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Abstract

We derive an adaptive solver for random elliptic boundary value problems, using
techniques from adaptive wavelet methods. Substituting wavelets by polynomials
of the random parameters leads to a modular solver for the parameter dependence,
which combines with any discretization on the spatial domain. We show optimality
properties of this solver, and present numerical computations.

Introduction

Stochastic Galerkin methods have emerged in the past decade as an efficient solution
procedure for boundary value problems depending on random data, see [DBOO01, XK02,
BTZ04, WK05, MKO05, FST05, WKO06, TS07, BS09, BAS10]. These methods approximate
the random solution by a Galerkin projection onto a finite dimensional space of random
tields. This requires the solution of a single coupled system of deterministic equations
for the coefficients of the Galerkin projection with respect to a predefined set of basis
functions on the parameter domain.

A major remaining obstacle is the construction of suitable spaces in which to compute
approximate solutions. These should be adapted to the stochastic structure of the equa-
tion. Simple tensor product constructions are infeasible due to the high dimensionality
of the parameter domain in case of input random fields with low regularity.

Parallel to but independently from the development of stochastic Galerkin methods,
a new class of adaptive methods has emerged, which are set not in the continuous
framework of a boundary value problem, but rather on the level of coefficients with
respect to a hierarchic Riesz basis, such as a wavelet basis. Due to the norm equivalences
constitutive of Riesz bases, errors and residuals in appropriate sequence spaces are
equivalent to those in physically meaningful function spaces. This permits adaptive
wavelet methods to be applied directly to a large class of equations, provided that a
suitable Riesz basis is available.

For symmetric elliptic problems, the error of the Galerkin projection onto the span of
a set of coefficients can be estimated using a sufficiently accurate approximation of the
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residual of a previously computed approximate solution, see [CDD01, GHS07, DSS09].
This results in a sequence of finite-dimensional linear equations with successively larger
sets of active coefficients.

We use techniques from these adaptive wavelet methods to derive an adaptive solver
for random symmetric elliptic boundary value problems. In place of wavelets, we use
an orthonormal polynomial basis on the parameter domain. The coefficients of the
random solution with respect to this basis are deterministic functions on the spatial
domain.

Adaptive wavelet methods extend to this vector setting, and lead to a modular solver
which can be coupled with any discretization of or solver for the deterministic problem.
We consider adaptive finite elements with a residual-based a posteriori error estimator.

We review random operator equations in Section 1. In particular, we derive the weak
formulation of such equations, construct orthonormal polynomials on the parameter
domain, and recast the weak formulation as a bi-infinite operator matrix equation for
the coefficients of the random solution with respect to this polynomial basis. We refer
to [Gitl1c] for further details.

A crucial ingredient in adaptive wavelet methods is the approximation of the residual.
We study this for the setting of stochastic operator equations in Section 2. The resulting
adaptive solver is presented in Section 3. We show convergence of the method, and
provide a reliable error bound. Optimality properties are discussed in Section 4.

Finally, in Section 5, we apply the method to a simple elliptic equation. We discuss
a suitable a posteriori finite element error estimator, and present numerical computa-
tions. These demonstrate the convergence of our solver and compare the adaptively
constructed discretizations with the a priori adapted sparse tensor product construction
from [BAS10]; we refer to [Gitllb] for a comparison with other adaptive solvers. We
discuss the empirical convergence behavior in the light of the theoretical approximation
results in [CDS10b, CDS10a].

1 Stochastic Operator Equations

1.1 Pointwise Definition

Let K € {IR, C} and let V be a separable Hilbert space over K. We denote by V* the space
of all continuous antilinear functionals on V. Furthermore, L(V, V*) is the Banach space
of bounded linear maps from V to V*.

We consider operator equations depending on a parameter in I' := [-1,1]*. Given

A: T — LV, V) and f:r—-Vv", (1.1)
we wish to determine
u:I -V, Au(y) = f(y) VYyerl. (1.2)

Let D € L(V, V") be the Riesz isomorphism, i.e. (D-,-) is the scalar product in V. We
decompose A as
A(y) =D + R(y) Yyerl (1.3)



and assume that R(y) is lineariny € I,

RW) =) ynRu Yy =@y €T, (14)
m=1

asine.g. [BAS10, BS09, CDS10b, CDS10a, TS07]. Here, each R, is in L(V, V*). We assume
(Ri)m € €(IN; L(V, V*)), and there is a y € [0,1) such that ||R(y)||v_)w <yforallyeT.
By [Gitllc, Proposition 1.2], this ensures existence and uniqueness of the solution of
(1.1). For simplicity, we also assume that the sequence (||Ryully_v+); _,; is nonincreasing.

1.2 Weak Formulation

Let 7 be a probability measure on the parameter domain I" with Borel g-algebra B(I').
We assume that the map I' 5 y — A(y)v(y) is measurable for any measurablev: I' — V.
Then
A: LT V) = LG V), v [y e Alype)] (1.5)
is well-defined and continuous. We assume also that f € L2(I; V*).
The weak formulation of (1.2) is to find u € L2(I’; V) such that

fr (Ay)uly), v(y)y dn(y) = fr (f(y), o)y dn(y) Yo eLi(;V) . (1.6)

The left term in (1.6) is the duality pairing in L2(I’; V) of Au with the test function v,
and the right term is the duality pairing of f with v. We follow the convention that the
duality pairing is linear in the first argument and antilinear in the second.

By [Gitllc, Theorem 1.4], the solution u of (1.2) is in L,ZI(F ; V), and it is the unique
solution of (1.6). In particular, the operator A is boundedly invertible.

We define the multiplication operators

Kyt I2(I) = L2(T) , o(y) = yuo(y), meN. (17)

Since yy, is real and |ym| is less than one, K;,; is symmetric and has norm at most one.

By separability of V, the Lebesgue—-Bochner space LA(T;V)is isometrically isomorphic
to the Hilbert tensor product L2(I') ® V, and similarly for V* in place of V. Using these
identifications, we expand A as A = D + R with

Di=idp®D and  Ri= ) Ky®Ry. (1.8)

m=1
This sum converges in L(L2(I’; V), LA(T; V*)) by the assumption (R,,); € €' (IN; L(V, V*)).

Proof. We note that, as in (1.5), (ﬂv)(r) = R(y)u(y) for all v € L2([;V) and y € T.

Therefore, using the assumption ||R(y)| vy S0

R0l g, = [ IR, dm) < IRy ol drn <7108, - 2



1.3 Orthonormal Polynomial Basis

In order to construct an orthonormal polynomial basis of L2(I'), we assume that 7 is a

product measure. Let
= ® TUn (1.9)
m=1

for probability measures 7, on ([-1,1], B([-1,1])); see e.g. [Bau02, Section 9] for a
general construction of arbitrary products of probability measures. We assume that the
support of 1, in [-1, 1] has infinite cardinality.

For all m € N, let (Py),”, be an orthonormal polynomial basis of L2 L([-1,1]), with
deg P} = n. Such a basis is g1ven by the three term recursion P™, = 0, P’” =1and

Ba Py (&) = (E—a) )P —Br P (&), neN, (1.10)

with . .
- f EPIEPdmu(@)  and =L @1

-1 i

where (]} is the leading coefficient of P}, By =1, and Pyn is chosen as normalized in
L2 ([0,1]) with a positive leading coefficient. This basis is unique e.g. if ¢/’ is chosen to
be positive.

We define the set of finitely supported sequences in INj as

A= {v € IN]IO\I; #suppv < oo} , (1.12)
where the support is defined by
suppv:i={meIN; v, # 0}, ve]Ng\I. (1.13)

Then countably infinite tensor product polynomials are given by

=Py)es V._(X)p veEA. (1.14)

Note that each of these functions depends on only finitely many dimensions,

P =P =[] Phom, vea, (1.15)
m=1

mesupp v

since P81 =1forall m € IN.
By e.g. [Gitl1c, Theorem 2.8], Pis an orthonormal basis of L% (I'). By Parseval’s identity,
this is equivalent to the statement that the map

T: () - L), @her > Y Py, (1.16)
veA

is a unitary isomorphism. The inverse of T is

T =T L20) > W), g— ( fr g(y)mdn(y)) : (1.17)
veN



1.4 Bi-Infinite Operator Matrix Equation

We use the isomorphism T from (1.16) to recast the weak stochastic operator equation
(1.6) as an equivalent discrete operator equation. Since T is a unitary map from 2(N)
to L2(I), the tensor product operator Ty := T ® idy is an isometric isomorphism from
{%(A; V) to LA(T; V). By definition, w € L2([; V) and w = (w,)yen € €2(A; V) are related
by w = Tyw if

wy) = Y wPy(y) or w, = fr wyP,(Ydn(y) YveA,  (118)
veA

and either of these properties implies the other. The series in (1.18) converges un-
conditionally in L2(T; V), and the integral can be interpreted as a Bochner integral in
V.

LetA = T; ATy and f := T}, f. Then u = Tyu for u € {*(A; V) with

Au=f (1.19)

since u € L2(I; V) satisfies Au = f.
By definition, A is a boundedly invertible linear map from 2(A; V) to £2(A; V). Tt can
be interpreted as a bi-infinite operator matrix

A= [Avy]v,ye/\ ’ AVH: V-V, (120)
with entries
Aw=D+) alRu, veA,
m=1 (1.21)
Avy - 'Bzax(vmqum)Rm Vi €A o Vo U= *€m ,

and A, = 0 otherwise, where €,, denotes the Kronecker sequence with (€,,), = Omn. If
T, is @ symmetric measure on [-1,1] for all m € N, then «}f = 0 for all m and n, and
thus A,, = D. We refer to [Gitllc, Gitlla] for details.

Similarly, the operator R := T}, RTy can be interpreted as a bi-infinite operator matrix
R = [R,,] withR,, = A, =D and R, = A, forv # p.

Let K,, = T'K,,T € L(£*(/)). Due to the three term recursion (1.10),

(Kin€)y = :3;77,,,+1C#+€m + affmc# + 577,,1%—% , HEA, (1.22)
forc = (c#)ye/l € (2(N), where c, =0 if yy, < 0 for any m € IN. Furthermore, K;, = K,
and [|[Kill21)—e21) < 1.
Using the maps Kj;;, R can be written succinctly as

R= Z Ky ®Ry, (1.23)

m=1



with unconditional convergence in £L(¢?(A; V), (3(A; V*)). By Lemma 1.1,
IRl 21,y <y < 1. (1.24)

In particular, [|A]| < (1 + ) and ||A_1|| <(1-y)L
We also define the operator D := T}, DTy. This is just the Riesz isomorphism from
2(A; V) to O2(A; V). By [Gitl1c, Proposition 2.10],

1

1-y)D<A<(1+y)D and Dl<Al< D, 1.25
(I-)D<A<(1+y)D an T+, <A STy (1.25)
In particular, using A = AA71A, we have
1
— AD'A<A< AD™A . (1.26)
1+y 1-y

1.5 Galerkin Projection
Let W be a closed subspace of L2(I'; V). The Galerkin solution & € ‘W is defined through

the linear variational problem

fr (A)a(y), w(y)) dn(y) = fr (fy),wly) dn(y) YweW. (1.27)

Existence, uniqueness and quasi-optimality of i follow since A induces an inner product
on L721 (I'; V) that is equivalent to the standard inner product, see [Gitl1c, Proposition 1.5].

Forallv € A, let W, be a finite dimensional subspace of V, such that W, # {0} for only
finitely many v € A. It is particularly useful to consider spaces ‘W of the form

W = Z W,P, . (1.28)

The Galerkin operator on such a space has a similar structure to (1.20), with A, , replaced
by its representation on suitable subpsaces W, of V, see [Gitl1c, Section 2].

2 Approximation of the Residual

2.1 Adaptive Application of the Stochastic Operator

We construct a sequence of approximations of R by truncating the series (1.23). For all
M e N, let

M
Rivy = ) Ku®Ry, 1)

m=1

and Rjo; := 0. For all M € IN, let &g 1 be given such that

IR - R[M]||€2(A;V)—>€2(A,~V*) S eRM - (2.2)



For example, these bounds can be chosen as

tra= ) IRullyoye - (23)
m=M+1
We assume that (e m);;_ is nonincreasing and converges to 0, and also that the sequence

of differences (2r m — @R M+1)yy_ 1S NONINCreasing.

We consider a partitionaing of a vector w € £2(A) into wpy) = wlAp, p=1,..,P,
for disjoint index sets A, C A. This can be approximate in that wy;) + --- + wyp) only
approximates w in ¢?(/1). We think of wy;; as containing the largest elements of w, wyy
the next largest, and so on.

Such a partitioning can be constructed by the approximate sorting algorithm

BucketSort[w, €] — [(w[p])gzl,(/lp)gzl] , (2.4)
which, given a finitely supported w € ¢2(A) and a threshold € > 0, returns index sets

Ay ::{yeA;

0] € @72 [ollm , 2772 a1} (25)
and wr,) = w| A, See [Met02, Bar05, GHS07, DSS09]. The integer P is minimal with

272 |lwll= 1y \Hsuppw < €. (2.6)

By [GHS07, Rem. 2.3] or [DSS09, Prop. 4.4], the number of operations and storage
locations required by a call of BucketSort[w, €] is bounded by

#supp w + max(1, [log(l[wll~1) V#suppw/e)]) . (2.7)
This analysis uses that every w,, u € /A, can be mapped to p with u € A, in constant
time by evaluating
2l )
p=|1+2log,|—— || - (2.8)
|wu|

Alternatively, any standard comparison-based sorting algorithm can be used to con-
struct the partitioning of w, albeit with an additional logarithmic factor in the complex-
ity.

The routine Applyg[v, €] adaptively approximates Rv in three distict steps. First, the
elements of v are grouped according to their norm. Elements smaller than a certain
tolerance are discarded. This truncation of the vector v produces an error of at most
0 <€/

Next, a greedy algorithm is used to assign to each segment v, of v an approximation
R[Mp] of R. Starting with R[Mp] =0forallp =1,...,¢ these approximations are refined
iteratively until an estimate of the error is smaller than € — 6.

Finally, the operations determined by the previous two steps are performed. Each
multiplication R0, is performed just once, and copied to the appropriate entries of z.



Applyg[v,€] = z

[, (Ap)f;:l] «— BucketSort [(”v#”V)#GA' 2;?]

f()rp =1,...,Pdo Opp] <— (U‘u)ye/\p

N ™

3
Compute the minimal £ € {0,1,...,P}s.t. 6 ==2egp||lv — v[p] <
p=1 2(AV)
forp=1,...,Pdo M, <0

while ¥, & u, [[0pp1]| 2.1 > € = 6 do
q «— argmax,_; (R M, = @RM,+1) ||v[P]||€2(A;V) [#4p
| My — M, +1
= (zv)ven <— 0
forp=1,...,0do
forall 1 € A, do
form = 1,...,Mp do
w «— Ryvy
Zuten < Zuten T :szmﬂw
if 1y > 1thenz, ¢, «— z, ¢, +pIl w

ifa™ #0thenz, «—z,+a" w
Hm L L Lm

N

U

Proposition 2.1. For any finitely supported v € €*(A\; V) and any € > 0, Applyg[v, €l
produces a finitely supported z € €*(A; V*) with

{
#suppz <3 ) My#A, 2.9)
p=1
and
14
IR0 =zl <5+ ma<e, mmi= Y a&rm, [lopllaoy, - (2.10)
p=1

where M, refers to the final value of this variable in the call of Applyg. The total number
of products Ry, computed in Applyg|[v, €] is om = £=1 My#/y. Furthermore, the vector
M = (Mp);’:1 is optimal in the sense that if N = (Np);‘;:1 with o < oy then ny > 1, and if
NN < Nm, then on > opm.

Proof. The estimate (2.9) follows from the fact that each K, has at most three nonzero
entries per column, see (1.22). Since |[Rll21;vy— 217+ < @R0,

4n =0<

NI o

{ {
Rv-R Z 140 <erol|lv-—
=t llemv =l leay)



Due to (2.2) and the termination criterion in the greedy subroutine of Applyg,

¢
Z ”Rv[p] - R[Mp]"’[p]”gzm vy S Z R.M, |Z’[p]||52(A vy S€-0.
p=1 p=1

For the optimality property of the greedy algorithm, we refer to the more general
statement [Gitlla, Theorem 4.1.5]. m|

2.2 Computation of the Residual
We assume a solver for D is available such that for any ¢ € V* and any € > 0,

Solvep[g,e]l— v, ||U - D_lg”V <e€. (2.11)

For example, Solvep could be an adaptive wavelet method, see e.g. [CDD01, CDD02,

GHS07], an adaptive frame method, seee.g. [Ste03, DFR07, DRW*(7], or a finite element

method with a posteriori error estimation, see e.g. [D6r96, MNS00, BDD04].
Furthermore, we assume that a routine

RHSf[e] - f (2.12)
is available to compute approximations f = (f,),e1 of f with #supp f < co and
If - »?HKZ(A;V*) se (2.13)

for any € > 0.
The routine Residualy s approximates the residual f — Av up to a prescribed relative
tolerance.

ResidualA,f[e, v, 10, X, @, &, Bl = [w,n,]

Ce—xmo
repeat
h = (hy)ven «<— RHS{[B(1 — a)C] — Applyg[v, (1 - B)(1 — a)(]
w = (Wy)ven < (Solvepl[h,, al(#supp h)™/?])yen
1N« llw = vllzn,v
ifC< a)nor17+C < € then break

Proposition 2.2. For any finitely supported v = (vy)yen € (N V), e >0, no=>0 x>0,
w>00<a<1and0 < p <1, acailof ResidualA,f[e,v,no,)(,a),a,ﬁ] computes
w e C2(A; V), n>0and C >0 with

|’7_||7’||€2(AV)| = ||w v-D" "”ﬂ(/x V) ||w D™ (f - Ro) ||€2(A;V) <C, (2.14)

where ¥ = (r,)ven € 2(A; V*) is the residual r = f — Av, and C satisfies either C < wn or
n+C<e



Proof. By construction,
I = (F = RO oy < [ = (F = RO ) < A=)

Furthermore, using ”w —-D~ <ac,

1h||€2(A;V)
||w -D7N(f - Rv)”ﬂm;m < ||w - D_lh”ﬂ(/\,-V) + ”h —(f- RU)HKZ(A;V*) <C.
The rest of (2.14) follows by triangle inequality with ||| 2y = ||D_1r|| vy |

Remark 2.3. The tolerance C in Residualy ¢ is initialized as the product of an initial
estimate g of the residual and a parameter y. The update

1-w
- v = 2.15
e+ =G 215)
ensures a geometric decrease of C since if C > w1, then

l-w 1-w
1+w(n+C)<1+w

(C+wl)=(1-w)X. (2.16)

G=w

Therefore, the total computational cost of the routine is proportional to that of the final
iteration of the loop. Furthermore, if C > wn, then also

l1-w
l+w

G = o+ 0 > (1 - @) > (i - 0) - (2.17)
The term n — C in the last expression of (2.17) is a lower bound for the true residual
[l 2 AV In this sense, the prescription (2.15) does not select an unnecessarily small
tolerance.

Finally, if ¢ < 2w(1 — a))_ln, then ; < wn. If the next value of 1 is greater than
or equal to the current value, this ensures that the termination criterion is met in the
next iteration. For example, under the mild condition C < (1 + 4w — 0?)(1 - )™, we
have {; < 2w(1 — w)™'n. The loop can therefore be expected to terminate within three
iterations. a

Remark 2.4. In Residualy g, the tolerances of Solvep are chosen such that the error
tolerance aC is equidistributed among all the nonzero indices of w. This property is not
required anywhere; Proposition 2.2 only uses that the total error in the computation of
D'k is no more than aC. Indeed, other strategies for selecting tolerances, e.g. based
on additional a priori information, may be more efficient. Equidistributing the error
among all the indices is a simple, practical starting point. a

10



3 An Adaptive Solver

3.1 Refinement Strategy

We use the approximation of the residual described in Section 2 to refine a Galerkin
subspace W C L2(I;V) of the form (1.28). For some approximate solution v with
Tyv € W, let w be the approximation of D~!(f — Rv) computed by Residualy ;. We
construct a space
W=) WP, oW, @3.1)
UeA
with W, C V finite dimensional, such that w can be approximated sufficiently in ‘W. A
simple choice is W“ ‘= Wy + spanw,, where W = Y u W,P,.
We consider a multilevel setting. For each u € suppw C A, let W, = W2 - W}l C---
be a scale of finite dimensional subspaces of V such that [J;2, WL is dense in V. To

2 .
v where H;, denotes
the orthogonal projection in V' onto WL. In the construction of ‘W, we use a greedy

each space, we associate a cost dim WL and an error ||w“ — Hi,wy|

algorithm to minimize the dimension of W under a constraint on the approximation
error of w.

Refinep[W,w, €] — [W,, o]
forall u € suppw do j, <0

; 2
: ]
while ). cquppw ||w“ - HF‘Hw“”V > €% do

Jutl Ju
|, = e,

Vv «— argmax — T
uesuppw  dim(W," \ W)

L v e vt

forall u € suppw do

W, «— W{j’

— ]
| Wy Hyywy

,\1/2
0 (Zyesuppw ooy - ZT’#”v)

Proposition 3.1. If for every u € supp w,

; . 2
”Hﬁlwu - Hﬁz”’#”i S ”Hﬂlwu - Hitwy“V

dim(Wi A\ W) dim(W/" \ W)

Vi<j, (3.2)

then for any € > 0, a call of Refinep['W, w, €] constructs a space W of the form (3.1) and
Tyw € W satisfying
0=lw- 770”[2(/1,.‘/) <e€. (3.3)

1



Furthermore, dim W is minimal among all spaces of the form (3.1) with W, = W;'l and
satisfying (3.3).

Proof. Equation (3.3) follows from the termination criterion in Refinep. Convergence
is ensured by (3.2) and W}, T V for all u. For the optimality property of the greedy
algorithm, we refer to the more general statement [Gitl1a, Theorem 4.1.5]. |

3.2 Adaptive Galerkin Method

Let ||-||4 denote the energy norm on (A V), ie. |lvllg == V{(Av,v). We assume that a
routine
Galerking ¢[W, i1, €] — [it, 7] (3.4)

is available which, given a finite dimensional subspace W of L2(T; V) of the form (1.28),
and starting from the initial approximation i, iteratively computes it € ¢*(A; V) with
Tyit € W and

|l —w|g <T<E€, (3.5)

where Ty is the Galerkin projection of u onto ‘W. An example of such a routine, based
on a preconditioned conjugate gradient iteration, is given in [Gitl1c].

We combine the method Residualy s for approximating the residual, Refinep for
refining the Galerkin subspace and Galerkiny s for approximating the Galerkin projec-
tion, to an adaptive solver SolveGalerkiny, f similar to [CDDO01, GHS07, DSS09].

SolveGalerkinA,f[e, v, X9, w,0,a,B] = uc

WO — {0}

i1® o0

dp — (A -y ”f“ﬁ(/x,-v*)

fork=0,1,2,... do

[wy, 1k, Ck] «— Residualy fle+/1 -7, i, o, x, 0, a, B
o — (M + C)/ 1 -y

if min(6y, 8) < € then break
[WED, @y, 0] — Refinep[ WH, wy, (12 = (G + Sk + G

Sk e— (Y = 02 = T/ + &)
[a%+D 7] — GalerkinA,f[‘”W(k“), Wy, o min(x, 6¢)]
01— T + 1= F(1 = )(1 +)" min(dy, &)

e — i®

3.3 Convergence of the Adaptive Solver

The convergence analysis of SolveGalerkiny f is based [CDDO01, Lemma 4.1], which
generalizes to our vector setting for Galerkin spaces ‘W of the form (1.28). Let I1qy

12



denote the orthogonal projection in ¢?(/A; V) onto T‘_,l(W, and let [Ty := DII4D™! be
the orthogonal projection in £(A; V*) onto DT'W = T;, DW.

Proposition 3.2. Let ‘W beas in (1.28), and S € [0,1]. Let v € ‘W with
”ﬁW(f _Av)”ﬁ(/x;v*) > 9 ”f _Av“t’z(A;V*) : (3-6)

Then the Galerkin projection u of u onto ‘W satisfies

1_
=il < 1823 ;nu—vnA. (3.7)

Proof. Due to (3.6),

= olla = A1 1AG = 0)ll 2z = 1AITY2 ([TTaw(f = A0)| o1

> A2 8||f = Aoy = AT AT 8l = ol

(A;v)

By Galerkin orthogonality,
_ _ _ _11-1
llw = a3 = llu —oll3 — 12— ol <@ =S NAIT [|A™Y| ) e - ol -

The assertion follows using the estimates ||A|| < (1 + ) and ||A_1|| < (1 -y)7%, which
follow from (1.24). O

Lemma3.3. If9 > 0, > 0,and w+9+w? < 1, then the space W&V in SolveGalerkiny ¢
is such that

ﬁfw(kﬂ)rk”gz( sy 2 Sellrelleve (3.8)
where r, == f — Au® is the residual at iteration k € No, and 9y > 9.

Proof. We abbreviate z := wy — ¥, Due to ; < wr), the assumption w + 9 + w9 < 1
implies Cx + 3(nx + (k) < M. Thus the tolerance in Refinep is nonnegative. Since
i® e Wh c Wkt Proposition 3.1 implies

o = llwy — wWille2p;v) = ”wk - HW““)wk”fZ(A;V) = ||z - H(VW‘“)Z||€2(A,~V) )
Consequently,
”HW("“)ZHEZ(A;V) = ”Z”?Z(A;V) - ”z - HW("“)Z”;(A;V) = ”i - Q% .

Furthermore, since 1+ has norm one, Proposition 2.2 implies

ﬁw(kn)rk”ﬂm;w) < ||H(W(k+l)(z - D_l?‘k)”gZ(A;V)

< ||z - D_lrk”t’z(/};V) < Ck-

||HW<’<+1)Z”52(A;V) - |
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Combining these estimates, we have

| ﬁ‘W(kH)rk”ﬂ(A;V*) = ||Hrw(k+1)Z||€2(A;V) - Ck = H]i — (_0% — Ck i

and (3.8) follows using [[7kll;2(1,y+) < Mk + Gk Finally, Q,% < 1],% — (Ck + (1 + §p))? implies
e = 0 2 G + (i + C), and therefore Sy = (/ng — 0f — Co)/ (ke + C) 2 9. O
Theorem3.4. Ife >0, x>0, 9>0, w >0, w+9+wd3<1,0<a<1,0<pB<1land

0<0<1=+/1-92(1-y)1+y)L, then SolveGalerking ¢[e,y, x, 9, w, 0, &, B] constructs
a finitely supported ue € (2(A; V) with

llu—uellg <e. (3.9)

Moreover,

1-yl-w o < ||u - ﬁ(k)”A < min(8, ) (3.10)

l1+yl+w

for all k € Ny reached by SolveGalerkiny .

Proof. Due to the termination criterion of SolveGalerkiny f, it suffices to show (3.10).

1”1/2

For k = 0, since [ull2(4,y) < ||A‘ |4,

e = 5O, = 1l = )y < |1l pgney Wil < Solllls -

Let ||u - ﬁ(k)” 4, < O for some k € INo. Abbreviating r = f - Ai®™, using (1.26) then
(2.14), we have
Ck + 1k

1
Irell 2 a0y <
Vv1-v NI

If min(6, &) > €, then {; < wn by Proposition 2.2. Due to Lemma 3.3, Proposition 3.2

implies
11— _
llu — il < \/1 - Siﬁ min(0y, Ox) ,

where 1 is the exact Galerkin projection of # onto WD), By (3.5), k1) approximates
it up to an error of at most 7541 < omin(, &) in the norm ||-||4. It follows by triangle
inequality that ||u - ﬁ(k+1)||A < Ofy1-

To show the other inequality in (3.10), we note that for any k € Ny,

=], < = & .

1 el *>T]k_(:k: 1—)/17k—Ck5k
Vi+y “A'V)_\/1+y T+yme+Ge

and (e = GOk + G~ 2 (1 - w)(1 + @)~
Finally, since

”” - ﬁ(k)”A 2

5 < (0 + \/1 — 21— )1+ y)—l)k 5

and 0 + /1 - 92(1 —y)(1 +7)~! < 1 by assumption, the iteration does terminate. m|
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4 Optimality Properties

4.1 A Semidiscrete Algorithm

We consider the adaptive method from Section 3 with no discretization in V, i.e. with
Galerkin subspaces of the form ¢*(Z; V) {%(A; V) for a finite subset = C A. Formally
replacing W® by a set of active indices Z¥, SolveGalerking 7 naturally extends to this
setting.

In the subroutine Residualy ¢, we assume that Solvep inverts D exactly. The param-
eter a can thus be set to zero.

In the subsequent refinement step, Z® is augmented by sufficiently many elements
of supp wy to represent wy to the desired accuracy. The method Refinep reduces to
ordering supp wy according to ”wk,v”V and selecting the most important contributions.

In Galerkiny r, we assume that operations in V' can be performed exactly, and that
the Galerkin projection of u# onto 2(E®*D); V) can be approximated e.g. by a conjugate
gradient iteration.

4.2 Optimal Choice of Subspaces

For v € 52(/1; V) and N € Ny, let Py(v) be a best N-term approximation of v, that is,
Pn(v) is an element of £2(/A; V) that minimizes |[v — oNllea;v) over vy € 2(A; V) with
#suppon < N. Fors € (0, ), we define

||v||ﬂs(A;V) = sup (N + 1)S ”'U - PN(U)”(’Z(A,V) (41)
NENO
and
F(N; V) = {v e (A V) Ioll s,y < oo} . (4.2)

By definition, an optimal approximation in 2(A; V) of v € A%(A; V) with error tolerance
€ > 0 consists of O(e"/*) nonzero coefficients in V.

Forany Z C A, let 1z denote the orthogonal projection in £2(A; V) onto £2(8; V*). The
following statement is adapted from [GHS07, Lemma 2.1] and [DSS09, Lemma 4.1].

Lemma 4.1. Let £ be a finite subset of A and v € (2(E0; V). If

0<d<  i=? 43
- 1+y (4.3)

and EO c 2V ¢ A with
#20 < cmin {#5,- O c g, |M=(f - A0)|| o 10y 2 SIF = A0, A;V*)} (4.4)
forac>1, then

#HED\ZO) <emin{#2; EC A, llu—iflg < Tllu—oll4) (4.5)

fort = \/ 1-92(1 +y)(1 = y)~L, where it denotes the Galerkin projection of u onto {*(%; V).
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Proof. Let&beasin (4.5)and £ := £ UZ. Furthermore, let it and it denote the Galerkin
solutions in ¢2(Z; V) and €%(=; V), respectively. Since EcE |lu-illy <|lu-ily, and
by Galerkin orthogonality,

it = ol = Il — ol =l — iy > (1 - )l -2l = A +y)A -y Hlu-ol .
Therefore, using x(A) = [IAll [|A7"]| < @ + )@ -»)7",
7127 = 41y = 1AGE = DNy = A7
= LAV 2NV =
> d 141" lu - vlla > §|f - Ao,

llit — vlla
vy -
By (4.4), #2(1) < ¢#Z, and consequently
#ED\ 2Oy <=\ EO) < a2 . O

We use Lemma 4.1 to show that, under additional assumptions on the parameters,
the index sets 2% generated by the semidiscrete version of SolveGalerkiny s are of
optimal size, up to a constant factor.

Theorem 4.2. If the conditions of Theorem 3.4 are satisfied,

A 1-
8::w< —y, (4'6)
l1-w 1+y

and u € F(A; V) for an s > 0, then for all k € N reached by SolveGalerking f,

#20 <2

(o/0)"" ((1 )1+ w))”s T an

1- o5 \(A = )1 - w) eww) Mz

withg=0+ \1-21-y)1+y)landt = \/1 - 21 +y)1 -y

Proof. Letk € Ny, 1, = f —Aa®. Also, let 0 = (0v)ven, 0v = ”wk,vnv for the approximation
Wy = (Wi )ven of D' computed in Residualy ¢, and let A C supp wy denote the active
indices selected by Refinep.

We note that for a = w + 9 + w9, we have 9 = %andéz%. Let E0 c 5 c A

satisfy ||H5rk||€2m;v*) >3 llrell2(7;v+)- Then

S ||Q||€2(A) <9$ lirell ;v + Sw ”QHKZ(A)
< ||ngk||€2(A;V*) +dw ”9”52(/1) < ||HEQ||€2(A) +(1+ 9w ”9”52(/1)

and since 9 — (1 + 9)w = a, it follows that ||ng

|€2(A) za ||Q|| 2y By construction, A is a

set of minimal cardinality with ||HA QHKZ(A) > ||Q||,€2(A) fora = Cm;l +9(1 + Cknlzl) <a.
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Consequently, #(Z®D \ 20) < #A < #Z. Since this holds for any Z, using #2® < &, it
follows that

#5041 < 2 min {#E; E0 cEcA, |Hen| ey 2 “Tk”gzm,.v*)} :

Lemma 4.1 implies

[1p

HECD\ EW) < 2min(#2; & C A, u—iila < 7 |u— 3% ,)

with 7 = \/ 1-82(1+y)(1 —y)1, where @ denotes the Galerkin projection of u onto
2(5; V).

Let N € Ny be maximal with ||u — PN(M)”€2(A;V) >7(1+ y)‘l/z ||u - ﬂ(k)|
is a best N-term approximation of u. By (4.1),

" where Py (u)

-1/s
A

1/s
AS(NV) T

—1/s

£2(AV) ”u”US < T_l/s(l + )/)1/2S ||u — ﬁ(k)”

) Jal

N+ 1< |lu—-Pn@)
For En41 = supp Pn+1(u), by maximality of N,
Il = finsalla < Nl = Prar@)llg < 1+ )2 llu = Praa @l < 7 lJu— P,
for the Galerkin solution iy, in £?(En41; V), and thus
#(2ED\ 20) < 2N +1) < 2075 (1 + )V lu - [, [T A

Furthermore, by Theorem 3.4,

-1/s
||u—a<k>||;“SS[ ul_wgk] |

1+y1+w

We estimate the cardinality of = (k) by slicing it into increments and applying the above
estimates,

k-1 k-1
#20 — E #(5(]”) \ 5‘(])) < 2’[_1/5(1 + y)l/Zs ”u”ly/[fm.v) z ||u _ ﬁ(])”A /s
j=0 J=0

-1/s k-1
(1 - )21 - w) 1/s = 1/s
: 2( 1+ +w) el v ;; o

By definition, & < ¢/ 6. Therefore,

k-1 k-1 k 01/55—1/5
z=1/s _ <=1/s Z (k=j)/s _ s—1/s 2 ' ils =k
6] S(Sk 0 _6k o = 1_01/5 '
]:O ]:O =1

The assertion follows using

(1 - 7/)1/2 ”u - ﬂ(k)”gz < ||u - ﬁ(k)“A < (Sk . O

(A;v)
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4.3 Complexity Estimate

We first cite a result due to Stechkin connecting the order of summability of a sequence
to the convergence of best N-term approximations in a weaker sequence norm, see e.g.
[CDS10b, DeV98]. Note that, although it is formulated only for nonnegative sequences,
Lemma 4.3 applies directly to e.g. Lebesgue—Bochner spaces of Banach space valued
sequences by passing to the norms of the elements of such sequences. Also, it applies to
sequences with arbitrary countable index sets by choosing a decreasing rearrangement.

Lemma4.3. Let 0 <p < gand let ¢ = (c,), € (* with 0 < ¢y41 < ¢y for all n € N. Then

0 1/q
[ Z CZ] <IN+ lcllg , r::l—lzo
n=N+1 P q
forall N € INp.
Proof. Due to the elementary estimate
00 n n
lelf, =Y &= =) dh=nd,
i=1 i=1 i=1

we have ¢, < n7V/?||c||;» for all n € IN. Therefore, using g —p >0,

(o)
s

n=N+1 n

for all N € N, with r as in (4.8).

+1

02

1

Proposition 4.4. Let s > 0. If either
IRmlly -y < sORs(m + 1)_5_1 Ym e N

or

o s+1
1
(Z ||Rm||sv+;w] < ORs,
m=1

then
IR = Rovall 2 gy 210
Proof. By (1.23) and (2.1), using |[Kull2(1)-e2) < 1,

[S¢]

”R_R[M]||€2(A;V)—>€2(A;V*) < Z IRynlly—v- -
m=M+1

If (4.9) holds, then (4.11) follows using

[e) 00 1
Z m+1)~1< f Sl di == (M +1)75.
m=M+1 M+1 S

18

chel P < e, N+ 1)@ PP el 7P = (N +1)77 |||,

<ORsM+1)"° YM € Ny .

(4.8)

(4.9)

(4.10)

(4.11)



If (4.10) is satisfied, then

) 0 s+1
1
Y IRullyy- < (Z ||Rm||~;;w] (M+1)°
m=M+1 m=1
by Lemma 4.3. m|

Remark 4.5. If the assumptions of Proposition 4.4 are satisfied for all s € (0,s"), then
the operator R is s*-compressible with sparse approximations Ryyq. In this case, R
is a bounded linear map from A*(A; V) to A°(A; V*) for all s € (0,s%), see [CDDO1].
This carries over to the routine Applyg in that if v € A°(A; V) and z is the output of
Applyg[v, €] for an € > 0, then

#suppz < “vllzf(/x,-\/) e\s, (4.12)
Izl s (1, S ollasa;v) (4.13)

with constants depending only on s and R. Moreover, (4.12) is an upper bound for
the total number of applications of operators R;, in Applyg[v, €]. This follows as in the
standard scalar case, see e.g. [DSS09]. a

We make additional assumptions on the routine RHS. If f € A°(A; V") and f is the
output of RHS¢[e] for an € > 0, then f should satisfy

/s (4.14)

#supp f < | £|

Note that if u € A°(A; V) and R is s*-compressible with s < s*, then also A is s*-
compressible, and therefore || f |

1/s
A €

(N V) S ”u”ﬂs(/l;V)‘
Lemma 4.6. Under the conditions of Theorem 4.2,

i)

) < Clullzsay) Yk € N, (4.15)

with
21%0(1 + )(1 + w)

t(1-o Pl -y)(l-w)’
p=0+ TSP+ ) Tandt= \1-2(1+ 7)1 - 7).

Proof. Letk € Ny. For any N > #2®, ||a® — PN(fl(k))”fz

(4.16)

_ =) _
) = 0. For N < #Z 1,

5 - P < - 12,58

V) V)

<|u-n11= +2|u -

Nu”t’z(/l;V) (k)||€2(A;V) ’

where Ey = supp Pn(u), such that I1s, u = Pn(u) and

o = 20| ) < N+ D)7 il airy -
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Furthermore, Theorem 4.2 implies

201+ )1+ w) B
® =(0)-s
e = Ta= gt —pa—ay = Ml

jor —

and (#£®)~ < (N + 1) by definition of N. Consequently,
I

—s ||~k ~(k
T (N+1)° ||u( ) — Py (il ))”fz(A,.V) < Cllullzs ;v
NelNp
with C from (4.16). O

Theorem 4.7. Let the conditions of Theorem 4.2 be satisfied. If (4.14) and the assumptions of
Proposition 4.4 hold for all s € (0,s"), then for any € > 0 and any s € (0,s"), the total number
of applications of D, A,, and D 1in SolveGalerkinA,f[e, v, X,9,w,0,0,B] is bounded by

1/s —-1/s

el 1 €

The same bound holds for the total number of applications of R,,, m € IN, up to an additional
factor of maxyesuppu, #supp p.
Proof. Let k € No; we consider the k-th iteration of the loop in SolveGalerkiny s. The
routine Residual A{f[e m, ﬁ(E(k)), Ok, X, , B] begins with #50) applications of D. Due
to the geometric decrease in tolerances, the complexity of the loop in Residualy is
dominated by that of its last iteration. By Remark 4.5 and Lemma 4.6, the number of
applications of D! and Ry, is bounded by ||u||1y/[f( " V) 1/ °, and (g 2 &

Next, assuming the termination criterion of SolveGal erkiny s is not satisfied, the rou-

up to a constant factor depending only on the input arguments other than e.

tine Galerking ¢[E 1) 20, 6 min(Sy, Ox)] is called to iteratively approximate the Galerkin
projection onto ¢2(£%*1; V). Since only a fixed relative error reduction is required,
the number of iterations remains bounded. Therefore, the number of applications
of D! and A,, is bounded by #Z**1) and the total number of applications of Ry,
m € N, is bounded by 2A(EFD)#=* D where A(£**D) denote the average length of
indices in £, see [Git11c, Proposition 3.5]. Since the sets 2% are nested, 1(Z*+V) <

maXyesuppu, #supp p. Furthermore, by Theorems 3.4 and 4.2, #Ek+D) < ||u||zf “4V) 6,;{5.

Let k be such that u. = #®. Due to the different termination criterion, the complexity
of the last call of Residualy ¢ can be estimated by ||u||zf @) C;l/ * with ¢ 2 €. This
bound obviously also holds for #5®  and thus for the complexity of the final call of
Galerking f.

Combining all of the above estimates, the number of applications of D71, D, A,, and
R, m € N, in SolveGalerkinA,f is bounded by

k-1
1 - —l
”u“g/qu(A’V)[ l/S Z /s]

j=0

Furthermore, 8;_1 > €, and using 6y_1 < ¢*'7/§; forp =0 + V1I-21-y)(1+y)1<1,

k=2 k=2 k-1 Ql /s
c—1/s -1/s (k=1-j)/s _ s~1/s i/s -1/s

25]' <O ZQ =0 ZQ <o 1-olfs

=0 i=0 i=1
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The assertion follows since d;_1 > €. O

5 Computational Examples

5.1 Application to Isotropic Diffusion

We consider the isotropic diffusion equation on a bounded Lipschitz domain G ¢ R¥
with homogeneous Dirichlet boundary conditions. For any uniformly positive a €
L*(G) and any f € L?*(G), we have

=V -@x)Vu(x)) = f(x), xeG,

5.1
ux)=0, x€dG. G1)

We view f as fixed, but allow a to vary, giving rise to a parametric operator
Ao(a): H)(G) > HM(G) , v+ -V-@Vo), (5.2)

which depends continuously on a € L*(G).
We model the coefficient 2 as abounded L*(G)-valued random field, which we expand
as a series

a(y, %) = 00) + ) Yntn() - (53)
m=1

Since a is bounded, a,, can be scaled such that y,, € [-1,1] for all m € IN. Therefore, a
depends on a parameter y = (y);,_, in I = [-1,1]%.
We define the parametric operator A(y) := Ao(a(y)) for y € I'. Due to the linearity of
Ao,
Ay)=D+R(y), RW) =) yuRw Vyer (5.4)
meM
with convergence in .E(H(l)(G), H™(G)), for

D = Ay@): Hy(G) » H(G) , v~ -V-(@vo),
R, = Apan): H(l)(G) —-HYG), v~ -V-(@,Vv), meM.
To ensure bounded invertibility of D, we assume there is a constant 6 > 0 such that

essinfa(x) > 67! . (5.5)

xeG

We refer e.g. to [Gitl1c, Gitlla, SG11] for further details.

5.2 A Posteriori Error Estimation

In SolveGalerking f, a generic solver Solvep is used to approximate D 'g, to any
desired accuracy, where g, has the form

k
8u = f‘u - Z KiRmiwi ’ (56)

i=1



withw; € V = Hé(G) equal to some coefficients i, of the previous approximate solution.
If D~'g, is approximated by the finite element method, an a posteriori error estimator
is required to determine whether or not a given approximation attains the desired
accuracy. Due to the unusual structure of g,, standard error estimators cannot be
applied directly. We derive a reliable residual-based estimator, following the standard
argument from [MNS00, AOOO, Ver96].

Let T be a regular mesh of G, and let W, be a finite element space of continuous,
piecewise smooth shape functions on T which contains at least the piecewise linear
functions.

We will denote the set of elements of T by T and the set of faces of T by §. The set ¥
can be decomposed into interior faces & N G and boundary faces § NdG. Forany T € T,
let it be the diameter of T, and similarly, define hr as the diameter of F for any F € §.
Furthermore, for any T € T, let @1 C G consist of all elements of T sharing at least a
vertex with T. Analogously, let @r C G consist of all elements of T sharing at least a
vertex with the face F € §. Note that each element T € T belongs to only a bounded
number of domains @1 or @f.

By the above assumptions, there is a Clément interpolant for W, i.e. a continuous
projection 3, : HJ(G) — W), such that for all v € H)(G),

[0 = 30|l gy < cthrlolnyy VT €T (5.7)

and
~ 1/2
lo=3uollzey < 2t Plinay  VFET (5:8)

with constants c¢; and ¢; depending only on the shape regularity of T, see e.g. [BS02].

Let each of the functions w; from (5.6) itself be an element of a finite element space W;
of piecewise smooth functions on a mesh ¥;, which may differ from T. We assume that
these meshes are compatible in the sense that for any T € T and T; € T;, the intersection
T N T; is either empty, equal to T, or equal to T;.

Standard error estimators run into problems on faces of T; that are not in the skeleton
of T, since g, is singular on these faces. For all 7, let @; be an approximation of w; that
is piecewise smooth on T. Replacing g, by

k
Sui=fu- ZKl‘Rm[ZT)i (5.9)
i=1
induces an error
k a
-1, _p-ls 1 |[4mi o — P
Ip~'gy - D gHIIVS;IKZIH - ||Lw(G)||wl @,lly = EST,, (5.10)
since
A _ A
sup a,Vw - Vodx| < ”T sup [aVw - Vol dx = ”T” ||y
lolly=11JG @ NL=(G) olly =1 JG a TL=(G)
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forallm e N and all w € H(l)(G).
Let i1, € W), be the Galerkin projection of D7!g,, i.e.

k
fﬁVﬂ” -Vodx = fﬁ,v dx — ] f Ay, V; - Vo dx YoeW,. (5.11)
G G = Jc
Abbreviating
k
oy = aviy, + Z Kily, V; , (5.12)
i=1
the residual of u is the functional
ru(iy;0) = fgy —aViy, - Vodx = ff” —oy-Vodx, ve H(l)(G) . (5.13)
G G

By Galerkin orthogonality, 7,,(i1,;v) = 0 for all v € W,,. Furthermore, due to the Riesz
isomorphism,

ru(fiy;v) ru(ity; v)
-] = sp BN g k@l
veH}(G)\{0} l10llp veH1(G)\(0} GIe)
with 6 from (5.5).
Forall T € T, let
Ry 7(iy) = hr||fu + V- a#||L2(T) , (5.15)
where the dependence on i, is implicit in 0. Note that V - 0, is given by
k
V-0, = Va- Vi, +aAi, + Z Ki(Vaty, - Vi + AT . (5.16)
i=1
Also, let
Ry () =y ||[o, 1 (5.17)
pAE F il -

where [-] is the normal jump over the face F € § N G, i.e. if F = T1 N Ty, and 1y and np
are the respective exterior normal vectors, then

[[Uy]] = Ulel “np+ Olez "Nz, (5.18)

and [o,] = o, - ng if F € § N JG for the exterior unit normal ng of G. These terms

combine to
1/2

BSTR(7,) = | ) Ryr(@a + Y Rup@?| (5.19)
Tex Fe¥

Note thatif d = 1, then hp = 0 for all F € §, and R, (i) = 0. In this case, the Clément
interpolation operator 3, is simply the nodal interpolant, and @t can be replaced by T
in (5.7).
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Theorem 5.1. For all v € H)(G),
|ru(i;0)| < CESTR(@1,) Iolen (5.20)
with a constant C depending only on the shape regularity of T.
Proof. Letv € Hy(G). Since v € Wy, by Galerkin orthogonality
ru(iy;0) = ry(iy; 0 — 3,0) .

We abbreviate w := v — J,v, and denote by nt the exterior unit normal of T € T. Using
(5.7), (5.8), integration by parts and the Cauchy-Schwarz inequality,

ru(ly; 0 —J,0) = Z fﬁlw -0, - Vwdx
T

TeX
:Z f(ﬁ,+V-aH)wdx— Z fo#-nrwds
Tex [T FegnaT vVE

= f(f#+V-oH)wdx—Zf|Io#]]wdS

Tex VT Feg VF

< Z Ifu+V- O.“”LZ(T) llzollr2¢ry + Z |||IO#]]”L2(F) llewllr2r)

Tex Feg
1/2
sa Z hr ”fﬂ +V- 0#||L2(T) [0lp1 @) + €2 Z hy ”[[O.“]]”LZ(F) 1011 @)
Tex Fed
1/2
<(c1+e) Z [hT Ifu+ V- ‘7#||L2(T) + Z ! ”[[G.U]]”LZ(F)] 101 @)
Tex FeFNT
2\1/2
1/2
<G|, [hT Vit V- oulliory + Y ”[IO#]]”LZ(F)] ] 19l )
Tex FeFNaT
< CEST} (1) ol gy -
This shows (5.20), replacing v by —v if necessary. m|
Corollary 5.2. The Galerkin projection i, from (5.11) satisfies
|D7' gy — ||, < ESTE + V6C ESTR(7,) (5.21)

for 6 from (5.5) and C from Theorem 5.1.

Proof. The assertion follows by triangle inequality using (5.10), (5.14) and (5.20). m|
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5.3 Numerical Computations

We consider as a model problem the diffusion equation (5.1) on the one dimensional
domain G = (0, 1). For two parameters k and y, the diffusion coefficient has the form

1w 1
a(y,x) =1+ = Z yu—sin(mnx), x€(0,1), yel=[-11]%, (5.22)
¢ m=1 m
where c is chosen as .
1
c= yn; — (5.23)

such that |a(y, x) — 1| is always less than y. For the distribution of y € I', we consider
the countable product of uniform distributions on [-1, 1]; the corresponding family of
orthonormal polynomials is the Legendre polynomial basis.

In all of the following computations, the parameters are k = 2 and y = 1/2. A few
realizations of a(y) and the resulting solutions u(y) of (5.1) are plotted in Figure 1.

137 0.08

1271

117

a(y, x)

1

09 [

0.8 [

07 . . . . ) 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 1: Realizations of a(y, x) (left) and u(y, x) (right).

The parameters of SolveGalerkinA,f aresettoxy =1/8,9 =057, w =1/4,0 = 0.01114,
a = 1/20 and f = 0. These values do not satisfy the assumptions of Theorem 4.2;
however, the method executes substantially faster than with parameters for which the
theorem applies. All computations were performed in Matlab on a workstation with an
AMD Athlon™ 64 X2 5200+ processor and 4GB of memory.

We consider a multilevel discretization in which the a posteriori error estimator from
Section 5.2 is used to determine an appropriate discretization level for each coefficient.
A discretization level j,, which represents linear finite elements on a uniform mesh
with 2/ cells, is assigned to each index u with the goal of equidistributing the estimated
error among all coefficients.

In Figure 2, on the left, the errors are plotted against the number of degrees of freedom,
which refers to the total number of basis functions used in the discretization, i.e. the
sum of 2/« — 1 over all . On the right, we plot the errors against an estimate of the
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Figure 2: Convergence of SolveGalerkiny .

computational cost. This estimate takes scalar products, matrix-vector multiplications
and linear solves into account. The total number of each of these operations on each
discretization level is tabulated during the computation, weighted by the number of
degrees of freedom on the discretization level, and summed over all levels. The estimate
is equal to seven times the resulting sum for linear solves, plus three times the value
for matrix-vector multiplications, plus the sum for scalar products. These weights
were determined empirically by timing the operations for tridiagonal sparse matrices
in Matlab.

The errors were computed by comparison with a reference solution, which has an
error of approximately 5-107°. The plots show that the error bounds &y are good
approximations of the error, and only overestimate it by a small factor.
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Figure 3: Comparison of SolveGalerkiny ( and the sparse tensor construction, for a
multilevel discretization (left) and with a fixed finite element mesh (right).

We compare the discretizations generated adaptively by SolveGalerkiny ; with the
heuristic a priori adapted sparse tensor product construction from [BAS10]. Using the

notation of [SG11, Section 4], we sety = 2and 1, = 1/(ry + 1+ 12,) for ryy, = cm?/2 and
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Figure 4: Slices of index sets generated by SolveGalerkiny s (left) and [BAS10] (right)
with single level discretization (top) and multilevel discretization (bottom).
All sets correspond to the right-most points in Figure 3. Active indices with
support in {1,2} are plotted; the level of the finite element discretization is
proportional to the radius of the circle.

c from (5.23). These values are similar to those used in the computational examples of
[BAS10]. The coarsest spatial discretization used in the sparse tensor product contains
16 elements.

In order to isolate the stochastic discretization, we also consider a fixed spatial dis-
cretization, using linear finite elements on a uniform mesh of (0, 1) with 1024 elements
to approximate all coefficients. We refer to these simpler versions of the numerical
methods as single level discretizations.

The single level versions of SolveGalerkiny r and the sparse tensor method construct
discretizations of equal quality, with only a slight advantage for the adaptive algorithm.
However, with a multilevel discretization, SolveGalerking, £ converges faster than the
sparse tensor method, with respect to the number of degrees of freedom. At least in
this example, the adaptively constructed discretizations are more efficient than sparse
tensor products.

Asindex sets £ C / are infinite dimensional in the sense that they can contain indices
of arbitrary length, they are difficult to visualize in only two dimensions. In Figure 4,
we plot two dimensional slices of sets generated by SolveGalerkiny s and the sparse
tensor construction from [BAS10]. We consider only those indices which are zero in all
dimensions after the second, and plot their values in the first two dimensions. The upper
plots depict index sets generated using single level discretizations; dots refer to active
indices. The lower plots illustrate the discretizations generated with multilevel finite
element discretizations. The radii of the circles are proportional to the discretization
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level.

The bottom two plots in Figure 4 illustrate differences between the discretizations
generated by SolveGalerking ¢ and the sparse tensor construction. The former has
many fewer active indices, but higher discretization levels for some of these. For
example, the coefficient of the constant polynomial is approximated on meshes with 4096
and 256 elements, respectively. Also, while the sets constructed by sparse tensorization
appear triangular in this figure, the adaptively generated index sets are somewhat more
convex. All of the sets are anisotropic in the sense that the first dimension is discretized
more finely than the second.

We use the convergence curves in Figures 2 and 3 to empirically determine conver-
gence rates of SolveGalerkiny ¢. The convergence rate with respect to the total number
of degrees of freedom is 2/3, which is faster than the approximation of 1/2 rate shown in
[CDS10b, CDS10a]. It also compares favorably to the sparse tensor construction, which
converges at a rate of 1/2. However, when considering convergence with respect to the
computational cost, the rate of SolveGalerkiny s reduces to 1/2 also. We suspect that
this is due to the approximation of the residual, which is performed on a larger set of
active indices than the subsequent approximation of the Galerkin projection.

The solvers with fixed finite element meshes simulate semi-discrete methods with no
spatial discretization. In this setting, [CDS10b, CDS10a] show an approximation rate of
3/2, wheras we observe a rate of 1 for both SolveGalerkinA,f and sparse tensorization.
In principle, it is possible that SolveGalerkiny s does not converge with the optimal
rate in this example, since the parameters used in the computations do not satisfy the
assumptions of Theorem 4.2. Alternatively, due to large constants in the approximation
estimates, the asymptotic rate may not be perceivable for computationally accessible
tolerances.

References

[AO00]  Mark Ainsworth and J. Tinsley Oden. A posteriori error estimation in fi-
nite element analysis. Pure and Applied Mathematics (New York). Wiley-
Interscience [John Wiley & Sons], New York, 2000.

[Bar05] A. Barinka. Fast Evaluation Tools for Adaptive Wavelet Schemes. PhD thesis,
RWTH Aachen, March 2005.

[BAS10] Marcel Bieri, Roman Andreev, and Christoph Schwab. Sparse tensor dis-
cretization of elliptic SPDEs. SIAM ]. Sci. Comput., 31(6):4281-4304, 2009/10.

[Bau02] Heinz Bauer. Wahrscheinlichkeitstheorie. de Gruyter Lehrbuch. [de Gruyter
Textbook]. Walter de Gruyter & Co., Berlin, fifth edition, 2002.

[BDD04] Peter Binev, Wolfgang Dahmen, and Ron DeVore. Adaptive finite element
methods with convergence rates. Numer. Math., 97(2):219-268, 2004.

28



[BS02]

[BS09]

[BTZ04]

[CDDO1]

[CDD02]

[CDS10a]

[CDS10b]

[DBOO01]

[DeVI8]

[DFRO7]

[D6196]

[DRW*07]

[DSS09]

Susanne C. Brenner and L. Ridgway Scott. The mathematical theory of finite
element methods, volume 15 of Texts in Applied Mathematics. Springer-Verlag,
New York, second edition, 2002.

Marcel Bieri and Christoph Schwab. Sparse high order FEM for elliptic
sPDEs. Comput. Methods Appl. Mech. Engrg., 198(37-40):1149-1170, 2009.

Ivo Babuska, Radl Tempone, and Georgios E. Zouraris. Galerkin finite
element approximations of stochastic elliptic partial differential equations.
SIAM |. Numer. Anal., 42(2):800-825 (electronic), 2004.

Albert Cohen, Wolfgang Dahmen, and Ronald DeVore. Adaptive wavelet
methods for elliptic operator equations: convergence rates. Math. Comp.,
70(233):27-75 (electronic), 2001.

A. Cohen, W. Dahmen, and R. DeVore. Adaptive wavelet methods. II.
Beyond the elliptic case. Found. Comput. Math., 2(3):203-245, 2002.

A. Cohen, R. DeVore, and Ch. Schwab. Analytic regularity and polynomial
approximation of parametric stochastic elliptic PDEs. Technical Report 2010-
3, Seminar for Applied Mathematics, ETH Ziirich, 2010. In review.

Albert Cohen, Ronald DeVore, and Christoph Schwab. Convergence rates
of best N-term Galerkin approximations for a class of elliptic sSPDEs. Found.
Comput. Math., 10(6):615-646, 2010.

Manas K. Deb, Ivo M. Babuska, and J. Tinsley Oden. Solution of stochas-
tic partial differential equations using Galerkin finite element techniques.
Comput. Methods Appl. Mech. Engrg., 190(48):6359-6372, 2001.

Ronald A. DeVore. Nonlinear approximation. In Acta numerica, 1998, vol-
ume 7 of Acta Numer., pages 51-150. Cambridge Univ. Press, Cambridge,
1998.

Stephan Dahlke, Massimo Fornasier, and Thorsten Raasch. Adaptive frame
methods for elliptic operator equations. Adv. Comput. Math., 27(1):27-63,
2007.

Willy Dorfler. A convergent adaptive algorithm for Poisson’s equation.
SIAM ]. Numer. Anal., 33(3):1106-1124, 1996.

Stephan Dahlke, Thorsten Raasch, Manuel Werner, Massimo Fornasier, and
Rob Stevenson. Adaptive frame methods for elliptic operator equations: the
steepest descent approach. IMA J. Numer. Anal., 27(4):717-740, 2007.

Tammo Jan Dijkema, Christoph Schwab, and Rob Stevenson. An adaptive
wavelet method for solving high-dimensional elliptic PDEs. Constr. Approx.,
30(3):423-455, 2009.

29



[FSTO05]

[GHS07]

[Gitl1a]

[Git11b]

[Git11c]

[Met02]

[MKO5]

[MNS00]

[SG11]

[Ste03]

[TSO07]

[Ver96]

[WKO05]

Philipp Frauenfelder, Christoph Schwab, and Radu Alexandru Todor. Finite
elements for elliptic problems with stochastic coefficients. Comput. Methods
Appl. Mech. Engrg., 194(2-5):205-228, 2005.

Tsogtgerel Gantumur, Helmut Harbrecht, and Rob Stevenson. An optimal
adaptive wavelet method without coarsening of the iterands. Math. Comp.,
76(258):615-629 (electronic), 2007.

Claude Jeffrey Gittelson. Adaptive Galerkin Methods for Parametric and Stochas-
tic Operator Equations. PhD thesis, ETH Ziirich, 2011. ETH Dissertation No.
19533.

Claude Jeffrey Gittelson. Adaptive stochastic Galerkin methods: Beyond the
elliptic case. Technical Report 2011-12, Seminar for Applied Mathematics,
ETH Ziirich, 2011.

Claude Jeffrey Gittelson. Stochastic Galerkin approximation of operator
equations with infinite dimensional noise. Technical Report 2011-10, Semi-
nar for Applied Mathematics, ETH Ziirich, 2011.

A. Metselaar. Handling Wavelet Expansions in Numerical Methods. PhD thesis,
University of Twente, 2002.

Hermann G. Matthies and Andreas Keese. Galerkin methods for linear and
nonlinear elliptic stochastic partial differential equations. Comput. Methods
Appl. Mech. Engrg., 194(12-16):1295-1331, 2005.

Pedro Morin, Ricardo H. Nochetto, and Kunibert G. Siebert. Data oscillation
and convergence of adaptive FEM. SIAM ]. Numer. Anal., 38(2):466—488
(electronic), 2000.

Christoph Schwab and Claude Jeffrey Gittelson. Sparse tensor discretization
of high-dimensional parametric and stochastic PDEs. Acta Numerica, 2011.
To appear.

Rob Stevenson. Adaptive solution of operator equations using wavelet
frames. SIAM |. Numer. Anal., 41(3):1074-1100 (electronic), 2003.

Radu Alexandru Todor and Christoph Schwab. Convergence rates for sparse
chaos approximations of elliptic problems with stochastic coefficients. IMA
J. Numer. Anal., 27(2):232-261, 2007.

R. Verfiirth. A Review of a Posteriori Error Estimation and Adaptive Mesh-
Refinement Techniques. Teubner Verlag and J. Wiley, Stuttgart, 1996.

Xiaoliang Wan and George Em Karniadakis. An adaptive multi-element
generalized polynomial chaos method for stochastic differential equations.
J. Comput. Phys., 209(2):617-642, 2005.

30



[WKO06] Xiaoliang Wan and George Em Karniadakis. Multi-element generalized
polynomial chaos for arbitrary probability measures. SIAM ]. Sci. Comput.,
28(3):901-928 (electronic), 2006.

[XK02] Dongbin Xiu and George Em Karniadakis. The Wiener-Askey polynomial
chaos for stochastic differential equations. SIAM J. Sci. Comput., 24(2):619-
644 (electronic), 2002.

31



Research Reports

Authors/Title

11-11

11-10

11-09

11-08

11-07

11-06

11-05

11-04

11-03

11-02

11-01

10-49

10-48

C.J. Gittelson
An adaptive stochastic Galerkin method

C.J. Gittelson
Stochastic Galerkin approximation of operator equations with infinite
dimensional noise

R. Hiptmair, A. Moiola and I. Perugia
Error analysis of Trefftz-discontinuous Galerkin methods for the time-
harmonic Maxwell equations

W. Dahmen, C. Huang, Ch. Schwab and G. Welper
Adaptive Petrov-Galerkin methods for first order transport equations

V.H. Hoang and Ch. Schwab
Analytic regularity and polynomial approximation of stochastic, para-
metric elliptic multiscale PDEs

G.M. Coclite, K.H. Karlsen. S. Mishra and N.H. Risebro
A hyperbolic-elliptic model of two-phase flow in porous media - Existence
of entropy solutions

U.S. Fjordholm, S. Mishra and E. Tadmor
Entropy stable ENO scheme

M. Ganesh, S.C. Hawkins and R. Hiptmair
Convergence analysis with parameter estimates for a reduced basis acous-
tic scattering T-matrix method

0. Reichmann
Optimal space-time adaptive wavelet methods for degenerate parabolic
PDEs

S. Mishra, Ch. Schwab and J. Sukys
Multi-level Monte Carlo finite volume methods for nonlinear systems of
conservation laws in multi-dimensions

V. Wheatley, R. Jeltsch and H. Kumar
Spectral performance of RKDG methods

R. Jeltsch and H. Kumar
Three dimensional plasma arc simulation using resistive MHD

M. Sward and S. Mishra
Entropy stable schemes for initial-boundary-value conservation laws



