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Abstract

We consider the two-dimensional Helmholtz equation with constant coefficients on
a domain with piecewise analytic boundary, modelling the scattering of acoustic waves
at a sound soft obstacle. Our discretisation relies on the Trefftz-discontinuous Galerkin
approach with plane wave basis functions on meshes with very general element shapes,
geometrically graded towards domain corners. We prove exponential convergence of the
discrete solution in terms of number of unknowns.

Keywords: Helmholtz equation, sound-soft wave scattering, analytic regularity, ap-
proximation by plane waves, Trefftz-discontinuous Galerkin method, hp-version, a priori
convergence analysis, locally refined meshes, exponential convergence.
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1 Introduction

This article is concerned with a particular type of Trefftz method for 2D scalar wave scattering
problems in the frequency domain, modelled by means of the linear Helmholtz equation with
constant coefficients. In general, Trefftz methods try to incorporate information about the
exact solution into local approximation spaces by requiring that they are contained in the
kernel of the governing differential operator. This policy looks particularly attractive for
wave propagation, which usually involves oscillatory solutions.

It is not straightforward to marry the Trefftz idea with classical conforming finite element
Galerkin discretisations, cf. the partition of unity method [3,25]. Conversely, discontinu-
ous Galerkin (DG) methods, which do not impose any interelement continuity on the trial
functions, offer a very convenient framework for the implementation of Trefftz methods.

For wave propagation problems in homogeneous media, natural Trefftz functions are plane
waves, which give rise to plane wave discontinuous Galerkin (PWDG) methods. Their oldest
representative is the so-called Ultra Weak Variational Formulation (UWVF), proposed in [7].
It was not recognised as a PWDG method in the beginning, and a comprehensive convergence
theory remained elusive for quite some time. Finally, in [6,11,13], the UWVF was recast as
a DG method, thus paving the way for using the powerful arsenal of DG analysis.

The first fruit was harvested in [13] in the form of a complete convergence analysis of
the h-version of PWDG. The h-version was also tackled independently in [6], based on tools
from [35]. It turned out that these tools could also be harnessed to deal with the p-version,
and this was done in [17]. Algebraic convergence in p could be established, though confined
to “quasi-uniform” meshes. Of course, here, instead of designating the polynomial degree, p
should be read as the number of plane waves used for local approximation. Later, in [19],
the p-convergence theory was extended to cover locally refined meshes.

Based on the techniques from [19], in this article we pursue the ultimate goal of establish-
ing exponential convergence (with respect to the number of degrees of freedom) of PWDG
solutions, when the trial spaces are built following a policy borrowed from standard hp-finite
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element methods. Assuming domains and data with sufficient regularity, the idea is to use
large mesh cells equipped with many plane waves where the solution is smooth, whereas small
cells are employed to resolve singularities of the solution at corners of the boundary. This
kind of hp approximation with polynomials has seen an amazing development starting from
the work of Babuska [2,15]; see [38] for a comprehensive exposition. It has also been adapted
to polynomial DG methods by several authors, see, for instance, [21,36,37,41]. Applications
to scalar wave propagation are reported in [10,28,29].

Results on the approximation of Helmholtz solutions by plane waves are pivotal for our
estimates. In this direction, major progress has been achieved in [31,32]. These works make
use of Vekua’s theory and, thus, could exploit known results about the approximation of
harmonic functions by harmonic polynomials. Recently, results in this direction targeting
harmonic functions that can be extended analytically were obtained in [20], generalising
earlier work by M. Melenk [25]. A proof of exponential convergence of the hp-version of
(polynomial) Trefftz-DG method for the Laplace problem was included.

The main result of this work (Theorem 6.5, Section 6) is a proof that the L?-norm of
the discretisation error of a special PWDG method on very general, geometrically graded
meshes converges exponentially in the square root of the number of degrees of freedom. This
is the first such result for a numerical method based on plane waves. For the proof, we had
to refine the duality arguments of [19], see Section 4, and combine them with novel L°°-
approximation estimates for plane waves given in Section 5. The reason of the restriction
to two space dimensions is that the approximation estimates for harmonic functions we rely
on (see Proposition 5.1) were derived in [20] using complex analysis arguments, and thus
are proved in 2D only. We find that the error is bounded by a negative exponential of the
square root of the total number of degrees of freedom employed, while typical polynomial hp-
schemes in two dimensions only deliver exponential convergence in the cubic root of the same
parameter, e.g. see [2, Theorem 5.3]. The results of our analysis hold true also when circular
waves are used instead of plane waves. For simplicity we assume that the computational
domain is the set difference between two star-shaped domains with common centre; however,
this geometrical setting can easily be generalised, see Remark 2.2.

At this point we emphasise that our focus is on numerical approximation theory. We
deliberately ignore the key challenge of ill-conditioning of linear systems arising from PWDG
approaches, cf. [22,23]. We even acknowledge that an implementation of the method invest-
igated below may severely be affected by numerical instability, see Remark 6.8.

We point out that, thanks to the referees’ careful suggestions, several results of the present
manuscript are stronger than those present in its previous version. In particular, we improved
the wavenumber-dependence in Proposition 2.1 and Lemma 4.5; sharpened the element-size
dependence of the bounds in Section 5; included Lemma 2.4, several side remarks, and the
proofs of Proposition 2.1 and Lemma 6.2; and allowed the relation (46) between the local
number of plane waves and the number of mesh layer to be linear for all values of the mesh
grading parameter thus simplifying the proof of Theorem 6.5.

2 Scattering boundary value problem

As in [19, Section 2], let Qp C R? be a bounded, Lipschitz domain occupied by a sound-
soft material, which we assume to be star-shaped with respect to the origin 0. We denote
by I'p := 0Qp its boundary. We introduce another bounded Lipschitz domain Qg with
boundary I'g such that Qp C Qg, and dist(I'p,T'g) > 0'. We set Q := Qg \ Qp and we
assume 0f) to be piecewise analytic. It may have finitely many corners c,, 1 < v < n., which
we collect in the set C := {c, }/<,. By scaling we can always achieve diam(Q2) = 1, which we
take for granted throughout the remainder of the article.
We focus on the following boundary value problem (BVP) for the Helmholtz equation:

—Au—k?u=0 in €,
u=20 onI'p, (1)
Vu-n+ikdu=ggr onlg,

IFor x € R? and A, B C R2?, we denote by dist(x, A) the set-point distance infyca [x —y| and by
dist(A, B) the set-set distance infyca,yep [x — ¥/



with gr € L?(T'r), real wavenumber k, and ¥ € R a non-dimensional, non-zero parameter.
Since our focus is on true wave propagation problems, in the sequel we assume k > 1. In (1)
we have written n for the outward-pointing unit normal vector field on 9.

2.1 Stability and Sobolev regularity

We denote by ||-[|o p the L?(D)-norm and by |[¢.p the H(D)-Sobolev seminorm, ¢ € Ny
(Ng = {0,1,2,...}), where D is a Lipschitz domain. For positive non-integer values of
s, we consider the H*(D)-seminorm as defined by the Sobolev—Slobodeckij integral (see
e.g. [34, Page 43]). On a Lipschitz manifold D we use only the L?(D)-norm and the H*(D)-
seminorm for 0 < s < 1. It is convenient to make use of the following k-weighted Sobolev
norms:

4
1017 =D KD Nulf,  Yoe H(D), LN
7=0

We assume that Qg is star-shaped with respect to the ball? B, ,, for some yg > 0. Next,
we sharpen Theorems 2.1, 2.2, and 2.3 of [19] (see also [16, Propositions 3.3 and 3.4]) and
obtain the following stability and elliptic regularity result.

Proposition 2.1. Let u be the solution of the inhomogeneous boundary value problem

—Au—Ku=f in €, (2)
u=0 onTp, (3)
Vu-nxikdu=gr onlg. (4)

If f € L3(Q) and gr € L*(TR), the weak formulation of (2)—(4) is well-posed in H'(Q).
Moreover, if gr € H"(Tr) for a given 0 < r < 1/2, then there exists sq > 0 depending only
on (the corners of) Q, such that u € HY(Q) for every t satisfying

1 1
O§t<7+397 tST+77 (5)
2 2
and the following bounds hold:
el e+ F Nl < € (1 llo + lgmllory ) (6)
Vul, o < CO+E)(Iflog +llgrlor, ) +Clorl_yre ()

where the constants depend only on t, yg and 9, but are independent of k, f, gr and u.

Proof. For the estimate (6) we refer the reader to [12, Theorem 2.18], [33, Section 4] and, in
particular, [33, Remark 4.7].

To prove (7), we first consider Qp = (). In this case we appeal to [8, Corollary 23.5],
to [14, Theorem 2.4.3 & Remark 2.4.5), and interpolation between H—1(€2) and H—217(Q),
and H=2(I'g) and H°(T'g) for some o > 0, to argue that we can find sq > 0 depending only
on Q such that u € H*(Q) for all ¢ satisfying (5), and

Vulyg < (1Al gy + IV nll,_y 1), (5)
where A : H1(Q) — H~(f) is the (Neumann-)Laplacian in weak form. In (8) and through-
out the remainder of the proof, all constants may depend only on t, Qg, Qp, and 9.

We use the impedance boundary condition (4) to replace the normal derivative in (8) and
find
190 nlly_y o < Cllgrlly rn + Ellully_y )-

Next, we distinguish two cases: (i) If ¢ < 1, that is t — 2 < 0, then from (6)

4)
IVu-nll,_sr, < Clgrllor, +klullor,) < Clgrlor, +Iflloq)- 9)

2We set Br(x0) := {x € R? : |x —x¢| < r}, and B, := B,(0).




(i) If t > £, we resort to an interpolation estimate in the Sobolev scale [24, Lemma B.1] and
find (0 <t—3<3)

26—1 1y 2(1—t
Fllull,—sr, < Ck 35 Tulls"
We bound Hu||% r,, by the trace theorem [24, Theorem 3.37], and [Juf|, -, by a multiplicative
trace estimate [5, Theorem 1.6.6] and get

2t—1 1—t 1-t
Ellull—y r, < Ch(llulloq + 1Vullon)™ llullog (lulloq + Vully )

< Okt(”fHO,Q + ||gR||O,FR)’

where we used (6) in the last step.
Another interpolation estimate in the dual Sobolev scale, see [24, Theorems 3.30 and B.9],
yields

(10)

_ 2 _
18Ul g0y < Clldullgg IAulF o) < CIFlog +# llullg0) IVuloq

(©6) ¢ 1-t
< C(Ilfllo. + kU fllo.q + Nlgrllory)) (Iflloq + lgrllor,)

<c@+E)(If

00T ||9R||o,rR)~

Combining this with (8) and using (9) together with (10), we arrive at (7) in the situation
Qp =0.

To extend the estimate to the presence of a scatterer occupying Qp # () we can continue
exactly as in the second part of the proof of [19, Theorem 2.3]. O

Remark 2.2 (Non star-shaped domains). In the case of an interior impedance problem (i.e.
where Q = Qg and Qp = 0), k-explicit stability bounds have been proved in [9, Theorem 2.4]
and improved in their k-dependence in [39, Theorem 1.6], without assuming Q to be star-
shaped. If the scatterer Qp is Lipschitz but trapping, thus not star-shaped, the constants
in the stability bounds may grow exponentially in k, as shown in [4, Theorem 2.8] (note in
particular equation (2.22) in [4], and that the functions v, in the proof of [4, Theorem 2.8]
are compactly supported thus satisfy the boundary value problem (2)—(4) in a suitable Qg).
The Sobolev regularity of u is not affected as long as € is Lipschitz.

2.2 Analytic regularity

In this section, we state an analytic regularity result for the solution u to problem (1). This
result is derived within the setting of [26, Chapters 4 and 5], which extends the theory of
Babuska and Guo [2] to the case of general elliptic equations with a perturbation parameter.
We essentially combine the L2-estimates of the derivatives of u given in [26, Chapter 5] with
the L>°-estimates of [2, Theorem 2.2].

To translate our problem into the notation of [26], as in [29, proof of Lemma 4.13], we set

Ax) =1, f(x)=0 (C;=0), b(x) =0 (Cp,=0), e(x)=1 (C.=1);

the perturbation parameter is

1
€= —
ik’
. 1 & . .
and therefore the length scale is € = PR and ﬂ < 1. Comparing the expression of the
5

Robin boundary condition, we also set

1 1
Gi=9r (CG1 =3 l9rllma e, )7 Gy = -1 (Cq, = [V]).

Recalling that n, is the number of corner points of 9, given § € [0,1)" and £ € Ny, let
Bég(ﬂ) be the countably normed spaces defined in [26, Chapter 4] (see also [29, Section 1,1]),
with weights given by

Cppe(x) = [[ Ppsclx—c))  VpeN,
v=1



where

] o
@y, (x) = min {1’ min{1, &(|p| + 1)}} .

We set (x) := 6179,1()(): [T}, |x — ¢, |, which, obviously, is independent of k.
Theorem 2.3. There exists a weight vector § € (0,1)" such that, if gr € 8}375(1"3), the

solution w to problem (1) belongs to B%’g(Q). Moreover, there exists a constant v > 0
independent of k such that v admits a real analytic continuation to the set

‘T’(Xo)

— 2. 2

N(u) := 7U {XG]R : |xfx0|<m Cc R2 (11)
XOEQ\U:'il Cy

Proof. (Sketch) Within the general setting of [26, Chapter 5], since TpNI'g = @ (thus Dirich-

let and Robin boundaries do not affect one another), Theorem 5.3.10 and Proposition 5.4.5

(see also Remark 5.3.11 and Remark 5.4.6) of [26] can be applied and, taking into account (6),
one can conclude that ku € B () for some 3 € (0,1)". In particular, denoting by V¢ the

derivatives of order ¢ (more precisely, |V€u(x)‘2 = ZQGN%,W:@ £ |D*u(x)]?),

|

<C ('y max{p + 2, k})p+2k_1 Vp € No,

D, 5. VP2 H
p.B,E u 0.0

in addition to

fullpg <Ck™Y, Vullgq <C

(see also [29, Lemma 4.13]); here and in the remainder of this proof, C' and + are positive
constants independent of k (C' depends on the norm of the boundary datum gg).

Along the lines of the proof of [2, Theorem 2.2], making use of the property of the
weight functions stated in Equation (4.2.4) of [26], and of the Sobolev embedding of [26,
Lemma 4.2.5], one obtains that, for any x¢ € €,

) R -1

|D%u(x0)| < Ck? (’y max{j + Z,k})ﬁ_2 (‘I’j—l,g,g(xo)> 12)
12

. N -1

S Ok2 (’)/ max{j + 2, k})j+2 (‘I’jgﬁg(Xo))

for all @ € N3, || = j > 1; in the last step we have used the bound <f>j_1,é,g(xo) > §>j79,5(x0),
which holds true since 0 < 3, < 1; similar L>-estimates were derived in [26, Theorem 4.2.23].

~

~ J
Whenever j > k, min{1,€(j + 1)} = 1, and thus ®,9¢(x0) = ((I)(XO)) ; moreover,

max{j + 2,k} = j + 2. By Stirling’s formula, (j + 2)7%2? < 2¢7(j + 2)2;! which, for large 7,
gives (7 +2)772 < 2(2¢)7;!. Therefore, we find the following point-wise bounds for all partial
derivatives of w:

J
2
ID%u(x)| < Ok | — | j  VaeN |a|=j> k. (13)
®(xo0)
The analytic continuation to the set in (11) is deduced as in [2, Page 841]. O

Lemma 2.4. With a constant C > 0 independent of the wave number k (but dependent of
the boundary datum gr), the solution u of (1) satisfies

ko llull oo (arcuyy + IVl oo (aruyy < Ck® exp(k/4e).

Proof. From (12) and (13) we glean the bounds

J
kQ(Ai) Jif ol = < k-2, ne
|D%u(x0)| < CK? - E(xa) /. o aeNj, x e\ Je, (14)
j!(g’(z)) Jif o =5 > k— 2, e

with C' > 0 merely depending on the data gg.



For x € N(u) let xg € Q satisfy |x —xg| < %’;").

guaranteed by the definition on N (u). We have seen that u(x) can be expressed by means
of a Taylor series expansion around xg, which paves the way for the following estimate:

The existence of such a point is

<1 . > 1 .
lu(x)] < Zf'DJu(XO)(x—xm...,x—xo Z— max |D°‘ (x0)] |x — xof
=07 :oj
k|—2 J oo J
- lzJ: k2<fyk|x—x0|> s <2e~yx—xo|>
= —_—
j=0 J: @(Xo) j=|k|-1 (P(XO)
k]-2 9 j
k k k
< Ck? — = 2~ (k=20 | < op? —).
<C jz:;) i (46) + < Ck™exp <4€)

The same technique based on a Taylor series shifted by 1 provides a similar estimate for
|Vu(x)|. O

3 Trefftz discontinuous Galerkin method

We start from a general mesh 7;, on Q, whose elements are curvilinear Lipschitz polygons.
For any element K € 7, we denote by hy its diameter, and set hymax = maxger, hi-
Moreover, we define various sets of interfaces 7y, := Uge7;, 0K, and Fi := Fj, \ €.

On the mesh 7, we introduce the Trefftz space

T(Th) == {U €L*(Q): Is>0st.ve H%“(Th) and Av + k*v = 0 in each K € Th},

with H"(7p,) a shorthand notation for elementwise H"-functions on 7;,. The solution w of
the BVP (1) belongs to T'(75) and will be approximated in a finite-dimensional Trefftz-DG
trial and test space V,,(7,) C T(75). At this stage we need not worry about the details of
constructing V,(75); these are postponed to Section 6.2.

We fix bounded functions «, 5 > 0, 0 < § < 1/2, bounded away from zero and defined
on appropriate subsets of Fj. Alluding to the construction of the Trefftz-DG method in [13,
Section 2], we call them flux parameters. We introduce the following sesquilinear form and
antilinear functional defined on T'(74), cf. [19, Section 3.2], [17, Section 2], [13, Section 2],

An(u,0) = / <{u}} - i[[th]]N> [Vatly dS — / ({sud — aiklul) - [l ds
Fi t Fl
+ / (u - i (Vau-n+ Zlﬂ?u)) (th ‘n— z'kn%) ds — / (th ‘n— az’ku)@dS,
I'r k9 T'p
lp(v) == — § (ik¥)tgr V4o - ndS —l—/ (1-9)grvdS.
I'r T'r
These are the building blocks of the Trefftz-DG variational problem:
find upp € V,(T) such that  Ap(upp, vrp) = n(Vnp) Yorp € Vu(Th). (15)

For its analysis it is convenient to make use of the mesh-dependent DG-norms:

2
2 —1 1 1
L CHAON N O )
lvllpe el hv]]NO + ka2 [v]n 05!
2
+kH1— 193y

+ k7t _%Vh%nH

o o],
0,I'r

o b e

OFR 01—‘D

lolidgr = ol + & |5~ {03

orf 0.7

2 2
+kH5*%ﬂ%vH

+ k7t HOF%V;LU . nH
0.Cr

0Tp

Here, as in [13,17,19], we have used the standard DG notation for averages {-} and normal
jumps [-]n across interelement boundaries, and V designates the element-wise gradient.



Since «, 8, 0 and (1 — 4) are positive, ||| 5 (and thus also ||| po+) is actually a norm in
T(Tr), see [17, Proposition 3.2].

In [19, Propositions 4.1 and 4.3] (see also [17, Section 3.1]), we proved the following con-
sistency, continuity and coercivity properties for the variational problem (15): for u solution
of the BVP (1) and for all v,w € T(7p)

An(u,v) = 6y(v),  [Mn(@,w)] €200l pgr [wllpg,  TmlAn(v,0)] = [|o]lhg -

This ensures that (15) is well-posed, stable and that the Trefftz-DG method enjoys quasi-op-
timality in the DG-norm, i.e.,

u=ungllpg <3, inf _fu=viplpgs (16)
where up,, is the solution of the discrete variational problem (15). The Trefftz-DG is therefore
unconditionally stable, i.e. the quasi-optimality bound (16) holds with the same constant for
any wavenumber k > 0, any mesh 7y, any discrete Trefftz space V,(75) and any admissible
choice of the flux parameters; on the other hand, the DG-norms used to measure the error
in (16) depend on k,7p, a, 8 and § (but not on the specific discrete space V,(Tr)).

Remark 3.1. In the case of homogeneous Neumann boundary conditions along the interior
boundary now denoted by I'y (scattering by a sound-hard material), the bilinear form Ay, (-, -)

in the formulation (15) contains the term / (u — B(ik) 'V ju - n) Vpv-ndS instead of
I'n

— / (th ‘n— aiku)EdS . Wavenumber-explicit stability and regularity results for solu-
I'p

tions in this case, analogue to the one for the Dirichlet case discussed in Section 2, are not
available at present.

4 [*-Estimates

Our principal goal is to study the convergence of the discretisation error of the Trefftz-DG
method not only in the mesh-dependent DG-norm ||-|| ,, but also in the L?(Q)-norm. This
is made possible by a key duality technique originally introduced in [35, Theorem 3.1] and
improved in [17, Section 3.2] and [19, Section 4.2]. In Lemma 4.5 we further modify this
duality argument to allow for different flux parameters.

4.1 Assumptions on the meshes

We study the convergence of Trefftz-DG methods for an infinite family of meshes ¥ := {7}
whose members enjoy certain properties uniformly:

(M1) star-shapedness: there exist 0 < pg < p < 1/2 such that, for all the meshes 7;, € T and
for all K € Ty, there exists xx € K such that By, (xx) C K, and K is star-shaped
with respect to Bpn, (XK );

(M2) local quasi-uniformity: there exists a constant 7 > 1 such that, for all the meshes
Tn €T,
1< hKl

h <rT VKl,KQGES.t. |6K1 ﬂ3K2|750,
K>

(M3) boundedness of the skeleton measure: there exists a constant Cx > 0 such that, for all
the meshes 7;, € T,
|Fial < Cr.

Here and in the following, we adopt the notation |-| for the volume (area or length) of one- or
two-dimensional sets. Assumptions (M1)—(M3) are instrumental for achieving abstract error
estimates in the L?(Q2)-norm in Section 4.4. In Section 6.1 they will be supplemented with
more specific requirements for hp-approximation.

An important tool is the similarity transformation x — X := h;(1 (x — xk), which takes
an element K € Tj, to a domain K with diam(K) = 1, which contains B, and is star-shaped
with respect to the ball B, .



4.2 Flux parameters

We still have the freedom to fix the so-called flux parameters «, 3,9 entering A; and £j,.
Linking them to the local mesh width in a judicious fashion was essential for coping with
locally refined meshes in [19]. Hardly surprising, the right choice of the flux parameters is
also key to a successful analysis of the hp-version of the Trefftz-DG method. It differs slightly
from what was used in [19, Formula (21)].

We fix the function o on any face f C Ff UTp as follows:

hmax
alf:=a ny (17)

where a is a positive universal constant, in particular independent of the local mesh sizes,
the local Trefftz spaces, and the wavenumber k. The symbol h¢ stands for the local mesh
width at the interface f defined as

By — min{hKl,hKQ} iffzaKlﬂaKz,
P Y hge if f=0K Non.

Notice that this definition works also in the case of hanging nodes (compare with assumption
(M2)). Moreover, we choose

B, & as fixed positive universal constants, (18)

of course, with the additional constraint § < 1/2.

Remark 4.1. The choice of 8 and ¢ independent of the local mesh sizes, as opposed to
Blg, 0| ~ h;;’f'“ as in [19], ensures that the coefficients in front of the gradient terms in

the DG-norm do not blow up in regions where the mesh is refined. This permits us to
accomplish convergence estimates on strongly locally refined meshes in Section 6. To that
end, in Section 4.4 we modify the duality argument of [19].

Remark 4.2. The orders of h- and p-convergence of the Trefftz-discontinuous Galerkin method
posed on quasi-uniform meshes are identical to those presented in [17,19], since for these
meshes all flux parameters a, 8 and ¢ are constant. To improve the orders of convergence in
h, the parameters of [13] may be used.

4.3 Trace inequalities

As technical tools we use the following trace inequalities:

ol orc < Cr (it 013 s + Brc o 1) Vo e H'(K), (19)
V0l orc < Ca (R IV0lG s + 03 [Volf i) Vo€ HEFS(K), s (0,1/2), (20)

where Cy depends only on pg, and C3 on pg, p and s. Taking v =1 in (19), we can also see
that
|0K| < C1 hk, (21)

with the same C; as above, depending only on pg.

Remark 4.3. The dependences of the constants show that the parameters p, pg and hg
capture all the geometrical information that is relevant for the trace inequalities, since both
the “roughness” of OK (i.e., its Lipschitz constant in some parametrisation) and the “fatness”
of K (i.e., the maximal distance of the interior points from the boundary and the relation
between its measure and that of its boundary) are controlled by their values.

The bound (19) is standard (see, e.g., [5, Theorem (1.6.6)]), while (20), for simplicial
elements, can be proved using [27, Theorem A.2]. Under our Assumption (M1) on the
star-shapedness of the mesh element K, the trace inequalities (19) and (20), with explicit
dependence of the constants on p, pp and s, readily follow from the following lemma by
scaling arguments.



Lemma 4.4. Let K C R? be such that diam(K) = 1 and let there exist 0 < py < p < 1/2
such that B, C K, and K is star-shaped with respect to B,,. Then,

1++2 9 5 .
01 05 < == (ol i + 101 ) Yo e H'(K). 22)

> L3\ 2 Lieop
lwllo o < A (lwll§ & +1wli g ) Ywe HEF(K), s€(0,1/2), (23)
where Cp, depends on s but not on K.

Proof. We start with (22). Denoting by nk the outward normal unit vector to 0K, since K

is star-shaped with respect to B,,, we have

ng(x)-x > po a.e. on 9K, (24)

where the inequality is meant to hold for every point x at which ng (x) is defined (see [18,
Lemma 3.1]). Thus,

2 2
[liox = [ P s
OK
(24) 1
< — ng - x|v> ds
Po %
1 .
= — [ div(x|v]*) 77/ 2|v]* +x- V]v]?) dx
Po JK
1
= — [ (2|v]* 4 2x - Re{v V&}) dx
Po JK
diam(K)
= |x|<1 2 9
< (el + Wlo g IVl i)

2 2 1 2 (1+\[)
Py (U”QK + 201+ NG) HU”QK Vv ”o K)

1+2 2 2
- = (Il + 190l )

which gives (22).

For the bound (23) we recall Assumption (M1) and, without loss of generality, place the
centre of K at the origin, that is, x5 = 0. We identify R? and C and make use of the polar
parametrisation ¥ : C — C such that

V(B) =K, () =4O’ ¢:[-mm) = [p 1]
The function v is Lipschitz continuous with constant L., satisfying
1— 2
Ly= swp w(o) <222 (25)
oe[—m,m] Po

(see [20, Lemma 4.1]), and the function ¥=! : C — C is Lipschitz continuous as well, with
constant Ly -1 satisfying
|w — v 2(2p+ Ly)
Ly-+ = sup <
w,weC,w#v |\I’(UJ) - \IJ(U)| p2

(26)

(see [20, Lemma 4.2]).
We have

= [ el as= [ wo e 1wo) o
oV (B1)

—T

g , (25) 2 2

SLw/_J(wo\I/)(el )| do < (pop)/_ﬂ’(woklf)(ew)‘ dé

_ =07 (1-p)?
0

2 2
a— Co, (Ilo o WIF 5, +lwo Pl 5,)

2
lwo ¥ ap, <



where the last inequality can be proved using [27, Theorem A.2]; clearly, the constant Cp,,
which corresponds to that appearing in the analogous of the trace inequality (23) for the unit
ball By, depends on s and not on K.

By definition of the (% + s)-seminorm by the Sobolev—Slobodeckij integral, the Lipschitz
property of ¥ !, and by changing variables within integrals, we obtain

[(wo T)( wo W 2
‘wo\m m = / / XB) — (3+25)(yB)| dxp dyp
By ‘XB_y |
2
<[ [ e e vt
B, J B,

“(xp) — - Y(yp)*

<JJ; L‘?’”S'w _y[é?izs et DY (o) fdet D y) ey,

and
lwo w2, :/ w0 U(xp)[? de:/ fw[? [det D¥ 1 (x)]| dx.
Bq K

From the expression of the Jacobian D¥~! in Cartesian coordinates given in the proof of [20,
Lemma 4.2], we compute

1 1
det DU = < =,
| | $(0)> ~ p?
Therefore,
3+25
2 (1—p)? Ly
wit, g < Cp— + 2wl
lwllo o1 e lwlls. % 2 wli sk
L e O (e 5 (G5)
< Cp,——— | lwllg # + 5 | — wli, .~ |,
B pop? lollo p? \ pop? wlyeak
from which we get (23). O

4.4 Duality argument

By using a similar argument as in [6,17,19,35], we bound the L?-norm of any Trefftz function
by its DG-norm, with explicit dependence of the bounding constant on the wavenumber. The
first part of the proof of the following lemma is identical to that of [19, Lemma 4.4]. We
report the whole proof for completeness.

Lemma 4.5. For any e > 0 there exists a constant C > 0 depending only on the shape of
Q, 9, po, p, a, B, 6 and € (in particular independent of V,(Tr), Tn and k) such that, for any
w € T(Th),

+ET2(CF + TR wllpe -

Hw||O7Q S C khmax

Proof. Let ¢ be in L?(Q). Let v be the solution to the (adjoint) problem (2)—(4) with f = ¢,
gr = 0 and “—” in the impedance condition on I'r. From Proposition 2.1 we know that
ve HTHQ) for all 0 <t < 1/2 + sq (with sq defined in Proposition 2.1), and that

vha+kllvlog < Cléllga, Voo <CA+E) [lloq, (27)

with C' > 0 depending only on s, yg and 9, but independent of k, ¢ and v. In particular,
ve H2ts(Q) for all 0 < s < sg.

Multiplying by w € T(T},), integrating by parts twice the equation (2) element by element
(using Aw + k*w = 0 in each K € T3), and taking into account that Vv -n = ikvv on I'g
and v = 0 on I'p, we obtain

Z/ Vw~n6—wVv-n) ds

KeTy,

[(w, #)o.o| =

10



/ ([Vaw]no = [w]y - Vo) dS +/ (Viw - n + ikdw) vdS — wVv-ndS|,
Fi T'r

I'p

from which, by the Cauchy—Schwarz inequality,
[(w, ®)o,al

<Z(k2
+z(w

l
Vhw NH k2

gbo| 4kt
0.f

1

oo tww-n|| wH||o ot ant
0.f

5%ﬁ%u4’ =

6ok >
07f

fCTr 0,f 0,f
+ k2 Ha%wH k2 |la"2Vo nH
chrD 0.f 0.f
1
< flwlpg G(v)2,
where we have set
2
g0)= 3 (klja-tof, ot fotwon )
fcF '
+ Z 2kH5 219?1)” Z k™ 1Ho¢ IV - nH
fCl'r 0.f

We need to bound G(v) in terms of ||¢H(2J)Q. We exploit the fact that v € L (Q), together
with the Assumption (M3) on the mesh family, in order to bound the terms containing 3
and 0. Since Vv does not necessarily belong to L>(2), we cannot use the same argument for
the terms containing o. We report, for completeness, the estimate of the terms containing «
from [19].

Using the trace inequality (20) and taking into account the local quasi-uniformity as-
sumption (M2), we obtain

2

2
k*lHa*%vu-nH T k*IHa*%vv.nH
> ot 2 o

fcFl ’ fc'p

Loy [,

B
IVoll6 1 + =5 1V0l3 4o
KeThn

L= (0KN(F}Ul'p)) [kzh
with C' > 0 depending only on pg, p and s. The assumption (17) on « implies

1

2 h
< K

Lw(aKﬂ(fiUFD)) T almax ’

which leads to the estimate

—1 _1 2
E k Ha 2Vv-nH +
0,f

fcF} ’

—1 1 2
E k Ha 2Vv-nH
0.f

fCI'p

h25+1 9
ELDS [khmax V0l + e V”'*S’K]’
KeTh

where, now, C also depends on a. By definition, hx < hpax, and therefore (27) (taken with
t=1/2+ s) gives

Z kL Ha IV - nH

b 3 o] < €07 R (™) 191G -
fcFl 7

fCI'p

(28)

We proceed now with the estimate of the terms in G(v) containing 8 and §. Let us start
with the term containing 4. From the Sobolev embedding H'*¢(Q) c C°(Q), for any € > 0

11



(see e.g. [24, Theorem 3.26]), we have v € L>°(Q) and

> i

fcFL

oy Skt
lo,fgkw:h‘ g%

—1 I 2
Lo (FI) <B Tk |]:h‘ HU||L°°(Q)7

Provided that ¢ < 1/2 + sq, v € H'*(Q), and there exists C > 0 depending only on the
shape of 2 and ¢ such that

2 2 2 2
[0l ey < € (llellg 0 + IVl 0 + V0 g ).

By using (27) with ¢t = €, we obtain

2 1 2
o~y < (5 +145) ol

and thus

Z k HB_%U

fcF

2
o, ORI +82) ] 0. (29)

with C only depending on the shape of €2, ¥, € and 3.
We bound the term containing § similarly:

> 2k |omtvt

2 _1 .1
( < 2%k [Tx H5 szH
fcTr 0,f

2
<2k67 19|} r 2
Lo(Tg) — 191, (I‘R)‘ rlvlIg I(®)

< C [Dal (k" + K%) ]2 0. (30)

with C' only depending on the shape of Q, ¥, ¢ and .
Thus, collecting the bounds (28), (29) and (30) on the terms containing «, 5 and ¢ in the
definition of G(v), for all ¢ € L?(f), we have

G(v) < C (k™ hopay + 52 + | F UTR| (k71 + K1729)) |||

2
0,07

and thus, due to assumption (M3) and 2s < 1,

SIS

‘(UJ, ¢)0 Q 142
= <O +kT(CE+ITRD | wlpe -
16ll0.0 khmasx be
For larger values of £ the same bound holds. O

We note that in the assertion of Lemma 4.5 we can take an arbitrarily small € > 0 to
reduce the dependence on k, but the constant C' may blow up in the limit € — 0 as it contains
the continuity constant of the embedding of H'*¢(Q) in L ().

Since u — upp € T(Tp), from Lemma 4.5 and the quasi-optimality (16), we immediately
deduce the following result.

Theorem 4.6. Assume the mesh properties (M1)-(M3) and that the solution u of (1) belongs
to T(Ty), and let up, be the solution of (15). Then, for any € > 0 there exists a constant

C > 0 depending only on the shape of Q, 9, po, p, a, B, § and € (in particular independent
of Vo(Tr), Tn and k) such that

+ k2 (Cr+ D inf U—0 .
max ( g | RD Vhp€Vp(Th) H thDG+

||u - utho,Q <C

5 Approximation properties of plane wave spaces
In this section we consider a Helmholtz solution u defined in the neighbourhood
K, = {x € R? dist(x, K) < nhg }, 0<n<1/2,

of an (open) element K satisfying the star-shapedness assumption (M1); for simplicity we
take K to be centred at the origin, i.e. By, C K and n(x) - x > pohg a.e. on 0K. We

12



note that K, contains B, ,n, and is star-shaped with respect to B(,, 1), - Following the
theory developed in [20,30,31] we prove approximation bounds for finite dimensional spaces
made of circular and plane wave functions.

The main ingredients are three: (i) the explicit approximation bounds for harmonic
functions and harmonic polynomials proved in [20] (improving on [25]) and reported in
Proposition 5.1; (i3) the Vekua operators, which permit to transfer these approximation
properties to Helmholtz solutions and circular waves (see a detailed discussion [32] and the
continuity bounds in Lemma 5.2 below); (ii) the approximate inversion of the Jacobi—Anger
expansion, which allows to prove bounds for plane waves (see (39) below, which was proved
in [31, Lemma 4.3]). The interplay of these ingredients is outlined in Figure 1.

We consider only W/>-type norms (as opposed to H7-type) in our bounds; moreover,
since u is analytic in K, its possible singularities lie at least at distance n from K: these
two facts make the proofs easier than those in [31] (even though here we obtain exponential
convergence as opposed to algebraic). On the other hand, we want to control the dependence
of the constants on the geometry of K, through p and pg, thus we need the sharper bounds
of [20].

{1 € WY (K,), Aut Ku = 0} — 2 {6 € WHS(K,), Ap = 0}

Prop. 5.3 Prop. 5.1, holom. intp.
) i N int || In] VY
A-ineq.| span {e J‘n|(|x\)}n:_N 7 span {6 x| }n:—N
Vi=(V2)

(Jacobi-Anger) ™!, (39)

ikx-d,, 19

span {e m=—q

Figure 1: The idea behind the approximation estimates of Section 5: plane waves approx-
imate circular waves (Fourier-Bessel functions), which are Vekua transforms of harmonic
polynomials, which approximate harmonic functions, which in turn are inverse Vekua trans-
forms of Helmholtz solutions. The — arrow denotes the Vekua operators, which are bijective
mappings, and the — arrow can be read as “is approximated by”; the curved arrows are
consequences of the straight ones.

In the following, for any j € Ny and for a Lipschitz open set D C R?, we define the
Sobolev seminorms ||y, (p) = SUPaenz,ja|=j |P*@|l L (p)-
5.1 Exponential approximation by circular waves
The results in Section 4 of [20] give the following harmonic approximation estimates.

Proposition 5.1. Under the above assumptions on p, po,n, K, for any real-valued harmonic
function ¢ € WH(K,), there exists a sequence of harmonic polynomials { Py} nen, of degree
at most N such that

¢ = Py k) < Chyle™N VOl (k) » (31)

for all 7 € Ny, where C > 0 and b > 0 depend only on p,po,n and j. Moreover, Py
interpolates ¢ in at least (N + 1) points on 0K.

Proof. The proof is a slight improvement of that of Theorem 4.10 and Corollary 4.11 of
[20]. Using the same notation of the proof of [20, Theorem 4.10] (u = ¢ harmonic to be
approximated, f = u + v holomorphic in D), we define f := f — u(xo,y0) and §, =
qp — u(x0,yo). We have f —q, = f — Gp, @(z0,%0) = v(z0,y0) =0, |Va| = |Vu| = |Vu| and

- il )
HfHLoo(D) = HUHL (D) + ||U||L (D)
< diam(D)( Vil poe py + ||Vv||Loo(D)) = 2diam(D) [|[Vu| o p) ,
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which shows that the W'*-norm at the right-hand side of the bounds in the assertion
of [20, Corollary 4.11] can be substituted by the similar seminorm.
The factor hl. ! follows from a simple affine scaling. [

The explicit values of the constants C' and b can easily be computed following the proofs
n [20].

In [32], following [40], the k-dependent Vekua operators V4, Va : CO(K) — C°(K) were
introduced. They are inverse of each other, i.e. they satisfy V; = Vz_l, and are bijective and
bicontinuous between the following pairs of spaces (see [32, Theorems 2.5 and 3.1]):

HI(K) :={¢ € H(K), Ap =0} & HI(K) = {u € H'(K), Aut+k?u=0} Vj e N.

Va

In [32, Theorem 3.1] the continuity of these operator in L (K )-norm was also stated. Here
we generalise this result to higher order W7°°(K)-norms, maintaining an explicit expression
of the continuity constants.

Lemma 5.2. For any j € N and ¢,u € W7>°(K) such that A¢ = Au+ k?>u = 0 in K, we
have the continuity bounds:

IVALON Lo 0y < (1 + (khx)®) 0]l Lo 1) (32)
Vol < (14 ETEY (33
Vi [¢]|Wj-,oo(K) < (14 (khg)*e’) |¢\W_7~,00(K) + k*hgcel ‘¢|Wj—1,oc(K) (34)
—2
+(1+4)(f +khi)e jZ Kbl yeoo (i)
=0
IValu] |y, (k) S K2hicel takh HU||L<><>(K) + 1+ thKGEth) ‘U|W1=°°(K) : (35)

Proof. The two bounds in L> (K )-norms are simpler versions of [32, Equations (18) and (19)].
To prove the remaining ones, we recall that the operators Ve, with £ = 1,2, were defined as

Velo)(x) :== o(x) + fol M¢(x,t)¢(tx) dt for two suitable kernel functions Mg € C*°(K x [0,1])

(see [32, Section 2]). Thus, using the properties of mult‘i—‘indices a = (a1,09) € N2 and the
8 o

Erarmel we have

Leibniz rule for multidimensional derivatives D® =

1

Vilolhwsmio = s D70 [ D® (st (1)

aeNZ |al=j 0 L>(K)
= swp D"‘(;S—f—/ Z ( )(DﬁMg(x )t =PH(D>Pp) |1 ) dt
aeNg, la|=j ,GEN2 B<a Lo ()

«

<lwioexy+  sup Z (ﬁ) tS}(lJpl] [Me (5 8)lwisroe (5 x0,17) [Plwia-s1os (1)

€lo,

aEN8,|a|:j B€N2 B<a

< Bl oo (K) T Z (1+0)¢ t;épl | Me (-, )|Wé,oo(1<x[o71]) |¢’|Wj—2,oo(1<) )
£=0

8
where in the last step we used (g) = (gi) (g;) < aﬁl,g"‘, < el and the multi-index count [30,

Equation (B.10)]. The final estimates follow from the bounds on the kernels M¢ in [30,
Lemma 2.3.3]. |

The results of Lemma 5.2 hold if K is replaced by K, by substituting hx with hx (1+2n),
since K, is star-shaped with respect to the origin.

Following [25], we say that uy € C°(K) is a generalised harmonic polynomial of degree
N € Ny if its inverse Vekua transform Vaz[uy]| is a harmonic polynomial of degree N. As
described in [30, Section 2.4], generalised harmonic polynomials are nothing else than circular
waves (often called Fourier—Bessel functions), i.e. smooth solutions of the Helmholtz equation
that are separable in polar coordinates: they are linear combinations of

X = (|X| COS¢7|X|511“/1) — eln¢J|n|(k|X|)v —N<n< Na
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where J,, is a Bessel function of the first kind and order n.

In the next proposition, we exploit the mapping properties of the Vekua operators proved
in Lemma 5.2 to transfer the approximation result for harmonic polynomials and harmonic
functions of Proposition 5.1 to generalised harmonic polynomials and Helmholtz solutions
(compare with [30, Proposition 3.3.3]).

Proposition 5.3. Under the above assumptions on p, po,n, K, for any u € W1’°°(K,,) solu-
tion of Au+k*u = 0, there exists a sequence of generalised harmonic polynomials {Qn} nen,
of degree at most N such that

1= Qulyse ) < €€ B (14 (khi) ) (K2hsc ul e,y + 1Vl 1, )

(36)
for all j € Ng, where C > 0 and b > 0 depend only on p, po,n and j.

Proof. For any N € N, define Qn = V1[Pn] where Py is the harmonic polynomial of degree
N associated to Vz[u] by Proposition 5.1. Then, for all j > 0,

lu — QN|Wj,oo(K)

(32),(34) -1

<& (1 (khe)?) [Valt) = Pilugs ey + 23+ khie) YK Valul = Pl i) )
£=0
(31) ) )
< Ce_bNh}{] (1+ (th)J+2) ||VV2[U]||LOC(K,7)
(35),m<1/2

£ 0B (14 (bhae) )0 (k20 ul ) + [P0 )

5.2 Exponential approximation by plane waves

In Proposition 5.4 we prove approximation bounds for plane wave spaces and Helmholtz
solutions. The main result is given by the “inversion” of the Jacobi—Anger expansion ob-
tained in [30, Lemma 3.4.3]; this allows to approximate circular waves with plane waves with
more than exponential convergence in the number of plane waves. The final bound is then
obtained with a triangular inequality argument, Cauchy’s estimates for Helmholtz solutions
and Proposition 5.3.

The whole proof is just a modification of those in Sections 3.4.2 and 3.5 of [30] (see in
particular Remark 3.5.8 therein). The main differences are: (i) here we never use H’-type
Sobolev norms but only W7*-type, (ii) we aim for exponential convergence and require that
the function to be approximated be defined in a neighbourhood of the element, and (i) the
bounds coming from [20] allow to reduce the dependence of the bounding constant on the
element shape to the parameters p and pgy only.

Proposition 5.4. Fizq € N and p = 2q+1 different unit vectors (the propagation directions)

{d,, = (cos b,,,sin Gm)}fn:_q. Assume there exists 0 < ¢ <1 such that
2
min 6 — O | > — C. (37)
m,m/:;é—q;u-,q p

Fiz u e WH*(K,) solution of Au+ k*u = 0. Then, under the above assumptions on p, po,
n, K, there exists a linear combination of plane waves with propagation directions {d, }1
which approzimates u with the following error bound:

q
u— E amezk:x-dm

m=—q

=—q

Wioo (K)
hic (khge )1/ 2+ (1 + (th)L‘%lJ)
aq
(0044(‘1 + 1)) 2

< C(1+ (khg Y t7) e hep 7 [(kh;()e‘bq +
(e ull e ey + IVl ) )
for all j € Ny, where C > 0 and b > 0 depend only on p,pg,n and j, while cg > 0 is

independent of all the other parameters.
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Proof. We consider N € N such that N < [(¢—1)/2] and, using plane waves, we approximate
the circular wave @ given by Proposition 5.3.

First we note that Vekua’s theory allows to extend Cauchy’s estimates for harmonic
functions to Helmholtz solutions. In particular, we can control the W7°°(K)-norm at the
left-hand side in the assertion’s bound with the L>° (K, )-norm of the same function: for any
w € L¥(K,), Aw+ k*w = 0,

5ol ; ; 2\ oJ : j—t
Wiy < (L4545 + (khi)?)e? Y R~ Valw]] e i)
£=0
C[aucl(lyest);]. ‘
30, (2.29
<+ ) eﬂzkﬂ (o) Walillee,

(33)m<1/2 , _ N : ! ‘
< (L4 (1+ ]+ (khi)®) (1 + (khi) e ) el [[w] oo e,y Y K™ (?ﬂm)
£=0

< C(1+ (khi ) e )= hid w]| po i, (38)

where the constant C' depends only on j.

We obtain the order of convergence of the plane wave approximation of @y from Lemma
3.4.3 of [30] (together with K, C B1—pinynss [I'lp2x) < Pk [l oo (5> and setting K =0
in the notation of [30, Lemma 3.4.3]): there exists & € CP such that

q
QN - E amezkx-dm

q
QN o E amezkx-dm

m==q L>(Ky) m=-a L (Ba—ptmyng)
o3 o3 1 aptmrnge ((1—p+ n)th)qH
< (2N N+ 1) (1 + (khg)~N) e 5 e
m3pN+L\ 22 ¢2 (g+1)=
V2 [@n]ll oo (£ - (39)

The norm of the harmonic polynomial V5[Q ] is immediately controlled by that of u using
the triangle inequality and recalling the definition of Qy:

Vel@nllliLe ey < IValulll oo iy + V2lu] = V2l @nlll Lo (k)

(31)
< O(IVallll e i,y + i IV Valtll e, ) (40)

(33),(35) 1
< C(1+ (khg)?)ez 12k ( [l Lo (i) + P VUl Lo (i, )

where C' > 0 only depends on p, py and 7.

We now put together the various bounds: the plane wave approximation error is split using
the triangle inequality in a Fourier—Bessel approximation error (controlled in Proposition 5.3)
and in a remainder term controlled by (39) (using (38) to reduce the order of the norm):

q q
u— § O[Tnelkx-dm + QN _ 2 amelkx-dm

< Ju = Qn i (k)

e Wi (K) m=—q Wiheo (K)
(38)
< = Qnlwieeo +C(L+ (khe )T He2 M) id | Qy — Z Qe dm
e Lo (Ky)
(36),(39)

< CeT IR (14 (kb )T T4) ekt <k2hK lll o 1,y + IVl o i, )

5 q
+C((khr) ™ + (khg ) )0 <43€§<2> (2N N+1) einll Va[@n]ll < ()

< C(1 4 (khg) *T)et 7

_ B 3@% ? hi (th)q
. [(th)e PNt (14 (khi)™) <4\/§ <2> <2N\/N+ 1) )=
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(Bl g ey + IVl i) )

where C' and b depend on j, p, pg,n only. We now fix N := L’%lj and obtain the assertion

(with ¢p > 0.0119)

q
u— 2 amezkxdm

m=—q

Wi (K)

5\ 4 a1
j j S\ hp(kh)la/2141 (1 4 (khp )55 )
SC(1+(th)]+7)egthh_] l(kh )e—gq (362> K( K) ( +( K) 2 )

4¢? (q+1)2
(o ull g ey + IVl i, )-
O

Remark 5.5. If khxg > 1, the numerator of the fraction in the bound in Proposition 5.4
behaves like 2h i (khg)? and can badly affect the convergence of the approximation by gen-
erating a long pre-asymptotic regime in ¢ (compare with the “step” in Figure 3.1 of [17]).
This term comes from bound (3.42) in [30], which can be improved to

(khg /2)"  e*he/2 y(q+1,khg /2
sup Z‘JZ |<Z K/ V(QQ' K/ )

Y
e[0.khk] {>q >q

where f')/(a, ;17) = f()m efttafl dt = F(a)xaefx Zn>0 l"(#::-i—l) is the lower incomplete gamma
function [1, 6.5.2, 6.5.4, 6.5.29]. Using this, the numerator can be reduced to hxq2+! .

(g, khx /2), which has similar behaviour to 2hx (khg)? for large values of khy and ¢, but
is considerably smaller.

6 Exponential convergence

As in the case of standard polynomial finite elements, we establish exponential convergence of
lu — unplly  in terms of the number of degrees of freedom for particular families of meshes.

6.1 Geometric meshes

We restrict ourselves to special instances of families of meshes given by sequences {77} ey of
so-called geometrically graded meshes indexed by a refinement level L denoting the number of
element layers in the mesh, see Assumption 6.1 below. Meshes of this type with simple poly-
gonal or polyhedral elements have universally been used for conventional hp-finite element
methods [38]. Conversely, we demand only compliance of {71} ren with Assumptions (M1)
and (M2) from Section 4.1, and, thus, rather general shapes of the elements are admitted.
We impose the following properties on admissible geometrically graded meshes.

Assumption 6.1. Let 0 < ¢ < 1 be a fixed grading parameter. The elements of every mesh
7w, L € N, can be grouped into layers £F, 0 < ¢ < L, that is,

L
To=JLh, LinLi=0if t#£1,
=0

such that:
(GM1) the Lth layer £E contains the set of elements abutting a corner;

(GM2) except for the elements in ££, the distance of an element from the nearest corner
point depends geometrically on its layer index (recalling that C = {c, },<, is the set of
corner points):

3C>0: C7lof <dist(K,C)<Co® VKeLf, 0<¢<L-1, LeN; (41)
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(GM3) the size of an element depends geometrically on its layer index:

3C>0: Cl<hg<C VK € L}, LeN,
Clo"11-0)<hg <Co' '(1-0) VKeLl 1<0<L-1, (42)
C ot <hg < Co™ ! VK € Lf;

(GM4) for £ > 2, Ty, is obtained from 77,1 by refining only elements of [Zf:i (ie., LE = L:f,
for all £ < min{L, L'}).

Here and in the sequel, we adhere to the convention that a “generic constant” C > 0
must depend neither on refinement levels £ and L, nor on the grading parameter o, nor on
the solution wu.

We remind that (GM2) and (GM3) imply that the diameter of an element in the ¢th layer
is proportional to its distance from the nearest corner:

3C >0: C~ldist(K,C) < hx < Cdist(K,C) VK € Lk, LeN,

1-— 1-—

' % Qist(K,C) < hig < C —Z dist(K,C) VK eLlF, 1<¢<L-1.
14

(43)

Appealing to (M1) and (GM3), we can control the area of the elements in a particular layer:

g

3C > 0: Cl<|K|<h% <C VK € Lk, LeN,
C V1 -0 <|K|<h% <Co®V1-0)? VKecLl 1<i1<L-1,
C71o? N < |K| < h3 < Co?L7D VK € LT

As a consequence of the mesh construction, the area occupied by the ¢th layer is bounded as
follows:

area(Ly) < C, area(LE) < Co*E—1)

1— 2
area(L}) = area(Ly™) = area(L)) — area(ﬁfﬂ) < Co? 720, 1<¢<L-1
o

Taking the ratio of the areas in the last two formulae, we thus conclude that the number of
elements per layer is uniformly bounded in ¢:

1—0” ’ (44)
ﬂﬁ[,ﬁﬁo <C’7 LeN.

3C>0: ick < ¢

Immediate from (44) is the fact that geometrically graded meshes satisfy (M3) because,
retaining the notation F} for the set of interior edges of some 77,

L—1
AC Y e < 0| Y et Yot Y b

KeTL KecLk Keclk =1 KeLf

(GM3),(44) 1y
< C 1+0L1+;1t20€1(10)
1—cl-1l0<0o<1 1
= C[1+0L_1+(1+0) 1" ] < C——=:Cr,
e =
(45)

with all constants independent of L.

6.2 Plane wave hp-spaces

The gist of hp-approximation is to raise the number of plane waves used on each element
along with refining the mesh. This is reflected in the construction of the plane wave hp-spaces

18



based on a sequence of geometrically graded meshes {71}y as introduced in Section 6.1.
To begin with, we set the dimension of the local plane wave spaces to

p(L):=2L+1, LeN. (46)

For the sake of simplicity, we opt for equi-spaced plane wave directions (i.e., ¢ = 1 in Pro-
position 5.4)

—m

cos(Z=m)
dr = . , 0<m<p, peN,
sin(<Fm)

which give rise to the local plane wave spaces

p—1
PV, (K) = {v € C™(R?) : v(x) = Z am exp (tkd?, - (x — X)), am € (C}, peN.

m=0

where xx was defined in Assumption (M1), Section 4.1. Then, the trial and test spaces for
the hp-version of the Trefftz-DG method of Section 3 are defined as

Vi = {ve L*(Q): vjx € PWypyx(K) VK € Tp},

and the corresponding solution will be denoted by uy, € Vi,. Obviously, thanks to the bound
on the number of elements per layer (44), the total number of degrees of freedom, which is
dim V7, is bounded by

1

According to Theorem 4.6 and the bound on |F}| (45), an L-uniform bound of the dis-
cretisation error [[u — ur ||y o is provided by [|u — vL|| pg+ for any vr, € VL. A concrete choice
of vy, will rely on particular local approximations of u chosen differently for elements away
from corners, see Section 6.3, and elements at corners, see Section 6.4.

Before we give details, we elaborate a simpler bound for ||u —vr| pe+ . Immediate from
the definition of ||-|| poo is

2 2

o oY (] L TR (SN s

et 0,0K\09 0,0K\Tr
2 2
+k”ﬁ71/2(u7vL)H +k71H0171/2V(7.L*’UL)'1'1H
0,0K\09 0,0K\T'r
2
+ k7! H51/21971/QV(U — L) - nH
0,0KNI'r
2 2
+kH(1_6)1/2191/2(u_vL)H +kH5—1/2791/2(u_vL)H )
0,0KNT R 0,0KNTR

Thanks to the particular choice of the parameters «, 8 and § made in (17) and (18), we thus
arrive at the bound

_ khmax
Ju— UL||2DG+ <C Z (k IV (u— vr) - nH(Q),aK + TKa [lu— UL||(2),6K>7 (48)
KeTL

where we have used the fact that the local quasi-uniformity assumption (M2) implies hy <
Thy for any face f of the element K; thus, in the estimate (48), C' depends on the local
quasi-uniformity of the mesh.

6.3 Estimates away from corners

A simple consequence of Theorem 2.3 is the possibility to extend u analytically beyond 0K,
provided that K does not abut a corner. The solution can be extended to a distance from
K proportional to the distance from the closest domain corner, thus proportional to the
diameter of K itself, thanks to relation (43). The proof is similar to that of [20, Lemma 5.4]
and given for convenience.
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Lemma 6.2. There exists n, > 0 depending only on the shape of Q0 and on o, in particular,
independent of u, k and L € N, such that the solution u of (1) is analytic in

K, = {xeR?: dist(x, K) < n.hg },

and belongs to Wh>°(K,,.) for all K € T, \ LE, that is, for all elements not adjacent to a
corner.

Proof. It goes without saying that we will rely on (11) from Theorem 2.3. For x € 2, by the
geometric triangle inequality we have the simple estimate

Ne Nne
00 = [T eul= e el 2 [ fou - e
v=1 v=1
vEp
if 11 is the index of the corner closest to x. Hence, for x € K, K € T\ LE, we find the lower
bound

(I\D(x) > C¢ dist(K,C), Ce :=2'""  min H lc, —cul.

1,...
pe{l,...;nc} =1

vEp

Thus, from (11) we conclude that u is analytic in

U {x eR?: |x —xo| < C’cdlSt(K’C)} = {x € R?: dist(x, K) < CCdist(Kﬂ)}.
KooK dery dery

The distance dist(K,C) is related to the size of K by (43), which provides C™!':Zhx <
dist(K,C), if K € £}, 1 < ¢ < L -1, or C*hg < dist(K,C), if K € L, where the
constant C' is that in (43). This yields the assertion of the lemma, for instance, for the choice
n*:min{l,ﬁ}&cﬁ. O

From this lemma, it is immediate that u € L*°(K) and Vu € L*°(K)? for every element
K € 7.\ LE. Now we fix such an element K. If w € L>(K), the consequence (21) of the
star-shapedness of K gives

2 2 2
||wH0,8K < |0K| ||wHLoc(K) <Chg ||w||L°°(K)'

Hence, the contribution of the elements K € 77, \ L% to the right hand side of estimate (48)
can be bounded by

— 2 khmax 2
> (KN =) ml g + 5w =l o )
KeT\Lk K

hk
< X (BT )+ el = ey ) (49
KETL\££

Along with Lemma 6.2, this paves the way for using the approximation result of Proposi-
tion 5.4 for ¢ = 1 (defined in (37)) locally on each element K € £L, 0 < ¢ < L —1: picking
v, € PWyp) x(K) as a suitable linear combination of equispaced plane waves according to
Proposition 5.4, we find

hx
% ||V(U—”L)||ioo(1<) +khmaxHu_UL||iOO(K) (50)

he (Kl )L+ (1 4 (ko) L5520 P
<C(khmax)1666kh’< (th)ll(th)ebL+ K (khi) ( + (khg) )

= L
2

(Co(L + 1))
2
(BNl ey + IVl e, )

hic(1+ (khi) 1) 17
< O (khmax) 7 eSFhE g [ebL +

2

< k||u|| oo + ||Vu|| o ) .
L ( L>(K,, Lo (K,,

(Co(L+ 1)) 2 (o) ()

The constant C' essentially agrees with the constant C in the assertion of Proposition 5.4
and inherits its dependency on p, pg, and 7,. The exponential rate b is the same as in
Propositions 5.1 and 5.4.
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6.4 Estimates at corners

On K € LE we can neither take for granted Vu € L*(K), nor analyticity of u beyond
OK. Fortunately, since the combined area of these elements is very small for large L, simple
local estimates suffice. Our aim is to control the terms relative to K in (48) with some
bounded function of u, independent of K, multiplied with any positive powers of hg; then
the geometric scaling (42) for £ = L provides exponential convergence in L.

The first tool we need are the polynomial quasi-interpolation operators Q™, m = 1,2,
introduced in [5, Chapter 4], which project onto the spaces P,,,_1 of 2-variate polynomials of
degree at most m — 1. In particular, we make use of Q}( and Qi( for each K, where K is the

scaling of the element K € T;* as introduced in Section 4.1. We remind that the projectors
Q™ rely on Taylor expansions averaged over B,,. Then [5, Corollary (4.1.15)] gives us

Q%@

with constants C,, ; depending only on py. Moreover, by the Bramble-Hilbert Lemma from
[5, Lemma (4.3.8)] we know

J,B1 < Cm,j Hﬁ)||O7BpO Vi € Hmil(f{)a J=01, m=1,2, (51)

ok S COmldl, g Vi€ H™(K), m=1,2, (52)

W — Qb

where Cy, depends on pg only. By interpolation between H 2(K) and L2(K) of the operator
(Id — Q) taking values in L?(K), we conclude from (51) and (52) for m =2 and j = 0

W — Q% b

N . ERPS
o SClly, .,z Vi€ HIP(R), se(0,1/2), (53)

with, as before, C' depending on pg only. Next, [5, Lemma (4.1.17)] asserts that V o Q% =
Q}K oV, which yields, by interpolation between H'(K) and L2(K), applying (51) and (52)
to Vw with m =1 and j = 0,
. . . . B, P
|V (o — Q%w)“o’k <OVl z Vo €HTW(E), s€(0,1/2). (54)
The second tool is a set of special results about the approximation of polynomials by
plane waves which can be derived combining Lemma 3.10 and Proposition 3.9 in [13]. In
that article, the estimates target a family of triangles and the unit square, here we need the
estimates on the unit disk only.

Lemma 6.3. For odd p > 5, k> 0, and any p, € Py (B1), we can find 0, € P, i (B1) such
that

1p1 = tpllo. 5, < CK? Ip1llo. 5, - (55)
151 = Oply 5, < Clk+ DE [Pl p, (56)
lipls 5, < Ok + )2k |1 llo, s, - (57)

Based on this lemma, we prove other auxiliary estimates.

Lemma 6.4. Fiz odd p >5 and s € (0,1/2). For every K € Ty, and u € H2(K), we can
find v, € PWp, 1,(K) such that

= vl e < C (B2 1l s + Pkl ) (58)
= vpf? g < C (ARl y i + (b + 12K 0% ul} ) (59)
2 2 —2s 2
V(= 0p)l} 4y i < C (Tl i + (0 Ak B2 R Jull ) (60)

with constants C' > 0 independent of u, K, and L (depending only on po and p from As-
sumption (M1)).

Proof. Set p := Qiﬁ and write 0, € P[/Vpk(K'), with k& := hxk, for the plane wave approx-
imation of p according to Lemma 6.3. Its transformation back to K provides v, € PW, ,(K).
Simple transformations of norms yield

hu=vpllose = huclia=plly i < huc (1= Blloz + 16— olloz )
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53)
< Chy (C|u|%+s7k+”p_vp”0731)
1
< ' Chg (|a|%+37f( + hick? Hﬂ”(),BPO)
345
< cC (hf{ Juls 1o i + h5ck? HUHO,K) :

Rather similar arguments establish the second assertion of the lemma for the same v,:

Iu_vp|17K = |a- @p|1,f< < Iﬂ_ﬁh,f( + |ﬁ_@p|1,[(
(54) R R )
< O(IVily ok + 10—l 5,)
(56) N 2 1.2
< C(IValyy, i + Vuack + DR [l 5, )
(51)
< C

<|ﬂ|%+s,f( + (hxk + 1)h% k> H'&HO,BPO)
1l
< C (h;( “uly o g + (hick + Dhich? ||u||07K) .
The third estimate follows along the same lines, using [Vp|.,  z = |pl, z = 0:
5+s. :

—S

=

V—v)lyo = h " INV@—0)ly %
_1_ L A
< hgp?t <|V(u—P)|é+s,f<+ \V(p—vp)l%sﬁ)
(54) _1_g . I
< Chyg? (|VU|%+S71‘<+||p_UpH2,K)
(57)
<

Chit ™ (1l g + (e + 12052 ., )

9
INZ
=

-1 ~ ~
Chit ™ (Il i + (hick + 12HER® il i, )

IN

s
C (Il po e + Crck + 1205 K? [lull ) -

O

The natural candidate for a local plane wave approximating v on K € ,Cf Is vp g = vy
with v, supplied by the previous lemma. Then we can tackle the terms on the right-hand
side of (48) invoking Lemma 6.4 and the trace inequalities (19) and (20), respectively:

khmax 2 (19) khmax 1 2 2
el LR PP S ke o R R R
1 2 2
< Ckhmax (hg |u_vp||o7K+u_Up|17K>
K
(58), (59)
<

S Ok (5 [l g + (R + DRl )

1 Cyr, _ s
T IIV(u—vp)Ilf),aK < % (hKl IIV(u—vp)Ilﬁ,KJrh?( IV(u—vp)Ir;s,K)

(59), (60)  C /.
< T (M e O Rk ikl )

Therefore, taking into account the geometric scaling of the elements (GM3), the contribution
of K to the right hand side of (48) can be bounded as

Bl 0y 2
hK 0,0K

1
%HV(U —vp) - an,aK +

< CoE (KM U+ K2h2) [l + i K (L KR ullf ) (61

< € (1 k) (K7 o e+ K Tl )
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6.5 Main a priori error bound

Now we combine the estimates obtained in Sections 6.3 and 6.4 into a final best approximation
estimate for u in Vy, in terms of the DGT-norm, on families of geometric meshes complying
with Assumptions (GM1)-(GM4). The focus is on asymptotic behaviour with respect to
the depth L of refinement. Hence we do not look for the best possible k-dependence of the
bounding constants. An explicit expression of the dependence on k, o and u of the constant
C, the exponential rate b and the minimal number of layers L in the assertion of next theorem
is shown in the proof.

Theorem 6.5. Denote by u the solution of BVP (1), and by ur its approximation
obtained by the method (15) defined on a mesh T, with L refinement levels belonging
to a family of geometric meshes with grading parameter o, and with local approximating
plane wave spaces of dimension p(L) given by (46).

Then, there exists a threshold L € N and two constants C b > 0 with b and L
independent of k, such that

u—ur < C e tVAmVL VL > L.
0,0

Proof. Combining the result of Theorem 4.6 with (48), for all € > 0, we have with a constant
C > 0 independent of L, k, and u

2 Thm. 4.6 o . 2
le—uellq S CO R E(CH+TaD) ol fu—vrlhes
L L

(45),(48)  p1+2e 9 kh 2
< c inf (lfl V(u—uvg)- Plmax )
-0 1 oL € PWhir) 4 (K) IV =v2) -nllo.on + hi lu=villo.ox
S

Next, we split the sum into two parts comprising the small cells of layer £ and cells away
from corners, respectively:

khmwx 2
KXE:L”LGPWp(L),k(K) IV ) o o hi I 0,01
(61 2sL 414 —1 2 3 9
< Co™" (14 E hpay) (k: uls g5 + K HUHO,K)
Prop. 2.1

2 2
<7 CoP k(L4 k) (l9mlGr, +19rlry ):

for all s € (0, min{sq,r}), with sq and r as in Proposition 2.1. For an element K away from

corners, with K as introduced in Lemma 6.2, B(u) := (k|[ull,~q, )+ VUl =g, ))2,
Qn* = U KW* - N(U),
KeTi\LE
kh’max 2
inf (K= vn) o+ S = s o )
KE;\L% v €PWy Ly, k(K) 0,0K th 0,0K
(49),(50) 2 (1 202
< O (khuna) T Bu) Y g e+ % (14 (khi) ’ )
KeTi\Lk (co(L+1))
1
= Olhma) T B Z hace ™ 4 ———— Z hic (1 + (th)QL_Q)]
et (eo(E+ 1) ey

=: C (khuax)" "% B(u)[(I) + (IT)].

We bound separately (I) and (I1):

Z Z By e~ 2L < C(#£0+Z#EL — 1 ))e—sz

=0 KeﬁL
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L—-2

L
a‘)e*%L < C(lJr 1+o)(l-0 ))e*QbL < c o—2bL.

(44)
§O<1+(1+a) =) <7

(]

4

Sl
| o

1

c =0 KeLk

12 C(#ﬁé(l + (bhmax)?272) + Y0 #LF 072 (1 - 0)? (1 + (th)%f?))

- (co(L +1))"

(4<4) C((l + (khmax)272) + (1 + 0)(1 — 0)? ZL—O? 03@(1 n (th)QL_Q))

- (co(L+1))"

c ((1 + (Bhmax) 2+ (14 0)(1 - 0)2 527 (1 + (khmax)2L—2))
(co(L +1))"

(IT) =

IN

e ((Lil))L (1 ()™ 72) < Cleg L) (1 (ko))
Co

—-C ((C(:; L)fL/Q + (C(z) L/(khmax)“)’L/Q) 1,-L/2 <C (61/(2c§e) + e(khmax)‘L/(che))LfL/Q?
where in the last step we have used the bound (aL)~%/2 < e!/(2¢4) which holds for all a, L > 0.

Combining the above estimates, taking into account that B(u) < Ck'e*/2¢ due to
Lemma 2.4, gives

9 14+2¢ 17
llu — uL”o,Q <C 1—o (1 + (khmax) )
—2bL
. <k O_QSL + k,lO €6khmax+k¢/28 (6 + (el/(2c(2,e) + e(khmax)4/(2538))LL/2>>
-0 ’

where we have incorporated in C' the dependence on gr. We have

oL e—L(—2sloga)7 L2 — e—L(log\/Z)7

Assuming L > e all the exponentials are bounded from above by e~2min{—slogo.b}L = Thyg
lu—urllyq <Ck)e” min{iSIOgU’b}La
with

c’ [k,Gek/4e} [(1 n (k,hmax)w/z)e3khmx+max{1,(khmx)4}/(4cge)
C(k) <

1—0 ’

with €’ independent of o, k and L. Since, by (46) and (47), L > C((1 — ) dim V)2, with
C only depending on the constants appearing in assumptions (M1), (GM2) and (GM3), the
assertion of the theorem follows with

b= CV1—omin{—slogo,b}.
O

The proof of Theorem 6.5 shows that the rate bof exponential convergence of the Trefftz-
DG method and the layer number threshold L depend only on: (i) the regularity parameter
s relative to the solution w; (74) the mesh grading parameter o; (i) the parameter b from
Proposition 5.1 (and [20, Corollary 4.11]), which is the exponential convergence rate for the
approximation of certain harmonic functions by harmonic polynomials and which in turn
depends on the star-shapedness parameters p and py in Assumption (M1) and again on o
via Lemma 6.2.

Remark 6.6. If we monitor the dependence on k throughout the proof of Theorem 6.5, we
see that if the “scale resolution” condition khmax < 1 on the initial mesh 7; is satisfied, then
the the constant C in the error bound of the theorem grows in k as k%¢*/4¢. The bound in
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Lemma 2.4 on the analytic extension of u is responsible for a factor k®e*/4¢; we expect that
a refinement of this argument might make the constant of the final bound of Theorem 6.5
linear in k& under the above scale resolution condition. _

If the scale resolution condition is not satisfied, the constant C' may increase like exp(k*)
for k — oco. (We note that the more-than-exponential term in k& only appears multiplied to
the fastest converging term in L, i.e. L~/2.) This bound can easily be improved to exp(k?*¢)
for any € > 0 (substituting the assumption log L > 4b with log L > 2(2 4 €)b/e). However,
we believe that also this prediction is way too pessimistic.

Remark 6.7. The Trefftz-DG method with a basis composed by circular waves (i.e. Fourier—
Bessel functions) can be considered in the same setting examined here (graded meshes, flux
parameters). Using Proposition 5.3 instead of Proposition 5.4, the same exponential conver-
gence in the square root of the total number of degrees of freedom, as in the plane wave basis
case, is achieved.

Remark 6.8. For piecewise polynomial hp-approximation, it is possible to use local degrees
on K € L} linearly increasing with L — ¢ without affecting overall exponential convergence
[15,37]. If o is sufficiently small, the same result is possible in the present setting, by a slight
modification of the analysis of §6. If in (46) we chose to use

p(L,0) :=2(L—¥¢)+5

plane waves in each element K € ££ (recall that we need p > 5 in Lemma 6.4), the bound
of the terms (I) and (IT) in the proof of Theorem 6.5, which are the crucial points to obtain
the exponential convergence in L, are modified as follows, provided that o < e™2°,

L—-1 L—-1
(42)
(1) = Z Z hy e~ 2b(EL—0+2) "< C(#ﬁg i Z 4Ll o1 - U)e2b€>e—2b(L+2)
=0 KeLk (=1

(44) 2 2b\ ¢ 2b(L+2 C 2b(L+2
< O(14 (1+0) Yo (0e™) ) e 2UED < = ema(hra),
=0
3 (1 + (kh 2(L—0)+2
KeT\LE (co(L—€+3

L—+2
))
2L+2 L-1 —6b(¢—1) 2(L—€)+2
_ca+ (khmaX)L+2 ) e (1+ (l~chK)L_Z+2 )
(co(L +3)) =1 (co(L —£+3))

The first term in (/) can be bounded with an exponential by proceeding as in the proof of
Theorem 6.5. For the second term, simply using the partial sum of the exponential function
and (m +2)~™ < 1/m!, we have

§ efﬁb(éfl)(l_’_(th)2(LfZ)+2) (mi=L—t+1) L e*Gb(Lfm)(l_'_(th)Qm)
= (co(L—e+3) = (co(m+2
e~ 6bL XL: (eGb max{l,(khmax)Q})m< 1 )m
0

2¢cy ¢ m—+ 2

))m+l

IN

m=2

—6bL
< (€ €%’ max{1,(khmax)*}/co | ,—6bL
- 2¢q

Such a reduction of the plane wave number in the small elements near the corners seems to
be inevitable in practice to curb the instability of the plane wave basis, see [22].
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