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Abstract

Exponential integrability properties of numerical approximations are a key tool towards establishing
positive rates of strong and numerically weak convergence for a large class of nonlinear stochastic differential
equations; cf. Cox et al. [3]. It turns out that well-known numerical approximation processes such as Euler-
Maruyama approximations, linear-implicit Euler approximations and some tamed Euler approximations
from the literature rarely preserve exponential integrability properties of the exact solution. The main
contribution of this article is to identify a class of stopped increment-tamed Euler approximations which
preserve exponential integrability properties of the exact solution under minor additional assumptions on
the involved functions.
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1 Introduction

Let T € (0,00), d,m € N = {1,2,...}, let u: R — R? and o: R? — R¥™ be locally Lipschitz continuous
functions, let (Q,]-', P, (]:t)te[O,T]) be a stochastic basis, let W: [0,T] x Q@ — R™ be a standard (F).eo,1)-
Brownian motion with continuous sample paths and let X : [0,7] x © — R? be an adapted stochastic process
with continuous sample paths satisfying the stochastic differential equation (SDE)

XtXOJr/O u(XS)der/O o(Xs)dWs (1)

P-a.s. for all t € [0,T].

The goal of this paper is to identify numerical approximations Y~ : [0, 7] x @ — R%, N € N, that converge
in the strong sense to the exact solution of the SDE ({l) and that preserve exponential integrability properties
in the sense that supycysupye(o 7 E[exp(U(YN))] < oo for all suffciently regular functions U: R — [0, o0)
satisfying sup;e(o 7 E[ exp(U(X;))] < co. Our main motivation for this is that such exponential integrability
properties are a key tool towards establishing positive rates of strong and numerically weak convergence for a
large class of nonlinear SDEs; cf. Cox et al. [3].

There are a number of SDEs in the literature that admit exponential integrability properties. We focus
on Corollary 2.4 in Cox et al. [3] (see, for example, also Lemma 2.3 in Zhang [33]). Let p € [0,00), U €
C3(R%,[0,00)) and U € C(R%, R) satisfy E[eV(X0)] < oo, inf, g U(y) > —oco and

U'(@)u(@) + $r(o(@)o (@) Hess U)(@) ) + § lo(2)* (VO)@)|* + O(2) < pU(2) (2)

for all x € R%. Then Corollary 2.4 in Cox et al. [3] yields that

t _
B oxp( 52+ [ Zas) | < B[] € 0.) )

for all t € [0,T]. Section [ lists a selection of SDEs from the literature which satisfy condition (2). Further
instructive exponential integrability results for solutions of SDEs can be found, e.g., in [I, 6} [7 [, 10} 20} 33].
In the light of inequality (B]), the goal of this paper is, in particular, to identify numerical approximations that
converge in the strong sense to the exact solution of the SDE (I) and that preserve inequality (@) in a suitable
sense; see inequality (1)) below.

It turns out that many well-known numerical methods for SDEs fail to preserve exponential integrability
properties. For instance, in the special case d = m = 1, u(xr) = —2% and o(x) = 1 for all z € R, the SDE ()
reads as

t
X, = Xo— / (Xs)®ds + W, (4)
0

P-a.s. for all t € [0,T]. In that case, inequality (@) holds with p = 0, € € (0,1], U(z) = elz[* and U(z) =
4e(1 — 2e)a8 — 6ea? for all x € R; see Subsection Il below. Let € € (0, 3] be such that E[ exp(eU(Xo))] < oco.
Thus, Corollary 2.4 in Cox et al. [3] implies for all § € [0, ] that

t
sup E[exp<5|Xt|4+/ 46 (1 — 26) | X,|° 65|X5|2ds>] < E[eélxtﬂ“} <00 (5)
te[0,T] 0

and, in particular, for all § € [0,] N [0,43) that supte[O’T]IE[exp(5|Xt|4)] < oo. HYN:[0,T] x Q — RY
N € N, are the classical Euler-Maruyama approximations as defined in (I34]) below with D; = R, ¢t € (0,71,
then moments are finite but unbounded in the sense that E[|Y/|[P] < oo for all N € N, p € (0,00) and
limy o E[|[Y[P] = oo for all p € (0,00) (see Theorem 2.1 in [16] for the case p € [1,00) and Theorem
2.1 in [18]) whereas approximations of E[exp(6|X:[*)], § € (0,¢), t € (0,T] are infinite in the sense that
inf;e 0,71 E[ exp(p|Y,V]?)] = oo for all N € N, p € (0,00) and all ¢ € (2,00); see Lemma .1l below. Next,
if YN:[0,7] x @ — RY N € N, are the linear-implicit Euler approximations as defined in (I36) below with
Dy = R, t € (0,7], then strong convergence holds in the sense that limy_,o E[|X7 — Y[P] = 0 for all
p € (0,00) whereas approximations of E[exp(d8|X;[*)], 6 € (0,¢), t € (0,7] are infinite in the sense that
inf;e 0,71 E[ exp(p|YN|?)] = oo for all N € N, p € (0,00) and all ¢ € (2,00); see Lemma 5.2 below. Moreover,
if YVN:[0,7] x Q2 — R? N € N, are tamed Euler approximations as defined in (IZ4) or as in (I49) below
with D; = R, ¢t € (0,T], then strong convergence holds in the sense that limy_, o IE[|XT — Y1N|p] = 0 for all
p € (0,00) whereas approximations of E[exp(6|X:[*)], 6 € (0,¢), t € (0,7] are finite but unbounded in the
sense that sup;cpo 1 E[exp(e|YV]|*)] < oo for all N € N and limy o0 infie(o,r) E[ exp(p|Y;V]9)] = oo for all
p € (0,00) and all g € (3, 00); see Corollary[5.4land Corollary[BEH below. Thus, Euler-Maruyama approximations,
linear-implicit Euler approximations and tamed Euler approximations as defined in ([44)) or as in (I49)) are not



suitable for numerically calculating E[exp(6|X¢|*)], 6 € (0,¢), t € (0,T]. Lemma B3 below also indicates that
further numerical one-step approximation methods whose one-step increment function grows sufficiently fast as
the discretization step size decreases are not suitable for approximating expectations of exponential functionals
in the generality of Theorem [[.T] below.

There are many results in the literature which prove uniform boundedness of polynomial moments of nu-
merical approximations of certain nonlinear SDEs with superlinearly growing coefficients; see, e.g., [1, 2] [B]
8| 1L 12, 131 14 15l 17, 25 22] 26 27, 28, B0, 81l B2]. To the best of our knowledge, the only reference on
exponential integrability properties of certain numerical approximations for nonlinear SDEs is Bou-Rabee &
Hairer [I]. More precisely, Lemma 3.6 in Bou-Rabee & Hairer [I] implies that there exists 6 € (0, 8) such that
SUPhe(0,1] E[eXp(OU()_(ﬁ/hJ))] < oo where X": Ny — R? h € (0,1], is a ’patched’ version of the Metropolis-
Adjusted Langevin Algorithm (MALA) for the overdamped Langevin dynamics (see Subsection [0 below) where
the potential energy function U € C*(R%, R) satisfies certain assumptions; see [I] for the details. In addition,
Proposition 5.2 in Bou-Rabee & Hairer [I] provides a one-step estimate for MALA which is a first step towards
proving exponential integrability properties of a stopped version of MALA.

In this article, we propose the following method to approximate the solution of the SDE (I) and to preserve
inequality (@) in a suitable sense. Let YV : [0,T] x Q — R%, N € N, be mappings satisfying ¥ = Xy and

N #(YnT/N)(t )JF‘T( nT/N)(Wf nT/N)
vt =Yg F Ly <exp(1 /T 172) b | THTY e ) = BT ) W= Wz T (6)

for all t € (2L, <"+N1> ], n e {0,1,...,N —1} and all N € N. This method differs from the classical Euler-
Maruyama scheme in two aspects. First, the Euler-Maruyama increment is divided through by one plus the
squared norm of the Euler-Maruyama increment. This ensures that the increments of the numerical method ()
are uniformly bounded. Second, the approximation paths with NV € N time discretizations are stopped after
leaving the set {z € R?: ||z| < exp (|In(N/T)[*/?)} where we choose the stopping levels mainly such that
limy 00 exp(| In(N/T)|/2) N=P = 0 for all p € (0,1]. These a priori bounds give us control on certain rare
events. In addition, observe that the numerical approximations {0,1,...,N} X 2 3> (n,w) — YnT/N( w) € R4,
N € N, can be easily implemented recursively. In fact, this implementation requires only a few additional
arithmetical operations in each recursion step compared to the classical Euler-Maruyama approximations. The-
orem [[T] below, shows that the numerical approximations (@) preserve inequality (@) in a suitable sense under
slightly stronger assumptions on p, o, U and U.

Theorem 1.1. Assume the above setting, let p,c € [1,00), let 7v: Q — [0,T], N € N, be mappings satisfying

v =inf({t € {0, %, 3E, ..., T}: |V > exp(| In(N/T)[/2)} U{T}) for all N € N and assume that

(@) + llo (@) s @m may < (1 + |12]|°), (7)
U (z) = U@l < e+ 2]+ [y |z - ], (8)

]| V/¢ < e(1+ U(x)) (9)

1T D @) Loy a gy < € (1+ U ()00 (10)

forallz,y € R% and alli € {1,2,3}. Then it holds for all v € (0, 00) that limy_ o (suptE 0.7 E[lX:—YN|"]) =
0, that

tATN 7
limsup sup E{exp(UgttN) + fN U(;:iN) ds)} < E[eU(XO)} < 00 (11)
N—oo te€[0,T] 0

and that sup y ey SUPyeo,7] E[exp( (ePf + [inTN Ugs ) ds)} < o0.

Theorem [Tl is a special case of our main result, Corollary [3.8] below, in which the state space of the
exact solution of the SDE under consideration is an open subset of R?. The proof of Theorem [[T] is thus
omitted. CorollaryB.8| in turn, follows from our general result on exponential integrability properties of stopped
increment-tamed Euler-Maruyama schemes, Theorem 2.8 below, and from convergence in probability of stopped
increment-tamed Euler-Maruyama schemes, Corollary[3.7lbelow. To the best of our knowledge, Theorem [T Iland
its generalization in Corollary[3.8 below respectively are the first results in the literature which imply exponential
integrability properties for the stochastic Ginzburg-Landau equation in Subsection 4.2} for the stochastic Lorenz
equation with additive noise in Subsection [£.3] for the stochastic van der Pol oscillator in Subsection 4] for
the stochastic Duffing-van der Pol oscillator in Subsection 5] for the model from experimental psychology in
Subsection 6] for the stochastic SIR model in Subsection [£.7, or — under additional assumptions on the model
— for the Langevin dynamics in Subsection L8

1.1 Notation

Throughout this article the following notation is used. For d,m € N and a d x m-matrix A € R™"™ we
denote by A* € R™*? the transpose of the matrix A and by | Allzg(rm ray the Hilbert-Schmidt norm of the



matrix A. In addition, for d,m € N and arbitrary functions p: R — R? and o: RY — R¥*™  we denote by
Guo: C?(RYLR) — {f: RY — R} the formal generator associated to p and o defined by

(Guop) (@) = (u(x), (Vo)(2)) + 5 trace(o(z)o(z)" (Hess ¢)(x)) (12)

for all z € R? and all ¢ € C?(R%,R). Moreover, for d € N and a Borel measurable set A € B(R?) we denote by
Aa: B(A) — [0, 00] the Lebesgue-Borel measure on A C R?. For two measurable spaces (A, .A) and (B, B), we
denote by £°(A4; B) the set of all A/B-measurable mappings from A to B. In addition, for n,d € N, p, ¢ € [0, o],
a set B C R and an open set A C R?, we denote by C! (A, B) (cf. (1.12) in [15]) the set

f(™=1) is locally Lipschitz continuous and for
Cro(A,B):=1(fe€ C" Y(A,B): Age-almost all z € RY and all i € {1,2,...,n} it ) (13)
holds [| £ ()| L) (ma gy < € [1 + | f ()"0
Next, we define x V y := max(z,y) and 2 Ay := min(z,y) for all z,y € R. Finally, let [-],: R = R, h € (0, 00),
be mappings given by |t], = max{s € {0,h, —h,2h, —2h,...}: s <t} for all t € R and all h € (0, ).

2 Exponential moments for numerical approximation processes

2.1 From one-step estimates to exponential moments

The following proposition, Proposition 21T} is an extended and generalized version of Corollary 2.2 in [I5]. The
proof of Proposition [21] is similar to the proof of Proposition 2.1 in [15].

Proposition 2.1. Let (2, F,P) be a probability space, let (E,E) be a measurable space, let V € LO(E;[0,00]),
let Z: Ng x Q — E be a stochastic process, let v, €[0,00), n€Ny, 6, €(0,00], n € Ny, and Q,, € F, n € Ny, be
sequences satisfying Qo = Q, L\ QU1 C{V(Z,) > 6.} and

E{MMV(Z”H)} < ~E[]IQTLV(ZH)} (14)

for all n € Ng. Then it holds for all n € Ny, p € [1,00], V € L(E;[0,00]) with V <V that

E[lo,V(Z,)] < <H %) B[V (Z)], (Z iy W) V(Z)], (15)

1-1)

V(Zy)] g(]’[ vk> E[V(Zo)] + IV(Zy mem[(Z 1. W) (zo)}] " (16)
k=0 k=0

Proof of Proposition[2Z]. The first inequality in (I3]) is an easy consequence of (I4)). To arrive at the second
estimate in (3], note first for all n € N that

(20)° = (20 2\20) ¥ ((201)°\20) € (20 1\20) U ((201)°). 1)

Iterating inclusion () and using Qg = Q shows for all n € Ny that

() C ([J (Qk\ml)) U (©0°) = U @20 = U (20 (@\2%1))
k=0 k=0 k=0

n—1 n—1 (18)
< @n{vi(zy) >} = [ {1a.V(Z) > 6}
k=0 k=

Additivity of the probability measure P, Markov’s inequality and the first inequality in (3] therefore imply for
all n € Ny that

1= SRtz > o] < 55 [Elay ()
k=0 k=0 k 19)
o=t [ (TS0 ) - BNV (Zo)]
<
< -
k=0

This is the second inequality in (I5) and the proof of (I5]) is thus completed. Next observe that Hélder’s
inequality implies for all Q € F, p € [1,00] and all F/B([0, oo])-measurable mappings X :  — [0, oo] that

E[X] < E[1X] + (P[] 1 X o sm)- (20)



Combining (I5) and ([20) finally results in

E[V(Z0)] < E[1a,V(Z0)] + 1V (Za)lsom (B(@0)]) "7

< <;ﬁ:%>-E[V(Zo)] + IV (Zo)l rom) KZ T %)E[V(Zo)]r_%)

for all n € Ny, p € [1,00] and all £/B(]0, 0o])-measurable functions V: E — [0,00] with V(z) < V(z) for all
x € E. The proof of Proposition 2] is thus completed. O

(21)

The next elementary lemma (Lemma [2.2]) establishes an a prior bound based on a specific class of path
dependent Lyapunov-type functions (see (22) below for details and cf., e.g., also Section 3.1 in Schurz [29]). For
completeness the proof of Lemma is given below.

Lemma 2.2. Let (2, F,P) be a probability space, let (E,E) be a measurable space, let p,T € [0,00), h € (0,7,
ceR,UUeLYE;R), Ac & and let Y : [0,T] x Q — E be a product measurable stochastic process satisfying
LAYy, (DY) dr < o and

E[exp(—ct + Ue(fﬂ +f IA(YLTQ,?T)U(Y) dr ) ‘ (Yr)re[o,nh}] < exp (—cnh + Ue(,z:?hh) f W dr ) (22)
0 0

P-a.s. for allt € (nh,(n+ 1)h| N [0,T] and all n € Ng. Then it holds for all t € [0,T) that

E{exp< )JrflA(YLrégT)U(Y)d >] Sect]E{eUm)]_ (23)

Proof of Lemmal[Z2. Assumption ([22)) implies for all ¢ € [0, 7] that
E[exp< a+ Y )+f]1A(YLr£T)U(Y)d )}

:E[E[exp( ot + Y00 +f L0, U0 g, )} ‘(Ys)se[o,mh]}

[t]n (24)
0
<. <1E[exp(U< >)} :E[euw} _
This completes the proof of Lemma
(|

The next corollary, Corollary 2.3] specialises Lemma [2.21to the case where the product measurable stochastic
process appearing in (22) and (23]) is an appropriate one-step approximation process for an SDE driven by a
standard Brownian motion; see (25) below for details.

Corollary 2.3. Let T € (0,00), h € (0,T], dym € N, p,c € [0,00), U € LO(R?;[0,00)), U € LOR%R),
P e LORIX[0,T] x R™;RY), A € B(R?), let (Q, F, P, (Fi)ieo,r)) be a filtrated probability space, let W: [0,T] x
Q — R™ be a standard (F;)ie(o,r)-Brownian motion with continuous sample paths, let Y: [0,T] x Q — RY be
an adapted stochastic process satisfying

Y = 14c(Yon) - Yon + La(Yor) - ©(Yon, t — nh, Wy — Wyp) (25)
for all t € (nh,(n+1)R] N[0, T] and all n € Ny and assume [ 14(Y,) [U(Y,)| dr < oo and
E |:6Xp< 1a(x) U(@Sm,t,Wt)) + f 1a(z) U(P(z,5,Ws)) d8>:| ct+U(I) (26)

for all (t,z) € (0,h] x RL. Then it holds for all t € [0,T] that

E|:6Xp< ept) +f ]lA(YLrégT)U(Y) dr >] < ectE[eU(Yo)] . (27)

Proof of Corollary[2.3. We prove Corollary 23] through an application of Lemma 22l For this we observe that
assumption (Z6)) implies for all (t,z) € (0, ] x R? that

t _
E[exp(h(z)U(ﬁgw,t,Wt» + 14G) U(0 (e W) ds)] < (1A L), (28)



Next note that equation (28), Jensen’s inequality and inequality (28] imply that

1aYnn) U( Yt)Jr f La(

nh) U(Ys) d

ert

Eexn

nh

ers

5> ‘ (Ys)se[O,nh]:|

_ E{(g)(p(]lA(Ynh)U(cb(Ynehp,fnh,WtWn,h)) + ft ]LA(Yn,h)U(@(Yn,ggjfnh,wsfwnh)) ds > ‘ Ys)se[o nh]:|
nh
t—nh exp(— Pnh)
_E {exp< Ao Ut bW Won) g [ 1 000) U@Vt W= Won)) ds)} Y)setomn
0
i nh exp(—pnh)
< ’E[GXP(IA(Ynh)U(‘b(erT(LZI,I:l;;th,Wt—th)) + g 1a(Yan) U(R(Y, nehpj Wahts—=Wnn)) ds) ‘ (sz)se[O,nh]:|
< eCt=nh)+1a(Ynn) U(Ynn) exp(=pnh) < exp (C (t _ nh) + %)
P-a.s. for all t € (nh, (n+ 1)k N[0,7] and all n € Ny. Combining this with (28) shows that
E|:6Xp <Ct + e(Pt) +f ]lA(YLTé:;r) o) dT) ‘ (YT)TE[O,’H,}L]:|
E{expc/;(m)tmm | Las () UGy f 1a0un) U() dT) | (%)rei h}]
P ept A P r)r N
exp(—ct + f ! 1a0ny,) OCF) dr )
eprr
_ E{(g){p(]lA(Yn;)tU(Yt) 4 Lac(un) U¥un) ft myn;)ﬁ(yr) dr) ’(YT)TE[O,M]} (29)
nh
exp(—ct+ [ a0l ) U0%) g )
ePr

< exp <c (t —nh) +

U(Ynn)

1aAVnn) UYnn)

L ]-A(Y\_rjh)U(Y ) dr

er”T

7Ct+ ]]-AC(Ynehp)tU(Ynh) + /‘

< exp (—cnh +

P-a.s. for all t € (nh, (n+1)h] N

h1a(v,)00%)
A Lejphr d

o+ f

0 )
)

[0,7] and all n € Ny. Combining this with Lemma [Z2] yields for all ¢ € [0, T]

that

U(Yy)

(e 1a(Yyr), )U(Yr) dr

ePrr

E {eXp( >] < eCtE[eU(Y“)} .

This finishes the proof of Corollary

+/
0

2.2 A one-step estimate for exponential moments

In Lemma 27 below a one-step estimate for exponential moments (see ([26) in Corollary above) is proved
for a general class of stopped one-step numerical approximation schemes. The proof of Lemma 2.7 uses the
elementary estimate in Lemma below. Moreover, the proof of Lemma exploits the following well-known
lemma, Lemma 2.4l For completeness the proof of Lemma 2.4 is given below.

Lemma 2.4. It holds for all x € R that

CTN\& ) e 2o @)l )
Proof of Lemma[2.4] Note for all z € R that
B 0o (756)” (i 1,271 ) (i 2n+1 )
e " = — (31)
— n! o (2n)! = (2n+1)!
This implies for all z € R that
. 0 x2n 0 $2n+1 o $2n o $2n .
=) Gt @i s = < D (%)!] e )
n=0 n=0 n=0 n=0 (32)
e $2n e $2n
=2 — | e <2 .
7; enl) ¢ = n; (2n)!
The proof of Lemma [Z4] is thus completed. O



Lemma 2.5. Let T € [0,00), d,m € N, A € R>X™ et (Q, F,P) be a probability space and let W: [0,T] x  —
R™ be a standard Brownian motion. Then it holds for all t € [0,T)] that E[e”AWfH] < Qexp(%HAH?{S(Rm ]R'i))'

Proof of Lemma[Z3. First of all, define functions f,,: R™ — [0,00), n € Ny, by fn(x) := ||Az||*" for all z € R™
and all n € Ny. Then note for all x € R™ and all n € N that

trace((Hess f»)(x)) = trace(2n [A2]| 22 A% A + 1520y 20 (20 — 2) | Az]| 29 (A* Az) (A*Az)*)

2n—2 2n—4 * 2
=2 [| Az *" " || Al g gm gy + Liaroy 20 (2n — 2) [|Az]** Y || A" Az

(33)
< 2n | Azl "2 | Allfig@m gy + 20 (20— 2) [ Az] *" 7 | Allfism mey
=2n(2n-1) ”AHiIS(]Rm,]R'i) frn-1(z).
It6’s formula hence shows for all sg € [0, 7] and all n € N that
2n 1 so
E[HAWSOH } :E[f (Wéo)] = 5/ E[trace((Hessfn)(Wsl))] dsy
0
1
< / (2= 1) | Al sy B (W) dis
2 (34)
S0 S1 Sn—1
S S ||A||HS(]R"L ]Rd) g g g E[fO(Wsn )] dSn Tt d52 dsl
_ (@n)!
= o AN e e (50"

Combining this with Lemma 2.4 implies for all ¢ € [0, T] that

> E[HAWtHQ”} 0 t"||A||HS S a2
AW > L GO FINE TR

n=0 n=0
This finishes the proof of Lemma O

Beside Lemma 2.5 the proof of Lemma [2.7] also uses the following lemma (Lemma 2.6]). Lemma 2.6 is an
immediately consequence of (2.63) in Lemma 2.12 in [15].

Lemma 2.6. Let ¢,p € [1,00), V € C’;yc(]Rd, [0,00)). Then it holds for all z,y € R? that 1 + V(x +y) <
207D (14 V() + [ly|?) -

Lemma 2.7. Let a,h € (0,00), d,m € N, ¢,p € [1,00), 70,71,---,7,77:p € [0,00), p € LO(RERY), o €
LORYER>™), U e C(RLR), U € C3 (R4, [0,00)), ® € C¥2(RY x [0,h] x R™, RY), let Dy € {z € R?: U(x) <
7=}, t € (0,h], be a non-increasing family of sets, let (2, F,P) be a probability space, let W: [0,h] x Q — R™ be
a standard Brownian motion with continuous sample paths, assume

lp@) <c@+[U@IT),  lo@)las@nrs < c+[U@)]), (36)

®(2,0,00 =2, (GuoU)(@)+ 5 llo(@)"(VU)(@)|* + U(x) < p-Ul(x) (37)
for all x € RY, assume ®(z,t,y) = = for all x € RI\Dy, t € (0,h], y € R™, assume

1(5:2) (. s, W) —p(z HL4 arey S €87 (38)
H(a%q)) (5, W) = HLS QHS(Rm RA)) = €57 (39)
H(qu) (z, 8, W HL4 Q) < cs” (40)
)
1@(2, 5, W) = 2| ey < cmin(r, 1+ [U(@)], (L+|U(2)) [|u(x )S + 0@ Wil prpe ) (41)

for all v € [1,00), * € Dg,s € (0,h],y € R™ and assume |U(z)| < c(1+|U(z)|") and |U(x) — U(y)| <
c(L+|U@)|" +|UW)|7) |z — yl| for all z,y € RY. Then it holds for all (t,z) € (0,h] x R that

P 1 U(®(z,s5,Ws
E[exp(m (2. W) +f () O(B(a.0.)) ds)] (42)
U(z) s [2¢]*P(76+2) max(70,71,75,2) max(p,1) [2pc max(s,1)]8P(77+3) max(1,70,71,-+,75)
<e |:1 + fexp( [min(syl)]a[(ms+1)(w6+2)+wo+2ﬁ] [min(syl)][a(2wo+4W1+2ws+(m5+1)w7+2)7mi"(1/21wWswm)] ds



Proof of Lemma[Z7. Let Y®:[0,h] x @ — RY, 2 € RY, be stochastic processes given by Y* = &(x, s, Wy) for
all s € [0,h], » € R% The assumption that ®(z,s,y) = z for all x € RN\ Dy, s € (0,h], y € R? implies that
(x5, W) = 2 for all x € R¥\ Dy, s € (0,h]. This shows for all t € (0,h], € R*\ D, that

E[QXP(U@(MM)) +/ 10, (2) U(®(x.r.W,)) dr)] — exp(e U () < V. (43)

ers

Moreover, note that Itd’s formula implies that
t —
exp (e_th(Yf) +/ e_’"U(Y;f”)dr) — V@)
0
t s B
:/ exp (e_”SU(YSI) +/ e~ P"U(YY) dr) e_”SU'(Y;”)(a%@) (w, 5, W) dWy
0 0

teX e Ps x ° e PT 7 x ) e PS . 7 x x x z,s (44)
w [ew(ervo [ervwear) e (007) - 007) + U0 F) w50
+ 1 trace ((6%@) (x,s, W) [(6%@) (z,s, WS)]*(Hess U)(Yz))

[(%‘I))(:C,S,Ws)}*(VU)( (YI)(E?— )(:C,S,WS)) ds

l—ps
+ 11

P-a.s. for all x € D; and all t € [0,h]. Next define a sequence 7,,: Q@ — [0,h], n € N, of stopping times by
7, = inf({s € [0, h]: ||Ws|| > n}U{h}) for all n € N. As for all n € N and all x € R? the continuous function

s ! z,s 2 z,s
[O,h] x R™ 3 (S,y) . eXp(U(@(z ,8,9)) +/ U(®(z,m,y)) dT> U (®(x, ﬂ))(ay@)( 15,Y) c HS(Rm,Rd)
0

ers ePT ers
is bounded on the compact set [0,h] x {y € R%: ||y|| < n}, we see that the sequence 7, n € N, is a localizing

sequence for the local martingale on the right-hand side of ([@4]). Taking expectations on both sides of (4]
hence shows for all t € [0,h], € D; and all n € N that

tATh
E[exp<ep(t/\”)U(th\T )+/ e PrU(Y") dr >] — V@)

tATH
= IE[/ exp(e PPUYSE) / e PTU(Y,) dr) e . (U(Kf) - pU(Y)
0 0

U (V) (20) (w5, W) + & trace ((Z0) (@5, W) [(£@) (2,5, W,)] " (Hess U)(¥Y))

Yy Yy

(45)

+1 —ps

[(7®) (@, 5, Wo)] " (VO)(YY")

+2U(Y) (Dy®@)(z, s, WS)> ds} .
Next assumption (37 yields for all ¢t € [0, k], z € Dy and all n € N that
tATR B
E [exp (e_”(t/\T")U(Yt”f\Tn) + / e PTU(YY) dr)] — V@)
0
tATh S B
= E[/ exp (e_”sU(Y;”) —|—/ e P"U(Y.F) dr) e e
0 0

' ( — pU (@) + (GuoU) (@) + 5 [lo()* (VU) (@) + U(=)
+UYS) = U(x) = pU(YS) = Ulx) + U'(Y) (£9) (2,5, W) = U'(z)p(x)
1trace( 28 (2,5, W) [(Z ) (x,5,W,)] " (Hess U)(Y; )) — Ltrace (o(xz)o ()" (Hess U)(z))

()@ W] (O 3 o) (U@ + L0 eyttt ) )

tATh S B
< IE[/ exp (e_”sU(Yf) + / e P"U(YF) dr)
0 0

~<\U(Y5)U(z)|+plU(1@I) )| + U (YO (5:2) (5, Ws) = U' () ()]

46)

eps

trace( 61 (, S,WS)[(B%@) (, 5, W;)] " (Hess U)(Yf)) — trace (o(z)o(x)" (Hess U)(:E))‘

| (Y2) (A, (b)(“W)')ds].

[(20) @ W] (v 00| -

lo (@) (V) ()]*




Hence, Fatou’s lemma, Fubini’s theorem and Hoélder’s inequality imply for all ¢ € [0, k], € D that
t —
E [eXp (e”tU(Ytz) + / e TU(YY) dr)] — V@
0

tATH
<liminfE [eXp (e_”(MT"')U(Yﬁ\T )+ / e P"U(Y,") dr)} — V@
n—00 " 0

g]EUOtexp(U(Yg)Jr/os e"”U(Yf)dr)

: <\U(Y5)U(w)| +plUYT) = U@)| + U (YY) (5:2) (2,5, Ws) = U'(2)p()]

trace( 6%(1) T, S,Ws)[(a%@) (, 5, W;)] " (Hess U)(Yf)) — trace (o(z)o(x)" (Hess U)(:E))‘

+ 1 leo—ps

</
0

o) - v + 1070 (B )@ W)~ U]
trace((a%tl)) (x,s, W) [(a%tl)) (z, s, Wy)] *(Hess U)(Y®) — o(x)o(z)* (Hess U)(:c)) ’

[ ®) @5, W] (VO = llo(a) (VO)(@)?|

[0 () (24 @) (.5, W) |
2

lo(2)"(VU)(z)

[(5®) (@, W] (VU)(¥2) -

2|, |U<Y:><Ay2<1>><z,s,ws>|)ds]

S

exp (U(Y:) + [ erriye) dr)

0 L2(Q4R)

+

L2(R)
1 e Ps

L2(QR)

L0 L | UYE) - U ds . (47)

Moo

Next we estimate the L2-norms on the right-hand side separately. Combining the assumption that U €
C3 (R?,[0,00)) with Lemma 2.6 implies for all z,y € R%, i € {0,1,2} that

1
ITO @) = TP @) 0 g py < / T @+ vy =)o oy 0 = 2l dr

max(p—i—1,0)

<l [ 106+ -a) =T w ]y -

(p—i—1,0) (48)
< cg(ii)x(pfiw)/p ([1 + U(z)] e + [ly — x||max(p_i_1’o)) lly — ||
< 28 (14 1U@| ™5 + g — ")y — o)
This, in particular, shows for all ,y € R? that
Ulw) = UG < & (14 U@IT + ly =270 lly — 2 (49)

Combining this with the inequality |U(x)| < ¢ (1 + |U(z)|™) for all # € R? and Holder’s inequality yields for
all 5 € (0,h], z € RY that

E[exp <2U(YS””) ¥ 2/05 e P U(Y) dr — 2U(z)>} < E{exp (2 U(YE) — U(z)| + 2Z o) drﬂ
SE[QX"Q [ U@T + 37— o)D) 1YY — ]+ 2] <1+|U<m|76>d7“)}

< [exp(@ey 1+ 10@IF + v = 2|V ) v al)|

L1(Q4R)

exp (2c7 A+ 0P dr)
0

Lo (Q4R)

< E[exp((20)°[1 +U()| T + V7 — o 7] ||Y::c||)}exp(2c <1+||U<Yr>||Lm(QR>>d)- (50)

Next we estimate the two factors on the right-hand side of (B0 separately. Using Holder’s inequality and



assumption (@I shows for all s € (0, 4], z € D, that

E[exp((26)"[1+ U@ T+ —al ™ V] v~ a )]

=E|Y N+ U@+ |0, s, W) — 2| PTV] @, s, W) — :cn"]

>0 pn p=1 — n n
= 1 @+ 0 W) — ol ) (. W)

LY(R)

p—1 1 n
1+ |U(SC)| P+ ||(I)(:C757W ) x”([f)oo g)z ]R'i):| ||(I)(:C757WS) - x”Ln(Q;Rd)

[
<389 [ @) + e DA+ U@ [+ @) s + o@Wol g
|

n=0
= Z (22'1”" c(1+ |U(x)|,%1 YA+ |U@)]™) + (1 + |U($)|V5)p]n E[||pw(z)s + o(z)Ws|" |
n=0
= E[exp([2e” [e(1+ U @) T ) (1L+ U@ ) + (1 +U@)[ "] llu()s + o @Wil]) ] (51)

Hence, assumption [B8) and Lemma 2.5 yield for all s € (0, h], z € D that
E[exp([zc]p [1 + U@+ ¥E -l P V] v - al)]
< El|exp(c[2 14+ |U(x 5 +|U(x 'YL'*—l—U:I:('”"Jr%l)—i—20(1771)1—1—U30m5 w(z)s + o(x)W,
<

(vs+1) D5
p(pH+1) ¢ cr c (p—1) c
E[GXP <2 [1 t a7 5o T etere=n/m T 2 1+ =0 ) | In(@)s + o (@)W

< E[exp(Qpc(p“) [min(s, 1)]*a(p75+1) [40(75“) + Qpc(erp'mfl)] l|pe(x)s + g(z)WSH)]

IN

< E[eXp(2(2p+2)CP('¥5+3) [min(s, 1)]—a(ms+1) (||,u(:13)||s + ||U($)Ws||))i|

= exp(2(2p+2)cp(75+3) [min(s, 1))@ +D ||M(9U)||3) E{exp (2(2p+2)cp(75+3) [min(s, 1)] @7+ ||U($)Ws||)}

52042+ 2075 43) | 5 () 2

< exp (27204 fmin(s, 1)) ()5 2exp( 2[min(s,1)]20@7555;““*“‘“)

< 2exp(s 2079205 fmin(s, D] [|]()]| + (@) g gm0 )

<2 (s 2(4p+3) (20(%5+3) [1pin (s, 1) ]—2a(p%+1) [ 1+ |U@)"°) + (1 + |U($)|71)2D

<2 p(s 2(4p+3) (20(%5+3) [y (s, 1)] 2 (pvs+1) {CJF H70) g=a%0 4 902 4 202(1+71)S—2a71})
<2 p(s 2(40+3) 20(15-48) [1yin (s, 1)) (252 H0+2m) |:20(1+'yo) +402(1+71>D

<2 (s 9(4p+6) 2p(max(v0/2,71)+75+4) [min(s, 1)] a(2p75+2+70+271))_

(52)
Next we combine ([@9) with assumption (#I]) to obtain for all » € (0, k], z € D, that

<U@) + Z || (1+1U@) @ + v -l o0 v -

||HL°°(Q;]R)

<U@) + C [c(1+ U@ *VP) (1L + U@ + e (1+ [U@)°)]

< U(z) + L [2emax(1,U(z)) - 2max(1, |U(z)[**) + [2¢]” max(1, [U (z)|"%)] (53)
< U(z) + CL [demax(1, |U(2)| 77 ) + [2¢]” max(1, |U(z)[P%)]

< U(w) + 25 max(1, |U ()| # ) [4e + (2¢)7)

< U(x) + 3 2 max(1, [U ()| "= +D)

< 2(pt1) 2p max(1, |U(x)|(P’75+1)).

10



Therefore, it holds for all s € (0, k], x € D, that

e

2¢/ (1 + UL Lo (€ ]R)) dr < 2sc+ 2sc (2(2’”“)027’ max (1, |U(:L')|(P'Y5+1)))

< 2s¢ 4 25¢23PHD6 (2096 max (1, |U (x) | P15 +H1D)) (54)
< 2sc + 5 21CPF D6+ (CPyetit(pys+1)70) max (1, S*a(mﬁl)’m)

< g2l@+D)1e+2] (l(p(r5+2)+1) 76 +1] [min(s, 1)]*a(p75+1)76
Inserting (52) and (G4]) into (B0) then shows for all s € (0, k], z € D, that
E {exp <2U(Ys””) Y2 e U(YE) dr — 2U(z)>}
0
< 2exp(s 9(4p+6) (2p(max(70/27)+7s+4) [rpin s, 1)]704(2p’y5+2+’m+2’y1))

. exp (S 2l2p+1)76+2 (l(P(5+2+ 176+ [1pin (s, 1)]—a(p75+1)v6) (55)

< 2 eXP( {2(41)-1-6) c2p(max('yo/2,'y1)+v5+4) + 2[(2p+1)V6+2] C[P’YG(V5+3)+1]} [min(&l)]a[(p'v5+sl)(‘ve+2)+'m+271])

< Qexp(2[1+(2p+3)(%+2)] cPImax(70,271)+(v5+4) (v6+2)] [min(s, 1)]—a[(msﬂ)(yﬁz)ﬂﬁz%] S) .

Therefore, we obtain for all s € (0, k], x € D, that

2(2p+3)(v6+2) oplmax(v0,271)+(v5+4)(v6+2)] ¢ U(x)
< ﬁexp( [min(syl)]a[(Pwerl)(Ws+2)+w0+2w1] € :

(56)

exp <U(W) + f dtea) dr)

L2(4R)

Moreover, assumption (@) and the inequality |[o(z)Ws| prmm) < /sr(r —1)/2]lo(x ||HS(Rm gay for all 7 €
[2,00), s € [0,h] (see, e.g., Lemma 7.7 in Da Prato & Zabczyk [4]) imply for all r € [2,00), s € (0,h], z € D;
that

1Y — 9U||LT(Q;]Rd) = [|®(z, s, W) — x| - Ry =€ (L+ U @)) [|(z)s + 0(95)Ws||LT(Q;]Rd)
<14 cmsmom) (Ilu W s +/s7(r — 1)/2|jo(x ||HS(Rm7Rd))
c(1+c®s™7) (cs (1+c°s7%°) +cy/sr(r—1)/2 (1 + cvls_a“))
< 2e(Hmax(70,7)47) [min(s, 1)) (1 + \/ﬁ) Vsmax(y/s (L4 s797) 14 s77) (57)
< 2 max(071)4%) [min (s, 1)] 7" r/s [max(s, 1)]"/2 max (1 + 57,14 s7M)

< Ape2Tmax(v0,71)+75) g1/2 [max(s, 1)]1/2 [min(s, 1)]_04('70"1"71"1")’5)

(2+max(v0,71)+7s) [1/2=a(vo+m+7s)]

=4rc max(s, 1) [min(s, 1)]

Combining ({Il) and (7)) with Holder’s inequality and inequality (@S] yields for all r € [2,00), ¢ € {0,1,2},
€ (0,h], € Dy that

[T ) - v9(@)

) (R4,R))

(22)p (1 . |U(z)|w FilyE - x”max(P*ifl,O)) Iye — ”Hy(ﬂm)

<! (||Y — 2l - (@rey + |U(x)|w 15 = 2l promay + I1YS" = ||??);fx<1? 11)1)(9 Rd))

< (23) (1 + —m=momTos T Yy — ||2“?’f§fx?§ff{?gn;m>) Yy — x||LT‘mﬂX<P*""1)(Q%Rd) o
< o [m + [crp]max(l’_i_l’o)} Arp 200 ) max(s, 1) [min(s, 1))1/2 7007

< 2 D) (2bmax(0.91)%99) [9erp + [erp)’] max(s, 1) [min(s, 1)]1/2 700075+ 1]

< § 2r+2Hmax(iom)+1) [2rp]” max(s, 1) [min(s, 1)][1/2704(’YU+71+'Y5+1)] )

This together with the assumption that U € C3 (R%,[0,00)), Holder’s inequality and assumptions (38) and

11



B8) shows for all s € (0,h], x € D, that
U (Y) (55 @) (w, 5, Ws) — Ul(‘r)p’(x)HLz(Q;]R)
< H”U’(YSI)HL(Rd,]R) [(5%®) (x5, Ws) — H(z)H‘ L2OR) F U YE) = U @) 20, pra ry) () |
< ||U'(9U)||L(Rd,R) H(%‘I)) (@8, W) — M(‘T)HLZ(Q;RGZ)
+NU'(YS) = U (@) L1 1)) [HN(ZU)H +[[(55®) (2,5, W) — H’(‘m)HL‘l(Q;Rd)}
< e[l 4 U@) 7 es
+ 6 c2pH2max(10.71)+95) [851P max(s, 1) min(s, 1)]11/2 700 Fn 71 [c (14 c0s7) + cs7?] (59)

< 2 [1 +Cs—a](p*1)/p

+ 6 (23 max(i0. 1) +9047%) [8pIP ma(s, 1) [min(s, 1))/~ @01+ Dl g 4 o]

< 26857 [min(s, 1)) + 18 P Tmaxt07059045) [8p]7 [max(s, 1)] 7% min(s, 1)1/27 @0t el
= 2¢* [max(s, 1)]"* [min(s, 1))

+ 18 ((2p3+max(h0.71)+70+35) [8p1P [max(s, 1)] H72) [min(s, 1)](1/2 -0t +3s+1)]

< 20[8p]? 2P0 1) 20490) [max(s, 1)) ) fmin(s, 1)] OB TGt tUL

Analogously, (B8], the assumption that U € C3 (R, [0, 00)), Holder’s inequality and assumptions (36)) and (39)
show for all s € (0,h], z € Dy that

|U"(Y2) (2) (2, 5. W)~ U'(@) 0@) | s g o )

< 107 Oy 1 (@) 5, W) = @) sy
+IU(Yy) - U/(x)||L4(Q;L(]R'i,]R)) o (@)l L @m ra)
<NV @)l ra gy | (6%@) (z,8,Ws) — O—(z)||L4(Q;L(Rm7Rd))
U (V) = U @)l s iy 1@ pm ) + 11 (5 ) @05, We) = 0@)]| s g om gy |
<cll+ U(x)](p—l)/p csT8
+ 6 c(pH2Hmax(7071)+75) [16p)” max(s, 1) [min(s, 1)][1/2_0‘(7°+71+V5+1)] [c (14 Ms7oM) + cs72]

S 02573 [1 +Csia} (pfl)/}’

LA (R)

+ 6 ¢(2p+3+max(yo0,71)+71+75) [16p]” max(s, 1) [min(s, 1)][1/2—0¢(70+271+75+1)] 2+ 573]
< 2¢%s7 [min(s, 1)] 7% + 18 (2P 43+max(yo,m)+y1+75) [16p]” [max(s, 1)](1+73) [min(s, 1)][1/2_‘1@0"_2%4_%4_1)]
<20 [16p]17 C(2p+3+max(y0,'yl)+'yl+'y5) [max(s, 1)](1‘1‘73) [min(s, 1)][min(’Ys,1/2)—a(V0+271+75+1)] -
(60)
In the next step we note for all A, Ay € R4X™ By B, € R4 that
trace (AlATBl — AQA;BQ) = trace (ATBIAI — A;BQAQ) = <A1, BlA1>HS(]Rm,]Rd) - <A2, B2A2>HS(Rm7Rd)
= (Ay,(By — BQ)A2>HS(]Rm,Rd) + (A — A, B1A1>HS(Rm,Rd) + (As, B1(Ar — A2)>HS(Rm,Rd)

< ||A2||HS(]Rm,]Rd) ||(B1 - BQ)AQHHS(]RWL,]RCL) + ||A1 - A2||HS(]Rm,]Rd) ||B1A1||HS(RWL,Rd)
+ [[ A2l pg®m rey [ B1(A1r — A2) lggrm ra)

2
< 1By = Ball gy I 4s s em oy + 141 = Aol om gty 1Bl gy 1At s o) + 142 s sy (61)

2
< IB1 = Ball ey | A2llg@m e

2
+ 141 = Asllfigqam gty + 2 141 = Azlligg m gy 14z lasam o) | [1B1 = Bel gy + 1 Ballae | -

We apply this inequality with 4; = (a%@)(:c, s, Ws), Aa = o(x), By = (HessU)(Y¥) and By = (HessU)(x) for
s € [0, h], take expectations, apply Holder’s inequality, the assumption that U € Cg,c(Rd, [0,00)), and apply

12



inequalities (B6]), (39) and (B8)) to obtain for all s € (0, 4], x € Dy that

trace((a%@) (x,s, W) [(B%CI)) (z, s, Wy)] “(Hess U)(Y®) — o(z) o(x)* (Hess U)(:E)) ‘
< [|(Hess U)(Y,") — (Hess U)($)||L2 a;p@ 10(@) [fisem ze)
+ (G @)@, 5, We) = 0@ 3sgm ey + 2B @, 5 We) = 00 | ey 170 s g s
[ (Hess YY) = (Hess U) (@) | oy ey + | (Hess D) @) ey |
< 6 cpt2tmax(y0.71)+75) [4p]” max(s, 1) [min(s, 1)][1/2_0‘(7""_%4_%4_1)] e (1 + 3_20‘71)
+ [CQSQV3 +2¢s"¢ (1 + CMS_O‘%)}

. [6 c(2p+2+max(y0,71)+7s) [gp]P max(s, 1) [min(s, 1)][1/2—a(70+71+75+1)] +el+ U(x)]maX(p—ZO)/p}

L2(QR)

LA(%R)

< 24 [4p]P (PpHatmax(7071)+2714+%) max (s, 1) [min(s, 1)][1/2—a(%+371+%+1)] (62)
+ (FH) 78 [573 + 2+ 25_0‘71}
. [6 c(2p+2+max(y0,71)+7s) [8p]” max(s, 1) [min(s, 1)][1/2—a(70+71+75+1)] + 2¢2 [min(s, 1)]—a}
< 24 [4p]® cpratmax(y0,71)+271+75) max(s, 1) [min(s, 1)][1/2_‘1(%"’371"’75“”
+ 5 ¢(2ptddmax(y0,71)+71+7s) [max(s, 1)](1+2’73) [min(s, 1)][73*a(70+271+75+1)] 6 [8p]” + 2]
< 24 [4p]P (Pratmax(o. ) F2NE) max(s, 1) [min(s, 1)][1/2*04('Yo+3'y1+75+1)]
+ 35 [8p]” c(2p+a+max(yo,71)+71+75) [max(s, 1)](1+273) [min(s, 1)][73*a(70+271+75+1)]
< 47 [8p]p c(2p+d4max(v0,71)+271475) [max(s, 1)](273“) [min(s, 1)][min(vs71/2)—a(w+371+75+1)] )
Next we apply the inequality |||al|? — [|b]|*| < [la—b]| (la — b]| + 2 |b]|) for all a,b € R™, Hlder’s inequality and
inequalities (60)) and (B8] to obtain for all s € (0, h] satisfying € D that
* N (12 *
[11(2®) @ s W) (DI ot (VU @)
< [ [(F®) (@5, W) (VO)(¥Y) = o) (VU) («

L2(R)
H LA (Q;R™)

AW @) @5 W) (T ) = o) (YUY @) | + 2 @) | g oy | (VU @)|

LA (R)
<20 [16p]p (2p+3+max(yo,71)+714+75) [max(s, 1)](1+’YS) [min(s, 1)]{mm(’vs71/2)*04(70+2’Yl+’¥5+1)]

20[16p]pc(2p+3+max(’m »v1)+v1+75) [max(s,1)] (14+3)
[min(s,1)]~ [min(v3,1/2)—a (o +271+75+1)]

+ 2¢ (1 + 0715_0‘71) c [1 + cs_o‘] (pfl)/p}
<20 [16p]p 2@2p+3+max(vo,71)+714+75) [max(s, 1)](1+73) [min(s, 1)][min(’m»1/2)*204(70+2’Yl+’¥5+1)]
: {20 [16p])” [max(s, 1)] 1) + 8

(2+273) [ [min(vs,1/2)—2a(y0+2v1+75+1)] .

< [2%p] ™ PCp+3+max(om)+N+9) [ipax(s, 1)] min(s, 1)]

In addition, we note that Holder’s inequality, the assumption that U € Cg,c(Rd, [0,00)) and the inequalities ([@0)
and (B8)) imply for all s € (0,h], z € Dy that

[0/ () (80 @) (@, 5, W)l gy < N0V oy 1(29@) (@ W)l ey
(I (V2) = U' @)l s @z + 10 @ g ) HA@) @, 5 Wl aggma

< (6 8p]” c(2p+2+max(yo,71)+75) max(s, 1) [min(s, 1)][1/2*04('Yo+71+75+1)] tell+ U(,T)](pil)/p) cs
(

(64)
6 [8p]p c(2p+2+max(y0,71)+75) max(s, 1) [min(s, 1)][1/27a(70+’h+’75+1)] + 22 [min(s, 1)]704) cs

6 [8p]17 + 2) c(2p+3+max('yo,71)+'y5) [max(s, 1)](V4+1) [min(s, 1)][V4—a(’yo+71+75+1)]

<7 [8p]13 C(2p+3+max('yo,'yl)+'y5) [max(s, 1)](V4+1) [min(s, 1)][74_0¢(70+'Yl+'75+1)] )

Moreover, using the inequality |U(z) — U(y)| < ¢ (14 |U(@)|"" + [U(y)|7) |z —y|| for all 2,y € R? and inequal-
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ities (B3) and (B7)) shows for all s € (0,h], x € D, that
[UFE) = U@)]| foqmy < le @+ U@ +UEHM) Y = 2llll 2o

< e [1+ U@ + 10T oz | 1V = 2l 0me

{1 + |U(x)|77 + [2(2p+1)c2p max(l, |U(x)|(m5+1))r7} 8 c(2+max(30:71)+75) max(s,1)

[min(s,l)]*[1/2*0(’m+71+75)1

c
. - (3+max(~0,71)+75)

[1 + Vgt 4 o)y (ptpys )y [min(s, 1)] e } ?;in(s 1)]317;;(70?351(11)])

{2 + 2(2p+1)77} 8 c3+max(vo,71)+vs+(p(v5+2)+1)77] max(s, 1) [min(s, 1)] [1/2—a(yo+71+v5+77(PY5+1))]

24

. 9(2p+1)y7 [B+max(v0,71)+75+(P(¥5+2)+1)77] max(s, 1) [min(s, 1)][1/2 a(yo+m+ys+pys+1)y7)]

In the next step we insert (G6), (), E9), G2), ©3), ©4) and B3] into @T) to obtain for all ¢ € (0, h], x € D;

that
¢
E{exp(e”tU(Yf) +/ e’"U(Yf)dr)] — V@)
0

t
< / VZexp ( 9(2p+3)(76+2) gplmax(vg.2v1)+(v5+4) (v6 +2)] S) U@
0

[min(s,1)]‘1[(P75+1)(’Y6+2)+70+2’Yl]
. {Gp (2p+2+max(v0,71)+7s) [4p]” max(s, 1) [min(s, 1)][1/2*a(70+71+'ys+1)]

+ 20 [8p]? 2pF3+max(y0.71)+70+75) [nax(s, 1)](1+72) [min(s, 1)][min(vz,1/2)—a(2vo+71+75+1)]
+ 4_27 [8p]p c(@p+a+max(y0,71)+271+75) [max(s, 1)](273+1) [min(s, 1)][min('vs11/2)*a(70+371+75+1)]
+ % [29p] 2p 2(2p+3+max(y0,71)+71+75) [max(s, 1)](2+2V3) [min(s, 1)][min(vs,1/2)—2a(w+271+75+1)] (66)

+4 [8p]p c(2p+3+max(y0,71)+7s) [max(s, 1)](’74+1) [min(s, 1)][74*a(70+71+75+1)]

+924- 9(2p+1)y7 [B3+max(y0,7)+75+(p(15+2)+1)77] max(s, 1) [min(s, 1)][1/2—04(%)-‘1'%+’Ys+(p75+1)V7)] ds

t
< U@ / VZexp ( 9(2p+3) (76 +2) plmax(v0,271)+(75+4) (v6+2)] s)
0

[min(s,1)]*[P15+D (6 +2)+70+271]
c6+4p+6 max(y0,71,75)+py7(15+3)] [GP [4p]P 4 48 [8p]p + % [2914 2p + 9(3py7+5)

ax(1 2+423,1 . in(1/2 3,74) — (2704471 +275 s+1 2
. [max(s, 1)]de( +72,2+273,1+74) [min(s, 1)][111111( /2,72,73,74) =2y +Am+2v5 +(pys+1)17+2)] g0

This implies for all ¢ € (0, h], z € D; that

E{exp( v +fU(Y ) dr >]

2 (2p+3)(v6+2) plmax(vp,2v1)+(v5+4)(v6+2)]
< V@) +6U(I)/ max(p, 1) [2°p] 7 2977 exp(z 6+2) grlmax(10,271 o )
0

[min(s,1)]*IP75 D (6 +2)+70+271]

cl6+4p+6 max(yo,71,75)+py7(15+3)] [max(s, 1)][maX(72,1+273,V4)+1]
ds

: 2 4 275 5+1 2)—min(1/2 -
[min(s, 1)][a( Yo+471+275+(pys+1)77+2)—min(1/2,72,73,74)]

t
U(x) 2(2p+3)(v6+2) ,4P(v6+2) max(70,71:7552)
<e |:1 + geXp( [min(&1)]CV[(P’75+1)(’YG+2)+’YU+2’Y1]

max(p,1) [Qpc]fip(w7+3) max(1,70,71,75) [max(s,1)] [max(vg,14+2v3,7v4)+1]
’ [min(s, 1)][*Cr0 T2 F (s F D7 +2) —min(1/2,792,73,74)] 8

ds|.

< U(z) 1 t [26]4p(’76+2)maX(wow’YL’Ys,Z)S max(p,l)[QpC]Gp(77+3)max(l’wo"“"75)[max(s,l)][max('u’1+273’74)+1]
> € + fexp [min(s,l)]a[(p’m+1)(76+2)+70+271] [min(&l)][a(2’m+471+2'v5+(p'v5+1)’v7+2)*min(l/Z,’Yz,73,74)]

Combining this with [@3]) proves [@2)) and thereby finishes the proof of Lemma [Z7 O

2.3 Exponential moments for stopped increment-tamed Euler-Maruyama schemes

Using Corollary and Lemma 2.7 above, we are now ready to establish exponential moment bounds for a
class of stopped increment-tamed Euler-Maruyama schemes in the next theorem.

Theorem 2.8. Let T,v,p € [0,00), d,m € N, p,c € [1,00), g € (1,00), pu € LO(RYGRY), o € LO(RY; RIX™),
U € G (R, [0,00)), U € C(R,R), a € (0,5 min{="5, (q+8)7+2}) let Dy, € B(R?), h € (0,T], be a non-
increasing family of sets satisfying Dy, C {x € R?: U(x) < 7=}, #lp, € C(Dn,RY), o|p, € C(Dp,R>*™) for
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all b € (0,77, let (2, F,P, (Ft)iejo,r)) be a stochastic basis, let W: [0,T] x Q@ — R™ be a standard (F¢)ie(o,1)-
Brownian motion with continuous sample paths, let Y": 0,T] x Q — R?, h € (0,T), be adapted stochastic
processes satisfying

Y/ =Y+ 1p, (V)h)

KOG =)+ 7f) (i~ W) ] (67)
L+ [[n(Y5)(t = nh) + o(¥h) (We = W) ||

for allt € [nh,(n+1)h|N[0,T], h € (0,T], n € Ny and assume

@) + lo@)llsn ze) + 0 @)] < c(1+U@)7), ER=L0L < e+ U@+ [UE)), (68)
(GuoU) (@) + 5 [lo ()" (VU)(@)[|* + U(x) < p-Ulx) (69)
for all x,y € R with x #y. Then it holds for all t,h € (0,T] that
limsup sup E{exp(Ué,i‘r) +f [ Lo YLZJ,L)U(Y ) ds)} < lim supE{eU(YOT)} and (70)
™0 wel0,7) N0

E[exp(my ) +f L, OV, ) OO ds)} - exp(max(p’l) [minm,nﬂm‘““”“1>/“<é+1m“W“”) E[eUWJ‘)} _

ers exp(—[5cq maX(T71)]9p(q+l) max(vy,1) de(v,q,Z)(7+2))

Proof of Theorem[2.8. Define vo := 71 1= v6 := 77 := 7, 72 := 73 := 2 —a(q+1)y,74 := (qgl)—a(q—i—l)%% =0
and ¢ := [16¢ ) gmax(T, 1) In addition, let D € RY, s € (0, 4], h € (0, T}, be defined by D" := D,
for all s € (0,h],h € (0,T] and let &, € COL2(R? x [0, h] x R™, R?), h € (0,T], be defined by

(I)h (:Ea S, y) =x+ ngh) (CE) |:1+|ﬁ£8;:fg((mii}y”qi| =+ ]th (‘T) 1+ﬁbi(mi;:f§(m;§}y”q:| (71)

for all (z,s,y) € RY x [0,h] x R™ and all h € (0,T]. We now verify step by step all assumptions of Lemma 271
First of all, we observe that D{ = D, C {z € R%: U(z) < &} C {z € R%: U(z) < £} for all t € (0, 4],
h € (0, T). Next note that ®,(z,0,0) = 0 for all z € R%, h € (0,T] and that ®,(z,t,y) = z for all z € RN\ D™

€ (0,h], h € (0,T], y € R™. Moreover, observe that (G) ensures that (36) in Lemma 21 is fulfilled.
Furthermore, note for all h € (0,7] and all (z,s,y) € R% x (0, h] x R™ that

(%(I)h) (ZL', S, y)

~1p,(@) lﬂ(x) (1 + l@)s + o@)yl) — (u(a)s + o(x)y) g [(a)s + 0@yl (u(a)s + () u(x»]

h

1+ flu(x)s + o(x)yl?)

(@) [p@)s + o@yll” g (u@)s + o@)y) ln)s + o@)y| " (pz)s + o(@)y, pz)) _
L+ |lpu(@)s + o(z)y|* (1+ |u(@)s + o(z)y)|9)

This implies for all & € (0,T], s € (0, h] z € DM, y € R™ that
[(Z@1)(z,5,y) — ul@)| < (q+1)[|lu(z)s + @)y ||u()]| . (72)

Moreover, the inequality ||0‘($)Ws||LT((Z;Rm) < sr(r—1)/2]lo(2)|lyggm ray for all r € [2,00), s € [0, T] shows
for all r € [2,00), h € (0,T],s € (0,h], z € DI C D, that

(@) + o (@)Wl ey < s (L+[U@)]7) +e/sr(r = 1)/2(1+ [U(2)]7)
<c (s + c'Vs(l*o"Y)) +er(r—1)/2 (51/2 + 075(1/270‘7))

< ) max(T, 1) s(1/2727) (2 +2+/r(r — 1)/2)

< 2 max(T, 1) s(1/2797),

= 1p, (z) [M(x) -

This together with (2] and the fact ay < 1 implies for all h € (0,7}, s € (0,h], z € D" C D, that
[(F5@n) (@, 5, We) = ul(@)|| s ey < (@+ 1) 1(@)s + o (@)Wel L aa ) 1)

<(g+1) [SC(H'V)qmaX(T, 1)} * 510/2=90) (1 1 |U(2)[)

q

<c(g+1) {8c(1+7)q max(T, 1)} 51(1/2=72) (1+c7s77)

74
<) (g+1) [8c(1+7>qmax(T, 1)}‘1 sla/2=alat)y) (g7 4 1) (74)
< 2¢3+7g [8c(1+7)q max (7, 1)} " gla/2=atat) o [max (T, 1)]

(¢+1)

< [8c(1+7)qmax(T, 1)} §(@/2=a(@+1)7) < g5,
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This proves that (38) in Lemma 7 is fulfilled. Similarly, it holds for all h € (0,7, (x,s,y) € R% x (0, h] x R™
that

(aiyq)h)(xv 57y>
_ () (14 ||u(@)s + o(2)y]|?) — (u(x)s + o(@)y) q |u(x)s + o)y (u(z)s + o(x)y)" o(x)
]th('T) q\2
(1+ [|(z)s + o(2)y]| )

ZHD@ﬂkwy_dmnmms+dmmw_quw+a@mnm@w+ouMW?”wuw+ouwrouﬂ_
g L+ [u(@)s +o(@)y]” (1+ [|p()s + o(2)y]*)”

This implies for all h € (0,7}, s € (0,h], z € Dgh), y € R™ that
[(Z5®n) (2, 5,9) = 0 (@) g gm gy < (0 + 1) ()5 + o @)yl ? lo(@) s gm pey - (75)
This together with (Z3) implies for all h € (0,T], s € (0,h], x € D" C D, that

|(Zon) @5 1,) — o(a)]

oo ey < @+ D@3+ 0@ Wl 7@ s o

<(¢g+1) [160(1+7)qmaX(T, 1)} I 54(1/2=va) (1 + cvs—cw)
< (g+1) [16c(1+7)q max(T, 1)]q sla/2=ala+0] (527 1) (76)
< 2¢0H7)g [160(1+V)q max (T, 1)} ! sla/2=ala+1)] 9 max(T, 1)

}(qﬂ) gla/2—ala+)] _ a8

< [160(1+V)q max(T, 1)

This shows that ([B9) in Lemma 27 is fulfilled. In the next step let ¢: R — R? and ¢;: R? — R4 i € {1,...,m},
be functions satisfying ¥(z) = e and o(2) = (01(2),02(2),...,0m(2)) for all z € R%  Observe that
Y € C?(R4,RY) and that for all z,u,v € R? it holds that

1//( ) {u c2=0 4
Zu=94 Al ) an
e T e A FO

¥"(2)(u,v)

{o 2=0
=) _dlzl P uz )tz te(un)]  ala=2) )zl Valz0)zu) | 2¢3 212 Pz u)z) :
(1+]2[[9)2 (1+]z]9)2 T (T+z]9)® 270

This implies for all z,u € R? that

S ) = 3 (=2 ) =0
U= 2202 D e 2 allzl TP [2udz ) ballul®] g(q=2) ]2 2[(zu) 2

(1= A+ EFDE A0
Hence, we obtain for all i € {1,2,...,m}, (z,s,y) € R% x (0,h] x R™ that
Sra(v @)+ o)) = (0 (ua)s + o) () = ¥ (ute)s + o)) (1(0). ()
_ Lpayoy (u(@)s + o(@)y) 24 |u(@)s + o (@)y|*“" (u(@)s + o(2)y) [(p(2)s + o(@)y, 0s(x))*
1+ llu(@)s + o(z)yl|?)’

a0 (@) st (@)y) allp@)sto @)yl [200 (@) (u(@) o (0)y,00()) + (@) st @) llos (@)]12]
(THTa@) s+ o @)y

ey (u@)s + o(2)y) a (g = 2) [lue)s + o)yl ™" (u(@)s + o(@)y) |(p(@)s + o@)y, o (@)
(Ut llaa)s + o))
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This and the Cauchy-Schwarz inequality show for all (z,s,y) € R? x (0, h] x R™ that

82
oy?

(z/f(u( s+ox H

200 @) + o@yl Y o @l fs@n g | 3allu@)s + o@yl " o) s g g
(1+ u(@)s + o (z)y] )’ (1 + [lu()s + o(@)ylo)? (78)
qlq =2/ | u(@)s + o @)y o (@) | fs@n 20
(1+ | u(@)s + o (x)]| 1)
< [2¢* + 3¢+ qlg — 2/] |u@)s + o (@)y] " o (@) fisgm g -

Consequently, it follows for all h € (0,7, s € (0,h], x € Dgh) C Dy, y € R™ that

m

(A, @) (@, 5, )] < ZH @5, W)l <3 [ (24° + 30+ 4°) n@)s + o @) o @) 7o)

=3¢ (q+1) ()5 + o @l lo(@)lfis e e
This together with (3]) and the fact 2ay < 1 yields for all h € (0,T], s € (0,h], z € DM C D, that

1)
120 @n) (@ 5. W) | gy < 30+ 1) le)s + o @Wall 52y ey 10 Frs e e

1
<3q(q+1) [1(2)s + o (@)W | 1 g 1@ s om

1

(
<3q¢(g+1) [8c(1+7)qmaX(T,1)] T gamD/2-90) (2 (1 4 U (2))?

(ga=1)
<6g(qg+1)c {80(1+7)qmax(T, 1)} sla=11/2=7e) (14 c*7s72%7)

71)

< 126324202 [80(1+7)qmax(T, 1)} N slla=1/2=ala+1)91 9 [max (T, 1)]

}(Hl)

< {80(1+7)qmax(T,1) [(a=1)/2—ala+1)] < pgm.

This proves that {@0) in Lemma 27 is fulfilled. Next observe for all h € (0,T], s € (0,h], z € DM re [1,00)
that

[Pn(z, s, Ws) — :C”LT(Q;]RUZ) < min(l, l[p(z)s + U(x)WsHLr(Q;Rd)) (81)
< emin(r, 1+ U@, (1 4+ V@) 1) + o@Wall o) -

This shows that ([@Il) in Lemma 27 is fulfilled. Thus all assumptions of Lemma 7] are satisfied. Next define
real numbers 9, € (0,00), h € (0,T], by

9 h [26]417(76*2) max(70,v1,75,2) max(p,1) [2pé max(h71)]6p(’y7+3) max(1,70,Y1s---» ~5)
h = €Xp [min(h,1)]a[(p'v5+1)(’v6+2)+’m+271] [min(h,l)][0(2’m+471+2'v5+(p'v5+1)‘v7+2)*min(1/2,’vz,‘73,74)]

(82)

N h [26]4p(w+2) max(7v,2) max(p,1) [2pé max(h,l)]”“*s) max(2,2v,q)
= P\ Tmin(m, 0] ) [min(h, 1))l 2 min(/2, (a-1/2-a(at )]

for all h € (0,T]. Note that the estimates a[4y + 2] —1 < 0 and a [Ty + 2] —min(1/2,(¢—1)/2—a(qg+1)7) <0
ensure that the function (0,7] 3 h +— ¥} € (0,00) is non-decreasing and that limp\ o9, = 0. Combining
Lemma 2.7 with the fact that (0,7] 3 h — 9p, € (0,00) is non-decreasing implies for all h € (0,7, (t,x) €
(0, h] x R? that

t
E|:6Xp< (@h(tht)) +f ]th(Z)U(j::(méWS)) dS):| < <1+/ Vs ds) eU(m) < (1+19ht) eU(z). (83)
0

Clearly, this implies for all h € (0,7, (¢,z) € (0,h] x R? that

E[exp(1Dh(z>U<q>f(z,t,wt)> I EENCTCNEES) ) )} O tHU(2) (84)
0

er ers

Corollary 23] hence yields for all h € (0,T], t € [0, T] that

E[exp(ngh) . L1, (V)OO dr)] < eﬂhtE[eU(Yoh)} . (85)

err
0
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This implies for all h € (0,7T] that

Sup E|:6XP<U$:;) +th th(YEJPZ) uwsd) dS):| < eﬁhTE{eU(Yoh)} ) (86)
te[0,T) 0

This and the fact limp\ o9, = 0 then show (Z0). Next observe that the estimate z < exp(xl/ 20) for all
x € [572,00) shows for all h € (0, 7] that

9T

v+ T +1)74p 2) max(v,2 3p(v+3) max(2,27,
<h [2[160( l)q max( 11)]((1 1)} ( ) @2 > max(p,1) 1 [2;0 ma x(h,l)[lﬁc( 1)q max (7 ,1)](q 1)] ¢ ) ¢ 9
= exp

[min(h,1)]M7+2] [min(h, 1))y +2—min(1/2,(a-1)/2=a(a+1)7)]

< max(p,1) exp([5cq max(T,1)]%? max(y,1)(g+1) (v+2) max(7’2))[5cpq maX(T,l)]GP(Hl) max(7v,1)(v+3) max(2,2v,q9)
— [min(h,1)]lel77+2-min(1/2.(¢=1)/2—a(q+1)7)]

max(p,1) exp([5cq maX(T,l)]SP(Q‘Fl) max(vy,1) maX(mZ)(w+2)+[5cpq maX(T71)]3/1OP(Q+1) max(v,1) n1ax(2,2'y,q)('y+3))
< [min(h,1)][@7y+21-min(1/2,(¢=1)/2=ala+1)7)]

max(p,1) exp(2 [5cq max(T,l)]Sp(‘”U max(v,1) maX(%q,2)(w+2))
— [min(hJ)][a[7v+2]7min(1/2,(q*l)/2fa(q+1)'v)]

(87)
Combining (86]) with (87) completes the proof of Theorem [Z.8 O

The next corollary of Theorem I considers the case where the sets D;, € B(R?), h € (0,T], satisfy
{z € D: U(z) < cexp(|In(h)|'/2)} for all h € (0,7] and a Borel measurable set D C R? (see Corollary 2]
below for details).

Corollary 2.9. Let d,m € N, T,p € [0,00), ¢,q € (1,00), u € LO(R%RY), o € LO(RY;RI*™), U € C(RY,R),
D € B(RY), U € Upep1,00)Cp (R, [0,00)), let Dy € B(RY), h € (0,T], be a non-increasing family of sets
satisfying Dy, C {x € D: U(z) < c exp(|In(h)|Y?)}, u|p, € C(Dy,R?), o|p, € C(Dy,R>™) for all h € (0,T],
let (2, F, P, (Ft)tefo,1)) be a stochastic basis, let W: [0, T] x Q — R™ be a standard (Fy)¢ejo,r)-Brownian motion
with continuous sample paths, let Y": [0,T] x Q@ — R%, h € (0,T)], be adapted stochastic processes satisfying
SUDpe(0,7] E[eU(YOh)} < oo and

h_ vh h (o) (t=nh) +0 (V) (We =Wan)
V= Vil + 1o, (V)| et s e 0 (88)

for allt € [nh,(n+ 1)h|N[0,T], h € (0,T], n € Ny and assume

@)l + llo(@)las@nrey < c@+[2]),  [U@) = U@ <c@+ [+ ]yl =z -yl (89)
(G U) (@) + 3 [lo (@) (VU)@)|* + U(x) < p-Ulx), ||V < c(1+U()) (90)

for all x,y € R Then supje (o 7 SuPeio ) E[exple P UY") + [ge™?* ]th(YLZJh)U(Ysh)dS)] < oo and
lim supy,« o sup;epo,7] E[ exp(e P U (Y}) + [ge™* 1p, (Y[, ) U(Y])ds)] <limsupy oE [eU(Yoh)] .

Proof of Corollary[Z.9. We show Corollary 2.9 through an application of Theorem 2.8 For this define real
numbers v := ¢(¢+ 1) and « := %min{ﬁ, ﬁ} and observe that (89), (@0) and the assumption U €
Upelt,00)Cp o (R%, [0,00)) ensure that there exist a p € [1,00) and a ¢ € [¢,00) such that U € C3 -(R%, [0, 00)),

such that for all h € (0,7 it holds that cexp(|In(h)|'/?) < ¢h~* and such that for all z,y € R with z # y it
holds that

(@) + llo @) las@m rey + U @) < €A+ [U@)]7), [U@) =T <e@+[U@)]7+ UG |z -yl (91)
An application of Theorem [Z8 thus completes the proof of Corollary 2.9 O

Theorem and Corollary 2.9 above establishes exponential integrability properties for a family of stopped
increment-tamed Euler-Maruyama approximation schemes. Another interesting class of approximation schemes
which might admit exponential integrability properties are certain rejection- or reflection-type methods. More
formally, let d,m € N, let (Q, F,P) be a probability space, let D; € B(R?), t € (0,T], be an appropriate non-
increasing family of sets, let W: [0, 7]xQ — R™ be a standard Brownian motion and let YV {0,1,..., N}xQ —
R?, N € N, be stochastic processes satisfying

N N N N
Yol = Y0+ Ly N (v ) E 4o () Wensnyryn Wz )€} [PV )% + 0¥ ) (Wasnr —War)| - (92)

for all n € {0,1,...,N — 1} and all N € N. Under suitable additional assumptions we suspect that the
stochastic processes YV, N € N, also admit exponential integrability properties. In the setting of the Langevin
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equation, a similar class of approximation methods has been considered in Bou-Rabee & Hairer [I]. Further
related approximation methods have been studied in Milstein & Tretjakov [24]. In [I5] (see, e.g., Section 3.6.3
n [15]) several types of appropriately tamed schemes have been investigated. The taming often constitutes by
dividing the increment of an Euler-Maruyama step through a possibly large number and thereby decreasing
the increment of the tamed scheme (cf., e.g., (3.140), (3.141) and (3.145) in [I5]). The larger the number by
which we divide the original increment of the Euler-Maruyama step the stronger is the a priori bound that we
can expect for the tamed scheme. In particular, if the increment of the Euler-Maruyama step is tamed by an
appropriate exponential term, then we might obtain a scheme that admits exponential integrability properties.
For instance, consider stochastic processes ZV: {0,1,..., N} x Q — R? N € N, satisfying

w(ZN )% + o (ZY)Winsnyr/ny — War/n)
eXP(HM ZN ~ T U(ZN)(W(n+1)T/N - WnT/N)H2)

Zy, =ZN + (93)

for alln € {0,1,..., N —1} and all N € N or, more generally, consider stochastic processes ZV: {0,1,..., N} x
Q — R?, N € N, satisfying

w(Z)) % + o (ZNYWarnyr/n — Waryn)
maX{L = GXP(% |(ZN) % + o (ZY ) Wagnyryn — WnT/N)H2)}

Z7]l\[+1 Zy + (94)

foralln € {0,1,..., N —1} and all N € N and some appropriate a, § € R. Under suitable assumptions it might
be the case that schemes of the form (@3) and ([@4]) admit exponential integrability properties.

3 Consistency and convergence of a class of stopped and tamed
schemes

This subsection analyzes a class of appropriately stopped increment-tamed numerical approximation schemes
for SDEs. For this analysis we use the following slightly generalized version of the consistency notion in
Definition 3.1 in [15].

Definition 3.1 (Consistency). Let T € (0,00), d,m € N, let D C R% be an open set and let u: D — R? and
o: D — R¥*™ be functions. A function ¢: R x (0,T] x R™ — R? is said to be (u,)-consistent with respect to
Brownian motion if for all t € (0,T] it holds that R x R™ > (x,y) — ¢(x,t,y) € R? is Borel measurable and
if there exists a probability space (2, F,P) and a standard Brownian motion W: [0,T] x Q@ — R™ such that for
all non-empty compact sets K C D it holds that

lim sup <\/E sup E|||o(z)W; — (b(z,t,Wt)”) =0 = limsup <sup () — 1 - Elo(z,t, Wt)]H) . (95)
A zeK N0 \zeK

In Definition 3.1 in [I5], the increment function ¢ is assumed to be Borel measurable while in Definition B.1]
above the increment function ¢ does not need to be Borel measurable in all three arguments (z,t,y) € R? x
(0,T] x R™ (see Definition B] for details). In Proposition B4l below it is shown under suitable assumptions
that if a numerical one-step scheme is consistent in the sense of Definition B.I] then it converges in probability
to the exact solution of the considered SDE (cf. also Corollaries 3.11-3.13 in [I5] for strong convergence results
based on consistency).

3.1 Consistency of stopped schemes

The next lemma establishes consistency of appropriately stopped numerical approximation schemes.

Lemma 3.2. Let T € (0,00), d,m € N, let D C R? be an open set, let u: D — R? and o: D — RIX™ pe
functions, let ¢: Rx (0, T]xR™ — R? be (u, 0)-consistent with respect to Brownian motion and let Dy € B(R?),
t € (0,T], be a non-increasing family of sets satisfying D C Ute(O,T]lc)t. Then the function R? x (0,T] x R™ >
(z,t,y) = 1p,(x) - ¢(x,t,y) € R? is (1, 0)-consistent with respect to Brownian motion.

Proof of Lemma[Z2. Throughout this proof let K C D be an arbitrary non-empty compact subset of D. The
fact that K is a compact set together with the assumption that D C Uy 7Dt ensures that there exist a real
number tx € (0,7] such that K C D, «- The fact that the family Dy, t € (0,71, is non-increasing then shows
for all ¢ € (0,tx] that

S S E[lo(@)We — L, () 6o, t, Wl | = 5 - sup B[l () W — (a1, W) (96)
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and

sup (@) = ¢ - E[1p, (@) o(z £, Wy)][| = sup [ju(x) = ¢ - Elo(z,t, W] | (97)

reK

Combining this with the assumption that ¢ is (u, o)-consistent with respect to Brownian motion implies

lim sup sup]E[H @)Wy — 1p, (2)(z, 1, Wt)\” ~0 (98)
t\0 \/E reK
and
lim sup (sup |u(z) — 1 -E[Lp, (x)p(x,t, Wy)] H) =0. (99)
t\0 reK
Combining ([@8)) and ([@9) with Definition Bl completes the proof of Lemma O

3.2 Consistency of a class of incremented-tamed Euler-Maruyama schemes

The following lemma proves consistency for a class of increment-tamed Euler-Maruyama approximation schemes
for SDEs.

Lemma 3.3. Let T € (0,00), q € [1,00), d;m € N, let D C R? be an open set and let p € L°(D;RY) and

o € LO(D;RY™) be locally bounded. Then the function R x (0,T] x R™ > (z,t,y) — % € RY is

(1, 0)-consistent with respect to Brownian motion.

Proof of Lemmal3.3. Tt holds for all non-empty compact sets K C D that

p(x)t + oz
lim su sup E H M)
t\0p< ekt [ We = L+ [ju(z) t+0 Wth

)t ?_
— lim sup <% sup E{H o)W || ()t + o () Wy | - p( H])
N0 zeK L+ [[p(z)t + o(z) Wi |
< timsup (% - sup B[ o (o)W lu(a)t + oWl — (o]
o (100)
< timsup (3 - sup B[ loo)Wil )t + o) Wil"] ) + timsup (V5 sup (o))
N0 z€K N0 zeK
<207 timsup (104 [sup o)l e )17 BI04
t\0 reK
+ 2@ Jim su <L [su o (1+?ﬂ) [ 1% (Hq)]) =0.
nsup | 77 Ie}P{H (@)l & R Wil
In addition, note for all non-empty compact sets K C D that
t
lim sup <Sup Hu(x) ~1 E[ ()t + o(x)Wy q] ‘ >
N0 \zeK 1+ [[u(@)t + o () W]
t q
< lim sup (sup ’E[M(x) ()t + J(z>Wt||q } D + lim sup (t sup HE{ ()W q} D
o \zek || L1+ [[p(@)t + o(z)We| N0 eek || L1+ lp()t + o(z) Wi
< timsup (sup B (o) o)t -+ o2)Wi ]
re
101
+ lim sup (l - sup HE[ o(@) Wi - a(x)Wt] D o
o \C we |l L1 [lp(@)t + o(a) W
q
— lim sup (% . sup HE[U(x)Wt |z}t + U(x)WZH ] D
N0 weK L+ [lp(2)t + o (2) W]
< limsup (% -sup E[ [|o(2)] m gy IWell llu(2)t + 0($)Wt|q]) =0.
t\0 reK
Combining (I00) and (I0I]) with Definition 3] completes the proof of Lemma B3 O

3.3 Convergence of stopped increment-tamed Euler-Maruyama schemes

This subsection establishes consistency, convergence in probability, strong convergence and numerically weak
convergence of a class of stopped increment-tamed Euler-Maruyama schemes.
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3.3.1 Setting

Throughout Subsection B3] the following setting is frequently used. Let T € (0,00), d,m € N, let D C
R? be an open set, let (2, F,P, (Ft)tepo,r)) be a stochastic basis, let W: [0,7] x @ — R™ be a standard
(Ft)te[o,r-Brownian motion, let p: D — R? and o: D — RY*™ be locally Lipschitz continuous functions and
let X:[0,7] x Q — D be an adapted stochastic process with continuous sample paths satisfying

t t
X, = X, +/ u(X,) ds +/ o(X,) dW, (102)
0 0
P-a.s. for all t € [0,T].

3.3.2 Convergence in probability of appropriate time-continuous interpolations

The next proposition, Proposition B4l is a slight generalization of Theorem 3.3 in [15]. The proof of Proposi-
tion B4l is entirely analogous to the proof of Theorem 3.3 in [15] and therefore omitted.

Proposition 3.4. Assume the setting in Subsection[3.31, let ¢: R% x (0, T] x R™ — RY be (i, 0)-consistent and

let YN:[0,T] x Q = R?, N € N, be mappings satisfying for all N € N, n € {0,1,...,N —1}, t € (&L, (nJ;Vl) ]

that Y = Xo and YN = Y,{VT + (tN n) . (b(Yﬁ, N,W (DT — WTT) Then it holds for all € € (0,00) that
N N

Mmoo P[Supte[O,T] 1 X: — YNH > 5} =0.

The next proposition is an extension of Proposition [3:4] and proves convergence in probability of suitable
time-continuous interpolations of numerical approximation processes of consistent schemes.

Proposition 3.5. Assume the setting in Subsection[T 31, let ¥: R% x (0, T]?xR™ — R? be a function satisfying
that R% x (0,T] x R™ > (x,t,y) — U(z,t,t,y) € RY is (u,0)-consistent, let YV :[0,T] x @ — RY, N € N, be
stochastic processes with continuous sample paths satisfying for all N € N, n € {0,1,...,N—1},t € (ﬂ M]
that Y{¥ = Xo and Y,V =Y. + \P(Yflv_T, %, t— %, Wi — W%), assume for all non- empty compact sets K C D
that there exists a hk € (0, 7]¥] such that for all h € (0, hi] it holds that sup,¢ jc supyejo ) ¥ (2, byt — [t]n, Wi —
Wi ) is F/B(R)-measurable and assume for all non-empty compact sets K C D that

limsup E lsup sup ||\Il(z, hyt — |t]p, Wy — th)” (103)
hN\O z€K te[0,T)
Then it holds for all € € (0,00) that imy_ 00 P[supte[oﬂ [X: = YN >e] =0.
Proof of Proposition[3.8 The triangle inequality implies for all N € N that
sup || X < sup HX X H+ sup HX Y H+ sup HYN—YN H 104
t€[0,T] % - H t€[0,T] ¢ Aoy t€[0,T] Wz = SLtr/n e Il Lz~ (104)
Combining this, Proposition B4l and continuity of X;, ¢ € [0, T], implies for all € € (0, 00) that
limsupP| sup HXt — YtNH >e
N—oco t€[0,T]
< limsupP| sup HX X H > £| + limsupP| sup HX Y H > £
N—oo Le 0,77 to Sl 3 N—ooo  |t€[0,T] Ltz Ltz 3 (105)

+ limsupP| su HYN—YN H > £
N Le[OPT] ’ Lelz/n s

= limsupP| su HY - Yy H
N—>oop LE OI')T Ltj T/N

Y
wl|m
| S

It thus remains to prove that supc( 1 YN — YL]t\jT/N || converges to zero in probability as N — oo. To prove
this we define a sequence D,, C D, v € N, of open sets by D, := {z € D: ||z| < v and dist(z, D¢) > 1} for all
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v € N. Then ([[03) and Markov’s inequality show for all € € (0,00) and all N,v € N that
h]IVnSupP[{Supte[OyT] YN - YLJt\ﬁT/NH > 5} N {Vt €[0,7]: YLJt\ﬁT/N € D”H
— 00

ZHmSHPP[ weeory: vy enoy (5wrepom [V = Vi, [l 25}

N—oo
1 . [ N N
< - llzglj;loPE _R{Vte[o,T] Y x eDu}(SUPte[OyT] ||Yt - YMT/NH )} (106)

1
-~k El1
i

en,y (5wyepo ) (YR, 0 a0t = [Elyn We = W) | )]

1
< =~ limsupE| sup sup ||\Il( va — LtJT/NthWLtJT/N)H] =0

€ N-oo | z€D,, t€[0,T]

In addition, Proposition B4 and the continuity of the sample paths of X imply for all € € (0, 00) that

hmsuphmsupP[{supte 0,7 HY YLJt\ﬁT/NH > 5} N {ﬂt €1[0,7]: YLJt\ﬂT/N ¢ DQU}:|

v—00  N—oo

< lim sup lim supP[Et €[0,7]: YLtJT/N ¢ ng}

vV—+00 N —o00

< llnlsupllmsupPHsupte[oﬂ HXLtJT/N - YI_Jt\iT/NH < U} {315 €[0,77: YLHT/N ¢ DQU}:|
V00 107
+1i li P | x Vi =% Hon

im sup i sup P | supefo, ) || Xie)rn = Yitjrwll = 20

vV—00

= hmsuphmsupIP’Hsupte[O’T] HXLtJT/N _YL]t\jT/NH < v} {Et €[0,7]: YLtJT/N ¢ DQU}:|

vV—>00

< hmsuphmsupp[at € [0,T]: X (1) & D } < limsupP[3¢ € [0,T): X, ¢ D,] =0.

v—00 N—o00 vV—00

Combining (I06) and ([I07) proves that sup,cp 7 ||V, — Yé\ﬂ . || converges in probability to zero as N tends
to infinity. The proof of Proposition is thus completed. O

3.3.3 Convergence of stopped increment-tamed Euler-Maruyama schemes

Combining Lemma 3.2l and Lemma [B.3] immediately proves the following consistency result.

Corollary 3.6. Let T' € (0,00), ¢ € [1,00), d,;m € N, let D C R< be an open set, let Dy € B(RY), t € (0,T],
be a mon-increasing family of sets satisfying D C Usc(o,r) Dt and let p € LO(D;RY) and o € LO(D;R¥*™) be

locally bounded. Then the function R? x [0,T] x R™ > (z,t,y) — lfﬁli)(gs#)(t?jza);mll)‘?] € R is (u, 0)-consistent

with respect to Brownian motion.

Combining Corollary with Proposition shows that the stopped increment-tamed Euler-Maruyama
schemes converge in probability. This is the subject of the next result.

Corollary 3.7. Assume the setting in Subsection [Z.3.1], let ¢ € [1,00), let D; € B(R%), t € (0,T], be a non-
increasing family of sets satisfying D C Use o, Dt and let YN [0, T)x Q — R, N €N, be mappings satisfying
Y = Xy and

p(Y2)(t ~ %) + o (Vi) (W — War)

YV =YY +1p, (VY (108)
¥ S e D e W
N
for all t € [’}VT, ("";Vl)T], n € {0,1,...,N — 1} and all N € N. Then it holds for all ¢ € (0,00) that
1imN_>OOIP’[supte[O 1 Xe=Y N > e] = 0. Moreover, if p € (0,00) satisfies limsupy_, (supsepo,m E [HYNH 1) <
00, then it holds for all g € (0,p) that limy 00 (supte[O,T]E[HXt—YNH ])=0and SUPe(o,7] E[[| X¢||”] < oo. In

addition, if f: C([0,T],R%) — R is a continuous function which satisfies lim sup, 1 imsupy_, o [|f(YN)|p] <
00, then limy o E[f(Y )] = E[f(X)].

Proof of Corollary[3.7. Throughout this proof let ¥: R? x (0,T]? x R™ — R? be defined by

p(x)s + o(x)y
L+ f|u(z)s + o(x)y||?

U(z,t,s,y):=1p,(x) (109)
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for all (z,t,s,y) € RYx (0,T)?x R™. Then Corollary B8 implies that R% x (0, T] x R™ > (x,t,y) v V(z,t,t,y) €
R? is (u, 0)-consistent. In addition, observe for all non-empty compact sets K C D that

limsupE |sup sup H\II x, hyt — |t|n, Wi _WLtJh)H
Y z€K t€[0,T]
_ t o
2 s [, o [ AL L) oI W)
o [seiciciomy L+ @)t — 1) + o (@) (Wi = Wiy )]

<limsupE|sup sup (110)

ANO €K te[0,T)

< Hu(mfmh)m(z)(wt Wiay,)| )]
1+ (@) (t = [t]n) + o (@) (Wi — Wy, )||°

<limsupE|sup sup |[u(z)(t— [t|n)+o(z)(W; — WM,I)H]
N0 | 2€K te[0.T]

< <limsuph> (sup ||u(z)|> <hmsupEl sup HWt th”]> <sup |O’(SC)||L(Rm7Rd)) =0.
RN\O zeK hN\O te[o,T zeK

Proposition B3 hence shows for all € € (0,00) that limy 00 P[sup;e(o 1 [ Xt — YiV[| > €] = 0. The proof of the
strong convergence statement in Corollary 31 is entirely analogous to the proof of Corollary 3.12 in [I5] and
thus omitted. It thus remains to prove the weak convergence statement in Corollary 3.7l For this assume that
p € (1,00) is a real number, that Ny € N is a natural number and that f: C([0,7],R%) — R is a continuous
function with supyen,, No+1,...} E[If(YN)[P] < oo. The fact that Supyeo, 77 |1 Xt — Y, Y| converges in probability
to zero as N — oo together with, e.g., Lemma 3.10 in [I5] proves then that

E[If(X)F] <oc  and  Vee(0,00):  lim P[f(X) - fYV)| ze] =0. (111)

This shows that the family | f(X) — f(Y™)], N € {No, No+1,...}, of random variables is uniformly integrable.
Combining this and (ITI) with, e.g., Corollary 6.21 in Klenke [I9] proves that limy_. E[|f(X) — f(YV)|] = 0.
The proof of Corollary B.7is thus completed. O

Combining Corollary 3.7 with Corollary 2.9 and Fatou’s lemma results in Corollary 3.8l Corollary 3.8
establishes both exponential integrability properties and for any r € [0, c0) strong L"-convergence.
Corollary 3.8. Letd,meN, T,p E [0,00), Kk € (0,00), ¢,q € (1,00), u € LORERY), o € LORY;RI*™), U €
C(R%, [~c,0)), U € Upelt OO)C (R?[0,00)), let D C R? be an open set, let (Q, F,P, (Ft)tepo, 1)) be a stochastic
basis, let W:[0,T] x Q — R™ be a standard (Ft)ie(o,r)-Brownian motion with continuous sample paths, let
X:[0,T)xQ— D be an adapted stochastic process with continuous sample paths satisfying E[ U(Xo )] < o0 and
Xt:XO—i—fOt ds—f—fo s) AW P-a.s. foralltE[OT] let YN:[0,T]xQ =R 75: Q— [0,7], N €N,
be mappings satzsfymg TN = 1nf ({n e{0, £, 2L, ... T} Y, nT/N ¢ D or|Y T/NH > exp(| In(T/N)|V/2) }u{T}),
YON = Xy and

p(Y)(t =) + o (Vi) (Wi — War)
Y, r/nED and | nT/N”Se"p(‘ln(T/N)|1/2)} 1+ HH(YT{V_T)(t L) +o(V] )(Wt Wa T)Hq
N

vy Y£+1{ (112)

for allt € ["T (nJ]er)T], n € {0,1,...,N — 1} and all N € N, and assume that u|p: D — R? and o|p: D —
RI*™ qre locally Lipschitz continuous and that

(@) + o (@) lus@m zay < c(L+ |21, [U@) = U@)l <@+ 2]+ ly]°) = -yl (113)
(GuoU)(@) + 5 lo(@)" (VU)(@)|* + T(2) < p-Ulw),  l2]V/® < e(1+U(2) (114)
for all z,y € R%. Then it holds for all v € (0,00) that limy_c (supte 0.7 E[||X: — YN|"]) =0, that

t tAT
sup E[exp(U(X‘) 4+ U ds)] < sup sup E[exp(Ug?N) fN o) ds)] < oo and that (115)
0 0

ers

te[0,T] NeNte[0,T]
t = tAT
sup E[exp(U(X’) f UXs) ds)} < limsup sup E{exp(U(YN) + fN U(%SN) ds)} < E[eU(XU)} . (116)
te[0,T] 0 N—oo te[0,T) 0

4 Examples of SDEs with exponential moments
In this section Corollary is applied to a number of example SDEs from the literature. To keep this article

at a reasonable length, we present the example SDEs here in a very brief way and refer to [I5, [3] for references
and further details for these example SDEs.
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4.1 Setting

Throughout Section @ the following setting is used. Let T € (0,00), d,m € N, u € C(R?,R?), o € C(R4, R4*™),
let D C R? be an open set, let (9, F,P, (Ft)te[o,1)) be a stochastic basis, assume that u|p: D — RY and
o|p: D — R¥™ are locally Lipschitz continuous, let W: [0,7] x  — R™ be a standard (F;);e[o,7)-Brownian
motion, let X = (X1,..., X%):[0,T] x 2 — D be an adapted stochastic process with continuous sample paths
satisfying

t t
Xt:X0+/ u(XS)der/ o(X,) dW, (117)
0 0

P-a.s. for all t € [0,7] and let YV = (YLN . VEN): [0,T] x Q - R N €N, and 7n: Q — [0,T], N € N, be
mappings satisfying Y = X and

1(Yr n) T+ Yo v ) Wit nyr/n=War/n) (118)

N
Yo = YnT - ]l{y T/NED} {I|Yn]\§"/z\z|\<exp(\ 1lﬂ(T/N)|l/2)} L"‘”H(Y ) TV ) Wiyt /8 =War v

and 7y = inf {n € {0,1,....N}: Y, v ¢ Dor Y, T/NH > exp(| In(T/N)|'/2)} for all t € [0,T] and all N € N.
Then Corollary B ensures for all € € (0,00) that limy_0 ]P)[SUPte[o,T] | X: = YN >e] =0.

4.2 Stochastic Ginzburg-Landau equation

In this subsection assume the setting in Subsection @] let o € [0, oo) B,9 € (0,00) and assume that d = m = 1,
=R, p(x) = ax — 623 and o(z) = Bz for all z € R. If € € (0, ﬁQ] U,U € C(R%4R) fulfill U(z) = ex? and
U(z) = 22 [§ — B%]a* for all z € R and if E[eV(¥0)] < o0, then it holds for all z € R that

(GuoU)(z) + Lo(x)*(VU)(@)|* + U(z) = ¢ [22 [ax — 62°] + f2°] + 2 (Be)® a* + Ul(x)

_ 119
=¢[2a+ %] 2% + 2¢ [8%c — §] w2t +U(2) = 20+ *] U(x) (119)
and hence Corollary 3.8 shows for all r € (0, 00) that limy_,c0 (supt6 0,7 E[||X: — Y N|"]) =0 and
2 tAT
sup sup E{exp(%% + fN 20 [if}ﬂ(]}: ) ds)] < 00, (120)
NeNte[0,T] 0
tAT 2
limsup sup E[eXp<% " fN 2 [0 [Zif;]ﬂ(]YN) dsﬂ < E{GE‘XO‘ } < c0. (121)
N—oo t€[0,T] 0

4.3 Stochastic Lorenz equation with additive noise

In this subsection assume the setting in Subsection 1] let a1, a9, as3,8 € [0,00), assume that d = m = 3,
D =R3, o(z) = \/Blgs for all z € R® and assume that p is as in Subsection 4.3 in Cox et al. [3]. If € € (0, 00),
U, U € C(R*,R) fufill U(z) = ¢||z|* and U(z) = —3ef for all z € R3, if ¥ := min, ¢(g,00) max{(a1 + a9)?/r —

201, 7—1,0} € [0,00) and if E[eV(*0)] < oo, then it holds for all z € R? that (G, oU)(z)+ 3[o(z)*(VU)(z)|? +
U(zr) < [2¢8+ 9] U(z) (see Subsection 4.3 in Cox et al. [3]) and hence Corollary B8 shows for all r € (0, c0)
that imy o (supsefo ) E[1Xe — YV [I"]) = 0, supyen sup;epo 7 Eexp(e [|[YV]|? e~ 2e#H71) ] < o0 and

limsup sup E{exp(zé‘gyﬂi{ﬂ;)} < exp(fOT e[zfgiflﬂsds) E[eE”X"”Z} < oo0. (122)

N—oo te[0,T)]

4.4 Stochastic van der Pol oscillator

In this subsection assume the setting in Subsection B] let o € (0,00), 7, 8,10, m1 € [0,00), let g: R — RIX™ be
a globally Lipschtiz continuous function with ||g(y)||? < 7o +my? for all y € R and assume that d = 2, D = R?,
w(x) = (22, (v — a(z1)?) x2 — éz1) and o(z)u = (0,g(x1)u) for all z = (z1,22) € R?, uw € R™. If € € (0, 00),
U,U € C(R%R) fulfill eny < a, U(x) = ¢||z||? and U(x) = 2¢ [ — em] (z122)% — eng for all = (z1,22) € R,
if ¥ 1= min, ¢ (g,00) max{|§ — 1|/r+n1,7[6 — 1| + 2y + 4moe} € [0, 00) and if E[eV(X0)] < oo, then it holds for all
z € R? that (G,,U)(z) + 3| lo(z)*(VU)(z)||> + U(z) < 9U(z) (see Subsection 4.1 in Cox et al. [3]) and hence
Corollary B.8 shows for all 7 € (0,00) that limy oo (SUP;c(o.7y E[||X: — YN|"]) =0 and

N2 tATN 1,Ny 2,N |2
sup sup E[exp<€|:+” + [ = [a—sm]elgfss Yol dsﬂ < 00, (123)
NeNte[0,T] 0

tAT , , T
limsup sup E{exp(‘gllzf# + fN 2e [a—em] \;’51 Ny2.N)|2 ds)] < exp<f g,]% ds) ]E|:eEI|X0H2:| . (124)
0

e s
N—oo t€[0,T] 0
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4.5 Stochastic Duffing-van der Pol oscillator

In this subsection assume the setting in Subsection 11 let 79, 71, a1 € [0,00), az, as € (0,00), let g: R — RIX™
be a globally Lipschitz continuous function with [|g(y)||? < no + my? for all y € R and assume that d = 2,
D = R? p(x) = (ch,agxg — 171 — az(x1)?w0 — (x1)3) and o(z)u = (0,g(x1)u) for all z = (x1,72) € R,

u€R™. Ife € (0,00), U,U € C(R%R) fulfill eny < ag, U(zy,72) = 6[(%)4 +ay (z1)” + (x2)2] and U(z) =

2¢ [az —en| (w122)% —eno — E‘Ov(mzl_(ggolfgs)—mmﬁ for all z = (21, 22) € R? and if E[eV(*0)] < oo, then it holds

for all z € R? that (G,.U)(z) + 1|o(z)*(VU)(2)||? + U(z) < 2(eno + a2) U(z) (see Subsection 4.2 in Cox et
al. [3]) and hence Corollary B8 shows for all r € (0, 00) that limy_0 (supte[O,T] E[X: = YN|"]) =0 and

e Yl'N|4+8a |Y1,N|2+8|Y2,N|2 tINTN 2% [a, —e ] |Y1’NY2’N|2
2| t 1{Te t 3—€M s s
;1;%15 s[lé%] E |:6Xp( —3ileno Tzl + ({ —2aTengFag] ds || < o0, (125)
€10,
. E %|Yt1'N|4+8041|Yt1’N|2+E|Yt2’N|2 INTN 9¢ [as—em] |Y51,NYS2,N|2 d
imsup sup exp peT ey + f Ss[engTaz] S
N—oo te€[0,T] 0

(126)

T 2 Elyll4 12 22
€no € [0V (n1—2a[enotas])] 51 Xo | +ear | Xg " +e| X5
= exp (({ e2slenotaz] + 4 [eno+as] e?slenotaz] ds ) E|e2 < 0o.

4.6 Experimental psychology model

In this subsection assume the setting in Subsection {1l let o, 6 € (0,00), 8 € R and assume that d =2, m = 1,
D = R?, p(x1,72) = ((1132)2(5 + dox) — %621}1, —2122(6 + daxy) — %ﬁ%ﬁg) and o(z1,22) = (—fxa, Bx1) for
all z = (z1,72) € R% If e € (0,00), ¢ € [3,00), U € C(R*%,R) fulfill U(z) = e|z||9 for all z € R? and if
E[eV(X0)] < oo, then it holds for all z € R? that (G,,-U)(z) + 3[o(z)* (VU)(z)[|* = 0 (see Subsection 4.7 in
Cox et al. [3]) and hence Corollary B8 shows for all r € (0, 00) that limy_,c0 (SUPte[o,T] E[lX: —YN|"]) =0,
sup v en SUPse (0.7 Elexp (e[ YV ]|9)] < oo and limsupyy _, o supse(o 71 E [exp (e[| YiV[|7) ] < Elexp(el| Xo||7)]-

4.7 Stochastic SIR model

In this subsection assume the setting in Subsection 1] let a, 8,v,d € (0,00) and assume that d = 3, m = 1,
D = (0,00)3, (1,22, 73) = (—ar122 — 521+, ax122 — (Y+08) w2, Y2 —023), 0 (21, T2, ¥3) = (—B2172, Br172,0)
for all x = (z1,22,73) € D and u(z) = o(x) = 0 for all z € D°. In this example D = (0,00)% # R? is a
strict subset of the R3. This is why the application of Corollary B8 is a bit more subtle in this example; cf.
Section 4.6 in [I5]. More formally, let ¢ € (0,00), € € (0,4%5], let ¢: R — [0,1] and ¢: R? — [0,1] be two
infinitely often differentiable functions with ¢(z) = 0 for all x € (—o0,0] with ¢(x) = 1 for all = € [1,00) and
with (21, 22) = ¢(21) - ¢(—x2) + d(—21) - p(2) for all x = (21, 22) € R? and let U,U € C(R?,R) be given by
Ux) = e [3+ (21 +22)2 — 221 - 2 - (a1, 22)] + & [3]” and U(x) = —2¢8 for all @ = (x1,22,23) € R®. Then
note for all z = (x1, 9, z3) € D that

(G U)(@) + 3ll0(2)" (VU (@)* + U(2) = (GuoU) () + 5 [(o(@), (VU)(2))]” + U (2)

= (Gu,oU)(2) + U(x) = 2 [w1 + @2] [~621 + 6 — (v + 6)a2] + 28w3 [y — das] + U(x)

= —2¢6 [w1 + m2] [21 + 20 — 1] — 267y [11 + m2] T2 + 2873 [yT2 — d23] + U(2) (127)
= =260 [w1 + a9 — 1]° — 268 [11 + @2] — 267 [11 + @2] w2 — 266 [w3])° + 266 + 28ywazs + U(0)

< 0(0) + 220 — 22y [wa]® — 228 ws)® + [2y/E7ma] [ 2522 | < T(0) + 200 + ¢ | 5 — 26| [a]® <0,

Combining Corollary B8 with Section 4.6 in [I5] hence implies that if E[eU(XO)] < 00, then it holds for all
7€ (0,00) that limy o0 (sup,epo,) E[IX: = YV [7]) = 0, sup yen subsepo,r) IE{e%\YtN,l|2+%\YtN’2|2+é|Yth3\2}

and lim sup y_, o SUP;cqo, 7] E[eU(YtN)_QE‘S(MTN)] < E[eV*0)] < 0.

< 0

4.8 Langevin dynamics

In this subsection assume the setting in Subsection 1] let 3,~ € (0,00), V € Up,ce[o,oo)CS,C(Rm7 [0,00)) and
assume that limsup,. o sup,cgm JF‘ZTH(TZ) < oo,d=2m, D =R p(x) = (2, —(VV)(21) — y22) and o(z)u =

(0,y/Bu) for all z = (z1,22) € R?™, u € R™. If e € (0, 2—57-], U, U € C(R*™,R) fulfill U(z) = eV (z1) + 5 [|z2]|?

and U(z) = e[y — L] ||22)|2 — 22 for all 2 = (21, 22) € R?™ and if E[eV¥0)] < oo, then it holds for all z € R?™
that (G.,.U)(z) + 3/lo(z)*(VU)(2)||* + U(z) = 0 (see Subsection 4.4 in Cox et al. [3]) and hence Corollary B8
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shows for all r € (0, 00) that limy_, (supte[O,T] E[X: —YN|"]) =0 and

tAT
sup sup Elexp (V) + 5 2R+ T [y 5] R as )| < o (128)

NeNte[0,T]
[v— 2] v

4.9 Brownian dynamics (Overdamped Langevin dynamics)

limsup sup E{exp (E VN + 5 Ak
N—oo te€[0,T)]

st)] < E{efﬁ;’”+EV<Xé>+%||X§H2} _

In this subsection assume the setting in Subsection @] let 8 € (0,00), o € [0,00), 71 € R, 12 € [0, %), Ve
ks <00, d=m, D =R, p(x) = —(VV)(x),

o(x) = v/Blga and (AV)(z) < no 4+ 2mV (@) +n2 [|(VV)(2)|)” for all 2 € RE. If £ € (0 ’F — o), U,U € C(R4,R)
fulfill U(z) = eV (z) and U(z) =c(1 -2+ ) |[(VV)(@)|]> — B2 for all 2 € R?, then it holds for all

z € R? that (G,,0U)(2) + 3 |lo(x)*(VU)(z) )I?+U(z) < BmU(x) (see Subsection 4.5 in Cox et al. [3]) and hence
Corollary B8 shows for all r € (0, 00) that limy_,e0 (supt6 0,7 E[||X: — Y N|"]) =0 and

Up,ce[0,00)Ca . (R4, [0, 00)) and assume that lim SUP,~ 0 SUPcRd

tAT _B
sup sup E[exp(ftéifu f““:é%“”uvmw)n%s)} < o, (129)
NeNte[0,T) 0

tAT _B
limsup sup E[exp(a‘e/‘gﬁ) + ({NWH(VU)(YSNHF Eeggf ds)] < E{eEV(XO)} < 0. (130)

N—oo te€[0,T)]

5 Counterexamples to exponential integrability properties

5.1 An example SDE with finite exponential moments

Let T € (0,00), let (Q,f, P, (]:t)te[o,T]) be a stochastic basis, let W: [0,T] x @ — R be a standard (F).eo0,17-
Brownian motion with continuous sample paths and let X: [0,7] x @ — R be an adapted stochastic process
with continuous sample paths satisfying

t t
X = X, —/ (Xs)3d5+/ dW, (131)
0 0

P-a.s. for all ¢ € [0,7]. Moreover, let p,0: R — R be functions given by p(r) = —23 and o(z) = 1 for all z € R,
let & € (0, 3] satisfy E[exp(e|Xo|*)] < oo and let Us: R — [0, 00), § € [0, 00), be functions given by Us(z) = dz*
for all € R and all § € [0, 00). Then observe for all § € [0,00) and all 2 € R that

(G Us) (x) + § |o™ (2)(VUs) ()

= ((VUs)(z), u(x)) + & trace(o(z)o*(z)(Hess Us)(z)) + & |o* (2)(VUs)(z)|* (132)

— 54a® - (—a®) + 151227 + L 542" = 6627 — (46 — 85%)2® = 662 — 45 (1 — 26) 2

Then Corollary 2.4 in Cox et al. [3] (with U(x) = 45 (1 — 25) 2% — 6522 for all z € R; see also Corollary 3.
above) implies for all § € [0, ¢] that

¢
sup E {exp ((5 | X [* —|—/ 45 (1 —26) | X,|® — 60 | X,[? d5>] < E[e‘slxol } < 00. (133)
te[0,T) 0

In particular, it holds for all § € [0,] N[0, 1) that SUPe(o,7] E [exp (6] X¢|*)] < oo.

5.2 Infinite exponential moments for (stopped) Euler schemes

The Euler scheme stopped after leaving certain sets is not suitable for approximating the exponential moments
on the left-hand side of ([I33)) as there is at least one Euler step and this results in tails of a normal distribution.
Note that in the special case Dy = R, ¢ € (0,T], the numerical scheme (I34) is the Euler scheme for the
SDE (I31). We also note that Liu and Mao [21] consider a stopped Euler scheme with D; = [0, 00), ¢ € [0,T],
for SDEs on the domain [0, c0).

Lemma 5.1. Assume the setting in Subsection[5.1}, let Dy € B(R), t € (0,7, be a non-increasing family of
sets satisfying Ag(Dr) - IP’[XO € DT] >0 and Ute(o,T]Dt R and let YN :[0,T] x 2 — R, N € N, be mappings
satisfying Y = Xo and

VY = YN L (V) (We - Wag — (V)" (- 5F)) (134)
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for alit € [2E, "EDT] n e {0,1,...,N — 1} and all N € N. Then limys—o0 P[sup,epo 7y |[Xs — YM| > p] =0
and E[exp(p |YN]?)] = oo for all t € (0,T], N € N, p € (0,00) and all g € (2,00).

Proof of Lemma[idl Throughout this proof fix N € N, n € {0,1,...,.N —1}, ¢t € (ﬂ M} p € (0,00) and
q € (2,00). Lemma B2 implies that the function R x (0,7] x R 3 (z,h,y) — 1p, (z) (y — 23h) € R is (u,0)-
consistent with respect to Brownian motion. Then Proposition applied to the function R x (0,7])? x R
(x,h,s,y) — 1p, (z)(y — x3s) € R shows that limMHOO]P’[supse[OyT] ‘XS — YSM| > p] = 0. Moreover, since
IP[YON € D%} > 0 and since DT has positive Lebesgue measure, we infer that P[Y% € D%} > 0. This
together with independence of W; — Waz from Yy i and together with the inequality |y + z|? > ‘12’# — |x|? for
all z,y € R yields

Efexp(p V9] > B[ty

- /D E[exp(p|YtN|q) | Yar = z] P{Y% € dz]

T

:/ [GXP(P’Wt—W% +a—a’ (t=5)[" )]P[YT Edw}

€Dy N} eXP(p |}/1£N|q)}

T
N
D q 3 nT\ |49
2/ E[exp(Q—q’Wt—W%’ —ple -2t — )| )}P[YT Edm} (135)
Dz
N
= E[exp({; ‘Wt_ﬂ’q)} / exp(—p‘x A (] )P[Y T € dm}
q N 3 nT1|q
=Eexp(# [Weg )| E[ Ly, ey o0 (-0 Vi = ] it - 51)7)
> n 3 n
:[ = exp (ML) eyl — L) dy B[y cny vy exp(=p Yy — [Vn] 't = 38") | =
where we used in the last step that lim,_,o |y|?/y? = co. This finishes the proof of Lemma E11 O

5.3 Infinite exponential moments for a (stopped) linear-implicit Euler scheme

The following lemma shows that the stopped linear-implicit Euler scheme (I36]) is not suitable for approximating
the exponential moments on the left-hand side of (I33). Display (I36) shows that the linear-implicit Euler
scheme (I386) with D; = R for all ¢ € (0, T] belongs to the class of balanced implicit methods (choose co(z) = 22
and ¢1(z) = 0 for all z € R) introduced in Milstein, Platen & Schurz [23].

Lemma 5.2. Assume the setting in Subsection [}, let Dy € B(R), t € (0,T], be a non-increasing family of
sets satisfying A\g(Dr) - P[Xo € Dr] > 0 and Ute(o,T]Dt R and let YN: [0,T] x Q = R, N € N, be mappings
satisfying Y& = Xo and

YN =Y 41y (V) (We = Wag YN (V1) (¢ - 4)) (136)
¥ g ) (- Wi — ()" = ) + 10030 00 1) - )

forallt e [2T W IT] ' e {0,1,...,N~1} and all N € N. Then iy 00 E[SUPneqo.1,... v} [ Xaz —Y22[P] =0

and E[exp(p |YN]?)] = oo for allt € (0,T], N € N, p € (0,00) and all ¢ € (2,00).

Proof of Lemmal54 Fixn € {0,1,...,N—1},t € (2L, ("H)T} N € Nand g € (2,0) for the rest of this proof.

Lemma 3.30 in [I5] and Lemmaimply that the function Rx (0, T xR > (z, h,y) — 1p, (x )(ﬁ;é’h z) €Ris

(i, o)-consistent with respect to Brownian motion. Then Proposition[3.5 applied to the function Rx (0, T]> xR >
(z,h,s,y) — 1p, (z)({ZL —2) € R shows for all p € (0, 00) that limp; 0 IP’[supse [0,7] ‘X ~YM| >p]=0.In

14+x2s
addition, Lemma 2.28 in [I5] yields for all p € (0, 00) that sup ;¢ || SUD,c (0,1, N} | Yar < oo and this

ol | HLP(Q;]R)
shows for all p € (0,00) that the family of random variables sup,c(q 1. vy [Xaz — Y27 [P, M € N, is uniformly
e, aT

integrable. Combining this with convergence in probability and, e.g., Corollary 6.21 in Klenke [I9] proves for
all p € (0,00) that limas o E[sUp,cro1, ny | Xur —Y,7 |P] = 0. Moreover, since P[Yy" € D%} >0and Dg
B M
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has positive Lebesgue measure, we infer that P[YT]LLT eD T } > (0. This implies that
N

Elexp(p V1) = E[Liysy en,y oxn(p V1)

Y,
E[exp(p|YtN|q) ‘Y% = } {Y r € dw}

Pr
z+Wt—W% q N (137)
= E|exp|p Tro2(—aL) P{Y% € d:v}
W
a4/t— 2Ty ! 2

T el

where we used in the last step that lim,_,« |y|9/y? = co. This finishes the proof of Lemma (2] O

—%)dyIP{Y%edx} =0

5.4 Unbounded exponential moments for a (stopped) increment-tamed Euler scheme

Lemma 5.3. Let T,q,0,a,8 € (0,00) satisfy ¢8 > 2a+ 1, let f: R — R be a Borel measurable and lo-
cally bounded function, let Dy € B(R), h,t € (0,T], be sets satisfying Ure(o,1] Mne,r] Nte(o,n] Pt = R, let
(Q, F, P, (Ft)icjo,1)) be a stochastic basis, let W: [0, T] x Q2 — R be a standard (Ft)iepo,r)-Brownian motion with
continuous sample paths, let YNV :[0,T] x Q@ = R, N € N, be a family of adapted stochastic processes satisfying

YY1 2 |2 - F)] 11{ (138)

1§(t,%)a(wt,w% )gz}m{YiVTT ED%,,H% }

P-a.s. for all t € (%, ("ngl)T}, n € {0,1,...,N — 1}, N € N and let X: [0,T] x Q@ — R be an adapted

stochastic process with continuous sample paths and with Imy oo SUP,efo,1 N}IP’UX% -YHN| > 1} = 0.

Then limy o0 infye (0,1 E[exp(5 }YtN|q)] = 00.
Proof of Lemmal[523 Assumption (I38) implies that

exp(5 |YtN‘q)

> exp(6 maX{O, % — f(Y%)Hq) ]1{

N

1) maX{O, % - f(Y%)}

exp( ) gz bofvz,
a
Z € (5 (t%)ﬂ ) 1{1§(t7ﬂ)a(Wt7W%)§2}ﬂ{nyTTGD% t—%}m f(YiVTT)S(t,;fTw}
- eXp((tg(j;))‘”") ' 1<( "T)C‘(Wtfw%)gz} ]I{YiVTTGD%,t,%} ' l{f(Y%)g@} (139)
P-a.s. for all t € (’;VT, ("J]rvl)T}, n € {0,1,...,N — 1} and all N € N. Taking expectation and exploiting

independence of Wy — Wy from Y. for all ¢ € (%7, (DT e {0,1,...,N —1} and all N € N yields for all
NeN,ne{0,1,...,N 1}te("T (LT that

o 131

eXp(%) P16 50)" (W - Wag) <2| - PllFV)| (1 - 3E)° <6, Y € Dg g

Y

)

sla+D) N nT\P
= eXp((t nT (IB / \/Qﬂ'(t— iT)(20+1) Xp( 2(t "T)(2a+1)) dy . ]P)|:|f(Yﬂ)| (t — W) S (S, YTT D% _

1 sla+1) 2
V2rT(2at1) 'eXp((tf%)qs - (t—%)(2a+1)) -]P’“f(Y%ﬂ (t— % ) <4, Yy ar € Dz nr

(g+1) prab (2a+1)
> —L -eXp(fS Nt oot ) -P[|f(y%)|( —20)7 <5, v €Dy, HT}. (140)

2\%

V

Moreover, path continuity of X implies that there exists a natural number k € N such that ]P)[SUPse[o,t] | Xs| <
k—1] > 1. The assumptions Ure(0,7] Nhe(0,r] Nte(0,n] Dnt = R and sup,ep_y 5 [f(z)| < 0o yield that there

exists a natural number Ny € N such that No > T |3 *SUDg e[k, k] | f(2)]] "% and such that [k, k] C (mhe(O,Nl
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Nte(0,h) Dhyt) = (ﬁ}’v":NO Nhe(0,Z] Nee(0,h) Dh,t)- This shows for all N € NN [Ny, o0) that

< N N {x € DyyN[=k,k]: N> T[% supycsn If(y)l}l/ﬁ}
he(O Z1te(0,h]

B
c N N {eebnnki: (#7117}
he(0,L]te(0,h]
5 5 (141)
c N N {xeph,t: f(z)|t gé} c N {xep%t: \f ()|t gé}
he(o Z1te(0,h] t€(0,%]
_ s
- ﬂ N {wGD%,t_%ﬂf(HUﬂ[ - %] §5}-
"0 e )
This together with monotonicity of P yields for all N € NN [Ny,0), n € {0,1,...,N — 1}, t € (&L, ("J]rvl)T]
that
P[|f(YT{VT)|(t— 2y’ <6, v €Dy, ﬁ} [ ,{VT|</€}
N N N
(142)

>P[|Xug| k-1, [Xyp - Y[ <1 >
N N

1
S swp {|XLT*Y&|>1}.
2 nefol,..N} N N

25

Consequently, combining inequalities (I40) and (I42) together with the assumption ¢S > 2« + 1 and together
with the assumption imy— o0 SUP,cf0.1,... N} P[|X% — Y| > 1] =0 results in

lim inf E{exp(é‘}ﬂw )}

N—o00te(0,T]
. 1 sla+1) pab g N (2at1) 1 N (143)
> lim omT2at1 'eXp( Tab — Tr@atD ) 5 - sup P“X,ﬂTT — YmTT| > 1} = 00.

This finishes the proof of Lemma [5.31 O

Corollary 5.4. Assume the setting in Subsection[51], let D; € B(R), t € (0,T], be a non-increasing family of
sets satisfying Ueo,r)De = R and let YN [0,T] x Q = R, N €N, be mappings satisfying Y¢" = X and

W= Wag = (V)¢ — )

YN =Y 4+ 1p,.(Yar) 3
N NN max(l,( f%)‘Wt*W% *(Y%) (t*%)‘)

N

(144)

foralit e (%%, DLy e {0,1,...,N=1} and all N € N. Then imy o0 8P, o1 ny B[ Xnr —Y % [P] =0

N N N

and limy o infye 0,7 E [exp(p |YtN|qﬂ =00 for all p € (0,00) and all g € (3,00).

Proof of Corollary[5.4} Fix p € (0,00) and q € (3, 00) for the rest of this proof. Let 1): R x (0,7]* xR — R be a
mapping given by ¢ (z, h,t,y) = 1p, (z )W% for all (x, h,t,y) € Rx(0,T)> xR. Lemma 3.28 in [15] and
Lemma [32yield that the function R x (0, T] xR 3 (z,t,y) — ¥(x,t,t,y) € Ris (i, o)-consistent with respect to

Brownian motion. Proposition[3.4lhence implies for all 7 € (0, 00) that imy— e SUP,c(o,1,... N} P [|X% -YX|>

r] = 0. Next we combine Theorem 2.13 in [I5], Lemma 2.18 in [15], (2.113) in [15] and Corollary 2.9 in [I5] to
obtain for all r € (0, 00) that supyen SUPLefo1,... N} E[lY, T/N| | < 0c. As in the proof of Corollary 3.12 in [15]
we therefore conclude that

lim sup UX_T - ’p} = 0. (145)
N—=00ne{0,1,...,N} N

For proving the divergence statement in Corollary 5.4l we will apply Lemmalb.3]and first prove inequality (I38]).
For this let Dy, ; € B(R), h,t € (0,T], be sets given by Dy, ; = Dy, N [—t=2/3¢t=2/3] for all h,t € (0,T]. Then
note that

Ure (0,71 Nhe(o,r) Neeo.n (Dn N [ =173, 6723]) = Ure o1 Mheo,) (Dn N [ — 723 h72/3])

146
= UTE(QT] (DT M [ — 7'_2/3’ 7,.—2/3}) - R. ( )
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Next observe for all (z,h,t,y) € R x (0,7]? x R that

2+ (@, byt )| > (bt = [21) - o, (2) - T (ty])
> (mdx(l o=z — 1ol — |9U|3t) 1p, ,(x) - Tp1,9 (tly])
> (it — o = laft) - Lo, (&) - 1 (o) (147)
> (4 — lal = [o°T) - 1o, . (&) - 1.2 (tly])
> (%—le 2°T) - 1p, , () - Ly 9 (tlyl)-
This together with the fact that for all N € N, n € {0,1,...,N — 1} t e (’}VT, ("H) } it holds that Y}V =
Y2 +e(V, L t, Wy = Waz ) shows for all N €N, n € {0,1,...,N — 1}, t € (4F, <"+1>T} that
¥V > { 2 = [V + v ] ]“{K(tT;g)<wtw7§><z}m{y%ez>£¢%}‘ (148)

Lemma can thus be applied with o« = 8 = 1 and this proves the divergence statement in Corollary 5.4l The
proof of Corollary [5.4] is thus completed. O

The proof of the following corollary, Corollary 5.8 is analogous to the proof of Corollary [5.4] and therefore
omitted.

Corollary 5.5. Assume the setting in Subsection [51], let Dy € B(R), t € (0,T], be a non-increasing family of
sets satisfying Uie o, 11Dt = R and let YN [0,T) x Q = R, N €N, be mappings satisfying Y& = X¢ and

3 n
Wi Wag — (V25)° (¢ - 20)

VN =Y 41, (V) . LER. (119
v L (= 25) (Wi = Wag — (V) (- 0|
forallt € (%L, ("J]rvl)T} n€{0,1,...,N~1} and all N € N. Then limp o0 SUP,,c (o 1 N}EUX”T—Y% ] =
..... a7

and limpy o0 infye 0,71 Eexp(p ’YtN’ )] = oo for all p € (0,00) and all q € (3,00).
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