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ERROR ANALYSIS OF TREFFTZ-DISCONTINUOUS GALERKIN
METHODS FOR THE TIME-HARMONIC MAXWELL
EQUATIONS

RALF HIPTMAIR, ANDREA MOIOLA, AND ILARIA PERUGIA

ABSTRACT. In this paper, we extend to the time-harmonic Maxwell equations
the p—version analysis technique developed in [R. Hiptmair, A. Moiola and
I. Perugia, Plane wave discontinuous Galerkin methods for the 2D Helmholtz
equation: analysis of the p-version, STAM J. Numer. Anal., 49 (2011), 264-284]
for Trefftz-discontinuous Galerkin approximations of the Helmholtz problem.
While error estimates in a mesh-skeleton norm are derived parallel to the
Helmholtz case, the derivation of estimates in a mesh-independent norm re-
quires new twists in the duality argument. The particular case where the local
Trefftz approximation spaces are built of vector-valued plane wave functions
is considered, and convergence rates are derived.

1. INTRODUCTION

Non-polynomial finite element methods for time-harmonic wave problems have
been designed in the last years in order to reduce the computational cost, with
respect to more classical polynomial-based methods. Examples of such methods
are the partition of unity finite element method of Babuska and Melenk [7], the
discontinuous enrichment method [4]/46], the variational theory of complex rays
(VICR) [44], and the ultra weak variational formulation (UWVF) by Cessenat
and Després [18]. All these methods are of Trefftz type, namely, they are based
on approximation spaces made of functions which are (locally) solutions to the
considered PDE. We concentrate, in particular, on the UWVF, which has recently
seen rapid algorithmic development and extensions; see [15,[23}24}29,[34H36], and
we would like to analyze its application to the time-harmonic Maxwell equations,
considering general Trefftz approximation spaces.

Since the UWVF can be regarded as a discontinuous Galerkin (DG) method
with Trefftz basis functions (see [15/[22,[24]), we briefly review some literature on
standard (i.e., polynomial-based) DG methods for the time-harmonic Maxwell equa-
tions. Some of them are based on the primal curl-curl formulation of the problem,
neglecting the divergence-free condition. For consistent DG-discretizations, these
methods are spurious-free (see |16, Sec. 6], [21,127,131,48]). Other DG methods
are based on “regularized” primal curl-curl formulations, with penalization of the
divergence-free constraint. With constant weights in the penalty term, the di-
vergence is controlled but these methods are haunted by so-called spurious solu-
tions in case of strongly singular problems, see [33}/42]. This is avoided by using
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weighted regularized formulations, with penalty weights depending on the distance
from singularities, see [10,{11] and their references. Alternative approaches to con-
trol the divergence of the numerical solutions are based on mixed-DG formulations,
see [321/43].

In this paper, we consider a Trefftz-DG approximation to the homogeneous time-
harmonic Maxwell equations with impedance boundary conditions. For previous
work on the UWVF for Maxwell, we refer to [8]/17./19,(34]; for different Trefftz-based
approaches, we mention [20,47]. Taking cue from the UWVF and following [34],
we study a class of Trefftz methods that rely on a DG formulation of the electric
field-based Maxwell problem, where the divergence-free constraint is not imposed;
the discrete solutions will be elementwise divergence-free, but not globally. Our
analysis applies to all these methods, independently of the choice of the particular
Trefftz approximation space.

Our focus here is on the theoretical analysis of the p—version of the methods,
which is immune to the pollution effect, an advantage also shared by spectral poly-
nomial approximations, see [113]). The analysis framework presented in this paper
is borrowed from [29]. The first step consists in identifying a mesh skeleton norm
on the Trefftz function space for which the bilinear form defining the method is
coercive. This allows us to prove well-posedness and error estimates in this norm.

In order to derive error estimates in a mesh-independent norm, we use a duality
argument introduced in [41] and used in [15}/29] for the Helmholtz problem. In order
to extend this argument to the Maxwell equations, stability and regularity results
for the Maxwell equations with impedance boundary conditions and divergence-free
right-hand sides, with explicit dependence of the bounding constants on the problem
frequency, are necessary. These results have been proved in [28]. In addition to
that, an essential modification in the duality argument of [41] is required. The
outcome is an estimate in a norm which is slightly weaker than L?. As already
mentioned, this analysis framework applies to any Trefftz approximation space. As
an example, we consider particular plane wave spaces, for which we prove explicit
p—convergence rates.

The outline of this paper is the following. In Section 2] we introduce the model
problem, together with its variational formulation, and recall theoretical results on
well-posedness, stability and regularity. The family of Trefftz-DG methods we are
considering is described in Section 3] Section [4|is devoted to the a-priori error anal-
ysis (well-posedness of the discrete formulation, error estimates in a mesh-skeleton
norm and in a mesh independent norm). Then, in Section |5, we consider the
Trefftz-DG method based on particular plane wave spaces; we prove approxima-
tion properties of these spaces and derive convergence rates for the corresponding
methods.

We end this introduction with some notation used throughout this paper. If
D is a domain in R? or R3, we denote by H*(D)?, d = 1,2,3, the Hilbert space
with integer or fractional regularity index k& and valued in C%, and by ||| r.o the
corresponding Sobolev norm; we use H*¥(D) = H*(D)!, denote by H}(D) the
closure in H*(D) of C§°(D) and set L?(D) = H°(D).
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For D C R3, with exterior unit normal vector to 9D denoted by n, we also
introduce the following spaces:
H"(curl; D) = {v € H"(D)*: V xv € H" (D)},
H(curl; D) = H(curl; D) ,
Hy(curl; D) = {v € H(cutl; D) : n x v =0 on 900},
H(div; D) = {v € L*(D)?: V-v € L*(D)},
H(div’; D) ={v € L*(D)*: V-v =0in D},
L3(09Q) = {v € L*(00)* : v-n =0} .

If D is a Lipschitz domain in R?, the following integration by parts formula holds
true for functions F,G € H(curl; D):

/VxF~édV:/F-VdeV—i—/ nx F-GdS,
D D oD

provided that the second integral on the right-hand side is read as a duality product
between the appropriate trace spaces (see [13]). If F is a vector-valued function
defined in D, we denote its normal and tangential components on 9D by Fy :=
(F-n)n and Fp := (n x F) x n, respectively. Finally, we write B (xo) for the
(open) ball of radius v and centered at x.

2. THE MAXWELL BOUNDARY VALUE PROBLEM

Let Q C R? be a bounded, polyhedral domain, such that
there exist a point ¢ €  and a real number v > 0 for which Q is
star-shaped with respect to all points in B (o).

Notice that this implies that €2 satisfies the uniform cone condition and thus, by 25|
Theorems 1.2.2.2], Q is Lipschitz. We denote by n the unit normal vector field on
0N pointing outside 2.

We consider the following formulation of the (homogeneous) time-harmonic Max-
well equations in terms of electric field E and magnetic field H with impedance
boundary conditions in the domain 2:

—iwe E—-VxH=0 inQ,
(2.1) —iwu H+VxE=0 inQ,
Hxn—-—vYnxE)xn=g/iv ondQ,
where w > 0 is a fixed wave number, and g € L2.(9f2). The material coefficients
g, 1,9 €R, e, 0> 0 and 9 # 0, are assumed to be constant in the whole domain.
By the second equation of , we can write H in terms of £ as H =

(iw)~tu~'V x E; replacing this expression into the first equation and into the
boundary condition, we obtain

1 2 _ .
(2.2) {Vx(u VXE)-—wcE=0 inQ,

(W IVxE)xn—iwdnxE)xn=g ondQ.
Introducing the following subspace of H (curl; Q):
Hipp (curl; Q) = {v € H(cwr; Q) : vy € L2(0Q)},
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endowed with the graph norm, the variational formulation of problem (2.2)) reads
as follows: find E € Hiyp(curl; Q) such that, for all £ € Hipp(curl; ), it holds

(2.3 AE.O= [ g8 as.
where
A(E€) := /Q (W 'V x E)- (Vx§& —w?(cE)-§ dV — iw/(m YE7 - &7 dS .

Under the assumptions made on 2, g and on the material coefficients, there exists
aunique E € Hipyp(curl; Q) with V- (¢ E) = 0 solution to (see [40, Thm. 4.17]).
Moreover, there exists a positive constant Cgap, independent of w but depending on
d := diam(2), v, ¥, € and p, such that, if E is the solution to 7

HM—1/2V % EHO 0 +w H51/2EH0 o < Cstab ||g||0,6§2

(see |28, Thm. 3.6]).

In order to develop the duality argument needed for the error analysis of Sec-
tion [£.3] below, we will make use of an elliptic regularity result for the adjoint
Maxwell problem:

(2.4) VX (u™1V x @) — w?e @ = wy inQ,

) (p'Vx®)xn+iwd(nx ®)xn=0 ondQ,

with wo € H(div’; Q). The variational formulation of problem (2.4) is: find ® €
Himp (curl; ) such that, for all £ € Himp(curl; ), it holds

/[(N_IVX‘?)'(VXE)—WQ(@‘I’)E dV—i—iw/ V7€ dS
Q Q

1%}
Q

Theorem 2.1. /28, Thm. 3.6, Thm. 4.6 and Rem. 4.7] Under the previous as-

sumptions on 2 and on the material coefficients, for all wg € H(divO;Q), the
solution ® to problem (2.5)) satisfies

® ¢ HY/*(curl; Q)

(2.5)

for all the real parameters s > 0 such that s <3, where 0 < 5§ < 1/2 is a parameter
only depending on €.

Moreover, there are positive constants C1 and Cy independent of w, but depending
on s, 0, 9, € and u, such that

IV x@gq+wl[®lgq < Cillwollg
[V x 'I’H1/2+S,Q tw ||‘I’H1/2+S,Q < Co(l1+w) ||w0||079 :
If Q is convex, this holds true for all 0 < s < 1/2.

Remark 2.2. To be more precise, let s be the Dirichlet/Laplace regularity param-
eter defined in [5, Prop. 3.7] (0 < sq < 1/2), and let s* be the Laplace-Beltrami
regularity parameter defined in [14, Thm. 8] (0 < s* < 1); then, Theorem [2.1] holds
true for all real parameters s such that

*

s<sqg and s<s*.
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3. THE TREFFTZ-DG METHOD

Let 75 be a finite element partition of €, with possible hanging nodes, of mesh
width h (i.e, h = maxge7;, hi, with hx := diam(K)) on which we will define our
Trefftz-DG method; we will denote by Fp, = |J KeT, OK the skeleton of the mesh,
and set F = Fj, N 0N and Fl = F, \ FP.

We recall some standard DG notation. Write n™, n~ for the exterior unit
normals on KT and 0K, respectively. Let u and o be a piecewise smooth
function and vector field on 7y, respectively. On 0K~ N K™, we define

the averages: fu} :=3(u"+u") , fop:=3(ct+07),

the jumps: [o]r :=n" xoet +n~ xo~ .

Finally, we recall the “DG magic formula”
) / —_ F.édsz/ (IF]r - {G} - {F} - [Clr) dS
(3.1) KeT, 0K Fi
+/ nxF-GdS;
FiP

thus, if Fisa single-valued function on 9K, we have

Z / N X ﬁ . édS = —
K€7—h OK

We proceed by deriving our Trefftz-DG method. Set
V(K)={vec H(ul,K), n xvec LA(0K)}

Integrating by parts equation (2.1)), for every K € T, we look for (E, H) € V(K) x
V(K) such that

ﬁ-[[é]]Tds+/ nxF-GdS .

T T

z‘w/eE-EdVJr/H-ngdVJr/ nxH-£d5=0
K K oK

iw/Kﬂ-adv—/KE-vX(u—lzp)dv—/aKan-(u—lzp) ds =0

for every (§,v) € V(K) x V(K).
Now we discretize the problem: for every K € T, we look for (Ejp, Hpp) €
VI(K) x VI(K) such that

(3.2)

iw/eEh,thp dV—i—/Hh,p-VxéhpdV—i—/ nxﬁh,pzhp dS=0
K ’ K ’ oK ’

i / Hy, -, dV - / B,V X () dV
K K

~ [ nxBuy (7, a5 =0
oK

for every (&, ,,%),) € VI(K) x VII(K), where VI(K),VI(K) C V(K) are
finite dimensional spaces, and H h,p and E;w on Fj, are the numerical fluxes to be
defined. The particular case of Trefftz-DG method which makes use of plane wave
basis functions (see |34]) will be discussed in Section [5 below.
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Assuming that V x VE(K) - VII)LI(K)7 we can choose 9, , = V x §;, , in the
second equation of (3.2) and obtain

iw /Hh,p-v X &y, AV
K

- / Epy-Vx (u 'V xE,,)dV +/ nxEp, (u IV x €, ) dS .
K OK

Substituting this expression for fK H}, 'V x &, ,, dV into the first equation of 13-2)

and multiplying by iw give a problem in the E}, ,, variable only: find Ej, , € Vf (K)
such that

/ Eh,p : (v X (:u’_lv X £h,p) - UJ2E £h7p> dv
K

+/ nxﬁh’p-(u”foh,p) dS+iw/ nxﬁh,p-gh’p dS=0
oK oK

for every &, ,, € VE(K).
The key idea of Trefftz methods is to choose Vf (K) which satisfies the Trefftz
property
Vx(p'Vxg,, —we,=0 V&, , VK.
Using the Trefftz property of the test functions, the elemental equation defining
the Trefftz-DG method is

(3.3) / nxEp, - (;rlv X ghp) ds +iw / nxHy, €,,dS=0,
oK ’ oK ’
with numerical fluxes to be defined.

Motivated by the classical UWVF [18], and in analogy to the Helmholtz case
(see [15,29]), we define the numerical fluxes as functions on Fj:

Bup =By}~ o [V x Byl
. 1
Hyp= - {17V x Enp} + a [Enplr,

and on }",]f:

~ 1 1
E,,=E, - su~1 (zwn X (M_lvh X Epp)+9(nx Ep,) Xn+ wg) ,
1

- 1
Hh,p = mvh X Ehyp — (1 — 5) <ZOJ/,L

1
Vh X Eh,p — 19(’!1 X Ehyp) ——Mn X g) s
w
where V}, X - denotes the elementwise application of the V x - operator, «, 3,0 are
real, strictly positive, bounded functions, bounded away from zero, independent of
h, p and w, with 0 < § < 1/2.

Remark 3.1. This choice of fluxes with the parameters a, 5 and § independent of the
mesh size, in analogy to [15}/29], is due to the fact that our focus is on the p—version
of the method. With a mesh-dependent choice of the flux parameters like the one
made in [24] for the Helmholtz problem, one could use the same analysis technique
as in [24] and possibly derive better h—version estimates also in the Maxwell case

(see also Remark below).
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Other numerical fluxes could also be defined by adapting to the time-harmonic
Maxwell problem the DG-elliptic fluxes listed in [6] (for an example of “mixed
fluxes” in the case of the Helmholtz problem, see |30]).

The above defined fluxes are single-valued on the mesh skeleton; moreover, they
are consistent, i.e., replacing E}, , and Hj, , by E and H, the analytical solutions
, respectively, we have that E coincides with E and H coincides with H.

Deﬁmng

Vo(Th) ={€, € L*(Q): &,k e VI (K)V K € Ty},

inserting the numerical fluxes into (3.3) and adding over all elements complete
the definition of the Trefftz-DG method: find E}, € V,(74) such that, for all

€h,p € Vp(ﬁl)7
(34) Ah(Eh,pa £h,p) = Eh(ﬁh,p) )

where
(3.5)

Ap(B.6) = = [ ABY- [T x €l a5~ [ 457V x B} - el a5

(nx E)-(p=1Vy x &) dS

(
Snx E)- (p= 'V, x £) dS — S(p iV x E)-(nx€) dS

7P

g
7P
_/;B

it [ BV x Ble VX Ele 45— iw [ alBlr [ dS
F i

h

—iw™t S x (u VL x E)]-[nx (u 1V, x €)] dS
T

—m/ (1-6)d(nxE) (nx€) dS,
]:B

h

1 -
bO = [ 00 mxg) (T xO ds+ [ (1-0)nxg) @ s
iw Jrp #p
The consistency of the Trefftz—-DG method is a consequence of the consistency of
the numerical fluxes, thus, if E is the analytical solution of (2.2]), then

An(E &) = h(€nyp) Y€y, € Vp(Th) -

Remark 3.2. The formulation of the Trefftz-DG method introduced in this section
would remain unchanged if the material coefficients were piecewise constant on 7y,.
The assumption on these coefficients to be constant in the whole domain is only
required in our error analysis.

4. THEORETICAL ANALYSIS

In this section, we closely follow the analysis developed in [29] for the Helmholtz
problem. Well-posedness and error estimates in a mesh-skeleton norm are derived
exactly as in [29] (see Sections and below). For the derivation of error
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estimates in a mesh-independent norm, we modify the duality argument developed
in [41] and used in [29] (see Section below).
Define the broken Sobolev space:

H"(cwl; Tp) = {w € L*(Q)* : w,, € H (cw; K) VK € T,}.
Let T'(Tr) be the piecewise Trefftz space defined on T, by

T(Th) = {w e L*(Q)®: 3s > 0s.t. we HY* (curl; Tp),
and V x (™ 'V x w) — w?c w =0 in each K € Ty, } .

Notice that, since T(T,) € H'/?>*5(curl; T5), s > 0, if w € T(7},), then both 1 x w
and n x (V}, x w) belong to L?(Fy)?.
We endow T'(7r) with the mesh-skeleton norm

2 2
llwll3, =w{|8"267 Vi x wlr|| _ +w a2 [w)r

0,F} 0,F}

2
—1||s1/2,9-1/2 ~1
5129 v |
+w H nXx (u 'V, xw) 075

2
1=0) 292 xw)|
tw H( ) (> w) 0,75
If w e T(Tp) and |||w]||7, = 0, then it satisfies w € Ho(curl;Q), u='V x w €
Hy(curl; Q), and V x (p7'V x w) — w?s w = 0, thus w = 0, as a consequence of
well-posedness of problem (2.2). This proves that ||| - |||#, is actually a norm on
T(Tn)-

4.1. Well-posedness. We prove existence, uniqueness and continuous dependence
on the data of solutions to Trefftz-DG methods.

Proposition 4.1. There ezists a unique E}, , solution to (3.4); moreover, we have
continuous dependence of Ey, , on g:

1Bz, <0 =8)"207 2 xg) -
0,F}

Proof. We rewrite the bilinear form A, (E, £) defined in (3.5)), for all E, & € T(Ty,)
as follows: by the Trefftz property of £, using the “DG magic formula” (3.1)), for
all E,€ € T(Tp), we have

E.(vX<m>_w2gg) av

:Z/K(u_1V><E-V><£—w25E~E) av

KeTy

- / [E]r - {51V, % €} dS + / (E} [V < €l dS
F F

—/ (nx E)-(u=1V, x &) dS;
fB

h
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adding this expression of 0 to Ay (E, ) gives
An(E, €) = Z / (W'VXE-Vx€-—w’eE- € dV
K

KeTh

- / [E]r - {7 TV < €} dS — / {1V x E} - [Elr dS
7l 7l

—/ Snx E)- (p= 1V, x £) dS — S(p iV x E)-(nx€) dS
Fp Fp

! / BV x Elr - [-TVs % Elr dS — iw / o [Elr - [Elr dS
I 1

]:h

—iw™t S n x (u VL x E)]-[nx (u 1V, x €)] dS
T
—iw/ (1-90)0(nxE)-(nx§g) dS VEEeT(Th).
T

It is immediate so see that

(4.1) Im [An(&,6)] = —lll¢lllF, ~ VEET(Th).

Existence and uniqueness of solutions to (3.4) readily follow.
By using the weighted Cauchy-Schwarz inequality and bounding 6 by 1 — §, we
obtain the following continuity property for the functional ¢, (-):

(42)  |w©I< |1 -0 2mxg)|  IlElln  VECT(T).

Combining (4.1)) and (4.2) gives the continuous dependence of E}, , on g. a

4.2. Error estimates in mesh-skeleton norm. By proceeding as in [24}[29],
in order to prove continuity of the bilinear form Aj(+,-), we define the following
augmented norm on T'(7p,):

2
ol e = ol + ][5z}

0,7}
2
Fo [0 2 gV < w)r )|

L tw "5‘1/2191/2(71, X 'w)H
h

2
0,F 0.FE

Proposition 4.2. We have
[A(E, )| <3 |[|E[l| £+ €]l VE,§€T(Th).
Proof. The result can be readily obtained from the expression (3.5) by using the

weighted Cauchy-Schwarz inequality and bounding § by 1 — 4. a
It is immediate to derive the following abstract error estimate in the ||| - |||z, —
norm.

Theorem 4.3. Assume that the analytical solution E to the Maxwell problem (2.2))
belongs to T(’E)H We have

E-E <4 inf ||E- :
1l nolllrn <4, b lIE =&l

h,p P

IWhenever g|pj € H%9(T';) with sg >0, j =1,...,m, where I', ..., Iy, are the flat faces of

90, then E € H'/2t5(Q)3 and V x E € H'/215(Q)3, for some s > 0 which depends on s4 and
(see |28, Th. 4.6]).
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Proof. By the triangle inequality, we can write

IE = Enplllz, <IE =&l +11gn, = Enplllz, V&n, € Vo(Th);
we only need to prove that [||§;, , — Enyll|7, <3|||E —&;,,
Since &, , — En,p € T(Ty), then

mgh,p - Eh,pmth = —Im [Ah(gh,p - Eh7p7€h,p - Eh,p)} ’

and by the Galerkin orthogonality and the continuity stated in Proposition we
obtain

||fh+j

11€np = EnplllZ, <3IIE =& plllz 1€, — Enylllz,
which allows to conclude. (I

Remark 4.4. The error bounds in Theorem [4.3] and Theorem [£.9] below are proved
under minimal regularity assumptions on the analytical solutions, namely, H %Jrs,
s > 0. This indicates that the considered methods are not affected by so-called spu-
rious solutions (i.e., numerical solutions which converge to non-physical solutions;
for discretizations to the Maxwell problem, this might occur in case of singularities).

On the other hand, Theorem [£:3] guarantees p—convergence of Trefftz-DG meth-
ods of the type considered in this paper only provided that the spaces V,(7},) are
such that

lim inf E —
p——+oo g,w,evp(Th)m Shp

||]—',*L':0~

Thus possible restrictions on the solution smoothness to prove convergence of a
given Trefftz-DG method are not due to the analysis framework, but would only
depend on the choice of the approximation spaces.

4.3. Error estimates in a mesh-independent norm. For the Helmholtz prob-
lem, error estimates in the L>-norm were derived in [15,29] from error estimates
in mesh skeleton norms, by bounding the L?>-norms of Trefftz functions by their
mesh skeleton norms. This was carried out by using a modified duality argument
developed in [41].

The first problem in repeating that argument for the time-harmonic Maxwell
problem consists in the lack of stability estimates for the dual problem with a
generic (non divergence-free) w € T(7y) on the right-hand side (see [28]). In
order to overcome this problem, we will consider the L?-orthogonal Helmholtz
decomposition of w

(4.3) w=wo+ Vp,

with wo € H(div’; Q) and p € H}(Q) (see, e.g., |40, Theorem 3.45]), and estimate
wp and Vp separately.

An estimate of wy in the L?-norm can be obtained by proceeding like in [15,29],
while the poor regularity of p, and here comes the second problem, does not allow
to obtain an L?-norm estimate of Vp (and thus of w).

For this reason, we introduce the following weaker norm: for every uw € L?(2)3,

we define I
u-v dV
el vy == sup E———
vEH (div;) ||'U||H(div;Q)
where ||v||§{(div;m = ||v||aQ + diam(2)? ||V-U||(2)’Q. Notice that, for every u €

H(diVO;Q)» ”u”H(div;Q)’ = ||U||OQ
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In the following, we bound the L?-norm of wg and the H(div;Q)’-norm of Vp
by the ||| - |||z, norm of w (see Propositions and below). Then, error
estimates of the Trefftz-DG methods presented in this paper in the H(div;Q)’—
norm will follow from error estimates in the ||| - |||, —norm. These final estimates
are reported in Theorem below.

We define two mesh parameters which will enter the constants in the error esti-
mates: the shape regularity measure

s.r(Th) == max e

where dg is the diameter of the largest ball contained in K, and the quasi-uniformity
measure

h
qu.(Tp) := max g

As mentioned before, we bound ||wo||, o, by a modified duality argument.

Proposition 4.5. Let w € T(Ty,) and let wo € H(div%; Q) be its first component
in decomposition (4.3). Then, there exists a positive constant C independent of w,
h, p and w such that

lwollo < € [0 2072 4 w720 4 200 a7,

for all real parameters s > 0 satisfying the upper bound in Theorem [2.1l The
constant C' depends on Q, s, s.r.(Ty), qu.(T), ¥, p, and on the flux parameters.

Proof. Consider the adjoint problem (2.4), and let ® be its solution (with source
term wy). Since, due to the L?-orthogonality of decomposition (4.3),

IIwollﬁ,Q = / wo-w dV,
Q

by multiplying the first equation of problem (2.4} by w, integrating by parts twice
and taking into account that w is a Trefftz’ function, we have

/wode Z/ nx®.  (u-1V x w) dS

KeTy
+Z/ nx(p'Vx®) - w dS
KeT;, V9K

= [ (26wl + 'V @) [l ) s

h

—|—/ (nx@-(u—lvhxw)—i—nx(u_le@)-E) ds .
]:B

The boundary condition in the second equation of (2.4]) implies that

nx (p 'V x®) w=iwd(n x ®) (n X w);
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using this and the weighted Cauchy-Schwarz inequality, together with (1—¢§)~1/2 <
6~1/2 and the definition of the ||| - |||z, -norm, we get

2 2
|/ wo-w dV| < Z (w Hﬁ_l/Qn X <I>H +wt Ha‘1/2n x (Vv x <I>)H >
Q ; 0,f 0,f
fer;,
1/2
2
5—1/291/2 (I)H
+ 3w nxe| | el
h
=:G(®)"?||[w]]|, -
Defining ¢ on Fj, by ¢ = B if f € Ff and ( = 8971 if f € FP, we can write
2 2
G(®) < Z <w HCil/Zn X <I>H 4wt Hofl/zn X (,uflv X <I>)H ) .

KeT; 0.0K 0,0K
h
For any K € Ty, the trace inequality
2 _ 2 2
(4.4) [ullo,ox < C (hKl llullo,x + hf?|u|f/2+n,1<> Vue HY/*(K)

holds provided that n > 0, with C' > 0 only depending on the shape of K and
on 7 (see [37, Th. A.2]). Since, from Theorem [2.1, @ belongs to H'/?**(curl; Q)
for all s > 0 satisfying the upper bound in Theorem [2.1] using the previous trace
inequality and taking into account that the material coefficients are constant, we
get

G(®@) < C [wh™ I o +wh® @] 54, 0
+o BTV X B o + w0V X @ 0]

with the constant C' > 0 independent of h, p and w, but depending on s, u, s.7.(Tp),
q-u.(Tr), and on the flux parameters. Using the stability estimates in Theorem [2.1
we obtain

G(®) < Cw 'h™ +w B + wh®] |lwolg g,

which gives the result. O

Before deriving an estimate for the component Vp of decomposition (4.3), we
recall the following regularity result (see [26]).

Lemma 4.6. [26, Cor. 2.6.7, Cor. 2.6.8] Under our assumptions on 2, there
exists n*, 0 < n* < 1/2, only depending on ) such that, for all ¢ € H(Q) satisfying
Aq € L*(Q), we have that q belongs to H3/?>T(Q) for all n < n* and

lals/24n.0 < C [Adlgq
with a positive constant C' only depending on 2 and on n. If Q is convex, this holds
true for all 0 <n <1/2.

Proposition 4.7. Let w € T(T;,) and let p € HE () be the second component of
its decomposition (4.3)). Then, there exists a positive constant C independent of w,
h, p and w, but depending on ), £, and on the flux parameter 3, such that

198l gy < Co™¥/2 (02 + )l 7,
for all n > 0 satisfying the upper bounds in Lemma[{.6
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Proof. Let w € T(Ty) and let ¢ € H} () be as in Lemma[4.6] i.e., Ag € L2(Q); we
have

/w quV|—|Z / V;L w1tV x w) - VgdV|

KeTh
— 1Y [ nx Vi xw) - vgas|
oo
9€Hy (9) %'/ I[[/i_lvh x w]r - Vgds|
(4.5) X T
< ———— 7 llwlll# Vall #
w3/255}7{fn " 5
S el (1 + W)

_ C(hmh 4 hm)

wI||F, A
oy il 8l

with Brin 1= ming 7l B, and the positive constant C' only depending on §2.
Given a function v € H(div; (), consider its L?*-orthogonal Helmholtz decom-

position v = vy + Vg, with vy € H(div";Q) and ¢, € H}(Q); then, Agy, = V - v

and (V¢',vg) = 0 for every ¢’ € H} (). This allows to derive the desired bound:

Jo Vp-vdV
IVPlpaiv.oy = sup S
veH(div.) 1Vl raiv,0)
sup fQ Vp - vy dV+fQ(w—w0) -Vg, dV
veH (div,Q) H”HH(div,m
Jo V' o dV=(wo,Vq")=0, _
V¢ €HL(Q) Jow - Vg, dV
= sup ——F——
veH (div,Q) ”vHH(dlv Q)

Bowiam, b g JA®la
= 32 5}){; " ver(div.2) 1V gaiv,0)

Agp=V-v C(h_5 +hn)|||w\|\ sup HV-’UH(LQ
= —_— F Mol
w32 epl2 " verdiv,9) 1V raiv.0)
C (h=% 4+ h")
— 7 w5,

1/2
3/2
w/ gﬂmin

r~
e

<

We have the following result.

Proposition 4.8. Let w € T(Tn). Under our assumptions on € and on the
material coefficients, there exists a positive constant C' independent of w, h, p
and w such that

1wl (aivio) < € flw ) [[lwlll7,
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with
(4.6)  flw h) = [w V2R=V2 § w2 4 W/ 2hs 432 (pm 12 o h")} ,
for all s > 0 and n > 0 satisfying the upper bounds in Theorem[2.1] and Lemmal]-6,

respectively. The constant C depends on 2, s, n, s.r.(Tp), qu.(Tn), U, €, p, and on
the flux parameters.

Proof. By using the properties of the Helmholtz decomposition (4.3]), we have

H"UHH(diV,Q)/ < ||'w0||079 + HVP”H(div,Q)’ :

The result follows from Proposition |4.5| and Proposition (]

The main result of this section directly follows from Theorem [4.3] and Proposi-

tion €8

Theorem 4.9. In addition to our assumptions on ), g and on the material coeffi-
cients, assume that the analytical solution E to the Mazwell problem (2.2)) belongs
to T'(Tr). Then there exists a positive constant C independent of h, p and w such
that

||E - Eh,p

on S C fw,h inf E — ,
‘H(dlv,g) f( )Eh,p p(m\l\ €h,p ||}'h+
with f(w,h) given by (4.6), for all s > 0 and n > 0 satisfying the upper bounds
in Theorem [2.1] and Lemma[{.0, respectively. The constant C depends on 2, s, 1,

s$.7.(Tn), qu.(Trn), U, €, 1, and on the flux parameters,

Remark 4.10. The error estimate given in Theorem should not be considered
as an h—version error estimate. Indeed, as already mentioned in Remark one
could adapt to the Maxwell problem the mesh size dependent numerical fluxes and
the analysis framework developed in [24] for the Helmholtz equation. In this way,
one should obtain better estimates, namely, with no negative powers of h in the
expression of f(w,h), provided that a threshold condition is satisfied.

5. THE PWDG METHOD

We denote by Plane Wave Discontinuous Galerkin (PWDG) method the partic-
ular Trefftz-DG method which makes use of plane wave basis functions. Vector-
valued plane waves are vector field defined as & — ae’“Ve# ¢® where a and d are
constant unit vectors. They are componentwise solutions to the Helmholtz equation
and they are solution to the Maxwell equation if and only if a - d = 0.

We define local plane wave approximation spaces in a slightly different way than
the one in [34]. Given an integer ¢ > 1, introduce a set of p = (¢ + 1)? plane wave
propagation directions

{deti<e<y
together with the associated set of 2p pairs of directions:
dap(K) = { (de, af)r<esy € B x R, |de] = Jaj| = 1,

(5.1) =12
de,al)gs =0, a2 =a} xd;p .
0 ¢ ‘
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Then, we define pr(K ) as

. o , A
VLK) =3 > ajaj Ve (dy a))i<i<p € dyp(K), aj €Cyp
L<t<p =2
i=1,2

where a’, i = 1,2, represent the polarization directions of the plane wave propa-
gating along dj.
Finally, we define the discrete Maxwell-Trefftz spaces Vo, (7p) C T(Tp):

Vaol(T) = {€n2p € LX)+ €yl € VE(K) VK €T}

In Section [5.1] we derive approximation estimates of homogeneous Maxwell so-
lutions in the vector-valued plane wave approximation spaces Vo, (7). Then, in
Section [5.2] we will insert these estimates into Theorem and Theorem in
order to derive convergence rates of the PWDG method for problem .

5.1. Approximation properties of plane wave spaces. The strategy we use to
derive approximation estimates of homogeneous Maxwell solutions E in Vo, (7},) is
to approximate E as the curl of H := (iw) 1u~'V x E (thus, E = —(iw) 171V x
H). We have that not only H is a Maxwell-Trefftz function, but its components are
Helmholtz-Trefftz functions. Thus, we can exploit the best approximation estimates
for (scalar) homogeneous Helmholtz solutions in Helmholtz-Trefftz spaces obtained
in [38] in order to approximate H in a larger space than the Maxwell-Trefftz space
V2, (Tr). On the other hand, one can find a basis for this larger space formed by
three vector functions: two of them generate V', (7}), while the third one generates
a space of non-Trefftz but curl-free functions; this allows us to find approximation
estimates for the curl of H, and thus for E, in V5, (7},).

Remark 5.1. The fact that we approximate E as the curl of H leads to estimates
which are one order lower than expected. In order to derive sharper best approxima-
tion estimates, one might think of extending to the Maxwell problem the approach
of [38})39], based on Vekua’s theory. This will be the subject of future investigation.

Before stating the our approximation result, we introduce some further notation
and assumptions.
Assume that
all elements in 7, have Lipschitz boundaries, and there exist p €
(0,1/2] and po € (0, p] such that every K € 7T contains the ball
Boh, (k) (shape regularity), and is star-shaped with respect to
the ball B, 5, (xk), for some xx € K.
We point out that, whenever 7, is made of convex polyhedra, the previous assump-
tion is satisfied.
We fix ¢, € N, and set p = (¢ + 1)2. Let K € T, and let E € H™ ! (curl; K)
be a solution of

(5.2) Vx(u'VXxE)—w?>E=0 inkK.
Define H := (iw) " 'u~'V x E. Then,
Vx(E'VxH) -W?puH=0 inkK,
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which, since € and p are constant, VxV x H=V(V-H)—-AH and V- H =0,
can be rewritten as

AH +w?epH =0 in K,

i.e., each component H;, i = 1,2, 3, of H is solution to the homogeneous Helmholtz
equation in K with wavenumber x := w,/Ep.
Finally, introduce the weighted Sobolev norms

r

2 k—j

K, K = Z"{z( j)|v|?,K .
7=0

The following result is a straightforward application of |38, Lem. 4.5, Cor. 5.5].

[[v

Lemma 5.2. Let K be an element of Ty, satisfying the assumptions stated in this
section, and let A\ be the positive parameter depending only on the shape of K
introduced in [38, Th. 3.2/, based upon [J]. Then, for every q,r € N, ¢ > 2r + 1,
q > 2(1+2Y2x) if H € H™TY(Q), there exists a set of p = (q + 1)? plane wave
propagation directions {d¢}1<o<p, |de| = 1, and a corresponding At e CP such that,
for every 0 < j <,

H; — Z ahetn®de <C (1+ (khg)TH7718) e(Gapshic pral=i

(5.3) 1<e<p ik
Ak (r+1-7) —at g

q +(pa) IHillys1 i

fori=1,2,3. Here, the constant C' > 0 only depends on j, r and on the shape of
K, M <2\/mp.

Remark 5.3. If instead of assuming the “optimal” set of directions of |38, Lem. 4.5],
we choose the system of directions introduced in [45] and available at the web-
site [49], we have M < 4,/7 pq and the second term in the right-hand side of
below is multiplied by gq. The asymptotic bound is not affected by this change.

Theorem 5.4. Let K be an element satisfying the assumptions stated in this sec-
tion. Then, for every q,r € N, ¢ > 2r + 1, ¢ > 2(1 + 2Y2%), with Ak as in
Lemma there erists a set of p = (q + 1) plane wave propagation directions
with the corresponding set of polarization directions da,(K) defined by such

that, for every E € H™ 1 (curl; K) solution of (5.2), there exists € € VQEP(K) such
that

||E . ﬁEHj—l,n,K < Cli_2 (1 + (I{hK)q+j_T+8) e I—2p)khk h;{+1—j

. -3
(a7 4 (pg)~ "2 p) IV X Ell, 1100

for every 1 < j < r. Here, the constant C' > 0 only depends on j, r and the shape
of K.

Proof. Given the set of directions {d;}1<¢<p of Lemma H can be approximated
in the space generated by

55 {170’0 imwdz, 0,1,0 mw.d57 0,0,1 ir@:c‘dg}
( ) ( )6 ( )6 ( )e L<ts

with the same orders of convergence as in (5.3)).
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For every ¢, we fix a unit vector a} such that (a},d,)rs = 0; we set a7 = a} x d;
and a? = dy. Clearly, {a}};=1,23 is an orthonormal basis of R3; therefore, the basis

i i ikaedy
{we(fB) = age }1<egp
2,3

generates the same space as the basis in (5.5)). Thus, there exist dieCri= 1,2,3
(different from those in (5.3), such that, for every 0 < j < r,

H- Y ojuw < O (14 (why )T+ 7+8) G 2o)mhc prii=i
(5.6) 1<(<p
i=1,2,3 iR

. q—3
{qf)\x(r+1*]) + (pq)*TM} HHHTH,K,K .

Notice that, while w} and w? are Maxwell-Trefftz functions, this is not true for
w?$; thus, we want to approximate E in the space generated by

{wi@)}ce,
i=1,2
On the other hand, simple calculations give
V X w} = —ikw? , V x w? = ikw} , V xwi=0;

these identities, together with the Trefftz property of E, give (with the same coef-

ficients as in (5.6)):

E- ) (-ajw}+oqw))

1<f<p j—1,k,K

=KV x VX E+(ir)™" > a}V xw}
1<0<p

i=1,2,3 1K
—2,. LN —1
k4 (tk)=—(iK) _ LoN— P
= K|V x |(ik) TV x E — E oWy
1<(<p
1=1,2,3 j—1,k,K
- c N — P def. of H _ P
<k H|(ik)TIV X E — E apwy =P RTHIH - E apwy
1<i<p 1<i<p
=123 K =123 G K

71O (14 (khg )77 %) e i ap)rhi Ryt

[q‘”‘(r“‘” + (PQ)_TM} [1z 4/

def. of H -2~ (1 + (/QhK)qujfrJrB) eli—1p)rhx hrK+1—j

<

. q—3
[q‘“(’”*l") + (PQ)_TM} IV X Ell, 41 s -
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Finally, we apply the bound M < 2,/mp mentioned in Lemma and obtain the
assertion with
tp— Y (~awl+alud)
1<t<p
(Il

The following approximation properties in ||| - ||| F#-Dorm can be derived from
Theorem [5.4] by proceeding like in [29, Lem. 3.10, Th. 3.11].

Corollary 5.5. Assume Ty, to satisfy the assumptions stated in this section. Set
A = minge7, \xk where Ak is defined as in Lemma @ Then, for every q,r € N,
q>2r+1, qg>2(142'2), there exists a set of p = (q+1)? plane wave propagation
directions {d;}1<e<p with the corresponding set of polarization directions da,(K)
defined by such that, for every E € H™ ' (curl; T,) solution of , there
exists &y, o, € Vo such that

5, .38
B =& aplllrr SCw™2h"72 () [V X Ell, 4y 0

1
2

_3 1% -3
P(q) := [q‘“r‘” + (p q)_%p} ’ [q‘w‘” + (p q)‘%p} :

where C = C(wh) > 0 is independent of p and E, but increases as a function of
the product wh (C depends on the shape of the elements K € Ty, r, 9, €, u and on
the flux parameters).

Proof. Since
2 _
lullg ore < C llullo i (hi ullo i + luli,x) — Yue HY(K),
with a constant C' > 0 only depending on the shape of K (see [12, Th. 1.6.6]), from
Theorem [5.4] there exists &, 5, € V3, such that

| E - §h72p”376}( < CelE—3nrhs (14 (rhi)20-2r+19) )An2r

q—3 “ANr— _g—3
: [q*”Jr(pQ)’Tp} [q A 4 (pg)= p] IV x ElZ .k

and

||V x (E _Shﬂp)Hz,aK < CeE—3pnrhi (1 + (KhK)2q72r+21) m*4h§}"—3

q—3 “ANr— _g—3
: [q*“’“’” +(M)’Tp] [q A2 4 (pg)= 2 p] IV x Bl .k

for all K € Ty, with C > 0 only depending on the shape of K and on r. Thus,
W||E —&apll2 5 < ORI (14 (u)2am2rt19) o3p2rt

-3 —3
o ] [0 4 0] 19 ¢

and

w! HV x (B — fh,Qp)Hz

0,Fn
_3 —3
a1 (00 ) [a 0 4 (00) T D IV X Bl s

with C' > 0 only depending on the shape of the elements K € T, and on r. This,
together with the definition of ||| - ||| Fi» gives

< Ce(%_%p);@h (1+ (K/h)Qq—Qr+21) H—5h2r—3
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I1E — &naplll g < € B30 ah) =8 (14 (bt =+ ¥ ) 1!

1 1

A (r— _a=3 12 [ _x(r— _q=3 2
g+ (pg) p} [q A2 4 (pg)= 2 p} IV X Ell, 4100
with C' > 0 only depending on the shape of the elements K € Ty, r, 9, €, u, and
on the flux parameters (but independent of E, h, p and w), from which the result
directly follows. O

Remark 5.6. Asymptotically, ®(¢q) behaves, for increasing ¢, as q_’\(’”_%) . There-
fore, for large ¢, the estimate of Corollary [5.5] can be written as

3
s (h\ 2
61 Bl 0wt () IV Bl

5.2. Convergence rates. Inserting the estimates (5.7) within Theorem and
Theorem [1.9] we have the following convergence rates.

Theorem 5.7. Assume that the analytical solution E to the Mazxwell problem
belongs to H™ 1 (curl; Q), r € N. Assume the mesh T, to satisfy the assumptions
stated in Section set A = minger;, Ax where Ak is defined as in Lemma
and let By, € Voo (Tn), p= (¢ +1)? €N, with ¢ > 2r + 1, ¢ > 2(1 + 21/2), be the
PWDG numerical solution.

Then, there exist two constants C1,Cy > 0 independent of p but depending on w
and h only through the product wh as an increasing function, such that, for large p,

3
s (h\ 2
1B - Bupllz, < Gt () IV Bllya

r—2

_s _4 R
1E = Enpllygiviay <Co (@7 +w 4)@ IV xEl 1.0

for all s > 0 and n > 0 satisfying the upper bounds in Theorem[2.1] and Lemmal]-6,
respectively. Here, C1 = C1(wh) and Cy = Cy(wh) are increasing functions of the
product wh, they depend on the shape of the elements K € Ty, v, 9, €, p, and on
the flux parameters; Co also depends on Q, s.r.(Tp), and q.u.(Tr).

Proof. The first bound is straightforward. To derive the second bound, we simply
notice that, for f(w,h) defined by (4.6) we have

flw,h) <Ch 3(1+w™2),

where C' > 0 only depends on 2 and on the product wh as an increasing function.
|

Remark 5.8. For functions which possess analytic extensions outside K, the con-
vergence rates of the error bound in Lemma are exponential in p, as explained
in |38, Rem. 3.3] and [29, Rem. 3.14]. Therefore, if E admits an analytic extension
outside 2, the convergence of the estimates in Corollary Remark and thus
in Theorem [5.7)is exponential in p (see [29, Rem. 3.14] and [29] Sec. 4] for numerical
evidence in the Helmholtz case).
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6. CONCLUSIONS

We have extended to the time-harmonic Maxwell problem the p—version error
analysis framework developed in [29] for Trefftz-DG methods for the Helmholtz
equation.

Due to the assumptions on the regularity of the solution required in the duality
argument, our analysis is restricted to the case of globally constant material coeffi-
cients, even thought the formulation of the Trefftz-DG methods allows for piecewise
constant coefficients. The obtained error estimates are not in the L?-norm, as for
the Helmholtz problem, but in a weaker norm which, on the other hand, coincides
with the L?-norm for the exact fields.

The presented analysis covers general Trefftz-DG methods, independently of the
particular choice of the local approximation spaces. Possible choices are vector
spherical waves, fundamental solutions, plane waves, or combinations of them; see,
for instance, [8]. Here, for particular plane wave approximation spaces, we have
also derived convergence rates of the corresponding Trefftz-DG method. These
rates might be improved with a more sophisticated best approximation analysis; in
this context, extensions of Vekua’s theory to the Maxwell setting could be worth
exploring.
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