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Abstract We consider nonlinear systems of ordinary differential equations
(ODEs) on a state space S. We consider the general setting when S is a
Banach space over R or C. We assume the right hand side depends affinely
linear on a vector y = (y;);>1 of possibly countably many parameters, nor-
malized such that |y;| < 1. Under suitable analyticity assumptions on the
ODEs, we prove that the parametric solution {X(¢;y) : 0 <t < T} CS of
the corresponding IVP depends holomorphically on the parameter vector y,
as a mapping from the infinite-dimensional parameter domain U = (—1,1)N
into a suitable function space on [0, 7] x S. Such affine parameter dependence
of the ODE arises, among others, in mass action models in computational
biology (see, e.g. [18]) and in stochiometry with uncertain reaction rate con-
stants. Using our analytic regularity result, we prove summability theorems
for coeflicient sequences of generalized polynomial chaos (gpc) expansions of
the parametric solutions {X (-;y)},cu with respect to tensor product orthog-
onal polynomial bases of L?(U). We give sufficient conditions on the ODEs
for N-term truncations of these expansions to converge on the entire parame-
ter space with efficiency (i.e. accuracy versus complexity) being independent
of the number of parameters viz. the dimension of the parameter space U.
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1 Introduction

Numerous phenomena in engineering and life- and in social sciences are mod-
elled by initial value ordinary differential equations (ODEs); if, in particular,
the systems of interest are complex, they are described by vectors on state
spaces S of high or even infinite dimension, with multiple time scales. Ac-
cordingly, the numerical solution of initial value problems for deterministic
and stochastic ODFEs is a basic problem in engineering and in the sciences.
For a survey of the state of the art on theory and implementation of numer-
ical initial value solvers, we refer to the monographs [11, 12, 13] and to the
references therein.

In recent years, in particular in connection with applications in life-
sciences, climate-sciences but also in economics, particular attention has been
paid to initial value ODE models for systems with uncertainty. As cases in
point, we mention only stochiometric descriptions of biochemical reaction
pathways with uncertain reaction rate constants, chemical reaction cascades
with uncertain reaction rate constants, mass action models [18] with uncer-
tain reaction rates. In mathematical models of such systems, the number of
parameters subject to uncertainty is often large, and the interest in mod-
elling consists in obtaining the system characteristics on the entire parameter
space in one single numerical forward simulation. Besides the efficient for-
ward solution of parametric initial value ODEs, additional problems consist
in optimization resp. in optimal control of systems described by initial value
ODEs. Here it is again of interest to obtain a parsimonious numerical repre-
sentation of the parametric dependence of the control resp. the optimum on
the entire, possibly high-dimensional parameter space.

The analysis of approximability of solutions of a class of abstract initial
value problems on possibly infinite dimensional parameter spaces is the pur-
pose of the present paper. Due to the so-called curse of dimensionality, the
approximation of parametric solutions by standard tensor product interpo-
lation methods is not feasible even for a few dozen parameters. It is the
aim of the present paper to identify sufficient conditions for sparsity of sev-
eral types of polynomial expansions for solutions of parametric initial value
ODEs. Under the assumption of affine dependence on the parameters which
arise, for example, in Karhunen-Loeve expansions of the random input data,
the parametric solutions of the ODEs admit, in turn, unconditionally conver-
gent expansions into polynomial series with respect to the possibly infinitely
many parameters.

Throughout, we shall use the following notation. Unless stated otherwise,
the state space S is assumed to be a separable, reflexive Banach space, and
will be understood over the coefficient field R; occasionally, however, we shall
also work with the extension of S to the coefficient field C. By RY and CV, we
denote the countable cartesian products of R and C, respectively. Likewise,
U = (—1,1)Y will denote the countable product of the open interval (—1,1)
and U = [-1,1]N.
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1.1 The Scope of Problems

On the parameter domain U, we wish to solve the high-dimensional, para-
metric, deterministic ODE initial value problem (ODE-IVP):

Given zo(y) € S and T € (tg, ), find X (¢, z0;y) : [to,T] x S x U — S such
that in S

% =f(t, X5y), X(to;y) =wo(y), to<t<T, VyeU. (1)
Here, S denotes the state space of the parametric model (1). We shall mostly
be concerned with the case of initial value ordinary differential equations
(ODEs), when & = R?, with particular attention to the case of high or even
infinite dimensional state spaces, i.e. R? with large d, but will consider also the
infinite dimensional case, when S is a separable and reflexive Banachspace.

In practice efficient solution methods in the case where the number of
parameters is very large are of interest. In particular, it would be highly
desirable to identify methods which are dimensionally robust, i.e. whose effi-
ciency (meaning accuracy versus computational cost measured in terms of the
total number of floating point operations to achieve this accuracy) is prov-
ably robust with respect to the number of parameters. Hence our approach
consists in directly tackling the case of an infinite (but countable) number of
parameters.

It is well-known and classical (see, e.g., the text [22, Chap. 13]) that for
parametric right hand sides f(¢, X;y) which are Lipschitz continuous with
respect to (¢, X) and which depend analytically on the parameters y, the so-
lution X (¢;y) in turn depends analytically on the parameter vector y. This
local analytic dependence of the solutions on the parameters is, in fact, a quite
generic phenomenon which appears in many systems with analytic, nonde-
generate parameter dependence as a consequence of (a suitable version of)
the implicit function theorem (see, e.g., [17, Theorem 2.1.2]). In the present
paper, we extend the proof in [22] of this (classical) result to a possibly count-
able number of parameters with quantitative bounds on the size of domains
of analyticity. This mathematical result will be used to establish best N -term
convergence rates for various parametric expansions of the solution X (t;y)
under a sparsity hypothesis on the vector field f(¢, X;y) in (1). Our main
result is that dimension-independent rates of best N-term approximation are
achieveable with N-term truncated Taylor expansions of the solution X (¢,y)
in the parameter space U. In the present paper, we establish for several types
of expansions the uniform and unconditional convergence for all y belong-
ing to an infinite-dimensional parameter domain U. Moreover, we establish
that sparsity in the input vector field f(t, X;y) implies, for example, spar-
sity (in a sense to be made precise below) in the parametric solutions’ formal
Taylor-expansions, i.e.
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1
X(ty) =D LMy, T,(t) = —0/X(ty)ly=0, to<t<T, yeU.

veEF
(2)
We also prove analogous results also for other polynomial expansions of the
solution, such as Legendre or Chebyshev expansions.

Similar results have been obtained for a number of parametric partial dif-
ferential equations in [7, 8, 16]. We note, however, that the proofs in these
references do not directly generalize to problems (1), so that we give a new,
and self-contained argument here.

The theoretical result in this paper is used in [14] to design a class of
dimensionally robust practical algorithms for the efficient solution of large
systems of parametric ODE’s on possibly infinitely dimensional parameter
spaces required to address the following issues: first, under the (unrealistic)
assumption of having available exact solutions of the ODE-IVP (1) for a
single instance of the parameter vector y € U at unit cost, concrete, so-called
monotone sequences of sparse index sets My C § (to which we will also
refer as “sparsity models”) for at most N “active” Taylor coefficients T, (t),
v € My, can be constructed such that the corresponding, finitely truncated
parametric expansions

Xmy ()= D T(t)y” (3)

vEMN

realize the best IV-term asymptotic convergence rate. Second, once such trun-
cations have been selected, it will be necessary to solve the initial value
problems by ODE solvers for approximation of the expansion coefficients
T,(t) in (2). We will furthermore prove here that N-term approximations
with sets My constrained to be monotone sets achieve the same rates
as best N-term approximations by truncated Legendre or Chebyshev se-
ries as well. Since, for monotone sparsity models My, the polynomial space
Py = span{y” : v € M} is independent of the particular choice of poly-
nomial bases, the results in the present paper (in particular, Theorem 11)
imply that the best N-term convergence rates can be realized by sparse tensor
polynomial interpolation schemes on monotone sparsity models My inde-
pendently of the choice of the univariate polynomial basis. This allows, in
particular, to choose the univariate coordinate basis functions in tensorized
Smolyak interpolation schemes such as those analyzed in [1] and the ref-
erences there according to other criteria, e.g. such that certain condition
numbers are minimized. We refer to [14].

The application of Smolyak type interpolation schemes with respect to
the parameter vector y € U in (1) amounts to the numerical solution of
(1) for many instances of the parameter vector y. In the present paper, we
assume that (1) can be solved exactly. In practice, however, only approxi-
mate, numerical solutions of (1) are available and efficient computational
algorithms will require the approzimate solution of (1) wia initial value ODE
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solvers such as those in [11, 12]. In [14], we develop computational aspects
of combined sparse parametric polynomial interpolation methods based on
the mathematical results in the present paper. In particular, we use in [14]
the independence of P4, of the univariate polynomial basis functions to de-
sign Smolyak type interpolation algorithms based on hierarchic sequences of
unisolvent, univariate interpolation points; in particular, Chebychev and Leja
point sequences (see, e.g. [4] and the references there) are considered. In [14],
we propose computational strategies which allow to solve the |My| many
instances of the parametric ODE (1) in parallel. The mathematical results
in the present paper will also guide the judicious choice of the tolerances in
termination criteria of adaptive initial value ODE solvers.

We remark that the analyticity and sparsity results for the parametric
solution families of (1) form the basis of additional mathematical develop-
ments. Among them are problems of optimization and of optimal control of
high-dimensional, parametric initial value ODEs; here the controls can be
expected to depend analytically on the parameter vector. We refer to [19]
for a corresponding development in the context of parametric linear elliptic
partial differential equations.

The assumption of an exact solution of the ODE-IVP (1) for a single
instance of the parameter vector y in O(1) work and memory is not realistic.
Thus to still achieve the rate of best N-term approximation also for the
approximate partial sums

XMN (t§ y) = Z Tu(t)yy ) (4)
veEMN

where i,(t) € S are the mentioned approximate Taylor coefficients, the ef-
fort for computing the coefficients have to be balanced against the respective
impact for approximating X (¢;y). In doing so, we obtain an adaptive ap-
proximate numerical solution of the parametric ODE-IVP (1) to a presribed
accuracy € uniformly on the entire parameter domain U. This ultimately en-
ables us to approximately calculate all further relevant information about
the parametric solution (e.g. statistical moments), again up to an arbitrary
prescribed accuracy, by several classes of adaptive approximation algorithms
based on Galerkin projection (see, e.g. [10]) or by sparse collocation as in
[20, 3, 2, 14] or by adaptive truncation (4) of the Taylor expansions (2) as in
[6].

1.2 Notation and Function Spaces

Throughout this work, we shall use the following standard notation: by (a,b)
we denote for —oo < a < b < 400 the open interval {x € R: a < z < b}, by
[a,b] = (a,b) = {x € R:a < x < b} its closure, by (a,b)? = (a,b) X ... X (a,b)
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its p-fold Cartesian product. For two sequences a = (a;);>1 and b = (b;);>1

such that —oco < a; < b; < oo for all values of j, we identify the set (a,b)N
with the countable Cartesian product

(a,0)" = ] (a5, ;) -

Jj=1

Throughout, we assume that the time interval of evolution of the system (1)
is [0, T]. We shall denote the state of the system by X (t) € R? for ¢ € [0, T].
The parameter dependence of X on y € U is indicated by X (¢;y). We shall
also consider extensions of problem (1) to complex values of the parameter
vector y. To this end, we denote by CN the set of all sequences with values in
C. We denote N = {1,2,...} and Ny = NU {0}. We use standard multiindex
notation: for a vector y = (y;);>1 of parameters and for a sequence v € NI
of nonnegative integers, we denote by

F={reNy: |y <oo}. (5)

As any v € § has only finitely many nonzero entries, the definitions

vl
V!:HVj!, |V|:z:uj7 8;’/:8

VIgyL? . ..
jeN jeN Y1 9Y2

for multi-factorials, the length of a multi-indices v and for the partial deriva-
tive of order v are well-defined for v € §. To state and prove results on
existence, regularity and numerical approximation errors of solutions, we re-
quire certain function spaces. In what follows, we let B denote a separable
Banach space with norm || -|| . We shall, by abuse of notation, denote by
B both the vector space over R as well as its complexification over C (i.e.
an extension of B whose restriction to real valued elements coincides with
the original space B). We shall need spaces of (differentiable) functions with
values in B. We denote by C(U; B) = C°(U; B) the space of functions from
U into B which are, as B-valued functions, continuous on U (where U is
equipped with the product topology). Moreover, for any k € N, we denote

by C*([0,T]; B) the space of continuous functions f : [0,T] — B whose k-
th Fréchet derivative ikT,{ with respect to t € [0,7] belongs to C°([0,T); B).
These spaces C*([0,T]; B), equipped with the norms

J
1fllcxqorys == max {15 fleoqorim ) k€N, (6)

0<5<k

are themselves Banach spaces. Similar notations are used, if the interval [0, T']

is itself replaced by another Banach space S§. Then the derivatives 4/ have

dx
to be understood as Fréchet derivatives, i.e. % is a mapping from S taking

values in L£(S, B), the space of bounded linear operators from § into B.
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To define r-integrable functions on U with values in B, we assume given
on U a probability measure u(dy), which is defined on the measurable space
(U,2) = ®;>1((—1,1); B') where B! denotes the sigma algebra of Borel sets

n (—1,1). For 0 < r < oo, we denote by L"(U; B) the space of all measurable
functions f : U — B which are r-summable in the sense that

1/r
i ( / . IIf(y)IITBM(dy)> < oo (@)

(with the integral replaced by the essential (w.r.to ) supremum in the limit-
ing case r = 00). If the measure y is clear from the context, we write L"(U; B)
for brevity.

An important role in this work will be played by analytic, B-valued func-
tions. To this end, we will denote for an open, nonempty set U C S by A(U; B)
the space of all mappings u : Y — B which are analytic. The definitions for
analyticity and (weak and strong) holomorphy for the cases where the state
space is either finite-dimensional (S = C%), S is a (separable) Banach space
or S is a locally convex vector space are provided in Section 3.1. Thus, our
setting and results include in particular also parametric, nonlinear evolution
PDEs. Further function spaces (spaces of locally Lipschitz continuous func-
tions and certain weighted spaces of continuous functions) will be defined as
they occur in the text.

1.3 Owutline of the paper

The outline of the present paper is as follows. In the next section, we precise
the parametric initial value ODE problem (1), in spaces of k-times continously
differentiable functions which take values in the state space S. We state
and prove a global existence result for solutions of (1). The proof is based
on applying Banach’s fixed-point theorem to a Volterra integral equation
reformulation of (1) in exponentially weighted spaces due to [22]. The use of
weights allows to deal with the possible exponential growth of solutions and
avoids tedious continuation arguments.

Section 3 is devoted to showing analyticity of the parameter dependence of
the parametric solutions. To this end, basic notions of analyticity in Banach
spaces are recapitulated, and then analytic dependence of solutions of (1) on
the parameter sequence y is established. Particular attention is paid to the
quantative bounds on the size of the domains of analyticity of the solution.

Section 4.1 contains statements and proofs of our main results, the proof of
best N-term approximation rates of the parametric solutions X (¢;y) of (1).
Three particular types of approximation are considered: tensorized Taylor-,
Tschebyscheff and Legendre expansions of X (+;y) with respect to the coordi-
nate vector y. The proof uses arguments from [7, 8], and is given in Sections
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4.2 - 4.7. We emphasize, however, that the present arguments combine results
from [7, 8] and allow to sharpen also some of the results obtained in these
references. In Section 4.8, finally, we consider the restricted N-term approz-
imations where the sparsity models My C § are restricted to the class of
monotone index sets (as in [6], see also Definition 5.

2 Parametric Initial Value ODEs

2.1 Problem Formulation. Existence Result

For a parameter vector y = (y;);>1 € U and a Banach state space S, we
assume given an initial state zo(y) € S and a parametric family of vector
fields f(¢t, X;y) : [0,7] x S x U — S. Then we are interested in solving (1)
numerically to a prescribed tolerance uniformly for all values y € U.

As we think of applications to large mass-action models in computational
chemistry and biology, attention will be in the following on the particular
case when the dependence of the vector field f in (1) on the parameter vector
y € U is affine, i.e. for every t € [0,T] and every X € S,

F6,X5) = fo(t, X) + Y yif;(t,X), 0<t<T <oo. ®)
i>1

Here, we assume that each f; € (f;);>0 is continuous with respect to ¢ and
satisfies certain Lipschitz conditions with respect to X uniform in ¢ € [0, T].
For the non-parametric problem

dX

E:g(th)’ X(to) = zo, 9)

it is classical that the right-hand-side g being locally Lipschitz continuous,
i.e. for every Xy € S there is a neighbourhood U = U(Xj) such that

VX, X"'eU Wtel0,T]: |g(t,X)—g(t, X")]s < L(Xo)[IX — X'|ls (10)

for some constants L(Xy), implies existence and uniqueness of local solutions
of (9), i.e. existence of unique solutions on some maximally extended subin-
terval [0,d) C [0,T]. This result is classical in the scalar case S = R, and it
extends immediately to the general state space S considered here, see e.g. [9].
In the parametric case the naive way would be to assume this condition to
hold pointwise, i.e. for every fixed y € U i.e., to assume that condition (10)
holds for f(-,-;y). This assumption then yields local existence of the para-
metric solution, but unfortunately the existence-interval [0, d) might depend
on the parameter, i.e. in this argument § cannot be chosen independent of
yeU.
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For our further arguments we would rather like to have global solutions,
i.e. on the whole interval [0,7]. To obtain these, we impose slightly more
restrictive conditions. More precisely, we suppose the condition that for every
R > 0, there exist constants L(R) > 0 such that for every X, X’ € Br =
{X €S :|X|ls <R} and for every t € [0,T] holds

lg(t, X) — g(t, X")ls < LR)|X — X|s,

where the optimal constants L(R) are given by

||g(t7X) B g(t7Xl)||S
L(R) := |gleLip(s,r) = sup
(B) = lgllvipcs.r) te[0,T), X £X'€Br X — X'[ls

We say a continuous function g belongs to the class ¢Lip(S), if L(R) < oo
for all R > 0. The subclass ¢Lipg(S) consists of all functions g € ¢Lip(S)
which additionally fulfill g(¢,0) = 0 for all ¢ € [0, T]. Then ¢Lipo(S) equipped
with the increasing family of norms || - [|srip(s,r) becomes a complete locally
convex vector space. Our main assumption then reads as f; € Lipo(S) for
all j,i.e. for 7 =0,1,2,... holds

(t, X) — f;(t, X'
Li(R) = sup 17 lfjl( Jlls <oo, fi(t,0)=0. (11)
te[0,T),X#X'€BRr HX XHS

In order to prove results which are independent of the number of terms in the
affine expansion (8), we shall further require summability of the coefficient
sequence (f;);>1. Specifically, we assume the sequence of Lipschitz constants
to be summable, i.e.

VR>0: (L;j(R)),., € '(N). (12)
Under this assumption, the sum in (8) converges uniformly with respect to
y € U and for all (¢,X) €[0,T] x S.

Proposition 1. Let the conditions (11) and (12) be satisfied. Then the sum
in (8) converges absolutely and uniformly in U as a {Lipy(S)-valued mapping,
and it holds f € C(U; {Lipo(S)).

Proof. We fix 0 < N < M < oo and denote by Sy [f] the N-term partial sum
of (8). Then we estimate with |y;| < 1 for all j > 1 and with the assumptions
(11) and (12) and the triangle inequality

M
sup_sup || (Sar[fl=Sn /1)t 59 lwips,my < D sup £t ) levips,r) — 0
te[0,T) yeU J=N+1 te[0,T]

as N, M — oo, since by assumption (12) we have
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ZLj( Z buP Hfj Mlevip(s,ry <00 YR >0.

i>1 j>1t€l0

This shows that the expression (8) is well-defined for every y € U and for
every (t,X) € [0,T] x S. Moreover, the assumption (11) for all j > 0 implies
that f(t, X;y) satisfies a Lipschitz condition uniform in y € U: for every
X, X' € Bg holds

sup sup || f(t, X5y) — f(t, X"59)|ls

tel0,T] yeU
< sup ||f0(t7X)_f0(t’X/>||S
te[0,T)
+ sup sup | > [ylllf5(6,X) = £, Xl (13)

te[0, T yeU i>1

< | sup [ folt Mlenipry + Y sup 15 lewipry | 11X = X'lls
t€(0,1) j>1 t€l0.T]

LR)|X = X'

where the Lipschitz constant

L(R) := > sup [Ifi(t;)llevip(s.r) (14)

7>0 te(o,

is finite by (12). This proves the asserted uniform Lipschitz condition for the
infinite sum (8) in U.
For the proof of the continuous dependence we first observe

Hf('7';y)_f('?';y/)HlLip .SR)
S NG = G lewins,m v — vl <Y LiR)y; — v

j>1 j>1

for all y,3y’ € U. Then since by Assumption (12) for every € > 0, we can
find some N(e) such that }°; n L;(R) < ¢, and by choice of the product
topology 3’ — y if, and only if, ZISJSJ ly; — yj| — 0 for every J € N, this
estimate proves the continuous dependence of f on y € U.

As we shall see below this local Lipschitz condition (13) together with
some scaling assumption on the initial data already implies existence and
uniqueness of solutions X (t,zo;y) for all y € U by standard fixed point
arguments. Furthermore, it also implies additional regularity of the solution
X (¢, z0;y) with respect to ¢ € [0,T].

Before we come to this we shall further extend the parametric problem
to include complex parameters. More precisely, looking more closely at the
proof of Proposition 1 we immediately see that the arguments carry over to
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the parameter domain U = {z € CV : |z;| < 1,j € N}, if we define

U X52) = fo(t, X)+ >z fi(t,X), 0<t<T<oo. (15)

Jj=1

Moreover, we may also consider S to be a complex Banach space. The motiva-
tion for this extension lies in the observation that under certain conditions on
the functions f; the solution depends analytically on the parameters, which
will be discussed in the following section.

Theorem 1. Assume (11) and (12). Moreover, suppose the initial condition
xo € C(U,S) satisfies

sup ||lzo(2)]|s < (1 — k)r, r = Re LRT/x (16)
zeU

for some R >0 and 0 < k < 1.
Then the IVP (1) (with to = 0) admits a unique solution X € B} C
CL([0,T];C(U;S)), where

BiR = {Y IS Cl([O,T];C(Z/{;S)) : sup e_tL(R)/"HY(t,z)HS < 7“}
(t,2)€[0,T]xU

If, in addition, for some k € N
Vji>0: f;:[0,T] xS — S is k-times continuously differentiable, (17)

then for every z € U the unique solution X (-,x¢(2);z) of (1) belongs to
C*([0,T1; S).

Moreover, the solution X (-,xo;2z) on the data xg and parameters z. More
precisely: For every xo € C(U;S) satisfying (16) and for every z,z" € U holds

X (- wo(2); 2) — X('vfco(zl);z/)HC([O,T];S)
oL(R)T/r , / (18)
< 7 (lwo(2) = zo()lls + rllz = lle= ) -

Similarly, for every xzg,x( € CU,S) satisfying (16) and for every z € U
holds

L(R)T/k
HX(va(Z)vZ) - X(yl’()(Z);Z)HC([O’T];S) < elﬁ”%(z)_ffé(z)ns : (19)
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2.2 Proof of the Existence result

Though, as mentioned before, this existence result is known, and the proof
of Theorem 1 is very similar to the scalar case, we include it anyway in order
to obtain explicit, quantitative bounds which will be of importance later on.

The proof of Theorem 1 will be based on a fixed point argument along the
lines of [22]. Specifically, Theorem 1 will follow from a more general result on
Volterra integral equations. To motivate it, we observe that the IVP (1) can
be recast into a Volterra Integral Equation in S, i.e.

X(t;z)za:o(z)—i—/t f(5,X(s;2);2)ds, 0<t<T <oo (20)

to(z)

or, in operator notation, into the fixed point equation
X =0[X], XeC(o,T]xU;S) (21)

where the Volterra integral operator @[ X] for X € C([0,T] xU; S) is defined

by
t

O[X|(t; 2) :== xo(2) —l—/ f(s,X(s;2);2)ds . (22)
to(2)

For f(-,;z) satisfying a uniform local Lipschitz condition (13), © becomes a

contraction on C([0,T] x U;S), if we equip this space with a suitable norm

(depending on T and L). We shall now prove this within a slightly more

general setting.

Lemma 1. Assume that the vector field k(t,s,X;2) : [0,T]> x S xU — S
is continuous on its domain of definition and it satisfies a local Lipschitz
condition uniformly for all s,t € [0,T] and for all z € U, i.e. for every R >0
there exists some L(R) > 0 such that for every X, X' € Br and for every
0<t,s<T < o holds

sup ||k(t, s, X;2) — k(t, s, X';2)||ls < L(R)[| X — X'||s (23)
z€U

Assume moreover that for every X € S, k(t,s,X;2) : [0,T]> xU — S and
to(z) : U — [0,T], zo(2) : U — S are continuous with respect to (t,s,z) €
[0,T)? xU and z € U, respectively.

We then consider the set C([0,T] xU;S) equipped with the weighted uniform

norms || - |a,1.5, where for a >0
IXllas == sup  {e " =@x(52)||s} - (24)
(t,z)€[0,T]xU

We shall also use the notation Co([0,T] x U;S) to indicate this weighted
setting. Let some 0 < k < 1 and R > 0 be given, and put r = Re FIT/x,
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Then the parametric integral operator

¢
O[X](t; 2) == xo(2) + / k(t,s,X(s;2);2)ds (25)
to(z)
is a contraction on B, r = {X € C([0,T] xU;S) : [| X n(r) 1,5 < 1} More
precisely, it holds

VX, X' €Brr: |OX] - OXLrynrs < EIX = X'L(r)/m1,5 - (26)

Proof. By the continuity assumptions on the kernel function k, the initial
data zy and on tg, the operator © defined in (25) satisfies ©[C([0, T xU; S)] C
C([0,T] x U;S).

Concerning the contraction property, let some R > 0 be given. We first
note that || X||(gy/w1.s < 7 implies | X (¢, 2)||s < reX(F)T/® = R by choice of
. Hence we conclude from the local Lipschitz condition (23) for X, X’ € B, g

[(O1X] = O[X"))(t,2)|| s < L(R)

/ Hst X'sz”s
to(z

Injecting the factor 1 = exp(L(R)|t — to(2)|/k) exp(—L(R)|t — to(2)|/x) into
the integral on the right hand side we obtain for every ¢ € [0, 7T and for every
z € U the bound

[(OX] = OIX"N)(t,2)|| ¢ < LRIX = X' L(ry/n1s

L(R) /
< _
= L(R)/H‘,HX X ||L(R)/K,.,T,Se

t
/ SL(R)s—ta(=)|/r 4
to(z)

L(R)[t—to(2)|/~

Dividing both sides by eX(B)lt=to(2)l/% and taking the supremum in the re-
sulting bound over all ¢ € [0,T] and all z € U, we find

VX, X' €B.r: [|OX]-0[X <K|X = X'\l iry/mrys -

HL R)/k,T,S —
This completes the proof. 0.

Remark 1. In case of a global Lipschitz condition, i.e. for all X, X’ € S,
0<t,s<T and z € U we have

lk(t, s, X,2) — k(t,s, X";2)||ls < L||X — X'||s,

the operator © becomes a contraction on the whole set Cp,/.([0,T] x U;S)
for every 0 < k < 1.

This lemma is the basis for an existence result for integral equations with
the Volterra operator © in (25) which we will deduce next.
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Lemma 2. Assume that the vector field k(t,s,z;y) : [0,T]> x S xU — S
is continuous on its domain of definition and it satisfies the local Lipschitz
condition (23) uniformly for all s,t € [0,T] and for all z € U. Moreover,
assume that for every X € S, k(t,s,X;2) : [0,T]> xU — S and to(2) :
U~ [0,T], zo(2) : U — S are continuous. Finally, assume the function xg
satisfies
sup [[zo(2)|ls =: 70 < (1 — k) Re™ HT/x (27)
zeU
for some R > 0 and 0 < k< 1. Then the parametric Volterra integral
equation

find X €C(0,T] xU;S): X =06[X] (28)

with the Volterra integral operator © defined in (25) admits a unique solution
X € B, r.
Moreover, for every X0 e B, .r the sequence

XD .—9[x®], k=0,1,2,..., (29)
converges in C([0,T] x U;S) and Cr(ry;x([0,T] x U;S) towards X :
IX = X®cqorixus) =0 k—oo.

Proof. By the assumptions and by Lemma 1, the Volterra integral operator
O is a contraction on B,z C C([0,T] x U;S) with r = Re~FUT/x,

The existence of a unique fixed point X of (28) in the (complete metric)
space B, r equipped with the metric induced by the norm || - |z(ry/x,1.s
now follows from Banach’s fixed point theorem, if we can determine a closed
subset B C B, g, such that © : B — B.

For this purpose we consider the initial data zo as an element of C([0, 7] x
U;S) (i.e. constant with respect to t € [0, T), upon which we have ||z ||z (g) /w75 =
sup,cy llzo(2)|ls =: ro. Now put B = B, (z¢) = {X € C([0,T] x U;S) :
| X—2ollz(r)/x,7,s < 71} Choosing ry = 7%, it holds B C B, /(1—x),r, Which
in view of condition (27) implies B C B, g. We further observe zo = ©[0] (due
to f;(t,0) = 0 for all j), hence we obtain from Lemma 1

KRTo

1O[X] — xoll(ry/n1.s < Kl X L(r)y/mT,s < K(ro+71) = =r1.

11—k
Thus we have shown that this choice of B indeed has the required property
e8] c B.

Altogether we conclude that we may apply Banach’s fixed point theorem
to obtain the unique fixed point X € . The same theorem then also yields
that this fixed point may be obtained via the iteration (29), with convergence
with respect to the norm || - || 1(r)/x,s,7 (although the fixed point theorem is
applied to the set B, the statements concerning the uniqueness of the fixed
point as well as the convergence of the iteration extend to B, r D B, since &
is a contraction on this larger set). However, since it holds || X" || ¢(j0,7)xu1;:5) <
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T || X'||o1.s for all X’ € C([0,T] x U;S) and all a > 0, the iteration also
converges in the unweighted uniform norm.

Remark 2. Note that in case of global Lipschitz continuity (i.e. the Lipschitz
constant L does not depend on R), condition (27) is redundant (the right
hand side may be chosen arbitrarily large). On the other hand, if k is not
globally Lipschitz continuous (i.e. if L(R) is an increasing function) then
condition (27) can be interpreted as a small-data-assumption.

We can now give the proof of Theorem 1. We rewrite the initial value
problem (1) with right hand side f as in (8) as Volterra integral equation
(20) with kernel function k given by k(¢,s, X;z) = f(s,X; z) and to(z) = 0.
By assumption (12) and Proposition 1, the function f defined in (8) satisfies a
local Lipschitz condition with Lipschitz constants L(R) as in (14). Therefore
Lemmas 1 and 2 are applicable and the existence of a unique solution X €
B.r C C([0,T] xU;S) of (20) follows.

From the continuity of f(¢, X;y) with respect to t € [0,7] and z €
U and from (20) it immediately follows that X € C*([0,T];CU;S)) N
CU;C([0,T];S)). Under the additional assumption (17), it further follows
from (20) that X € C(U; C*+1([0,T];S)) by repeated differentiation.

Concerning the dependence on the parameter z € U, we shall use the fixed
point equation (28). Then we find (we use the shorthand notation X (¢;z) =
X (t,zo(2); 2))

X (t;2) = X(t;2")|ls

< llzo(z) — z0()s + ‘ / (5, X (5:2):2) — f(s X (s:.2'): 2)) ds

S

/Ol(fo(s,X(s;z)) — fo(s,X(s;z’))) ds

< llz0(2) - zo(z >||s+]
S

3 (U652 = 55 X5 202 56 K530z = ) s

j>1

< Jlzo(=) — z0()ls + Lo(R) / 1% (5: 2) — X (s 2')|| , ds

+3 / R|[X(s:2) = X(s5) | + LRI (sl —4]) s
j>1
< ||$0(Z) ||S + ZL tL(R sup e_SL(R)/"iHX<S; Z)
]>0 s€1[0,T]

ZL Nzj — 25 |etL(R)/” sup e gL(R)/"HX (852 Hs
s€[0,T]

— X (s;2'

s
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—tL(R)/k

Multiplying by e and taking the supremum over ¢ € [0, T then results

in the estimate

(1—k) sup e HE/R| X (t:2) — X(t:2)|s
te[0,7)

K - K
< llzo(2) = wo(2)ls + 7w sup e FEF|X (1) s D Li(R)lz — 2l

L(R) t€[0,T] i>1
(30)

Now recall X € B, g, ie. | X|rr)y/w1s <7 = Re LR)T/%  The estimate

(18) then is a simplified (though slightly weaker) variant of (30).
Again by the fixed point equation (28) we find

| X (¢, w03 2) — X(tt’ z;2)|s
< |lzo — zpls + H/o (f(s, X (s,2052);2) — f(s, X (5,205 2); 2)) ds
¢

S
< |lzo — xpls + L(R)/ HX(S,:EO;z) — X(s,x&,z)”sds

0
< |lzo — zolls + weEE/E sup e_SL(R)/“HX(s,xO; z) — X (s, xy; z)HS .
s€[0,T]
Multiplying by e *#(f)/# and taking the supremum over ¢ € [0, T] then proves
(19). This completes the proof. O

Remark 3. Instead of the Volterra operator © defined in (25) we could have
used parametric Volterra operators 6, : C([0,T];S) — C([0,T]; S),

6.IX1(t) = wol:) + | (s XO)ar,

i.e. considering the situation for every fixed instance of parameters z € U.
Then the existence result follows by essentially the same arguments (dropping
the supremum over z € U everywhere). The estimate (30) can be derived in
exactly the same way, and then the choice of the product topology on U,
Assumption (12) and assuming continuity of o proves continuity of X on
U. Together with the continuity of z — f(-,-;2) and (1) we further obtain
X € C(U;C([0,T);8)). Finally, we obtain the following a priori estimates.

Corollary 1. The solution X (t,z¢(2);2) of (1) satisfies

tL(R)/x
X (a0 (2):2) s < S——lao(ls s X Iremers <

1
sup ||(Zol%)]||s -
5 supllao(2)]

Remark 4. We shall complete this section by discussing two particular ex-

amples which show the necessity of the small-data-assumption imposed in

Theorem 1. Therein we simply consider the scalar non-parametric setting.
i) The problem X = X", n > 2, X(0) = 20, has the solution
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X(t) = -2 (L—(n—nt)_"il,

n—1 Ty

which clearly is only well-defined on the interval [0 . Hence for this

1
interval to contain [0, 7] we need the initial datum zo to be small enough.
iia) The problem X = e¥ X (0) = x, has the solution

X(t)=—log (e ™ —1t),

which is well-defined on the interval [0, T if, and only if, zy < —logT'. This
example shows that in general we indeed need an additional assumption on
the functions f;, apart from the Lipschitz condition (11).

iib) The problem X = e~X, X(0) = xo, has the solution

X(t) =log (e*° +1¢) ,

which is well-defined for all ¢ > 0, independent of the choice of xy. Closer
inspection of our arguments reveals that the proof of Theorem 1 may be
reformulated to show existence of solutions on the symmetric interval [T, T,
upon which all conditions necessary in example (iia) apply here as well (note
that both functions yield the same Lipschitz constants L(R)).

3 Analytic parameter dependence

In the previous section, we showed for any instance of the parameter vector
z € U the existence of a unique solution in C'([0,77];S) of the parametric
initial value problem (1). Moreoever, the proof also showed that the mapping
Uz X(t;2) € CH[0,T);S) is continuous.

To this end, we imposed local Lipschitz conditions (11) for the f; and
the assumption (12) of summability of the Lipschitz constants L;(R), which
implied a local Lipschitz condition for the right hand side function f uniform
in the parameter space U. In the present section, we will sharpen this result
in proving that the parameter dependence U > z — X (t;2) € C*([0,T);S)
(with C(]0,T];S) either in the weighted or unweighted setting) is, in fact,
analytic. This will be achieved by tracking analytic dependence through the
fixed point iteration.

To prove this, we track analyticity of the iterates and use the uniformity
of the convergence in the successive approximation (29) as used in the proof
of Theorem 1 to deduce analytic dependence of the solution X (¢, z(2); z) on
the parameters z € U.

It will be necessary to impose analyticity assumptions on the dependence of
the f;(t; ) on the second variable z € S. Since both parameter domain ¢/ and
the domain C''([0,77; S) are infinite-dimensional, this requires classical tools
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of Complex Analysis in infinite dimensional spaces which we will recapitulate
first; our basic reference is [15].

3.1 Preliminaries on analyticity and holomorphy in
infinite dimensional spaces

Our strategy to prove analytic dependence of the solutions is to track an-
alyticity of the iterates X(®) in (29) and use that holomorphy is preserved
under uniform convergence. It is easy to see (choose & = C), that to this end
analytic dependence of the f;(t,z) in (8) on the state variable x is necessary.
To formulate analytic dependence of the f;(¢,z) in the presently considered
general state spaces S, we recapitulate notions of analyticity of mappings
f:U— S from [15].

Definition 1. For m € N and for aset Y C C™ we say that amap f: U — S
is

i) analytic, if for each a € U exists a family {c,},en» C S such that
the series (c,(z — a)”),enm is summable and converges to f(z) for z
sufficiently close to a;

ii) holomorphic if, for any a € U, each first order partial derivative

exists;
iii) scalarly analytic or holomorphic if for each 2z’ € &' the complex-valued
function 2z’ o f : U — C is analytic or holomorphic on U.

We denote the vector space of analytic maps C™ D U — S by AU, S).

Evidently, either of i) or ii) implies iii), and i), ii) and iii) are, in fact,
equivalent if S is a Frechét space (or, even more general, a sequentially com-
plete locally convex space). We refer to [15, Thm. 2.1.3] for details. We shall
also require the notion of analyticity in the case when & C X is an open set
in an infinite dimensional Banachspace X over C. We have (see [15, Prop.
3.1.2)):

Definition 2. Let X be a Banachspace over C and let ) # U C X be an
open set. Then f : U — S is analytic, or f € AU,S) if for all 2/ € S’ the
function 2’ o f : U — C is analytic, i.e. f: U — S is analytic if

VeS8 : ZofeAlU,C).

Analyticity of a mapping f follows from complex differentiability (see [15,
Prop. 3.1.3, Cor. 3.1.4, Thm. 3.1.5]).
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Proposition 2. A map f : U — S is analytic if and only if it is (Frechét-)
differentiable at each point a € U, i.e. for every a € U there exists a linear

map Ag : X — 8, such that limp_o(f(a + h) — f(a) — Aa(h)) = 0.
For our purposes this notion of analyticity has to be further generalized.

Definition 3. Let U be an open subset of a locally convex complex vector
space X. Then f: U — S is analytic, or f € AU, S), if it is continuous and

f | ey 18 analytic for every finite dimensional affine subspace £ C X.

Using that the linear parameter dependence in the affine expansion (8) is,
in fact, analytic (in the sense of Definition 3, where CN D U is equipped with
the usual locally convex topology), we can use analyticity of the iterates and
the uniformity of the convergence in the successive approximation (29) that
we used in the proof of Theorem 1 to deduce holomorphic dependence of the
solution X (¢, xo;y) on the parameters z in a complex domain.

3.2 Analyticity Assumptions

Whereas in Theorem 1 the state space S was allowed to be an arbitrary Ba-
nachspace over either R or C, we now work under the following assumptions.

Assumption 2 1. All Banach spaces are understood as Banach spaces over
C. In particular, we assume that all real state spaces S in Theorem 1 are
replaced by their extensions to the coefficient field C (in particular S = R?
is replaced by S = C¢). The state space S is always assumed to be reflexive
(but does not necessarily need to be separable).

2. We assume U = [-1,1]N and U c U c CV.
3. Finally, the time parameter t is always assumed to be real.

Assumption 3 For every t € [0,T], the mappings S 3 X — f;(t; X) € S
are analytic.

We prepare the statement and proof of our analytic dependence theorem
by the observation that Assumption (12) implies with the same argument
used in the proof of Proposition 1 that the N-term truncated partial sums of
(8), i.e.

N
FN(tasy) = folt,x) + > yifite), 0<t<T<oo,yelU, (31)
j=1

are, in fact, converging uniformly for parameter vectors z = (z;);>1 belonging
to appropriate polydiscs: for a vector p = (p;);>1 of radii p; > 1, we denote
by

Z/{p = {Z = (Zj)j21 S CN : |ZJ‘ < Pjs j S N} (32)
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the (countable) product of open discs of radii p; > 1. The product of closed
discs of radii p; in CN will be denoted by U,,. If p = (1,1,...), we write U for
simplicity. Note that U C U C U,, and that all polydiscs U, are open subsets
of CN. Further note that in (31) holds f™) (¢, 2;y) = f(t,z;yN)) where, for
y € U, we denoted by y™) the coordinate vector y anchored at zero in all
but the first N coordinates, i.e. y™) := (y1, 42, ..., yn, 0,0, ...).

3.3 Analyticity Result with local Lipschitz conditions

With these notations at hand, we can now state our first main result on
analytic dependence of the solutions X (¢;y) of the parametric initial value
ODEs (1) with countably many parameters.

Theorem 4. For parameter vectors z = y +iw € U C CN, and with S
denoting the “complexification” of the state space S in (1), consider in [0,T)
the parametric IVP ODE

dXx

E(t;z):f(t,X;z) 0<t<T<oo, X(0;2)=z0(2)€S. (33)
Assume that in (33) the vector field f depends on the parameter vector z =
y +iw € CN in the affine fashion

f(t,z;2) = folt, z) —I—Z:zjfj(t,x) , t€0,T],z€S8, z€l, (34)

Jj=1

with the coefficient functions f;(t, ) satisfying (17) for some k > 1 and which
are, for every t € [0,T], analytic with respect to x € S. Assume that f;(t;-) €
LLipo(S) , i.e. f;(t,0) =0 for allt € [0,T] and the Lipschitz constants satisfy,
forj=0,1,2,...

L;(R):= sup sup 173t 2) = £t 27l < 00 (35)

t€[0,T] w2’ €BR |z —2/||s

Moreover, assume that the L;(R) are such that there exists a (not necessarily
bounded) polyradius p = (p;)j>1 of radii p; > 1 such that

L(p,R) := ijLj(R) <oo, VYR>O0. (36)
Jj=1
Then

(i) the parametric IVP (33) admits, for every z € U, and every xo € S,
a unique solution X (-;z) € CY([0,T];S), and there holds the a-priori
esttmate
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_ " 1
sup e PR X (8, $2)lls < 1_ . oup [z0(2)lls < o0. (37)
(t,2)€[0,T)xU, K zeu,

(ii) if, for every t € [0,T], the map S 3 x — f;(t,x) € S is analytic, and if
U, > 2+ xo(2) € S is analytic, then the solution X depends analytically
on the parameter z € U,, i.e. X € AU,;C*([0,T];S)),

(iii) if the functions f; in (34) satisfy [0,T] > t — f;(t,x) € C*([0,T);S)
for every j = 0,1,... and for every x € S for some k > 1, then X €
Ay CH1(0,T) 5)).

() For every v € §F, denote by J(v) = {j € N : v; # 0} the fi-
nite “support” of v and partition y € U as y = (y’,y")), with
y? e -1,V 4 ¢ UV .= [—1,1]N\V™) . Then the parametric so-
lution X (;y) € C*1([0,T); S) is, for every fized y/) € UY), strongly
holomorphic as a C*+1([0, T); S)-valued function with respect to the pa-
rameters 27 =y’ + iw’ in the polydisc

Dyri={z€C’| |z <p;, eI}, (38)

(v) At every z € U, C CN in (32) with the polyradius p as in (36), the
solution X of (33) can be represented by the Taylor expansion

X(t:2) = Y T (1), (39)

veEF

where
1
T,(t) = 0y X(t:y)ly=0 € C*H(0,T];S), veF.

The convergence of (39) is unconditional and pointwise in [0,T] x U,,
i.e. we have pointwise convergence in U, as a mapping taking values in

the space CkT1([0,T);S) (or in Cﬁ&{R)/ﬂ([O,T];S)).

(vi) For real-valued arguments, i.e. z =y € RN and for zo € R%, f;(t,z) €
R for x € RY, the solution X (t,0;2)|.—, coincides with the solution
constructed in Theorem 1; it is the unique analytic extension of this
solution to complex parameter vectors z =y + iw.

Proof. Concerning (i) we merely note that the only modification as compared
to Theorem 1 consists in replacing everywhere U by U, and L(R) by L(p, R).

(ii). We use the analyticity assumptions and the fact that the class of
analytic maps has the composition property (e.g. [15, Theorem 3.1.10]) to
deduce that all iterates X'(¢;2) in the fixed point iteration X! = O[X1]
are analytic with respect to z € U, for every t € [0,T]. Since U, is, as a
countable cartesian product of (closed) discs, a compact metric space by the
theorem of Tychonoff, and the sequence {X*};>¢ of iterates in Banach’s fixed
point theorem converges pointwise at every z € U, to X (as a consequence of
the convergence with respect to the norm || - |15y /x,7,s), it converges in fact
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uniformly on U, and hence X € A(U,; C([0,T];S)) by [15, Theorem 3.1.5¢)].
Since X solves the problem (1) we obtain, once more using the composition
property of analytic maps, that also ‘% € AU,; C([0,T);S)), which then
yields X € A(U,; C1([0,T];8)).

(iii). Under condition (17), we already know X € C*+1(]0,T]; C(U,;S)),
see Theorem 1. Repeatedly differentiating the problem (1) with respect
to t as well as applying the composition property of analytic maps then
yields ‘Zt)f € AU,;C([0,T);8)) for j = 1,...,k+ 1 and hence also X €
AU,;CI([0,T);8)), 5 =1,...,k+ 1. We only note that for an analytic map
A:U — L(X,)) (the space L(X,)) being the Banach space of all bounded
linear operators from the complex Banach space X into another complex Ba-
nach space )) the map A, : U — Y, z — A(z)x, is again analytic for every
rxeX.

(iv). All preceding arguments also apply if, for fixed real parameters y(/),
the solution X is only considered parametric with respect to the J < co many
components z/ € D,s C C/ in the disc D,s C C’ defined in (38).

The assertion (v) is a consequence of [15, Theorem 3.1.5a)] and the state-
ments (i), (ii) and (iii) above, and (vi) is verified directly. O

4 Sparsity
4.1 Main Result

We showed in Theorem 4 that the solution of the parametric IVP (1) de-
pends analytically on the parameter vector y € U C CN provided that the
summability assumptions (12) and Assumption 3 on the analyticity of the f;
hold. We show that if in addition the sequence is sparse, in the sense that
if (|f;lleripo(s,r))i=1 € £P(N) for all R > 0 for some 0 < p < 1, then the
sequence (T,),ez of Taylor coefficients of the solution is equally sparse.

Theorem 5. Consider the parametric IVP ODE (33) for parameter vectors
y € U = [-1,1]N. We assume that there exist real numbers R > 0 and
0 < k < 1 with the following properties:

1. In (33) the vector field f depends on the parameter vector z in the affine
fashion (8) with the coefficient functions f; satisfying for some 0 < p <1

(Ifilletipo(s.r)) ;51 € P (N) and (75l fillevipo(s,m)) 5, € € (N)
(40)
where the polyradius p is given by p; = ﬁ +2 for some arbitrary fized
d >0, and where L;(R) := ||fj||gLip0(5,R).
2. The initial data zo € C([0,T] x U5; S) satisfies
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sup ||zo(2)]] < (1 — /i)RefTL(ﬁ’R)/’”" . (41)
ZGZ/{ﬁ

Then the Taylor expansion (39) of the parametric solution X (t;y) of (33)
is p-sparse in the following sense: denoting for N € N by Ay C § a set of
indices v € § corresponding to N Taylor coefficients T,, with largest norm in
CL(ER)/K([O,T];S) it holds

sup || X (-5 2) — Z T, (t)y” <CN™", r= % -1 (42)
=eu veAn L(p,R)/k, TS
and where
D T(1)2" € Pay (U;CH[0,T);S))) - (43)
VEAN

In the real-parameter setting the parametric solution X (-;y), y € U, admits
the expansion
X(ty) =Y Co(t)Z(y) (44)

vEF

into a series of tensorized Chebyshev polynomials =, with unconditional and
uniform convergence on U. Denoting by Ay C § a set of N Chebyshev co-
efficients C,(t) € Cr,r)/x([0,T];S) which are largest in norm, the corre-
sponding partial sums converge at the rate

sup
yeU

X(';:g)_ Z CU()EV(y)

1
<CN™", r=-—1. (45)
VvEAN p

L(p,R)/k,T,S

Likewise, the parametric solution X (-;y) admits the Legendre expansion

X(ty) =Y X, (H)P(y) (46)

veyg

with unconditional and pointwise (for y € U) convergence and, denot-
ing now by Ay C §F a set of N Legendre coefficients X, (t) with largest
Cr@,r)/x([0,T];S) norms, the partial Legendre sums converge at the rate

sup
yeU

VEAN

1
<ON™", r=--1. (47)
L(p,R)/k,T,S b

For0 < p <1 asin (40), the sequences (T,)vez, (Co)veg, (Xu)veg of Taylor,
Chebyshev and Legendre coefficients of X are p-summable, i.e. it holds

(To)ves, (Co)ves: (Xu)veg € & (& Cl([O,T];S)) .
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Finally, let (17) be satisfied for some k > 0. Denote by A%, C § a set of N
largest Taylor coefficients (measured in C’k (. R)/n([ ,T);8)). Then it holds

1
sup | X(52) = > To(t)y” SONT, r=_-1. (1)
zeU

Ak
Vel C[kl?rplgwm([ovT]?S)

Similar statements hold for the Legendre and Chebyshev expansions.

For definitions of the tensorized Legendre and Chebyshev systems as well
as the respective expansion coefficients we refer to Sections 4.5 and to 4.6
ahead.

Remark 5. We emphasize that the optimal index sets A% in general de-
pend on k; they even need not be monotonic in k. However, quasi-optimal
(monotonic in k) index sets can be obtained iteratively as follows: denote for
j=0,1,...,k+1by A; v the N largest Taylor coeflicients of 4 dtJ (in the

norm of C’L(E,R)/,Q([O,T},S)) Note that the Taylor coefficients for 4
exactly the t-derivatives of the Taylor coefficients for X.

Then the index set A = Uf:& A; N yields a quasi-optimal (k + 2) N-term
approximation. For k = 0 this follows from |A| <| A x|+ |A1,5] < 2N and

d tJ are

sup || X(2) = S 7,()2"

zE€EUy

Ci(;yR)/n([o,TkS)

< sup || X(:;2) — T,()z"
< sup (2) = Y_Tu()

ved L(p,R)/k,T,S
dX
+ sup Z T,(
S ey L(p,R) . T,S
<ZW
v A d L(p,R)/k,T,S
< Z 1T (: HL(p,R)/nTS + Z T,()
VQA() N V€A1 N L(E,R)/KZ,T,S
1/p
< N— 1/p+1 (Z HT ||L . R)/HT3>
ves 1/p
LN (Z H (. )
vEF L(p,R)/k,T,S
1/p
1/p+1
<cpN™ /p (Z T, (- HCL( R)/h([O’T]?S)>
vEF

_ —1/p+1
=N /ot I u)uGS”pp(ch(p /e (0.T1:8)) -
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For k£ > 0 one uses analogous arguments. O

4.2 Admissible poly-radii and a preliminary estimate
for Taylor coefficients

We shall establish Theorem 5 in a more general setting which is also appli-
cable to the parametric solutions considered in [7, 8, 16].

Assumption 6 1. S is some Banach space over C.
2. We are given a holomorphic function v : U, — S, which satisfies an a

priort estimate
sup [u(z)lls < B(p), (49)

z€U,

where the p-dependent bound satisfies for every J € N
J
B(plv'-'apJv]-a"')SBOHeajpj (50)
j=1

for some constant By independent of p and of J for some sequence of
positive real numbers ;.
3. The poly-radii p in the previous assumption shall satisfy the conditions

pjzl, jEeN, and ijLj<OO
Jj=1

for some fized sequence (L;);>1 of positive real numbers. Such a sequence
p will be called admissible poly-radius.
4. The given fized sequence (L;);>1 shall be summable, i.e.

ZLj < o0 (51)
jz1

We note that (51) is trivially satisfied in the case when the number of param-
eters is finite. We are now interested in estimates for the Taylor-, Legendre
and Chebyshev-coefficients of w.

Proposition 3. Let an admissible poly-radius p = (p;);>1 and an analytic
function u as in Assumption 6 be given. Then for every v € § holds

0" u(z)lls < 'B(p)p~ =viB(p) [ »;", z€l,.
JjEsupp v

Proof. The proof is based on the argument in [8, Lemma 2.4].
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Put E =suppv = {j € N:v; # 0} and set J = |E|. Writing z = (2g, 2g<),
i.e. zp € C’ contains the components corresponding to indices j € E, the
admissibility of p then implies the estimate

[u(ze,0)lls < B(p) (52)

for every zp € U, . W.lo.g. we assume E = {1,...,J} (this may always be
achieved by re-numerating the variables). If we further define the sequence p
by

J ~
- 7 Pi = Pj,
Z jEE Lj ! !

for some arbitrary real number § > 0, it is easily verified that also p is an
admissible poly-radius. In particular, ug is analytic in an open neighbourhood
of U, g, where we are writing ug(z1,...,25) = ug(zg) = u(2g,0).

We may thus apply Cauchy’s integral formula (see, e.g., [15]) in each vari-
able z;, j € E, to obtain

) U(Z/an) / ’
up(erenz) = @ri) T g 0z
I'i(z1) Iy(zy) (2] —21)- - (Zf] —2y) ! 7

w(zh +21,...,2, + 2
= (2mi)~7 (z1t2,. 2+ J)dz/o-~dz’.
r T 22 1 J
1 J

where I';(z;) denotes the circle with radius p; and center z;, and I'; = I';(0).
Differentiation (or directly applying the formula for derivatives) then yields

ﬁj:pj+€a jEE, €= nga

v 8'”‘u 2,’]_7 .. )
0 u(O):W(O)_V' (2mi)~ ﬁl ji} IS7ES BT VJ+1 dzp---dzy.
Eventually, together with (52) we conclude

|0*u(0)lls < 1B(p)p™" = v'B(p) [] 0}

JjEE
This proves the claim. O

Note that the proposition holds for arbitrary admissible poly-radii. Hence
the estimate can be improved by taking the infimum over all sequences p on
the right hand side. Further note, that the optimal sequence p for such an
estimate (if a minimizer exists) might depend on v. For our purpose of proving
the p-summability of the Taylor-coefficients this means that for every given
v € § we can construct suitable admissible poly-radii p(v), apply Proposition
3 and afterwards sum up the resulting estimates.

Within these considerations it will be necessary to have sharper bounds
on the constants B(p) which leads to the following distinction of admissible
poly-radii.
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Definition 4. An admissible poly-radius p = (p;);>1 will be called (b,6)-

admissible, if
Z 12187 S b—94.

Jj=1

As a particular consequence, if we fix some (sufficiently large) constant b, then
for every 6 > 0 every (b, §)-admissible sequence p will satisfy the (uniform!)
estimate b(p) < boeb.

4.3 A construction of (b,6/2)-admissible poly-radii

The basis for all the ensuing considerations is the following assumption.

Assumption 7 The constants aj, j > 1, shall be summable, Zj>1 a; < 00;
in other words, there exist a (sufficiently large) constant b and some § > 0
such that the sequence p = (1,1,...) is a (b, d)-admissible poly-radius.

Our construction is essentially based on analogous arguments in [8]. To
begin with, we fix a multiindex v € § and choose M € N such that

5
Z max(a;, L;) < — .
i>M 12

This is feasible due to the Assumption (51), Assumption 7 and max(a;, L;) <
a; + Lj. We shall use the abbreviation v; = max(a;, L;) Without loss of
generality, we assume that the indexing of the parameters z; is chosen such
that the sequence ('Vj)j>1 is non-increasing. Then we partition N into two

sets E = {1,...,M} and F = N\ E. We further choose x > 1 such that

Finally, we define our sequence p by

(5uj

]-7 7) ) .7 € F7
4vrly;

pj=#kK, JEE; pj:max(
where vg denotes the restriction of v to the index set F, and |vp| denotes
the ¢1-norm of the multiindex restricted to I, i.e. [vp| =3, ), v; (with the
convention 2 =0 if [vp| = 0).
Now we first verify that this sequence p is indeed (b, §/2)-admissible. To
do so, we estimate
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Zp]a]—nZaj—&—Zmax( |’y)

i>1 i<J j>J
ov;
S(Ii—l)Z’yj‘-‘rZaj-‘rZ(l-i- J )aj
I<J i<J i>J 4|VF|7‘7
1) 1) )
jz1

By Proposition 3 we bound ¢, := (u!)*l(agu) (0) by
. vE|d;\vi
It lls < B(p)p™" < boe® (Hn )(H(i“) ) (53)
JjEE jEF J

where n = L < 1 and d; = 4%. Moreover, factors with exponent v; = 0 are
understood to be 1. Finally, we note that the choice of M implies

ldlleymy = > dj <

i>M

(54)

Wl =

O

4.4 Summability of Taylor coefficients

The constructions in the previous section are the basis for the following the-
orem. We shall follow closely the argument given in [8, Section 4.4]. Before
stating the main theorem, we mention the following basic result of [7].

Proposition 4. Given 0 < p < 1, it holds (%b”)yeg € 0,(8) if, and only
Zf, EjEN bj <1 and (bj)jeN S ZP(N)

With the help of this proposition we are finally able to prove the desired
summability result.

Theorem 8. Let the Assumptions 6 and 7 be satisfied. Moreover, suppose

(aj>j€N ’ (Lj>jeN = EP(N) ’ i.e. (’yj)jeN € E:D(N) : (55)
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Then, for the same value of p, the sequence {t,},er of Taylor coefficients
t, = L0"u(0) € S of the given function u is p-summable in the sense that

(1118, s € £(3):
Proof. We conclude from (53)

S (lltulls)” < 0 b”Z(H ><H<|F|d))

ves veF jEE JjEF
= bgebp( > 5(V)p> ( > Bv ) bhe” ApAr
vESE vEFF

where §g = {v € §F : suppr C E} and §r = {v € § : suppv C F}. Then it
further follows

as= (X oor) = X =TI = (1)

VETE vEFE JEE jEE n=0

recall n < 1 (since E is finite and |E| = M the index set §g may be identified
with N37). Now we turn to Showing Ap < co. Using as before the convention
0°=1and dF =[[..pd; we find

JEF )

=0 lveldj\vi _ |vpllvPl

By = [T(PE%) " = I —par, vede. (56)
jer Vi [liery;

Applying the Stirling inequalities

nle” n o nle”
< <

n
evn — = V2’

we can further estimate the numerator and denominator in (56),

n>1,

lelvrl lelvrl
|7l < |vpllelrl and H v et il

> )
e H ermax(Ley/vy) — [[cpe”

where at the end we used the bound max(1,ey/n) < e™. Altogether we then
obtain from (56)

~ VF! vl ve VF! v
g(u)g‘ !el ld :QH(edj)J.

Vp. VE.
F F ier

We next apply Proposition 4 to the sequence (ed;)jen. The assumptions
of Proposition 4 are satisfied due to (54), e < 3, and due to condition (55).
Eventually, this yields > 5 (v)P < o0, and thus the asserted summability
of the Taylor coefficients. O
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4.5 Legendre Approxrimation

In this section we shall consider expansions of the mapping z — wu(z) into
series of tensorized Legendre polynomials. We show that N-term truncated
Legendre expansions yield optimal L? convergence rates. Their orthogonal-
ity with respect to the uniform Lebesgue measure on (—1,1) renders them
particularly suitable as bases in so-called stochastic Galerkin Methods (see,
e.g., [10] and the references there). To fix notations, and to facilitate the
(countable) tensor product construction, normalization is crucial. In the
univariate case, we define the system (P,),>0 to be Legendre polynomials
with the Lo-normalization ||P,[|z_(-1,1) = Pa(1) = 1 and we denote by
L, =+/2n + 1P, their Ly-normalized version, i.e.

1
d
/ Lo(s)2S2 =1, n>o0.
1 2

Note that in particular Py = Lo = 1. For v € §, we define two families of
tensorized Legendre polynomials,

P,(z) = H Py, (25) and L,(z) = H Ly, (%) .

j>1 j>1
The property Py = Lo = 1 renders P,(z) and L, (z) well-defined for all v € §.

As a direct consequence we further note that (L, ),cz is an orthonormal
basis in Lo (U, du), where dp is the countable product of the probability mea-
sures % on [—1,1]. The vector-valued spaces Lq(U,du;S) as well as the
Bochner spaces L, (U,dy; S), 0 < p < 0o are to be understood similarly.

From conditions (49) and (50) we immediately conclude u € Lo (U, dp; S) <
Ly (U,dp; S), thus we obtain the unique expansions

u(y) = Z uypl/(y) = Z Uva(y) (57)

veF veF

with convergence in Lo (U, du; S), where the S-valued coefficients u, and v,
are given by

v, = /Uu(y)L,,(y) du(y) and wu, = (H(l + 2Vj)) 1/21),, .

=1

We then find the following analog of Theorem 8 for tensorized Legendre
expansions.

Theorem 9. Let the Assumptions 6 and 7 and condition (55) be satisfied.
Then the Legendre coefficients u, and v, of the given function u are p-
summable, i.e. (||u,,||5)ueg, (”v””‘s)ues € 0,(3F).
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A proof may be obtained following along the lines of the one given in [§],
but we prefer to give an alternative argument leading to sharper estimates for
the Legendre coeflicients. This second proof is an adaption of (real variable)
estimates presented in Sec. 6 of [7].

We start by recalling Rodrigues’ formula,

V2n+1 d? "
Ln(S) = ( )an' ds”( — t2) , nec N.

If g: [-1,1] — S is some given C*°-function of one variable, we then can
use partial integration to estimate the corresponding Legendre-coeflicients:

<m/ m/

s)ds =
2np! 21!

In = lfs)ds

and it follows

V2n+1

llgnlls < Lllg"™ o -11):8) »

2nn!
where I, = [ ( 11 1 - 52)” ds. Partial integration and the obvious relation
I, =1,_1— fll —s4)n- Lds reveal the recursion I, = 2n7+1 n—1. Thus
we have

2™n!

for n>1, Iop=1.
1;[1434—1 Cnt+DEn—nn 8 =t o

Combining these formulas gives

1 1
nlls < (n) ey < g™ o
||g ||3 = m(2n — 1)” ||g HLOO([ 1,1;8) > o1 + 1n! Hg ||Loo([ 1,1];8)

This one-variable estimate may now be applied to our analytic function u
with respect to every parameter y;. In this way we can estimate the Legendre
coefficients u,, by the L,,-norm of the partial derivative 0" u:

1

= il0"ulli ws) -

Il < 10°wles) TT VT sy

j€suppv
Combining this with Proposition 3 and recalling U C U, we have shown

Proposition 5. Let the Assumption 6 be satisfied. Further let p be an arbi-
trary admissible sequence. Then we have the estimate

lulls < Bp) I »;"" =Blo)p™"-
JjEsupp v

In other words, the Legendre coefficients u, may be estimated in exactly the
same way as the Taylor coefficients ¢,,, thus exactly the same arguments as for
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the proof of Theorem 8 prove also Theorem 9. We only note that obviously
lovlls < |luvlls, hence the summability of (||uy|ls)vez immediately implies
the result for (||, |ls)ves-

4.6 Chebyshev Approximation

As a further example of orthogonal polynomials defined on the interval [—1, 1]
we consider the Chebyshev polynomials =, (t) = cos(n arccos(t)), n € N, and
Zo(t) = 1. Whereas Legendre polynomials are, due to their orthogonality
properties with respect to the uniform probability measure, well suited for
stochastic Galerkin discretizations, the Chebyshev family is particularly well-
suited for collocation; this has been exploited for several decades in connection
with spectral methods [5]. Chebyshev polynomials satisfy

dt
En _ =1, n>0, and Z,0))—— =
|| ||Loo([ 1,1]) /[_1’1]| ( )| m

As before we consider the set U equipped with the Borel o-algebra B(U) and
the product measure

g, n €N.

dt
dn = —_—.
7 % V1 —t2
As in the Legendre-case conditions (49) and (50) imply u € Lo (U,dn; S) <
Ly(U,dn; S). Moreover, the system of tensorized polynomials (=), ¢z, where
for v € § we put Z,(y) = [[;en Zv,(y;), constitutes an orthogonal basis.
Note that they are not orthonormal with respect to the measure 7, but there

holds
1

[ mwram = T =2

JjEsupp v

Nevertheless, this yields the unique Chebyshev expansions
o) =S wE W, veU. w2 [ s w0, 68)
veF v

with convergence in Lo (U, dn; S).
We again aim at a summability result as in Theorems 8 and 9, and once
more we start with an estimate in terms of arbitrary admissible sequences.

Proposition 6. Under the assumptions of Proposition 5 it holds

lwlls < B(o) [ 20" = Bpp2wrrlp.
jEsupp v
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Proof. W.l.o.g we discuss the case v = ne', n € N, the general case being
a straightforward modification by applying the single-variable case to every
variable z; with j € suppv.

Similar to the proof of Proposition 3 we write z = (21,2’) € U, and put
u1(z1) = u(z1,2') for some arbitrary 2z’ € U’ = [[;5,{¢ € C : [{] < 1}
(note that due to the assumption on p we have U C U,). Then we have
[lu1(z1)]ls < B(p), and we further find

/UEV( // 11]5 (t)ult,y') \/ft_—ﬁdn(y’)—//fn(y')dn(y’)-

It clearly suffices to bound ||Z,,(y')||s independently of y'. At first we find

1L, (y") = / cos(nf)uy(cosd)dd = %/ uq (cos ) cos(nf) df
0

—T

- % I¢|=1 “ (C +2C_1> (C” 4—2C_”) % - 21i/|<=1 (7)) (J(Cn))dfc'

The last step is verified by substituting the standard parametrization ¢(0) =
e’ and by the Joukowsky-transform J(¢) = (¢ 4+ ¢~1)/2. Vice versa, it is
well-known that J maps the unit circle onto the interval [—1, 1] (traversed
twice), since with |(] = 1 it follows J(¢) = R({). Therefore we can estimate

sl )ls < | [ _1u1 7 +H [ 1u1(J<<>)<*"% S

I R TR

< B(p)p ™ '27TP1+B()1 Ye2mprt = 4nB(p)pi "

S

Here we used Cauchy’s Theorem, since |7 (¢)| < py on [¢] = py or || = py*
and the fact that u; is analytic in an open neighbourhood of the disc {¢ €
C : |¢] < p1}, see the proof of Proposition 3. O

The above, classical argument can essentially be found in Section 3 of [21].
By a modification of the construction and summation argument from the

proof of Theorem 8 similar to the Legendre-case in [8], we then obtain an

analogous summability result for coefficients in the Chebyshev expansion.

Theorem 10. Theorem 9 remains valid upon replacing the Legendre polyno-
mials L, and the the Legendre coefficients v, in the expansion (57) by the
Chebyshev polynomials =, and the Chebyshev coefficients w, in (58).

For later reference we present the corresponding construction of (b,d/2)-
admissible sequences. As in Sec. 4.3 we start by choosing some parameter
k > 1 such that
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(FL—l)Z’Yng.

Further we fix an integer M such that
> sy
, Vi = o4’
j>M

and we put once more E = {1,..., M} and F' = N\ E. Finally, we define our
sequence p by

_ 9y
4|VF|’7j

pj =k, JEE; Pj 2, jeF.

Again we have to check first that this sequence p is indeed (b, §/2)-admissible.
To do so, we estimate

ijaj:nZaj+Z<2+ 5Vj )O[j

i1 J<M J>M Alvrly

(Hfl)Z’VjJrZOéjJr%ﬂL?Z%

J<M J<M J>M

%5+Zaj+27j§g+zaj§b—g~

i>1 i>M i>1

IN

IN

Similarly, it follows from assumption (51) that
ijLj < é JFZL]' < 0.
, 2
Jj=1 Jj=1
Ultimately, by applying Proposition 6 we obtain the estimate

Htu”S S 2|supp DlB(p)p_V

< b06b21\/1<H ,r]uj>2|(suppu)ﬁF| <H (W)w)
J

JjeEE jEF
< boeb2M<H n”f) <H (el )> : (59)
jEE jEF J

where n = % < 1 and E] = %, and the choice of M implies

Wl =

HJHA(F) = Z j] <

i>M
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We shall point out two particular aspects of this construction, as they become
important in Sec. 4.8:

e The first part of the sequence p with indices in F is independent of v
(particularly, also the partition N = E U F does not depend on v).
e For the second part of all these sequences p we have p; > 2 for all j € F'.

For the proof of Theorem 10 we finally note that the estimate (59) is of
exactly the same form as the estimate (53), hence the arguments from the
proof of Theorem 8 apply here as well.

4.7 Proof of Theorem 5

In the concrete situation of the parametric problem (1) we know from The-
orem 4 that under the given assumptions we have X € A(U,; C*([0,T];S)),
and if additionally condition (17) holds it follows X € A(U,; C**1([0,T); S)).
Together with the a priori estimates (37) we are almost in the situation of
the previous summability theorems. Since we always have to fulfill the small-
data-assumption (27), fulfilling the conditions (49) and (50) would imply xg
to be bounded with respect to every component z;, j € N, and thus (by
Liouville’s Theorem) to be constant. Eventually, this would yield the rather
trivial result of affine dependence of the solution X (-;z) on the parameters.

However, to derive the above theorems we only need to consider the various
constructed sequences p(v), see Section 4.3. Then it becomes clear that we
have p;(v) <p; = max(1, 4%],), where § > 0 can be chosen arbitrarily (which
in turn of course affects all the other constants involved). Hence we only
need to satisfy the estimates (49) and (50) for the sequence p, which in turn
is ensured by the small-data-assumption (41) as well as the a priori estimate
(37). O

Remark 6. As before in case of global Lipschitz-continuity of f the small-data-
assumption (41) can be dropped, and we can even allow for an exponential
growth of zy as described by the conditions (49) and (50).

Remark 7. Estimates for the initial data, as long as these satisfy the small-
data-assumption, enter the summability result via the a-priori-estimates (37).
In turn the small-data-assumptions are influenced via the Lipschitz-constants
L(p, R), i.e. the second part of assumption (40).

The constant in (42) is exactly the ¢P(F)-quasi-norm of the sequence of
Taylor coefficients (T,),cz, which depends on the a-priori-estimate for X
(as a common factor in all the estimates in Proposition 3, the same factor
appears in this quasi-norm) and on the ¢?(N)-quasi-norm in the left part of
(40).

Finally, higher regularity for the functions f; does not affect the small-
data-assumption or the domain of analyticity (i.e. the polydisc Uz), but only
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the a-priori-estimate. Moreover, such higher regularity of course affects the
norm, in which the Taylor-coefficients are measured and hence their ¢P-quasi-
norm as well as the index set of largest coefficients.

The same considerations apply to the Legendre and Chebyshev series of
the parametric solution.

4.8 Monotone N -term approximations

The sparsity result Theorem 5 yields the ezistence of a family of sparse, IV-
term truncated Taylor series of the parametric solutions X (¢;y). Its proof,
however, does not shed light on the structure resp. on the construction of
concrete sets Ay C § which would yield the proven convergence rate with,
possibly, a suboptimal constant. In [14], we test algorithms towards the end
of efficient constructions of concrete sequences {An}n>0.

Due to the strongly nonlinear nature of the problem (1), these methods
will be based on collocation approzimations of (1). In order to exploit sparsity
in polynomial expansions of the parametric solutions, as provided by Theo-
rem 5, with collocation schemes, it is important that for optimal sets A C §
of “active” polynomial coefficients we have available unisolvent polynomial
interpolants. For arbitrary sets A C §, it is in general difficult (if not impos-
sibe) to design unisolvent polynomial interpolation based on N points where
N is equal to the cardinality of A.

One particular class of index sets A C § for which this is possible are
the so-called monotone index sets. This class of index sets was introduced in
[6] in the context of adaptive Taylor approximations of parametric elliptic
partial differential equations. we now strenghten the N-term approximation
properties of the Taylor series by introducing the notion of monotonicity of
index sets A C §.

This notion is based on the following ordering of §: for any two indices
u,v € §, we say that u < v if and only if p; < v; for all j > 1. We will also
say that ;o < v if and only if 4 < v for all j € N and if p; < v; for at least
one value of j.

Definition 5. A sequence (a, ),z of nonnegative real numbers is said to be
monotone decreasing if and only if for all p, v € §

pEv=a, <a,.

A non empty set A C § is called monotone if and only if v € A and p <
v = u € A. For a monotone set A C §, we define its margin M = M(A) as
follows:

MA) ={r¢A;3j>0 :v—e;j €A}, (60)

where e; € § is the Kronecker sequence: (e;); = d;; for 4,j € N.
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Notice that the margin M(A) is an infinite set even when A is finite since
there are infinitely many variables. In the finite dimensional setting d < oo,
the margin is a finite set. Any nonempty monotone set contains the null index
(0,0, ), which we will denote in what follows with slight abuse of notation
by 0. Intersections and unions of monotone sets are also monotone. Also, note
that AU M(A) is a monotone set.

Recall |v| :=>",o, v; for v € §. We say that v is maximal in a set A C §
if and only if there exists no p > v in A. If A C § satisfies N := N(A) :=
max,e 4 |V] < 0o, then any v € A for which |v| = N is a maximal element. In
particular, any finite set A has at least one maximal element. If A is monotone
and if v is maximal in A, then A — {v} is monotone.

The monotone magjorant of a bounded sequence (a,),ez is the sequence

a, :=max|a,l, veF.
u>v

We define (7, (F) as the set of all sequences which have their monotone ma-
jorant in ¢P(F). Clearly, (% (§) is a linear space with respect to addition of
sequences and scalar multiplication. We equip this space with the norm

an)ller, @) = l@)ller )

Now, if (a,)vez € 2,(F), 0 < p < 1, and Ay, is any monotone realization of
A% ((ay)veg), then these sets Ay satisfy

—s 1
Do lal< Y a <ll(@)lle, gk +1)7° s:= PR (61)

V¢Ak V¢Ak

Theorem 11. Under the assumptions of Theorem 5, each of the sequences

I es, o n0m9)es s G, 0mys) e (IXuller ), q0m18) bes

belongs to L2 (F).

Proof: The result will follow from the coefficient estimates obtained in Propo-
sition 3 that we used in the proof of Theorem 5, and on arguments in [6]. We
denote by Ay s the set of all (b,0)-admissible sequences p for which p; > 1,
for all j. It was shown in Proposition 3 that for any 6 > 0

||TV||01

L(@.R)/k

1 4 b - —v
([0.7);5) SpggﬁjB(p)p < boe pelrfltpr . (62)

Now fix § > 0 arbitrary. Then we have

1Tl

L(B.R)/x

5) Sboe® inf  pTV =ih,. 03
([O,T],S) =0 pE.Ab,(S/2p ( )

In the proof of Theorem 5 it was shown that (b, ),z € ¢P(F). We now observe
that the sequence b, defined in (63) is monotone because for any p € A;, s
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p<v=p"<pH

and thus
w<v=">0,<b,.

Therefore, if (a,) denotes the monotone majorant of the coefficient sequence

(”T"”Chz,m/x([OvT]?S))”GS’ we also find that
a, <b,.
It follows that H“TZ"'Ci(;.R)/K([OvT]?S) . < |[0)|ler () < oo. In view of

Proposition 5 exactly the same arguments apply to the sequence X, of Leg-
endre coefficients. To prove that

(||Cu||ci(m)/m([o,T];5))yeg €. (3)

we shall make use of Proposition 6 and the special construction of (b,d/2)-
admissible sequences in Sec. 4.6. We find

Collen oy < inf inf bgeb2lswrvl,—v
| u||cL(ﬁR)/n([o,T],5) = 350 peds. s p
< boe® inf Z‘Supp’jlp*” =:b,
pPEAy 5/2,p;=K,JEE,
pj=2,JEF

with k, E and F as in Sec. 4.6. Unfortunately, the sequence (b,),cg itself is
not monotone. However, it holds

p<v= EV < Q\Eﬂsupp(v—u)\'bvﬂ < 2M3uv

since due to p; > 2 for j € F' we have

M o2< T1 2"

j€E€supp vNF jEsupp uNF

Thus it follows " ~ ~
||wV||5 S by § sup bl/ S 2Mbu .
H2v

In other words, (b,)yes is quasi-monotone, and it belonging to ¢7(F) was
already proven in Theorem 10. We conclude (b, ),cz € #2,(F), and hence we

m

finally find (le,||s)yEg to belong to ¢ (F). O
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5 Conclusions

We have presented a general theory of parametric initial value ODEs on high-
and possibly infinite dimensional parameter and state spaces.

Under the uniform validity of a Lipschitz condition for the parametric
vector fields and under the assumption of affine parameter dependence on
the parameters, which typically occurs in applications from stochiometry and
from Karhunen-Loeve type representations in PCAs, we showed existence,
uniqueness of analytic contiuations of the parametric solutions to certain
polydiscs in CN, with precise bounds on their size. This, in turn, was used to
establish a-priori bounds on the Taylor-, Legendre- and Chebysev coefficients
in the corresponding expansions of the parametric solutions, and to establish
p-summability of the corresponding coeflicient sequences measured in the
norm || o ||s of the corresponding state spaces S. This p-summability allowed
to deduce, via a classical argument due to Stechkin, the rate of convergence of
nonlinear, best N-term approximations of partial sums of such sequences. The
convergence rates of best N-term approximations of the parametric solutions
were found to depend only on the summability of the parametric inputs and
to be in particular independent of the dimension of the parameter space U.
We showed, in particular, that these rates were attained even by best N-term
approximations on index sets Ay C F which were monotone.

Spans of tensor product polynomials with degree combinations that be-
long to monotone sets are independent of the choice polynomial basis in the
coordinate direction. This observation allows the design and optimization of
sparse, adaptive collocation approximations of Smolyak type for monotone
polynomial degree combinations and rather general choices of interpolation
points in the coordinate directions.
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