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Abstract

We consider the discretization of degenerate, time-inhomogeneous Fokker-Planck equations for diffusion
problems in high-dimensional domains. Well-posedness of the problem in time-weighted Bochner spaces
is established. Analytic regularity of the time-dependence of the solution in countably normed, weighted
Sobolev spaces is established. Time discretization by the hp-discontinuous Galerkin method is shown to
converge exponentially. The resulting elliptic spatial problems are discretized with the use of the tensor-
product “hat” finite elements constructed on uniform or patch-wise uniform (Shishkin) meshes and are
solved in the Quantized Tensor Train representation. For numerical experiments we consider compatible
and incompatible initial data in up to 40 and 18 dimensions respectively on a workstation.

Keywords: Fokker-Planck equation, degenerate diffusion, Gevrey regularity, hp-discontinuous Galerkin,
time stepping, low-rank representation, Tensor Train (TT), Quantized Tensor Train (QTT).
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1 Introduction

We consider the efficient numerical solution of a class of degenerate, time-inhomogeneous diffusion prob-
lems on high-dimensional state spaces with tensorized geometry. While our primary motivation are Fokker-
Planck equations which arise from certain time-inhomogeneous stochastic processes, among others, the present
methods can be applied also in other contexts. The present approach is based on a wvariational hp time-
semidiscretization of the evolution problem in time-weighted Bochner-Lebesgue spaces. These discretization
are of hp- resp. of variable order, variable step size, and reduce the evolutionary Fokker-Planck equation to a
sequence of independent, stationary, elliptic problems.

As we show here, the solution is, as a function of the time-variable, analytic resp. Gevrey-regular with
respect to t. This implies the exponential convergence of the hp-DG time stepping on geometrically refined
time-partitions and for linearly increasing polynomial orders. We then consider the efficient solution of the
resulting sequence of high-dimensional spatial problems. To this end, we propose here a tensor product finite
difference discretization of the spatial, elliptic systems and solve the resulting family of linear systems by the
so-called Quantized Tensor Train (QTT) formatted matrix algebra. As we show in numerical experiments,
the intrinsically nonlinear numerical approximations which are generated by the QTT discretizations are, as a
rule, adapted in resolution with respect to the spatial dimension as well as in the “quantized” indexing which
is employed in the QTT matrix format for all linear algebra operations. The compression realized by the
hp-DG time stepping combined with the QTT representation is found to be superior to that of other sparse
tensor discretizations of parabolic evolution problems.

*Seminar fiir Angewandte Mathematik, @ETH Ziirich. Réamistrasse 101, 8092  Zrich, Switzerland.
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2 Problem Formulation

2.1 Preliminaries

We consider evolution equations with coefficients which may be strongly degenerate functions of time. There-
fore, solutions of these equations will not, in general, be continuous and bounded with respect to time up to
t = 0. In order to introduce a suitable notion of solution, we shall require the following classes of time-weighted
function spaces in order to state space time variational formulations of the evolution problems and, finally, to
establish their well-posedness:

X = Htl—'v/Z(‘kX*) N L?W/Z(J;X) = (Htl—w/2(J) ® X*) N (Lt2’Y/2(J) ® X) ) (2'1)
NS Lf’vﬂ (J,X) = Lf’v/2 (J) ® X, (2.2)
Xo = {weXx:w(0,)=0in X"}, (2.3)
Xy = {weX:w(l,-)=0in X"} (2.4)
1 % 1 2 T””[ﬂ 5 () 1 T”HHI 5 ()
Here X := Hy(D), X* = H Y(D), Lﬂ/z(J) = C>(J) 7/ and Hm/Q(J) = C>(J) v/ ,J=1(0,T).

The weighted norms appearing in the above definitions are given by

2 2 2 2 -2
= t7 dt = t7 dt + t7dt .
”UHL%M(J) /Ju ) ‘|u||Ht17/2(J) /Ju /Ju

To describe the smoothness of the initial data we define intermediate spaces between H = L?(D) and X by
the real method of function space interpolation: specifically,

H@Z(H,X)9727 0<d<1,

where we define Hy := H and H; := X.

We next present the class of evolution problems to be considered. Since the problems are possibly degener-
ate in the time parameter ¢, we use the weighted spaces (2.1)-(2.4) and recapitulate the variational formulation
and present some results on their well-posedness from [1].

2.2 ~y-homogeneous diffusion

We consider an additive Markov process X (¢) (in the sense of Sato [2]) with characteristic triplet (¢7b,¢7K, 0)
for b € R% v € (—1,1) and positive-definite K € R?*? and focus on the Fokker-Planck equations of possibly
degenerate diffusions X (). In particular, time-inhomogeneous processes X (¢) are considered for which the
infinitesimal generator A(t) of X (¢) takes the (space-time separable) form

A(t) =t (bTV + tr[KD?) | (2.5)
where we use the following notation:
02, 0p, -+ 03,0,
D?* = : . : ,
0ri0e, -+ Oy,

so that tr[lD?] = V'KV and the Laplacian Ay of ¢ can be written as Ap = 2?21 0p,05.p = tr[D?]p. The
corresponding backward Fokker-Planck equation with initial data ug(x) reads: find u(t, z) such that

du+At)u—cu = 0 in [0,T) x RY,
w(T) = wup in RY (2.6)
for some sufficiently smooth final condition ug and some constant ¢ > 0. The drift and killing terms in

(2.6) can be removed via a change of variable. Besides, we can approximate the Cauchy problem (2.6) by
an initial boundary value problem on a bounded spatial domain. We refer to [3, 1] for a priori estimates of



the localization error. The main difficulty in the numerical solution (and in the formulation) of the initial
boundary value problem resides in the possible weak degeneracy of the diffusion coefficient in time, due to the
v-homogeneity. We therefore consider the following model problem: find u € X such that for all v € Y

T T
[ (0t o0) + ot oy = [ (7(0,00) dt
0 0
uw(0) = wo (2.7)
holds, where the spatial differential operator B is defined by

0 0
- E 9 e Y
B K () oz,

Oz

for v € (=1,1), a bounded Lipschitz domain D C R?, a finite time interval J = (0,7") and smooth functions
KkPl(z), 1 < p,q < d, such that for some &,k > 0 it holds that §|§|2 <ETK(z) €< E\§|2 forall ¢ € RY, 2 € D
and K = KT on D. The bilinear form b associated with the spatial differential operator B reads

b(u,v): X x X = R, b(u,v) = (Bu,v), Yu,ve X, (2.8)
— 1 —1 1 . ..
where X := Hy(D) and where (-, -) denotes the H (D) x Hy(D) duality pairing.

Theorem 2.1 ([1]). For every f € Y* and for homogeneous initial data uo = 0 in X*, the evolution problem
(2.7) admits a unique solution u € Xy and there holds the a priori error estimate

lullx < V2] /]

y* o

Remark 2.2. Similar equations to (2.7) arise in the context of option pricing under fractional Brownian
motion (FBM) models, we refer to [4] for an introduction to FBM and to [1] for details on the Kolmogorov
equations for such processes.

2.3 Gevrey time-inhomogeneity

The well-posedness result as well as the ensuing error analysis of hp time-discretizations will remain valid
verbatim for slightly more general classes of time-dependent coefficients: instead of (2.5) we may consider

A(t)p(z) = —alt) By(z) = a(t)b" Vi(z) + a(t) tr[KD*p(x)] . (2.9)

Here, b and K are as above (in particular, they are independent of t) and the coefficient a(t) is y-pseudohomogeneous
in the following sense: it is independent of the spatial variable z and there exist 0 < ¢; < ¢o < 00, possibly
depending on T', such that

c<at)/t? <cy Vte (0,T]. (2.10)

Moreover, we may assume that a(t) is Gevrey-6 regular with respect to time, i. e. a(t) € C*°(0,T] and

dm
Jc>0,0>1: VmeNVvte (0,7]: ‘ a(t)‘ < " (m))oTm (2.11)

dtm

Note that 6 = 1 implies analyticity of a(¢) with respect to ¢ at every point ¢ € (0,7]. We have the following
existence result.

Theorem 2.3. Under assumption (2.10), for every f € V*, ug = 0, the degenerate initial boundary value
problem (2.7) admits a unique solution u € X and there holds the a priori error estimate

[ullx < C 1 flly--

Here, the constant C' > 0 depends only on ¢1 and co in (2.10).



3 DG semidiscretization in time

3.1 Model problem

We now address the time discretization of the abstract diffusion problem (2.7), i.e., find a sufficiently smooth
u(t, ) such that

du+a(t)Bu = gonJx D,
u(0) = wuo, (3.1)

where B is the second order, elliptic self-adjoint operator with B : X — X* in (2.7), where v € (—1,1). We
have the following properties of b(u,v) = (Bu,v): there exist o, 8 > 0 such that for all u,v € X holds
b(u,v)] < allullxllv]y
b(uu) > Bl - (33)

Remark 3.1. Note that the consideration of a localized equation can be justified in the case of a pure diffusion
equation by the exponential decay of the truncation error with increasing computational domain. For the case
of an FBM market model localization estimates have been derived in [1]. Throughout this section we use a
generic positive constant C taking different values in different places, it is independent of the polynomial degree
p, time t, the derivative order | and the interval length k.

3.2 Formulation of the DG time semidiscretization
Definition 3.2. Let I = (0,1). For a function u € L?(I; X) which is continuous at t = 1 we define TPy €

PP(I,X), r > 1, via the conditions

/(Hpu—u,q)Hdtzo, Vg € PP~HI; X) (3.4)
I

and
MPu(+1) = u(+1) € X. (3.5)
For p =0 we use only (3.5) to define I?, H = L*(D).
We consider the following DG-formulation:

Definition 3.3. Let M = {I,,}_,, M € N be a partition of J = (0,T), p € N}, then the DGFEM for (2.7)

m=1>

reads as follows: find U € VE(M; X) :={u:J — X :u|;,, € PP (I, X),1 <m < M} such that

Bpa(U,V) = Fpg(V), where (3.6)
M M
Bpa(U,V) = Z/j (U’,V)Hdt+2/l a(t)b(U, V)dt

+
NE

([U}m*h Vngr—l)H + (U(;rv V0+)H (3'7)
m=2 o
Fpa(V) = (w0, V5 )m + Z ; (9(t),V)x+xxdt (3.8)

for all V e VE(M; X)



3.3 Quasi-optimality

We now prove that, under the regularity assumption (2.11), for appropriate choices of the time step sizes |I,,,|
and of the time discretization orders p,, > 0, that the time discretization error converges exponentially, under
in a sense minimal regularity of the initial data ug. Throughout this subsection, we shall assume that the
coupled system of spatial, elliptic problems in each time step in the Definition 3.3 are solved exactly.

We start our analysis of the time discretization error with some identities satisfied by the DG solution U,
then verify Galerkin orthogonality of it and, finally, construct an interpolant for which we establish exponential
convergence. The following identity holds due to [5, Lemma 1.8] for Bpg(-,-) in (3.7).

Lemma 3.4. Let Bpg be as in Definition 3.3, then for all V,W € VE(M; X)

M
BooV.W) = 3° [ (-V.W)u+ altb(V W)

M
- Z(vn:,[W] Vi + (Vo Wir)u

Bpg(V-W,V-W) = Z/ b(V -W,V — Wdt+fHV and[p
1Mfl ) 1Mfl )
5 2 MV =Wl + 5 > 1V =W) [y -
m=1 m=1

Theorem 3.5. Problem (3.6) has a unique solution U € VE(M; X). If u is the solution of (2.7), then we have
the Galerkin orthogonality

Bpe(u—U,V) =0 for all V € VE(M; X).
Proof. The proof follows as in [5, Proposition 1.7], where the case v = 0 was treated. O
This implies

Theorem 3.6. Let u be the exact solution of (2.7) and U € VE(M; X) the semidiscrete solution of (3.6) in
VE(M, X). Assume moreover that u € C(le,T],X), for arbitrary ¢ > 0. Let Tu € VE(M, X) denote the
interpolant of u which is defined on each time interval I, as Tulz, = TI7" (ulr,,). Then there holds for some
C > 0 independent of o, B3, c1, co

[0765)
W=l <€ (14 52 ) =Tl 39)

Proof. Using Lemma 3.4, the coercivity of b(-,-), the lower bound (2.10) and the Galerkin orthogonality we
obtain

ﬁ/JtV U — T3 dt < %BDG(U —Tu,U — Tu)
< %|Bpg(u—1u,U—Iu)\. (3.10)
This implies
/t"’ U = Zull% dt < 62 o /Jﬂ lu = Zul% dt (3.11)
and therefore the claim follows using triangle inequality. O

Therefore it suffices to estimate the projection error to conclude the a priori error analysis. From [5,
Corollary 1.20], we recall the following approximation result



Lemma 3.7. Let I = (a,b), k=b—a, p € Ng and u € H*°*! for some sg € Ng. Then

Hu—Hpu||2 < C T(p+1-—s) ﬁ 2(s+1) Hu||2
170 L2(1,X) — rnax{l,p}2 F(p+1+8) 9 Hs+1(I1,X)»

for any 0 < s <min{p, so}, s real and C > 0.

3.4 Time-regularity

For data ug € H and g € L?__ ,,(J; H) the solution of (2.7) can be represented as follows:

U®—2¥MMW%M%+;(AMﬁM@WMMJ%

where uy, (t) is given by

Uy, (t) — N I3 a(s)ds

and {p;};en denotes the family of eigenfunctions of B, with ¢, € X for i € N. We assume that the real
eigenvalues {\; };cn are enumerated in non-decreasing order repeated according to multiplicity and that the

sequence of eigenfunctions {¢; };en forms an orthonormal basis of H.

Theorem 3.8. Let the operator ©,(t) for u e H, t > 0 be given by

6"/ (t)u = Z U, (t) (u7 Spl)HQOZ

Then for a(t) =t7, —1 <y < 1, the following estimates hold for min (T,1) >t > 0 and C,c > 0, independent

of L >1, and for alll € N

2

99@)EWX) < CAHNL 4 2 DD for S 0
() 2L(H,X) < AT+ 2 BT for 4 <0,
6y() 2c(X,X) < A1+ 2)e BT for 4 > 0,

6y () 2L(X,X) < oML+ 2 fory <0

For 1 = 0 we obtain that there exists a constant C' > 0 such that, for 0 <t <1,

105 x) < CE 10402y < C-

Proof. For any | € N and for 0 < t < 1, we have for v = 0 due to [5, Proposition 2.1] for oW

2
< CETA+ U 0|2 x) < O

2] .

for some constants C, ¢y > 0. We have the following relation between O(t) and ©,,(t)

O,(t) = O(w(?)),

= @g)

(3.12)
(3.13)
(3.14)

(3.15)



where w(t) : Ry — Ry, w(t) = t771/(y 4+ 1). We use the formula of Faa di Bruno, see [6]: with certain
constants ¢ a; € Ng, j,k € {1,...,1} and estimate, with other constants ¢, c2, C1,Cy > 0

1yeeey QLD
2
l k
(CEIC] IS D D SRS CR = ON) § (LR
(HX) k=1 Q1.+ [e9 e i=1
2=l L(H,X)
k
<Z Z ko ,ak( (Co(’}/—‘r1))2k+1(2k+2)!t—(2k+1)(’y+1))Hclt’y—ai—o—lai!
k=10 i=1

gCgc?l“ <Zt (Y1) (2k+1)+ky— l+k> l,z Z al’ ,akk/"Ho‘%

k=1 k=1%1,--,k
a;=l

In order to estimate the double sum we use the identity shown in [7, Lemma 1.1.1]

k
Z Z o s =210
=1

k=11,
Eai—l

Therefore we have using the Stirling formula

2
! 2l+1 —(214+1)—y(I+1
H@y(t)HE(H o S CdTron QD=7+ for 4 > 0
2
H@Ef)(t)H < Oy (20 4 2)1t~ DY for 4 < 0

The proof for (3.14)-(3.15) follows similarly using

levo)|’ < Ol +2)l @Y

L(X,X)
for some constants C, ¢y > 0, see [5, Proposition 2.1]. O

Remark 3.9. Note that the estimates in the previous theorem coincide with the results of [5, Section 2.1],[8, 9]
for v =10. In the following we restrict the analysis to the case of —1 < v < 0, the case of 1 >~ > 0 will be
treated elsewhere.

We split the solution u of (2.7) into its homogeneous and inhomogeneous part, i.e., u = uy + ug, where

ul +t7 Buy
ub + 7 Bug

O7 (05} (0) = Uog, (316)
g, u2(0)=0. (3.17)

The behavior of both terms will be studied separately. The function u; (t) can be represented as u1(t) = O, (¢)ug
Theorem 3.10. Let ug € Hy for 0 < 0 < 1. Let uy be the solution of (3.16). Then there holds for I > 1 and

C,c>0
(1>H2
"1

2 —y— — 2
lullx < CHEDOD Yug g,

IN

CH L CREHI (20 + ) ug |y, and

Proof. The proof follows from Theorem 3.8 and from w; (t) = 6., (t)uo. O



The solution us of (3.17) can be represented by the “variation of constants” formula, see [10, Section 4.2,
Definition 2.3].

uz(t)/OtG.y(ts)g(s)ds, 0<t<T.

We assume that the right hand side ¢ in (3.17) is an analytic function of ¢; specifically, we assume g to satisfy
with some constant ¢ > 0, independent of [ and ¢

Hg(l)(t)HH <UL e 0,71 € N. (3.18)

Lemma 3.11. Under Assumption (3.18), we get for any t >0

i) us(t) = [ ©,(s)g(t — s)ds in H.

=1 . . t
W)= 309090+ [ 0,19t~ 5)ds
i=0 0
forl>11in H.
Proof. The asserted identities are verified by direct evaluation. O

Lemma 3.12. Assume (3.18) and let us solve (3.17). Then there exist constants C,c > 0 such that for
min (7,1) >t > 0 and for all 1 > 0

-1
Hug)(t)HX <cdi! <t1/27/2 ftEE th> '

1=0

Proof.
-1
! i —1—i
[£ @, = X]eP0], 4 I 0],
i=0 '

- 102 0t = 9)] s = 1+

We first bound S7. We conclude from Theorem 3.10 and Stirling’s formula that there exists C, ¢1,co > 0 such
that for all [ <0 and min (7,1) >t >0

"Gg)(t>"L(H,X) < o1, (3.19)

Using (3.18) and (3.19) we conclude

-1
S < OCZQ_l Zz‘!(l — i 1)!154—1/277/2
i=0
Gy N -1
< O -1 < i ) TR < O - ) Y R,
i=0 P

The bound on So follows similarly:

t
Sy < C’cll!/ sTH2=92 = oW /?2=1/2 0 < t < min (T,1),1 € Np.
0



Theorem 3.13. Assume (3.18) and let uz solve (3.17). Then there exist constants C,c > 0 such that for
min (7,1) >t > 0 and for all | € Ny

2
H“gl)(t)HX < O 20+ 1)
Proof. From Lemma 3.12 we have for any [ > 0
H“g)(t)HX < CAN(I+ 1) Y272,

for some c¢; > 0 independent of [. The claim follows using the properties of the Gamma function, i.e.,

D(c+1)2<T(c+ 1)T(c+3/2) = CiT'(2c +2)272+H) " for ¢ € R and O} > 0.

Theorem 3.14. Let ug be in Hy, I = (0,k) and let g satisfy (3.18), then
k
/ () — (k) |5 £t < CKO+D?
0

for some C > 0.

Proof.

IN

2 2 2
[Ju(t) — u(k)Hwaﬂ(I;X) c Hul(t)||wa2(I;X) +C ||Ul(k)||LfW2 (I;X)

2 2
+C ||U2(t)||L’:‘W2(I;X) +C ”u?(k)”Lsz(I;X)
= T1 +T2+T3+T4 .

We first bound 77 using Theorem 3.10: T} < ¢7+1 ||u0||§( and Ty < C Huon Therefore, by interpolation,
we have Ty < CkO+19 ||u0||§{9, 0 < 6 < 1. We can also bound 7, with Theorem 3.10, which gives T5 <
Cr+o ||u0||i19. Ty and Ty can be bounded by Theorem 3.13: max{T3, Ty} < Ck2. O

Theorem 3.15. Let ug € Hy for 0 < 6 < 1 and let g € L*(J, H) satisfy (3.18), then there exist constants
C,c > 0 such that u satisfies for 0 < a <b < min(1,T) and for every ! > 0, min (7,1) >¢ >0

2

H““)(t)H O (21~ G 01, (3:20)

IN

X

2
’u(l)(t) HX £t C P (20124007, (3.21)

IN

/b
Proof. We split the solution u into u; and ug. Estimate (3.20) follows directly from Theorem 3.10 and 3.13.
Estimate (3.21) can be obtained from (3.20):

’

Lemma 3.16. Let ug € Hy for 0 < 0 <1 and let g € L*(J, H) satisfy (3.18), then there exist C,c > 0 such
that u satisfies for 0 < a <b < min(1,T) and every s >0

2 o0
‘u(l)(t)HX dt < CCQZ(ZZ)!/ t~CHEDH 4 < o (20) a2

a

O

2 . o
Hu(t)Hva/z((a,b),x) < COc**T(25 + 3)a™? +0(1+7)

Proof. The result follows by interpolation of the statement in Theorem 3.15. O



3.5 hp-DG timestepping
For exponential convergence, we require geometric time partitions and so called linear degree vectors.

Definition 3.17. A geometric time partition My, = {In}M, with grading factor o € (0,1) and M time
steps I,, m=1,2,..., M is given by the nodes

to=0, tm=TcM™™ 1<m<M.
The time steps kp, =ty — tm_1 satisfy

1 —
km:Atmfh A= 07

g

for2<m< M.

Definition 3.18. A polynomial degree vector p = {pn, }2_, is called linear with slope v > 0 on the geometric
partition My o of the time interval (0,T) if r1 =0 and py, = [vm] for2 <m < M.

Lemma 3.19. Fiz an interval I, € Mo, for 2 <m < M and set s, = appm with a,y, € (0,1). Then for
every v € (—1,0), 8 € (0,1] there exist constants C,c > 0 such that for all M, m=2,..., M

1—opm \ Pm
Ju — T2, < CoM=mtnben+y (020 (A —am)
fm Lfv/z(Im,X) - (1 4 am)1+o¢m ,

l1—0o

where p = max {1, \} and A = ==%. The constants C,c > 0 only depend on ug € Hp and v, g € Lfﬂ/2 (I;H)
satisfying (3.18).
Proof. We omit for simplicity the dependence of I, p, , k and s on m in the following and set ¢t = t,,_1.
2
Ju =Tl

2
Z(I;X) < max (a’y7 b’y) ||u - HlpuHLQ(I;X

P(p+1-3s) [k 2Hst1)
Car st 1=8) () ol

)

<
- P’IT'(p+1+s) \2
Y T(p4+1— 1o\ 25+
c oy Moo (e
b/ p’T(p+1+s) \2 ev/z\

a\? T(p+1—s) rpc\2s+2 2(s+1);—25—2+0(1
< O(—) —(—) T(25 4 5)t2(+1) 25— 24+0(14)
- b/ pT(p+1+s)\2 (25+3)

< C(E)Qs L, Tlp+1-3)

— 7 D(2s + 1)1+,
2 P’I'(p+1+s) ( )

Using the Stirling formula we obtain

L(p+1-—s) 1/262s (I-a)t—* ?
mf@s—kl)gp/Z () .

O

Theorem 3.20. Consider the parabolic problem (2.7) on the time interval J = (0, 1) with initial data uy € Hy
for some 6 € (0,1] with v € (—=1,0] and with right hand side g satisfying (3.18). The weak formulation is
discretized in time using the DGFEM as given in Definition 3.3 on a geometric partition My, of the time
interval J. Then there exists vy > 0 such that for all linear polynomial degree vectors p = {pm }M_, with slope
v > vy the semidiscrete DGFEM solution U € VE(M 0, X) satisfies the error estimate

1
lu=Ullzz ) < Cexp (<bN?),

for some constants b, C' > 0.

10



Proof. We present the details only in the analytic case, i.e. 6 = 1 in (2.11). A scaling argument allows to
consider wlog. the case T'=1. Let

v > max {1, M} (3.22)

where fmin will be defined below. Set r1 = 0 and p,, = [vm| > 1 for 2 < m < M. As before s, = amPm,
for au, € (0,1) to be selected. We start from (3.9) and use Theorem 3.14 to estimate the error on the first
interval I; near the origin and Lemma 3.19 to estimate the error on I, ..., Ij;. This yields

M
|l — U||iz 1o (JiX) < CoM-100+Y) 4 ¢ Z U(M—m+1)9(1+v)+vf%c(am)pm
& m=2
M
< CO_(M—1)9(1+v) (1 + o7 Z O_(2—m)0(1+9) (fp,c(am))pm> ’
m=2

where f, .(a) = (uc)?® (%) The function f, . satisfies

1
V1t p2d?

Set fmin = fu,c(@min) and select @, = amin for 2 < m < M. Hence for every v € (—1,0], ¢ € (0,1) there
exists a constant C > 0 such that for all M € N

O < O<H;f<lfu70(a) = fu,c(amin) < 1 Wlth Qmin =

M
lu=UlZ: (o) S CotM=D00+) (1 +o7Y o@m)e(””)fzzﬂn) - (3.23)
+v/2
m=2
Since
(2=m)0(147) Pm 20(147) [ Tinin \"
g fin = Co (09(1+v))

and f, < o by (3.22), we conclude that the sum in (3.23) can be bounded by

M M
Z U<2_m)0(1+7)f1€1ﬁ1 < Cp200+7) Z "

m=2 m=2
with ¢ = f¥,. /o?3*7) < 1. Therefore 3°°°_, ¢™ < oo holds and we conclude

2 M-1)6
lu— UHL;/Q(J;X) < CpoM=D00+) for 1 < <0.
Taking into account N = nrdof(VE(M s, X)) < O(M?), as M — oo with O dependent on v, concludes the
proof. O
Remark 3.21. The estimates in the case 6 > 1 are analogous with slightly modified coefficients, resulting in
the rate exp (—bN1/ (119,
3.6 Time-semidiscrete problem

The discontinuous Galerkin semidiscretization (in time), which is given in Definition 3.3, reduces the initial
parabolic problem (2.7) to the successive solution of M systems of linear elliptic equations, where the m-th
system consists of p,, + 1 coupled equations posed on the corresponding time interval I, of length k,, =
tm —tm_1 for m=1,..., M. We shall now derive these systems.
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For 1 < m < M let us consider the space Q,, = P, (I, X) of polynomials of degree p,, > 0 with
coefficients in X, equipped with the norm of L?(t,,_1,tn) ® X. At the current time step we seek U, =

17’] € Q,,, which satisfies

~

<ﬁm(tm,1),W(tm,1)> +/tm [<U,’n(t)ﬁ(t)> ta(t)b (ﬁm(t)ﬁ(t))} dt

tm—1

tm o —~
= <ﬁm,1(tm,1),W(tm,1)> +/ g(t),W(t)>X* N dt forall WeQ,, (3.24)

tm—1

where Up(to) stands for the initial value .
Let {¢; }?20 be a basis of the polynomial space Pp, (—1,1). Then the time shape functions on the time

interval I, are ¢; o F. 1.0 <j < ppn, where the affine mapping Fy,,: (—1,1) — I,,, is given by
1 1
t=Fu(r)= 5(tm_l +tm) + ika’ Em = tm — tm—1, Te(-1,1).

By rewriting (3.24) in terms of the temporal basis functions for U, (t) = AR ﬁm,j - (¢pj 0 E1)(t), where

~

Un,; € X for 0 < j < pp,, we obtain

§=0

which holds true for all W € X and 0 <4 < p,,,. The matrices and right-hand side vectors in (3.25) are given
by
1 1
Coig = | SO0 AT +0,(-D6(-D. Gomiy = [ (@0 Fu)()5(r) 6u(r)dr.
1 —1
1
B a0) = 95(=1) (s (). W) a0 = [ (g0 Fud (01,5 01(0)

-1

Equation (3.25) is a system of p,, + 1 coupled linear second order elliptic equations in the weak form, which
needs to be solved at the m-th time step. We may rewrite it as

~ km ~
C,, U, + > G,V =g, forall WeX, (3.26)

where, for given W € X and for 0 <i,j < pp,,

~ —~

~ ~ ~ km
@) = (O W) )5 =B (T W) (&) s = Gina(W) + 2 Guna(W).
Remark 3.22. Let us use the temporal shape functions ¢; = (i + 1/2)1/2Li with L; denoting the i-th Legendre

polynomial on (—1,1), normalized so that L;(1) = 1.
Then the elements of the matriz C,, in (3.26) are

R P Y P S =D i >
Cmij = Sij\/i+ 3\ i+g 4I=0,...pm, where ¢;= {1 otherwise.
Also, if a(t) =1, then Gy, =1, 41 in (3.26).

From now on we use the normalized Legendre polynomials ¢; = (i + 1/ 2)1/ 2L;, i > 0, as temporal shape
functions.

12



Let us assume that the right-hand side is time-space separable of rank R, i .e. it holds in Lt ,2(J; X) that

R
g(t) = gl /4, te, (3.27)
a=1

for some gl®l € L2 ,.(J) and for flel € X*, 1 < a < R. Then the right-hand side of (3.26) has the following
structure:

g — glol. 10 Zg[a] Flelw (3.28)

where
(88) i = 0:(-1), @w%/%w%mmm@va (3.29)

for 0 <i < p,, and
) = (T, 0= (),

4 Tensor-structured spatial discretization

4.1 Derivation of the linear system for the tensor-product FEM

In this section we describe the spatial discretization of the linear system (3.26) with the use of tensor-product
finite elements constructed in a tensor-product domain D C R?. For the sake of simplicity we assume D =
(0,1)? and X = H{(D), although this is not essential for the following.

Assume that we use some finite elements ¢(k) i = 1,...,n, in the k-th dimension, 1 < k < d, and define
finite elements in D as ;... i, = 1/}1(11 ®. ®w(d) Then we seek the discrete solution to (3.26) in the form

7”7] - 2 : E :u7”7]7J17 a./d¢.71a SJds ] _O

Ji=1 Ja=1

and, by testing the variational problem with W =;, ;,, 1 <ip <mny for k=1,...,d, we obtain the linear
system

Kk,
(Cm®M+2Gm®S) Um = 8m (4.1)
for the m-th time step, where the right-hand side, under the assumption of (3.27), has the following structure:
b R
— gl0l o gl0] 4 2 (o] & flal 4.2
&m gm®m+2;gm® (42)

with ggi] and g%] defined in (3.29), f,[fi]“, iy = <(7m_1,z/)¢17___7id> and f[a]ih___,id = <f[°‘],1/)i17___,id> for a =
1,...,R. The mass matrix M is
M=M;®... My, (4.3)

where

1
<Mmm:/¢$@wwﬁuwmmlsmnsW, (4.4)
0

for 1 < k < d. The stiffness matrix S reads

ctd T (wlh ld’w]h ,Jd Z/ K (z "Id)

J1, Jd =1

: (81@11) (@) ... (:cd)> (axquﬁ) (1) ..l (xd)> dzy ... dzg (4.5)
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for 1 < ikajk < ng.

The system (4.1) is of order (p,, + 1) X n1 X ... X ng and, in the usual elementwise representation, bears
the “curse of dimensionality” [11] and, even in case d is moderate, becomes numerically intractable quickly
as we increase ng, k = 1,...,d, which are the numbers of degrees of freedom in each dimension. To avoid
this, we employ the low-parametric tensor representation of the vectors and matrices involved, based on the
approximate separation of variables.

4.2 The TT and QTT representations

To represent vectors and matrices involved in the solution of the fully discrete system (4.1), we exploit the
Tensor Train (TT) format [12, 13, 14, 15] by Oseledets and Tyrtyshnikov. For a d-dimensional ny X ... X ng-
vector u it reads

Td—1
;.. Z Z Ui (j1,01) - Uz (@1, Ja, 2) - ..
Q1= 1 Xg—1— =1

Ui—1 (@a—2, ja—1,a-1) - Ua (a—1, ja) (4.6)

where 1 < jp < ng, 1 < k < d. The two- and three-way arrays Uy are referred to as cores of the decom-
position (4.6); the summation indices and summation limits on the right-hand side are called, respectively,
rank indices and TT ranks of the decomposition. For every k =1,...,d — 1 the decomposition (4.6) implies
a rank-r, representation of the unfolding matrix U®) defined as follows:

U(k)i

1ok Ghg1o.ia — Wi.ig-

This relation between the TT and matrix ranks renders the TT format well-defined and allows the robust
quasi-optimal rank truncation; see, for example, [16, Theorem 2.1] or [15]. The TT format is also applied to
a d-level (my x ... X mg) X (n1 X ... X ng)-matrix A after its vectorization and a permutation of its indices,
which results in a representation of the form

Td—1
Ai, g = E E Aq (i1, 51, 01) - Ag (1, 42, Jo2, r2) -
JiseesJd ar1=1 ag_1=1

Ag_1 (g—2,%d-1,Ja—1, @a—1) - Adq (@a—1,%4,ja) (4.7)

involving three- and four-dimensional arrays A; as TT cores.

The way the low-rank representation of a vector (matrix) in the TT format is related to the low-rank
representation of its unfolding matrices allows efficient and robust computations in this format, which can be
based on standard matrix algorithms (e. g. SVD coupled with QR).

The complexity of a TT representation is formally linear w. r. t. d, but also depends drastically on
the TT ranks of the decompositions in question. For instance, storage costs and the complexity of basic
TT arithmetics operations applied to the representation (4.6) (such as the dot product, multi-dimensional
contraction, matrix-vector multiplication, rank reduction and orthogonalization of a decomposition, etc.) is
d-n-poly(ry,...,rq—1) in case n; = ... =ng = n. In general, the TT ranks r1,...,74—1 in (4.6) may depend
on d and n. However, in various applications the TT ranks of vectors and matrices prove to be feasibly low
and the TT format turns out to be an advantageous framework for the efficient solution of high-dimensional
problems.

With the aim of further reduction of the complexity, the TT format can be applied to a “quantized” vector
(matrix), which leads to the Quantized Tensor Train (QTT) format [17, 18, 19]. The idea of quantization con-
sists in introducing I, “virtual” dimensions (levels) corresponding to the k-th original “physical” dimension [20],

provided that the corresponding mode size ny can be factorized as ny = Hikzl Nk = Nkl - Nk2 * - - - - N, 1N
terms of integral factors ng,, > 2, ki =1,...,1, for 1 <k < d. This corresponds to reshaping the k-th mode
of size ny, into Il modes of sizes ng1, ..., N,

A TT decomposition of a vector (matrix) under such a transformation is referred to as a QTT decomposition
of the vector (matrix). The TT ranks of this decomposition are called QTT ranks. In this sense (4.6) and (4.7),
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with d being replaced with [, also present QTT representations of ranks 71, ..., r;_1 of a one-dimensional vector
1 and of a one-dimensional matrix A with entries Uy = W, and A T T Ai g

The QTT format represents more structure in the data by splitting all the virtual” dimensions 1ntr0duced
It involves more rank numbers which can be higher than for the TT decomposition (with no quantization).
Typically one tends to introduce as fine (i. e. with small ny,, ) quantization as possible and wind up with as
many virtual modes as possible. This corresponds to seeking as much low-rank QTT structure in the data as
possible. The low-rank QTT structure corresponding to the “finer” quantization allows to further reduce the
complexity.

As an example of the finest possible quantization one may consider the representation of every “physi-

cal” scalar index i = iq,...,45 = 1+ >, _; 277 (i — 1) varying from 1 to 2! in terms of “virtual” indices
i1,...,14; taking values 1 and 2. This binary encoding reshapes a one-dimensional 2'-component vector into a
I-dimensional 2 x ... x 2-tensor; and a d-dimensional 2t x ... x 2%-tensor into an l; + ...+ lg-dimensional

2 X ... X 2-tensor.
Since a TT decomposition of a d-dimensional tensor has d — 1 ranks, it is convenient to introduce aggregate

characteristics, such as the effective rank of a TT decomposition: for an ny X ... X ng-tensor given in a TT
decomposition of ranks r1,...,r4_1 we define it as the positive root r of the equation
d—1 d—1
niry + E Th_1METE + Tq_1Ng = N1r + E rngr -+ rng (4.8)
k=2 k=2

which equates the memory needed to store the given decomposition (left-hand side) and a decomposition in
the same format, i. e. of an ny X ... X ng-tensor, but with equal d — 1 ranks r,...,r (right-hand side). In this
sense, “effective rank” is understood with respect to memory. However, the notion of effective rank allows to
evaluate exactly the complexity of some TT-structured operations, such as the matrix-vector multiplication
and Hadamard product, and also estimates the complexity of other operations such, e. g. the TT rank
truncation. The concept of the effective rank applies in the same way to QTT decompositions. A similar
definition of effective rank was used in [18, Section 3.4].

Let us note that instead of the T'T representation and its “quantized” counterpart QTT one may also use the
Hierarchical Tensor format [21, 22, 23] along with the “tensorization” [24]. Surveys on tensor representations
can be found in [25, 26, 27].

4.3 The TT structure of the fully discrete linear system

The matrix of the fully discrete system (4.1) is time-space separable of rank 2:

km
An=Cn@M+ Gy S, (4.9)

where the temporal factors C,, and G,, are of moderate order, namely p,, + 1, and the spatial mass and
stiffness matrices M and S suffer from the curse of dimensionality. The mass matrix M arises in the rank-1
separable form (4.3), while the structure of the stiffness matrix (4.5) depends on that of the diffusion coefficient
K.

For numerical experiments in the current paper we assume that K = I; in D, so that B = —/\ and the
stiffness matrix S has the form

S=S0My..9My+...+M;®...0My_1 ®Sq4, (4.10)

which includes d terms. Such a matrix can be represented in the TT format in terms of one-dimensional
matrices My and S, k = 1,...,d, with ranks 2,...,2, see [28, Lemma 5.1].

However, the stiffness matrix (4.5) can be proved to admit low-rank TT representations in more general
cases: in [29] we derive the low-rank TT structure of the stiffness matrix S under certain requirements on
the form of KC, which are satisfied, e. g., in the multi-dimensional Black-Scholes model in real price variables,
see [30, 31], and in the Heston model or the multiscale stochastic volatility model, see [32].
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4.4 QTT structure of the fully discrete linear system

For the tensor-structured solution of the system (4.1) we use the following QTT format. In the k-th spatial
dimension, where 1 < k < d, we use nj, = 2'* degrees of freedom. This allows us to introduce I, virtual levels
corresponding to the k-th real dimension, as we describe in Section 4.2. The solution “quantized” in space in
such a way turns into a (p,, + 1) X 2 X ... X 2-tensor with 141y + ... 4+ 5 dimensions which we split in the
TT format:

T 71 Td—1
Wjji,ja = Z Z Z U (j,a)-Ur(a, ji,01) - Ug (a1, j2, a2) - - ..
a=1 0(1:1 Oéd_lzl
Ug—1 (aq—2, ja—1,04-1) - Ug (a—1, Ja) (4.11)
where
Tk,1 Tk,d—1
Uk (Qh=15 Jh1s - - - » Jlolas Q) = Z Z Uk1 (Qk—1, Jk,1,Qk,1)

ag1=1 ag,d—1=1

U2 (0,1, k2, 00.2) oo Uka—1 (0k,a—2, Jr,d—1, Q,d—1) - Uk,a (Qk,a—1, Jk,d> Q) (4.12)

for 1 < k < d and the index oy is void. The QTT ranks in (4.11)—(4.12) are
r?’rl,la cee a’rl,ll?rl?TQ,lv oo ,7"27[271'2, """ 7rd717rd,17 oo 7Td,ld7

where we emphasize in boldface the TT ranks, i. e. the ranks of the separation of “physical” dimensions.
A decomposition of a matrix in the corresponding format is analogous to (4.11)—(4.12), each j-index being
accompanied by an i-index, cf. (4.6) and (4.7).

Provided that matrices M (4.3) and S (4.5) can be represented with low ranks in the TT format in terms
of coordinate-wise matrices My and Si, k = 1,...,d, the representations of them in the QTT format (4.11)-
(4.12) relies on the QTT structure of the coordinate-wise matrices. Let us consider a finite element basis

in the k-th dimension chosen as the set of piecewise-linear “hat” functions 1/)1(]]:), ir = 1,...,ng, constructed

on an equidistant mesh with the nodes ng) = #7 1 =0,...,n, + 1, so that wg:) (:cyz)) = 0;,, for any
igp=1,...,nt and j = 0,...,n; + 1. Then the one-dimensional mass and stiffness matrices involved in (4.3)

and (4.10) are the following:

1 4 -1 2
where hy = ﬁ Both can be represented in the QTT format with ranks 3,...,3 [28, Lemma 3.1]. As a
consequence, the multi-dimensional mass and stiffness matrices (4.3) and (4.10) can be represented in the QTT
format with ranks 3,...,3,2,6,...,6,2,...... ,2,6,...,6,2,6,...,6, see 28, Lemma 5.2 and Remark 5.4].
Therefore we make the following conclusion.

Proposition 4.1. Assume that IC = 1; and the finite elements described in the sections 4.1 and 4.4 are used
for the spatial discretization. Then the matriz A,, (4.9) of the time step system (4.1) has a QTT decomposition
of ranks

2,3,...,3,2,6,...,6,2,...... ,2,6,...,6,2,6,...,6.
5 Numerical experiments

In our numerical experiments we consider the model problem (2.7) in the time-space cylinder J x D, where
J =(0,T] and D = (0,1)% is a hypercube, with B= —A, v € (=1,1) and f = 0: find u € X such that

/J [<u(t),v(t)>L2(D) + 1 (Vau(t), Vv(t))B(D)} dt=0 forall ved, u(0)=uo, (5.1)
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where and X = Htl,w/2
L}, . (J; Hy (D)) =~ L7, (J) ® Hg (D).

For o € Nlet /Ay = 7 (2ar — 1) and ¢, (#) = sin (v Aq @), z € (0,1). Then the eigenpairs {Aq, ¥o} e of
B are the following: Wo,, oy = Yo, @ ... @Yo, and Ao, . o, = Aoy + ...+ Aq,. If we consider the expansion
= ZaeNd Cy, ¥, where C,, = 2¢ (ug, ‘I/a>L2(D)7 then the function v defined as

(J;H (D)) n L2

tv/2

(J;H} (D)) ~ H}

t—/2

()o H- ' (D) N L2, (J)® H} (D)Y =

et
U(t, ) = Z exp (Aaw> Ca\:[la for teJ (52)

aeNd

solves (5.1). We consider both compatible and incompatible initial data ug below. Here, by compatible initial
data we mean data which satisfies the compatibility conditions up to an arbitrary order, see [33, Chapter 4,
Section 5, p. 319] for a definition of the compatibility conditions. For the sake of simplicity, we assume ug to

1)\ @4 (()1).

be symmetric rank-1 separable, i. e. ug = (u(() for some univariate function u

We implemented the hp-DG approach in time with the QT T-structured discretization in space in MATLAB
using the TT Toolbox for basic QTT-structured operations and the solution of linear systems (the toolbox
is publicly available at http://spring.inm.ras.ru/osel and http://github.com/oseledets/TT-Toolbox;
we used the GitHub version of November 23, 2011). We run the resulting hp-DG-QTT solver in MAT-
LAB 7.12.0.635 (R2011a) on a laptop with a 2.7 GHz dual-core processor and 4 GB RAM, and report the
computation times in seconds.

We apply the DG time discretization introduced in Section 3 with the following parameters: the number
of time intervals M, the grading factor o of the geometric refinement of the temporal mesh, the slope v of
polynomial degrees. As basis functions for the polynomial spaces of order p,, + 1 on the m-th time interval
we use Legendre polynomials, where p,,, = |vm] for j = 1,..., M. The space discretization is defined by
the number [ of virtual levels (levels of quantization) in each of the d dimensions. We construct the FEM
discretization on an equidistant mesh with 2! x ... x 2! nodes, as described in Section 4.

For the solution of linear systems in the QTT format we use the DMRG solver proposed in [34] and available
as the function dmrg_solve2 of the TT Toolbox. The method still lacks a rigorous analysis of its convergence
properties, which is currently common for tensor-structured solvers. However, it proves to be highly efficient in
many applications including our numerical examples presented below. The crucial parameters of the solver are
the desired relative residual res of the linear system and the maximum number swp of its iterations (“DMRG
sweeps”). The iterations continue until either their number reaches swp or the relative residual is less than or
equal to res. In every particular run we use the same values of res and swp at every time interval to solve the
linear system (4.1). As output we obtain the block solution u,,, which is a (p,, + 1) x 2! x ... x 2!-~component
tensor in the QTT format, see (4.11)—(4.12). We contract the block solution u,, along the first mode with the
values of the Legendre polynomials at 1 to obtain the tensor u?, of interpolation coefficients of the numerical
solution u! evaluated at the time point t,,. Then we truncate u? in the QTT format with the relative
accuracy § = 10715 to exclude obviously excessive QTT components. This gives us a tensor of coefficients u?,
and the corresponding approximation u’, to the solution. We compute

é ” 5 ~
u. — U —_
err [Ufn] _ || m m||L2(D) o ||llm um”M

= == , (5:3)
[t || 2 (D) [ [ na

which is the relative L2-error of the fully discrete numerical solution u%, with respect to the discretized reference
solution w,, evaluated at t = t,,, (it quantifies the effects of the temporal and spatial discretizations, as well
as the QT T-structured representation of the latter). By u,, we denote the tensor of interpolation coefficients
of U,,; and by M, the mass matrix from (4.3).

5.1 Compatible initial data in d dimensions

First, we consider 7" = 0.005 and the following initial data which is compatible with the boundary conditions:

d
o (T1,...,2q) = H sinmay for x €(0,1), 1<k<d, (5.4)
k=1
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=3 v=0 Y
M =30 M =10 M =
d | err [uM} time | err [u‘;w] time | err [uM] time
5 [[1.1-107% 122 [88-1071° 39 [1.0-107'T 4.1
10| 31-107% 242 | 14-107° 75 |69-107' 75
20 || 5.6-1078 474 | 24-107° 152 | 1.7-107'9 146
30 || 9.0-1078% 718 | 3.1-107° 23.1 | 1.9-107'9 21.6
40 | 1.9-1077 964 | 3.7-107? 31.6 | 2.8-107° 293

Table 1: Compatible initial data in d dimensions: errors at ¢t = T and computation times.

so that ug € C§° (D). We consider the cases v = 0, v = % and v = f%. In the latter cases the diffusion
operator —t7/\ degenerates at ¢ = 0. However, the hp-DG time discretization allows to resolve such a
degeneracy. We regard the case v = 0 relatively simple and consider it as a reference for more challenging
problems corresponding to v = i%. We use the FEM discretization in space, constructed on equidistant
meshes with [ = 14 levels of quantization (see Section 4), which corresponds to 2! = 4096 degrees of freedom
in each dimension. As for the time discretization, we use the temporal geometric mesh with M time intervals,
which are graded geometrically by a subdivision ratio of ¢ = 0.5, and linearly increasing time-stepping orders,
where the slope of polynomial degrees equal v = 2. We choose M so as to ensure the minimal achievable
err [u},| which is the error (5.3) at t = T.

For the solution of the linear systems (4.1) we use res = 1078 and swp = 10. However, in this series of
experiments the solution is very simple and has low QTT rank, so that the DMRG solver requires mere 2-3
iterations to solve the systems with relative residuals not greater than 1075.

The results are presented in Table 1. For time-singular problems with v = —% we use a finer time
discretization (M = 30) in order to resolve the degeneracy of the operator at small times ¢, since we observe
that the error thus introduced propagates in time till ¢t = T.

In all three cases our results show a linear dependence of the error and computation time on the number
of dimensions d.

5.2 Incompatible initial data

In this section we present numerical experiments for the model problem (5.1) with T'=1, v = 0 and for the
incompatible initial data
uo (z1,...,2q) =1 for z€(0,1), 1<k<d, (5.5)

therefore uy € HY27¢ for ¢ > 0. Such initial data arise in financial models; for example, in the context of
binary contracts.

Although for v = 0 the operator —t?7/AA does not degenerate at ¢t = 0, even in this case it is well-known that
the solution can, in general, not be extended smoothly to ¢ = 0. The incompatibility of the initial data gives
rise to a boundary layer at small ¢, which fades at positive times due to parabolic smoothing. The Fourier
coefficients in (5.2) are explicitly given by Co = (47) ™% szl (204, — 1)7*, and the residual of the series after
the truncation at a certain number of terms can be estimated with the help of the exponential integral (in
particular, we do so to obtain the reference solution). The coefficients before ¥,, in (5.2) decay exponentially
with respect to time. The high-frequency modes with large |a| = Zizl aj which account for the boundary
layer at small times t > 0, appearing due to incompatible initial data, get “squeezed” exponentially as time
advances by the parabolic evolution operator. For example, at ¢ = 1 the first term of (5.2) with a = (1,...,1)
approximates the solution with the accuracy not worse than d - 10~7 in the Chebyshev norm.

Remark 5.1. As we know that ¥, is of QTT ranks 2,...,2 for every a (see, e. g. [35, Section 2.3]), we
expect the “squeezing” property of the parabolic operator to ultimately reduce the QTT ranks of the numerical
solution to 2 for any spatial dimension d.

However, if one is interested in the solution to (5.1) with initial data (5.5) for small times ¢ > 0, the
contribution of high-frequency modes may be significant, so that the accurate resolution of the temporal
boundary layer requires a careful numerical treatment. We elaborate on this issue in the univariate case.
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Unlike the problem considered in Section 5.1, for small times ¢ > 0 several modes contribute significantly
to the solution of (5.2) with the initial data (5.5). Therefore we report the effective QTT rank r [ul,] of u?,,

which is defined in (4.8) and need not be an integer, at time points ¢,,, 1 <m < M. The memory required to

store the corresponding QTT decomposition equals 2 (dl — 2) r [u‘fn]z + 4r [u,‘z%] which can be considered as

the number of “effective degrees of freedom” through which the QTT decomposition represents the solution.

Remark 5.2. When the Neumann boundary conditions are imposed in the problem (5.1), the exact solution
reads (5.2) with the summation over a € N& = (NU{0})*?, where /Ao = 0 and 1o (z) = 1, = € (0,1). Then
the lowest-frequency mode Uy o is constant, and the first essential modes V¥, with |a| = 1 contribute the
following d terms to the solution:

it
exp(—A17+1> (Cl,O _____ 01/J1®1®...®1+...+C0_’m70’11®...®1®1/)1). (56)
According to [28, Lemma 5.1], this contribution can be represented in the TT format with ranks 2,...,2 in

terms of the one-dimensional factors g = 1 and 1, which themselves have QTT decompositions of ranks
1,...,1 and 2,...,2 respectively. Therefore, by [28, Lemma 5.2] we conclude that the contribution (5.6) of the
modes U, with |a| =1 can be represented in the QTT format with ranks

3y 302,04, 42, 2.4,.,4,2,3,....3

bounded by 4 from above. Therefore, the effective rank of the numerical solution orthogonalized to the constant
mode U o at large timest > 0 should be expected to be slightly below 4 in the case of the Neumann boundary
conditions.

5.2.1 TUnivariate case

Boundary layer and the spatial discretization for small times ¢ > 0 The first step of the hp-DG
time discretization is similar to a step of the implicit Euler scheme, which for d = 1 leads to the following
singularly perturbed problem.

2" +v=f in G=(-1,1), v(l)=a", v(-1)=a . (5.7)

Formally, for e > 0 it is a second-order differential equation. But, if € = 0, then (5.7) is of order zero. Hence,
if the boundary data is not compatible, i. e. a® # f(#£1), then the solution to (5.7) contains boundary layer
terms of the form

’U_(;;(;) = e_($+1)/57 v+($> — e_(l_x)/a_

The following decomposition of the solution of (5.7) holds true, cf. [36].

Theorem 5.3. Let n € N be such that f € H*"2(G). Then v(z) = vu(x) + Ayv~ () + Bpvt(z) for
x € G, where the constant C = C(n,a™,a™, f) is independent of € and lvnll iy + [An| + [Bal < C for
[=0,1,...,2n+ 2.

Theorem 5.3 suggests that the spatial finite element space is required to resolve accurately the boundary
layer and the smooth part of the solution in order to achieve high accuracy for small times ¢ > 0. The
most straightforward way to ensure this within the discretization approach described in Section 4.4 is to use
extremely fine meshes to construct the finite element spaces.

We discretize the problem in space using linear finite elements constructed on an equidistant mesh with
step size by = (2! + 1)_1, as described in Section 4.4. The initial data satisfies ug € Hy for 6 € [0, 1), and
for the semidiscrete (discrete in space, continuous in time) equation one obtains theoretically the convergence
O (h*t~1%6/2) of the relative spatial L-error (see [37, Theorem 1] and [5, Proposition 2.2]). We use [ = 12,
Il = 17 and [ = 20 for the spatial discretization. The fully discrete problem involves also the Ap-DG time-
stepping, for which we choose M = 30 time intervals and the grading factor o = 0.5. In order to ensure
that the error of the time discretization is negligible compared to the error due to the space discretization
and tensor-structured representation, we use the slope v = 2 of polynomial degrees of the temporal shape
functions.
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8}

(a) err [ud,] (5.3) vs. tm for m = 1,...,15 and (b) 4; vs. h; and the linear fit A; = B; +Blogyo iy
linear fits log; err [u%} =A;—aglogytm forl =
12,17,20

Figure 1: The refinement of the spatial equidistant mesh and the error of the fully discrete QTT-structured
numerical solution at small times ¢, > 0.

The first time step has the length ¢; — ¢y, where tp = 0 and ¢; = 2729 ~ 1.86 - 107°. We set res = 107
and swp = 10 in order to avoid that the error due to the tensor-structured representation dominates. The
value of swp proves not to limit the accuracy significantly and does not affect certain difficulties the DMRG
solver encounters at the second half of the time steps (m > 15), which happens earlier for finer meshes.

The step sizes of the spatial meshes are hia &~ 2.44 - 1077, hi7 ~ 7.63 - 1077 and hgy ~ 9.54-1077. In
these three cases we observe the convergence rates a1o = —0.7382, a17 = —0.7491 and asg ~ —0.7517 with
respect to t, see Figure 1(a). This is satisfactory, as the theoretical value is —3/4. Figure 1(b) plots the shift
constants A; of the linear fits log,y err [uf,] = A; — a;10g, ty, shown in Figure 1(a) vs. hy. The data is fitted
by A; = B; + flog; hy with 8 ~ 2.0318, while theoretical considerations suggest the rate of 2.

Figure 1(a) shows the characteristic features of the error, related to the spatial and temporal discretizations.
For the coarsest spatial mesh (I = 12) the values of err [ufn] at small t,,, lie below the linear fit in the plot.
This happens because the finite element space with [ = 12 does not resolve the boundary layer at the first
time steps, and the resolution of the error is too crude in the vicinity of the boundary; this effect disappears if
we decrease the step size. However, for finer spatial meshes the values of err [ufn] for small ¢, lie above the
corresponding linear fits. This appears due to the time discretization being too coarse at the first steps and
may be easily avoided: in our experiments we observed that this effect vanishes when more temporal shape
functions are used at first time steps; e. g., p,, = 30 + m instead of p,, = 2m for m=1,...,30.

Refinement of the time discretization In this series of experiments we start with a time discretization
with the slope of polynomial degrees v = 2, M = 10 time intervals and the grading factor ¢ = 0.5 (then
t; ~ 1.95-1073). We consider two refinement strategies. First, we keep v = 2 and o = 0.5 and increase the
number of time steps to M = 20 and M = 30, so that ¢; ~ 1.91-10% and #; ~ 1.86-107? respectively. Second,
we reconsider M = 10, choose v = 3 and obtain approximately the same refined values of ¢; by decreasing the
grading factor: we set o = 0.2315 and o = 0.1072, so that the length of the first time interval is ¢; ~ 1.91-1076
and t; ~ 1.87-107Y respectively. In all five experiments we use an equidistant mesh with [ = 17 for the spatial
discretization to ensure that the error is dominated by that of the temporal discretization. The results are
presented in Figure 2(a) and Figure 2(b).
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(a) err [ul,] (5.3) vs. tm (b) computation time vs. tm,

Figure 2: Comparison of DG-discretizations in time

Figure 2(a) demonstrates that by decreasing t; we improve the accuracy at small times ¢t > 0. However,
we see that the error is smoothened out at large times, which is typical for parabolic problems, and all 5
temporal discretizations yield approximately the same accuracy at ¢ = 1. Figure 2(b) shows that they also
require similar computation time.

For small times ¢ > 0 the time discretization with the smallest ¢; is accurate enough to show the algebraic
convergence of the error with respect to ¢, which we have already discussed above. Another observation is
that both refinement strategies yield approximately the same accuracies.

Spatial discretization on Shishkin meshes From the previous paragraph we see that one has to use very
fine spatial meshes in order to resolve the boundary layer in the solution at the first time steps. However, as
the solution smoothens in time, it can be resolved on far coarser meshes at the last time steps. Moreover, finer
spatial meshes may even yield worse accuracies at the last time steps: the iterations of the DMRG solver we
exploit to solve linear systems (4.1) get stuck at relatively large residuals at the last time steps. We believe
that this happens mostly due to the conditioning of the systems we solve, which relates to the conditioning
of “local problems” that constitute a single DMRG iteration (see [34] for details). Thus, using the same
equidistant mesh for the accurate solution of (5.2), (5.5) on all intervals may be inefficient. Instead, one may
use alternative approaches to the spatial discretization.

An obvious possibility is to use equidistant meshes in space with different mesh sizes on different time
intervals. This involves prolongation and restriction operations, which can be performed efficiently in the
QTT format. For the case of mixed Dirichlet-Neumann boundary conditions, when the numbers of degrees of
freedom are even for all the meshes involved, these operations were considered in [28, Section 4].

In the present paper we apply another approach, which exploits the spatial localization of the non-smooth
features of the solution. We use Shishkin meshes, which are piecewise-equidistant meshes with a mesh width
h in the interior of the domain and a mesh width h used in a p-neighborhood of the boundary. For example,
for a singularly perturbed elliptic problem (5.7) p is given as p = O (elne™!) and h = O (ehlnh ™), see [38,
Chapter 1.2.4] for a detailed analysis including uniform (in €) convergence results. Parabolic problems with
boundary layers are considered in [38, Chapter I11.3.4.2 and Chapter 11.4.2.1]; for applications see, e. g. [39].
In our problem, at the first time step the hp-DG time-stepping with geometric mesh refinement corresponds
to a singularly perturbed problem with e? = o™ ~1. ~

We set the width of the boundary zone p and mesh sizes h and h < h, and construct equidistant meshes
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Figure 3: A Shishkin mesh in 1D. The meshwidths are k and h, the width of the boundary zone is p.
mesh [ h h p  h/h
Eq0 12 244-107%
Shi 15 244-10"* 7.88-107% 0.05 31
Eql 17 7.63-107°
Sh2 14 244-107% 1.39-107% 0.02 176
Eq2 20 9.54-1077

Table 2: Spatial discretizations on equidistant and Shishkin meshes

of step sizes h, h and h in [0,p], [p,1 — p] and [1 — p, 1] respectively. The spatial finite elements are defined
as described in Section 4 (see Figure 3). We choose the mesh parameters so that the number of degrees of
freedom is 2! for some [ € N.

The mass and stiffness matrices can be represented in the QTT format with low ranks. Specifically, in
the case of homogeneous Dirichlet boundary conditions the following can be shown: first, the one-dimensional
stiffness and mass matrices My, and Sy, involved in (4.3) and (4.10) have QTT representations of ranks bounded
by 6. Second, the d-dimensional stiffness and mass matrices M (4.3) and S (4.10) have QTT representations
of ranks bounded by 16 (cf. the QTT rank estimates for equidistant meshes discussed in Sections 4.3 and 4.4).
These rank estimates do not depend on d, I, k = 1,...,d and the mesh parameters p, h and h (they also do
not have to be the same in different dimensions). For the sake of brevity, we do not present the corresponding
QTT decompositions in this paper. Also, the discretization of a function on a Shishkin mesh may have higher
QTT ranks than on an equidistant mesh.

In this section we consider the problem (5.2), (5.5) in one dimension and apply the hp-DG time discretiza-
tion with M = 30 time intervals, the grading factor o = 0.5 and the slope v = 2 of polynomial degrees of
temporal shape functions.

We compare five spatial discretizations (see Table 2). We start with an equidistant mesh with [ = 12 and
again refine it to [ = 17 and [ = 20. Also we consider two Shishkin meshes with such parameters that their
mesh size in the boundary zone is approximately the same as for the refined equidistant meshes, and in the
rest of the domain it is equal to that of the coarsest equidistant mesh. We use the DMRG solver with the
parameters res = 10~ 7 and swp = 5 (further iterations of the solver do not improve the accuracy significantly).
For meshes Eq1 and Eq2 the relative residuals of linear systems rise up to approximately 107% (m = 30) and
1073 (m > 24) respectively. For other meshes the residuals remain below 10~7.

For this series of experiments we plot r [ufn], which is the effective QTT rank of u? , defined in (4.8), vs
tm. However, the error contained in the numerical solution u?, may include high-rank QTT components of
small norms (compared to the accuracy of the numerical solution). We drop them by truncating u®, to ucr.

The truncation parameter €, depends on err [u‘sm] and is chosen so that err [uim] < 1.01 - err [ufn}, where
u57n _ a Em _ 11
err[usm] = I m_ mllL2(D) _ ”um/\ U, || M1 (5.8)
[tm | 2(p) ([t (v

similarly to (5.3). The effective QTT rank of the QTT representation of ué, obtained in this way, is denoted
by r [uér]. It shows how much memory (or how many “effective degrees of freedom”) one needs to represent
the numerical solution in the QTT format with its actual accuracy.

Figure 4(a) shows the spatial error vs. time for all five spatial discretizations, all of which yield approxi-
mately the same accuracies after the last time steps. The evolution of the spatial error for the three equidistant
meshes for small times ¢ > 0 is similar to what we see in Figure 1(a). Also these experiments show that the
finest spatial mesh leads to a substantial loss of accuracy at large times. Shishkin meshes Sh1 and Sh2 provide
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the same accuracies as their equidistant counterparts Eql and Eq2 for very small times. The error rises when
the boundary layer propagates outside the boundary zone of width p, and smoothens afterwards. The peak is
less pronounced for Shi, as its boundary zone is wider and the ratio h/ h is smaller. Also, the propagation of
the boundary layer outside the boundary zone increases the QTT ranks of the numerical solution. This can
be seen in Figure 4(c) for the QTT representations which include high-rank components of the error, and also
in Figure 4(d), for their counterparts obtained by the accuracy-based QTT truncation. This rise of the QTT
ranks makes the DMRG-based solution of linear systems more time-consuming, as can be seen in Figure 4(b).

We also observe in Figure 4(c) and Figure 4(d) that for large times ¢ > 0 the effective QTT rank of the
solution tends to 2 (for equidistant meshes) or a slightly larger constant (for Shishkin meshes) logarithmically
fast. This agrees with the discussion of the “squeezing” property of the parabolic operator in Remark 5.1.
The QTT ranks of a single term of the expansion (5.2) discretized on a Shishkin mesh are higher than
for an equidistant mesh. On the other hand, the numbers of the “quantization levels” which we use for
Shishkin meshes is less than for their equidistant counterparts. Overall, we find Shishkin meshes to require
approximately the same computational effort as equidistant meshes, see Figure 4(b), and to allow resolving
the boundary layer at small times without losing accuracy at large times.

5.2.2 Multivariate case

Next we consider the case of high dimensions. We use the equidistant mesh with [ = 8 to construct tensor-
product finite element subspaces in d spatial dimensions, where d varies from 1 to 18. As for the temporal
discretization, the geometric partition of the time interval we use in one dimension appears to be unsuitable
for high d. In particular, we observe that last time intervals become too large in order to allow the accurate
time discretization with reasonable polynomial degrees. Therefore in this series of experiments we use the
following combinative geometric-uniform partition of the time interval and the following polynomial degrees:

(m —10) - 0.05, 12 <m < 30, 36, 12<m <30,
ty = Y and p, =
2m=11) . 005, 1<m <11, 3m, 1<m<I1I.

The first 11 time intervals are graded geometrically by the factor of ¢ = 0.5 and involve linearly increasing
polynomial degrees with the slope ¥ = 3. The remaining 19 intervals have the same length 0.05 and involve
the constant polynomial degree 36. Such a partition is suitable for the entire range of d we consider in this
experiment.

In Figure 5(a) and Figure 5(b) the spatial error and computation time exhibit the same behavior as we see
in one dimension for the coarsest grid and corresponding times ¢ in Figure 4(a) and Figure 4(b) respectively.
Figure 5(c) shows that the numerical solution evolves logarithmically fast into a function of QTT ranks
2,...,2 independently of d, which gives an illustration to Remark 5.1. From Figure 5(d) we see that both the
complexity and spatial error evaluated at ¢t = 1 grow linearly with respect to d.

5.3 General remarks

The numerical experiments considered above represent two important cases in which the problem (5.1) requires
a careful treatment at small times ¢ > 0. First, if the operator is degenerate (namely, when —1 < v < 0),
the time discretization has to approximate the solution at small times with sufficient accuracy. Otherwise,
even low-frequency modes of the solution in the Fourier expansion (5.2), get polluted and the accuracy gets
lost irrevocably at the very first time step. Second, even in case v = 0, i. e. in the absence of the time
singularity, the incompatibility of the initial data with the boundary conditions is well-known to give rise to a
boundary layer. However, the inconsistency due to this incompatibility decays exponentially as time advances.
Therefore, high resolution is crucial for the accuracy at small times only. The hp-DG-timestepping and the
QT T-Shishkin space discretization proposed here prove to be efficient in dealing with both these complications.

Our examples involve symmetric rank-1 separable solutions, which allows to obtain easily the reference
solution and is therefore convenient for numerical experiments. On the other hand, this also implies the
linear scaling of the algorithm with respect to d (because the TT ranks splitting the “physical” dimensions
are 1,...,1 independently of d). However, the algorithm uses no a priori information about the structure
of the solution and has to find it adaptively with the help of the QTT format. In the very same way the
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Figure 4: Spatial discretization on equidistant and Shishkin meshes
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algorithm can be applied to more practical, essentially multi-dimensional problems, in which the solution can
be assumed to have the TT ranks growing reasonably slow with respect to d.

6 Conclusion

We presented a scheme for the efficient numerical solution of singular and degenerate parabolic evolution
equations in high-dimensional domains. The approach is based on an hp time-stepping procedure with vari-
able approximation order and variable time step. This allows to exploit the parabolic smoothing and yields
exponential convergence of the time-semidiscrete solution despite the degeneracy at time ¢ = 0. The spatial
discretization of the sequence of elliptic problems resulting from the time-stepping is based on the the so-called
Quantized Tensor Train format coupled with very straightforward (full tensor product) finite elements.

The parabolic nature of the problem manifests itself also in a strong reduction of the effective degrees of
freedom, needed to describe the solution. The inherently adaptive nature of the QTT compression was shown
to identify and localize the “active” degrees of freedom very efficiently. With the use of the approach proposed,
parabolic problems in dimension d up 40 are solved on a laptop in minutes.

We mention that the approach presented here is found to be competitive with wavelet-based sparse, com-
pressive tensor product discretizations, such as the ones presented in [40, 41], which were to some extent
tailored to the particular problem (heat equation) at hand, whereas the present approach is, to a large extent,
based on the black-box TT-structured arithmetics and solver of linear systems included in the TT Toolbox
(publicly available at http://spring.inm.ras.ru/osel).

Let us also comment briefly on the recent related work [42]. There, a non-degenerate time-homogeneous
parabolic Fokker-Planck problem is considered and two approaches are proposed. The first approach (“time
stepping”) is based on the Crank-Nicolson scheme with an equidistant mesh in time. At every time step it leads
to an elliptic problem in space, which, after the FDM discretization, is also solved in the QTT format with
the use of the TT Toolbox. The second approach (“block solution”) suggests the QTT-structured solution
of the simultaneous time-space FDM discretization of the initial parabolic problem. However, the authors
note that this method appears to be unsuitable for large time intervals throughout which the solution changes
significantly, and apply it for a partitioned time interval with restarts.

Our method differs from the time-stepping approach of [42] in the following respects. First, as we men-
tioned, it handles the time inhomogeneity of the diffusion operator. Second, it exploits the localization of the
singularity. For the time stepping we use the geometrically graded mesh and variable approximation order,
which allows us to distribute the computational effort related to the time stepping according to the features
of the solution and, thus, yields a substantial reduction in the number of spatial problems to be solved. As
for the spatial discretization, we propose to use Shishkin meshes in order to resolve the boundary layer due
to incompatible initial data.

We compare the performance of the hp-DG-QTT method proposed in the present paper to the approaches
from [42], see [42, Table 2] and Figure 5(b) in the present paper. The class of parabolic problems under
consideration is (5.1) with the incompatible initial data (5.5) in the case of d = 2 dimensions. For the spatial
discretization I = 8 levels of quantization are used. About the same accuracy =~ 2-10~% at ¢t = 1 is obtained
with 4096 and 30 time steps in 6232 and 56 seconds by the ”time stepping” approach [42] and the hp-DG-QTT
method respectively. The “block solution” [42] approach yields a similar accuracy for 2048 time steps in 69
seconds, which is comparable to our result.

Let us note that, for the ease of the presentation, in our numerical experiments we only considered spatially
homogeneous isotropic diffusion. The major conclusions of this paper remain true, however, in the presence
of the diffusion anisotropy and for non-analytic temporal coefficients a.
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