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CONVERGENCE OF FINITE DIFFERENCE SCHEMES FOR
SYMMETRIC KEYFITZ-KRANZER SYSTEM

U. KOLEY AND N. H. RISEBRO

ABSTRACT. We are concerned with the convergence of numerical schemes for
the initial value problem associated to the Keyfitz-Kranzer system of equations.
This system is a toy model for several important models such as in elasticity
theory, magnetohydrodynamics, and enhanced oil recovery. In this paper we
prove the convergence of two difference schemes. One of these schemes is
shown to converge to the unique entropy solution. Finally, the convergence is
illustratred by several examples.

1. INTRODUCTION

In this paper, we consider the Cauchy problem for the n x n symmetric system
of Keyfitz-Kranzer type

{ut + (ug(ju))), =0, =zeQ=Rx(0,T),

(L.1) u(z,0) = up(x), z € R,

where T' > 0 is fixed, u = (u(l), e ,u(”)) : R x [0,T) — R™ is the unknown vector
map with |u| = Vu®? 4.+ u(")z, Uy = (uél), .. .,u(()n)) the initial data, and
¢ : R — R is given (sufficiently smooth) scalar function (see Section 2 for the
complete list of assumptions). Systems of this type was first considered in [10, 12]
and later on by several other authors [1], as a prototypical example of a non-strictly
hyperbolic system. This type of system is a model system for some phenomena in
magnetohydrodynamics, elasticity theory and enhanced oil-recovery. This system
also has similarities to a model of chromatography [1] and to a model describing
polymer flooding in porous media [16]. For the flux function F(u) = ué(|u|), a
straightforward calculation shows B(u) = dF(u) is the matrix with entries

B j(u) = ¢(|ul)dij + ¢'(|ul) |u|]’ ,j=1,2,---,n,
where 0; ; is the Kronecker delta, given by
1 L
bij=4" 7
0, i#7j.

The matrix B(u) is symmetric, therefore the system (1.1) is hyperbolic, that is, all
the eigenvalues of B(u) are real and the corresponding collection of eigenvectors is
complete. It is easy to see that the first eigenvalue of B(u) is Ay = ¢(|u])+¢'(Jul) |u|
and other n — 1 eigenvalues are \; = ¢(|u|), ¢ = 1,2,--- ,n — 1. The presence of
multiple eigenvalues shows that the system (1.1) is not strictly hyperbolic.
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Due to the nonlinearity, discontinuities in the solution may appear independently
of the smoothness of the initial data and weak solution must be sought. A weak
solution is defined as follows:

Definition 1.1. We say u(x,t) a weak solution to (1.1) if
D.1 u(x,t) € L*°(R x Ry).
D.2 For all test functions 1 € C§°(R x [0, 00))

(1.2) //R R+uwt + ud(|u|)v, dedt + /Ruoz/)(z, 0)dz =0,

It is well known that weak solutions may be discontinuous and they are not
uniquely determind by their initial data. Consequently, an entropy condition must
be imposed to single out the physically correct solution. Therefore the Cauchy
problem is viewed in the framework of entropy solutions. For (1.1), an entropy
formulation was first introduced by Freistiihler [5, 6], and seemingly independently,
by Panov [14]. An entropy solution to (1.1) is defined as follows:

Definition 1.2. A bounded measurable function u(z,t) is called an entropy solution

to (1.1 if
D.1 For all test functions 1) € C§°(R x [0, 00))
(1.3) // uthy + ud(|u|), dedt + / uop(z,0)dx =0,
RxR+ R
D.2 r = |ul is an entropy solution (in the sense of Kruzkov [11]) of the scalar

conservation law

(1.4) r(x,0) = |ug(z)] .

{rt + (ré(r)), =0, >0,

Regarding the existence, uniqueness of solutions and continuous dependence of
solutions on the initial data we have the following result

Theorem 1.1. The system (1.1) has the following properties:

(E) The system has a solution for ug € L>°(R).

(U) For any such ug, there is precisely one solution u with the property that
r =: |u| satisfies the scalar conservation laws (1.4) and KruZkov’s entropy
criterion.

(S) This solution u depends L} (R) continuously on the initial data uy.

This theorem was first proved in [6] by using the famous equivalence result of
Wagner [17]. The key idea behind this proof is to view the system (1.1) as an
extended system, consisting of (1.1) and an additional conservation law by r (1.4),
with Wagner’s transformation theory. On the other hand, in [14], Panov gave a
“direct” proof of both existence and uniqueness. The existence was proved by
showing the convergence of the singularly perturbed problems

up + (ue(|u)), = euy,

to an entropy solution as € — 0. The idea behind the existence proof was first to
show the existence of a measure-valued solution v(; 4y of the Cauchy problem (1.1).
Then he showed that indeed v(; . is regular: vy ,y(u) = 0(u — u(t,z)),u(t,z) €
L>®(R x Rt R") and consequently this gives existence of a solution to (1.1).
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In view of the analytic properties of the solutions of (1.1), several different meth-
ods for computing the solution suggest themselves. Foremost among these methods
is Glimm’s scheme [3]. Regarding other numerical methods, it is tempting to use the
equation satisfied by r, and view 7 as an independent variable. Defining v € S™!
by vr = u, we formally have that

(1.5) re 4 (rg(r))e =0
(1.6) (rv)e + (ro(r)jv), =0
(1.7) v + &(r)v, = 0.

As a strategy, one can then solve (1.5) first, and then either (1.6) or (1.7). These
should then hold subject to the constraint |v| = 1. Without this constraint, (1.5)—
(1.6) is a “triangular” system of conservation laws, see [3]. Using any monotone
scheme for (1.5) and (1.6) will ensure the strong convergence of the approximate
solutions to (1.5) and the weak-star convergence of the approximate solutions to
(1.6). This approach was used in [7]. To show that u = rv is an entropy solution to
(1.1), one must show (for the approximations) that the limit of |v| = 1 if |vg| = 1.
In this paper, for the semi discrete scheme, we discretize (1.1) in space and show
the convergence of approximate solution to a weak solution of (1.1). But we are
unable to extend our analysis to the fully discrete scheme based on discretizing
(1.1). To overcome this difficulty, we propose another scheme based on discretizing
(1.5)—(1.7) and prove the convergence of approximate solution to unique entropy
solution of (1.1).

The present paper can be divided into four parts:

1. In Section 2, we present the mathematical framework used in this paper. In
particular, we used a compensated compactness result in the spirit of Tartar [15]
but the proof is based on div-curl lemma and does not rely on the Young measure.

2. In section 3, we propose an upwind semi discrete finite difference scheme and
prove the convergence of the approximate solution to the weak solution of (1.1).
Main idea behind this proof is to prove first the strong convergence of approximate
solution ra,; = |uaz| using compensated compactness technique [15, 2]. Next step
is to prove a BV estimate of 74, for i = 1,--- ,n, where 74, = tan(¢% ) and ¢,
denotes the angle between uiAw and ra,. Then Helly’s theorem combined with the
strong convergence of ra, gives the strong convergence of approximate solution
UAx-

3. In section 4, for a fully discrete scheme, we are only able to conclude that u
is only a distributional solution of

ug + (ud(r)). =0,

with |u| < r. To overcome this difficulty, i.e., to prove that u is an unique entropy
solution, we propose another fully discrete scheme relying on explicit decoupling of
the variables r and v expressed by the “nonconservative” formulation (1.5)—(1.7)

e+ (ré(r))e =0,
vy + QS(T) Vg = Oa

with 7(0) = |u(0)|. It is not difficult to show the convergence of ra, to r, r being the
unique entropy solution, and the strong convergence of va,. In order to conclude
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that u = rv is the unique entropy solution of (1.1), one has to show |w(zx,t)| =1
and this has been achieved in this paper using Wagner transformation [17].

4. Finally, in Section 5, we test our numerical schemes and provide some numer-
ical results.

2. MATHEMATICAL FRAMEWORK

In this section we present some mathematical tools that we shall use in the
analysis. To start with the basic assumptions on the initial data and the funtion
¢(r), we assume that ¢ is a twice differentiable function ¢ : [0,00) — [0, 00) so that

A1 ¢(r) >0 and ¢'(r) > 0 for all relevant r;
A2 ¢(r),¢'(r) and ¢"(r) are bounded for all relevant r;

A.3 meas {r ‘ 2¢'(r) +r¢"(r) = 0} =0;

A4 |ug|l € LY(R) N L3(R) N L>=(R) N B.V.(R).
Next, we recapitulate the results we shall use from the compensated compactness
method due to Murat and Tartar [13, 15]. For a nice overview of applications of

the compensated compactness method to hyperbolic conservation laws, we refer to
Chen [2]. Let M(R) denote the space of bounded Radon measures on R and

Co®) = (¥ € C@®): Tim_4(x) = 0}
If p € M(R), then

() = /R bdu, forall e Co(R).

Recall that 1 € M(R) if and only if [(1, )] < C'[[¢[| oo () for all ¥ € Co(R). We
define

4l pmy = sup{[(k, )] = b € Co(R), [P ooy < 13-
The space (./\/l (R), ]Il M(R)) is a Banach space and it is isometrically isomorphic

to the dual space of (C’O(R), ||'||Lo<>(]R)>7 while we define the space of probablity
measures

Prob(R) = {1 € M(R) : pis nonnegative and [|u[| v gy = 1}-

Then we can state the fundamental theorem in the theory of compensated com-
pactness.

Theorem 2.1. Let K C R be a bounded open set and u® : R x [0,T] — K.

Then there exists a family of probablity measures {v(z1)(\) € Pmb(R)}(w B ERX[0,T]

(depending weak-star measurably on (x,t)) such that
SUPP V(5,4) C K for a.e.(z,t) € R x [0, T].
Furthermore, for any continuous function ® : K — R, we have along a subsequence
d(uf) 2@ in LR x [0,T]) as € | 0,
where (the exceptional set depends possibly on ®)

Q(2,1) == (V(gp), ®) = /}be(/\)du(w,t)()\) for a.e. (x,t) € R x [0,T].
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In the literature, v(, ;) is often referred to as a Young measure. Theorem 2.1
provides us with a representation formula for weak limits of nonlinear functions and
Young measures. A uniformly bounded sequence {u®} ., converges to u a.e. on
R x [0, 77 if and only if the corresponding Young measure v(, ;) reduces to a Dirac
measure located at u(z,t), i.e., Vz¢) = Sy(a)-

Before we state the compensated compactness theorem, we recall the celebrated
div-curl lemma.

Lemma 2.1 (div-curl lemma). Let Q be a bounded open subset of R%. With & > 0
denoting a parameter taking its value in a sequence which tends to zero, suppose

D¢ — D in (L*(Q))?, E° — E in (L*(Q))?,
{div D} o4
{curl E¢}

lies in a compact subset of ngcl’Z(Q),
>0 lies in a compact subset of W l2(Q).
Then along a subsequence
Df-E° — D-E inD(Q).
We shall use the following compensated compactness result.

Theorem 2.2. Let @ C R x RT be a bounded open set, and assume that {u®}
is a sequence of uniformly bounded functions such that |uf| < M for all . Also

assume that f : [-M, M] — R is a twice differentiable function. Let u® 2w and
f(uf) 2 v, and set

(1 (s). a1(5)) = (s — k. f() — F(R).
(12(5). g2(s)) = (f<s> ~ 1w, [ e de) ,

where k is an arbitrary constant. If

(2.1)

0 (u)e + qi(u)z is in a compact set of H L (Q) fori=1, 2,
then

(1) V= f(u); a.e. (x7t);
(2) u* = u, a.e. (x,t) if meas{u| f”(u) =0} = 0.

For a proof of this theorem, see the monograph of Lu [18]. A feature of the
compensated compactness result above is that it avoids the use of the Young mea-
sure by following an approach developed by Chen and Lu [18, 2] for the standard
scalar conservation law. This is preferable as the fundamenmtal theorem of Young
measures applies most easily to functions that are continuous in all variables.

The following compactness interpolation result (known as Murat’s lemma [13])
is useful in obtaining the ngcl compactness needed in Theorem 2.2.

Lemma 2.2. Let Q be a bounded open subset of R?. Suppose that the sequence
{L:}.oo of distributions is bounded in W—1°°(€2). Suppose also that

Ee = El,e + £2,€7

where {L1c}_., is in a compact subset of H='(Q) and {Lsc}__ is in a bounded
subset of Mioc(2). Then {L:.}.o is in a compact subset of H Q).

Finally, we shall need the following Kolmogorov’s compactness lemma.
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Lemma 2.3 (L], compactness, see [J]). Let u® : R x [0,00) — R be a family of

functions such that for each positive T,
|u®(x,t)| < Cr, (x,t) € R x [0,T]

for a constant Cr independent of €. Assume in addition that for all compact B C R
and for t € [0,T)

sup / (2 + £,8) — u (2, 1)) de < v (1),
[€1<]p| /B

for a modulus of continuity v. Furthermore, assume for s and t in [0,T] that
/ |uf(z,t) —u®(x,s)| de <wpr(jt —s|) asel 0,
B

for some modulus of continuity wr. Then there exists a sequence €; — 0 such that
for each t € [0,T] the function {u%i(t)} converges to a function u(t) in Li (R).
The convergence is in C([0,T]; LL .(R)).

loc

3. A SEMI DISCRETE FINITE DIFFERENCE SCHEME

We start by introducing some notation needed to define the semi discrete finite
difference schemes. Throughout this paper we reserve Az to denote a small pos-
itive numbers that represent the spatial discretization parameter of the numerical
schemes. Given Az > 0, we set z; = jAx for j € Z and for any function v = u(z)
admitting pointvalues we write u; = u(z;). Furthermore, let us introduce the
spatial grid cells

Ij = [zj-1/2, Tjt1/2),

where ;112 = x; £ Ax/2. Let Dy denote the discrete forward and backward
differences, i.e.,
Uj — Uj+1

Do =
+Uj + Az

Also, a discrete Leibnitz rule holds:
Di(ujvj) = UjDin + UjilDi’UJj
Furthermore, for any C? function f, using the Taylor expansion on the sequence

f(u;) we obtain

D f(u;) = f'u)Dsuy £ 52 (65 (Dsy)?,

for some {ji between u;4+1 and u;. We will make frequent use of this, which states
that a discrete chain rule holds up to an error term of order Ax(Dyiu;)?. To a
sequence {u;},_, we associate the function ua, defined by

upaz(x) = Zujﬂ]j (x),
JEL
similarly, we also define ra, as

rAz(f) = Z rjﬂl_j (x)a

jez



KEYFITZ-KRANZER 7

where 1 4 denotes the characteristic function of the set A, viz.
1, forxe A
Ta(z)=<"
A@) {0, for x ¢ A.

Throughout this paper we use the notations ua,,ra, to denote the functions asso-
ciated with the sequence {u;},_, and {r;},_, respectively. For later use, recall that

the L>°(R) norm, the L'(R) norm, the L?(R) norm, and the BV (R) semi-norm of
a lattice function ua, is defined respectively as

||UA:cHLoc(R) = sup |usl
JEZ

luasll gy = A lusl,

JEZ
2
[uaellpomy = Az fuyl,
jez
|“Aw|BV(R) = Z |uj —uj-1].
jEz

Observe that all the eigenvalues of the system (1.1) are positive by our assumptions.
We consider the following semi discrete upwind finite difference scheme of the form

(3.1) u; (t) + D_ (o(rj(t)u;(t)) =0, for j € Z, t > 0,
with initial values
1 Tjy1/2
(3.2) u;(0) = N /I uo(x) du.
j—1/2

Here 7;(t) = [u;(t)|. Now it is easy to see that {u;(t)};., satisfy the (infinite)
system of ordinary differential equations and it is natural to view (3.1) as an or-
dinary differential equation in L?(R)™. To show the local (in time) existence and
uniqueness of differentiable solutions we must show that the right hand side of (3.1)
is Lipschitz continuous in L?(R)". Set

Fluaz)j = D ((rj)u;)-
The infinite system of differential equations (3.1) can then be written

d
P (uaz(t)) = F(uaz)aq-
We view F(uaz)aq as an element in L?(R)™. We must show that

(3~3) ||F(uA‘L)A.L - F(’UAI)A.'L‘HLZ(R)W <7 ||UAL - UA&L‘HLZ(R)"

for some locally bounded v = y(uagz, vaz) and for a fixed Az > 0. Set 7; = |v;],

note that
uj + ]

<
|TJ TJ| — Tj _’_,l';]

luj — vjl .-
Then

2 N
1P (uae) = Foan)l o < o (500 g 16 o e = Pl oy
J

+ 16l e luae = vaell 2y )

<5 |luaz — UA;CHLQ(R)n
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Therefore F' is locally Lipschitz continuous, and there is a 7 > 0 so that the initial
value problem (3.1) has a unique differentiable solution for ¢ € [0,7), if 7 < oo,
then

ltl,g_l luas(t) ||L2(R)n = 0.

We shall proceed to show that the L? norm remains bounded if it is bounded
initially, so the solution can be defined up to any time.

Lemma 3.1. Let {u;(t)} be defined by (3.1), and let r;(t) = |u;(t)|. Then
Irae®ll L @) < 1Tac(0)] 1w
Irse @) < lraeO)l 2
T2 oo @) < 1722 (0) | oo gy -
Furthermore, there is a constant C, independent of Ax and T, such that
(3.4) / Z/ r —s? )ds—i—Aqu’)J 1Az |D_ uJ| dt < C.
J

Proof. Let n be a differentiable function 7 : R™ — R, take the inner product of
(3.1) with Vyn(u;) to get

d
(3.5)  —Zn(uy) + D— (¢5m(u;))
Am
+ [(Vun(ug), ug) = 1(uy)] D-oj + ¢j-1=-dynj—1/2 (D-uj, D_u;) = 0.
Here ¢; = ¢(r;), and d?n denotes the Hessian matrix of 7, so that

dinj—172 = don(u;j_1/2)
for some wu;_; /o between u; and u;_;. By a limiting argument, the function n(u) =
|u| can be used. This function is convex, i.e., d2 |u| > 0. This means that
d
dt
Multiplying by Az and summing over j we get

(3.6) i+ D_(r;é(r;) < 0.

(3.7) 1720 ()l 1wy < uolll g1 gy -

Furthermore, if r;(t) > r;_1(t), then dr;(t)/dt < 0. This shows that 0 < r;(t) <
sup; [u;(0)[. Hence, if [[[uo|[| &) < 00, then ra; is bounded independently of ¢
and Az.

Choosing n(u) = |u|* in (3.5) we get

dt J( ) +D_ ( JQQS]) +T]2D_¢j +¢j_1Al‘|D_uj|2 =
‘We have that
2 [T T
_ (’I"?(bj) + T?D,¢j = sé(s) 4+ 529 (s) ds + E/ 1(7"? — $2) ¢/(s) ds

i1

e
fD—g(Tj)JFE/T

j—1
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where

(3.8) o(r) =2 /O " s6(s) + 2 (s) ds.

Using this we find that

(3.9) 7 ae (Ol L2y < lluolll L2 gy -
since, by the assumption that ¢’ > 0,
/ ‘ (r2 — %) ¢'(s)ds > 0.
i1
Hence [[uaz(t)|| 12 (g)» is bounded independently of Az and t. Therefore, the exists

a differentiable solution ua,(t) to (3.1) for all ¢ > 0. Furthermore, we have the
bound

T 'r‘j
/O Z/ (r2 = s%) ¢/ (s)ds + Az Y ¢j1 Az |D_u;|* dt < C,
j “ri—1 j

for some constant C' which is independent of ¢ and Ax.
O

Now let § be a positive constant, and let e be some unit vector in R™. Choose
n(u) = max {0 |u| — (e, u),0}.

and observe that (Vn(u),u) — n(u) = 0. Furthermore 7 is convex, so that

d
21wi) + D-(n(u;)¢;) <0,
which implies that

PCHONED SUICHO)E

We have that n(u) = 0 if w is in the cone I's = {u | & |u| < (e, u)}. Hence this cone is
positively invariant for (3.1). Observe that there is no loss of generality in choosing
the coordinates such that e = (1,...,1)/y/n. If 6 < 1, then the invariant cone is
in the first n-tant in R™, so that uy) (t) > 0 for all t > 0 if ug € T's. In particular
ugi)(t) =0 if and only if 7;(t) = 0.

Therefore, if ug € {u]| |u| < R} NTs, then ua,(z,t) is also in this set. This
enables us to deduce the weak-* convergence of a subsequence (which we do not

relabel) of {uaz}azs0-
Let now n;(r) and ¢;(r) be given by (2.1) for ¢ = 1, 2. We then have that

d
(3.10) () +D-(qi(rj)) +e1; =0,
where

fr)y=ro(r), q(r)= f(r)— f(k) and

1 Uji_1/2 @ Uj_
617j = ¢j_1AI (D_Uj)T (I S 1;22 J 1/2> (D_Uj) .
j—1/2




10 U. KOLEY AND N. H. RISEBRO

For any vector u, the matrix u ® u is defined as u ® v = u;u;. We shall now find
an equation satisfied by 72. First observe that

d Ax
%Tj + f/(rj)D_’f'j — Tf// (Tj—l/Q) (D_’f’j)Q —+ 6173' = 0

Multiplying this with f’(u;) we get

D05+ dalr) D = F ) () (D) 4 ' )en s = 0.
Set

€25 = %f” (%‘—1/2) (D—Tj)z-
This can be rewritten as
(3.11) %nz(m-) +D_ga(r)) + %qg(rj_m) (D_1;)* = f'(rj) (e2; — €1,;) = 0.
Finally set

Ax
7qé/(7‘j—1/2) (ij)z )

€35 =

and
ei(x,t) = e;;(t) for x € (x;_1/9,2j11/2] and i = 1,2, 3.

Lemma 3.2. We have that e; € Mioo(R x [0,T)) fori=1, 2, 3.

Proof. Set Q@ =R x [0,T), and let ¢ be a test function in L>°(€2). Note that from
(3.7) and (3.10) it follows that

// e1(x,t)dxdt < C,
Q

where the constant C' does not depend on Az or T'. Since e; > 0, this means that

el < [ tolerdadt < €0l o
and thus e; € Mjoe(2). To show the same for es and e3 observe that
[D_rj| < |D_uj|.
Since ¢(r) > 0, (3.4) implies that

T
/ Ax g Az|D_u,)* < C,
0 -
j

for some constant C' which is independent of Az and T. We also have that f/ and
f"" are locally bounded, and ra, is bounded, this means that, for i = 2, 3,

T T
// ei(xz,t) dedt < C/ AxZAm (D,rj)2 dt < / AJ:ZAJC |D,uj|2 < C.
Q 0 ; 0 y

Thus also ey and eg are in Mo (). O
Observe that, Lemma 3.2 implies that also f/(r;)(e1,; — ez ;) is in Mo ().
Lemma 3.3. Let ua, be generated by the scheme (3.1) and ray = |uaz|. Then

{ni(raz)t + 6i(raz)t apso 5 compact in ngcl,

where n; and g; are given by (2.1) fori=1,2.
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Proof. Let i =1 or i = 2, and v is a test function in H} (€2). we define

<£za 7/}> 771 TAI t t+q; (TAz):ca 7/}>

/ / 772 TAI t +Qz(rAz)z)'l/J(x,t) dxdt
Tit+1/2
:/0 / 771 i)z, t) — qi (1) Ye (2, t) da dt

j—1/2

Ti+1/2
771 ri)(@,t) de — qi(r;) AxD_v(xj41/2,1) dt

j—1/2

j—1/2

[T
Tit+1/2
- / / Com(rs) 0, 1) + D sl )12, ) d
0 T,

/%+1/2< ni(rj) + D— ql(rj)) Y(x,t) dx dt

Tj—1/2

z]+1/2
+/0 / (&1 jot) — (2, 1)) D_gi(rj) e dit

j—1/2
=: <£i,1,w> (Laiy ).

By (3.10), (3.11) and Lemma 3.2 we know that £; 1 € Mic(€2). Regarding £; o we
have

Tj+1/2
(Lo, )| = ‘/ / 2 (y,t) dy D_gq;(rj) dzdt’
Tj_1/2 YTj— 1/2
Tit1/2 x 9 1/2
<[ Z [ vrmmn([ w02 ) i) wa
Tj—1/2 Tj-1/2
) Tjt1/2
g / > aa2( [ o)) ) el e 1D
0 i Tj_1/2
EARYE 1/2
<o [ (ZAx/ (62l 0) da) ! (MZDTJ) i
Tj—-1/2

< 1gill oo \/E<//Q (Q/Jm(l’,t))Q d:cdt)l/2 (/0 AJZZAZL‘ (D_rj)2 dt) e
< CVAZ Yl 10 -

Therefore the above estimate shows that £ ; is compact in H (). By Lemma 2.2,

we conclude the sequence {7;(7az)¢ + ¢i(Taz) } Apo 15 compact in HH Q).
O

Lemma 3.4. If
meas {r ’ 2¢'(r) +r¢"(r) = O} =0,

then there is a subsequence of {Ax} (not relabeled) and a function r such that
raz — v a.e (z,t) € Q. We have that v € C([0,T); L*(R)). Furthermore, r
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satisfies

re+ f(r). <0, xR, t>0,

r = |uopl|, zeR, t=0,
in the distributional sense.
Proof. The strong convergence of ra, follows from the compensated compactness
theorem, Theorem 2.2 and the compactness of {7;(7az)t + ¢i(TAz)e} agso fOr i =
1,2 i.e., Lemma 3.3.

To show the L! continuity, first note that t + [|[7a (-, )| L1 (R) 1S @ non-increasing
function. Thus for 0 < s <t <T

HTAZ("t) - TAZ('75)||L1(R) = / TAJC(x?s) - TAI('Tat) dx
R

// Orag(x, 7)dr da
/ /61 x,7)dxdr

Now, e; is in L'(Q), with norm bounded independently of Ax. Thus t — ra.(-,t)
is in C([0,T]; L*(R)) with a modulus of continuity bounded independently of Az.
Then
(o) = r(s )y < NGt = rae Dl gy + lIraz( ) = ras( 8l 1 g
+ lIraz(ss) = (5 8)ll )

The first and the last term above can be made arbitrarily small by choosing Az
small, and the middle term is small if s is close to . Hence t — [|r(-,?)[| ;1 (g 18
continuous.

To see that r is a distributional subsolution of the conservation law, multiply
(3.6) with a non-negative test function ¢ and integrate over x and ¢ to obtain

T
/ / raste + F(rasbe dedt + / ra(0,2)(0, z) dx
0 R R

T 1
-/ R

The term on the right tends to 0 as Az — 0, which shows that r is a subsolution. [

Tjt1/2 prt+Az
/ (Ve (2,1) — Pu(2,t)) dz dx dt.

Tj—-1/2

Let now ,
o~ ()
! (ujre)
if uj #0. If u; =0 set 7']( D= T(+1 Observe that this makes sense since ug D=0
only if r; = 0. We have

a0+ (D65 + ¢ 1 () D-uf = 0.

If uy) (t) > 0 for t < tg and uy) (to) = 0 then dugi)/dt(to) <0. If uy_)l(to) > 0 then
dug-l)/dt(to) > 0, which is a contradiction. Thps if 7j,(to) = 0, then 7;(t) = 0 for
all j < jg and t > tg. Thus the definition of TJ@ makes sense.
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First note that

D+ (D *“y)> (uj. ) = uf” (D)
-7 = .

(uj,e) (uj—1,€)
Using this, we find

d (dugw Jdt — (du; /dt, e)) (g, ) — (u§> ~ (us, e)) (duy /dt, )

dt I (ujve)z
D_ (w6, ) (uy.) — " (D_ (;6) )
B (uj,¢)®
I T
- (uj,€)*
—9; 1(% 1’e)D T@
T (uje) T
Set
[t o,
J )\]+1 lf ’I“j = 0
Now T( V) satisfies
d
(3.12) 7+ xD_r =0.
Lemma 3.5. If
<C
‘TM ’ ‘ B.V.(R) —

for some constant C' which is independent of Az, then there is a subsequence of
{Az} (not relabeled) and functions 7V in C([0,T]; LL (R) such that T(AZ;(-,t) —
(1) in L, (R).

Proof. Note that A\; > 0, and that ); is bounded. Set 0; = D_T](i). Then 6;
satisfies

(3.13) d

05+ X1 D0, +0,D_\; =0.

Let 1, (0) be a smooth approximation to |f| such that
ne(@) >0 and lim na(G) S lim (OnL,(0)) = 10| .
We multiply (3.13) by 7,,(6;) to get an equation satisfied by 7,(6;). Observe that
Aj=176(03)D—0; + 0;16,(6;) D X; = Xj—1D_14a(6;) + 0;10,(0;)D_X;
Az
+ 5 A1 (05-1/2) (D-6;)
= D_ (Ajna(6;))

+ (051m,(05) —na(0;)) D_X;.

Hence

Ena(0) + D gma8)) < (0a(6) — 6521,(63)) DX,
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Now let @ — 0 to obtain

d
(3.14) 7 103l + D— (A10;1) < 0
If we multiply this with Az, sum over j and integrate in ¢, we find that
1 ‘ ( g‘“)-,o‘ <C
(3.15) TAz BYV Taz(+50) BV

Note that, since TXi(', t) has bounded variation and satisfies (3.12), it is Lj

chitz continuous in t, that is

316) |20 =789

Lips-

loc

< sup ) ‘ @y ‘ t—s|.
LL _(R) sup >B.V.| sl

Hence, the above estimates (3.15), (3.16) and an application of Kolmogorov’s com-
pactness criterion (Lemma 2.3) shows that 7 = limag_o T(Al; is continuous in t,
with values in L] _(R). In other words, the convergence is in C([0,T]; L{, (R)). O

loc loc

Now we have the strong convergence of ra, and of TAi). This means that also

ua, converges strongly to some function u in C([0,77]; LL . (R)) since we have

(3.17) u(Al)x = rag sin (go(A)m) )
where

<pA = tan™* (Tgi)
and 7+ tan~!(7) is a continuous function.

Theorem 3.1. Let ¢ be a twice differentiable function ¢ : [0,00) — [0,00) such
that ¢(r) > 0 and ¢'(r) > 0, and

meas {r | 2¢'(r) +r¢"(r) =0} = 0.
Let up, be defined by (3.1)~(3.2). If ug € I's for some § < 1, ug € L*(R) N L*°(R)

and

7@
TAz

<C fori=1,.
B.V.(R)

and C' is independent of Az, then there exists a function u in C([0,T7]; Li .(R))
such that uay — u as Az — 0. The function u is a weak solution to (1.1).

Proof. We have already established convergence. Regarding the continuity, since

raz and TAL are L _(R) continuous in time, (3.17) implies that also u has this

loc
continuity.
It remains to show that v is a weak solution. To this end, observe that'

/ ' | D= (uasbtran)) vt dodt =~ [ ' [ wasblran)Ditat) dedr

As Az — 0, Dytp — 1, for any ¢ € CL(Q). This means that u is a weak
solution. O

Here we “extend” the definition of D_ and D to arbitrary functions in the obvious manner.
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4. FULLY DISCRETE SCHEMES

In this section, we propose two different fully discrete schemes and shown one
of them converges to the unique entropy solution of (1.1). We start by introduc-
ing some notations needed to define the fully discrete finite difference schemes. We
reserve At to denote a small positive number that represent the temporal discretiza-
tion parameter of the numerical schemes. Forn =0,1,--- | N, where NAt = T, for
some fixed time horizon T > 0, we set t" = nAt. For any function v(t), admitting
pointvalues, we let Di denote the discrete forward difference operator in the time
direction, i.e.,

v(t + At) —v(t
Do) = BN =0,
Furthermore, we introduce the spatial-temporal grid cells
Ijn = [Sﬂj_l/g, Lﬂj_,_l/g) X [tn, tn+1).

As before, to a sequence {u?} we associate the function ua, defined by

FEZ,N>0
uAm(xat) = E ’U,;]]l]]n (.Z‘,t),
JEZn>0
similarly, we also define ra, as
raz(z,t) = E 7';-’]11; (z,t),
JEZN>0

where 1 4 denotes the characteristic function of the set A.
First, we consider the following fully discrete finite difference scheme

(4.1) Diuj + D (ujé ([uf])) =0,
with initial values
0 1 /Ij+1/2 (2)d
U, = —— Uglx) dx.
7 Az Zi1)2

As before, it is not difficult to prove the following lemma:
Lemma 4.1. Ifuy € L?(R)" N L= (R)",

2 2
(4.2) lwac (s to)llp2@ye < lluollzzyn »

s s ta) 7o @yn < lluolZ e yn »
for all m > 0, furthermore
N—1
(4.3) AtAz > Az |D_u?|” < 21fuo|Famyn -
n=0,j€7
where N = ceil(T/At).

2

Next, regarding the strong convergence of R := r*, we have the following result

Lemma 4.2. Suppose
/
lim L (r)
(44) rl0 T
meas {r ‘ 3¢ (r) + 2r¢" (r) = O} =0,

< o0,
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then there is a subsequence of {Ra} (not relabeled) and a function R such that
Rar — R a.e. (z,t) € Q. We have that R € L*([0,T]; L'(R)). Furthermore, R
satisfies

Ri+G(R), <0, z€R, t>0,
R =|ug|?, z€R, t=0,

in the distributional sense.

Since R, converges strongly to R, also ra, will converge strongly to r := VR.
The sequence {uaz}a,~q is uniformly bounded, so a subsequence will converge
weak * to some function u € L*(Q). Hence the limit u is a distributional solution
of

ug + (up(r)), = 0.
In order to conclude that u is a weak solution to (1.1), we would have to show that
|u] = r. We have not been able to prove this, and merely conclude that |u| < r.
The reason for this is that v — |v| is convex, and that weak limits of a convex
function are not less than the convex function of the weak limit.

To overcome this difficulty, we propose another fully discrete scheme based on
explicit decoupling of the variables r and v.

4.1. A scheme which enforces the entropy condition. Let us define wa, =
“az and let A, and wa, satisfies

n+l _ ..n n
(4.5) {r% —Orj —AtD_fl', n >0,
rg = [uj],
and
n+l _  n n n
(4.6) ugj ) = u;j —At¢?D_w}, n >0,
TiW; = Uj.

Regarding the convergence of the approximations {ra,} we choose
(4.7) At ||f/||Loo(R) < Az.
We list some useful properties of ra, in the next lemma [9].
Lemma 4.3. Assume that the CFL condition (4.7) holds and ro € BV (R)NL>*(R).
Then for each Ax > 0 we have that

(a) —M < ragz(x,t) <M, for all z and t > 0.

(b) Forn >0 the functions

SRS o T

ne Az |rp] e Y| -

jez JET JEZ

are non-increasing. In particular this means that the family {rA”“'}AI>O 18
(uniformly in Ax) bounded in L°°(R*; L}(R)) N BV(R x R™).

(c) Moreover ra,(-,t) — r(-,t) strongly in L*(R) for all t > 0, where r €
Lip([0, T]; LY(R)) and is the unique entropy (in the sense of Kruzkov) so-
lution of the conservation law

Tt + f(r)a: =0,
r(z,0) = |u(z,0)].
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Observe that, we can write the scheme (4.6) as

Wit = (L= 6w + gy

If Ap} <1 for all j, then w?“ is a convex combination of w}' and w}_;. Thus

(4.9) ir;f w;) <wi < Sl]lp w;), n > 0.
and

(4.10) |wa('7t)|Biv,(R)n < |wA:C('7O)|B.V.(R)"'
Furthermore

(4.11)

sz |w?+1 — wﬂ < At|o]| Z fw;’ — w?_1| < CAt |wa(-,tn)|B.Vi(R)n .
J J

Hence the map t +— wa.(-,t) is L'- Lipschitz continuous. Finally, the above es-
timates (4.10), (4.11) and an application of Kolmogorov’s compactness criterion
(Lemma 2.3) shows that w = limaz—0wa, iS continuous in ¢, with values in
(Lioe(R))™.
Multiply the equation (4.5) for T;LH with that (4.6) for w}’“ to get
n+l, n+l __ n n n n n
ry it = (rf — AtD-[f}') (wj — At} D_wy})
=riw; — At (w;LD_fJ’»L + f]nD_w;L) + At2¢>?D_fJnD_w;l

W) — At (] Df - fl Do) = A (]~ fi) Dow)

+ AP D_fD_w}
§ = ALD_ (fjwy) + At (ff = fiy) D-w (A} —1).

I
S

Then we have

(412) DY (7w?) + D_ (frwl) = At (AGD — 1) (F7 — f7)) D_w! = ¢

7
Let now ¢ € C§°(2) be a test function, multiply the above equation by ¢ and
integrate over () to get

© tnt1 rTip1/2
3 / / Pl DY+ frul Dy dadt

n=1,j 7 tn i—1/2
1 At Tjt1/2 tni1  fTjp1)2
+ 5 / > / riwd dedt =) / / e dudt.
tJo j JTi-1/2 n,j Jtn Tj-1/2

Since we have the convergence of ra, and wa,, the left hand side of this converges
to

// rwipy + f(r)wip, dedt + / r(z,0)w(z,0)y(x,0) dz.
Q R
Regarding the right hand side we have

tnt1  pTip1/2
S v dnat] < Aty (M6l + ) AT = £ fu =
ng Jtn e

i=1/2 n,j

< AC ||1/1HL00(1R) ||wAm($aO)||Loo(R)n T ||TAz($70)||B.V.(R) ’
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where T is such that suppy C [0,T]. Hence

//Q rwiy + f(r)w, dedt + / r(z,0)w(x,0)y(z,0)dz = 0.
Hence, we see that rw is a weak solution D‘jo the Cauchy problem
(rw): + (f(r)w), = 0.
In other words, (r,rw) is a weak solution to
re+ f(r)s =0,
(rw)s + (¢(r)rw)z = 0.

Next, we follow the argument given in [(] and conclude that |w| = 1 using Wagner
transformation.
Finally, collecting all the results above, we have proved the following theorem.

Theorem 4.1. Assume that ug € B.V.(R). If A\ = At/Ax satisfies the CFL-
condition A < sup, f'(luo(x)]), and uay is defined by (4.5), (4.6), then u =
lima,—0 uaz is the unique entropy (in the sense of Definition 1.2) solution to (1.1).

(4.13)

Remark 4.1. We propose another scheme based on discretizing the “conservative”
form (1.5)—(1.6). Let ra, and ua, satisfy

ntl — pn n >
(4.14) {Té 07“] AtD_f(r}), n >0,
rg = |ugl,
and
(4.15) u?“ =uf — AtD_ (ufo(r})),

forn >0 and f(r) = ré(r), with u? given by (3.2). In this case, using the strong
convergence of Taz, it is easy to show that u = lima,_ouaz 18 a distributional
solution of

In this case, again using Wagner transformation, it is easy to prove |u| = r. In
other words, u = ima,_o uay s the unique entropy solution of (1.1).

5. NUMERICAL EXPERIMENTS

We close this paper by demonstrating how these schemes work in practice. We

perform all the computations for 2 x 2 system with ¢(r) = r2.

5.1. Numerical Experiment-1. In this case we approximate the system (1.1)

with initial data
Ui, x <0,
Up(x) =
() {UT, x> 0.

It is not difficult to find the exact solution of (1.1) in this case. For the sake of
completeness we write the explicit form of the exact solutions U(x,t) = U(z/t).
If |U| < |Uyl, then

Ul7 gg |Ul|27
0() = Un, U* <e<3|Ui?,
()2 3lUf <€<3|U)

Uy, ¢€>3|U,)%,
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If |Uy| > |Uy|, then
Ul7 ES |Ul‘2a

U§) = { Un, U* < € <O+ U U + U,
Up, €2 UL+ U U] + U,

with U,, = \IILJT\ U, in both cases.

In what follows, we test the fully discrete explicit numerical scheme (4.1) with

initial data
U_, z <0,
Uo(z) = {
U+, xr > 0,

where

U_ =(0.5,1.5), Uy = (1.5,2.0),
for the first experiment and

U_ =(1.5,2.0), U, =(0.5,1.5),

for the second experiment. The computations are performed on a computational
domain [—5,20] with 4000 mesh points. To enforce the CFL condition we set the
time step At = (CFL)Axz/3sup |Up|?, where we use a CFL number 0.75. Although
we do not plot the exact solutions, a comparison of the computational results dis-
played in Figs 5.1 with the exact solution shows good agreement.

5.2. Numerical experiment- 2. In this case, we test our fully discrete explicit
numerical scheme (4.5)—(4.15) with initial data Uy = rowg, where

r_, x <0,
ro(z) =
T4, x>0,
with
r_ = 1.0, r4 = 0.75,
for the first and third numerical experiments and
r_ =0.75, ry = 1.0,

for the second and fourth numerical experiments. Similarly, for wy we take

(1.0,0.0), x <02
wo(x) = < (cos(8n(x — 0.2)), sin(8n(z — 0.2))), 0.2<x<0.7,
(1.0,0.0), x> 0.7,
for the first and second numerical experiments and
1.0,0.0), x <0.2,
wo(®) = {E—l.0,0.)O), z>02,

In this case also, it is easy to find the exact solution. Although we do not plot the
exact solutions, we give the explicit form of the exact solution. The exact solution
is given by U = rw with

r_, rz < st, .
r(z,t) = N with s =72 +r_ry +773,
T4, xr > st,
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dotted-dashed curve represents the first component of U, the solid

curve represents the second component.
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and
wo(z — r2t), x <r?t,
w(r,t) = wo(:—;(x—rgt)), r’t <z < st,
wo(z — rit), x> st,

for the first and third numerical experiments. Similarly,

r_, T < STEt,
r(z,t) = < (x/3t)"/2, 3r2t <ax < 3rit
Ty, T > 37‘_2i_t,
and
wo(z —r2t), x <12t
~Jwo(G=(x —r2t)), r?t <z <3r?t,
w(z,t) = wo(ﬁx?’pt*l/?), 32t <ax < 3rit
wo(z — rit), x> 3rit,

for the second and fourth numerical experiments.

In all the experiments computational domain is [—1,4] and we use Neumann
boundary conditions at the left boundary. We also use a C'F'L number 0.75 and
4000 mesh points for all the experiments. A comparison of the computational
results displayed in Figs 5.2-5.3 with the exact solution shows good agreement.

Below we show the computational results for four different qualitatively signifi-
cant sets of data: a compression or an expansion wave in r inisiated slightly behind a
continuous pulse or a discontinuous contact wave in w. Fig 5.2-5.3 display the com-
puted solution at three different times. In the plots, the dot-dash curve represents
the first component of U and the dotted curve represents the second component,
while the solid curve represents the r-component of (r,U).
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