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Abstract

We consider diffusion in a random medium modeled as diffusion equation with lognormal Gaus-
sian diffusion coefficient. Sufficient conditions on the log permeability are provided in order for a
weak solution to exist in certain Bochner-Lebesgue spaces with respect to a Gaussian measure. The
stochastic problem is reformulated as an equivalent deterministic parametric problem on RY. It is
shown that the weak solution can be represented as Wiener-It6 Polynomial Chaos series of Hermite
Polynomials of a countable number of i.i.d standard Gaussian random variables taking values in R'.

We establish sufficient conditions on the random inputs for weighted sequence of norms of the
Wiener-It6 decomposition coefficients of the random solution to be p-summable for some 0 < p < 1.
For random inputs with additional spatial regularity, stronger norms of the weighted coefficient
sequence in the random solutions’ Wiener-It6 decomposition are shown to be p-summable for the
same value of 0 < p < 1.

We infer rates of nonlinear, best N-term Wiener Polynomial Chaos approximations of the random
field, as well as for Finite Element discretizations of these approximations from a dense, nested family
Vo C Vi C Vo C ...V of finite element spaces of continuous, piecewise linear Finite Elements.
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1 Introduction

In recent years, partial differential equations with random inputs have attracted interest due to their
relevance for quantifying uncertainty in engineering and in the sciences. Broad classes of numerical
methods to estimate statistics of random solutions include sampling techniques such as Monte-Carlo and
Quasi-Monte Carlo methods, Stochastic collocation techniques and spectral discretization techniques
consisting of Galerkin projection onto (generalized) polynomial chaos bases. Whereas the former are
rather general, the latter require careful study of the probability measure and a spectral basis adapted
to the probability space of the random inputs. A common feature of the latter class of problems is their
parametrization as a deterministic problem on a parameter space of countably infinite dimension. A key
analytical question in this context is then the approximability of the parametric, deterministic solution in
terms of tensorized polynomial systems which are orthonormal with respect to the probability measure.
This approach has gained increasing significance in recent years. We mention only the book [10] and the
papers [19, 18, 2, 1, 15, 14, 13, 3, 12] and the references there.

In particular, in the context of adaptive solution algorithms, so-called best N-term approximation
rates are of interest as a benchmark for the best possible achieveable by adaptive, deterministic ap-
proximation methods of stochastic Galerkin or also of stochastic collocation type. One principal aim
of this work is to prove that, indeed, adaptive polynomial chaos approximations can afford higher rates
of convergence in terms of the number of overall degrees of freedom than the commonly used Monte
Carlo sampling methods or even their more efficient variants, the multi-level Monte-Carlo Finite Element
Methods, whose complexity was recently analyzed in [4].

In the case of probability measures with compact support such as, e.g. the uniform distribution,
best N-term approximation results in terms of tensorized Legendre polynomials (which are the natural
orthogonal polynomials for the uniform probability measure) have been obtained in [7, 6]. In many
applications, however, countably many, independent and identically normally distributed random inputs
are assumed. In this case, the natural polynomial system for the representation of system’s random
response are well-known to be tensorized Hermite polynomials; this goes back N. Wiener (see, e.g., [17])
and is, therefore, termed Wiener polynomial chaos, or WPC, representation.

To obtain best N-term approximation rates for truncated Wiener polynomial chaos expansions, for
solutions of elliptic partial differential equations with random inputs and for probability measures with
unbounded support, such as lognormal models of permeabilities in subsurface flow models, is one purpose
of the present paper.

Its outline is a follows: in the next section, following [11, 16] we specify the lognormal diffusion problem
and present its reduction to a parametric, deterministic problem on a subset I' of the infinite-dimensional
parameter space RY which we show, however, to be measurable with respect to a parametric family of
Gaussian measures on RY, and to be of full measure. We then establish well-posedness of the parametric,
deterministic problem and measurability of the solution of the parametric deterministic problem for all
parameter vectors in a subset I' of RY of full (Gaussian) measure. We present a weak formulation of
this parametric, deterministic problem and prove its well-posedness. We then show that the parametric
solution can be expanded into a polynomial chaos type series with respect to a countable family i.i.d
Gaussian random variables. Moreoever, we establish conditions on the p-summability of the Hermite
coefficients of the solution, under suitable decay condition of the random coefficients of the problem.

Throughout, we shall use the following notation: N denotes the set of natural numbers, and we define
No = NU {0}. By D c R?, d > 2, we denote a bounded domain with Lipschitz boundary dD.

By RY we denote the set of all sequences of real numbers and observe that RN = R x R x ... = R®. By
F, we denote the set of “finitely supported” countable multiindices, i.e.

F={veNy:|v| <o} .

Here, by |v| = v1 + v + ..., we denote the “length” of the multiindex v € NY. Evidently, a multiindex
v € F can have only finitely many nonzero entries v;. For v € F, we denote by n C N the “support set”
of v, i.e. the (finite) set of all j € N such that v; # 0, with j repeated v; > 1 times. Hence, [n| = |v|. We
shall always associate to v € F the support set n and to p € F the set m C N.

For y € U, we denote by 0y u(:,y) the mixed partial derivative of order v and likewise df/u(-,y). On
occasion, we shall also write 9y in place of 9, and likewise for 9.



2 Problem Formulation

Let D C R? denote a bounded domain with a Lipschitz boundary D and denote by (€2, F,P) a probability
space. In the domain D, we consider stochastic isotropic elliptic problems

-V - (a(z,w)Vu(z,w)) = f(z) in D, ulop = 0. (2.1)

Here, the coefficient a : D x€) — R a stochastic diffusion coefficient, and f is the deterministic source term
(a stochastic source term that is uncorrelated to a could equally well be considered; to avoid unnecessarily
involved exposition and notation, we do not elaborate on this case). By V = HJ (D) we denote the closed
subspace of the Sobolev space H!(D) of functions whose boundary values vanish in the sense of trace,

with norm
1/2
o]y = (/ |Vv(:c)|2d;v) . (2.2)
D

For given random coefficient a(x,w) and any w,v € V, we define the stochastic bilinear form
b(w; w,v) ::/ a(z,w)Vw - Vudz;
D

and we consider the source term f as element of the dual space V' of V. Then, for any w € 2, the weak
formulation of (2.1) reads: find u(w) € V such that

bwyu(w),v) = (f,v) YveV. (2.3)

Here, and in what follows, we denote by (-,-) the extension by continuity of the L?(D) innerproduct to
the V’ x V duality pairing. To prove well-posedness of (2.3), we use the Lax-Milgram Lemma. To invoke
it, we specify conditions which ensure that the diffusion coefficient is positive, and show that, under
additional conditions, the collection of pathwise solutions {u(w) : w € Q} is measurable with respect to
a suitable probablity measure.

2.1 Model elliptic PDE with lognormal Gaussian Parameters

For the coefficient a(z,w) of the problem (2.1), we assume a Karhtinen—Loéve type expansion of log(a—a.),
where a, is a bounded function on D with a.(z) > 0 for all # € D. Thus, we assume a stochastic diffusion
coefficient of the form

a(z,w) = a.(z) + ag(x) exp (Z Ym(w)wm(x)> , zeD, (2.4)

for y(w) = (Y (w))men : @ — RN,

To fix the scaling in the Karhinen—Loeéve expansion (2.4), we further assume that the Y, (w), m € N
are independent standard Gaussian random variables in R'. This is the case if, for example, log(a — a.)
is Gaussian and we expand it in its Karhtinen—Loeve series, or more generally if (¢, )men are orthonormal
in the Cameron—Martin space of the distribution of log(a — a.), see [16, Section 2.4].

By the above assumptions, the law of the sequence of random variables y = (Y7 (w), Y2(w),...) is
defined on the probability space (RN, B(RY),~), with the Gaussian measure v given by

y=Q M (2.5)

(see, e.g., [5]). In (2.4), we assume that v, € L*°(D) for all m € Ny, ag(z) > ap > 0 for all z € D,
a.(z) > 0 and

Z Hd)m”L“’(D) <00, (2.6)
m=1
i.e. we require that the sequence
b= (bm)m>1 = ([¥mllLe(D))m>1 € (H(N) . (2.7)



Given a sequence b € (! (N) we define the set

Iy = {yERN; me|ym| <oo} . (2.8)

m=1

For each y € Ty, we define the deterministic, parametric coefficient as

a(z,y) = a.(x) + ap(z) exp (Z ymd)m(x)> , T€D. (2.9)

m=1

The series in (2.9) converges in L>°(D) for all y € T, C RY. We observe from (2.9) that as a.(z) > 0 for
all z, for every y € I'y, holds
aga(V y)

a('vy)

Moreover, the set I'y of admissible parameter vectors is -measurable and of full measure: there holds
(see [16, Lemma 2.28])

<. (2.10)

Vv eF: ’ <
Lo (D)

Lemma 2.1 For any sequence b € (*(N),
Iy € BRY) and ~(y)=1.

In the following, if the dependence of the set I', on the sequence b is clear from the context, we omit it
in the notation.

Lemma 2.2 For ally € T, the diffusion coefficient (2.9) is well-defined and satisfies

0 < a(y) :==essinfa(z,y) <esssupa(z,y) =: a(y) < oo (2.11)
zeD €D

with

a(y) < llaxllz= o)y + llaol| (D) exp <Z bmlym|> ;
m=1

a(y) > essinf a.(x) + do exp <— Z bmlym|> :
m=1

zeD

Proof Let y € T and € D with |1, (x)| < by, for all m € N. Then

Z|wm(m)||ym| < Z bm|ym| < 0.
m=1

m=1

By continuity and positivity of exp(-), for y € T'y,

exp <Z wm(w)ym> = ][ ep@mn(@)ym) € (0,00). (2.12)

Then the claim follows from Kakutani’s Theorem (see, e.g. [5]). o

Due to Lemmas 2.1 and 2.2, we consider I" as the parameter space instead of RY. Even though I is
not a product domain, we can define product measures such as v on I' by restriction.

Lemma 2.2 shows that the stochastic diffusion coefficient a(x,w) in (2.4) is well defined, bounded
from above and to admit a positive lower bound for almost all w € . Thus the stochastic diffusion
equation (2.1) and, equivalently, the stochastic variational form (2.3) admits a unique solution u(w) € V
for almost all w € Q.

For each y € T', we consider the parametric deterministic elliptic problem

-V (a(x,y)Vu(x,y)) = f(.’II) , z€D,

2.13
u(z,y) =0, x€0D (2.13)



with the solution u(y) € V. For y € T, we define the parametric, deterministic bilinear form
b(y; w,v) := /Da(;my)Vw(a:) -Vo(z)dz, w,veV, (2.14)
and reinterpret the forcing term f as a map into the dual space V' by
f(v):= /D fl@)v(x)de, veV, (2.15)
with the integral understood as extension of the L?(D)-innerproduct to the V’ x V-duality pairing by
continuity.

The parametric, deterministic variational formulation of the lognormal diffusion equation (2.13) is
given by the linear variational problem of determining, for y € T', an element u(y) € V such that

bysuly)v) = fo)  Yoe V. (216)
Theorem 2.3 For all y € T, (2.16) has a unique solution u(y) € V. It satisfies
1
u < — IfOllv  Wyer. 2.17
llu(y)llv Mw”ﬂﬂw y (2.17)

Proof: By Lemma 2.2 and (2.2), the bilinear form b(y; -, -) is continuous and coercive on V' with coercivity
constant a(y) for all y € T'. The claim follows by the Lax—Milgram lemma. O

Next, we review solvability of elliptic problems with log-normal coefficients as discussed in [11] and
[16] to the extent that we require later.

2.2 Auxiliary Gaussian Measures

For any sequence o = (0)men € exp(f1(N)), i.e. 0, = exp(sm) with (s;)m € (1(N), we define the
product measure

Yo = ® Nyz, (2.18)
m=1

on (RN B(RY)), where N,z denotes the centered Gaussian measure on R! with standard deviation
om > 0. We denote the standard Gaussian measure on RY by v = ;.

Proposition 2.4 ([11]) For all & = (0)men € exp(£*(N)), the measure V4 is equivalent to . The
density of vo with respect to vy is given explicitly by

Goly) = (H ;) exp (—; S o2 - 1>y?n> . (219)
m m=1

Proposition 2.4 implies in particular that v, (I') = 1 for any o € exp(¢}(N)). Therefore, the restriction
of 7, to I is a probability measure.
We consider sequences o that depend exponentially on b = (b, )men, Wwhose terms are given by

om(X) = exp(xbm), meN, xeR. (2.20)
We abbreviate vy := V4(y) and (y := (o (y)- In particular, v = 1 = 70. Then we have
Lemma 2.5 ([16, Lemma 2.32]) Let n < x and k > 0. Then

e k2e2xIblleoo )
Vyel: () exp (k; Z bmym|> < exp <( +x - n) ||b|£1(N)> . (2.21)

Cx(y) 4(x —n)

If, in particular, & = 0 then (2.21) reads

m=1

Cn(y)
()

vyeT: <exp ((x = )bl qy)) - (2.22)

We also have



Proposition 2.6 ([16, Proposition 2.33]) Let 0 < p < oo and n < x. Then
Lp(]: ’YX) c Lp(rv 777) (223)
and

X—7N
HUHLp(F’%) < exp <p||b|gl(N)> ||'U||Lp(r",yx) Yv € LP(F,’yX) . (2.24)

Proposition 2.6 also applies to Lebesgue-Bochner spaces of functions taking values in, for example,
V or V'. We will use it with 7 = 0, such that ~, = ~.

2.3 Integrability of the Solution

We now briefly discuss integrability properties of the solution u of (2.16). Borel measurability of the map
RY 5T >y u(y) € V is shown in [11, Lemma 3.4] under the assumption that f is Borel measurable
as a map from RY to V’. Under stronger assumptions, measurability of u also follows from Theorem 2.17
below.

Proposition 2.7 Let 0 < p < oo and ¢ > 0. The solution u of (2.16) is in LP(T',~; V) and satisfies

[fllve

ull o vy < Cop

with

Co,p = Min

exp (Llblan) 1 pespollblegn) o
— ) 18l iy

y 7 €&X
essinfyep as(x) ' ag P 4o D

The propsition is a special case of Proposition 2.34 of [16] where this assertion is shown in the more
general case that when f € LP(T',~,; V'), it holds

lull o0 vy < Copll Fllr vy -
We also need integrability of u with respect to the measure 7,. There holds (see [11, Lemma 3.10]):
Lemma 2.8 For all 0> 0 and all 0 < r < oo,

exp (Z bm|ym|> € LT(Fv'VQ)

m=1

with

o0
exp (Z bmym|>
m=1

Theorem 2.9 Let 0 < ¢ < p < oo and 0 > 0. The solution u of (2.16) is in LI(T,v,; V) and satisfies

r 2
< exp <2 16117 vy exp(20[bl e ) + \/; [[B]] 2 vy eXp(Q||b|Z°°(N))>

L™(T,ve)

ullLa(r qpvy < Cogpll fllv:
with
~ 1 qp 2
Coar = 5o P (2(p —J 16117 () exp(20][bl] e v)) + \/; [[Bl]er ) eX19(9|b||eo°(1\1>)> ,

or, if essinfyer a.(y) > 0 and ¢ < p, also with

1

Coqp = —————— -
PP essinfLep aq ()



This theorem is a special case of Theorem 2.36 in [16]. Indeed, in [16] it is shown that when f depends
on y and is in LP(T, v,; V'), there holds

||UHL‘1(F,VQ;V) < Coqp ‘f”LP(F,'yQ;V’)

In particular, if f € LP(T,v,; V') with p > 2, then u € L*(T',7,; V) and
lullL2(r vy < CopllfllLe v (2.25)

with

~ 1 p 9 2
= — 20|1b|] poo b — bl| oo bl| 1 . 2.26
Cop = 5o OXP (p_2exp( olIbllese oy ) 10l e2 vy + 4/ - exp (0|16l )10l ¢ (N)) (2.26)

In our case, f is independent of y so the assertion u € L?(I",v,; V') holds. As p — oo, we find that

~ 1 2
Cooo = 7o &P (eXP(QQb||ew(N))||b||§2(N) + \/; eXp(Q||b||€°°(N))”b|Zl(N)> <00

The space of Gaussian random fields with finite second moments admits a Wiener-Ité6 decomposition
corresponding to expansions of such random fields in terms of Hermite polynomials of Gaussians. The
main result of the present paper is to show regularity for the Wiener-It6 decomposition of the solution
of the diffusion problem. Specifically, we show that the terms of its Wiener-It6 decomposition are p
summable for some power 0 < p < 2. To this end, we denote by H, (¢) the Hermite polynomial of degree
n € N, normalized so that

| Hy ()|l 2@y =1 - (2.27)
Note that Hy = 1. For y € I' and for v € F, we define

Hu(y) = H H,, (ym) =H,, (yl)Huz (y2) st (2'28)

m>1

Since v € F, the formally infinite product in (2.28) contains only finitely many nontrivial factors.

The univariate Hermite polynomials form an orthonormal basis of L2(RY, 1) (see, e.g. [8, Proposition
9.4] or [5, Lemma 1.3.2 i)]). By [16, Proposition 2.38], for (2.28) the tensorized Hermite polynomials
(H,)ver, form an orthonormal basis of L?(T, ). We transform these to an orthonormal basis of L*(T',7,)
using the map

7o RN = RY () men = (€7 Y ) men - (2.29)

Note that 7, maps I' bijectively onto I'.
Lemma 2.10 For all p € R, the map
L*(T,y) = L*(T,7,), v+wvor, (2.30)

is a unitary isomorphism of Hilbert spaces. Furthermore,

/F o(y)y(dy) = / V(o) Vo€ L3(T,7) . (2.31)

r

Proof: The standard Gaussian measure v is the image of 7, under the map 7,. i.e. ¥(E) = 7,(7, ' (E))

for all E € B(T'). This is easily checked for sets E = {y € I'; y,, < A} with A € R and m € N. Then

(2.31) is the transformation theorem. The remaining part of the assertion is a direct consequence. a
The next assertion is closely related to the Wiener-Itd decomposition of L?(RY,~).

Proposition 2.11 For all g € R, (H, o 7,)yeF is an orthonormal basis of L*(T',,).

Proof: The claim follows from Lemma 2.10 since (H, ), ecr from (2.28) is an orthonormal basis of L*(T, ),
[8, Theorem 9.7]. o



Corollary 2.12 Let o > 0. Then the solution u of (2.16) can be represented in the form

u(y) = Z u, Hy(1o(y)) . yel, (2.32)
veF

with convergence in L*(T,~,; V), for the coefficients

Uy = / u(t, () Hy(y)y(dy) €V, veF. (2.33)
r
Furthermore, the coefficient vector u := (u,),er € £*(F; V) and there holds the isometry

wllez(7v) = [lull 21 ypsv) (2.34)

and the a-priori bound
[ulleeFvy < ol fllve (2.35)
with the constant ¢, , from (2.26).

Proof: By Theorem 2.9 with ¢ = 2, the solution u of (2.16) is in L?(T, ~,; V). Then (2.32) is the expansion
of u in the orthonormal basis from Proposition 2.11, and (2.33) follows from (2.31) since

= / w() Ho (o (4))10(dy) = / (e () Ho () (dy) -
T I

Equation 2.35 is a consequence of (2.25) and of Parseval’s identity. O

2.4 Weak Formulation on a Problem-Dependent Space

Since the diffusion coefficient a(z,y) is not uniformly bounded in y € T, simply integrating (2.16) over
I with respect to v does not lead to a well-posed linear variational problem on L?(T',~; V). As shown
below, this difficulty can be overcome by considering a variational from with respect to a “stronger”
Gaussian measure.

If a.(x) is not bounded away from zero we integrate (2.16) with respect to a measure that is stronger
than «y in the sense of Proposition 2.6, but not by as much as «y,. For parameters 0 <9 < 1 and o > 0,
define

Byy(w,v) == / b(y; w(y), v(v) v (dy) = / /D a(z,y)Vu(z,y) - Volo.y)dev,(dy)  (2:36)

and

Fooo) = [ $@wontdn) = [ [ rota)deioglan (237
for suitable w and v. For the variational formulation, we define the space

Voo ={v:T =V : B(I')-measurable; By,(v,v) < oo} . (2.38)
We consider elements of Vy, as equivalence classes of y-almost everywhere identical functions.
Proposition 2.13 The space Vy, endowed with the inner product By,(-,-) is a Hilbert space.

We refer to [11, Proposition 3.6] for the proof of Proposition 2.13. The argument is analogous to a
standard proof that L?(R) is a Hilbert space.

Lemma 2.14 For all w,v € L*(T,7,; V),

|B19!_)(w7 ’U)‘ < é’199||’w||L2(l—‘,'yg;V) HU”LQ(F,WQ;V)
with

. exp(20][blle= )
Cgo = ('a*||L°°(D) + llaol| L~ (p) exp ( A(1 - 19)9( lolle ) ) exp (1= D)ellblle) -



Proof. By continuity of b(y;-,-) for y € T,

Coo(y) .
[Boo(w,v)| < | 2=2=a(y)llw(y)llvioy)lvye(dy)
r Co(y)
Cog
<[] ool
¢ HLe=(Ty)
and the claim follows from Lemmas 2.2 and 2.5 with n = dJp, x =0 and k = 1. O

Lemma 2.15 For all v € L*(T,v; V) with By,(v,v) < 0o, the bilinear form By,(,-) is coercive, i.e.
Vv e LQ(F/V? V)i Bye(v,v) = éﬁg”””%ﬁ(l‘,y;v)
with coercivity constant ¢y, given by
e20ellblle=o )

Cyo = (eiseigf a.(x) + ag exp (—MHpr(N))) exp (—199||b||41(N)) .

Proof: Using coercivity of b(y;-,-) for y € I, we obtain

By,(v,v) > /FCﬁg(y)d(y)llv(y)\l%(dy) Zesz}seiglf{@g(y)d(y)}||v||2L2<rmv>

and the claim follows from Lemmas 2.2 and from 2.5 with n =0, y =J90 and k = 1. O

Proposition 2.16 If¢ > 0, the Hilbert space Vy, is related to Lebesgue—Bochner spaces by the continuous
embeddings
L*(L, V) D Vop O L*(L, 73 V)

For ¢ =0, this still holds if essinf,cp a.(x) > 0.

Proof. Lemmas 2.14 and 2.15 imply
éﬁ@”””%ﬁ(l—‘ﬁ;\/) < Bﬁg(’l),’l)) < 6199HU||%2(F779;V)

for all v € L3(T',v,; V). |
Also, using (2.22) with n = Jp and x = p, it follows that if f € L*(T,~,; V'), then Fy, is in the dual
of Vy,. There holds the following result from [11, Corollary 3.8].

Theorem 2.17 The solution u of (2.16) is the unique solution in Vy, of the linear variational problem

Byo(u,v) = Fyp(v) Yv € Vg, - (2.39)

2.5 Stochastic Galerkin Approximation

Using the variational formulation (2.39) of (2.16), we can define Galerkin projections of u onto suitable
spaces. Let Vy C L*(T',7,; V) C Vg, be finite dimensional. Then the Galerkin projection of u onto Vy
is the unique element uy € Vy satisfying

Bﬂg('U/N,'UN) = Fﬁg('UN) Yoy € Vy . (2.40)

This uy is well-defined since, being finite dimensional, Vy is a closed subspace of Vy,, and thus also a
Hilbert space when endowed with the inner product By, (-, ).

Theorem 2.18 The Galerkin projection uyn satisfies

éﬁg .
lu —unllr2@q vy < 24 oJnf [l —onllLaa,w) - (2.41)




Proof: Theorem 2.9 implies that u € L*(T,~,; V). By definition, ux is the orthogonal projection of u
onto Vy with respect to the inner product By,(+,-). Therefore, it minimizes the projection error in the
norm induced by By,(-,-). Using Lemmas 2.14 and 2.15, we have

Egollu = unll7z(r ) < Boolu — un,u —un)

= inf Byy(u—vn,u—vnN)
VN EVN

<é inf |lu—vy|? .
= Cdo vNevN” N”Lz(l",ny,V) )
and the claim follows. O

Remark 2.19 The errors on the two sides of the estimate (2.41) are measured in different norms.
Therefore, Theorem 2.18 states that the Galerkin projection is almost quasi-optimal. Inserting the values
of ¢yp and ¢y, from Lemmas 2.14 and 2.15, we see that the constant in (2.41) is

e2ellbllgoo
og _ |l + laollmco 0 (5555 Wl ) am
é'ﬂg e29ellbllgoo Hb”@) 2 .

essinf e p a.(x) + Gg exp (— 190

In particular, it tends to co as ¢ approaches 0 or oo, or if ¥ approaches 1. If a, is not bounded away
from 0, then the constant also tends to co as ¥ approaches 0.

Motivated by Corollary 2.12, we consider in particular spaces Vy of the form
Vy ={veL’T,vs;V); v, € VN, WwEF}, (2.42)

where Vv, C V is a finite dimensional subspace for all v € F, and Vi, = {0} for all but finitely many
v € F. In (2.42), (v,),er are the Hermite coefficients of v € L?(T,~,; V) with respect to the scaled
Hermite polynomials (H, o 7,),ex from Proposition 2.11, i.e.

v = [ o O veF. (2.43)

Then Vy is a finite dimensional subspace of L?(T,7,; V), and its dimension is the sum of the dimensions
of Vi, over v € F.

Corollary 2.20 For Vy be of the form (2.42) the Galerkin projection uy satisfies

Yo

- 1/2
Cy .
= unll ey < é@<2 mf‘nuu—vﬂv> . (2.44)

Proof: The claim follows from Theorem 2.18 and from Parseval’s identity since (H, o 7,),er is an
orthonormal basis of L2(T",v,; V). 0

3 Regularity of the parametric solution

For a given parameter vector y € I', we consider the parametric, deterministic problem (2.13) with the
parametric variational formulation (2.16). We are interested in bounding partial derivatives 9, u(-,y) for
any v € F. To this end, we assume

IF() e L*(D)* st. f()=-V-F(:) in V. (3.1)

We use the positivity of a(-,y) for y € T and (3.1) to rewrite the parametric deterministic problem (2.16)
as follows: find u(-,y) € V such that

W) €V byat.)) = = [ a7 @) F@) o H ey Vuds VoeV . (3:2)



Inserting into (3.2) the test function v = u(-,y), we find

/D ale,y)|Vu(z,y)2ds = - /D F(z) - Vu(z, y)dz < a2 F () 2o la >Vl )]l 12(o) -

For y € T we define the a-dependent norms

1/2
ol = ( / a(x,y>|w|2dx)

and, for f € V' with F € L?(D)% as in (3.1),

iflas= ([ al(x,y)IF(x)|2d:c)1/2.

With these notations in hand, applying the Cauchy-Schwarz inequality to (3.2), we find for every y € T

that
a9l = [bCy; ulv) ul o) <I FOllar 1w y)

so that we obtain the a-priori estimate

Vyel: Ju(,ylla < 1fC)lar - (33)

Next, we prove estimates for J; u(-,y) for v € F.

Theorem 3.1 Under the assumption (2.7), for f € V' which is independent of y, for every y € T such
that there holds

10y uy)lla < [WIO"( F()llar (3.4)
where the sequence b is defined by b= b/log, 2 with the sequence b as defined in (2.7).

Proof: For v = 0 € F, (3.4) reduces to the a-priori estimate (3.3). For |v| > 0, we proceed (3.4) by
induction with respect to |v/|.

The induction will be accomplished by differentiation of the parametric weak formulation (2.16) with
respect to y. We shall require the Leibnitz rule: given any two smooth functions f, g of y € U, for any
v € F with associated support set n C N holds

oy(fg)=>_ (@5 )05\"g) . (3.5)
meP(n)

Here, for a finite subset m of N, 3(m) denotes the power set of m.
Applying for v € F with support set n the partial derivative 9; to (2.13), the y-independence of f
implies

YoeV: /a(x,y)V(agu)-Vvda: = - Z / 0“\m (z,y)V(9,'u) - Vudz
b mEP(n)\{n} (3.6)
= - Z ﬁ/ 0l}aV o' Hu - Vodz
05y My = p)!

where p < v means that u; < v; Vi with p; < v; for at least one index 4, and u < v means that Vi,
;i < v;; 0 denotes the member of F whose all components are zero. We refer to the Appendix for a more
detailed derivation of this identity.

Choosing in identity (3.6) the test function v = dju = 9y u, we find for every y € I'

(@l =~ 3 [ @) vEp) - Vg

me%(n)\{ﬁ}\

6“ ma('7y)
< > PSS et leggut e
meP(n)\{n} ’ L>(D)

10



which implies with (2.10) that

[n]—1
" < a;}\ma(_’y) om
logut9)la < Y oty 0y u(,y)lla
i=0 meP(n):|lm|=i ’ L= (D
et (D) (3.7)
< D> mMaguty)la -

=0 meP(n):m|=1
We next note that
. n
#(m ety sfwl =iy = (1)

7

We define the sequence d = (dy,,)n>0 by the recursion

j—1 .
d()t:l7 VJZI dj:Z(Z>dz (38)

1=0

We now claim that for all v € F with support set n C N, we have

[0yuCy)lla < djad™[[ flla-1 - (3.9)

For |v| = 0, (3.9) is just the bound (3.3). For |v| > 0, we assume that (3.9) is already proved for all
w € F such that |u| <n —1 for some n > 1. Next, for v € F such that |v| = n with associated support
set n, we find from (3.7) that

[n|—1

Yo > M arut )l

=0 meP(n):|m|=t
[n[-1

105u(-,y)lla

IN

D"\ O™ | f || o1

(]
(]

i=0 meP (n):|m|=i
[n|—1

= (X (")) st
=0

A 0" flla—1 -

This completes the induction step and hence the proof of (3.9). The assertion (3.4) now follows from the
bound

|
d, < ( " Vn € Ny

log, 2)"

which is proved, by referring to generating functions, for example in [3]. a

4 Best N term approximation

For best N-term approximation rates, we study the summability of the sequence of coefficients (u,),ecr
in (2.33). In particular, we will show that the sequence (||u,||v ), belongs to a space ¢7(F) under certain
summability conditions for the coefficients v, of the expansion (2.9).

4.1 p-Summability of ||u, |y

The summability property of (||u,||v), depends on the summability of the coefficients of the expansion
(2.9). We will work under the following assumption on the summability of the input’s coeflicients vy.

Assumption 4.1 There exists 0 < p < 1 such that the sequence (by)x defined in (2.7) satisfies

(kby)x € (P(N) .

11



We will first provide an elementary estimate on Gaussians which will be used repeatedly.

Lemma 4.2 For allt > 0,

/_OO exp(—z*/(20%) + |2[t) jty < exp(0?t?/2 + ot/2/ 7).

Proof We calculate

/_O:Oexp(—z2/<2o2>+z|t>gj;r — exp(0®?/2) /_O;exp<—<z|—azt>2/<202>>0j;7r

s oV 2T
9 9 dz
+ exp(—z~/(207)
g oV 2

Il
@D
»
ko)
—
Q
o
~
&)
~
[\)
~
= TN
—
Jr
q
S

~

@D
”
ko)
N
I
3]
~
—~
[\
)
v}
~—
QU
N
SN—

IN

exp(a?t?/2)(1 + ot+/2/7)
< exp(c?t?/2) exp(ot\/2/7) .

To estimate the norm ||u,||y, we use the following result.
Lemma 4.3 Fors; € {1,2,...,t} (j=1,...,m),
(814 ...+ 8p)! < 151252 S,

Proof We prove by induction. When m = 1 there holds s;! < t! < ¢!. Assume that the assertion holds
for all orders up to some value m > 1. We have

(514 Asmt1) (1t A Smtsma1) < (tmA1) ... (tmts,p)) < P (mA1) 5+ < th(mA41)5m+1
Therefore
(514 o F Smpr)! S EM1512%2 ottt (m 4 1)t = gt mED 8192 (g 4 1)Smen

O
Based on this estimate, we can show the following summability property for the coefficients u, € V
of the expansion (2.32).

Proposition 4.4 Under Assumption 4.1, the coefficients (u, ), of the expansion (2.32) satisfy (|u.||v), €
P (F).

Proof Let S = (iy,...,im) C N be any subset of N, and denote by S := N\ S its complement. With the
index set S, we associate the product Hermite differential operator

d
H <dyZ 022 Yii Qe dys, >

12



We note that

ﬁ LA ﬁ

Jj=1

( -4, QUfj)d>
j dy,

is self-adjoint over the space of m-variate, continuously differentiable functions g where g and the first
derivatives of g grow at most exponentially at infinity. Next, we observe that the Hermite polynomials
H,(t/o) satisty the eigenproblems

d? t d t t
(= -==)H, (=) =no?H, (=) .
(dt2 o2 dt) " (0’) na " (O’)

For j € N, let I'; be a copy of R and y; € I';. We denote by I's = ®J,T;, and by ys = (Yiys- s i, ) A
point in I'g. For such S and for any v € F, we define

HVZJ Ti;

Let I's ={y = (yj)j¢s : Xjes¥;bj <oo}. ThenI'=Tg x I's. Fixing y; for j ¢ S, we have

1| [ vewe | =202 /Ca2) | Ast)tru(w)ans

m 1 2
\/ i L Hl/ d
O'ij 2T / “exp Z ylﬂ 7’J S( (TQ (y)) Ys

m 1
(j 1 Uij\/ﬁ / P Zy’f 20% Ls(u)Hy(7(y))dys -

Therefore
/ W (V) H, (0(4)) A7y / Cs(w)H, (15(y))d,(y) -
I

This shows that

S wAs W) Ho(rp(y)) = Ls(u) -

veF
Applying the operator Lg r times, we find

D w A (W) Hy (14(y)) = L5(u).
veF

From this, we obtain

S el % @) = [ 125013 . (@)

veF

We note that there are polynomials ¢;(t) (j = 1,...,2r) of degrees at most r such that
ot r
(G~ i) Z a,() 7
The polynomials g;(t) are of the form

T T 1
k
qi(t) = <§ = qg‘kl) v,
k=1

=1

where ¢;i; only depends on j, k, [ and 7. As ¢ > 1, there is a constant C(r) so that for all j and ¢
lg; ()] < Cr(r) (1 + [¢])"

13



Thus

icsenle = |T1 (5 - -4
st wive =) dy? o2 dy;.
j=1 2j vj J v
ML dst dsm
< G <1+|y17>T( ) AN )
j=1 sj=1,....27 dyill dyz‘m v
j=1,....m
we deduce
T 2 2m m . 2r d dsm 2
1£5@CIE < e TIa+ > (Y |5 ey ) -
, - dy; dy;
j=1 sj=1,..., 2r 11 im %
j=1,....m

Using estimate (3.4), we find

IL5@ IR < @)™ TTO+1u, D | D0 (sr o+ s b2
i=1
sup(a(a, y) ) FO)I2
<GP [L+ D @)™ [ 3 (@) .. (mb;,)*n
j=1 5j::111,..-...1,772:
1 2
-mexp(zz w5l () ) IF @) 320 (4.2)

Jj=1

Let k be a positive constant such that

1 1
0<r < gexp(=2omax [djllr=(p)) < 1= (4.3)

= do?
for all j with the choice of o in (2.20) where x = o. Let further C5(r) denote a positive constant so that
VE>0: (1442 < Co(r)e’™ .

With the constants chosen in this way, we estimate

J IO+l 07 ex0(2 3 19 = ) drsto)
j=1

Jj=1
Ca(r))™ —y3(1/(203) — 2[y; 1115 Lo . 4.4
< (o) jGHS/_wexp( oD = 1)+ 2slivylam) -2 (1.4
X H/Ooexp(—y?/@a?) +2|yj|||¢jHLoo(D)) Uj\%? }

JjgsT

From Lemma 4.2, for ¢ > 0 we obtain

/Z exp(f,z?(l/(QJ?) — k) + |z|t) Gjiz;g

o dz
< / exp(—zQ/(ZLU?) + |z|t> P
oo ]

<V2exp (U?tQ + th2/ﬁ>
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where we have used inequality (4.3). Therefore

m

/ L0+ o oxp | 32 2l o | )

j>1

< (Co(r)" 2™ exp | Y 4071057 oy + 4051105l Lo () / V7

JjES

xexp | Y 207917 () + 2051195l L= () v/ 2/7
Jj¢s
< C(C'Q(r))m2m/2,

where the last inequality is deduced from the fact that 1 < o; < exp(emax; ||¢);]| (D). From (4.2), we
then obtain the bound

/||£ DIEdre(m) <K 3 (b)) (imbi,,)*",

Sj:1 ..... 27
Jj=1,....m

for a sufficiently large constant K which depends on r € N.
We deduce from (4.1) that for v € F with supp(v) =S C N,

— — 1
lunllv < K™ > (iadi,)™ -~-(Zmbim)smﬁ0§f NG
=1,..., 2r 11" Tim

When r > 1/p, let M = Zkzl k~"P. We have,

S lwlf < exp(Qmegmjax||7,/JjHLoo(D))KmpMm > (inbi)* . (imbi, )

supp(v)=S

m 2r p
- Lml:[l<2(ijbij)5> 7

where L := exp(2rpomax; ||¢;| o (py) KP M. Thus

3 |l = Z HL <Z ijbi, > ﬁ <1+L(§ kbk)s)p> < exp (Li (i(ki)k)s)p) :

veF 1 yeees im=17=1 s=1 k=1 3 k=1 s=1

which is finite when (kbg) € ¢P(N). O

4.2 Best N-term convergence rate

For a subset A C F of finite cardinality N, we define by

Q7A—{U—Zv,, Yiv, €V} C LA(U, 7, V) C Vo,
veEA

the set of N-term truncated Hermite expansions with “active” coefficients indexed by v € A. We consider
the stochastic Galerkin approzimation (2.40) for Vy = V, a:
Find uy € Vo.A such that

Bﬂg(uA,UA) = Fgg(’l)/\) Yoy € VQ,A. (45)

By Lemma 2.15, for any set A C F this problem admits a unique solution u,, the Galerkin projection of
the solution w onto Vv = V, o. The following result shows that Assumption 4.1 implies convergence rates
of these Galerkin approximations, provide the sets Ay C F of “active” components in the Wiener-Ito
decomposition of the random field u are judiciously chosen.

15



Proposition 4.5 Under Assumption 4.1, for every N € N there exists an index set Ay C F of cardinality
not exceeding N such that the parametric, weak solution u of equation (2.13) and the stochastic Galerkin
approximation up, of (4.5) satisfies

lu = uny 2@y < e(@, @) N~HP=H2

Proof Let A C F be a subset of finite cardinality, and define the partial sum of the Wiener-1t6 decom-
position of u in (2.32) over A by

v, y) =Y un(@)Hy(1e(y)) -

veA
From (2.35), it follows that

1/2
”U - UAHLQ(U,'y;V) < c(d, Q)”U - U||L2(U,79;V) < 0(79’ 0) <Z HUV”%/) .
vEA

Assumption 4.1 implies, by Proposition 4.4, that (||u,||v)ver € €P(F). Choosing A = Ay as the set
corresponding to the set of N coefficients wu, which are largest in norm ||u, ||y, we deduce from Stechkin’s
lemma (see, e.g. [7]) that

||u — UAHL?(U,V;V) < C(197 Q)N_(l/p_l/Q) .

5 Spatial Regularity and Finite Element Approximation

So far, we considered the semidiscrete stochastic Galerkin approximation of the parametric, deterministic
solution. In practice, however, the Wiener-Ito coefficients of the stochastic Galerkin approximation ua
are not explicitly available and must be approximated from a suitable Finite Element subspace of V,
introducing an additional discretization error. In order to obtain convergence rates for this Finite Element
approximation, we require additional regularity of the Wiener-It6 coefficients. In principle, regularity for
diffusion problems is a standard matter; in the present setting, however, we require regularity of the
parametric diffusion problem with uniform control of the constants’ dependence on the parameter vector
yel.

As in [7, 6], in the analysis of the spatial regularity we only aim at bounds for the second weak deriva-
tives of the parametric solution u(z,y) which are required for convergence rate estimates of continuous,
piecewise linear Finite Element Methods, and exploit moreover that the stochastic coefficient a(z,y) is
isotropic.

5.1 Spatial Regularity

To quantify the spatial regularity of the Hermite coefficients as well as for the ensuing Finite Element
convergence analysis, it will be convenient to define the space

W={uecV: Auc L*(D)}, (5.1)
equipped with the norm
[ullw = llully + |AullL2(p) -

The space W is a closed subspace of V', which is known to coincide for convex domains D with H2(D) N
H} (D). We denote by
Vvm = V(aVOyu) = aAdju+ Va-Voju . (5.2)

We then have
al/zAa?Tu =a Y%y —a"Y?*Va - Vo u . (5.3)

The gradient Va in equations (5.2) and (5.3) is only formal, as it is not well defined for all y € I',. We
thus consider the parametric, deterministic problem (2.13) for parameter vectors y from a subset I'; C RN

of full measure, for which Va(-,y) is well defined. To define this set, denote by b= (l;k.)kzl the sequence

b = ¢kl LoDy + IVUklLopy k=1,2,.. (5.4)
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We now impose the additional assumption

Assumption 5.1 The coefficients a.,ag € W (D) and
b= (Il Lo (D) + IVek Loe (D) )k € €1 (N) .

Under Assumption 5.1, we may define the set I'; C RN as the set 'y in (2.8), with by in place of b,,.
Then T'; C T’y and, by Lemma 2.1, the set I'; has full (Gaussian) measure in RN. Then for all y € r;,

Va(z,y) = Va.(x)+ Vao(x)exp (Zywm >+ao ) exp (Zywm )Zykwk
k=1 k=1

We observe that due to by > by, it holds that T, D I';. Therefore we have, under Assumption 5.1, for
every y € I';

a2 A0 ul r2(py < lla™ " 2vm] L2

_ Va
+ (a 'Va.| p<(py + Hao

+)° kaIIIVwkIILoow)) la'/ >V o5 ul| L2 (p) - (5.5)
L>=(D) k=1

From (3.6), we get
Vg = — V(03 ™a(z,y)) - VOTu + 05 \™a(z, y) AdTu
mEP(n)\{n}
We have

V(@) ta(zy) =

Vag(x)exp (Z yetr (T )

+ao () exp (Z Yrr(x ) <Z Yy Vi (x ) ] Py () iy ()2 R
k=1

+ag(x) exp (Z Yk (x ) (V1 (z) g ()2 H2 )

From this we obtain

la= 'V (@5 " a(-, y)) |l z2(p)

< Z @

mep(m\{n} LIl 90

+Zyk||v¢k||Loo(D)] 1l oy 12l e (B - - -
L>(D) =1

o o = (Ve — ) [[Vr Lo (D
el e leste, ... S &)

Lo (D L= (D) """
) N R
Under Assumption 5.1, we have the estimate
bl 75y + (v — ) |0kl 7y IV k| oo () < BT,

and we deduce that

_ Va © .
la= V@ a(s ) 120y < (H 0 +Zyk||wk|mw>+1> i
mG‘B(n)\{“}

k=1

Therefore

||CL—1/2(',Z/)U11||L2(D) <

H Vao

+ > ul Vel oy + 1) oM™ a2V ol 12y

meamn)\{n} ( k=1

+b“\mua1/2Aa;u||L2(D) .
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From this and (5.5), we have for all y € T';
la™ 2uallamn <Y AP a2Vl oy + 5l o 12
meP(n)\{n}
where the constant A(y) is, for y € T';, defined by
oo
Aly) = lla " (-, 9)Vae ()l oe ) + 2llao(-) " Vao ()l poe(py +2 D lyrlIVrll ooy + 1 - (5.6)
k=1
From (3.7), we have for y € I'; that
Aly) Ml Poallpeoy +I0guCp)lla < Y 20 NAW) HlaT 2wl ) + 1107 ulla) -
meP(n)\{n}
We therefore have

Theorem 5.2 Under Assumption 5.1 and for f € L*(D), we have for y € Ty, with A(y) as in (5.6),
Ay) Moo 2oy + 10y u(y)lla < (Aw) a2 fllp2cpy + 11 Flla-) 10,

where the sequence b is defined by Ek = 25k/1og2 with by, as in Assumption 5.1.

Proof: The proof is essentially the same as that for Theorem 3.1. When v = 0, [|u(-,¥)|la < || fllo-: and
vo = f. O
It then follows that

la™ 20, [l2(py < (la™2fll 220y + AW Flla-1)v]1D" -

From (5.5) and Theorem 3.1 we have

WeTy: [|a2A00ull e < (o= fllzo) + 24W) Flla-s) 1B .

To study the regularity of the coefficients u, of the expansion (2.33), we will work under the following
assumption.

Assumption 5.3 The coefficients a.,ag € WH(D) and there exists 0 < p < 1 such that
(kI VYrl Lo (p))k € €P(N) .
Note that Assumption 5.3 implies Assumption 5.1. We then have the following result.
Proposition 5.4 Under Assumptions 4.1 and 5.3, the coefficient sequence (u,),cr of the Wiener-Ito

chaos expansion (2.32) satisfies
Z [l |5y < oo .

veEF

Proof: The proof of this theorem is analogous to that for Proposition 4.4. We have

KL =281 =<28m
IALE W) )l Fepy < O @)™ [T+ 1w D> | D (514 4+ sm))?hy, by,
j=1 sj=1,....2r
j=1,...,m
ssup(a(z,y) ") (la™* fll 2oy + 24W) 1 fla)?
KL =281 =<28m
< G IO+ 1w D> | D0 (i +sm))h, by,
j=1 sj=1,...,2r

j=1,...,m

sup(a(@, y) ) (I llz2o) + 2AWE | z20))*
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We note that for all y € I'; (the value of the constant ¢ > 0 in the estimates which follow may depend
on f, F and may change from one line to the next)

|A(y)| < [IVa.| g (pysup(a(z, ) ™" + 2llag " Vaol Loy + 2D [vel[VrllL=(p) + 1
* k=1
< ¢ (1 +sup(a(z,y)) '+ Y |yk|V¢k|Lw(D)> :
® k=1
Therefore

(£lz2(py + 2AAWIIF | L2(0y)®

0o 2
<c (1 +sup(a(z,y) "+ Y |ykv¢k||Lw(D)>

k=1
o0 o0 2
<e <exp (D lonlligellzeemy) +exo (3 |yk|wk|mm)>
k=1 k=1
< cexp (23 el (9ello o) + IVl (p)) -
k=1
Thus
KL =281 =<28m
IALE @3 < OEPm e TIO+1m, D | 3 (14 +sm)?h, by,
j=1 sj=1,...,27
ji=1,....m
(o)
xexp (43 el (1l e (py + 190k~ 1)) -
k=1

The remaining part of the proof then follows the lines of the argument in the proof of Proposition 4.4. O

5.2 Finite Element Approximation

Let V;, C V be a one-parameter family of finite-dimensional spaces of continuous, piecewise linear func-
tions associated to a family of shape regular, quasi uniform partitions of the domain D into simplices
with meshwidth O(h). We also denote V}, by Vj; where M (h) denotes the finite dimension of the finite
element space Vj,. The quasiuniformity of the partitions of D implies that M (h) = O(h~'/?). We recall
the definition (5.1) of the space W, and assume the following approximation property of the family V},.

Assumption 5.5 For all functions v e W,

inf — <cM™*
Jnf v —onlly < eM™*|ollw,

for some positive constants c,s > 0 which are independent of h.

For A C F, let M = (M,),en be a sequence of positive integers. We denote by

Voam ={vam € (U7 V) vam =Y vamw(VHu(7o(), vamw € Var,} -
veA

We then consider the approximating problem for (2.39):
Find ua m = Y-, cp ua i Hy(75(-)) € Vo,a,m such that

Byo(uamsvam) =Fopvam),  Yoam € Vonnm - (5.7)
From Theorem 2.18, we have

lu—unmllLzw vy <e@e) — inf  flu—oa mllL2@q,v)-
VA, MEVg A, M
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Denoting by A C F the set of indices corresponding to the coefficients u, with the largest V' norm, we
have for all va aq,, €V

1/2
lu = uamllL2r vy < e, 0) (Z I+l — UA,M.,D|%/>

vEA veA
1/2
< c(?, 0) (N_%' + >l - vA,M,uH%/)
vEA

where we defined » = 1/p — 1/2 and where we have used Proposition 4.5. Thus

1/2
lu = us mllzae ) < . 0) (N 5 M;%m%V) . (58)
veA

We then choose M, with the total number of degrees of freedom

Ndof = Z Mua
veA

such that both contributions in the estimate (5.8) are of equal order. This yields the following result.

Theorem 5.6 Assume that the constant p in Assumption 5.3 satisfies p < 2/(1+ 2s). There is a choice
for the dimensions M,, of the finite element approrimating spaces V,, such that
||U - U’A,M”LQ(F,V;V) S C(ﬁa Q)ch;_sf

Proof This theorem is proved as the corresponding result for the Legendre chaos expansion in Cohen et
al. [6], using Proposition 5.4, where M, are chosen as the solution of the minimizing problem:

min M, : M2 |luy ||y < N°27 % .
{z s Ml < }

veA veA
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Appendix

We now justify the equation (3.6). We proceed by induction. For |v| = 1, we let 3/ € T, be such that
Yh, = Ym when m # k and y}, = yi + 0. We then have

| a)Vut) = uw) - Vods = = [ (@) = atu)Vuts) - 9.

D

From this, we deduce that

luy) = u()llv < d(ly) la(y’) = a(y)ll L) Vuly'),

which converges to 0 when § — 0. Let w € V' be the solution of the problem

/ a(y)Vw - Vodz = f/ Oy, a(y)Vu(y) - Vudz, YveV.
D D
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We then have
/Da(y)V (u(y')é—u(y) — w) -Vudx = — /D (a(y’)(s—a(y) — Oyka(y)) Vu(y') - Vv

We then deduce that

uly') — uly) ‘“’H . V(1)<
a(y

5 a(yU _'a(y) _»ayka(y)

0

||Vu(3/) ||L2(D)
Loo(D)

+10ya(y) |l o< (p)lIV (uly') — u(y))||L2(D)>~

which converges to 0 when § — 0. This shows that

Oy, U = W.
Assume that (3.6) holds for v — e, i.e.
/ a(z,y)V(0,” *u) - Vvdr = — Z '@_—%/ 0laV o, Hu - Vudz, YveV.
D Owjy_eku(l/—ek—

By the same argument, we show that for all v € V

— |
/ a(x,y)V(9yu) - Vvdr = — Z __woedt </ oreravoy =y - Voda
D D

(v — — |
0<p=v—eg ”(V €k M}

+/ 35&V8§“U'Vvdx) /8 aV (0, *u) - Vvdz
D

-2 ((u —(l;k;!(eﬁ)i ) +u'(VV—_e:k— )/ OyaV Oy tu Vudr

ep<=puv—ey
Z —' (v —ex)! / aﬂava” Pu - Vodr — Z —' (v —en)! / 0“+e’°ava” ek =Hy - Vodx
0<p=v—ec B (V —Ck T H 0<p=v—ecy H: (V —Ck K
K =0 PE=vE—1
— (v, — 1)/ 0y, aV O, %*u - Vudr — / 0y, aV O, *u - Vudx.
D D
We note that
(v —ep)! (v —eg)! _ (v —ep) (ur + v — k) _ v! )
(p—e)l(v—p!  pllv—er—p)! p(v — p)! pl(v — )’

and when pg = 0,
(v—ep) V!

pv—e,—p!  pllv—pl
in the case ur = v — 1 > 0, it holds
(v—er) V!
v —ex—w!  (u+ex)(v—(u+er)!

Therefore

!
v '/ dyaN o, " u - Vudr, YveV.

Jystenw@g ute == 5 St |

0<u=xv
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