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ADAPTIVE WAVELET METHODS FOR ELLIPTIC PARTIAL
DIFFERENTIAL EQUATIONS WITH RANDOM OPERATORS

CLAUDE JEFFREY GITTELSON

AsstraCT. We apply adaptive wavelet methods to boundary value problems with
random coefficients, discretized by wavelets or frames in the spatial domain and
tensorized polynomials in the parameter domain. Greedy algorithms control the
approximate application of the fully discretized random operator, and the con-
struction of sparse approximations to this operator. We suggest a power iteration
for estimating errors induced by sparse approximations of linear operators.

INTRODUCTION

Uncertain coefficients in boundary value problems can be modeled as random
variables or random fields. Stochastic Galerkin methods approximate the solution
of the resulting random partial differential equation by a Galerkin projection onto
a finite dimensional space of random fields. This requires the solution of a single
coupled system of deterministic equations for the coefficients of the Galerkin pro-
jection with respect to a predefined set of basis functions on the parameter domain,
such as a polynomial chaos basis, see [17, 39, 1, 36, 27, 20, 37, 38].

The primary obstacle in applying these methods is the construction of suitable
spaces in which to compute an approximate solution. Sparse tensor product con-
structions have been shown to be highly effective in [35, 6, 5, 30]. Given sufficient
prior knowledge on the regularity of the solution, these methods can be tuned to
achieve nearly optimal complexity.

An adaptive approach, requiring less prior information, has been studied in
[23, 24, 26]; see also e.g. [11] for complementary regularity results, and [7] for
a similar approach for stochastic loading instead of a random operator. These
methods use techniques from the adaptive wavelet algorithms [9, 10, 21] to select
active polynomial chaos modes. Each of these is a deterministic function, and is
approximated e.g. by adaptive finite elements.

Although these methods perform well in a model problem, the suggested
equidistribution of error tolerances among all active polynomial chaos modes
is only a heuristic. The theoretical analysis of these methods currently does not
guarantee optimal convergence with respect to the full stochastic and spatial dis-
cretization.

In the present work, we apply adaptive wavelet methods simultaneously to the
stochastic and spatial bases, omitting the former semidiscrete approximation stage.
This takes full advantage of the adaptivity in these methods, and in particular their
celebrated optimality properties apply to the fully discretized stochastic equation.

This paper is structured as follows. We define random operator equations in Sec-
tion 1, and derive a weak formulation in the random parameters. In Section 2, we
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2 C.J. GITTELSON

construct a tensorized polynomial basis, and recast the random operator equation
as an equivalent bi-infinite linear system.

In Section 3, we give an overview of adaptive wavelet methods, focusing in
particular on a variant of the algorithm in [21]. Such methods can be used for an
arbitrary bi-infinite linear system, provided that a suitable routine is available for
approximating the action of the linear operator on a vector. If the operator is not
positive, a similar routine for the adjoint operator is also required. In Sections 4 and
5, we present and analyze a generic adaptive application routine, based primarily
on [19]. We use a greedy method to solve an optimization problem within this
method, and provide a brief analysis of greedy methods in Appendix A.

This efficient approximate application hinges on a sequence of sparse approx-
imations to the discrete operator, and uses estimates of their respective errors.
Although convergence rates for such approximations have been shown e.g. in [33],
explicit error bounds do not seem to be available. In Section 6, we consider a
power method for approximating these errors in the operator norm. We provide
an analysis of an idealized method, and suggest a practical variant using some
ideas from adaptive wavelet methods. We note that this is different from [16] and
references therein, where the smallest eigenvalue of e.g. a discretized differential
operator is computed by an inverse iteration, in that we do not assume a discrete
spectrum, and thus do not approximate an eigenvector, and in that we compute
the maximum of the spectrum rather than the minimum.

In Section 7, we construct a sequence of sparse approximations of the discrete
stochastic operator. This again makes use of a greedy algorithm. Section 7 discusses
the abstract properties of s*-compressibility and s*-computability for this operator,
which are used in the analysis of the adaptive application routine.

Finally, in Section 9, we present a brief example to illustrate our results. We
compare the expected s*-compressibility to approximation rates from [11]. The
smaller of these determines the efficiency of adaptive wavelet methods applied to
random boundary value problems.

1. RANDOM OPERATOR EQUATIONS

1.1. Pathwise definition. Let K € {R,C}, and let V and W be separable Hilbert
spaces over K. We denote by W* the conjugate dual space of W, i.e. the space
of continuous antilinear functionals on W. Furthermore, we define £L(V, W) as
the Banach space of bounded linear operators from V to W*, endowed with the
operator norm [|-||,_,w-, and abbreviate L(V) := L(V, V).

We consider operator equations depending on a parameter in I' := [-1,1]®.
Given

A: T — L(V,IW) and f:r-w, (1.1)
we wish to determine
u:I' -V, Auly) = fly) Yyerl. (1.2)

Let B(I') denote the Borel g-algebra on I'. Defining a probability measure 7= on
(I,B(I), A, f and u become random variables. Although 7t is arbitrary in this
section, we assume in Section 2 below that 7 is a countable product of probability
measures on [—1, 1].

We decompose the operator A into deterministic and random components,

A(y) =D+ R(y) Yyerl, (1.3)

with D € L(V, W*) boundedly invertible and R(y) € L(V, W*) for all y € I'. Conse-
quently, we also have the multiplicative decomposition

A(y)=D(idy +D7'R(y)), yeT. (1.4)
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Under the assumption
ID7'R@)||,_, <¥<1 Vyer, (1.5)

a Neumann series argument ensures existence and uniqueness of the solution u(y)
of (1.2) forall y € I', and

AW,y < IDvow-A+y)  Vyel, (1.6)
1
A oy < =5 107y Yy eT (1.7)

Asine.g.[5, 6,11, 35], we consider random components that are linearin y € I',

R =Y YR VY=l €T, (18)
m=1

with R, € L(V, W*) for all m. Such operators arise e.g. if A is a differential operator
that depends affinely on a random field and this fields is expanded in a series. We
assume that (R,,),, € €1(IN; £L(V, W*)) with

Z ID7'Rul|,, <v<1, (1.9)
m=1

which implies (1.5) since )ym| <L

1.2. Weak formulation. Let the map I' 3 y — A(y)v(y) be measurable for any
measurable v: I' — V. Then due to (1.6),

A: LA V) > LAWY, o [y e Alyow)], (1.10)
is well-defined and continuous with norm at most (1 + ) ||D|ly_w-. We assume
also that f € L2(I'; W").

We define the multiplication operators

Ky L(T) = LX), o(y) = ymo(y), meN. (1.11)

Since vy, is real and |ym) is less than one, K, is symmetric and has norm at most
one.

Identifying the Lebesgue-Bochner space L2(I'; V) with the Hilbert tensor product
L2(I' ® V, and similarly for W* in place of V, we expand A as A = D + R with

Di=idp® and  Ri= Z K ® Ry . (1.12)
m=1

This sum converges in L(L2(I; V), L2(I; W*)) by the assumption that R,y is
absolutely summable in L(V, W).

Lemma 1.1. HZ)*RH Sy <l

L2([;V)—>L2(V

Proof. We note that D is invertible with D™ = idzz () ®D71, and as in (1.10),
(DRo)(y) = D IR(y)v(y) for all v € L2(I; V) and y € I'. Therefore, using (1.5), for
allv € LA(T; V),

e = [ 107 R0, dn < [ ol dr <2 ol
O

Proposition 1.2. The operator A from (1.10) is boundedly invertible, (A~1g)(y) =
A(y)g(y) for any g € L2(T; W), and

|D7Ro

1
BW-12ay) S T2
V4

(X

D7 (1.13)

Wr—V °
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Proof. Asin (1.4), we have
A= D(id‘L%(T;V) +D71R) .

Therefore, by a Neumann series argument using Lemma 1.1, A is invertible, and
A1 can be represented as

A= [Z(—D%)”}Dl .
n=0

Since (D71¢)(y) = D~'¢(y) by definition, and (D~'Rv)(y) = D'R(y)v(y), this is just
the Neumann series representation of A(y)™'. The estimate (1.13) follows from
Lemma 1.1. O

Corollary 1.3. The solution u of (1.2) is in L2(I; V), and u is the unique element of this
space satisfying
Au=f. (1.14)

The operator equation (1.14) in L2(I'; W*) can be reformulated as
[ vy ant = [Gouw) dxy  vwel2aw .

2. DISCRETIZATION OF RANDOM OPERATOR EQUATIONS

2.1. Orthonormal polynomial basis. In order to construct an orthonormal poly-
nomial basis of L2(I'), we assume that 7 is a product measure. Let

™= ® T (2.1)
m=1

for probability measures m,, on ([-1,1], B([-1,1])); see e.g. [4, Section 9] for a
general construction of infinite products of probability measures. We assume for
simplicity that the support of 7, in [-1, 1] has infinite cardinality.

For all m € IN, let (P});”, be an orthonormal polynomial basis of Lim([—l, 1]),
with deg P}/ = n. Such a basis is given by the three term recursion P", := 0, P := 1
and

B Py (&) = (E—al )P (&) =B P&, neN, (2.2)

with . .
= f PMEPdrn(E) and Bl = Cc—;f , 2.3)

-1 n

where cjf is the leading coefficient of P}, B’ := 1, and P} is chosen as normalized
in L2 ([0,1]). This basis is unique e.g. if ¢}/ is chosen to be positive.
We define the set of finitely supported sequences in N, as

A= {p e NY; #suppu < oo}, (2.4)
where the support is defined by
suppp ={meN; p, #0}, peN. (2.5)

Then countably infinite tensor product polynomials are given by

Pi=(P),_, , Pui= (Xl) P, ueA. (2.6)
e

Note that each of these functions depends on only finitely many dimensions,

P =[P = [] Piw, wea, @7)
m=1 mesupp
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since P =1 for allm € IN.
Theorem 2.1. P is an orthonormal basis of L2(I).
We refer to e.g. [25, Theorem 2.8] for a proof of Theorem 2.1.

2.2. Tensor product frames. Let H be a separable Hilbert space. A frame of H is a
countable sequence @ := (¢,)vez C H for which the synthesis operator

To: (2) > H, c=(Cles = ) ey 28)
veE

is bounded and surjective. The adjoint of T¢ is

Ty H = (), fr (Flpa)hez - 29)
The upper frame bound of @ is Be = ||Toll,2z)—n- The sequence @ is a Riesz basis
of H if T is injective, and an orthonormal basis if T is unitary.
The frame operator of a frame @ in H is the self-adjoint linear map

So=ToTp: H' > H, fr Y fl@)p.. (2.10)
veE
It is an isomorphism of Hilbert spaces.
Let @ be a frame of H as above and let ¥ = (1)1co be a frame of a second
separable Hilbert space L. Then the countable sequence @ X ¥ := (¢, ® Y1), 1)e=x0
is a frame of H ® L. Its synthesis operator is

Toxy =To® Ty, (2.11)

and consequently Boxy = BoBy. Furthermore @ x W is a Riesz basis if and only
if both @ and W are Riesz bases, and an orthonormal basis if and only if @ and ¥
are orthonormal bases.

We refer to [22, Chapter 2] and the references therein for details and proofs.

2.3. Discrete operator equation. Let @ = (¢,).cz be a frame of V and ¥ = (Y« )xeo
a frame of W. We define the discrete operator
A = Ty ATpxo: C(AX E) > (A X O) , (2.12)

which can be interpreted as a bi-infinite matrix. Similarly, we define the discretized
operators
D :=TyDTe and R, :=TyR,Teo, melN, (2.13)

—
=

which are bounded linear operators from ¢?(Z) to {*(0).
Lemma 2.2. Forallm € N, K;, := T, K,y Tp € L(C?(A)) has the form

(Kne)y = 521,,,+1C#+€m + “ancu + ﬁ:’fmcy_em , HEA, (2.14)

forc = (cp)uen € 2(N), where cu = 0if u < 0 for any m € IN. Furthermore, K;, = Ky,
and

IKinllzry- 2y = Kimllizry—rzqy <1 - (2.15)
Proof. The identity (2.14) follows from the three term recursion (2.2). The rest of

the claim is a consequence of T,! = T}, since K,, is self-adjoint and has norm at
most one. |

Proposition 2.3. The discrete operator A from (2.12) satisfies

A=I®D+2Km®Rm (2.16)

m=1

with convergence in L(€*(A x E), (*(/ X ©)).
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Proof. The claim follows from (1.12) and (2.11), using the definitions (2.13), the
definition of K;, in Lemma 2.2, and T, Tp = I. |

We define the discrete right hand side

f=Tppf € (AXO) . (2.17)
Theorem 2.4. A u € (*(/\ x E) solves the bi-infinite matrix equation
Au=f (2.18)
if and only if it is related to the solution u of (1.2) by
u = Tpxopll . (2.19)

In particular, a solution u of (2.18) exists, and it is unique up to an element of ker Tpxp C
(A X E).

Proof. Applying Tp, A to (2.19) and inserting (1.14) and (2.17), it is evident that
(2.18) follows from (2.19).
If u € £?(A x E) satisfies (2.18), then applying Tpxy leads to

SpxwATpxou = TpxwAu = Tpxy f = Spxy f .

Since Spyw is boundedly invertible, it follows that Tpxeu satisfies (1.14), and there-
fore (2.19) holds.

Consequently, u is characterized by (2.19). A solution of (2.19) exists since Tpxo
is surjective, and it is unique up to an element of ker Tpxe. o

By Theorem 2.4, the solution # of (2.18) is unique if @ is a Riesz basis of V.

2.4. The discrete adjoint operator. If A is not symmetric positive definite, it is
useful to consider the discrete normal equations

A'Au=A'f . (2.20)
Here, A* is the discrete adjoint operator
A =Tp oA Tpw: F(AXO) > P(AXE) . (2.21)

Note that A" is only injective if ¥ is a Riesz basis of W.
Theorem 2.5. A u € (*(/\ x E) solves (2.20) if and only if it solves (2.18).

Proof. If u € *(A x E) satisfies (2.18), then (2.20) follows by applying A*. Let
u € (*(A X E) solve (2.20). Note that by (2.10),

A'A=T) oA SpwATpxo and  Af =Ty o Af .
Therefore, applying Tpxe to (2.20) leads to
Spx@ A" Spxw AT pyott = Spxo A Spxw f

Since Spxp, A* and Spxy are all invertible, it follows that Tpxeu satisfies (1.14), and
the claim follows using Theorem 2.4. o

The discrete adjoint operator A* has the same tensor product structure as A,
with D and R,, replaced by their adjoints.

Proposition 2.6. The operator A* has the form

A =I®D*+ZKm®R*m (2.22)

m=1

with convergence in L((*(A x ), (3(A x E)).

Proof. The claim follows from Theorem 2.3 since I* = I and K, = K. o
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3. ADAPTIVE WAVELET METHODS

3.1. An adaptive Galerkin solver. We consider a bounded linear operator A €
L(?), which we interpret also as a bi-infinite matrix. For simplicity, we consider
the index sets in the domain and codomain to be IN, although we will later tacitly
substitute other countable sets.
We assume that A is positive symmetric and boundedly invertible, and consider
the equation
Au=f (3.1)

for a f € (%, as in (2.18) or (2.20). Let ||/la denote the norm on ¢? induced by A,
which we will refer to as the energy norm.

We briefly discuss a variant of the adaptive solver from [9, 21, 19] for (3.1). This
method selects a nested sequence of finite sections of the infinite linear system,
and solves these to appropriate tolerances. In each step, an approximation of the
residual is computed in order to estimate the error and, if necessary, enlarge the
set of active indices. For extensions of this method and alternative approaches, we
refer to Section 3.4 below. We assume that the action of A can be approximated by
a routine

Applyslv,el =z, ||Av—-z|lp <€, (3.2)

for finitely supported vectors v. Similarly, we require a routine

RES[e] > g, ||f-gll.<e, (3.3)

to approximate the right hand side f of (3.1) to an arbitrary precision €. These
building blocks are combined in Residualys to compute the residual up to an
arbitrary relative error.

ResidualA,f[e, v, Mo, X, w, Bl = [r,1,C]

Ce—xmo

repeat
r «— RHS¢[BC] — Applya[v, (1 - B)C]
1« llrlle
if C < wnorn+ C < € then break
Ce— g +0)

Remark 3.1. The loop in Residualy s terminates either if the residual is guaranteed
to be smaller than €, or if the tolerance C in the computation of the residual is less
than a constant fraction w of the approximate residual. If neither criterion is met,
since C > wr), the updated tolerance satisfies

w(n-0) < w:—Z(mc) <(1-w)(. (3.4)

This ensures a geometric decrease of C while also preventing C from becoming
unnecessarily small. Since 17+ C and 17 — C are upper and lower bounds for the true
residual, the updated tolerance C satisfies

1-w 1-w
CZ“)HQ)||f—Av||€22w1+w(n—C), (3.5)
which implies C > 1?2:2);2 . _.

Let ||Al| < & and ||A7!|| < &. Then x4 = & is an upper bound for the condition
number ||A]||A7Y|| of A. Furthermore, let ||f]l,- < A.
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Solveysfle, x, 9, w, 0, B] > [ue, €]

EO — ¢

i® — 0

So «— a2

fork=0,1,2,... do

if Oy < € then break

[re, T, Gl — ResidualA,f[ecvv‘l/Z, a®, a'26, x, w, Bl
S — a2 (i + &)

if 5; < € then break

(56D, o] — Refine[Z®, 1y, \Ji12 = (G + S + C)?]

S — (Y- & - &)/ + @)

[®*Y, 7411] «— Galerking ([E®, 40, o min(8y, 6)]

Okl — Tl + 1/1 - éiK;l min(ék, 5k)

ue — i®
€ «— min(d, Ox)

The method Solve, f uses approximate residuals computed by Residualy s to
adaptively select and iteratively solve a finite section of (3.1). For a finite = C IN, a
finitely supported r € ¢ and € > 0, the routine

Refine[Z,r, €] — [Z, 0] (3.6)

constructs a set £ D Z such that ¢ == ||r — 7|zll2 < €, and #Z is minimal with this
property, up to a constant factor é. This can be realized with ¢ = 1 by sorting » and
appending the indices i to Z for which [r;| is largest. Using an approximate sorting
routine, Refine can be realized in linear complexity with respect to # suppr at the
cost of a constant & > 1.
The function

Galerking f[Z, v, €]  [i1, 7] (3.7)
approximates the solution of (3.1) restricted to the finite index set & C IN up to an
error of at most 7 < € in the energy norm, using as the initial approximation v.
For example, a conjugate gradient or conjugate residual method could be used to
solve this linear system.

Remark 3.2. In the call of Galerkiny f in Solvey g, the previous approximate solu-
tion is used as an initial approximation. Alternatively, the approximate residual ,
which is readily available, may be used to compute one step of a linear iteration,
such as a Richardson method, prior to calling Galerkings. Although this may
have quantitative advantages, we refrain from going into details in order to keep
the presentation and analysis simple. 4

3.2. Convergence analysis. The convergence analysis of Solvey s is based on [9,
Lemma 4.1], which is the following statement. We note that the solution of (3.1)
restricted to a set £ C IN is the Galerkin projection onto (*(£) c £2.

Lemma 3.3. Let £ C N and v € (*(E) such that, fora 9 € [0,1],
[(f - Av)ls|,. = 9 |f - Ao . . (3.8)

then the Galerkin projection @ of u onto (*(E) satisfies

llu—dilly < /1= 92x, I —oll . 8.9)
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We note that, by construction, if 3 > 0, v > 0 and w + 9 + w9 < 1, then for all k,
E®D in Solvey s is such that

H(f - Aﬁ(k))|5(k+1) »

> §||f - aa®)|,, , (3.10)

and ¢ > 9. Thus Lemma 3.3 implies an error reduction of at least /1 —82k,! per
step of Solvey ¢, up to the error 74 in the approximation of the Galerkin projection.

Theorem 3.4. Ife >0, x > 0,9 >0, w >0, w+3+wd <1, 0< B <1land

0 <0 <1= /1 -98%k,", then Solvey fle, x, 9, w, 0, f] constructs a finitely supported u,
with

llu—ucllg <€E<e. (3.11)
Moreover, for all k € Ny reached by the iteration,
pl- _ <
R V6 < || — Y|, < min(sy, &) - (3.12)

We refer to [23, Theorem 3.4] for a proof of Theorem 3.4, see also [21, Theo-
rem 2.7].

Remark3.5. Due to (3.12), in each call of Galerkiny f, an error reduction of at most a
fixed factor o is required. Since the condition number of A restricted to any = ¢ IN
is at most k4, a fixed number of steps of e.g. a conjugate gradient iteration suffice,
with no need for preconditioning. 4

3.3. Optimality properties. For v € > and N € Ny, let Py(v) be a best N-term
approximation of v, that is, Py(v) is an element of ¢? that minimizes |[v — vp||,2 over
vn € €2 with #supp oy < N. For s € (0, ), we define

ol == sup (N + 1)’ [l = Pn(0)ll2 (3.13)
NeNo
and
A ={vel; |Plla < oo} . (3.14)
Setting € = |lv — Pn(v)ll» — n with nn > 0, it follows that
ol = suope(min (NeNp; lv - Pn@)llz <€), (3.15)
€>

so our definition is consistent with that in [19]. If the index set IN is replaced by a
countable set =, we will write A°(Z) for A°.

By definition, the space A°* contains all v € £2 that can be approximated by
finitely supported vectors with a rate s,

o — Px@)llp < ol (N +1)° YN eNp. (3.16)

The following theorem states that, under some conditions on the parameters of
Solveyy, this method recovers the optimal rate s whenever u € A, i.e. the ap-

proximate Galerkin projections #®) converge to u at a rate of s with respect to
#20),

Theorem 3.6. If the conditions of Theorem 3.4 are fulfilled,

A . \9(1+C())+2CU -1/2
9= ? < KA , (317)
and u € A° for an s > 0, then for all k € INg reached by SolveAf,
b =, < 2EKat o1 - 0) 5 e T Il (#2) (3.18)

with 9 = 0+ J1 -9, and T = V1 - k4.



10 C.J. GITTELSON

The proof of Theorem 3.6 hinges on the following Lemma. We refer to [23,
Theorem 4.2] and [21, 19] for details. For a proof of Lemma 3.7, we refer to [23,
Lemma 4.1]. See also [21, Lemma 2.1] and [19, Lemma 4.1].

Lemma 3.7. Let E© ¢ N be a finite set and v € (E®). If0 < § <k ;' and
EO c 2 ¢ N with

#20 < cmin{#2; EO ¢ &, |[(f - Av)lz]|,, 2 |f - Av],.) (3.19)
forac>1,then

#HED\EO) < cmin{#8; N, llu—flly < 7l - oll5} (3.20)

fort= /1- 321314/ 2, where @t denotes the Galerkin projection of u onto (*(Z).

Theorem 3.6 implies that the algorithm Solvey f is stable in A°. If the conditions
of the theorem are satisfied, then for all k reached in the iteration,

Hﬁ(k)| 21450514 0(1 + w)

a = (1 T A= oy —w)

)”u”:ﬂS , (3.21)

see e.g. [23, Lemma 4.6].

Remark 3.8. The sparsity of approximate solutions is of secondary importance
compared to the computational cost of Solvey s. Under suitable assumptions, the

number of operations used by a call of Solve, ¢ is on the order of e 1/s ||u||1y<f , which

is optimal due to (3.15). Besides the conditions of Theorem 3.6, this presumes that
a call of Apply[v, €] has a computational cost on the order of

ol (3.22)

1+#suppov+e '

and similarly the cost of RHS¢[e] is O(e™/* ||v||1%f ). Due to the geometric decrease of

the tolerances C in Residualyy, the total cost of this routine is equivalent to that

of the last iteration, which is O(C;l/ ° ||u||1y<f), using Theorem 3.6 and (3.21). This
includes the cost of Refine if this is realized by an approximate sorting routine
with linear complexity. Finally, since only a fixed number of steps of a linear
iteration is required in Galerkiny s by Remark 3.5, and each step can realistically
be performed in at most the same complexity as Apply,, the computational cost
of the k-th iteration in Solveg s is O(C;l/ s ||u||¥f). Equation (3.5) implies that this is
equivalent to 0(5]:1/ ° ||u||;4f), and since the error estimates 6 decrease geometrically,
the total cost of Solvey s is dominated by that of the last iteration of the loop, in

which the error is on the order of €. a

3.4. Extensions and alternatives. The adaptive wavelet method suggested in [9]
differs from Solvey ¢ in that an absolute tolerance is used in the approximation of
theresidual. In order to achieve optimality properties similar to those in Section 3.3,
[9] requires a coarsening step, which truncates superfluous small entries of the
approximate solution. Requiring a relative accuracy in the approximate residual
overcame the need for explicit coarsening in [21].

A rather different approach is used in [10]. Instead of adaptively constructing
and solving a sequence of finite problems, a linear iteration is applied directly to
the full bi-infinite equation (3.1). Individual applications of A and occurrences of
f are approximated by the routines Apply, and RHS; with tolerances that ensure
convergence of the iteration. As in [9], a coarsening step ensures optimality prop-
erties of this algorithm. This method has a wider scope of applicability than [9],
which includes indefinite linear systems.
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As noted in [10], the assumptions of positivity and symmetry of A can be
dropped with either approach if (3.1) is replaced by the normal equations A*Au =
A*f. The routines Apply, and Apply,. combine to an adaptive multiplication
routine for A*A,

Applya-alv, €] = Applya-[Applyalv, €/(24)] €/2], (3.23)
see e.g. [31, Cor. 4.6]. Similarly, A" f can be approximated by
RHS4-f[€] = Apply,-[RHSf[e/(24)],€/2] . (3.24)

Thisleads toa solver Solveg-4 4-f which does not require A to be a positive operator.

All of the above methods assume that the operator A is regular. However, if A
arises from a frame discretization of a differential or integral operator, then A is
generally singular. The method from [10] has been generalized to this setting in
[32, 14,15, 13]. We refer to [34] for a survey of adaptive wavelet methods for linear
operator equations.

4. ADAPTIVE APPLICATION OF S*-COMPRESSIBLE OPERATORS

4.1. s*-compressibility and s"-computability. A routine Apply, for approximately
applying an operator A € L(¢?) to a finitely supported vector constitutes an es-
sential component of the adaptive solvers from Section 3. Such a routine can be
constructed if A can be approximated by sparse operators, as in the following defi-
nition. Again, we interpret A € £({?) also as a bi-infinite matrix, and restrict to the
index set N only to simplify notation.

Definition 4.1. An operator A € L({?) is n-sparse if each column contains at most
n nonzero entries. It is s*-compressible for an s* € (0, co] if there exists a sequence
(A))jen in L(£?) such that A; is nj-sparse with (1) jex € NN satisfying

0
Ca = sup —— < oo 4.1)
jEN nj
and for every s € (0,s7),
dp,s = sup HA —A]-”ﬂﬂn2 <00, (4.2)
jEN

The operator A is strictly s*-compressible if, in addition,
sup dgs < 0. (4.3)
s€(0,5*)

-

Remark 4.2. Equation (4.2) states that for all s € (0,5"), the approximation errors
satisfy

ea;=A-A <daon;®, jEN. (4.4)

f||,[24,52
If s < oo, this is equivalent to the condition that (n“;:*eA, i)jeN grows subalgebraically
innj, ie.

n’ea; <infdae_m’, jeN. (4.5)

] >0
Strict s*-compressibility states that the right hand side of (4.5) is bounded in j, i.e.
das = sup n? ea,j = sup sup nj.eA,j = sup das < . (4.6)
jEN jEN s€(0,5%) s€(0,5*)

Of course, s"-compressibility implies strict s-compressibility for all s € (0, s*). 4
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Proposition 4.3. Let A € L({?) be s*-compressible with an approximating sequence
(A))jen as in Definition 4.1, and set Ao = 0. There is a map j: [0,00) — N such that
Ajy is r-sparse for all r € [0, 00) and for all s € (0,s"),

eAj(r) = ||A - A]-(y)”ﬂ_)[,Z < max (c;dA,s, nieA,o)r*s (4.7)
forr >0, whereea o = ||All_p.
Proof. Setny = 0 and define
j(r) =max{je No; n;<r}, ref0,0). (4.8)
Then Aj) is r-sparse, and if j(r) > 1,
eajir) < dA,sn]f(i) < dA,schn]f(i) b Sdascyr

by (4.4) and (4.1). If j(r) = 0, then < 7, and

€A,i(r) = A0 < eA/OTliT_S . O

In particular, Proposition 4.3 implies that Definition 4.1 coincides with the notion
of s*-compressibility for example in [21, 31], i.e. one can assume 7n; = j in the
definition of s*-compressibility at the cost of increasing the constants (4.2) and
obscuring the discrete structure of the sparse approximating sequence. We denote
the resulting compressibility constants by

JA,S = sup r° HA —Aj(r)ngng < max (c;dA,s, nieA,o) < oo (4.9)
re(0,00)

for s € (0,s"), where j(r) is given by (4.8). Also, it follows using Proposition 4.3
that any s*-compressible operator A for which A* is also s*-compressible, A is in the
class B; defined in [9] for all s € [0, 5%).

Although s*-compressibility is a precise mathematical property, it is only useful
for applications if the sparse approximations to the bi-infinite matrix can be com-
puted efficiently. This is the context of the following, more restrictive definition.

Definition 4.4. An operator A € L(£?) is s*-computable for an s* € (0, c0] if it is
s*-compressible with an approximating sequence (A;)jen as in Definition 4.1 such
that A; is nj-sparse and there exists a routine

Buildalj,kl ~ ()}, (@)}, ] (4.10)

such that the k-th column of A; is equal to

nj

Y e, 4.11)

i=1

where ¢, is the Kronecker sequence that is 1 at /; and 0 elsewhere, and there is a
constant by such that the number of arithmetic operations and storage locations
used by a call of Build[j, k] is less than byn; for any j € N and k € IN. 4

Note that the indices /; in (4.10) are not assumed to be distinct, so a single entry of
Ajmay be given by a sum of values a;. However, the total number of 4; computed
by Buildy[j, k] is at most ;.
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4.2. Anadaptive approximate multiplication routine. It was shown in [9, 10] that
s*-computable operators can be applied efficiently to finitely supported vectors. A
routine with computational advantages was presented in [19]. We extend this
method by using a greedy algorithm to solve the optimization problem at the heart
of the routine.

Let A € £(£?) and for all k € Ny, let Ay be ni-sparse with np = 0 and

A - Akllpe < 2ak - (4.12)

We consider a partitioning of a vector v € £* into vy = vlz,, p = 1,..., P, for
disjoint index sets 5, C IN. This can be approximate in that vj;; + - -+ + vjp] only
approximates v in £>. We think of v[;] as containing the largest elements of v, vy
the next largest, and so on.

Such a partitioning can be constructed by the approximate sorting algorithm

BucketSort[v, €] - [(v)",, (Z,)0,] , (4.13)
which, given a finitely supported v € ¢? and a threshold € > 0, returns index sets

gy = {ueN; o] € @72 ol , 2002 o]l -1} (4.14)

and U] = Ulgp, see [28, 2,21, 19]. The integer P is minimal with

272 ||o|l;« \f#suppuv <e. (4.15)

By [21, Rem. 2.3] or [19, Prop. 4.4], the number of operations and storage locations
required by a call of BucketSort[v, €] is bounded by

#supp v + max(1, [log(|[vll,~ \#suppv/e)l) . (4.16)

This analysis uses that every v, u € IN, can be mapped to p with u € Z, in constant
time by evaluating

pi= [1 +210g2(”v”‘“ )| : 4.17)
[
Alternatively, any exact comparison-based sorting algorithm can be used to con-
struct the partitioning of v, albeit with an additional logarithmic factor in the
complexity.
For any k = (k, £:1 € N}, with £ € Ny determined as in Apply,[v, €], define

¢
G=) eak, Hv[p]H[Z(EV) and ok == ) 1, (#suppop)) . (4.18)
=1

¢
p p=1

Applyslv, €] = z

P €
(v[p])p:1 «— BucketSort [v, FA,O]
¢
. _ €
compute the minimal £ € {0,1,...,P}s.t. 0 == 49 ||v - Z vl < 2
p=1 02
k = (kp)£=1 — (O);zl
while ( > ¢ -6 do
| k «— NextOpt[k] with objective —(; and cost ok

14
Z — ZAva[p]
p=1
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The algorithm Applya[v, €] has three distinct parts. First, the elements of v are
grouped according to their magnitude. Elements smaller than a certain tolerance
are neglected. This truncation of the vector v produces an error of at most 6 < €/2.

Next, a greedy algorithm is used to assign to each segment v|,) of v a sparse
approximation Ay, of A, see Appendix A. Starting with Ay, = 0forallp=1,...,¢,
these approximations are refined iteratively until an estimate for the error resulting
from the approximation of A by Ay, forallp =1,...,{isbounded by { < € — 6.

Finally, the multiplications determined by the previous two steps are performed.
A few elementary properties of this method are summarized in the following
proposition.

Proposition 4.5. For any finitely supported v € ¢* and any € > 0, if Applya[v, €]
terminates, its output is a finitely supported z € (* with

¢
#suppz < Z 1y, (# supp o)) (4.19)
p=1
and
JAv —z|l|p <0+ G <€, (4.20)

where k = (k,[,)f;:1 is the vector constructed by the greedy algorithm in Applyalv, €].

Furthermore, the number of arithmetic operations required by the final step of Applya[v, €]
is bounded by

{
Y, (# supp o) (4.21)
pr=1

if the relevant entries of Ay, are precomputed.

Proof. We show (4.20). Since [|All;2_,2 < €4y,

Il
>
IA

-

4
Av— A Z oyl <eéaof|v - Ul
p=1

yol P

Il
—-
NI o

2

By (4.12),if k = (kp)7§=1 is the final value of k,

¢ ¢
Z lavy,) - Akpv[P]”ﬂ < [ Ak ||v[l’]H€2(5p) =G=<e-o.
p=1 =1

p

Let v € (2 be finitely supported and € > 0. Note that by (4.14) and (4.15),

P
_ €
v—Zv[p] <2 P/zllvll,fm \V#suppo < A

e,
p=1 02 A0

so ¢ is well-defined. It is not immediately clear, however, that the greedy algorithm
in Applya[v, €] terminates. This requires a few additional mild assumptions. For
all k € Ny, define
CAk — CAK+
N = ——— . (4.22)
Mgt1 — Nk

Assumption 4.A. (24 x)keN, is nonincreasing and converges to 0; ng = 0 and (ny)ken,
strictly increasing. Furthermore, the sequence (N)keN, iS nonincreasing.
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Note that Assumption 4.A implies Assumption A.A from Appendix A. Let M
denote the setof p € {0, ..., P} for which supp v, # @. Forall p € M, the sequences
of costs and values from Appendix A are given by

& = m(#suppop)  and ) = —2ax|[op|,. - (4.23)
By Assumption 4.A, cg =0, (CZ)kENo is strictly increasing and (a)]’i)ke]N0 is nonde-
creasing for all p € M. Also,

p sz Hv[P]”ﬂ(Ep)

= Ac, = T #supp vpy)

(4.24)

is nonincreasing in k for all p € M.

Proposition 4.6. For any k generated in Applyu[v,€l, if j € IN§ with o < oy, then
Cj > Ck. If] € ]Ng with Cj < (, then 0j 2 Of.
Proof. The assertion follows from Theorem A.5 with (4.23) and using Assump-

tion 4.A. Note that 6 > 0 for all j € ]Ng, and if o > 0, the second statement in
Theorem A.5 applies. o

Let (k;)ien, denote the sequence of k generated in Applya[v, €] if the loop is not
terminated. We abbreviate (; := {, and o0; := oy,

Remark 4.7. In particular, Proposition 4.6 implies convergence of the greedy sub-
routine in Apply,[v, €]. Since ;41 > 1 + 1 forallk € Ny and k;, = 0 for all i € INj if
#supp vy, = 0, 0; goes to infinity as i — oo. Since (j can be made arbitrarily small
for suitable j € N/, it follows that {; — 0. 2

5. ANALYSIS OF THE ADAPTIVE APPLICATION ROUTINE

5.1. Convergence analysis. For the analysis of Apply,, we assume that the values
ea x are spaced sufficiently regularly, with at most geometric convergence to 0.

eak

Assumption 5.A. 74 = sup -
kelN, €A k+1

< 00,

In particular, 4 > O for all k € INy, i.e. if A is sparse, this is not reflected in the
bounds &4 . An admissible value is &4 x = da 1, since for all k € N,

Ak _(ﬂk+1)s<cs <o
— - =0y .
@A k+1 1y

Lemma 5.1. Foralli € Ny, (; < 7aCis1.

Proof. Leti € No. Note that (i—Cis1 = (eak, —Cak,+1) Hv[q,]“t,2 and Cix1 2 24k, +1 Hv[%]HgZ'
Therefore,
Ci—Cin Cak, —CAk,+1 Ak,

C,
= =1+ <1+ —= = -
Ci1 Civ1 €Ak, +1 €Ak, +1

<7a
O

The following is adapted from [19, Thm. 4.6]. We emphasize in advance that
knowledge of s and s* is not required in Applya[v,€]. The algorithm satisfies
Theorem 5.2 with any s* for which A is s*-compressible, provided that the bounds
2ax from (4.12) decay at the rate implied by s*-compressibility. We note that the
constant in (5.2) may degenerate as s — s”.
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Theorem 5.2. Let v € ¢2 be finitely supported and € > 0. A call of Applya[v, €] produces
a finitely supported z € €* with

lAv —zll2 <5+ G <€ (5.1)

If A is s*-compressible for an s* € (0, 0] and sup; . @axn;, < oo for all s € (0,s%), then for
any s € (0,s),

#suppz <o se '’ ||v||1/s (5.2)

with a constant depending only on s, 24,0, ca, 11, (das)se(s,s) and 7a.

Proof. Convergence of Apply,[v, €] follows from Proposition 4.6, see Remark 4.7.
Then (5.1) is shown in Proposition 4.5.
Letk = (kp)gz1 be the final value of k in Apply,[v, €], and s € (0,s"). By Propo-

sition 4.5, to prove (5.2) it suffices to show that thereisa j € ]Ng with (j < G =1 C

1/s

and 0 < €715 ||o)| pag Then Proposition 4.6 implies

s onifs

#suppz <ox <ojS€e ol

The construction of such a j is analogous to the proof of [19, Thm. 4.6] with C in
place of € — 5. We provide it here for completeness.
Let 7 € (0,2) be defined by tl=s+ %, and lets < 31 < 3 < s*. Then

#suppop) <#{ue 5; o] > 272 oll) < 272 l0ll; ol

see e.g. [18]. In particular,

[0l 2 < 277 1ll f# supp oy < 27772 [0l 1ol 52 -

Let | > ¢ be the smallest integer with Y/, 270"%1%/2|[yy,[| , < Cand let j =
( jp)f;:l € N} with j, minimal such that 2, j, < 20172, Then

=Y ea ol < zz 52 g | <

p=1

-1/s 1/5

It remains to be shown thatoj <€ ||v||

Ifj, 22, since &a,j, 1n] 451,

) ) 5—1/5 (J-p)G1/52)7/2
nj, SNj-1 S8 ;7 <2 :

This estimate extends to j, € {0, 1} since p < ]. Therefore, using 51 < 5,

4 4
oj = Z njp(# supp U[p]) < Z 2(J=p)51/52)t/20~pst/2 ||v||€m ||U||ﬂ>
p=1 p=1
< 200622 g o5 o5, < 2172 ol [y, -

1/s

s o],

Thus, the assertion reduces to 2/7/2 |||l [[vll: < €
If ] = £, by minimality of £,

Z ||v H[Z < €A02 fST/2||,v”1 T/2||v”’[/2 .
p=t
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If ] > £, then by minimality of ], using s < 51,

i t
—(I-1-1)3 —(J-1-1)3 — 1-7/2 2
C< Y 27Ul gy | < ) 2 U 202 L2 1
p:l pil

—(J-1-0)5 - 1-1/2 2 _ p=(J- 1-1/2 2
S 27RO o T ol < 2707 o, 572 ol
Lemma 5.1 implies € < 74C. Therefore, in both cases,

- 1-1/2 2
e S 27 Rl ol2

or equivalently,

2 - -1 1
2Pl ol < e ol

which completes the proof. o

It is known that s*-compressible operators A map A° boundedly into A° for all
s € (0,5%), see [9, Proposition 3.8]. Theorem 5.2 implies that this carries over to the
approximate multiplication routine Apply,.

Corollary 5.3. Let A be s*-compressible for some s* € (0, ], and assume that for all

s € (0,5%), supyn Cany < oo. Then for any s € (0,s") there is a constant C depending

only ons, a0, ca, 11, (Aas)ses,sy and 7a such that for all v € A° and all € > 0, the output
z of Applya v, €] satisfies
Izl < Cllvllzs - (5.3)

Proof. Let z be the output of Apply,[v, €] for some v € A° and some € > 0, and
define w = Av. By [9, Proposition 3.8], w € A°, and ||[w||# < ||[vll#:. Therefore,
it suffices to show ||z|lz < |lwllg. Since z is finitely supported, z € A°. Let
N = #supp z. Theorem 5.2 implies

llw - zllp2 < llwllgs N~° .

For any n > N, P,(z) = z, and thus (n + 1)° ||z = Pu(2)ll = 0. Letn < N -1 and
z, € {* with #supp z, < n. Then

M+ 1)z - zalle < M+ 1) lw = zllz + (1 + 1) [lw = z4ll2
The first term is bounded by
(m+1) llw - zllz < (1 + 1°N7 |lwll g < llwllz: -
Taking the infimum over z, with #supp z, < n, we have

(n+1)° M1z = Pu(2)lle < llwllze + (1 + 1) infllew — zull2 < vz -
The assertion follows by taking the supremum over n € INp. ]

5.2. Complexity analysis. By (4.16), the number of operations and storage loca-
tions required by BucketSort in a call of Apply,[v, €] is bounded by

#supp v + max(1, [log(2ea llvll~ #suppv/e€)])
S1+#suppo+ log(e*1 [0]lgs) . (5.4)

The value of £ can be determined with at most # supp v operations. We assume that

the values of Hv[p]H rE,) Are known from the computation of £. Then by Proposi-
=P

tion A.6, initialization of the greedy subroutine requires O(¢log {) operations, and
each iteration requires O(1 + log £) operations e.g. if a tree data structure is used
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for N from Section A.3. As ||k||,: iterations are performed if k = (k,[,)f;:1 is the final
value of k in Applya[v, €], the total cost of determining £ and k is on the order of

¢
#suppv + log" €+ (1+log" )Y Ky, (5.5)
p=1
where log™ x := log(max(x, 1)). Since ¢ < P, (4.15) implies
€ < 1+log"(#suppo) +log* (€7t [vllp) - (5.6)

Finally, the number of arithmetic operations required by the last step of Apply,[v, €]
is bounded by

14
Ox = Z 1, (#supp v[p]) , (5.7)
p=1

and this value is optimal in the sense of Proposition 4.6. If A is s*-computable for
any s* € (0, 0], then (5.7) includes the assembly costs of Ay, .

Theorem 5.4. Let v € €2 be finitely supported and € > 0. If A is s*-computable for an

s* € (0, 0] and sup, . eax1;, < oo forall s € (0,s%), then for any s € (0,s"), the number of

operations and storage locations required by Applya[v, €] is less than a multiple of
1+#suppo +e /s IIvlllAf (1 +log* log+(# suppv +e€ ! ”v”goo)) (5.8)

with a constant depending only on s, a0, ca, 11, (Aas)ses,s), Ta and ba. The double
logarithmic term in (5.8) is due only to the greedy subroutine and does not apply to the
storage requirements.1
Proof. We first note that

log(e M [olle=) < € lIoll,s < e ol
Therefore and by (5.4), the cost of BucketSort is less than

1+ #suppo + log(e_1 [[9llp~) <1+ #suppo + e/ IIvlllAf .
The cost of the last step of Applya[v, €] is ok, which in Theorem 5.2 is bounded by
ok s € ol -

The cost of the rest of Apply,[v, €] is given in (5.5). By (5.6), for x > 1,

tlog € < €¢ <1+ log(#supp o)’ + log(e’1 lol]g=)*

1

S 1+#suppo+ el oIl

<1+ #suppov+e '/ ||ZJ||}/245S .
Since
¢ <1+ log(#suppo) +log(e™ |lvllg~) S 1+ log(#suppo + € [[vllg) ,
we have
log ¢ < C + log(1 + log(#suppv + € ! [|[vll;=)) < 1 + loglog(#suppv + € [[vl| ) -

Finally, since k < ny for all k € Ny and k, = 0 if #supp v}, = 0,

14 4
_ 1
Y k< Y my(#suppoy) = ok < € ol
p=1 p=1

T As above, log* x := log(max(x, 1)).
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Remark 5.5. The double logarithmic term in (5.8) can be dropped under mild
conditions. If nx 2 k* for an a > 1, then by Holder’s inequality,

¢ ¢ ¢ 1/a
1/a a1
Y Yo =(Ym)
p=1 p=1 p=1
Furthermore, for a x > 1, as in the proof of Theorem 5.4,

az1

= log?¢ < ({’)‘)ac_:1 < (1 +#suppv + el IIvlllAf) ‘.

It follows that
4 a-1
logé’z ky < allc/“ (1 +#suppo +e 1 IIZJII;f) " < 1+#suppv+e /S IIvII;f ,
pr=1
and (5.8) can be replaced by
1+#suppo +e ol (5.9)

in Theorem 5.4, with a constant that also depends on a. The assumption n; 2 k*
is generally not restrictive, since by (4.1), n; may grow exponentially for an s*-
compressible operator. 4

6. COMPUTATION OF SPECTRAL NORMS BY THE POWER METHOD

6.1. Estimation of errors in sparse approximations of s*-compressible operators.
The routine Apply, in Section 4.2 makes explicit use of bounds é4 % on the errors
|A — Akll2— 2, Wwhere Ay is an ng-sparse approximation of an operator A € L(?),
see (4.12). Such bounds are derived e.g. in [33, 3] for a large class of operators in
wavelet bases. However, these estimates only hold up to an unspecified constant.

We suggest a power method for numerically approximating||A — A|l2_, .2, which
is equal to the square root of the spectral radius of the bounded positive symmetric
operator (A — Ax)* (A — Ax) on 2.

Remark 6.1. 1If A is s*-compressible with a sequence (A;);jen of nj-sparse approxi-
mations, then A — Ay is also s*-compressible with approximations (Ax:; — Ag)jen-
We have

(A = A0) = Aksj = AD| o = A = Aki |l e = eanrj Sdasms; . (61)

Furthermore, A ; — A is at most (144 + nx)-sparse, which implies da_4, s < 2°da .
If the nonzero entries of Ay are also nonzero for Ay, jr then Ag, j — Ay is nyy j-sparse,
or even (1, — ng)-sparse if the values of these entries coincide. In either case,
da-a.s < das. Similar considerations lead to c4-4, < 2c124 /(ca —1). a

6.2. Analysis of an idealized iteration. Let A € £({?) be a positive symmetric
operator. The power method successively approximates the spectral radius 74 of
A by Rayleigh quotients

(An+1"0, Anv) (A2n+1"0, U)

2 2
= = , ne N ; 62
YT A @0, ©2

for some starting value v € 2.

Remark 6.2. The classical analysis of the power method in a finite dimensional set-
ting makes use of the gap between the two largest eigenvalues. For real symmetric
matrices, the convergence to the largest eigenvalue is quadratic in the quotient of
the two largest eigenvalues, and the convergence to a corresponding eigenvector
is linear. In our infinite dimensional setting, the spectrum does not have to consist
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of discrete points, and there can be points in the spectrum with no corresponding
eigenvector. Also, it no longer makes sense to consider the difference between the
two largest eigenvalues since the maximum of the spectrum may also be a limit
point of the spectrum. These fundamental differences call for an equally different
analysis. 4

Theorem 6.3. For appropriate starting values v € {* and any 9 € (0,1), there is a
constant cp g > 0 such that

ra = R, = dra(l - c,,,sn_l) VnelN. (6.3)
In particular, R, — r4.

Proof. We note that R,, < 14 for all n € IN by definition. Due to the spectral theorem
for bounded symmetric operators, there is a o-finite measure ¢ on some domain S
and a unitary map U: L7(S) — > such that

U'AUep = fo Vo eLi(S),
where f € L7(S) with f > 0and 74 = HfHLff(S)'
that |9,z = 1 and define ¢ := U"v. Then the Rayleigh quotients (6.2) are

) foZ"H|(P|2d# ) fsf2n+1 dy

C el [ du,
for the probability measure dy, = |p|*du. By Jensen’s inequality,

If]

We assume without loss of generality

>
f ”Lf,;;l © =

125y’ and thus

2n+1
2n

Jsfd 5
S L My

Since H f H o - H f H 15 asp — oo, convergence of R, to r4 follows, provided that

e
L21,(5)

esssup f(x) = esssup f(x) . (6.4)
Xesupp @ x€es

We estimate H f ) 2s) from below in order to get a convergence rate. Let 3 € (0, 1).
L({)

Then Markov’s inequality implies

If]

Furthermore, by the fundamental theorem of calculus,

2 S o for = p({xes; @ = 9|l o)) € @11

_1-x1
2k n

1 2
1/2n>1_1_ _—n—1>1
K/ > ( K)anz >

O

The proof of Theorem 6.3 clarifies the conditions on the starting value v: It must
satisfy (6.4) for ¢ = U'v and f as in the proof. This condition is analogous to
the assumption that the starting vector in a finite dimensional power method is
not orthogonal to the eigenspace associated to the largest eigenvalue. We expect
round-off errors to make this condition irrelevant for numerical computations.
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6.3. A practical algorithm. The Rayleigh quotients (6.2) cannot be computed ex-
actly since the operator A cannot by applied exactly. We suggest an approximate
adaptive procedure for evaluating Av similar to the routine Apply, from Section 4.2.
To this end, we assume that for all k € INy, Ay is an n-sparse approximation of A,
with ng = 0, ng41 > 1 + 1 for all k € Ny and

lA — Al e < Céag (6.5)

for a constant C. We emphasize that this assumption is weaker than (4.12) since
the constant C need not be known, and our algorithm does not depend on this
constant. If it is known that A is s*-compressible, then we may set &4 := n,*° for
any s € (0,s").

Let v = (v,),en be a finitely supported sequence. We consider a sorting routine

Sort[v] — ()Y, (6.6)

with M := #supp v and such that (|o,,,|)!, is a decreasing rearrangement of (|v,|)uen-
To approximate Av, we apply either Ay or a better approximation of A to the first
my terms of this decreasing rearrangement, i.e. we apply A to v restricted to the set
{ui; Mgy +1 <i < my). For any nonincreasing sequence m = (M) the number
of multiplications performed in this approximate application of A is at most

Om = Y ey = mga) = Y (ng = mga ), 67)
k=1 k=1
and the error is bounded by
) iy 1/2
Xm = Z E’NA/k( Z |v}11|2) . (6.8)

k=1 i=myq +1

Even though x, is not of the form (A.2), and thus Appendix A does not apply, we
use a greedy algorithm to adaptively select a sequence m. The routine NextOptInf
from Appendix A.3 easily extends to the present setting, and its output m is assured
to be nonincreasing.

NApplyy[v,N] - z

(y,-)?fl «— Sort[v]
m = (mk);c:ozl — (0)]‘:;1
= (Thk);ozl — (0);11
while g4 < N do
m «— m
 «— NextOptInf[m] with objective — )\ and cost om
forallk € N do Zj «— {u;; myq +1 < i < my}

(o)
Z — Z Akv|5k
k=1

The routine NApply, does not ensure a fixed error, contrary to Apply,. This
would not be possible due to the unknown constant in the estimate (6.5). Instead,
NApply, limits the computational cost of the approximate multiplication. It can be
thought of as an adaptively constructed matrix representation of A of size N X M.

Remark 6.4. By construction, o, < N for the final value of m in NApply,. This
implies that no more than N multiplications are performed in the computation of
z in the final step of NApply,, and thus #suppz < N. a
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Remark 6.5. The exact sorting in the first step of NApply, uses O(M log M) oper-
ations. If ny increases exponentially in k and &4 decreases exponentially in k,
then at most O(N log N) steps are required in the subsequent greedy algorithm.
By Proposition A.7, these can be realized at a computational cost of O(N(log N)?).
Finally, as noted in Remark 6.4, the actual computation of z uses O(N) operations. 1

Starting from an arbitrary finitely supported nonzero v € ¢?, SpecRady itera-
tively uses NApply, to approximate multiplications by A in the Rayleigh quotients
(6.2). As a termination criterion, lacking alternatives, we simply compare two
consecutive approximations of the spectral radius of A.

SpecRady[v, N, €] — ¢

@ — &0

v «— v/ |[v]lp

repeat
o0
w «— NApply,[o, N]
o¢—w-v
v «— w/|lwlle

until |Q - @0| <ep

Remark 6.6. Since N is held constant throughout SpecRady, assuming #suppv < N
for the starting value of v, each step of SpecRady has a computational cost of
O(N(log N )?) due to Remark 6.5. Consequently, the choice of v is not particularly
important—a poor choice is likely to be compensated by a few steps of the iteration,
and the cost of subsequent steps is not affected. Note that the situation would be
different if Apply, were used in place of NApply,. 4

Remark 6.7. In order to compute the spectral radius of A*A for an operator A € £((?)
that is not positive, instead of constructing sparse approximations of A*A, the
algorithm SpecRady-4 can be used with NApplyy.4[v, N] replaced by

NApplys-[NApplys[v, N], N] . (6.9)
All vectors appearing in the iteration are still ensured to have at most N nonzero

entries, and Remark 6.6 still holds. This can be used in the setting of Section 6.1,
with A — A in place of A. 4

7. SPARSE APPROXIMATIONS OF DISCRETE RANDOM OPERATORS

7.1. Definition of approximations. We return to the discrete random operator A
defined in (2.12). Let (D)) en, and (R, j) jeN, be approximating sequences of D and
R, respectively, such that D; is ng j-sparse and Ry, ; is n, j-sparse, m € IN. We
assume 71,,0 = 0 and 1, is strictly increasing in j for all m € INy. Furthermore, let

HD DJHfZ and ”Rm le”ﬂ yo2@) = Bmj (7.1)

)= L2( @)
for all m € N. Such bounds can be Computed numerically by a power method, see
Section 6.

For all finitely supported sequences j := (j)menN, in N, define the operator

Aj=18Dj+ ) Kn®Ry, . (7.2)
m=1
Let 0,y := 2 if the distribution 7, is symmetric, and o,, := 3 otherwise. We set
oo := 1 and define 7, j := 0,1y,j for m € No. Then for all j € No, I® D; is fig j-sparse
and K, ® Ry is 71, j-sparse, m € IN.
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Lemma 7.1. For any finitely supported sequence j = (jm)men, in No, A;j is Nj-sparse for

(o9

Nj = Z fim,jy, + (7.3)
m=0
and
la - AinZ(Axa)%Z(Ax@) = Z Crvju = CAj - (7.4)
m=0

Proof. The first part of the assertion follows by construction since I is 1-sparse and
K, is op-sparse for all m € IN. Equation (7.4) is a consequence of Lemma 2.2 and
Proposition 2.3. o

We use the greedy algorithm from Appendix A to select specific j in (7.2). The
cost ¢j and objective wj are given by

Cj = N]' = Z Mm, j, and =—Cpj= Z —Crm,j,, - (7.5)
m=0 m=0
We initialize jo == 0 € ]NHO\T0 and construct (jx)ken, recursively by
Jk+1 = NextOptInf[fi], kelNp, (7.6)
using (7.5). Then
Ap = Aik , ke Ny, (7.7)

defines a sequence of approximations of A. By Lemma 7.1, Ay is Ny := Nj,-sparse
and its distance to A is bounded by 4« = 24,

Under mild assumptions, (7.7) defines the optimal Ny-sparse approximation of
A given the bounds (7.1) and the estimates in Lemma 7.1.

Assumption 7.A. For all m € N, ny,o = 0 and the (ny, ;) jen, is strictly increasing. The
sequence (G,0)meN 1S in £ and (8m,j)jeN, is nonincreasing. Furthermore, if i > j, then
_(ém,i+1 - ém,i) < _(Em,jJrl - ém,j)

ﬁm,i+1 - ﬁm,i - ﬁm,j+1 - ﬁm,j

, (7.8)

__1 _ - . . . .
and nm/l(em,l — &p,,0) IS noONincreasing in m.

Corollary 7.2. For all k € Ny, ji minimizes the error bound e among all finitely
supported sequences j in INg with sparsity bound N;j < Ni. Furthermore, if éax # 0, then
Jjx minimizes Nj among all j with ea; < ax.

Proof. The assertion follows from Theorem A.5, see Remark A.1, since Assump-
tion 7.A implies Assumption A.A for (7.5). o

7.2. Numerical computation. We consider the complexity of a routine Buildy as
in Def. 4.4 for constructing columns of Ay, interpreted as bi-infinite matrices. To
this end, we assume that such assembly routines are available for D and R,,;, m € IN.
More specifically, the routines

Buildy[j, (] — [(/\ 70{, )lno{] )

Build,lj — [(A), (1], meN,

construct all nonzero elements of the (-th column of D; and R, , respectively, using
no more than by,n,, j arithmetic operations and storage locations for a constant by,
independent of j and :.
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Buildalk, (i, )] = [((vi, )N, @) ]

(A7, @)1 | «— Buildljeo, ]
fori=1,...,ng, do [(vi, A;), a;] «— [(u, A), di]
n < No,ji,

form € N; jim > 1do

T fi . . .
[, ey | e— Build i, ]
t«—20

fori=1,...,n,;, do

(Vn+t+1/ /\n+t+1) — ([J + €m, /\i)

Ap+t+l < ﬁl’;x”rlm

if 4y > 1 then
L (Viate2, Apaesn) — ([J — €, Ai)

m
An+t+2 < Py, T;

if 0,, = 3 then
L (Vista3, Apaes3) ([J/ Ai)

m m
Anetr3 < ay, 1

| t—t+op,
ne—n+ ouhm,j,,

Lemma 7.3. The number of arithmetic operations and storage locations required by a call
of Buildulk, (u, t)] is bounded uniformly in k by

(o)
Ni + Z bmnm,]-km .
m=0

Proof. This is a direct consequence of the assumptions on Build,,, m € INy. o

Remark 7.4. It is often necessary to construct ji before calling Buildalk, -], for
example to determine Ny and é4%. In this case, we can assume j; to be readily
available in Builda[k, -]. Otherwise, NextOptInf from Appendix A can be used to
compute ji in the first call of Builda[k, ]. If this is done directly for an arbitrary
k € Ny, it adds O(k log(k)) to the complexity of Builda[k, -] even if N is realized by
a tree data structure, which may dominate e.g. if Ny < k. However, if Buildg[k, -]is
called successively for k € N and the values ji, N and M are cached, then the cost
of NextOptInf is negligible even if N is realized by a simple linked list. 4

7.3. Adaptive application of discrete random operators. In this section, we ana-
lyze the structure of the adaptive multiplication routine Apply, from Section 4.2
for a discretized parametric operator A and the approximating sequence (Ax) from
Section 7.1.

By Assumption 7.A and Lemma 7.3, (Ni)ken is strictly increasing, and Ny = 0
since jo = 0. By definition, (jim)ken, is nondecreasing for all m € INy. Therefore,
Assumption 7.A implies that (24 t)ken, is nondecreasing. If &,,; — 0 as j — oo for
all m € Ny, since (&,0)meN, € & by Assumption 7.A, Corollary 7.2 implies that
eax — 0ask — co. We note that

CAk — CAK+1 ottt i, — Eti i, +1
M = =

= , 7.9
N1 =N Tl +1 = Tl i, 79
which is nonincreasing in k by construction of (ji)en,, see Lemma A.4. Conse-
quently, Assumption 4.A is satisfied under the sole additional requirement that
em,j — 0 as j — oo for all m € Np.
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Also, since _
CAk Ak < 1tk i,

- I - - - = 7
€A k+1 €Ak + emkr]‘k/mk"'l - emkr]‘k/mk emkr]‘k/mk"'l
Assumption 5.A is satisfied if
ém,]‘
sup sup - <00, (7.10)
meNy jeNg €m,j+1

Assuming the sequences (i) and (11;) are known, the first two parts of Apply,[v, €]
can be used to partition the vector v into (v[p])f;:l and a negligible remainder term,
and to assign to each of these a k, € INp.

The final step of Apply[v, €] performs the multiplications

t
z = ZAka[”] . (7.11)
pr=1

Using the tensor product structure from Proposition 2.3, (7.11) can be decomposed
into multiplications with the coefficient operators D; and Ry, ;, m € IN.

Let vy}, denote the u-th coefficient of vy, i.e. vy, = (vu), for 1 € Z such that
(u, 1) € Ep. Then assuming 7, is symmetric for allm € N, z = (z,)en with

t M,
Zy = Z Dj, ,vip1u + Z B 1R ji, wOlpLven + P R oy Oplen |+ (7.12)
p:l m=1
where M, := max{m € No; jk,m # 0}. This does not, however, represent an efficient
way to construct z. It is not clear which z, are nonzero, and many multiplications
with Ry, ; are done twice. The routine Multiply, does the same computation
efficiently, for arbitrary 7t,,, by looping over p and the support of vy,).

MultiplyA[(v[p])zzl, (kp)}i:l] -z
z+—0
forp=1,...,fdo
forall u € A with oy, # 0 do
Zy < zu + Dj o Op
form=1,...,M, do
W Ru,ji , Vplu
Zuten < Zpten T ‘Bl’fmﬂw
if yy > 1thenzy ¢, «— zy—c, +p,w

3 —_ m
ifo, =3thenz, «—z, + ay w

Remark 7.5. Tn Multiplya[(vp);_,,

formed only once, and copied to 0, components of z. This suggests defining
iy = nR,, for m € IN, without the factor of o, from the original definition. J

(kp)f;:l], each multiplication with R, ; is per-

Remark 7.6. By Proposition 2.6, the discrete adjoint A* of a discretized parametric
operator A has the same tensor product structure as A. Therefore, sparse approxi-
mations of A* can be constructed as in Section 7.1, with D and R,,, m € IN, replaced
by their adjoints. Theorem 8.4 below carries over to show s*-compressibility of A*
under suitable assumptions, and s*-computability follows as a corollary. In particu-
lar, Apply,- has the same structure as described above. An adaptive multiplication
routine for A*A can be constructed as in (3.23). 4



26 C.J. GITTELSON

8. S*-COMPRESSIBILITY OF DISCRETE RANDOM OPERATORS

8.1. Preliminary estimates. For an s > 0, assume for the moment that D and R,,,
m € IN, are strictly s-compressible. By Proposition 4.3, there is a map jo: [0, 00) —
INp such that the sparse approximation D), is r-sparse and

HD - Dfo(V)ng(E)agz(@) < 8,j,¢) < tiofsr_s , r>0, (8.1)

with d~0,s = dND,S.Z Similarly, for all m € IN there is a map j;: [0, 00) = N such that
the sparse approximation Ry, j, () is ro;,'-sparse and

IR - R <@y S dmst™, >0, (82)

m,]'m(")||,72(5)_)52(@)
with d~m,s = afnd}m,s.

Lemma 8.1. If (d,,6)m € €71 (Ny), then for all r > 0 there is a finitely supported sequence
j(r) in INo such that Nj,y < r and

0 s+1
~ 1
Zaj) < [Z d;;;] . (8.3)
m=0

Proof. Lett > 0 and define r,, = d}fst for all m € INy. Set j := (ju(*m))men,. This
sequence is finitely supported since r,, < 1 for all but finitely many m € INy. By
Lemma 7.1,

(o) [ee) [ee) 1
Nj = Zﬁm,]‘m(rm) < Zrm = Zd,};lst =r
m=0 m=0 m=0
and
2Aj = ) g < Y Amer = Y it =Y x|
m=0 m=0 m=0 m=0

If (dy,5) is not in £ (Np), a similar property still holds if we replace the infinite
sum by a partial sum. We define the operators

M
Apg=1®D + Z Kn®Ry € LA X E), 5(AX O)) . (8.4)
m=1
Let
IDll2z)—20) < @0 and  |IRulleE)-ee) < emo, meEN. (8.5)

Then by Lemma 2.2 and Proposition 2.3,

(o8]

HA _A[M]HKZ(AXE)—>€2(A><®) = Z 80 - (8-6)
m=M+1
For any s > 0, if either
o < 80as(m+1)"1  VYmeN (8.7)

or

0 s+1
1
{Z é;;o] < o5, (8.8)

m=1

2Proposition 4.3 initially only implies that the first term in (8.1) is bounded by the third. However,
if (8.1) does not hold, we can replace &g j, () by dos7* in (7.1).
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then it follows as in [23, Prop. 4.4] that

Y tno<oasM+1)T  VYMEN,. (8.9)
m=M+1
We define
M
EA[M]J = Z ém,jm . (8.10)
m=0

Then for all sequences j in Ny with supportin {0,1,..., M},

(o]
éA,]‘ = EA[M],]‘ + Z Cm,0 - (8.11)
m=M+1

Lemma 8.2. Forall M € INg and all r > 0, there is a sequence j(r) in Ny with support in
{0,1,..., M} such that Nj) < rand

M s+1
s L
CA ) < [Z d;;g] s (8.12)
m=0
Proof. The proof is analogous to the proof of Lemma 8.1. o

Proposition 8.3. Let (8.7) or (8.8) be satisfied for an s, > 0 and

M s+1
~ 1 N
[Z d;;g) <dM:, MeN, (8.13)

m=0

with d; > 0 and t, > 0. Then for all r € [1, ) there is a finitely supported sequence j(r)
in INg such that Nj;) < r and

éA,j(r) < (Cis + (SA,SU) Tm . (814)

Proof. Let r € [1,00) and set M = lr=% |. Then for the sequence j(r) from
Lemma 8.2,
Capn i) S dsMBr7° < dsrios
Equation (8.9) implies
Z 0 < 0ps,(M+1)"% < 0p57 T
m=M+1

Then the assertion follows using (8.11). |

8.2. s*-compressibility. The above estimates combine with Corollary 7.2 to show
s*-compressibility of A with the approximating sequence (Ax)ren from Section 7.1.
Define the constants
;71 .
Cm = maX| 71,1, sup in']ﬂ <oo, meNp. (8.15)
jeN T,

Note that cp < ¢ and cg,, < 0,,Cy for m € IN.
Theorem 8.4. Let 5§, s, € (0, o0] and assume

C=sup iy <oo. (8.16)
melNy

(1) If (dps)m € e (No) for all s € (0, s;), then A is s*-compressible for s* = sj.
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(2) If (8.7) or (8.8) holds for all s € (0,s}) and (8.13) holds for all s € (0,s}) with
ts < f < oo, then A is s*-compressible for

%

s

s = ‘Z . (8.17)
1+t/s
In both cases, (Ax)ken is a valid approximating sequence with cq < ¢,
das < ||dms)m ey . SE€OS) (8.18)
in the first case and
das < inf (dtaiss) + 04s,) , SEO,5) (8.19)

3= <845<8,
in the second case.

Proof. Condition (8.16) ensures (4.1) for (Ax)ken since for k € IN and j = ji,, if
ji=1,
Niw1 N+ jor = Al j 104 Ty i - Ty, j1

Ny Ny 7’l+T_lmk,]‘ - T_lmk,]‘
where n = Ny — 1,,,; > 0, and if j = 0,
Nk+1 _ Nk + ﬁmk,l
Ni Ni
Lets € (0,5"). In case 1, Corollary 7.2 and Lemma 8.1 with r = Ny imply

0 s+1
L
CAKk S BAj(Ny) = [ E d,’,{,ls] Z\fks .

m=0

In case 2, select s; € (0,s;) and s, € (0, s;) such that
S5
s= — .
1+1t/ss
This is possible since the right hand side is increasing inss and s,. By monotonicity,
(8.13) holds with t; = f. Then Corollary 7.2 and Proposition 8.3 with r = Ny imply

eak S eajiNy < (d\sb + (‘SA,S(,)I\]I(_s .
Equation (8.19) follows since s5 = s(1 + £/s,). O

8.3. s*-computability. Under the assumption that the sequence (j)en, is avail-
able, s*-computability of A follows from Theorem 8.4 as a corollary.

Corollary 8.5. In the setting of Theorem 8.4, if
sup by, < o (8.20)

melNy
for by, from Section 7.2 and the sequences ji are given as in Remark A.9, then A is
s*-computable and Buildy is a valid assembly routine.

Proof. s*-compressibility follows from Theorem 8.4. By Lemma 7.3, (8.20) and
Remark A.9, the number of arithmetic operations and storage locations required
by a call of Buildga[k, -] is O(Nk). O

If i are not readily available, Proposition A.7 implies that recursive application
of NextOptInf from Appendix A can construct ji in O(klog(k)) time. Thus A is
still s*-computable if klog(k) < Ni. As discussed in Remark 7.4, the cost of com-
puting ji from ji_; using NextOptInf is only O(log(k)). Therefore, if NextOptInf
is used to construct jx in the first call of Builda[k, -], then Builda[k, -] requires
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O(Ny) operations provided that jx_; is known, for example from a previous call of
Buildal[k—-1,-].

9. AN ILLUSTRATIVE EXAMPLE

9.1. An elliptic boundary value problem. As a model problem, we consider the
isotropic diffusion equation on a bounded Lipschitz domain G ¢ R? with homo-
geneous Dirichlet boundary conditions. For any uniformly positive a € L*(G) and
any f € L*(G), we have

=V -@x)Vulx)) = f(x), x€G,

ux)=0, x€dG. ©.1)
We view f as deterministic, but model the coefficient a as a series
a(y, %) = 30 + Y Yuan(x), 92)

m=1
with y,, € [-1,1] for all m € IN. Hence a depends on a parameter y = (yu),,_; in
r=[-1,1]~.
We define the parametric operator
A(y): H(G) » HY(G) , v =V-(ay)Vo) , (9.3)

for y € I'. Due to the linear dependence of A on a,
AY)=D+R(y), RW =) yuRn Vyerl 9.4)
m=1

with convergence in £(H}(G), H(G)), as assumed in (1.3) and (1.8), for
D: Hy(G) » HYG), v+ -V-@vo),
Ry: Hy(G) »H™G), v—-V-@,Vo), meN.
To ensure bounded invertibility of D, we assume there is a constant 6 > 0 such that

essinfa(x) > 67t . (9.5)
xeG

Since “Rm“H(l](G)_)H—l(G) < lamlli=(c), (1.9) follows from

5 lanllzoiey <7 <1. 96)
m=1
This condition can be loosened by defining (D-, -) as the inner product of H}(G), in
which case the factor 6 in (9.6) vanishes, and ||a,|;~ () is replaced by |2, /all.~(c)-
We refer to e.g. [25, 22, 30] for further extensions that still ensure (1.5).

9.2. Optimal finite element discretization. Approximation results for the solution
u of (9.1) have been shown in [11] for the case that y,, are uniformly distributed.
In this setting, the orthogonal polynomials P} from Section 2.1 are Legendre poly-
nomials, normalized with respect to the uniform probability measure on [-1,1].
Let (Vj)]f"’zo be a sequence of finite element spaces in Hy(G) with geometrically

increasing dimensions M; := dim V, satisfying

inf [[o = ojl|, ) S CM;'lol;  VoeZ, 9.7)

eV Hi(G)

where Z c H}(G) with norm (”‘”iﬂ ot 2)1/2. We consider approximations to u in
0

which, for some finite set & C A, each coefficient uy for u € E is approximated in
some finite element space V, := Vj,), and the remaining u, are set to zero.
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Ifuetr(A H(l)(G)) for some p € (0, 2), then Stechkin’s lemma implies that if 5y
contains the first N — 1 indices y in a decreasing rearrangement of |||l H1(G)r the

truncation error satisfies
1/2

2 —S —
Y el | < Mdlopmen N~ 5=
yEA\EN

9.8)

==
N[ =

Following [11], we select spaces V,, u € Ey, to match this rate. To this end,
suppose u € £1(/; Z) for a q € [p, oo]. Using a Lagrange multiplier to minimize the
total dimension Ngof == Y, wezy My, with M, = dimV,, under the condition that
2
the total error is equivalent to N™%, leads to a choice of M, proportional to [u,|7*.
This approximation has a convergence rate of ¢t with respect to Ngo if t < % -3

which coincides with the rate for a single finite element approximation, see (9.7).

Ift > % — 1, the resulting approximation rate is
t
§ ——— . 9.9)
1_1
t+ v g

This is generally less than the semidiscrete approximation rate s, with equality if
q = p; this last case is considered in [11, Theorem 5.5].

The above summability assumptions are proven in [11] for the case that |v|, =
l1AV]|12(c)- Thenu € {F(A; Hé(G)) if (a;m) € €P(IN; L*(G)), and u € £9(A; Z) holds under
the condition (a,,) € €1(N; WY(G)). In this setting, t has a maximal value of 1/d.

Remark 9.1. A similar analysis can be performed if, instead of choosing M, by a
continuous optimization problem, the finite element spaces are selected to equidis-
tribute the error among all coefficients u,,, as in the heuristic from [23, 2413 Due to
(9.7), this is achieved for Mj, ~ [u,|z. The resulting convergence rate with respect

to Ngof i
2s
9.10
2s+1 ( )

if t <1/g, and coincides with (9.9) if t > 1/4. In the former case, the approximation

rate is slightly less than the optimal value ¢; the rate in the second case is optimal,

but it only sets in for t > 1/q instead of t > % -1 4

9.3. Application of the adaptive stochastic Galerkin method. In Section 2.3, D
and R,, are discretized by a wavelet basis or frame of Hj(G), leading to operators
D and R,, on %, which can be interpreted as bi-infinite matrices. Although these
matrices are generally not sparse, they can be approximated by sparse matrices, and
these approximations are pivotal in the efficient adaptive application of the discrete
random operator A. We refer to [29] and references therein for constructions of
wavelet bases.

It is shown in [33] that for wavelets of order n, i.e. if the dual wavelets have n
vanishing moments, D and R, can be s;-compressible with s} = (n—1)/d. This is the
highest rate of compressibility that adaptive wavelet methods can take advantage
of since the order of the wavelets limits the solution of a generic discrete deter-
ministic problem to the space A® for s < s}, see [18, 8]. For higher compressibility,
the sparsity of the exact solution becomes the limiting factor in the convergence of
adaptive wavelet algorithms.

We consider the example G := (0, 1) and

am(x) = Cm ¥ sin(mnx), meNN, (9.11)

3This heuristic is actually used to distribute tolerances for a subproblem in [23, 24]; it is not clear
whether the resulting error in the approximation of u is distributed evenly among all active coefficients.
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with C sufficiently small such that (9.6) holds. Since trigonometric functions often
appear in Karhunen-Loéve expansions of random fields, this academic example
is quite representative. We note that (a,,) € #(IN; L°(G)) and (a,,) € ¢1(N; WY>(G))
forany p > 1/kand q > 1/(k—1). Thus u € £#(A; Hy(G)) and u € £(A; H*(G)) for the
same ranges of p and g by [11]. The resulting approximation rates from Section 9.2
arelfork >5/2and $(k— 1) < 1fork <5/2.

As mentioned above, it is realistic to assume that the operators D and R,
m € IN, are sj-compressible with s§ > 1. In order to derive s*-compressibility of the
discrete stochastic operator A, Theorem 8.4 requires a degree of summability of the
compressibility constants of these operators. Entries in the matrix representations
of these operators are zero for basis functions with disjoint supports, and they
generally also become insignificant if the supports overlap, but the wavelets have
sufficiently different length scales. In this example, the latter effect only sets in
once the smaller length scale is below 1/m. Consequently, we are left with O(m)
significant entries in columns of R, corresponding to coarse-scale basis functions.

For any r > 0, let ¢, , denote the error in an r-sparse approximation of R,,. Then
the sparsity required to achieve an error of e,,, ~ m™e; , in the approximation of
Ry, is r ~ gm. This implies

Ay ~ sup ey, ~ sup @smsm‘kel,@ = m_(k_s)dl,s . (9.12)
r>0 0>0

In this setting, the condition @ms)m € € ﬁ(]No) of Theorem 8.4 is equivalent to
k—s>s+1,ie s < (k—1)/2. Hence we can realistically expect s*-compressibility
of A fors* = (k—1)/2, provided s; > s".

For k < 3, the compression rate s* is less than or equal to the approximation
rate, and thus s*-compressibility is the limiting factor in the complexity of adaptive
wavelet methods for our model problem. For k > 3, the limited spatial regularity
shown in [11] becomes the main obstacle, and the compression rate is larger than
the approximation rate given here.

Despite the slightly suboptimal complexity of adaptive wavelet methods due
to the compression rate s* being smaller than the approximation rate, the direct
application of these methods to the fully discrete problem improves on the heuristic
used in [23, 24]. For example, if k = 3, then A is s*-compressible for s* = 1, and
u € A(A x B) for all s < 1. However, if u is approximated by finite elements
with the same approximation error in each active coefficient, then the optimal
approximation rate is only 5/6, see Remark 9.1. A similar property holds for
any k > (3 + V5)/2 since the approximation rate with equidistributed errors is
essentially 1 — 5 fork > 2.

AprPENDIX A. GREEDY ALGORITHMS

A.l. Ageneralized knapsack problem. We consider a discrete optimization prob-
lem in which both the objective and the constraints are given by sums over an
arbitrary set M C INy. For each m € M, we have two increasing sequences (C;") jeNo

and (w;.”) jeNo,» Which we interpret as costs and values. We define the total cost of a
J = (m)mem € ]N(/)V( as
¢j = Z cr (A1)
meM
and the total value of j as

w; = Z W (A.2)

meM
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Our goal is to maximize w; under a constraint on c;j, or to minimize c¢; under a
constraint on w;.

Remark A.1. The above two goals are essentially equivalent. If j € ]Név‘ such that
foralli e ]Né”, ¢i < ¢j implies w; < wj, then by contraposition, w; > w; implies
¢i > c¢j. Similarly, if ¢; < ¢j implies w; < wj, then also w; > wj implies ¢; > ¢;. In both
cases, the two statements are equivalent. 1

Remark A.2. The classical knapsack problem is equivalent to the above optimization
problem in the case that M is finite, and for all m € M, vy = 0 and cu;." = ' for
all j > 1. Then without loss of generality, we can set cj := 0 for all m € M, and the
values ¢! for j > 2 are irrelevant due to the assumption that (CT) jeN, 18 increasing.
Optimal sequences j € ]Név‘ will only take the values 0 and 1, and can thus be
interpreted as subsets of M.

We note that greedy methods only construct a sequence of optimal solutions.
They do not maximize w; under an arbitrary constraint on ¢j, and thus do not solve
an NP-hard problem. 4

Remark A.3. We are particularly interested in minimizing an error under constraints
on the computational cost of an approximation with this error tolerance. Given
sequences (e;T’) jeN, and (c;.”) jeN, of errors and corresponding costs, we define a se-

o N . o e .

quence of values by wi = —el. If (e]. )jeN, is decreasing, then (w]. )jeN, is increasing.

Typically, as j — oo, we have e’ — 0 and ¢”" — co. Then, although it is increasing,

(a);”) jeN, remains bounded. In particular, it is reasonable to assume that (w;ﬁ) jeNy

increases more slowly than (c”) ien,, in a sense that is made precise below. 4
j J€No

A.2. Asequence of optimal solutions. We iteratively construct a sequence (j*)en;,
in ]Névl such that, under some assumptions, each j* is optimal in the sense of
Remark A.1. For all m € M and all j € Ny, let

mo._ m  _ m mo._ .om  _ .M
ch =g G and Aw]. =Wy - o). (A.3)

Furthermore, let q; denote the quotient of these two increments,

. / ;
q; = dor s 1€ No, (A4)
i
which can be interpreted as the value to cost ratio of passing from j to j + 1 in the
indexm € M.
Let f :=0 € ]N(/)V‘. For all k € Ny, we construct 7! from j* as follows. Let
my = m € INp maximize q;’z. Existence of such maxima is ensured by the last

statement in Assumption A.A. If the maximum is not unique, select my to be

minimal among all maxima. Then define j&! == j% +1, and set ji! = j% for all
m # my. For this sequence, we abbreviate ¢y := Cjr and wy = Wjk.
Assumption A.A. Forallme M,

cg =0 and Ac}” >0 VjieNp, (A.5)

ie. (c;”) jeN, is strictly increasing. Also, (W' )mem € (M) and (w;ﬁ) jeN, is nondecreasing
forallme M, ie. Aw;” > 0 for all j € INg. Furthermore, for each m € M, the sequence
(q;”) jeN, 18 nonincreasing, i.e. if i > j, then q!" < q;.”. Finally, for any € > 0, there are only
finitely many m € M for which g > e.
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The assumption that (q;”) jeN, 1S nonincreasing is equivalent to

Al Acl .
Ao = Ao if ix>j (A.6)
i i

if Aa);.” > 0. In this sense, (a);”) jeN, increases more slowly than (C;T’) jeN,- Also, this
assumption implies that if Aw?* = 0, then w}" = @' for alli > j.
We define a total order on M x Ny by
q >q;  or
(m, j) < (ni) if {47 =¢q; and m<n or (A7)
q}”:q:? and m=n and j<i.
To any sequence j = (ju)mem in INo, we associate the set
{7} :={0m, ) € MXNo; j < ju} - (A-8)

Lemma A.4. For all k € Ny, {k} = { j"}} consists of the first k terms of M x INg with
respect to the order <.

Proof. The assertion is trivial for k = 0. Assume it holds for some k € INy. By
definition,

ik + 1 = ik U {m, )} S
and (my, j’,‘nk) is the <-minimal element of the set {(m, j*,); m € M}. For eachm € M,
Assumption A.A implies g7 < q;%’” foralli > j*, + 1. Therefore, (m, j) < (m, i) for all

i > j¥,+1,and consequently (my, j’,‘nk) is the <-minimal element of (MXINg)\ {k}. O
Theorem A.5. For all k € Ny, the sequence j* maximizes w; among all finitely supported

sequence j = (jm)mem in No with cj < cx. Furthermore, if cj < cy and there exist k pairs
(m, i) € M X Np with Aw!" > 0, then wj < wg.

Proof. Let k € IN and let j = (ju)mem be a finitely supported sequence in INy with
¢j < cx. By definition,

]’mil
wj = Z Wl + Z quc;“:ij Z qrACT .
meM meM i=0 (m,i)efjl

Therefore, the assertion reduces to

graci < Y qrad

(m,i)efji\{k) (m, )k {7}
Note that by (A.1) and (A.3),
Acl' =cj =’ for ¢ = Z Ac!.
(m,)effi\k) (m,i)efinfk}

By Lemma A.4and (A.7),q = q;ffgl satisties g < ¢} for all (m, i) € {k}}, and 4" < g for

all (m,i) € M xINp) \ {k}}. In pa;:clicular, q > 0 if there exist k pairs (m, i) € M x Ny
with g7 > 0 since #{{k}} = k. Consequently,

g Acl" < q Z Ac = q(cj - ')
(mefji\ ik (mefji\ ik

<glex—¢') < Z gl Acl,
(UAENG
and this inequality is strict if g > 0 and ¢ > ¢;. ]
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The optimality property in Theorem A.5 can be reinterpreted as in Remark A.1,
i.e. j* also minimizes ¢; among j with wj > wy.

A.3. Numerical construction. We consider numerical methods for constructing
the sequence (jk)keNU from Section A.2. To this end, we assume that, for each
m € M, the sequences (C;”) jeN, and (w}?f) jeN, are stored as linked lists.

Initially, we consider the case that M is finite with #M =1 M. To construct
( jk)keNo, we use a list N of the triples (m, ]’,‘n, q"), sorted in ascending order with
respect to <. This list may be realized as a linked list or as a tree. The data structure

must provide functions PopMin for removing the minimal element from the list,
and Insert for inserting a new element into the list.

NextOpt[j, N] - [, m, N1]
m «— PopMin(N)
jm — jm+1
q e (@]  —w)/(c} ;= ¢])
N «— Insert(N, (M, ju,q))

Proposition A.6. Let Ny be initialized as {(m,0,qy') ; m € Myand ° :=0¢ ]Név‘. Then
the recursive application of

NeXtOpt[jk/ Nk] = [jk+1/ my, Nk+1] (Ag)

constructs the sequence (j*)ken, as defined above. Initialization of the data structure Ny
requires O(Mlog M) operations and O(M) memory. One step of (A.9) requires O(M)
operations if N is realized as a linked list, and O(log M) operations if N is realized as a
tree. The total number of operations required by the first k steps is O(kM) in the former
case and O(k log M) in the latter. In both cases, the total memory requirement for the first
k steps is O(M + k).

Proof. Recursive application of NextOpt as in (A.9) constructs the sequence (7*)en;,
by Lemma A.4 and the definition of <. In the k-th step, the element m; is removed
from N and reinserted in a new position. Therefore, the size of N remains constant
at M. The computational cost of (A.9) is dominated by the insert operation on N,
which has the complexity stated above. o

We turn to the case that M is countably infinite. By enumerating the elements
of M, it suffices to consider M = IN. We assume in this case that the sequence
(95" )mem is nonincreasing.

As above, we use a list NV of triples (m, %, q i ) to construct the sequence (j*)xen, -

However, N should only store triples for Wthh m is a candidate for the next value
of my, i.e. all m with j&, # 0 and the smallest m with j%, = 0. As in the finite case,
N can be realized as a linked list or a tree. The data structure should provide
functions for removing the smallest element with respect to the ordering <, and
for inserting a new element.

Proposition A.7. Let Ny be initialized as {(1,0,q")}, Mp = 1and j* :=0 € ]N()”, Then
the recursion

NextOptInf[j*, Ny, Mi] — [, my, Niyr, Mis1] (A.10)
constructs the sequence (jk)kE]N0 as defined above. For all k € Ny, the ordered set N
contains exactly My elements, and My < k. The k-th step of (A.10) requires O(k) operations
if N is realized as a linked list, and O(log k) operations if N is realized as a tree. The total
number of operations required by the first k steps is O(k?) in the former case and O(klog k)
in the latter. In both cases, the total memory requirement for the first k steps is O(k).
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NextOptInf[j, N, M] ~ [j,m, N, M]
m «— PopMin(N)
jm — jm+1
g (@) g =)/ g —cp)
N «— Insert(N, (m, ju, q))
if m = M then
M—M+1
q — (@) —agh)/cf!
N «— Insert(N, (M, 1,49))

Proof. It follows from the definitions that recursive application of NextOptInfasin
(A.10) constructs the sequence (*)ien,- In the k-th step, the element 1 is removed
from N and reinserted in a new position. If m; = M, an additional element is
inserted, and M is incremented. Therefore, the number of elements in N is M, and
M < k. The computational cost of (A.10) is dominated by the insert operation on
N, which has the complexity stated above, see e.g. [12]. o

Remark A.8. As mentioned above, (c;.”) jeN, and (w;.”) jeN, are assumed to be stored

in alinked list for eachm € M. By removing the first element from the M;-th list in
the k-th step of (A.9) or (A.10), NextOpt and NextOptInf only ever access the first
two elements of one of these lists, which takes O(1) time. The memory locations of
the lists can be stored in a hash table for efficient access. a

Remark A.9. An appropriate way to store (f)ren, is to collect (11;)ken;, in a linked list.
Then j* can be reconstructed by reading the first k elements of this list, which takes
O(k) time independently of the size of the list. Also, the total memory requirement
is O(k) if the first k elements are stored. a
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