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MULTILEVEL MONTE-CARLO FRONT-TRACKING FOR
RANDOM SCALAR CONSERVATION LAWS

NILS HENRIK RISEBRO, CHRISTOPH SCHWAB, AND FRANZISKA WEBER

ABSTRACT. We consider random scalar hyperbolic conservation laws (RSCLs)
in spatial dimension d > 1 with bounded random flux functions which are P-a.s.
Lipschitz continuous with respect to the state variable, for which there exists
a unique random entropy solution (i.e., a strongly measurable mapping from a
probability space (Q, F,P) into C ([0, T]; L' (R?)) with finite second moments).
We present a convergence analysis of a Multilevel Monte Carlo Front-Tracking
(MLMCFT) algorithm. It is based on “pathwise” application of the Front-
Tracking Method from [21] for deterministic SCLs. We compare the MLMCFEFT
algorithms to the Multilevel Monte Carlo Finite-Volume algorithms developed
in [25] [26]. Due to the first order convergence of front tracking, we obtain an
improved complexity estimate in one space dimension.
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1. INTRODUCTION

Many problems in physics and engineering are modeled by hyperbolic systems
of conservation or balance laws. The Cauchy problem for such systems takes the
form

d
)
Ui+Y +—(Fj(U)=0 z=(z1,...,74) €R?, £ >0,
(11) t j:1axj 7 1 d

U(z,0) = Up(x), =R

Here, U : R? — R™ is the vector of unknowns and F; : R™ — R™ is the flux vector
for the j-th direction with m being a positive integer.

This type of partial differential equations are ubiquitous, we mention only the
shallow water equations of hydrology, the Euler equations for inviscid, compressible
flow and the magnetohydrodynamic (MHD) equations of plasma physics, see, e.g. [B]
12]. In the this paper we focus on the case m = 1 in which is then called a
scalar conservation law (SCL).

Solutions of develop discontinuities in finite time even when the initial
data is smooth. Therefore must be interpreted in the weak sense. In order
to get uniqueness, must be augmented with entropy conditions, which at
least for scalar conservation laws, makes the initial value problem well posed. The
well-posedness the Cauchy problem for scalar conservation laws in several space
dimensions (m =1, d > 1) was first established by Kruzkov [22].

For systems (m > 1), some well-posedness results for systems in one space di-
mension exist [2, 3] , but no well-posedness results for systems of conservation laws
are available in several space dimensions.

Numerical methods for approximating entropy solutions of systems of conserva-
tion laws have undergone extensive development and many efficient methods are
available, see [8, 12, T3], 23] and the references there. In particular, finite volume
methods are frequently employed for approximating .

This classical paradigm for designing efficient numerical schemes assumes that
data for the SCL , i.e., initial data Uy and fluz are known ezactly.

In many situations of practical interest, however, these data are not known
exactly due to inherent uncertainty in modelling and measurements of physical
parameters such as, for example, the specific heats in the equation of state for com-
pressible gases, resistivity in MHD etc. Often, the initial data are known only up
to certain statistical quantities of interest like the mean, variance, higher moments,
and in some cases, the law of the stochastic initial data. In such cases, a mathemat-
ical formulation of is required which allows for random data. The problem
of random initial data was considered in [25], and the existence and uniqueness
of a random entropy solution was shown, and a convergence analysis for MLMC
FV discretizations was given. Efficient MLMC discretization of balance laws with
random source terms was investigated in [26].

We mention that the present work as well as [25] [26] consider correlated random
inputs which typically occur in engineering applications; SCLs with random inputs
have been considered before, but generally with white noise, that is, spatially and
temporally uncorrelated random inputs, see [20} 19} 6], B0} B1].

In [25] a mathematical framework was outlined for deterministic scalar conser-
vation laws with random initial data. This framework was extended to include
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random flux functions in [24]. Here, we slightly generalize [24] regarding the exis-
tence and uniqueness of random entropy solutions for such problems. Furthermore,
the efficient numerical approximation of such solutions and, in particular, of their
statistics, is the purpose of the present paper.

To this end, we propose and analyze a combination of sampling techniques of the
Monte Carlo (MC) type combined with a “pathwise” Front Tracking (FT) solver
introduced by Bagrinovskii and Godunov [I] and analyzed, for example, in [21], to
approximate random entropy solution of scalar, nonlinear hyperbolic conservation
laws.

As the stochastic collocation FVM discretization, and the MLMC FVM algo-
rithms developed in [26] also for the numerical solution of nonlinear, hyperbolic
systems , the multilevel version of the Monte-Carlo Front-Tracking method
is “non-intrusive” (i.e., it requires only repeated application of existing solvers for
input data samples), easy to code and to parallelize, and well-suited for random
solutions with low spatial regularity, a situation which is typical in nonlinear hy-
perbolic conservation laws where discontinuities in realizations of solutions are well
known to be generic.

The remainder of this paper is organized as follows: in Section [2| we introduce
some preliminary notions from probability theory and functional analysis. The
concept of random entropy solutions is introduced and the well-posedness of the
scalar hyperbolic conservation law (i.e., with m = 1) with random initial data
is recapitulated in Section [3] The MLMCFT schemes are presented and analyzed
in Section 4l Numerical experiments are presented in Section

2. PRELIMINARIES

We recapitulate prerequistes from measure and probability theory which are
needed in the subsequent sections. For proofs and further details, we refer for
example to [29, Chap. 1].

Let (2, F,P) be a probability space, and let E be a Banach space. A mapping
G : Q) — F is called P-simple function if it is of the form

1 weA,
0 otherwise,

J
Gw) = ZnglAj (w), where 14(w) = {

and g; € E for j = 1,...,J, for some finite J and for A; € F. A mapping
f:Q — FE is strongly F measurable if there exists a sequence of simple functions
fn converging to f (in the norm of F) P-almost everywhere on €.

We call two strongly P-measurable functions f, g : Q2 — E which agree P-almost
everywhere on 2 P-versions of each other. We shall need the following lemma.

Lemma 2.1. [29, Corollary 1.13] Let Ey and E5 be Banach spaces, and (2, F,P)
a probability space. If f : Q — FEy is strongly measurable, and ¢ : £y — Es is
continuous, then the composition ¢ o f : Q — FEs is strongly measurable.

We define the integral of a simple function G = " g;14; by

N
GdP =Y g;P(4;) .
Q =1

If f:Q — FE is strongly measurable, we say that f is Bochner integrable if there
exists a sequence of simple functions { fn}nzo converging to f P-almost everywhere,
3 2014/10/10 08:53:02
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and
Jm [ 1= fullp ap =0,
(29, Def. 1.15]). We then define the Bochner integral of f by
(2.1) / fdP:= lim fn dP.
Q n— oo

A strongly measurable function f:Q — E is Bochner integrable if and only if

L1515 P < oo

(see for example, [29, Prop. 1.16]) in which case

(2.2 | [ e, < [ sz .

For each 1 < p < 0o we can define the Banach spaces LP(); E) to consist of those
strongly measurable functions f for which the integrals

/Wﬂ@d@<w-
Q

These spaces have the natural norm

oo = ([ 171 @)

If p = oo, we define L>°(Q2; E) to be the space of strongly measurable functions
f : Q — FE for which there exists a number r > 0 such that P(||f||z > r) = 0.
Together with the norm

[fll Lo (0:p) = inf{r > 0 : P([fllz > r) = 0},

this space is a Banach space as well.
If f:Q — E is strongly measurable and (€, F,P) is a probability space, we call
f an E-valued random variable.

3. HYPERBOLIC CONSERVATION LAWS WITH RANDOM FLUX

We review classical results on SCLs with deterministic data, and develop a theory
of random entropy solutions for SCLs with a class of random flux flunctions, proving
in particular the existence and uniqueness of a random entropy solution with finite
second moments.

3.1. Deterministic scalar hyperbolic conservation laws. We consider the
Cauchy problem for scalar conservation laws (SCL) by setting m = 1 in (1.1)
and obtaining the SCL in strong form

o 0 4
(3.1) aJr;aij(fj(u))fO, z=(z1,...,249) €RY £ >0.

Here the unknown is u : R? = R. Introducing the flux function f(u)
d

F() = (fi(w),- o fa(w) € CHRRY) | div () = 3 o f(u)

- &r]—
Jj=1
4 2014/10/10 08:53:02
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we may rewrite (3.1) succinctly as

0
(3.2) 571: +div(f(u) =0 for (z,t) € RY x R..
We supply the SCL (3.2) with initial condition
(3.3) u(x,0) = up(x), =R,

3.2. Entropy Solutions. Solutions to are in general not smooth since they
can develop discontinuities in finite time. Therefore we look for weak solutions to
the equations. In particular, we are interested in distributional solutions in the
class of entropy solutions which satisfy in addition the entropy condition

() +divQ(u) <0, in D(R? x RT),

for all entropy pairs (n,Q), where 7, the entropy, is a convex C2-function and

Qu) = (Q1(u),...,Qa(u)), the entropy flur, satisfies Q; = n'f]. In this class,
uniqueness can be proved, [22]. We will in the following restrict to initial data in
L>=(R%) N BV (R?), but results can be proved for more general initial conditions,
[28]. By a function of bounded variation, or BV-function, we mean a function
f € LY(RY) with

TV(f) = sup{/ fdivedr | g€ C(RERY), |o] < 1} < 00,
Rd

where |¢| denotes absolute value of point-values for ¢, see [7, Section 5.1]. We
call TV (f) the total variation of f. We define the Banach space of functions with
bounded variation as the completion of C§°(R?) with respect to the norm

I £l Bv@ey == I flle1 ey + TV (f).

More details and properties of BV -functions can be found in, for example [7, Chap-
ter 5], [2I, Appendix A] or [I1, Chapter 1]. Next we introduce the (nonlinear)
data-to-solution operator

St:(u07f)'—>u('ﬂt) = St(u()uf) t>0.
In particular, we shall need the following continuity (with respect to initial data

and flux function) result for deterministic scalar conservation laws:

Theorem 3.1. [2I, Thm. 2.14, Thm. 4.3] Assume ug,vo € (BV N L*)(R?), and
f, g € Lip(R;RY). Then there exist unique entropy solutions u and v to with
initial data ug and vy respectively and flux functions f and g, which satisfy the
a-priori continuity estimates: For all t > 0 we have

(3.4) u(t) —v(, )11 (ma
< luo = vol L1 (ray + tmin{TV (ug), TV(vo) }|f — gllwr. ®;re),

and

(3.5) [u(,t) = uls )l 1 gay < (8= 8) TV (o) | fllyr.00  ray »

for all 0 < s < t. In particular, this implies that the soluiton operator Sy is a uni-
formly continuous mapping from L' (RY)NL®(RT) x WL (R) into C ([0, T]; L' (RY)).
Moreover, it follows that

(36) ||u(,t) — ’U(-,t)HLl(Rd) < ||UO — 'UOHLI(Rd) .
5 2014/10/10 08:53:02
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and

(3.7 TV (u(-,t)) < TV(up),
(3-8) [ue, Ol oo rey < Nuoll oo ma),
(3.9) lu(, )l L1 ray < lluoll L1 ra)-

For a proof, we refer to for example [21], Theorem 2.14 and Theorem 4.3 or other
standard references such as [12] [13] [ 23] [28].

3.3. Random flux and initial data. Existence and uniqueness in the case of
random initial data ug and continuously differentiable random flux f was proved
in [25 [24]. Here, we are interested in initial data uo and flux functions f; in
which are random elements with values in BV (R?) N L>®(RY) and W1 (R;R)
respectively. To define these, we denote by (€, F,P) a probability space. We
consider spatially homogeneous random flux functions f, i.e., strongly measurable
maps f : Q@ — Lip(R;R?), and random initial data uy being strongly measurable
maps from ) to the intersection of the Banach spaces BV (R?) and L>(R9).

Definition 3.2. Random data for the SCL (3.1)) is a random variable taking values
m

Ey = (BV(R%) N L®(RY)) x W (R;R).
The set Ey is a Banach space which we equip with the norm
(3.10) [(w, Nl g, = llull pr ey + TV (W) + [Jull poo gay + [[fllwr.00 iy -
In particular, random data (ug, f) for the SCL (3.1)) - (3.3)) is a strongly measurable
map
(3.11) (wo, f) : (0, F) — (E1, B(EY)) -
For the ensuing convergence analysis, we shall also require that
(3.12) o o
||u0||L°°(Q;(L°°nBV)(Rd)) < M < oo, and ||f\|Loo(Q;W1,oo([—M,ﬁ];Rd)) <M <oo.

We shall refer to a random flux f which satisfies (3.12)) as bounded random fluz. By
(2.2), for random data with (3.12)) the map

(313) Q3w <||u0(w; ')HLl(Rd) ,TV(UO(W; )), HUO(W; ')HLoo(Rd) ) ||fHW1,oo(R;]Rd))
is in L*(Q; R*) for every 1 < k < oc.

3.4. Random Entropy Solution. Based on Theorem 3.1} we formulate (3.1)) -
(3.3) for random data (ug, f) in the sense of Definition We are interested in
solutions of the random scalar conservation law (RSCL)

z € R

(3.14) {at“(““ z,t) + divy (f(w;u(w; z,t))) =0, t>0,

w(w; z,0) = uo(w; z),

Definition 3.3. A random variable v : Q > w — u(w;x,t), i.e., a strongly mea-
surable mapping from (0, F) to C([0,T]; L*(R%)), is a random entropy solution of
the SCL with random data as in - for some k > 2, if u satisfies
the following:

6 2014/10/10 08:53:02
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(i.) Weak solution: For P-a.e w € Q, u(w;-,-) satisfies

(3.15) //(u(w, x, )z, t) + i fi(w; u(w;x,t))%go(x?t)) dxdt

0 Re =1 !

+ [ wnlew)o(e,0)d =0,
Rd
for all test functions p € C3°(R? x R).

(ii.) Entropy condition: For any pair consisting of a (deterministic) entropy n
and a (stochastic) entropy flurx Q(w;-) i.e., n,Q; with j = 1,2,...,d are
functions such that 1 is conver and such that Q' (w;-) = n'fj(w;-) for all 7,
and for P-a.e w € Q, u satisfies the following integral identity,

d

(3.16) //(n(u(w; x,t))pe(z, t) + Z Qj(w;u(w; z, t))aijgo(a:, t)) dxdt

0 Rd J=1

+ [ ntun(wsa))ele, 0)do > o
Rd
for all non-negative test functions ¢ € C°(R? x R).
Theorem 3.4. Consider the SCL (3.1) - (3.3) with random data (ug, f) in the

sense of Deﬁm’tion such that (3.12) holds. Then there exists a random entropy
solution u in C([0,T]; L*(RY)), which for each 0 <t < T is described by the map

Q35w u(w;,t) = S(uo(w, ), fw;-)) -
For P-almost every w € Q we have the bound
(3.17) [Ju(w; ')”(Loova)(Rd) < luo(w; ')||(Lf->ova)(Rd)7
and for all k > 1, (ug, f) € L*(Q; Ey) implies that
(3.18) ||U||Lk(Q;C([o,T];L1(Rd))) < ”(anf)HLk(Q;El)'

Proof. Let By = C([0,T], L*(R%)). By (8.12), for almost all w, the data ug(w;-)
and f(w;-) are such that there exists a unique entropy solution u(w;-) € Ea to
(3.14). Furthermore, from (3.4) it follows that for such w,

lu(; - Ol Lensvy@ay < lwo(w; )l zenpryre) -
We have to show that w — wu(w;-) is a random variable, that is, it is strongly
measurable. This will follow from Lemmaif the mapping F1 3 (ug, f) — u € Es
is continuous. This on the other hand, follows from (3.4) and (3.5) in Theorem [3.1]
The inequality (3.17) follows from the corresponding inequality in the determin-
istic case.

To prove (3.18]), we compute
k _ . k
||U||Lk(n;c([o,T];L1(Rd))) = /Qf‘glgnu(wmt)m(md) dP
k
< [ ool s sy P

k
< | (wos Ak (e:m,) -
7 2014/10/10 08:53:02
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O

Remark 3.5. The random entropy solution u : Q — C([0, T); L*(R%)) is unique in
the sense that if a random variable (up, f) is a P-version of (ug, f), then the solution
U(;-,t) := Sy, f) corresponding to it is a P-version of u(-;-,t) := S(uo, f), that
is, they agree everywhere on §) except on a set with P-measure zero. To see this,
we note that by the continuity of the operator St, , we have for any t € (0,77,

Jus5t) = (s )] Lo (i1 (raY)
< [[to — uoll oo (221 (re))
+ tmin{ [TV (uo) || o (@), 1TV (o) | Lo () HIS = fll oo (uwrt. o0 (=37, 7)5m4))

and therefore it follows also that u is unique in L>(Q; L' (R%); dP).

4. Murti LEVEL MONTE CARLO FRONT TRACKING

In this section, we present a Multi Level Monte Carlo (MLMC) version of the
front tracking approach to the numerical solution of hyperbolic conservation laws

with random flux (3.15)), (3.16) as developed in [21].

4.1. The Monte-Carlo Method. We interpret the Monte-Carlo method as “dis-
cretization” of the SCL random data f(w;u), up(w;z) as in - with
respect to w. We assume in particular the existence of k-th moments of ug for
some k € N. We shall be interested in the statistical estimation of the first and
higher moments of u, i.e, M*(u) € (L*(R?)®). For k = 1, M'(u) = E[u]. The
MC approzimation of E[u] is defined as follows: given M independent, identically
distributed samples (ﬂé,fi), i =1,...,M, of random data, the MC estimate of
E[u(-;-,t)] at time ¢ is
| M
(4.1) Enlul )] = 57 > @)

i=1

where (-, ) denotes the M unique entropy solutions of the M Cauchy Problems
(3-1) — (3.3) with initial data ) and flux samples f*(-). We observe that by

we have for every M and for every 0 < ¢t < oo, by (3.9),

| Baslues 0]l ey = || 57 fst«aa )|

L1(R%)

L (RY)

1 &,
M Z H%(W?')HLI(W)'

8 2014/10/10 08:53:02
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Using the i.i.d. property of the samples {ﬂé,fi}i]‘il, Theorem and and the
linearity of the expectation E[-], we obtain the bound

E (1Bl Ol oy | < B [loll 1 | = Noll s s gy < o0

As M — oo, the MC estimates (4.1]) converge and the convergence result from [25]
holds as well.

Theorem 4.1. Assume that in the SCL - the random data (ug, f)
satisfies .

Then for every t > 0 the MC estimates Ens[u(-,t)] in converge in L?(2; L' (R9))
as M — oo, to MY (u(-,t)) = E[u(-,t)] and, for any M € N, 0 < t < oo, we have
the error bound

[E[u(-, )] = En[u(, O]l 20,01 ray) < 2M 12 llwoll p20; 11 (ray) -

4.2. Front Tracking. As an exact solution to - is in general not avail-
able, an approximate solution has to be computed numerically. Here, we investigate
using a front tracking method described in [, 21, 17, [16]. Since the method and
the associated convergence analysis differ for the dimensions d = 1 and d > 1, we
treat the two cases separately.

4.2.1. Front tracking in the one dimensional case. We start by briefly describing
the front tracking algorithm for the deterministic conservation law -
with initial condition ug given in BV (R) N L>(R). Let M := |lug||L~®) and let
§ > 0 be a small number. Moreover, set u; = 64, for —M < i§ < M, and discretize
the spatial domain by a grid {z; = jd, j € Z}. Then, v, is approximated by a
piecewise constant function u taking in each cell [§4, (j + 1)§) one of the values in
Vs :={u; |i € Z, |u;] < M}. The flux function f is approximated by the piecewise
linear interpolation f?,

son ey o ug) = f(uy)
2) I = Flug) + o =
€ fuj,uj1), JEZL|j| <M.

(u —uj),

Then we solve the initial value problem
(4.3a) ul + fo(u), =0, (x,t) € Rx(0,T),
(4.3b) u’(x,0) = ud(z), zeR,

exactly. This means that in each step, we solve the Riemann problems between the
states of the piecewise constant function %, then track the discontinuities, called
fronts, until they interact, solve the emerging Riemann problem and so on. Note
that the solution of each Riemann problem is again a piecewise constant function
taking values in Vs because f? is piecewise linear with breakpoints u; € Vs. Thus,
the (unique) entropy solution u°(-,t) is a piecewise constant function for all ¢ > 0.
It was shown in [2I, Lemma 2.6] that the number of interactions T'(d,¢) between
fronts for ¢ € (0, 00) is bounded by

(4.4) T(5,1) < 5Vl +1) TV() < <(2TH/5] +1) TV(w)

where we denoted |V;| the cardinality of the set Vs which is bounded for all ¢ > 0
by 2[M /8] due to (4.F). Hence the process terminates. Moreover, the solution u®
of satisfies the Kruzkov entropy condition and we have the theorem:

9 2014/10/10 08:53:02
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Theorem 4.2 ([21]). For initial data up € BV(R) N L=(R) and flux function
flu) € WEZ(R) we have
(i) The solutions u® to the differential equation (&.3)) are uniformly bounded in
d for all t € (0,00):
(4.5) 1 (- )l ooy < lollzerys t € (0,00),
(ii) The total variation of u’ is bounded by the total variation of the initial data
for all times t € (0, 00),
TV(ué(',t)) < TV(“O)& te (0,00),

(iii) As the discretization parameter § goes to zero, the sequence {u5}5>0 con-

verges in C ([0, T]; L*(R)) to the unique entropy solution u of (3.1) — (3.3)).
Specifically,

(4.6) () = u ()| gy < lluo = ugllzr @y + tlf = F2llLipe) TV (uo)

Corollary 4.3. Under the assumptions of Theorem 4.2 we have the following
estimate with respect to the discretization parameter §:

(4.7) (-, t) =’ ()| iy < 6 TV (uo) (¢ + | flweoe ) -
Proof. Note first that
(4.8) If = f5||Lip(R) <N Npoe @y = Ol flw2. )

||’LLO — ug”Ll(R) < dc TV('LL()),
where ¢ > 0 is a constant independent of §. Then (4.7) follows using (4.8]) and
) O

In order to obtain convergence rate bounds in the Multilevel Monte Carlo front
tracking (MCMLFT) algorithm, which we are going to introduce in the next sec-
tion, it will be useful to have convergence rates of the front tracking algorithm with
respect to the amount of computational work of the algorithm when the discretiza-
tion is refined.

Definition 4.4. By the (computational) work or cost of an algorithm, we mean the
number of floating point operations performed during the execution of the algorithm.
We assume that this is proportional to the run time of the algorithm.

Lemma 4.5 (Work estimate). Under the assumptions of Theorem [£.2] the front
tracking approzimation u® satisfies the following estimate with respect to the total
cost WET of the front tracking algorithm,

(4.9) Ju(-t) = w® ()|l am) < C TV (ug)
x (14 [[flweee @) ((loll o + 1) (TV (uo) + Juollz)) /2 (WEFT) ™2,

Proof. Theorem [4.2] implies in particular that we have for the total number of
interactions (4.4), (due to (3.12)), in the case of random initial data holds TV (ug) <
M P-as.)

(110) T < $@IV/8]+1) TV() < (ol ey + 1) TV (o),

and that the number of different Riemann problems that might be solved during
the execution of the algorithm is bounded by 4[M /§]?. We use Algorithm |1} which
10 2014/10/10 08:53:02
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is a modification of Graham’s scan [14] used to compute the convex hull of a set
of points in the plane, to calculate all the solutions of the Riemann problems with
left state u; = 44, right state u; = jé, L < i < j < R, where L, R are chosen
such that u;, = min Vj, ugp = max Vs (a similar algorithm can be used to compute
the solutions to the Riemann problems with left state u; = id, right state u; = jd,
R < j<i<L). It can easily be verified (see [14]) that the cost of the execution

of Algorithm |1|is bounded by o’ 572, where C is a constant independent of M
and 4, for the input § >0, L = —[M/§], R = [M/§].

So, if the solutions to all possible Riemann problems are computed and stored
in advance, the work W§F T to compute the front tracking apprximation u?(-,t) is
bounded by C(||ug| = +1)(TV(ug)+||uo|| =) 2, for a constant C' > 0, uniformly
in ¢ € (0,00). We thus obtain

|

Algorithm 1 Compute Riemann problems with vy < u; < uj; <wup

Input: § > 0, L < R € Z, (ur smallest value of u, ug largest value of u), f =

[fLa"'afRL (fl = f(ui)a L<i< R)
Output: U; ; = [u;,...,u;] (states present in solution of RP with left state u; and
1 kij

right state u;), s;; = [s; ;,...,s; 7] (vector of shock speeds (in increasing order)

present in RP with left state u; and right state u;, kj; € N), L<i<j <R

for i =L to R do

U< [i,1+1]
8 (firr = fi)/9
Sii41 < S

Uz’,iJrl ~—d-u
k+—i+2

while k£ < R do
sl < (frx — fa(ena))/(6(k — u(end)))
if §=[] or sl > §(end) then
5 [5.5l]
u + [u, k]

S+ 5(1l:end —1)
U<+ u(l:end—1)
end if
end while
end for

Remark 4.6. Note that the work W(;FT to compute the front tracking approximation
is of the same order as the work we would need to compute an approximation of
the solution by a finite volume scheme on a grid with cells of diameter O(0). But
due to the better convergence rate with respect to the discretization parameter §,
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which is of order 1 whereas it is proved to be of order 1/2 for the finite volume
approzimation, we obtain the improved convergence rate (4.9) with respect to work.

Remark 4.7 (Work estimates for convex flux functions). If the flux function f is
convez, the work estimate can be improved. This is because in this case, the number
of interactions T'(5,t) can be bounded by the sum of the sizes of the jumps in the
initial data. That is, given ug there holds, for everyt >0 and § > 0,

T(5,) < = TV(uo)

(see [21l, Lemma 2.6]), since for a convex flux function, the number of fronts is
strictly decreasing at each interaction. Moreover, the solution of each Riemann
problem is either a shock wave or a rarefaction wave depending on whether uy, > ug
orur < ug, and we do not need to compute the convex envelope of the flux function.

So, the solution of one Riemann problem can be computed with a cost proportional
to 6. Thus the total work W(;F T to compute the front tracking approximation reduces
to

WET < C TV(ug)d™*

and we obtain the improved convergence rate of the F'T method with respect to work,
(4.11) (-, 8) =’ ()|l Lr gy < CTV (uo)*(1+ || fllwze @) (W)™
Clearly, the same rate holds also for concave fluzes.

4.2.2. Front tracking for d > 2 and dimensional splitting. Front tracking in several
space dimensions is based on the method of fractional steps (or dimensional split-
ting) introduced by Bagrinovskii and Godunov [I] and later on extended by various
authors, see e.g. [I8] and the references therein. Here, we will use the dimensional
splitting method in combination with the front tracking algorithm for one space
dimension as described in the previous subsection To describe the method,
we introduce some notation. We discretize the spatial domain by a Cartesian grid
{jAx;,j € Z}, i =1,...,d in each direction and denote by I;, _;, the grid cell

Ijl,m,jd = {(xl,...,xd) | ]zsz <z < (_jz + 1)ALE2 for ¢ = 1,...,d} .

Moreover, we denote the projection operator w5 := Ps o Pa, for a function u €
L'(R%) to be the composition of the projection Pa, of the function on the cell
averages,

(4.12) PAmu(x):w/]h udr, x=(x1,...,2q4) € L, j.

and a projection Ps of the cell averages onto the values in Vy. Furthermore, we
let ff ,©=1,...,d, denote the continuous piecewise linear approximations to f;,
i=1,...,d, as in . We set n = (6, Axy,...,Axg, At) and let u° denote the
projection of ug on the grid, that is u = wsug. Let SFl i (t) denote the solution
operator of the scalar conservation law in one dimension, viz.,

(Uf)t—i_fzé(vf)wz =0, ('ri’t) eRx (O,T),
v (@:,0) = vip (), ; €R,
that is, we write v(x;,t) = S (t)vd. Since v, is piecewise constant, and f?

piecewise linear, the solution can be calculated using front tracking.
12 2014/10/10 08:53:02
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Then we obtain an approximation of the solution to - by successively
applying the front tracking solution operator S e (t) followed by the projection
operator 75 (in order to prevent the number of discontinuities from growing exces-
sively). We denote the approximate solutions at the timesteps ¢, = rAt, t € Q
by

utd = 150 gt (At) utte=n/d =1 . d neN,
and
(4.13)

’ @ n+(i—
u"(m t) _ Sfi i (d(t — tn+(i71)/d)) U +( 1)/d7 te [tn+(i—1)/d, tn+i/d),
) unJri/d, £ = oy,
i=1,...,d and n € N. The approximation u" satisfies (see [2I][Chapter 4]):

Theorem 4.8. Let ug € BV (RY) N L>®(RY) and f;(u) € Lip(R) and piecewise C2.
Then the function u" defined in (4.13)) satisfies
(i) Uniform bound in n = (0, Az, ..., Axq, At) for all t € (0,00):
||un('7t)||L°°(Rd) < ”uO”LOO(]Rd)u te (0700)7

(i) The total variation of u" is bounded by the total variation of the initial data
for all times t € (0, 00),

TV(u"(-,t)) < TV(ug), te€ (0,00),
(iii) For any sequence {n;}jen, where n; — 0 when j — oo, satisfying
_Erlladixi/At <K < oo,

the corresponding sequence {u"i};cn converges in C ([0, T); LL (R%)) to the

loc

unique entropy solution uw of (3.1)—(3.3)). Specifically, we have, denoting
I fllLip = max;—1 .. a || fillLipr) and Az = max;—1 .. q Az,

(4.14)  lu(,t) = u" (- )| L1 (ra)
< Jluo — w°| 1 ey + I f — £ llLip®) TV (uo)
+2 TV (up) V2t (Vd + 1)\/dAx2/At + Ax|fllLip + AL £]12,, -

Corollary 4.9. Under the assumptions of Theorem [A.8| and choosing the parame-
ters Ax, At and 6 as

(4.15) Ax = kAt = ky6?,

where k1 and ko are positive constants, the dimensional splitting front tracking
algorithm converges at rate 1 in the parameter §, specifically,

(416)  [ul 1)~ w0 rgaey < OF (14 0) (14 | flwoe e ) TV (o),
where C' > 0 is a constant depending at most linearly on d.

Proof. Using similarly as in Corollary that the approximation u° of the initial
data ug satisfies

||U() - UOHLI(]Rd) < Cd§TV(UQ),

and (4.8)), (4.14) yields a convergence rate with respect to the parameters Az, At
and ¢,
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ey 8) = () uy < (A8 -+ 611w ey
2V (VA + 1)y JdAa? AL+ x| Flusp + A fI ) TV (uo)
We see that this yields if we choose Az, At and ¢ as in (4.15). O

We next estimate the convergence rate of the dimensional splitting front tracking
algorithm with respect to the work needed to compute one approximation of the
solution.

Lemma 4.10. (Work estimate for d > 2) Under the assumptions of Theorem
and (4.15)), the front tracking approximation satisfies,

(417) JluC 1) = w ()| gy < C (L LEH/ D) (1| f o )

1/(2(d+1))
X TV (o) ((luoll = +1) (Juo o + TV (o))

where C' > 0 is a constant depending only on d.

(W{f)_l/@(d+l)) ,

Proof. The work done in one time interval (t,4(i—1)/d, tn+i/a] consists of two com-
ponents, the front tracking approximation in (¢4 (i—1)/a; tn+i/q) and the projections
at time t = t,;/4. As in the one-dimensional case, we can solve all possible Rie-
mann problems beforehand and store the solutions, the work to do this is of order
CR d 572, where R = ||ug|| 1, since the flux f has d components f; (see Remark
. Then the work for the front tracking approximation in (t,4(i—1)/d, tn+i/a) i
of the order of the number of interactions of fronts T'(n,t) in that time interval.
This number is bounded by

T(,1) < C (fuoll o +1) (TV (o) + oL 1) §2(Az) =D,

which is multiplied by (Az)~(@=1D because we do the front tracking in each
segment I} = [1Ax, (j1 + 1)Az) x -+ X [fi 1Az, (jio1 + 1)Az) X R x -+ X
[JaAz, (ja + 1)Az). The work W;‘lud needed to do the projections at time ¢,, /4
is of the same order,

Wi = C(|luollpeery + 1) (TV(uo) + [luollL=) 52 (Az)~@=1),

tnti/d
as it is proportional to the number of fronts in the x;-direction and the number of
segments I; . . Hence the total work W{ F needed to compute the front tracking
approximation u”(-,t) is of order

WET = Ctd (JJuol| ) + 1) (TV (o) + [[uo| ) 6~ 2(Az) "= (Ar) ™.

Now using (4.15]), we obtain the convergence estimate with respect to work, (4.17)).
(I

Remark 4.11. Observe that the convergence rate 1s of the same order with
respect to the work W{CIT as the one for the approximation by a finite volume scheme
(see e.g. [25]). So in contrast to the one-dimensional case we do not get an im-
provement of the rate by using the front tracking method.

Remark 4.12 (Work estimate for convex flux functions). As in the case d =1, the
estimate on the total work W{f can be improved if the components f;, i=1,...,d
of the flur function are convex. Again, solving a Riemann problem with left state
uy, and right state ur reduces to checking whether uy > ugr. Moreover, the total
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number of interactions in each time interval t € (t,4(i—1)/d>tn+isa) i bounded by
T(n,t) < TV(ug)d~! and therefore,

(-, t) = u? (-, )| o rety < C (1 I t(2d+2)/(2d+1))

% (1 + ||fHW2°°> TV(Uo)(2d+2)/(2d+l) (W(S}’T'f)fl/(QdJrl) ,
for convex or concave flux functions.

4.2.3. Front tracking for RSCLs. Having described the convergence properties of
the front tracking algorithm for deterministic scalar conservation laws, we are ready
to state the convergence result for the approximation of the random scalar conser-

vation law ([3.14]):

Theorem 4.13. Assume that the random (as in Deﬁnition mitial data ug and
fluz function f satisfy (3.12]).

For § > 0, let fi‘s(w, -) denote the piecewise linear interpolations to the random

flux component functions fi(w,-) as defined in (4.2)).
Let the discretization parameter vectorn =6 ifd = 1, andn = (6, Axy, ..., Axg, At)
if d > 1, and let u"(w;-,-) denote the corresponding approzimate solution defined

by (4.3a) if d =1 and (4.13) if d > 1, with initial data ug(w;-) and flux functions
fi(w;), ..., falw;-). Then the approximations u" satisfy

" (5, ) | oo (10 (Ray) < M, £ € (0,00),
the total variation is bounded P-almost surely,
TV(u"(w;+, 1) < TV(up(w;-)), t€(0,00), P-a.e. we .

Asm — 0, the sequence (u"),o converges P-almost surely and in C([0,T]; L*(R?)),
to the unique random entropy solution of the RSCL (3.14). Moreover, if d =1, we
have P-a.s. the error bound

lu(w; -, t) —u?(w; - )| L1 (m)
< Jluo(w; +) — u®(w; Ly + 1 (w5 +) = (@5 ) lLip@) TV (uo(w; ),
and if d > 1, we have P-a.s.
(4.18)  [Ju(w; -, t) — u(w; - ) || o1 (e
< gl ) — w0 Yoy + £ mase [1fir) — F2(@: ) aspiey TV (o)

+2 TV (ug(w; ) V2t (Vd + 1)\/dA1‘2/At + Az f(w; ) llip + A f (W )lILip-

Proof. The assertion follows from Theorems [1.2] and [£.8] upon noting that the as-
sumptions given there are satisfied pathwise, i.e., for P-a.e. w € Q. O

From now on we assume that

(4.19) flw;+) € L=(Q W™ ([-M, MJ;R?))

where M is as in (3.12)).

Corollary 4.14. Under the assumption (4.19), choose Ax = k16 for d = 1 and
Az = k1At = ky6? for d > 2. Then

(4.20)  [lufw; - 8) — " (w; - D)1 (rey
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< C3+) (14 1F@i e (aramme ) TV (o(ws;))

If in addition ug € LP(Q; BV(R?)) and f € LI(Q; W2 (R;RY)) for some 1 <
p,q < oo with 1/p+1/q =1, we have

IE[u(t)] — E[u"(®)]lr ey < [lu®) —u? ()] L1 (001 ®aY)
(4.21) < 08 (14 (14 | Fllamawsm ) TV (o) ooy
for all § and t > 0.

Proof. The bound (4.20) follows from the regularity assumption on f(w,-), and the

inequality (4.21)) is proved by an application of Hélder’s inequality to (4.20)), and
by using (2.2). O

4.2.4. Multilevel Fluxz Decomposition. The approximate, continuous, piecewise lin-
ear flux functions fi‘s defined by are particular useful in connection with em-
pirical flux data (such as typically arise in Buckley-Leverett models where flux
functions are built from empirical data) and with MLMC, as will be seen in the
next subsection.

We choose 0y > 0 and let §; = 2748y. Let also f{(w;-) := f2*(w;-) denote the
continuous piecewise linear interpolant of f;(w;-), for i = 1,...,d, as defined by
([42), and similarly set f:= (f{,..., f4).

Lemma 4.15. Under assumption , for £ =0,1,2, ..., the continuous, piece-
wise linear fluz interpolants ff(w;-) = ffg (w; ) are bounded random flux functions
in the sense of Deﬁm’tion which satisfy the bound with constant M which
is independent of £, and which satisfy for P-a.e. w € Q the error bound

(4.22) I filw;-) — fié(w5 ')HWLoo([—M,M];Rd) < C27€H5ﬁfi(w§ ')||Loc([_ﬂ,ﬁ])
Proof. The proof of (4.22)) follows from standard approximation estimates for the
nodal interpolation. O

The following corollary is a direct consequence of (4.22)).
Corollary 4.16. Under the assumptions of Lemma[d15], we have

ICF = £ @s Mip(mz arpmay < 202702 fi(w; ) oo (37,573 -
Here, the constant C' > 0 is independent of ¢ and of the fluz f.

4.3. MLMC Front Tracking. The MLMC discretization of differential equations
with random inputs was proposed by M. Giles in [9 0], upon earlier work by
Heinrich on numerical integration in [I5]. For random scalar conservation laws
(RSCLs), the MLMC Finite Volume discretizations were proposed and analyzed, in
the case of deterministic flux and random initial conditions, in [25], and for RSCLs
with random flux, in [24].

Here, we analyze the convergence of MLMC in conjunction with Front Tracking
(FT) discretizations. Although the analysis proceeds, broadly speaking, along the
lines of what was done in [25], 24], there are notable differences: First, unlike [24],
there is no need for a principal component analysis of the random flux, e.g. via
a Karhunen—Loeve expansion. Secondly, we propose the use of a multiresolution
decomposition of the random flux on the phase space of the solution. Finally, the
error bounds which we shall obtain relate, in a rather explicit fashion, the number
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M, of MC samples on different discretization levels to the flux variance at resolution
4 ie., to || ff — fZ_lHQL?(Q;Lip(R,Rd))' Since f* is piecewise linear, this quantity can
easily be computed for empirically calibrated random flux functions and, thereby,
the number M, of “samples” (which are approximate solutions of the RSCL with
flux functions f* and f*~!, obtained by front tracking), can be scaled accordingly.

We start the analysis by introducing some notation. For d = 1, we let Az, =
8 = 274§, for some 6y > 0. Ford > 2, £=0,1,2,..., we set

e = (0o, Az, Aty) = (27550, 272 Az, 272 Aty) .

Moreover, we let u§(w;-) := mpug(w;-) where my = Pas, © Pag,, cf. . Note
that we set Azxy =--- = Axy = Axy.

Then we denote for £ = 0,1,2, ..., by u’(w;x,t) the approximations of u(w;z, )
obtained by the front tracking method with initial data uf and f*.

As in [25], Ejs[] denotes the sample average of M i.i.d. samples of a random
quantity. We are interested in the computation of the statistical mean

E[u(t)] € C(0,T; L*(R%))

of the random entropy solution of the RSCL (3.1)) - (3.3). To this end, the MLMC-
FT approximation is defined as follows: for a given level L € N of refinement, we
use the linearity of the mathematical expectation E[-] to write

L
Eu(t)] ~ E[u” ()] = > E[u’ —u’"'].
{=0

Here, and in the following, we adopt the convention that ! = 0.
We next estimate the expectations of increments for each level of refinement by
a level-dependent number My of samples, which results in the MLMC estimate

L
(4.23) EpMOWE ()] =" By, [uf —u'']
£=0
Here, u® are the approximations obtained by front tracking for the initial data ug

and the flux functions f*.

4.4. Convergence Analysis. We are now interested in estimating
Elu(t)] — EL"MCut (2).
To this end, we write
Efu(t)] — B/ "M lu® (t)] = Elu(t)] - E[u” (1)) + Elu®(t)] - E2"Y " (1)].
A B

We have already estimated the L!'(R?)-norm of term A in equation (4.21). In
this setting, it is of order O(27L) under the additional assumption that uy €
LP(Q; BV(RY)) and f € LI(Q; W2>(R; R?)), where 1/p + 1/q = 1. Consider now
the term B. To estimate it, we write, with Au’ := v’ —u*~! for £ = 0,1,2,...,L

and with the convention that u=! = 0,

B ()] — EL Mt ()] 250 ()

- HE[i(uf )| = B ()

£=0

2

L2(Q;L1 (R))
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:HZL:{]E[AU — Eag, [Au] }‘
£=0

Expanding the square, and interpreting the M, samples as i.i.d. copies of the random
variable u(w;x,t), we obtain

L2(L1(RY))

B[ ()] — EMEMC L (#)]|22 0,1 Rd»—ZHE [Au] = Bag, [A']|[ 2 11 gy -
=0

Next we estimate each term in the sum as follows:

By = HIE[Au — B, [Au] HLz (L1 (R4))
1
= B (A 0)] - Au0) e

1
< M||Auz(t)“%2(n;u(ﬂzd)) .
We use the elementary estimate
[Aw (w3 - 171 @ay < 2lluws - 1) —u (w; - )1 31 gay+2lw(w; - ) =u (w5 - D171 ga)
and the convergence rate (4.20]), to obtain

() = W' (Oll 2 o2y < C e (1+6) (1 + 1fll2@wae) )| TV (wo) < ey

under the assumption that uy € L>(Q; BV(RY)) and f € L2(Q; W2 (R;R%)).
Thus,

1
Be < 3700 (1+2) (14 17 Fa@ava) )| TV (w0) 3 g,

where C > 0 is a constant which depends on d but which is independent of ¢.
Summing over £ = 0,..., L, we arrive at

IE[u” ()] — ER M W 0172 0.1 )
L
1
<C+) Y 37 0 (1 1 o) I TV (o)l 0
=0
We can now state our basic MLMC-FT error bound.

Theorem 4.17. Consider the RSCL with random data (ug, f) (3 in the sense
of Definition |3.2] n and satisfying - Assume for M as in that ( -
holds.

Then, for any L € N and for any choice of samples sizes {M@}eL:O in the MLMC-
FT estimator EMLMC [y L(#)] in we have the error bound

|B[u(t)] — B M u” (1) ]HL2(Q L1(R4))

<2001 +2)5 (1+ anm e )1l TV (10) 3= 0

L
1+8)3 778 (1417 Bees) 1 TV(0) o
=0
L
< C[Z*QL +y M[lrﬂ (1+¢%)
(=0
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x (14 17132 @) ) ITV (o)l g -
With the particular choice

My, =220 y—=o0,... L,
we find for any 0 <t <T < oo the bound

2
(424)  |[Efu(t)] — XML O] 00
< L2 (14 8) (14 1w ) | TV (o)l -

Proof. The proof follows from the foregoing analysis. O

If we denote the work for one FT solution at mesh level £ by WFT and use the
front tracking work estimates in Lemmas [£.5 and [£.10} we obtain the work estimate
WETA;ILMC for the MLMC front tracking method,

L
=0
This gives us the convergence rates for the MLMC-FT estimator EMEMC[yL(¢))]
with respect to work:

Corollary 4.18. Under the assumptions of Theorem the MLMC-FT esti-
mator EMIMC[yL(t))] converges with the following rates to the ensemble average
E[u(t)] of the random entropy solution

(4.26)

2 —
HE[u(t)] - Eﬁ/[LMC[uL(t)] HL2(Q;L1(]R)) < C (1Og I/V[I/?}\W/ILMC)2 (WE%W/ILMC) 17
ford=1, and

[Efu(t)] - ELEMC [u®

OWFT logW[FT)=0(Lé;?) ifd=1,
OWET) = o(5, %)y if d > 2.

2 _
(t)]HL2(Q;L1(Rd)) < C(log WLF,IA;ILMC) (WI{::TJ\}LMC) 1/d+1)

ford > 2, where C' > 0 is a constant depending on d andt, and on [[ug|| Lo ;Bv (R4))
and || F 2 w200 (37 3m))

Remark 4.19. We have seen in Lemmald.7] that the convergence rate of the deter-
ministic front tracking algorithm for d = 1 is one with respect to work, if the flux
function f is convex. However, this does not show up as an improvement of the
convergence rate of the MLMC-FT method, since in this case the work of the Monte
Carlo method dominates. Specifically, in the case of a convex flux and d = 1, we
have

L L
WETI\}LMC == OZM[W@FT S CZM[(SZl

(427) £=0 (=0

L
S C22L Z 2—21@ 2@ S C22L — 0(552)7
=0
which is the same effort as in the general case (4.25)) apart from the missing factor
L.
This is to be contrasted to several space dimensions, where we have a small gain

in convergence rate if all the flux components f;, 7 =1,...,d are convez, since the
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convergence rate of the deterministic dimensional splitting front tracking method is
worse than that of the Monte Carlo method:

L L
WE?WLMC’ = CZM@ wiT < CZ M, 5;(2d+1)
=0 =0

L
< 0 922L Z 2(71+2d)£ < C2(2d+1)L _ 0(5;(2d+1))'
=0
5. NUMERICAL EXPERIMENTS

In this section, we test the performance of the MLMC-FT method on several
examples with random fluxes in one and two space dimensions.

5.1. Convex random flux in one space dimension. We consider the random
scalar conservation law,

(5.1a) u + f(wyu), =0, x€[-1,1], ¢t € (0,00),

(5.1b) u(w;z,0) = —sin(rz), xe€[-1,1],t=0,

with periodic boundary conditions and the random flux f(w;u) given by
1

5.2 win) = —ulP@),  plw) ~U(L.5,2.5).

(52) o) = ). p(e) ~ U(1.5,25)

This flux function is a bounded random flux and for P-a.e., f(w;-) € Lip([-M, M]; R),
where M > |[ug|| () is as in (8.12)). An approximation of the mean of the random
entropy solution at time ¢ = 1, computed by the MLMC-FT method for L = 9,
with 6o = 2% at the coarsest level, and M;, = 8 samples at the level with the finest
resolution, is shown in Figure In order to compute an estimate on the error

FIGURE 1. The estimator EMIMC[yE(¢)] computed by the MLM-
CFT method at time ¢t = 1 with L = 9 for problem (5.1)), (5.2).
The dashed lines denote the mean with + standard deviation.

of the approximation of the mean by the MLMC estimator EMEMC[yL(#)] in the
L?(Q; LY(R))-norm, we use the relative error estimator introduced in [25] based on
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a Monte Carlo quadrature in the stochastic domain: We denote by U, a reference
solution and by {Uk}r=1,... .k a sequence of statistically independent approximate
solutions EMLMCyL(1)] obtained by running the MLMC-FT solver K times and
corresponding to K realizations in the stochastic domain. Then we estimate the
relative error by

K
(5.3) RE = | > (RE)*/K,
k=1
where
HUref — UkHll
5.4 RE), = 100 x = ¢
(54) ‘ [Oret

In [25] the sensitivity of the error with respect to the parameter K is investigated.
For this example, we will use K = 30 which was shown to be sufficient for most
problems [25, 27]. To compute a reference solution Uer, we have made use of
the symmetry properties of the each realization (a shock at x = 0, smoothness
away from the shock) and used the characteristics of the differential equation to
compute an accurate approximation of E[u(¢)]. In Figure [2] the errors versus
the resolution d;, at the finest level L of the MLMC estimator and versus the run
time (in seconds) are shown (L = 0,...,6). We observe that the convergence rates
are =~ 0.9 with respect to the resolution and ~ 0.4 with respect to work, which is
approximately what we would expect from the theoretical results: Equation
implies that the error estimator is asymptotically of order O(\E 271y =

0@ Ly = O(é;a(m) with respect to the resolution at the finest level, where

logl Lo
2 Llog2

For L = 6, we have a(L + 1) ~ 0.8. Due to (4.27)), the estimator (5.3 is of order
O((WgﬂLMc)_o‘(L)m) with respect to work, hence for L =6, a(L +1)/2 = 0.4.

(5.5) a(l) =1 1.

1

10 : ‘ 10'
A A
'S A
A A 1/3
100 [ A 10O r i 1/2
i %1/2 x
A ‘ A
1
10 : : 107" ; .
107 5,1 072 107" 102 10° s 10° 10*

FiGURE 2. Left: Error versus the resolution. Right: Error
versus the run time of the MLMC-FT solver in seconds for the
problem 7 . At the coarsest level, we have used § = 274
and at the finest level, we have used My = 8 samples.
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Remark 5.1. For exponents p € [1.5,2), the second derivative of the flux func-
tion f(u,p) in is not uniformly bounded. Therefore the bound (4.8) does
not apply. However, by a careful refinement of the estimates in [2I, Chapter 2],
it is possible to show that the (deterministic) front tracking method converges at
rate one with respect to the discretization parameter § if the flux function f is in
W2Y([-M, M];R) and the initial data ug € BV (R) has a bounded number of local
mazima and minima.

5.2. Nonconvex random flux in one space dimension. In a second exper-
iment, we test the performance of the MLMC-FT method on the initial value
problem with periodic boundary conditions and the nonconvex random flux
function

|u|p(w)

(5.6) flw;u) = sgn(u)m,

For M > 0 as in (3.12)), we have f € L?(Q;W*°°([—M, M];R)), hence the as-
sumptions in Theorem are satisfied for this problem. In Figure [3] we show
an approximation of the mean of the solution computed by the MLMC-FT-solver
at time t = 1 with L = 9, §p = 272 at the coarsest level and M; = 4 samples at
the finest level. We see that the mean of the solution is continuous, whereas all

p(w) ~U(2.5,3.5).

0.2 0.4 0.6 0.8 1

Rof

FIGURE 3. The estimator EMLMCyL(t)] for problem (5.1)), (5.6)
computed by the MLMC-FT method at time ¢t = 1 with L = 9.
The dashed lines denote the mean with + standard deviation.

computed pathwise, approximate realizations u(w;-) of random entropy solutions
of , develop shocks.

This is not unexpected, because while each realization has discontinuities, the
location of these discontinuities is random, and disappear upon taking the expecta-
tion. However, for each realization, the solution varies (very) rapidly at the shock
location, hence the variance will be larger around in the regions where shocks are
typically located, than in regions where each realization is continuous. For our
example, each realization has two shocks, one around z = 0.1 and one around
x = —0.9. We see that the variance is indeed much larger in around x = 0.1 and
z = —0.9.
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We use this approximation as a reference solution and compute the error esti-
mators , for L=0,...,5, 80 =275 My =4 and K = 30. The results are
shown in Figure[d] Similarly as for the first example in Section the experimen-
tally observed convergence rates validate the a priori estimates and (4.26) as
we are not yet in the asymptotic regime and for L = 5, (L + 1) =~ 0.78, 9:;‘5_—5[)
(we observe = 0.85 versus resolution and =~ 0.35 versus run time).

10k : e ] 10't ‘ s 1/3 4
‘ 12

0

10

= = 10
10 or 10 10 10 510 10

FIGURE 4. Left: Error versus the resolution. Right: Error
versus the run time of the MLMC-FT solver in seconds for the
problem 7 . At the coarsest level, we have used §y = 27°
and at the finest level, we have used M}, = 4 samples.

5.3. Random fluxes in two space dimensions. We test the performance of the
MLMC-FT algorithm in several space dimensions on the following test problem,

(5.7a) ue + flwiu)e + glwiu)y =0, (z,y) € [0,2]*, ¢ € (0,00),
1, 0.1 <2,y < 0.9,

(5.7b) w(w;x,y,0) = ¢ —1, (z —1.5)2 + (y — 1.5)> < 0.16,
0, otherwise,

with periodic boundary conditions and random fluxes f and g given by

wiu) = wiu *7|u‘p(UJ)
(53) flos) = glas) = Ts

In Section we have seen that in order to have the optimal convergence rate of
the front tracking/dimensional splitting method, we have to choose the grid size Az,
the time step At and the refinement parameter ¢ of the flux function interpolations
as

, pw) ~U(L,3).

Ax = klAt = k252.

We call ky a CFL-number in analogy to finite volume methods, although no re-
striction needs to be imposed on k; since dimensional splitting combined with front

tracking method has been shown to converge for any choice of constants k; > 0.
Due to the increased computational effort of the multidimensional problem com-
pared with the one dimensional problems, we have chosen to refine with respect to
the grid size Az. Therefore we set Az, = 2~ ¢Axy and 6, = 27¢/26, and use at level
£=0,...,L, My, =2-"M; samples. In Figure |5| we show an approximation of the
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mean of (5.7)), (5.8) by the MLMC-FT method computed at time ¢ = 1 for L = 8
with My = 4, Azg = 273 and CFL-number k; = 20. As a reference solution,

1.2
15 1
0.5
0.8
;
0 0.6
0.4
0.5
-05 0.2

0.5 1 1.5

FIGURE 5. Mean and variance of , computed by the
MLMC-FT method for L = 8, t = 1, My = 4, Azg = 273, CFL-
condition k1 = 20 (number of grid cells: 212 x212). Left: Estimated
mean of the solution. Right: Estimated variance of the solution.

10 : - - 10
A ‘ A
8 . 1/7
4 a 1/5
. 1/2 Y
1/3
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4 A
1
10 - - - . :
107° 5,107 107 10 10° 17 10*

FIGURE 6. Left: Error versus the resolution. Right: Error
versus the run time of the MLMC-FT solver in seconds (z-axis
figure right hand side) for the problem , . At the coarsest
level, we have used Azy = 273 and at the finest level, we have used
My = 4 samples, K = 5.

we use an approximation of the mean of the solution computed by a MLMC-FVM
scheme as in [26], with an HLL-solver and second order WENO reconstruction,
L =8, My, =4, Axg = 272, on a mesh with 2!! x 2! grid cells. We compute
the error estimators , for K =5 L=0,...,7, M, =4, M, = 2L=¢M;,
Axg = 0.125, Azy = 2~°Axy. The errors are shown in Figure @ We measure con-
vergence rates of & 0.45 with respect to the grid size Ax and ~ 0.15 with respect to
the run time of the MLMC-FT solver. From the a priori estimates we would expect
rates of 1/2 versus the grid size and 1/5 versus work asymptotically, so our rates
are slightly below that. This could indicate that we are not yet in the asymptotic
regime for our values of L.
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