zno)[> < Cyllolly Y mur(un)?
TeT

for all v € V, where Zy denotes the Clément interpolation operator onto V,(T).
By Galerkin orthogonality, (r,(un),v) = (r,(un),v — Iyv), and thus

||7"u(UN)H%/ <y, Z nu,T(UN)Q-
TeT

Similarly, the standard estimates from [18, 15] based on cell and facet bubble
functions lead to the lower bound

(Z"uxTWN)Q)mw[nm un)llv- + (ZoscwuN >/]

TeT TeT
for all 1 € A. Consequently,

e [ S ey~ oscu,mwﬂ < lru(un)Il3-
TeT TeT

for ¢, = 1/2¢?, and the assertion follows by summing over y € A. O

Theorem 4.1 and Lemma 3.2 provide the following bounds for the spatial error
of uy € Vp(A,T), ie. the energy norm of the difference between uy and the
semidiscrete approximation u,4.

Corollary 4.2. The Galerkin projection un in V,(A,T) satisfies

C
13_777,}/(77(,&1\77/137-)27OSC(UN7A7T)2) < ||,U’N7(U’A||?4 < ﬁU(UN»AvT)Q (410)
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Similarly, Lemma 3.1, Lemma 3.4 and Theorem 4.1 lead to the following upper
and lower bounds for the full error of uy in the energy norm.

Corollary 4.3. The energy norm error of the Galerkin projection un in Vp(A,T)
satisfies

lun —ul% > 1 ?_77 (n(un, A, T)? — osc(un, A,T)?), (4.11)
C
un —ul} < . _”W (n(un, A, T)? + C(un, 04)?). (4.12)

The upper bound from Corollary 4.2 can be refined to estimate the difference of
two discrete solutions with different spatial meshes. In this case, the error indicator
is restricted to just the refined elements, and the estimate can thus be viewed as a
local upper bound. We refer to [2, Lem. 3.6] for a proof.

Lemma 4.4. Let T,7* € T such that T* is a refinement of T, and let un €
Vo(A,T) and uly € Vp(A,T*) be the respective Galerkin projections. Then

lun —uy % < Cyn(un, A, M)? (4.13)

where M = T\ (T*NT) is the set of refined cells and C,, is a uniform constant on
T independent of A.

4.3. Lipschitz continuity of the spatial error indicator. Similarly to the er-
ror indicator ((wy,0A), the spatial error indicator nr(wy, A) depends Lipschitz-
continuously on the argument wy in V,(A4,7T).

For any finite set A C F and any 7 € T, we introduce the constant

hrV
Con(A,T) = max{H T S, e @0 s meswpat),
@ lLe~(D) a llL=>=(D)
(4.14)
i.e. the gradients of all a,, with m € supp(A) satisfy
h m m
HTV < cos(a T2 (4.15)
a Loo(D) a llLe=(D)

and the same estimate holds for a in place of a,,. This constant is always finite
since supp(4) is a finite set, but ¢, s(A, T) may degenerate if A is enlarged without
appropriate refinements of 7.

The proof of the following statement mirrors that of Lemma 3.5. The seminorm
|2 (r;v 1) refers to the restriction of the Bochner norm in L2 (I'; V) to any sub-
domain T" C D, which in the following will be a triangular or tetrahedral element

TeT.
Lemma 4.5. For all vy, wn € Vp(A,T) and all T €T,

Inr(on, A) = nr(wn, A)] < (cas(A,T) + &)1 +7)|lon —wnlez vy (4.16)
with a uniform constant ¢, on T.

Proof. Let p € A and ey = vny —wn. We split 1, r(wy) into US,T(WN) =

hrl|a= 2 (f6,04 V-0, (wn)) 2 (ry and ), p(w) = byl * a2 [0 (wn)] | L2 orp)-
Let ¢iny > 0 such that, uniformly for all 7 € T and all T € T, ||a*/?Avy || p2(r) <

Cinvh%l‘UNluT and ||ZL1/2VUN 'nTHL?(aTﬁD) S Cinvh;1/2|UN|V,T for all UN € ‘/;)(T)
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The first of the above inverse inequalities ||ZL1/2AUNHL2(T) < cinvh}1|vN|V7T for
vy € Vp(T) implies

[ (un) =1 2 (wn)| < a2V - o, (en) | z2ry

oo
< aflenulvir + Y a% (Bl Lilen pie, v + By len u—c, vir)
m=1

for o := cq,6(A, T) + ciny and Y, = (ca,s(A, T) + cinv) || am /@l L= (). Furthermore,
using that ||a'/?Vuy - nr||r2ornp) < cinvh;1/2|vN|v7T for all vy € V,(T),

1/2)-—
(o) = mpr(w)] < b *lla= 2 Lo (en)]l 2o

oo
<aglenulvir + Y ab (B Lilen pten

v,r + /3:::" eN)/'L_fnz |V7T)
m=1
with of = 2¢iny and oy, = 2¢iny ||am /@l L (D).
Noting that
M (on)? = e (wn)?| = |5 r(on) — 00 (wn)|s) + [np r(vn) = 0 p(wn)|s),

for 51, =1/, 7 (vn) + 7}, 7(wn), the above estimates combine to

nr (v, 4)% = nr(wn, A2 < | (on)? = e (wn)?|

HeA
1/2 1/2
< Slenulrs, < (Slexsltr) (X 52)
peA peA nEA

with
0o
_ 0.0 § 0 m 0 m 0
Sli - aOSu + Ay (ﬂum—&-lsu+em + ﬂumsu—em)
m=1

oo
1.1 1 1 1
+ QoS + Z QO (6;Tm,+ls,u+em + 6;Tmsu—em)
m=1

and due to Lemma 2.1,

(Zst) < (ot o) () = (abs b )( )

nEA neEA pneEA

< <a8 +ap + Z al + oz,ln) (nr(vn, A) + nr(wy, A)).

m=1

The assertion with &, = 3ciny follows using
Inr(vn, 4)* = nr(wy, )% = |nr(vy, A) = nr(wn, A)| (nr(on, A) +nr(wy, 4)). O

The spatial error indicators are also continuous in their second argument, as
described in the following statement.

Lemma 4.6. Let 0 € ACA*CF, T €T and wy € Vp(A,T). Then
n(wn, A"\ A, T) < (2¢4,5(A*, T) + ¢ )¢ (wn, AN A*) (4.17)
with a uniform constant ¢, ¢ on T.

Proof. By definition, using 7, r(wx) = 0 for v € A*\ (AU 9A),
n(wy, ANAT? =" > mr(wy)?

TeT vedANA*
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As in the proof of Lemma 4.5, we split 7, 7 (wy) into 70, p(wy) = hella=Y2(f8,0+

Y - oy(wn)) ey and ol p(wy) = hY2a 2o, (wn)]2ora) for any v €
oANA*and T e T.

Let ¢y > 0 such that the inverse inequalities ||d1/2h7—AvNHL2(D) < cinv||oN v
and Yo hrllat/?Voy - nr||p2ornp) < ¢y llun|lv hold for all vy € V,(T) uni-
formly on T.

Due to first of the above the inverse inequalities and using wy,, =0,

(3 trton?) L

TeT

o0
@ ?hy YV (am(B 41 VN e, + B VN, —e,,))
m=1 L2(D)
o0
hTVa
- (B s llwon e v + B N0y —e, V)
Le(D)

m=

a
+ Cinv Z H mHLOO(D ym+1||le/+6mHV+ﬂ HwNy emHV)

With (4.15), the last term is bounded by (¢a,s(A*,T) ~+ Cinv)C(wn). Similarly, the
triangle inequality on the skeleton S of T leads to

(3 hrtun?) -

TET

- 1/2
Z H 2 HLao Vm+1< Z hTHa [Vun e HLZ(aTmD))
=l TeT

am 1/2
+ Z H HLoc(D) ( Z hel|a' 2 [Vwy,—, ||L2(aTmD)>

and the inverse inequality » o, hTHdl/QVvNonTHLz(aTmD) < lvnlly for vy €
Vp(T) implies

1/2
( Z ni,T(wN)2> S 2cinvCl/(/wN)-
TeT
Combining these bounds, we have

1/2
* 1/2
(3 mrun?) < (lnsdT) 4 cm)? 4 462) ),
TeT
and the assertion follows by summing over v € AN A*. O

A continuity property similar to that in Lemma 4.5 holds for the oscillation
oscr(wpy, A). The proof of the following lemma is analogous to the above argument;
see also [2, Lem. 3.3].

Lemma 4.7. For all vy, wy € Vp(A,T) and all T € T,
loscr (v, A) —oser(wn, A)| < (Ca,s(A, T) + Cose) (L+7)[on —wn |2 (rv iy (4.18)
with a uniform constant ¢osc on T.
5. THE ADAPTIVE ALGORITHM

5.1. Modules. Given a mesh 7 € T and a finite set A C F containing 0, we
assume that a routine

uy  Solve[A, T (5.1)
is available which returns the exact Galerkin projection uy determined by (2.14)
in the space V,(4,T) from (2.13), for a fixed local polynomial degree p.
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The error indicators from Sections 3.2 and 4.1 are computed by the modules

(nT(qu A))TGTv n(qu Av T) < Estimate, [UN» Av 7—]7 (52)
(CV(UN))V€80A7 C(U/N7 aA)? (HUN”V)HEA — EStimatey[uN7 A]a (53>

where (3.16) is used to compute ((upn,dA) as a finite sum. These error indicators
are subsequently used to mark cells of the spatial mesh 7T for refinement, and to
activate indices in 0A.

We consider separate marking and refinement procedures for 7 and A. For a
parameter 0 < 9, < 1, let the routine

M < Mark, [19907 (77T (uNa A))TGTv n(qu 4, T)] (54)
return a subset M C 7T satisfying the Dorfler property
n(uNa/LM) Z ﬂxn(uNa/L T)a (55)

and let the module
T* < Refine,[T, M] (5.6)

construct a conforming mesh 7* € T in which at least all elements of M have been
bisected at least once compared to 7. These methods are standard to adaptive
finite element algorithms, and do not depend on A C F.

A similar routine that constructs a finite set A C 04 with

C(un,A) > 9, ((un, 0A) (5.7)
for a parameter 0 < 9, < 1 is discussed in the next section. Let
A* < Refine,[A, A] (5.8)

return a set AUA C A* C AUIA. A simple choice is A* := AU A, but we do not
assume this particular definition, and indeed a larger set may be chosen in order to
ensure favorable properties of A*, such as monotonicity.

Finally, in order to control the constant c, s(A,7) from (4.14), we select an
arbitrary ¢,s > 0 and, for each m € N, presume that a mesh 7, ,, € T is given
such that ||hr, | Vam/a| L= (p) < Ca,5ll@m/al L (py. Similarly, let Tz € T such that
|h7.Va/al e (py < Ca,s. For any subset S C N, let

Tas =Ta ® P Taim (5.9)

meS

be the overlay of the meshes corresponding to m € S. Then ¢4 5(A, Tasupp 4) < Cas
for any finite A C F.

5.2. Marking of parametric modes. A typical way to ensure the Dorfler prop-
erty (5.7) while minimizing the size of A is to sort v € 94 according to {, (uxn) and
construct A by successively selecting those v with maximal ¢, (uy) until (5.7) is
fulfilled. However, this is infeasible due to the infinite cardinality of 9A.

The routine

A < Marky [V, (¢ (un))veaen, C(un, 0A), (|lun,ullv)peal (5.10)

functions by a slight extension of the above algorithm. Initially, only indices v in
the finite set 0°A are considered for inclusion in A. Whenever an index of the form
v =+ e, with g € A and m = max(supp A) is added to A, the error indicator
G (un) = llam /@l oo (0) BT |un pllv for v/ = p+ €py with m’ = min(N \ supp A4) is
constructed and inserted into the sorted list of error indicators. Similarly, whenever
such a v’ is added to A, the index v” = u + €, is subsequently considered for the
next larger m” in N\ supp(A). Thus, at every step, only a finite subset of A is
considered for addition to A. The dynamic computation of {, (uy) for v € 94\ 9°A
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is inexpensive due to the simple structure (3.14). This process is continued until
the Dorfler property (5.7) is satisfied.

Remark 5.1. If ||a,, /@l o (p)B7" are arranged in decreasing order and supp(A4) =
{1,..., M} for an M € N, then Mark, constructs a set A of minimal cardinality
subject to the Dorfler property (5.7) since indices v € A\ 9°A are considered in
decreasing order of {,(uy), and these error indicators are bounded by ¢, (ux) with
v € 9°A. Furthermore, supp(AU A) = {1,..., M’} for an M’ € N, ensuring the
optimality of a subsequent marking, after the refinement to A* :== AU A, or after
applying some other reasonable refinement strategy.

5.3. Adaptive algorithm. The above modules combine to form the adaptive sto-
chastic Galerkin finite element algorithm ASGFEM. In each iteration, either a spatial
refinement is performed or the set of active indices is enlarged, depending on which
error indicator is larger.

Uuc  ASGFEM[e, Ao, To, 0, U, U]
for 7=0,1,2,... do
uj < Solve[A;, T;]
(Cj,v)yeao/lj ) Cj7 (”ujvﬂ
(nj,r)TeT; s M; < Estimate,[uj, A;, T;]
if 775. + gf < €2 then
L return u. < u;
if n; > o(; then
Ajp1 4
M1 4 Marks [Va, (0j,7)TeT;, 5]
Ti+1 < Refine,[T;, M;]
else
AJ— — Marky[ﬁy, (Cj,u)ueaAj,Cja (”Uj,uHV)ueAj]
Aj41 < Refiney[A;, Aj]
| Ti+1 4 T @ Tasupp 4,41

|V )uea, < Estimate,[uj, 4;]

The following statement is a direct consequence of Corollary 4.3 and the termi-
nation criterion of the algorithm.

Theorem 5.2. Let € > 0, Ag C F be finite and contain 0, To € T with Tg supp 4, =
To, 0> 0 and 0 < ¥,,9, < 1. If ASGFEM[¢, Ao, To, 0, Vs, V] terminates, it returns
an approximate solution u. with

C
e —ul|% < . T2, (5.11)
-

We tacitly assume that the assumptions of Theorem 5.2 hold in the following.

In particular, A9 C F is any finite set containing 0, and Ty € T is adapted to a in
the sense that Tg supp 4, = To-

6. CONTRACTION PROPERTY

6.1. A preliminary estimate. Our analysis is adapted from [2]. The following
statement is an analogue to [2, Cor. 3.4].

Lemma 6.1. For any nonempty finite sets A C A* C F and any meshes T 2 T* €
T, let M =T\ (T*NT) denote the set of refined cells in T* compared to T, and
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let A:=0ANA*. For any vy € Vo(A,T), vy € Vp(A*,T*), x,7 >0 and k > 0,
n(oy, A, T)? + kC(vy, 04%)?
< (14 x)[1(on, 4,T)? = M(vn, 4, M)?]

+ (1 +7)k¢(vN, 0A)* — [(1 + 7))k — Eg(l + x)}C(UN, A)?

H 1+ xNE + (17?11 =) Hlow = onlls (6.1)
with A =1 —2Y9 Ge i= 2c, s(A*, T*) + &y and &, = [ca,s(A*, T*) + &,)(1 + 7).
Proof. Let vy € V,(A,T) and vy € V,(A*,T*). Since V,(A,T) C V,(A*,T%),
Lemma 4.5 together with Young’s inequality imply

n(vy, A%, T*)? < Z [ (v, A) + Eplow = o3 |2 (v
T*eT™*
< L+ x)n(on, 45T+ L+ x7HE low = villzz oy
with ¢, = [cq,5(A*, T*)+¢,](1+7). Due to Lemma 4.6, for ¢¢ := 2¢q 6(A*, T*)+ép ¢,
n(on, A%, T <o, A, T*)? + ¢ (vn, 4)*.

Let Te M C T andlet T*(T) :=={T* € T*; T* CT}. Forany p € A, [o,(vn)] =
0 on all facets of 7* in the interior of T since vy is continuous on T'. Furthermore,
hpw = |T*|V4 < (|T]/2)V/ % = 2=V 4y for all T* € T*(T). Thus

W(UNa A7 T*)2 S U(UN7 A7 T\ M)2 + 2_1/d77(UN7 Aa M)2
= W(UN7 Aa T)2 - AT](UNa A7 M)2

2

with A =1 —21/4,
Similarly, Lemma 3.5 and Young’s inequality imply
C(ox, A%)% < (Clow, 04%) +olluw = vk llzz (i)
< (L4 7)C(n, 04%) + (L + 77 )72 low = R 122 (-
Since ¢, (vn) =0 for v € 9A* \ 04 and A =9AN A* = A\ A%,
((vn,04%)% = ((vn,04)* = ((vn, 0A\ OA*)? = ((vn,04)* — ((vn, A)%

The assertion follows with ||vy — ”7\/”%3(1“;\/) < (1= "Hon —vilA O

2

6.2. Convergence of the adaptive algorithm. We show in Theorem 6.2 that
for certain w,,w¢ > 0, the adaptive algorithm ASGFEM is a contraction for the
quasi-error

lun = ull?y + wynun, 4, TV + wcCun, DA (6.2)
As is evident from the proof, it is vital that w, and w; may be distinct constants;
indeed, w¢ may be larger than w, by a factor depending on ¢, 5.

Theorem 6.2. Let ¢ > 0 and 0 < ¥,,9, < 1, and let u;, T;, M;, A;, n; and ¢
denote the sequences of approximate solutions, finite element meshes, marked cells,
marked indices and error indicators, respectively, generated in ASGFEM. There exist
constants 0 < 6 <1, wy, > 0 and we > 0 such that

ltger = wlld + wnnZen +wecti < 6(lu; — ulld +wn? +wc?)  (63)
for all j € Ng.
Proof. We abbreviate e; == ||u; —ul|4 and d; == ||uj —u;j41]/ 4. Lemma 6.1 implies
7732‘+1 + K/C32+1 < (1 + X)[ﬁ? - >\77(Uj7 Aj’Mj)Q]
+ (L+7)RG — [(1+7) — L+ x)e2r "k (uy, 45)
HA+xhE+ 0+ HrPI1 =)
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with A = 1 — 24 ¢ == 26,5 + ¢&,¢ and ¢, = (45 + &,)(1 + ) provided that
14+7)>0+ X)Ef-/-@_l. Using Galerkin orthogonality to expand €3, , = €5 — d3
leads to

6?+1 + W(nfﬂ +K ]2+1) < e? - [1 - W((l + X_l)égy + (1 + 7_1)“72)(1 - 7)_1}d§
+ w(l + X)[TIJZ - A’?(“}jv/lj:Mj)ﬂ
+w(l+ T)/i(f —w[(l+7)—-(1+ X)Egn_l]ng(uj, Aj)Q.

We set w = w(x,7,k) = (1 =7)/[(1+x )& + (1 + 7 ')ky?] such that the term
containing d; drops from this estimate. We expand e? =(1- a)ef + ae? with
0 < @ < 1 and apply the upper bound (4.12) to ae? to get

6?4—1 + W(7732'+1 + ”C?H) <(1- 0‘)6? + O‘On(l - 7)71(77]2‘ + C]Q)
+ w1+ )07 — Mp(uy, A, M;)?]
+ w1476 —w[(1+7) = (L+ x)&ie k¢ (ug, Aj)*.

If n; > o(j;, then A; = 0, thus ((uj, A4;) = 0, and by the Doérfler property (5.5),
using (1+ 3,)7kC7 < (1+ B.)Tro™>n; for any B, > 0,

632'4-1 + W(%2'+1 + HCJZ-H) < (1- a)e?
+ w[(l +x)(1 - )\ﬁi) +(1+ ,6’30)7'/19_2 +aCy(1 - 7)_1w_1]nj2»
+w(l = B+ aCy(1 — 7)*1w*1n*1)ngj2.

Conversely, if n; < o(j, then M; = 0 and consequently 7(u;, A;, M;) = 0. The
Dérfler property (5.7) along with (1+ 8,)xn; < (1 + 8,)x0*¢; for 8, > 0 imply

eg2'+1 + w(n?+1 + /‘@C32+1) <(1- Q)G? +w(l = Byx +aly(1 - ’y)_lw_l)nf-
+w/£[(1+7')—19§((1+T)—(1—|—x)égf(1)+(1+ﬂy)xng-fl+oz0n(1—7)71w71f(1]Cf.

All of the factors in the above estimates must be made less than one while ensuring
(1+7) > (14 x)eZn~". We select x > ¢ and
0 <7 <min (95(1 -~ (1—07) ", M50 kT)

such that 1+7—92(147 — Effa'_l) <land 1—X92+7ko % < 1. Next, we choose
X > 0 sufficiently small such that y < (1 + 7')/-@54_2 — 1, which implies (1 + 7) >
(1+x)ezr™", simultaneously with 147 —92((147) — (1+x)&r~") +xo*s " < 1
and (1+x)(1—X92) +7ko~2 < 1. This permits 3, > 0 with (1+x)(1—A92)+(1+
Bz)Tre™? < land By > 0 with 147 =02 ((147) = (1+x)&Zr ™)+ (1+6y)xe’s " <
1. Finally, we choose a > 0 sufficiently small such that all the factors in the
above estimates remain smaller than one. The assertion follows with § equal to the
maximum of these factors, w, := w and w¢ = Kw. O

6.3. Contraction of the spatial error. Theorem 6.2 achieves a contraction of
the quasi-error (6.2) by balancing a potential increase in one error indicator with
a decrease in the other. If the adaptive algorithm ASGFEM performs only spatial
refinements within a succession of iterations, and the set A of active indices in F
therefore remains fixed, then a similar contraction property holds for just the spatial
error, with constants independent of A. This is elaborated in following theorem,
which follows [2, Thm. 4.1].

Theorem 6.3. Let ¢ > 0 and 0 < ¥, < 1, and let u;, T;, M;, A; and n;
denote the sequences of approximate solutions, finite element meshes, marked cells,
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active indices and error indicators, respectively, generated in ASGFEM. There exist
constants 0 < 65 < 1 and wy > 0 such that for any j € Ng with Aj11 = A; = A,
2 2 2 2
lujrr — wally +weniyy < 6o (llu; — ualldy +wany). (6.4)

Proof. We abbreviate e; == ||u; —ualla and d; == ||u; — uj41]|4. Lemma 6.1 with
k=0 and A = 0 implies

ni < A+ X[ — An(ug, Aj, M)+ 1+ x " Hep (1 —~)~'d3,

with ¢ 1= 2€4 54¢, ¢ for any x > 0. Since 7, ; = €3 —d7 by Galerkin orthogonality,
and using the Dérfler property (5.5), we have

i Fwaripn <€) = [1L—wo(T+x7H)e (1 —7)71d] +wa(1+ )1 = M03)n7
for any w, > 0. We choose w, = (1 —~)/[(1+ x~")cz], depending on x, such that
the term involving d; drops. Expanding e? as (1 — a)e? + ae? with 0 < a < 1 and
applying Corollary 4.2 to ae? leads to

3?+1 + Wm77J2'+1 <(@1- 04)6§ + w2 [C1(x) + C2(x, 04)]77]2'

with C1(x) = (14 x)(1 = M2) and Co(x, @) = a(1+x1)C, (1 —~) 2. Estimate
(6.4) follows with 0, = max(l — o, C1(x) + Ca(x,®@)) < 1 by selecting x > 0
sufficiently small such that Cq(x) < 1, and then choosing « > 0 sufficiently small
such that Ca(x, ) <1 — Ci(x). O

7. QUASI—OPTIMALITY OF THE SPATIAL DISCRETIZATION

7.1. The total spatial error. Let wy € V,(A4,7) be any approximation of u for
a finite set A € F and a mesh 7 € T. The total spatial error

1/2
c
(H’UJN—’LLAHi-i-1_:W/OSC(’[UN7A7’T)2> (7.1)

combines the energy-norm error with the oscillation. Due to Corollary 4.2 and
(4.8), for the Galerkin projection uy € V,(4,T),

1?_7777(UN7/1; T)? < |luny — uall’ + 1?70%(”]\“/1’7-)2
c C
< n n 2 )
—(1+y+1—7)”(“N’A’T)’ (7.2)

i.e. the total spatial error is equivalent to the spatial error indicator. Furthermore,
upn is a quasi-optimal approximation of u, in V,(A4,7) with respect to the total
spatial error.

Lemma 7.1. If cq5(A,T) < Cas, then the Galerkin projection un € Vp(A,T)
satisfies
n

1+

<C  inf g+ AT (7.3
<ot (o= il 2 oscluw . T?) (739

lun — wall% + 7osc(uN,/l,'T)2

with a constant C == 2max(1, ¢, (Cas + Cosc)2(1 + 7)(1 — 7)) independent of T
and A.

Proof. Let wy € V,(A, T). Due to Lemma 4.7,

2(60,,6 + éosc)Q(1 + ’7)2
I—v

osc(un, A, T)* < 2o0sc(wn, 4, T) + lwy — unl%-
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By Galerkin orthogonality, [|wy —un||% < [[wy —uall% and [Juy —ual? < lwy —
u4l/%. Consequently,

c
lun —wal% + WW osc(uy, A, T)? < <|wN —uall} + T osc(wN,A77')2)

with C as in the statement of the lemma, and the assertion follows by taking the
infimum over wy € V,(4, 7). O

Similar to [2, Lem. 5.9], there is an intimate connection between a reduction of
the total spatial error and the Dérfler property (5.5).

Lemma 7.2. Let uy, u}y denote the Galerkin solutions in V,(A,T) and V,(A, T*),
respectively, for meshes T,T* with T = T* and cq,6(A, T*) < Ca,5, and let

oy —wall% + 2 ose(uiy, A, T < ([l = wall + 2 oselux, 4, 7))
(7.4)
with ¢rea < 1/2. Then
n(un, A, M) > 9yn(un, A, T) (7.5)
for the set M =T\ (T*NT) of refined cells and 92 = (1 — 2¢,eq)V2, where
3 (1 1+ 12
191 = (]. + CT,( i + 2(Ca ) + Cosc) 7)) . (76)
o 1—7
Proof. Due to the lower bound in Corollary 4.2,
13?777(UN’A’T)2 < |luny —uall}y + 1?7 osc(un, A, T)%
Inserting the estimate (7.4), we have
(1- QCred)ﬁn(u;\;,A,7‘)2 < luy —uall% + 1177 osc(uy, A, T)?

—2||u7v—uA\|?4—2 osc(uly, A, T*)%

Cn
1+~
By Galerkin orthogonality and Lemma 4.4,

s — wallZ — 2l — walld < lluw — wiy I < Conun, A, M)2.
Furthermore, since oscr(un, A) < nr(un, A) for all T € M by (4.8) and
oser (un, A)* < 20scp(uly, 4)? 4 2(Ca,s + osc) (1 +7)|un — ui|L2 (rvim)

by Lemma 4.7 for T € T \ M, employing the local upper bound Lemma 4.4 again,
we have

osc(un, A, T)* — 20sc(uy, 4, T*)?

147 «
< n(uN’AaM) +2(CG5+COSC)1 7||UN uN”il

_ 1
g(1+2C¢@ﬁ+fmg—§%)muNﬁgﬁoz

1
Thus

c
1—2c¢ 1
( Ced)l_i_,yn

(un,A,T)?
T+~

S (én CU’Y (1 + 267;(60,,5 + éOSC)l"}/)>n<UN, A7 M)27

which is (7.5). O
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7.2. An approximation class. For any finite set A C F and any N € N let

1/2

Sn(u, A) = inf (||w7v —ualf+ g i"v osc(wly, A, T*)2) (7.7)
where the infimum is taken over all meshes 7 € T with #7* — #Tinit < N and
Ca.5(A, T*) < éq.5, and all wi € V,(A, T*). Furthermore, for any s > 0, let

[uls,a = sup {e(min{N € No; Xn(u,4) < e})s; €>llug —uflat (7.8)

for a constant ¢ > 0 specified in (7.14) below. We consider u to be in the approxi-
mation class A if

lula, =sup{|u|s a; A C F finite, 0 € A} < oo. (7.9)

In this case, for any finite set A C F containing 0 and any error tolerance ¢ >
¢llua — ul|4, i-e. no smaller than the error effected by the restriction to the set
A, up to a constant factor, there is an approximation wk € V,(A, T*) with total
spatial error

lwy — uA||34 + 1 ?:’Y osc(w}*V’A,T*)z < 2 (7.10)

for a mesh 7* € T of size
T — # T < € Volul/* (7.11)
satisfying cq 5(A, T*) < Cq,5, i.€. the total spatial error decays as

Cn
1+

1/2
(s = wale+ 75 osclwyy, A, 7)< Jula, (BT = #Ti) ™" (7.12)

The full error of this approximation is bounded by [lwk —ul|4 < (14 ¢ 2)1/2¢ and
decays at the same rate s with respect to the size of the mesh 7* as A is suitably
enlarged to maintain ||uy — ulj4 < & te.

7.3. Quasi-optimal convergence. We make the following assumptions:

(1) The routine M < Mark,[9,, (nr(un, A))rer,n(un, A, T)] constructs a set
M C T of minimal cardinality satisfying the Dorfler property (5.5).

(2) The Dérfler constant 9, from (5.5) satisfies 0 < ¥, < U, for 9, from (7.6).

(3) The distribution of refinement facets in Ty, satisfies (b) of [17, Sec. 4].

Lemma 7.2 and the assumed optimal marking lead to a bound on the cardinality
of the sets M; of marked cells in ASGFEM, following [2, Lem. 5.10]. We abbreviate

1 92
red “— = - = 1
Cred 2( 193) >0 (7.13)
and define the constant ¢ left arbitrary in Section 7.2 as

1/2
&= ( CredCn(l = ) > . (7.14)
(I+072)CCy(1 +7)

Lemma 7.3. If u € Ay, then

Cn

s s A —1/2s
#My < fuly e OV (Jlug = wa I+ 5 oselug, 45, T5)?) (7.15)

for all j € Ng with n; > o(;.
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Proof. Let j € Ny with n; > o(;, such that a spatial refinement is performed
and thus M; is defined in ASGFEM. Let €@ = c¢eaC ! |u; — ua, ||} + cp(1 +
v)~Yosc(uj, Aj, T;)?], which satisfies
2 > Acredcn ]2Z _ CredCn
C(1+7) C+7)(1+072)
CredCn (1 —7) y
> = Ty — ulld > Elua, — ully
CA+71+072)Cy
due to (7.2), (4.12) and Galerkin orthogonality. Thus the assumption u € Ag
implies that there exist 7¢ € T and w$; € V,(A;,T°) such that ¢, 5(A;, 7€) < Cq.5,

BT — # T < e V/*Jul}/* and

m;+¢)

Cn
1+7

Let u}, be the Galerkin solution in V,(A;, 7*) for the overlay 7* := T @& T;. Since
T¢ < T* Lemma 7.1 implies

|wy — ua, ||?4 + osc(uﬁ\,,/lj,TE)2 < €2,

Cn

* A *\ 2
1+fyOSC(uN’ 3 T")

lufy —ua, %+

Cn
1+

<Ce? = Cred(””j - uAjH«24 +

< é'(||w§v —up, |4+ ’Yosc(wfv,Aj,T*)Q)

Cn
1+~
where we used the monotonicity of the oscillation with respect to the mesh 7 € T
in the second estimate. Consequently, Lemma 7.2 implies that the set M* =
T\ (T*NT) satisfies the Dorfler property n(u;, A;, M*) > 9n(u;, A;,7T;). Due to
the minimality of #M; and using (2.16) in the last step,

#M; S HFMT<HFT —#T; < #T° — #Timie.-

The assertion follows by applying the bound #7°¢ — #Timie < €/ s\u&/ ® and in-
serting the definition of e. O

osc(uj,/lj,7})2>,

Using the above tools, we derive the following optimality statement by an argu-
ment similar to [2, Thm. 5.11]. As illustrated by a comparison with (7.12), within
any succession of spatial refinements in ASGFEM, the convergence of the total spatial
error achieves the maximal rate s afforded by the approximation class A,.

Theorem 7.4. Ifu € A, then for any jo € No and any j > jo with A; = A;, = A,

Cn
147

S

1/2 _
(s = walZ + T osc(ug, A, T5)?) < Clula, (#T; — #7T,) (7.16)

with a constant C' depending only on T, ﬁz/@m, ey, O, Cays, Yy Wa, 0p and .

Proof. Let j > jo with A; = Aj;. Due to [1, Thm. 2.4], [17, Thm. 6.1], and
Lemma 7.3,

~1/2
cn /2s

1+

-1 =1
#T = #Tjo <cr Yy  #Mp <MY <||Uk —uall% +
k=0 k=0

with M = |u|xscTcr;d/2SCA'1/25 and a constant cp depending only on T. For any

jo <k <j—1, the lower bound in Corollary 4.2 implies

1+
lur — wallXy + weni < (1 + wa’Y> llur — wall’y + we osc(ug, A, Tr)?
U

i 2
v OSC(Uk7 Aa 776) )

1+’}/ 2 & 2
< (14 w—2) (= wallZ + -2 osc(un, 4,70)?).
* o A 147
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Furthermore, the contraction property from Theorem 6.3 implies
lur = wally +wartic 2 6577 (lluy — wall’y + wen).-
Consequently,
i—1
14 y\1/2s —1/25 % i
#T = #T50 < M(1+wa——) " (Il = wally +won) ™/ 3 o=/
n k=0

and since 0 < §, < 1, the remaining sum is

i1 o s1/2s
DY <Y e = =D
k=0 i=1 1 —0g
The assertion follows with the estimate
s = a2 ose(ugs A, T5)? < max (1, - ) (g = wall + )
from (4.8). O

By a similar argument as in Theorem 7.4 leveraging the contraction property in
Theorem 6.2 of the full error, we derive in Theorem 7.6 a statement concerning the
convergence behavior of ASGFEM across both types of refinements.

Lemma 7.5. Forall j € N,
j—1

#7; < #76 + #ﬁ,supp Aj +cr Z #Mk (717)

k=0
with a constant cy depending only on T, where we define My, == 0 if np < 0lk.

Proof. If ny, > (i, then [1, Thm. 2.4] and [17, Thm. 6.1] imply

#Ter1 — # Tk < cr#My,.
Conversely, if n, < 0(, then Tiy1 = T ® Ta supp Ay, and thus (2.16) implies

#E—&-l - #779 < #%,supp Ay — #%,Supp Ag

since 7o supp A, = T and Tg supp A, = Ta,supp Ay, - Lhe assertion follows by sum-
ming over k=0,...,5 — 1. (]

Theorem 7.6. If u € Ay, then for all j € Ny,
Ag (#7; - #76 - #7-0,,supp Aj)_s (718)
with a constant C depending only on T, 19;8/1%, ¢y, Oy, Cays, Y, Wy, we, 0 and o.

1/2
(lluj — ull% + wyn? +we?) " < Clu

Proof. Lemmas 7.5 and 7.3 imply

j-1
#7; - #76 - #E,supp A <ecr Z #Mk
k=0
with #Mj = 0 if n, < (i and
s —1/2s A —1/2s
#My < [l (= wal + 15 oscln, 4, T)?)

if mx > 0Cx. In this latter case, we use the upper bound in Corollary 4.3 and the
lower bound in Corollary 4.2 to estimate
Cy(1+072)

ok = wll% o+ et < (SR e+ wce™? )0k

Cn
14+

< E(Hu;€ qu||f4+ 7osc(uk,/l,’ﬁ)z)
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with B == ¢, (1 +7) 7 Cp(1+ 072)(1 —7)~' + wy, + weo™?]. Theorem 6.2 provides
the bound

ke = ull%y + wyi +weGE = 87 ([luy — wllZy + wynj + wedF),

and thus

( e s —1/2s
T~ # T # Tomupp a, <l "erer V2 BY2 Dy —ulfy b+ ¢3) ™
with D = 51/23(1 _ 51/23)—1. -

Since the error indicator 7; alone is equivalent to the total spatial error by (7.2),
the estimate in Theorem 7.6 carries over to the total spatial error with a different
constant, thereby extending Theorem 7.4 to the full set of approximations generated
in ASGFEM.

Remark 7.7. Theorem 7.6 can be interpreted as a bound on the number of cells in
the mesh 7;,

s 1/2s
#T; S HTo + #Tasuopn, + C 7l (g = uld + wgn? + ). (7.19)

If the meshes 7z and 7, ., are minimal in T with respect to the partial order
= subject to the conditions |h1,Va/al/p~(py < Cas and ||h7, . Vam/al|p=p) <
Ca,5l|@m /@l 1o (D), then Tgsupp a, is minimal in T subject to ca,5(A;, Tasuppa,) <
Ca,5, 1.¢. for any mesh 7 € T, cq,5(A;, T) < €46 implies Tg supp 4 = 7. In particular,
the term #’7;7supij in (7.19) is minimal subject to cq6(A;,7;) < Ca,6, and the
spatial refinement performed in ASGFEM in the case 11 < 0(;—1 is the minimal
refinement required to ensure this property.

8. NUMERICAL EXAMPLES

The implementation of the proposed adaptive algorithm of Section 5 uses the
open source framework ALEA [8] which was already the basis for the ASGFEM pre-
sented in [7]. In comparison to that paper, the main difference here is the use of a
single adaptively refined mesh for all gpc modes. Moreover, higher order conform-
ing finite element spaces are employed. By the restriction to a single mesh, the
projection of solutions between different meshes is no longer required which was
one of the main computational tasks of the first adaptive algorithm. Hence, this
approach represents a substantial simplification for the actual implementation and
evaluation of the numerical solution. In order to distinguish the two approaches,
we denote by ASGFEM2 the algorithm presented in this paper and the preceding
algorithm by ASGFEMI1. The implementation of ASGFEM2 is based on the code
of ASGFEM1 and follows to a large extend the description given in [7]. There, the
construction of the operator and the treatment of inhomogeneous Dirichlet bound-
ary conditions in the given setting was discussed. For the adaptive algorithm of
Section 5, a different bound for the tail estimation and a modified marking strategy
had to be implemented. Apart from these extensions, only minor adjustments of
the existing code were required.

The evaluation of the energy error of the numerical solution with regard to some
reference solution is described in Section 8.1. The performance of the new algorithm
employed to some of the benchmark problems from [7] is assessed in Section 8.2.

Since the construction of different adapted meshes with ASGFEMI1 results in
an optimised sparse representation of the problem, it is interesting to compare the
adaptive approaches for multi (sparse) and single mesh adaptivity. This is done
in Section 8.3. A central observation in [13] is that higher order approximations
can (under certain conditions) compensate for sparsity which is illustrated by the
results.
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8.1. Evaluation of the error. For experimental verification of the reliability of
the error estimator, a reference error is computed by Monte Carlo simulations. For
this, a set of M independent realizations {y(")}ij\il of the stochastic parameters is
computed. The yr(fl) are sampled according to the probability measure 7, of the
random variable y,,. The mean-square error e of the parametric SGFEM solution

uy € Vy is approximated by a Monte Carlo sample average

nﬂazlﬁwwfumw%dﬂw

M
1 ~ 7 %
~ = S ?) - un )R (5.1)
=1

Here, the samples y(?) € I' of parameter sequences are assumed to be statistically
independent and identically distributed with law 7. Note that the sampled solutions
@(y") are approximations of the exact u(y?)) = A~ (y®)f since the operator is
discretized on a reference mesh which is the joint finest mesh of all polynomial
degrees in each experiment, respectively. Moreover, the expansion (1.1) of the
random field a(y, x) is truncated to the maximal length occuring in the approximate
parametric solutions. We choose M = 150 for the Monte Carlo approximation of
the reference error (8.1) which proved to be sufficient to assess the reliability of the
error estimator.

8.2. The stochastic diffusion problem. We examine numerical simulations for
the stationary diffusion problem (1.2) in a plane, polygonal domain D C R2. Recall
from Section 1 that = (z1,22) € D denotes points in D and y = (y1,y2,...) € I’
denotes the parameter sequence in the coefficient (1.1).

As in [7], the expansion coefficients of the stochastic field (1.1) are chosen to be

am () = apy cos(2m 51 (Mm)xy) cos(2m B (m)zs) (8.2)

where oy, is of the form am™% with & > 1 and some 0 < a < 1/¢(&) with the
Riemann zeta function ¢. Then, (1.3) holds with v = a((5). Moreover,

Bi(m) =m —k(m)(k(m)+1)/2 and [Ba(m) = k(m) — S1(m) (8.3)

with k(m) = [—1/2 + \/1/4+ 2m], i.e., the coefficient functions a,, enumerate
all planar Fourier sine modes in increasing total order. To illustrate the influence
which the stochastic coefficient plays in the adaptive algorithm, we examine the
expansion with slow and fast decay of ., setting & in (8.2) to either 2 or 4. The
computations are carried out with conforming FEM spaces of polynomial degree 1,
2 and 3.

For the adaptive algorithm of Section 5.3 the parameters are chosen as

¥, =2/5, ¥9,=10 and e=10"%.
The employed quadrature is exact for polynomials up to degree 20.

8.2.1. Square domain. The first example is the stationary diffusion equation (1.2)
on the unit square D = (0, 1)? with homogeneous Dirichlet boundary conditions and
with right-hand side f = 1. The results of the adaptive algorithm of Section 5.3
for a slow decay of the coefficients with ¢ = 2 and a fast decay with & = 4 are
shown in Figures 1 and 2. The amplitude & in (8.2) was chosen as 7v/((5) with
v = 0.9, resulting in & ~ 0.547 for 6 = 2 and & ~ 0.832 for 6 = 4. Depicted is
the residual estimator, the reference error obtained by Monte Carlo sampling, the
efficiency of the estimator and the number of active multi-indices. The observed
convergence rate of 1/2 for P1 FEM with respect to the total number of degrees
of freedom, which is the convergence rate for a single non-parametric problem,
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F1GURE 1. Convergence of the error estimator in the energy norm
with FEM of degree 1,2 and 3 for the stationary diffusion problem
on the square with homogeneous Dirichlet boundary conditions for
slow (& = 2, left) and fast (& = 4, right) decay. Total number of
degrees of freedom and efficiency of the error estimator with respect
to the MC reference error.

coincides with the approximation rates predicted by [5, 12]. Both 6 = 2 and
6 = 4 afford sufficient summability of the coefficients of the solution to attain the
convergence rate of the spatial discretization for a single non-parametric problem,
as elaborated in [5, 12]. For quadratic and cubic FEM spaces, the convergence rate
increases, also see Figure 9. However, the rate achieved with P3 is not consistently
better than that of a P2 discretisation as the error estimator in Figure 1 might
suggest.

The efficiency indices for the different polynomial degrees are similar and lie be-
tween 1 and 10. Since the reliability bound of the error estimator contains unknown
constants, the purpose of the efficiency graphs in this and the next subsection is
mainly to illustrate the progression of the estimator/error ratio for polynomial FE
degrees 1-3 and not to show the accuracy of the error estimator. We further observe
that the number of activated gpc modes increases substantially with the polyno-
mial degree of the FE approximation. At the same time, the grids remain relatively
coarse in comparison to the P1 FEM. This feature is illustrated in Figure 3 which
depicts the number of mesh cells and active multi-indices in the course of the adap-
tive algorithm. One the one hand, higher order FEM activate significantly more
multi-indices (more than 100) while the mesh is kept relatively coarse at the same
time. On the other hand, P1 FEM leads to a strongly refined mesh and only few
activated multi-indices (less than 10). Of course, higher order finite elements meth-
ods compensate for the coarser mesh through the higher local polynomial degree.
The relation of active multi-indices to total energy error is depicted in Figure 4.
This illustrates the independence of the multi-index activation with regard to the
polynomial degree of the spatial approximation.

A comparison with regard to the two decay rates reveals that the adaptive al-
gorithm activates more multi-indices in the case of slower decay (left-hand side
in all figures with & = 2) since more terms in (1.1) are required for an accurate
representation than for faster decay (right-hand side in all figures with & = 4).

8.2.2. L-shaped domain. A standard benchmark problem for deterministic a pos-
teriori error estimators is the stationary diffusion problem (1.2) on the L-shaped
domain D = (—1,1)?\ (0,1) x (=1,0). It is well-known that the solution exhibits a
singularity at the reentrant corner at (0,0) which is resolved by a pronounced mesh
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of degrees of freedom and active multi-indices.

refinement in its vicinity. The convergence of the error estimator and its efficiency
with regard to the error determined by (8.1) are depicted in Figure 5. In Figure 6,
the error and the number of active multi-indices are shown. The relation of active
multi-indices to total energy error is depicted in Figure 8. As before, the multi-
index activation is (nearly) independent of the polynomial degree of the spatial
approximation.

In order to assess the relation between deterministic and stochastic refinement,
Figure 7 depicts the number of mesh cells and active multi-indices in the course
of the adaptive algorithm. Opposite to the experiment on the square in Subsec-
tion 8.2.1, the mesh is strongly refined for all polynomial degrees up to about 10°
degrees of freedom to resolve the corner singularity. Subsequently, the higher order
spatial discretisations favour the refinement of the stochastic space by activation
of new multi-indices while the low-order P1 FEM results in a continued strong re-
finement of the mesh. Similar to the previous experiment, the efficiency indices
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FI1GURE 8. Number of active multi-indices with FEM of degree 1,2
and 3 for the stationary diffusion problem on the L-shaped domain
with homogeneous Dirichlet boundary conditions for slow (6 = 2,
left) and fast (6 = 4, right) decay with respect to the energy error.

lie closely together between 1 and 10. Preasymptotically, the difference between
the two decay rates with regard to the activated multi-indices is less pronounced
than before. This is due to the delayed stochastic refinement which is an effect of
the initial singularity resolution of the adaptive algorithm. Moreover, the P3 FEM
only leads to marginal improvements of the error convergence over P2 FEM, also
see Figure 10.

8.3. Comparison of adaptive algorithms. This section is devoted to the com-
parison of the adaptive algorithms ASGFEM1 of [7] and ASGFEM2 of Section 5.
In Figure 9, the error graphs for the stationary diffusion problem of Section 8.2.1
for & = 2 and 6 = 4 are depicted for the sparse ASGEM1 and ASGFEM2 with
polynomial degrees 1, 2 and 3. The parameters for ASGFEMI are set to

co=1, ¢ =1, 9,=2/5 J:=10"" 9¥5=10, x=1/10, e=10""

with the same ASGFEM2 parameters as above.
It can be observed that the sparse ASGFEMI1 with different adapted meshes
performs better than ASGEM2 with affine FEM. In particular, the error reduction
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stationary diffusion problem on the L-shaped domain with homo-
geneous Dirichlet boundary conditions for slow (& = 2, left) and
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seems more uniform and the error is smaller than the one obtained with ASGFEM2
for affine FEM. However, for higher order approximations, the new adaptive algo-
rithm with a single joint mesh outperforms the adapted sparse ASGFEM1 approxi-
mations by nearly an order of magnitude for P3 FEM. Moreover, the error reduction
rate increases with higher employed polynomial degree.

In the next comparison in Figure 10, we examine the two adaptive algorithms for
the stationary diffusion problem on the L-shaped domain as given in Section 8.2.2.
The parameters for ASGFEM1 are set to

co=1, ¢ =1, 9,=3/5, 9:=10"% W5=1, x=1/10, e=10""

with the parameters of ASGFEM2 as before.

We observe that ASGFEM1 and ASGFEM2 exhibit nearly identical convergence
of the error for affine finite element spaces. Opposite to the previous comparison,
the P1 error graphs lie closely together. Again, for higher order FEM, both the
convergence rate and the constants exhibited with ASGFEM?2 are improved over
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ASGFEMI1. However, as mentioned earlier, the error reduction rate of P3 does not
appear to improve significantly over P2 FEM.

REFERENCES

[1] P. BINEV, W. DAHMEN, AND R. DEVORE, Adaptive finite element methods with convergence
rates, Numer. Math., 97 (2004), pp. 219-268.

[2] J. M. Cascon, C. KREUZER, R. H. NOCHETTO, AND K. G. SIEBERT, Quasi-optimal con-
vergence rate for an adaptive finite element method, SIAM J. Numer. Anal., 46 (2008),
pp. 2524-2550.

[3] A. CHKIFA, A. COHEN, R. DEVORE, AND C. SCHWAB, Adaptive algorithms for sparse polyno-
maal approrimation of parametric and stochastic elliptic pdes, M2AN Math. Mod. and Num.
Anal., (2011).

[4] A. CHKIFA, A. COHEN, AND C. SCHWAB, High-dimensional adaptive sparse polynomial inter-
polation and applications to parametric pdes, Journ. Found. Comp. Math., (2013).

[5] A. CoHEN, R. DEVORE, AND C. SCHWAB, Analytic regularity and polynomial approzimation
of parametric and stochastic elliptic PDE’s, Anal. Appl. (Singap.), 9 (2011), pp. 11-47.

[6] M. EiGeL, C. GITTELSON, C. SCHWAB, AND E. ZANDER, Adaptive stochastic galerkin fem,
Tech. Rep. 2013-01, Seminar for Applied Mathematics, ETH Ziirich, 2013.

[7] M. EiGeL, C. J. GITTELSON, C. SCHWAB, AND E. ZANDER, Residual-based a posteriori error
estimation for stochastic galerkin finite element methods. to be published in CMAME 2013.

[8] M. EIGEL AND E. ZANDER, ALEA - A Python Framework for Spectral Methods and Low-Rank
Approzimations in Uncertainty Quantification, https://bitbucket.org/aleadev/alea.

[9] W. GauTscHI, Orthogonal polynomials: computation and approzimation, Numerical Mathe-
matics and Scientific Computation, Oxford University Press, New York, 2004. Oxford Science
Publications.

[10] C. GITTELSON, R. ANDREEV, AND C. SCHWAB, Optimality of adaptive galerkin methods for
random parabolic partial differential equations, Tech. Rep. 2013-09, Seminar for Applied
Mathematics, ETH Ziirich, 2013.

[11] C. J. GITTELSON, Stochastic Galerkin approzimation of operator equations with infinite di-
mensional noise, Tech. Rep. 2011-10, Seminar for Applied Mathematics, ETH Ziirich, 2011.

, Convergence rates of multilevel and sparse tensor approximations for a random el-

liptic PDE, SIAM J. Numer. Anal., 51 (2013), pp. 2426-2447.

, High-order methods as an alternative to using sparse tensor products for stochastic
galerkin FEM, Computers & Mathematics with Applications, (2013), pp. —.

[14] F. Kvo, C. ScHwaB, AND I. H. SLOAN, Multi-level quasi-monte carlo finite element methods
for a class of elliptic partial differential equations with random coefficients, Tech. Rep. 2012-
25, Seminar for Applied Mathematics, ETH Ziirich, 2012.

[15] R. H. NOCHETTO, K. G. SIEBERT, AND A. VEESER, Theory of adaptive finite element methods:
an introduction, in Multiscale, nonlinear and adaptive approximation, Springer, Berlin, 2009,
pp. 409-542.

[16] C. SCHILLINGS AND C. SCHWAB, Sparse, adaptive smolyak quadratures for bayesian inverse
problems, Inverse Problems, 29 (2013).

[17] R. STEVENSON, The completion of locally refined simplicial partitions created by bisection,
Math. Comp., (2008), pp. 227-241.

[18] R. VERFURTH, A Review of a Posteriori Error Estimation and Adaptive Mesh-Refinement
Techniques, Teubner Verlag and J. Wiley, Stuttgart, 1996.

(12]

(13]

WEIERSTRASS INSTITUTE, MOHRENSTRASSE 39, D-10117 BERLIN, GERMANY
E-mail address: martin.eigel@wias-berlin.de

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, 150 N. UNIVERSITY STREET, WEST
LAFAYETTE, IN 47907-2067, USA
E-mail address: cgittels@purdue.edu

SEMINAR FOR APPLIED MATHEMATICS, ETH ZURICH, RAMISTRASSE 101, CH-8092 ZURICH,
SWITZERLAND
E-mail address: schwab@sam.math.ethz.ch

INSTITUTE OF SCIENTIFIC COMPUTING, TECHNICAL UNIVERSITY BRAUNSCHWEIG, D-38092 BRAUN-
SCHWEIG, GERMANY
E-mail address: e.zander@tu-bs.de



Recent Research Reports

Nr. Authors/Title
2013-41 J. Ernest and P. LeFloch and S. Mishra
Schemes with Well controlled Dissipation (WCD) I: Non-classical shock waves
2013-42  S. Mishra and N. Risebro and F. Weber
Convergence rates of finite difference schemes for the wave equation with rough
coeffiicients
2013-43 U. Koley and S. Mishra and N. Risebro and F. Weber
Robust finite difference schemes for a nonlinear variational wave equation modeling
liquid crystals
2013-44  G. Coclite and S. Mishra and N. Risebro and F. Weber
Analysis and Numerical approximation of Brinkman regularization of two-phase flows
in porous media
2013-45 M. Hutzenthaler and A. Jentzen
Numerical approximations of stochastic differential equations with non-globally
Lipschitz continuous coefficients
2013-46 G. Da Prato and A. Jentzen and M. Rockner
A mild 1t6 formula for SPDEs
2013-47 P. Grohs and S. Keiper and G. Kutyniok and M. Schaefer
Parabolic Molecules: Curvelets, Shearlets, and Beyond
2013-48 R. Hiptmair and C. Jerez-Hanckes and C. Urzua
Optimal Operator Preconditioning for Boundary Elements on Open Curves
2013-49 P. Grohs and S. Hosseini
$\varepsilon$-Subgradient Algorithms for Locally Lipschitz Functions on Riemannian
Manifolds
2013-50 A. Andersson and R. Kruse and S. Larsson

Duality in refined Watanabe-Sobolev spaces and weak approximations of SPDE



