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Abstract

In this paper, using the Newton’s formula of Lagrange interpolation, we present a
new proof of the anisotropic error bounds for Lagrange interpolation of any order
on the triangle, rectangle, tetrahedron and cube in a unified way.
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1 Introduction

It is known that the polynomial interpolations are the foundations of construc-
tion the finite elements and the interpolation error estimates play a key role
in deriving a-priori error estimates of the finite element methods. The main
strategy of the traditional interpolation theory is fairly standard, namely, first
deriving the estimate on the reference element and then an application of a
coordinate transformation between a general element and the reference ele-
ment, see [11, 7] and references therein. For the triangular and rectangular
elements in two dimension and the tetrahedral and cubic elements in three
dimension, the mapping between a general element and the reference element
is an affine mapping, so in the following we call these elements affine elements.

Email addresses: shchchen@zzu.edu.cn (Shaochun Chen),
shipeng.mao@sam.math.ethz.ch (Shipeng Mao).

Preprint submitted to Elsevier 7 July 2011



The classical error estimates of the polynomial interpolation on the affine el-
ements need the regular [11] or nondegenerate [7] condition, i.e., the ratio of
the diameters of the element and the biggest ball contained in the element is
uniformly bounded. This condition restricts the applications of the finite ele-
ments. It is found (see e.g., [6, 15]) a long time ago that this condition is not
necessary for some interpolation error estimates. We call the element does not
satisfy the regular condition the anisotropic element. Recently, the research of
the anisotropic elements is rapidly developed, and there are several different
methods dealing with them. [3, 4] gave one anisotropic form of the interpo-
lation error on the reference element. They got the anisotropic interpolation
error estimates on a general element for some Lagrange and Hermite elements
under the maximal angle and coordinate system conditions. The correspond-
ing appeared derivatives are along the coordinate directions. [9, 10] extend this
method by presenting a simple anisotropic criterion on the reference element
and analyzed some nonconforming elements. [1, 2, 12, 13] got the anisotropic
error estimates for low order Lagrange and R-T interpolations by using of
the average property of the interpolation and the appeared derivatives under
consideration are along the directions of the element boundary. The different
forms of the anisotropic error estimate of the linear triangular Lagrange in-
terpolation are obtained by the decomposition of the transformation matrix
between a general element and the reference element in [14] and by Taylor’s
expansion in [8].
In this paper, the anisotropic interpolation error estimates of Lagrange in-
terpolations with any order on the affine elements (triangle, rectangle, cube
and tetrahedron) are derived in a unified new way. On the reference element
the anisotropic error estimates of the interpolations are proved by Newton’s
formula of the Lagrange interpolation and a special property of the divided
difference, which are different from [4]. The appeared derivatives are along
the directions of the element boundary (as in [2, 13]) and independent length
scales in different directions are extracted (as in [4]). No geometry condition
of the element is needed for rectangular and cubic elements. The sine of the
biggest internal angle of the element and the regular vertex property factor [2]
appear explicitly in the triangular and the tetrahedral elements, respectively,
then standard arguments will lead to the estimates that depend on the biggest
internal angle of the element and the regular vertex property factor.

2 Lagrange Interpolation Remainder Term On Reference Elements

2.1 The property of the divided difference

Let x0 < x1 < · · · < xm be a uniform partition, d = xi+1−xi, 0 ≤ i ≤ m−1.
It is easy to get the following result by inductive method.
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Lemma 2.1.

∫ x2

x1

dt1
∫ t1+d

t1
dt2 · · ·

∫ tm−1+d

tm−1

g(tm)dtm =
∫ x1

x0

dt1
∫ t1+d

t1
dt2 · · ·

∫ tm−1+d

tm−1

g(tm+d) dtm.

(2.1)
Let f [x0, · · · , xm] be the usual divided difference (see [5]), then we get the
following lemma.
Lemma 2.2. Suppose f(x) is sufficiently smooth, then

f [x0, · · · , xm] =
1

m!dm

∫ x1

x0

dt1
∫ t1+d

t1
dt2 · · ·

∫ tm−1+d

tm−1

f (m)(tm) dtm. (2.2)

Proof. We use the inductive method.
When m = 1, f [x0, x1] =

1
d

∫ x1
x0

f ′(t1)dt1, (2.2) is evident.
Suppose (2.2) holds for any m ≥ 1, then

f [x0, · · · , xm+1]

= (f [x1, · · · , xm+1]− f [x0, · · · , xm])/(xm+1 − x0)

=
1

(m+ 1)d
[
∫ x2

x1

dt1
∫ t1+d

t1
dt2 · · ·

∫ tm−1+d

tm−1

f (m)(tm) dtm

−
∫ x1

x0

dt1
∫ t1+d

t1
dt2 · · ·

∫ tm−1+d

tm−1

f (m)(tm) dtm]/(m!dm)

(2.1)
=

1

(m+ 1)!dm+1

∫ x1

x0

dt1
∫ t1+d

t1
dt2 · · ·

∫ tm−1+d

tm−1

[f (m)(tm + d)− f (m)(tm)] dtm

=
1

(m+ 1)!dm+1

∫ x1

x0

dt1
∫ t1+d

t1
dt2 · · ·

∫ tm−1+d

tm−1

dtm
∫ tm+d

tm
f (m+1)(tm+1) dtm+1.

This completes the proof.

Remark 1. Lemma 2.2 is similar to Hermite-Gennochi Theorem ([5, Theorem
3.3]).

Using the inductive method again, we can get:
Lemma 2.3. For all 0 ≤ l ≤ m, f [x0, · · · , xm] can be expressed by

f [x0, · · · , xm] =
m−l∑

i=0

cif [xi, · · · , xi+l], (2.3)

where ci (0 ≤ i ≤ m− l) is only dependent on l and d.
The interpolation polynomial If(x) of f(x) satisfying If(xi) = f(xi)(0 ≤ i ≤
m) can be expressed in the following two forms, where (2.4) is called Lagrange’s
formula and (2.5) is called Newton’s formula (see [5]):

If(x) =
m∑

i=0

f(xi)pi(x), (2.4)

3



where pi(x) (0 ≤ i ≤ m) ∈ Pm (the polynomial space of degree less or equal
to m) and pi(xj) = δij, 0 ≤ i, j ≤ m.

If(x) =
m∑

i=0

f [x0, · · · , xi]
i−1∏

j=0

(x− xj). (2.5)

2.2 Rectangular Elements

Let the reference element K̂ = [0, 1]2, d = 1/k, k is a positive integer,
x̂i = ŷi = id, i = 0, · · · , k. Suppose û(x̂, ŷ) ∈ C(K̂), then bi-k-interpolation
polynomial Îû of û satisfying Îû(x̂i, ŷj) = û(x̂i, ŷj)(0 ≤ i, j ≤ k) has the
following expression (cf. [11])

Îû =
k∑

i=0

k∑

j=0

û(x̂i, ŷj)p̂i(x̂)p̂j(ŷ),

where p̂i(t) ∈ Pk(K̂), p̂i(x̂l) = p̂i(ŷl) = δil, 0 ≤ i, l ≤ k. Obviously

Îû = û, ∀û ∈ Qk, (2.6)

where Qk is the polynomial space of the degree ≤ k with respect to each
variable.
Similar as one dimension case, Îû can be expressed as the following Newton’s
formula,

Îû =
k∑

i=0

k∑

r=0

û[x̂0, · · · , x̂i; ŷ0, · · · , ŷr]
i−1∏

j=0

(x̂− x̂j)
r−1∏

s=0

(ŷ − ŷs), (2.7)

where û[x̂0, · · · , x̂i; ŷ0, · · · , ŷr] is the i-order divided difference with respect to

x̂ and r-order divided difference with respect to ŷ of û(x̂, ŷ),
i−1∏
j=0

(x̂ − x̂j) = 1

for i = 0 and
r−1∏
s=0

(ŷ − ŷs) = 1 for r = 0.

Let us consider a simple example before treating the general case. Taking
k = 1 and ∂ Îû

∂x̂ as an example, then it is easy to check that the interpolation
function can be written as

Îû = û[x̂0; ŷ0] + û[x̂0; ŷ0, ŷ1](ŷ − ŷ0) + û[x̂0, x̂1; ŷ0](x̂− x̂0)

+û[x̂0, x̂1; ŷ0, ŷ1](x̂− x̂0)(ŷ − ŷ0).

So
∂ Îû

∂x̂
= û[x̂0, x̂1; ŷ0] + û[x̂0, x̂1; ŷ0, ŷ1](ŷ − ŷ0).

4



Then it can be checked easily with (2.3) and (2.2) that

û[x̂0, x̂1; ŷ0] =
∫ x̂1

x̂0

∂û[x̂, ŷ0]

∂x̂
dx̂

and

û[x̂0, x̂1; ŷ0, ŷ1] =
∫ x̂1

x̂0

∂û[x̂; ŷ0, ŷ1]

∂x̂
dx̂.

Let us consider the general case and set α = (α1,α2),α1 and α2 are non-
negative integers, |α| = α1 + α2, then

D̂αÎû =
k∑

i=α1

k∑

r=α2

û[x̂0, · · · , x̂i; ŷ0, · · · , ŷr]Gi(x̂)Rr(ŷ), (2.8)

where

Gi(x̂) =
dα1

dx̂α1
(
i−1∏

j=0

(x̂− x̂j)), Rr(ŷ) =
dα2

dŷα2
(
r−1∏

s=0

(ŷ − ŷs)). (2.9)

Obviously Gi(x̂), Rr(ŷ) ∈ Q̂k−α1,k−α2 , here Q̂m,n is a polynomial space of the
degrees of x̂ and ŷ less or equal to m and n, respectively.
By (2.3) and (2.2) we have

û[x̂0, · · · , x̂i; ŷ0, · · · , ŷr] =
i−α1∑
j=0

r−α2∑
s=0

cjsû[x̂j, · · · , x̂j+α1 ; ŷs, · · · , ŷs+α2 ]

= kα1+α2

α1!α2!

i−α1∑
j=0

r−α2∑
s=0

cjs
∫ x̂j+1

x̂j
dt1

∫ t1+d
t1 · · · dtα1−1

∫ tα1−1+d
tα1−1

[
∫ ŷs+1

ŷs ds1
∫ s1+d
s1 · · · dsα2−1

∫ sα2−1+d
sα2−1

∂α1+α2 û(x̂,ŷ)
∂x̂α1∂ŷα2

dŷ] dx̂
#
= L̂(D̂αû),

(2.10)

where L̂(ŵ) = kα1+α2

α1!α2!

i−α1∑
j=0

r−α2∑
s=0

cjs
∫ x̂j+1

x̂j
dt1

∫ t1+d
t1 · · · dtα1−1

∫ tα1−1+d
tα1−1

[
∫ ŷs+1

ŷs ds1
∫ s1+d
s1

· · · dsα2−1
∫ sα2−1+d
sα2−1

ŵ dŷ] dx̂.

It is easy to see that [x̂j, ˆxj+1], [tl, tl+d] (1 ≤ l ≤ α1−1), and [ŷs, ˆys+1], [sl, sl+d]
(1 ≤ l ≤ α2 − 1) are all in [0, 1], the above integration is on K̂ or a side of K̂
or a fixed line lies in K̂, hence by the Sobolev trace theorems we can obtain

|L̂(ω̂)| ≤ ĉ‖ω̂‖W 1,p(K̂), 2 ≤ p ≤ ∞.

Substituting (2.10) into (2.8) results

D̂αÎû = T̂ (D̂αû), (2.11)

where

T̂ (ω̂) =
k∑

i=α1

k∑

r=α2

L̂(ω̂)Gi(x̂)Rr(ŷ). (2.12)

5



Obviously,






‖T̂ (ω̂)‖Wm,q(K̂) ≤ ĉ‖ω̂‖W 1,p(K̂), ∀ m ≥ 0, 1 ≤ q ≤ ∞, 2 ≤ p ≤ ∞,

T̂ (ω̂) = ω̂, ∀ ω̂ ∈ Qk−α1,k−α2 .
(2.13)

In fact ∀ ω̂ ∈ Qk−α1,k−α2 , ∃ v̂ ∈ Qk such that D̂αv̂ = ω̂, then

T̂ (ω̂) = T̂ (D̂αv̂)
(2.11)
= D̂αÎû

(2.6)
= D̂αû = ω̂

2.3 Cubic Elements

We can extend the results from rectangular elements to cubic elements in
a straightforward way. let K̂ = [0, 1]3, d = 1/k, x̂i = ŷi = ẑj = id, 0 ≤ i ≤ k,
then the interpolation polynomial Îû of û(x̂, ŷ, ẑ) satisfying Îû(x̂i, ŷr, ẑl) =
û(x̂i, ŷr, ẑl), 1 ≤ i, r, l ≤ k + 1, has the following expression

Îû =
k∑

i=0

k∑

r=0

k∑

l=0

û[x̂0, · · · , x̂i; ŷ0, · · · , ŷr; ẑ0, · · · , ẑl]
i−1∏

j=0

(x̂−x̂j)
r−1∏

s=0

(ŷ−ŷs)
l−1∏

t=0

(ẑ−ẑt).

(2.14)
Let α = (α1,α2,α3), then

D̂αÎû = T̂ (D̂αû), (2.15)

here

T̂ (ω̂) =
k∑

i=α1

k∑

r=α2

k∑

l=α3

L̂irl(ω̂)Gi(x̂)Rr(ŷ)Hl(ẑ) (2.16)

with Gi(x̂), Rr(ŷ) is as (2.9) and

Hl(x̂) =
dα3

dx̂α3
(
l−1∏

t=0

(ẑ − ẑt)), (2.17)

L̂irl(ω̂) =
kα1+α2+α3

α1!α2!α3!

i−α1∑

j=0

r−α2∑

s=0

l−α3∑

t=0

cjst
∫∫∫

!
ω̂dX̂, (2.18)

where

∫∫∫

!
ω̂dX̂ =

∫ x̂j+1

x̂j

dt1
∫ t1+d

t1
· · · dtα1−1

∫ tα1−1+d

tα1−1

[
∫ ŷs+1

ŷs
ds1

∫ s1+d

s1
· · · dsα2−1

∫ sα2−1+d

sα2−1

(
∫ ẑt+1

ẑt
dq1

∫ q1+d

q1
· · · dqα3−1

∫ qα3−1+d

qα3−1

ω̂ dẑ) dŷ] dx̂.
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The above integration is on K̂ or on a face (or a fixed internal face) of K̂ or
on an edge (or a fixed internal edge) of K̂ , similar to the rectangular case, by
trace theorem and Cauchy-Schwarz inequality, we have






‖T̂ (ω̂)‖Wm,q(K̂) ≤ ĉ‖ω̂‖W 1,p(K̂), ∀ m ≥ 0, 3 ≤ p ≤ ∞, 1 ≤ q ≤ ∞,

T̂ (ω̂) = ω̂, ∀ ω̂ ∈ Qk−α1,k−α2,k−α3 .
(2.19)

2.4 Triangular Elements

Let K̂ = {(x̂, ŷ); x̂ ≥ 0, ŷ ≥ 0, x̂ + ŷ ≤ 1}, d = 1/k, x̂i = id, ŷr =
rd, 0 ≤ i + r ≤ k, then the Lagrange interpolation polynomial Îû of degree
k of û(x̂, ŷ), satisfying Îû(x̂i, ŷr) = û(x̂i, ŷr), 0 ≤ i + r ≤ k can be expressed
by[10]

Îû =
k∑

i=0

k−i∑

r=0

û(x̂i, ŷr)p̂i(x̂)q̂r(ŷ),

where p̂i(x̂) ∈ Pi(K̂), 0 ≤ i ≤ k, p̂i(x̂j) = δij, q̂r(ŷ) ∈ Pk−i(K̂), 0 ≤ r ≤
k − i, q̂r(ŷs) = δrs.
The following expression is the Newton’s formula of Îû,

Îû =
k∑

i=0

k−i∑

r=0

û[x̂0, · · · , x̂i; ŷ0, · · · , ŷr]
i−1∏

j=0

(x̂− x̂j)
r−1∏

s=0

(ŷ − ŷs). (2.20)

Let α = (α1,α2), then in the same way as in the rectangular case,

D̂αÎû =
k∑

i=α1

k−i∑

r=α2

û[x̂0, · · · , x̂i; ŷ0, · · · , ŷr]Gi(x̂)Rr(ŷ) = T̂ (D̂αû), (2.21)

where

T̂ (ω̂) =
k∑

i=α1

k−i∑

r=α2

L̂ir(ω̂)Gi(x̂)Rr(ŷ),

L̂ir(D̂
αû) = û[x̂0, · · · , x̂i; ŷ0, · · · , ŷr] =

i−α1∑

j=0

r−α2∑

s=0

ĉjs
∫∫

!
D̂αû dx̂ dŷ

and
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∫∫

!
dx̂ dŷ =

∫ x̂j+1

x̂j

dt1
∫ t1+d

t1
· · · dtα1−1

∫ tα1−1+d

tα1−1

[
∫ ŷs+1

ŷs
ds1

∫ s1+d

s1
· · · dsα2−1

∫ sα2−1+d

sα2−1

dŷ] dx̂.

Proceeding as before, we have





‖T̂ (ω̂)‖Wm,q(K̂) ≤ ĉ‖ω̂‖W 1,p(K̂), ∀ m ≥ 0, 1 ≤ q ≤ ∞, 2 ≤ p ≤ ∞,

T̂ (ω̂) = ω̂, ∀ ω̂ ∈ Pk−|α|.
(2.22)

2.5 Tetrahedral Element

Let K̂ = {(x̂, ŷ, ẑ); x̂ ≥ 0, ŷ ≥ 0, ẑ ≥ 0, x̂ + ŷ + ẑ ≤ 1}, d = 1/k, x̂i =
id, ŷr = rd, ẑl = ld, 0 ≤ i + r + l ≤ k, then the interpolation polynomial Îû
of degree k of û(x̂, ŷ, ẑ) satisfying Îû(x̂i, ŷr, ẑl) = û(x̂i, ŷr, ẑl), 0 ≤ i+ r+ l ≤ k
has the following form,

Îû =
k∑

i=0

k−i∑

r=0

k−i−r∑

l=0

û[x̂0, · · · , x̂i; ŷ0, · · · , ŷr; ẑ0, · · · , ẑl]
i−1∏

j=0

(x̂−x̂j)
r−1∏

s=0

(ŷ−ŷs)
l−1∏

t=0

(ẑ−ẑt).

Let α = (α1,α2,α3), it is easy to see that D̂αIû can be expressed as (2.21),
here

T̂ (ω̂) =
k∑

i=α1

k−i∑

r=α2

k−i−r∑

l=α3

L̂irl(ω̂)Gi(x̂)Rr(ŷ)Hl(ẑ), (2.23)

where L̂irl(ω̂) is as (2.18) and Gi(x̂), Rr(ŷ), Hl(ẑ) are as (2.9) and (2.17).

Similar to (2.19), we have






‖T̂ (ω̂)‖Wm,q(K̂) ≤ ĉ‖ω̂‖W 1,p(K̂), ∀ m ≥ 0, 3 ≤ p ≤ ∞, 1 ≤ q ≤ ∞,

T̂ (ω̂) = ω̂, ∀ ω̂ ∈ Qk−α1,k−α2,k−α3 .
(2.24)

2.6 Interpolation Remainders

Let K̂ be the reference element (K̂ = [0, 1]n, n = 2 for rectangular element
and n = 3 for cubic element; and K̂ = {(x̂, ŷ); x̂ ≥ 0, ŷ ≥ 0, x̂ + ŷ ≤ 1} for
triangular element and K̂ = {(x̂, ŷ, ẑ); x̂ ≥ 0, ŷ ≥ 0, ẑ ≥ 0, x̂ + ŷ + ẑ ≤ 1}
for tetrahedron element) Î : C0(K̂) → P̂ is the above Lagrange interpolation
operator, here P̂ = Qk for rectangular and cubic element, P̂ = Pk for trian-
gular and tetrahedral element. Then we have
Theorem 2.4. Suppose that n ≤ p ≤ ∞, 1 ≤ q ≤ ∞, 0 ≤ m ≤ k, W k+1,p(K̂) ↪→

8



Wm,q(K̂),W k+1,p(K̂) ↪→ C0(K̂), α is an index, |α| = m, then there exists a
constant ĉ > 0 such that

‖D̂α(û− Îû)‖Lq(K̂) ≤ ĉ|D̂αû|W k+1−m,p(K̂). (2.25)

Proof. By (2.11), (2.15) and (2.20) we have

D̂α(û− Îû) = D̂αû− T̂ (D̂αû).

Then (2.24) is followed by (2.13), (2.19), (2.22) and (2.24).
Remark 2. Apel has proved (2.25) in [4], but our method is different from
Apel’s. Our main arguments are using the Newton’s formula of Lagrange in-
terpolation and the special property of the divided difference, which admit us
to prove (2.25) for rectangular, cubic, triangular and tetrahedral elements in
a unified way .

3 Lagrange Interpolation Errors In General Elements

3.1 Rectangular and Cubic Elements

We denote a general rectangular element by K = [x0, x0+h1]× [y0, y0+h2]
and a general cubic element by [x0, x0 + h1]× [y0, y0 + h2]× [z0, z0 + h3], here
a0(x0, y0) or a0(x0, y0, z0) is a vertex of K and h1, h2 or h1, h2, h3 are edge
lengths of K. Let X = FK(X̂) be the affine mapping from K̂ to K, then

X = BX̂ + a0, (3.1)

where B = diag(h1, h2) for the rectangular element and B = diag(h1, h2, h3)
for the cubic element . Obviously

Dα = h−αD̂α, D̂α = hαDα, (3.2)

where hα = hα1
1 hα2

2 or hα = hα1
1 hα2

2 hα3
3

Lemma 3.1. Suppose ai ≥ 0, 1 ≤ i ≤ N, q ≥ 1, 1/q + 1/q′ = 1, then

N− 1
q′

N∑

i=1

ai ≤ (
N∑

i=1

aqi )
1
q ≤ N

1
q

N∑

i=1

ai. (3.3)

Let Iu = Îû◦F−1
K (X), Î is defined by (2.7) or (2.14), then I is affine equivalent

[11]. Furthermore, we have the following interpolation error estimate.
Theorem 3.2. Under the same assumptions as Theorem 2.4, then for rectan-
gular and cubic elements, we have

|u− Iu|Wm,q(K) ≤ ĉ(detB)
1
q−

1
p (

∑

|β|=k+1−m

hβp|Dβu|pW k+1,p(K))
1
p . (3.4)
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where ĉ is independent of K, detB is the Jacobian of B.
Proof.

|u− Iu|Wm,q(K) =




∑

|α|=m

‖Dα(u− Iu)‖qLq(K)





1
q

(3.2)
=




∑

|α|=m

h−αqdetB‖D̂α(û− Îû)‖q
Lq(K̂)





1
q

(2.25)

≤



∑

|α|=m

h−αqdetB · ĉ|D̂αû|q
W k+1−m,p(K̂)





1
q

= ĉ(detB)
1
q




∑

|α|=m

h−αq(
∑

|β|=k+1−m

‖D̂α+βû‖p
Lp(K̂)

)
q
p





1
q

(3.2)
= ĉ(detB)

1
q−

1
p [

∑

|α|=m

(
∑

|β|=k+1−m

hβp‖Dα+βu‖pLp(K))
q
p ]

1
q

(3.3)

≤ ĉ(detB)
1
q−

1
p

∑

|α|=m

(
∑

|β|=k+1−m

hβp‖Dα+βu‖pLp(K))
1
p

≤ ĉ(detB)
1
q−

1
p (

∑

|α|=m

∑

|β|=k+1−m

hβp‖Dα+βu‖pLp(K))
1
p

= ĉ(detB)
1
q−

1
p (

∑

|β|=k+1−m

hβp|Dβu|pWm,p(K))
1
p #

3.2 Triangular and Tetrahedral Elements

LetK be a triangle (a tetrahedron) with the vertexes P0,P1,P2 (P0, P1, P2, P3),
v1
∼
,v2
∼

(v1
∼
, v2
∼
, v3
∼
) be the unit vectors along edges P0P1, P0P2 (P0P1, P0P2, P0P3)

with li = ‖P0Pi‖, ∠P0 be the maximum angle of the triangle K.
The affine mapping F : K̂ → K is

X = F (X̂) = BX̂ + P0 (3.5)

where
B = B0Λ, (3.6)

B0 = (v1
∼
, v2
∼
), Λ = diag(l1, l2) for the triangular and B0 = (v1

∼
, v2
∼
, v3
∼
), Λ =

diag(l1, l2, l3) for the tetrahedron. Let ∇̂ = ( ∂
∂x̂ ,

∂
∂ŷ )

T , (∇̂ = ( ∂
∂x̂ ,

∂
∂ŷ ,

∂
∂ẑ )

T ), ∇ =

( ∂
∂x ,

∂
∂y )

T , (∇ = ( ∂
∂x ,

∂
∂y ,

∂
∂z )

T ), ∇l = ( ∂
∂v1

, ∂
∂v2

)T , (∇l = ( ∂
∂v1

, ∂
∂v2

, ∂
∂v3

)T ), by
simple computations we have

∇l = BT
0 ∇, ∇̂ = ΛBT

0 ∇, ∇̂ = Λ∇l. (3.7)
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Let
Iu = Îû ◦ F−1

K (X), (3.8)

where Î is defined by (2.20) or (2.23). It is well known that (cf. [11]) I is affine
equivalent.

Theorem 3.3.Under the same assumptions as Theorem 2.4, then for trian-
gular and the tetrahedral elements,

|u− Iu|Wm,q
l (K) ≤ ĉ(detB)

1
q−

1
p (

∑

|β|=k+1−m

lβp|Dβ
l u|

p

Wk+1,p
l (K)

)
1
p , (3.9)

where ĉ is independent of K, Dα
l = ∂|α|

∂v
α1
1 ∂v

α2
2

(Dα
l = ∂|α|

∂v
α1
1 ∂v

α2
2 ∂v

α3
3
), |v|Wm,q

l (K) =

(
∑

|α|=m
‖Dα

l v‖
q
Lq(K))

1
q , lα = lα1

1 lα2
2 (lα = lα1

1 lα2
2 lα3

3 ).

Proof.

|u− Iu|Wm,q
l (K) = (

∑

|α|=m

‖Dα
l (u− Iu)‖qLq(K))

1
q

(3.7)
= (detB)

1
q (

∑

|α|=m

l−αq‖D̂α(û− Îû)‖q
Lq(K̂)

)
1
q

(2.25)

≤ ĉ(detB)
1
q (

∑

|α|=m

l−αq|D̂αû|q
Wk+1−m,p(K̂)

)
1
q

(3.7)
= ĉ(detB)

1
q−

1
p [

∑

|α|=m

l−αq(
∑

|β|=k+1−m

l(α+β)p‖Dα+β
l u‖pLp(K))

q
p ]

1
q

(3.3)

≤ ĉ(detB)
1
q−

1
p

∑

|α|=m

(
∑

|β|=k+1−m

lβp‖Dα+β
l u‖pLp(K))

1
p

≤ ĉ(detB)
1
q−

1
p (

∑

|β|=k+1−m

lβp|Dβ
l u|

p
Wm,p

l (K))
1
p .

From (3.7) we can get
Lemma 3.4.

|v|Wm,q(K) ≤ ‖B−T
0 ‖m |v|Wm,q

l (K), (3.10)

where ‖B−T
0 ‖ is the matrix norm.

From Theorem 3.3 and Lemma 3.4, we get
Theorem 3.5. Under the same assumptions as Theorem 2.4, then for trian-
gular and the tetrahedral elements,

|u− Iu|Wm,q(K) ≤ ĉ‖B−T
0 ‖m(detB)

1
q−

1
p (

∑

|β|=k+1−m

lβp|Dβ
l u|

p
Wm,p

l (K))
1
p , (3.11)

where ĉ is independent of K.

Now we estimate ‖B−T
0 ‖m.

1)Triangular element
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Let vi
∼

= (cosϕi, sinϕi)T , ϕi be the angle between vi
∼

and x-axis, 1 ≤ i ≤ 2,

and θ be the angle between v1
∼

and v2
∼

then

detB0 = sin(ϕ2 − ϕ1) = sin θ,

‖B−T
0 ‖ = ‖(v1

∼
, v2
∼
)−T‖ =

1

|detB0|
‖




sinϕ2 − sinϕ1

− cosϕ2 cosϕ1



 ‖ ≤ 2

sin θ
. (3.12)

2) Tetrahedral element
Similarly we have

‖B−T
0 ‖ ≤ 6

|detB0|
. (3.13)

Let J = {Jh}h→0 be a family of decompositions of Ω into tetrahedra. There
are three geometry conditions for tetrahedron elements.

1. Regular condition (cf. [11]).

J is said to be regular if there exists a constant c0 > 0 such that for any
Jh ∈ J and any K ∈ Jh we have

c0hK ≤ ρK ,

where hK = diamK and ρK = diamSK , here SK is the biggest ball contained
in K.

2. Regular vertex property (cf. [2]).

J is said to have the regular vertex property if there exists a constant c1 > 0
such that for any Jh ∈ J and any K ∈ Jh, K has a vertex P0 such that

|detB0| ≥ c1,

where B0 see (3.6).

3. Maximum angle condition (cf. [17]).

J is said to satisfy the maximum angle condition if there exists a constant
0 < ϕ0 < π such that for any Jh ∈ J and any K ∈ Jh, the angles inside the
faces and the angles between faces are all bounded above by ϕ0.

It is well known that (see [17]) the regular vertex property is stronger than the
maximum angle condition and weaker than the regular condition. Obviously
detB0 in (3.11) is corresponding to the regular vertex property which can
degenerate to flat or needle meshes.
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Meanwhile detB0 can be expressed by the angles of K at P0. In fact let
T = P0Q1Q2Q3 be tetrahedron generated by the unit vectors vi

∼
, 1 ≤ i ≤ 3

(see Fig.1), |T | be the volume of T . Obviously the angles inside the faces and
interfacial angles of T are also K’s ones at P0.
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Q2 Q1

Q3
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R1

O

P0

v1
∼

v3
∼

v2
∼

Fig. 1

Denote by H = |Q3O| the length of spatial altitude perpendicular to v1
∼

and

v2
∼
. Denote by r1 = |Q3R1| and r2 = |Q3R2| the altitudes perpendicular to v1

∼
and v2

∼
, respectively. Then ϕ1 = ∠Q3R1O, ϕ2 = ∠Q3R2O are the interfacial

angles between faces P0Q3Q1 and P0Q2Q1, P0Q2Q3 and P0Q2Q1, respectively.
Let α0 = ∠Q1P0Q2, αi = ∠QiP0Q3, i = 1, 2. Then

|detB0| = 6|T | = 2|.P0Q1Q2| ·H = |v1
∼
||v2

∼
|sinα0 · risinϕi

= sinα0 · |v3
∼
|sinαi · sinϕi = sinα0sinαisinϕi, i = 1, 2.
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