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Abstract

The reduced basis method is an offline/online process for the approximation
of functional outputs of parameterized mathematical models. The offline process
is for solutions of the models for a reduced finite set of parameters and the online
process provides the option of quickly obtaining the functional outputs for an infinite
choice of parameters in the model. For reliability of the offline/online process, it
is important to establish convergence analysis of the reduced basis method and
provide a practical estimate for optimal reduction of parameters. The choice of
reduced parameters is usually obtained using some optimization technique.

For wave propagation models, with the parameters being incident waves and
directions, the celebrated T-matrix method is an optimization-free reduced basis
method. However, establishing convergence analysis and providing practical esti-
mates of truncation parameters for the T-matrix method has remained an open
problem for several decades. In this work we solve this open problem, for time-
harmonic acoustic scattering in two and three dimensions, with an optimization-free
reduced basis T-matrix method. We numerically demonstrate the convergence anal-
ysis and parameter estimates for both point-source and plane-wave incident waves.
Our approach can be used in conjunction with any numerical method for solving
the forward wave propagation problem.
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1 Introduction

The fast simulation of wave propagation induced by wvarious types of incident waves,
impinging on a fixed bounded three dimensional configuration (scatterer) from several
directions, is fundamental to several applications. In modern applications, the type of
incident wave and associated incident directions are chosen by the end user, who requires
certain online information quickly, while the shape of the configuration remains fixed (or
based on a few prototype shapes). That is, the end users are given infinite parameter
options. The online requirements are typically functional outputs (such as the intensity
or radar cross section) of mathematical models describing the wave propagation.

In such cases, independent of the user input, it is efficient to a priori construct and store
certain tools that completely characterize (up to certain accuracy) the essential scattering
properties of the prototype configurations (using offline computations of appropriately
discretized mathematical models) so that online information can be simulated very quickly
by end users, for example using simple matrix-vector multiplications, for any parameter
choice. Here, the matrix describes the essential properties of the configuration and the
vector is the input chosen by the end user.

In general, full mathematical models of physical processes contain some user input
parameters. A framework that provides the end user with infinite (online) choice of input
parameters by first solving (offline) the full model for only a reduced class of finite number
parameters is known as the reduced basis method, see [2, 16] and extensive references
therein for various applications. For a chosen application/model, fundamental questions
in the reduced basis method are: (i) which choice of basis sets should be used to represent
the functional outputs of the full models and the input functions (so that the output and
input functions can be represented by vectors); (ii) how to provide a robust and practical
a priori (or a posteriori) estimate of the cardinality of the reduced basis sets; and (iii)
how to establish a full convergence analysis of the associated reduced basis method.

In this work we propose a class of spectral reduced basis method for time-harmonic
acoustic scattering in two and three dimensions, with user input parameters being the
practically important types of incident wave:

(i) a plane wave with arbitrary incident direction;
(ii) the field generated by a point-source with arbitrary location.

The standard reduced basis methods for most applications require some form of expen-
sive optimization procedures to choose the reduced set of parameters. However, for the
application considered in this work, the optimization cost can be completely avoided.

The T-matrix method is an optimization-free reduced basis method for our application.
The T-matrix was first introduced for wave propagation over half a century ago in [17]
and the standard truncated T-matrix method has been widely used since then, see [5, 13,
14, 15] and extensive references therein. The basis sets for the standard T-matrix method
consist of the classical wave functions.

It is well known that the standard T-matrix method, which uses the null field method,
is numerically unstable and for large obstacles can become divergent [15, p. 543]. There
are several approaches to tackle this problem [5, 13, 14, 15], such as using slow extended



precision arithmetic to minimize the effect of round-off errors. The numerical instability
arises mainly due to the use of near-fields to compute entries of the reduced basis T-
matrix and fast growth of Hankel functions in the basis sets. In a recent work for acoustic
scattering [13, §7.9.4] it was suggested that the instability could be avoided by using far
fields, and the instability was computationally avoided in a robust way in [9, 10] using far
fields of the Hankel functions.

The standard T-matrix method has been investigated in the literature mainly for
plane-wave incidence, with the end user supplied parameter being the arbitrary incident
direction. Despite being widely used over the last five decades, it has been an open-
problem to establish a robust convergence analysis of any T-matrix method and to provide
a precise a priori parameter estimates to efficiently truncate the T-matrix, even for plane-
wave incidence. While there have been several advances in the convergence analysis and
parameter estimates for several optimization-based reduced basis methods [2, 16], the lack
of convergence analysis and parameter estimates for the optimization-free reduced basis
T-matrix method has been considered a major disadvantage.

The main aim of this work is to avoid this major disadvantage by answering all three
fundamental questions, for an optimization-free reduced basis method with practically
important point-source and plane-wave incidence with their source locations or wave di-
rections as free user input parameters. In addition to providing a priori estimates for the
truncation parameters and proving exponential convergence of the reduced basis T-matrix
method, we demonstrate the theory and estimates using several numerical experiments
for two and three dimensional acoustic scattering.

2 Acoustic obstacle scattering

We consider the model problem of time-harmonic exterior acoustic obstacle scattering in
R? for d = 2,3. Let D C R? be a bounded sound-soft or sound-hard or absorbing scatterer
in a homogeneous medium. The coordinate system is chosen so that the origin 0 is inside
D. Let pp > 0 be the radius of the scatterer with respect to the origin, so that D C B,
where B,, C R? denotes the ball with center 0 and radius pp.

Let u™ be an incident wave with wavelength A\ = 27 /k, where k is the wavenumber,
impinging on the scatterer D. The resulting time-harmonic radiating acoustic scattered
field u® scattered by D satisfies the Helmholtz equation [4, Sect. 2.1],

Au(z) + ku(x) =0, xzcR'\D, (2.1)

and one of the following boundary conditions (properties of the scatterer)
ui(x) = —u™(x), (sound-soft)  (2.2)
gi (z) = —agn (x), (sound-hard)  (2.3)

. ou® e dume .
u’(x) + /\877, (k) = —u™(x)—A = (), Im(\) >0, (absorbing) (2.4)
for x € 0D, and the Sommerfeld radiation condition
ou

lim |z|(¢1/2 (— — zku) =0, 2.5
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where the limit holds uniformly in all directions = /|| € S, and S%! is the unit
sphere in R? for d = 2,3. Furthermore, the radiating solution u® has the asymptotic
behaviour of an outgoing spherical wave [4, Theorem 2.5]:

w(z) = ’wi:—iw {uoo@) +0 (%) } , (2.6)

as |x| — oo uniformly in all directions & = x/|x|. The function u> defined on S¢!
in (2.6) is known as the far field pattern of u. Thus the far field u> € L?(S%!) has the
representation
u*(@) = lim VP S (), &=/, (2.7)
xr|—o0
Computation of the far field pattern plays an important role in inverse scattering to
identify the shape of the scatterer [4, Ch. 5].
For expanding the incident, scattered, and far fields using a new class of elementary

regular and radiating functions, and to unify notation in two and three dimensions, we
introduce the infinite index sets

{=1:0eZ}, for d =2,
I; =
{€=(0,7):0eNy,|j| <}, ford=3,
and finite subsets
{€=1(:—N <|{| <N}, for d = 2,
lan =

{€=(07):0<L<N,|j| <€}, ford=3,

where No = NU {0}. For £ € I;, with £ = /¢ or £ = (¢, j), we use the notation [£| = |{|.
Let Ny denote the cardinality of I 5. We have

2N +1 d=2,
Ny = (2.8)
(N+1)? d=3.

Throughout the paper, for £ € I, the functions Jig, jig|, HIZI and h( ) are respectively
the Bessel, spherical-Bessel, Hankel, and spherical-Hankel functions of degree |£|. For
£ = ({,7) €I, we denote by Y;; the spherical harmonic of degree I, given by

. 20 +1 (I — -
Yy, (@) = (—1)0+D/ \/47T EHBB P\ (cosf)e?®, & e S (2.9)

where PZU is the associated Legendre function of degree ¢ and index j. Here we have used
the spherical polar coordinates representation of the unit vector & with polar angle 6 and
azimuth ¢. Formally, for £ € R? we write

x = x(0) = |x|x = |x|(cos,sin §)”
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and for z € R? we write
x = x(0,¢) = |z|Z = |z|(sin 6 cos ¢, sin A sin ¢, cos )",
We consider the orthonormal basis functions in L?(S%1) given by

\/LTW exp(i4d), d =2,
Ye(Z) = zeST el (2.10)

Yvﬂ,j(ag\% d= 37

In applications, the incident field u™ is frequently an incident plane wave with propaga-
tion direction d € S, and the far field pattern u™ is the functional output of interest.
In particular, one might like to know the acoustic cross section (ACS) of the scatterer at

any user chosen direction Z € S9!, defined by
o(&:; d) = 4n|u™(@)|>. (2.11)

A derived quantity of interest is the monostatic ACS, which is computed with d = —%. For
the monostatic ACS , especially for non-convex configurations, the full wave propagation
model needs to be solved for thousands of incident directions d (representing the ACS
from all directions). This requires a fast implementation of the far field mapping d— u>.
Another practically important class of incident waves are the circular and spherical waves
generated by a point-source (located outside but possibly close to the configuration).

In this work, using a new class of basis functions, we first design an efficient offline
computation to construct a matrix that is independent of the user input v and that
characterizes scattering properties of the configuration pair (0D, k) so that, given a user
input «"¢, an approximate functional-output, the ACS, can be quickly computed online
using cheap matrix-vector multiplication.

2.1 Basis functions for expansion of fields

The unknown quantity in the ACS formula (2.11) is the far-field ©u*. Using (2.6) and
the orthonormal basis in (2.10), since the far field u™ € L?(S?71), there exists a sequence
a = (ag)per, such that

uc(@) = > apYp(®), EeST (2.12)

E’e]ld

An approximate far field pattern can be obtained by truncating the expansion (2.12) to
N}, terms, that is, reducing the basis to N/ functions. A priori error bounds may guide
the choice of N} and to establish them is the goal of this paper.

Hereafter let R > pp be a fixed positive number to be read as the radius of a ball
strictly containing D, see Figure 1 (and Figures 11-12). The incident field '™ solves the
Helmholtz equation (2.1) everywhere inside Bg.

To motivate our approach, we first consider the incident field u™¢ induced by a point-
source located at &y € R?, with |zy| > R. Using [4, Theorem 2.10], we have the series

representation
_exp(ik|z — a0

() = L3 b ki) Yal@). (213)

klx — x| o




Figure 1: Geometric arrangement for the acoustic scattering problem (d = 2).

with expansion coefficients
pe = 4mik hiy) (k|zo|) Ye(@o). (2.14)

A similar expansion holds for any point-source radiation in two dimensions, using Graf’s
addition theorem [1, 9.1.79]. Also, truncation to N, terms, that is, those terms satisfying
|¢| < N, may be employed in (2.13).

In this article we provide a precise a priort bound for the error caused by the simultane-
ous truncation of (2.12) and (2.13). We establish exponential convergence of the resulting
approximation error as both N/ and N tend to co. Throughout the paper C stands for
a generic positive constant, whose value may differ between different occurrences. The
constant may depend only on the shape of D, the boundary conditions, the separation
distance R, and the wavenumber k. The constant does not depend on the truncation
indices NV and N’ nor on the excitation u™°.

After fixing N' and N, the offline task in this work is to compute an N} x N, matrix
so that the unknown reduced N} coefficients a, of the far-field in (2.12) can be computed
online using any N, input incident field coefficients p, via a cheap matrix vector product.

Motivated by (2.13), we introduce a new class of scaled elementary wave functions:

. Hyy) (kR) Jig (Kle|)Ye(@), d=2.
Ez(iB) = ) Lecly. (2_15>
B (kR)jie (k) Ye(®), d =3,

The scaled wave functions are unbounded entire solutions of the Helmholtz equation (2.1)
and can be regarded as “incident circular/spherical waves”. The scaling factors applied to
the usual regular wave functions are introduced in (2.15) to ensure boundedness of coef-
ficients in the incident field expansion for incident point source waves. The waves (2.15)
decay exponentially towards the origin.

Lemma 2.1 With constants C' depending only on D and kR,

HEK f@D‘ L2(dD) =¢ (%)w Vel (2.16)
|VEerop| e (%D)'e'_l €2 e, 6> 0. (2.17)



Proof. We make use of the fact [4, Sect. 2.4, 3.4] that, with C' > 0 depending on kR ,

(1) 1) : o—1 o€ {_1707 1} )
max { | Hjg) (b Ty (VDL g (bR (VR | < LI e el ) 0
(2.18)
and of the estimate (see [4, Page 31] for d = 3, and [4, (3.57), (3.58)] for d = 2)
LG FRIGED (|ae|)f'
RE <o) veern, |z|<R. 2.19
‘ Jg(ER) || jig(kR) R i (219)
We combine this with (2.18) and the bound (see [6, Lemma 3.1.5] for d = 3)
Ye(@)| < Clg|* !, est (2.20)
n (2.15) to obtain
le|
|Ey( )\<c<|;|) veel, |z| <R, (2.21)

which immediately yields the estimate for Ey fapH D) in (2.16).
L2(0D

The proof of the second estimate starts from

HVEe oD L2(0D)

VE, 8DHL°O . (2.22)

where |0D| denotes the surface area of 9D, and the polar/spherical coordinate represen-
tation for |£| > 0

Hig! () (k1 (K2 V(@)@ + 5 T (H=) V"Yel@)), d =2,
VE(z) = ) ~ (2.23)
W (R) (ke (F))Ye(@) + L (k2 V*Ye(@)),  d=3,
where V* is the S*! surface gradient. For [£| > 0, using the formulas [1]
, [
2J‘/g‘ = J|g‘_1 — J|2\+1 , ]|g|(t) = %Jm_ﬂ/g(t), t>0, (2.24)

we get the surface gradient bound (see [6, Lemma 12.6.7] for d = 3 and note the scaling
term in [6, Equation (12.2.1)])

\V*Ye(2)| < Cle|Y?, 2 est (2.25)

Substituting (2.18) and (2.19) in (2.23), yields the estimate

= pp -1 d/2—1
|VEe(x) <C 7 |£] Veel,, |4 >0, |z]<R. (2.26)
0
Using (2.15), we represent the incident wave u™ as
u™ =" peFy. (2.27)



Details of such expansions and weights for the physically important plane-wave and point-
source incidence are discussed in § 3.1 and §3.2.

As with most error estimates, our truncation error bounds will depend on a measure
of the “smoothness” of the data, which is expressed through requiring that suitable norms
be bounded. Here, we assume that the incident wave u° with u'™°|9p € L*(0D) is such
that there exists a weight sequence w = (wg)eer, with

O<w<w, V€LeIl; andsomew >0, (2.28)

such that u'™ € X,,, where

Xy = {¢ = g [Ul%, = welgel* < oo} . (2.29)

Lely Lely

Remark 2.2 Lemma 2.1 implies that for ¢ € X,, suitable restrictions of the expan-
sion (2.27) converge in both L?*(OD) and L*(Bg). From the estimates in the proof of
Lemma 2.1 we also infer

Xwl By C L*(Bg)  with continuous embedding. (2.30)

We also introduce a new class of scaled radiating waves
vk () ~

o i el Y@, =2
Ee(x) = L el (2.31)

1 ~
tha)(k\w!)n(w), d=3,

The scaling factors in (2.31) are applied to the usual outgoing wave functions so that their
associated far-fields { £5° : £ € I;} form an orthonormal basis for L?(S?"!). In particular,
using the asymptotics of the Hankel and spherical Hankel functions as |x| —o0 , see [4,
Equations (3.59) and (2.41)], in (2.31) we get

EX(z) =Y (), £Lel;, zeS™, d=2,3. (2.32)
Hence using (2.12),
u®(@) = apEF(@), #es (2.33)
E’el[d

In view of the above, it is natural to represent the radiating scattered field u® outside
the ball Br as B
u(z)= > apEp(z), xR\ B (2.34)

e,E]Id



2.2 Infinite basis: scattering matrix, far-field, scattered-field

We introduce bounded linear operators Sg° : Z(9D) — L*(S¢1), where

H'Y2(0D) for a sound-soft scatterer (2.2),

Z(0D) =
(9D) {L2(8D) for boundary conditions (2.3), (2.4).

These operators map boundary data g € Z(9D) to the far field pattern u™ of the solutions

u € HL_(R?\ D) of the exterior boundary value problems!
( u=g, (2.35)
or
ou
Au+k*u=0 inR\D, a—nzg, on 0D (2.36)
or
ou
A— = 2.37
(vt A5, =9 (2.37)

and Sommerfeld radiation condition (2.5) at infinity. Continuity of S5° follows from the
estimates in [4, Sect. 2.5] and the fact that u € HL_(R?\ Bg). Using S§° we define the
scattered field operators S : C*°(Bg) — L*(S!) as

vloD for (2.35) ,
o
§%:=S30B , By:i=4 510D for (2.36) , (2.38)
o
| v+A5 - lop for (2:37).

Using (2.28) and the estimates of Lemma 2.1, we obtain that for ™ the B-restrictions of
the terms of the expansion (2.27) form sequences that converge in Z(0D), which implies

S =3 py (SOOE’,Z) in L2(S41) . (2.39)

Lely

For cach £ € Iy, since S®E, € L2(S*™1), there exist coefficients te o such that
(SO"E)) @) =t BR@) =Y teYe@), @S (2.40)
E’E]Id eleﬂd

Using the orthonormality of the basis function in (2.10) with respect to the inner product
(-,-) in L*(S¥1), we get

teg = (S¥EyYy),  £LeT, (2.41)

1Of course, Sg° will be different for each boundary condition. For the sake of lean notations this
dependence will be suppressed.



Using (2.40) in (2.39), we obtain

u™ (&) = S*u"(@) = Z [Z te epe

f’EHd ZEHd

ExX(z), axeS™ (2.42)

Comparing (2.42) with (2.33) shows that the incident field and the scattered/far-field
coefficient sequences p = (pe)ecr, and a = (ag)ecr, are connected via the (infinite) T-

matrix T = [te ], ¢e1, according to

a="Tp. (2.43)

2.3 Reduced basis: scattering matrix, far-field, scattered-field

For a fixed pair of truncation parameters N', N € N, using the representation (2.41), we
define the truncated N/ x Ny reduced basis acoustic scattering T-matrix as

Ty = [teelper, ety (2.44)

The N/ x Ny truncated T-matrix can be precomputed and stored for any chosen scat-
terer, independent of the incident wave. Using the representation of v in (2.27) and
the associated truncated vector p™¥) = (p,) (which is known analytically for the

EGILLN
physically important plane-wave and point-source incident waves), we can compute the
vector aMN) = (aé{V/’N)> using
Z’e]l;’ N
a®™'") = Ty, yp™, (2.45)

In particular, using (2.33)—(2.42), for an incident field ™ with representation (2.27), our

approximation to the induced far-field is:

UlN Ny = Z Z teepe | By = Z Z e epe| Yo (2.46)

eleﬂd,N’ EGHdﬂN l/GHd’N/ eéﬂd,N

Our approximation to the scattered field in (2.34) is Ul N7 NY» which is computed similarly,
using the T-matrix with E}° in (2.46) replaced with Ep .

3 Convergence analysis with parameter estimates

In this section we prove that ufys ) converges exponentially to u™ in L*(S?1) with
respect to the truncation parameters N, N'.

Lemma 3.1 Let u™ € X,,. Then

2
o0 [ee)
Hu B u(N’vN)Hm(sdfl)

2

1 ~
— |ls~E (
LQ(Sdfl) _l_ Z we H £

€lg\la, N

2
< |

. 1 ~ ~
W, 4 o || Ee — 5% SNGHY

L2(se-1)
where JO\?,E’g is the L*(S*~1)-orthogonal projection of S®F, onto span{Yy : £ € Ty n}.
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Proof. Using (2.42) and (2.46),

U™ — Uiy Ny = Z [Z te eDe

e\, v Leel,

Yo + Z Z e epe| Yo (3.2)

EIGHd,N/ eeﬂd\ld,N

Hence, by the orthonormality of the basis functions Yy of L2(S41),

2

Hu”—wfj‘“w,N)HiQ(Sd,l)z > Do t”\/w_zpz + > ) f;;\/w_epe

e eHd\Hd N/ eeﬂd lleﬂd NG ZEHd\HdJ\]
(3.3)
Hence the Cauchy-Schwarz inequality and (2.27) yield
) oo 2 < inc ’tf/ £| ’ti' £|
o = udom oy < ™, | 22 270+ 20 X
4 e]Id\]Id N L€ L€l i £€lg\la, v
= [l ], Z > e+ Y o S el
eeHd ty €l\Ty n Lelg\ly, N Z’E]I
inc |2 oo
e [T S e S L[,
Ze]ld e €lg\ly Lelg\Ig,
where in the last line we used (2.40). Now the result (3.1) follows from using
(&Wm) = Y bY@ & e s, (3.4)

4 eﬂd,N’

and the identity

— 2
. o ltell (3.5)

f’EHd\Hd’N/

Next we estimate the first term in (3.1). We recall that pp is the radius of the scatterer
D, that R > pp is fixed, and that k is the wavenumber of the obstacle scattering problem.

Lemma 3.2 The restrictions of the incident base fields from (2.15) satisfy

~ le| L9412 for sound-soft scatterer,
H&WDH SC( ) . f / -
Z(dD R 1, for boundary conditions (2.3), (2.4).

Proof. The estimate is an immediate consequence of the bounds (2.16) and (2.17)

from Lemma 2.1 and the standard interpolation estimate |[u| ;1/2(9p) < C Hu||1/2 12

0

11

Y

ooy el 2 op).



Lemma 3.3 For all £ € 1, and assuming the threshold condition N' > Rk/2, we have
the estimate

HSOOEz _ SN,E,Z‘

Rke p
g1 2 ltedl < O(zN') <1§> g2 (3.6)

EIEHd\Hd’N/

Proof. We introduce the operators Sg : Z(0D) — L*(0Bg), Srg := ul9Bp, Where
€ Hl .(R4\Q) is the solution of one of the exterior boundary value problems from (2.35)-
(2.37) Obviously, Sg is a bounded linear operator. We denote by ||Sg|| the norm of Sg as
a mapping Z(0D) — L?(0Bg). This norm may be incorporated into constants, whenever
appropriate.

Following the considerations in [4, Sect. 2.5] (for d = 3) and [12, Section 4] (for d = 2),
we find that the coefficients a, of the expansion (2.12) of >, which is the far field pattern

of the solution u induced by the boundary data g, satisfy

2|£/| 2|£/| B )
2 <Rk) lagl* < CRR)' ullf2om, < CORE) ™ ISall gl 2oy - (3.7)
K’EHd

Thus, defining the Hilbert space

N 2
Ny S (2N 21
= Z ge Xy : Z Rke |lge|” < o0 p C L7( ), (3.8)

e E]Id VA E]Id

equipped with norm ||@/J||§/R > ee, (22;) |g£|2 we find that S§° : Z(0D) — Ypg is

a bounded linear operator. Note that the ¢, , are the expansion coefficients of S‘X’Eg.
Consequently, using (3.5),

_ 2
HS E_e SN’EE LQ(S(i 1) — Z ’tel7e‘
Z,eﬂd\ﬂd,N/
Rke 2|el‘ 2|£/| 2|£l‘ )
— i t o
2 (3e) () red
d\'q,N’
21\ 2!
= ) fme(20€)) ( | |> [te el (3.9)
Z’E]Id\]ld N/
where for a fixed a > 0,
fo(z) = (a/x)", x> 0. (3.10)

It is easy to check that lim, o f,(z) = 1, that lim,_, fo(x) = 0, that f,(z) attains its
maximum at z* = a/e, and that f,(z) is a decreasing function for x > z*. Using these

12



properties in (3.9), for N’ > Rk/2,

. 2 Rke 2N’ 2,@/’ 2|€
$*Ee - 53| < ty o
H ¢TI gy (2N’) 2 (Rke) teel
eleﬂd\ﬂd,N/
REe\ ™ || oo = |12
< S*F,
- (2N’> H llva
Rke\*" ~ 12
C C 15wl || B
- <2N’> ISl ||Ee Z(dD)
Rke\*N' /pp\ 2
< C|s (%) e
< clsil () (%)™ e
where in the last step we invoked the estimates Lemma 3.2 and used a common upper
bound. ([
Lemma 3.4 For all R > pp and £ € 1,
~ 2 20|
00 PD dj2—1
S*®E ’ <c () g 3.11
H ll2gay = R . (3.11)
Proof. Appealing to the continuity of Sg° : Z(0D) — L*(S%1), the estimate is
immediate from Lemma 3.2. 0

Using (3.6) and (3.11) in (3.1), we get the following result.
Theorem 3.5 Let u'™ € X,,. Assuming the threshold condition N' > Rk/2, there holds

Huoo - u(()fif’vN)H;(gd—l)

|d/2—1

. Rke\ N |2 2/¢| £|4/2-1 2/¢|
< O™, (2—Nf> PP —(F) X e |w£ (%)) - 612)
Lely

feﬂd\ﬂdyl\z

3.1 Convergence analysis for plane-wave incidence

Let u'"*(x) = exp(ikx - cAl) be the plane-wave with fixed incident direction d impinging on
the obstacle D € R? for d = 2,3. The expansion coefficients of the incident wave in the
expansion (2.27) are [4, Equation (3.66) for d = 2 and Equation (2.45) for d = 3]
;12
i

T———Yp d , for d = 2,
_ PRI
pe = A (3.13)
dr————Y,(d), for d = 3.
by (kR)
From (2.20), it is easy to see that the coefficients p, satisfy the decay bound
T, fOI‘ d= 2,
H|e| (kR)
lpel < C- Lcly, (3.14)
‘2’1/2
T’ for d = 3,
\ h\ll (kR)
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Hence using the asymptotics of the Hankel and spherical Hankel functions for || — oo
[4, Equations (3.58) and (2.39)], if we choose (see Figure 2)

- 2|0 21¢|
we = € (%) | (3.15)

it is easy to see that u™® € X,,. Also

2|21 ppy 2 sior (kN pp 2
E (o) e () =@ (P2) eao

We R 2|£| R
with
P T\P ra\<*
Pley=(=) (=) , a,p > 0. (3.17)
2 T
2 Weights: incident plane wave in 2D o Weights: incident plane wave in 3D
10 T T T T 10— T T
x Rk=1.00 x Rk=1.00
5 X Rk=2.00 x » X Rk=200
10 " H x Rk=4.00 % q 10 5 x Rk=4.00 1
x Rk =8.00 * Rk =8.00 X
X Rk =16.00 x X X Rk =16.00 %
10"} M « 1 0 3
x x X x
X X
F10° | x * P 10" 4
x % x
x x x * x x
x X x x x X
10° | x 0% x % 10° x x 1
g x x X x X
X x x * x x X
-5 * X 0 : x X *
107 ¢ X ox ox ox ox X 7 10"+ x X x X 1
P
* x x x x x x =
10’10 L L L 1 10-5 L L 1
0 2 4 6 8 10 0 2 4 6 8 10
1] ]
Figure 2: Weights w, from (3.15)
45
40
35
£ 30
£ Q
s E
@ 25 g
:
5 20+ E
lg 15
10
5
0 ‘ 107 : : ‘
0 20 40 60 80 100 0 20 40 60 80 100
a a

Figure 3: z*(p, a) (left) and gP(x*) (right) as functions of a for relevant cases p = 2, 3.5.
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If we write ¢gf(x) = exp(p(z)), we see that that the derivative ¢'(z) is a strictly
decreasing function with ¢'(¢) = 2 > 0 and ¢'(¢ + p) < 0. Hence g2(z) has a single
global maximum at 2*(a,p) with 2*(a,p) < 2 + p (see Fig 3). Thus, we obtain for

N> Rk/2+3% 1

w,d/?—l (pD>Qg| s/2-1 pp 2l 3d/y—1 Rke 2N pp\ 2NV
E (Poy™ < 2N) Y (—) < O NP1 (2R <—) .
2. w \R) S9re 2N) r) SOV 9N R
EEHd\Hd’N ZeHd\Hd,N
(3.18)

The function ¢(z) introduced above is concave, increasing for x < ¢ and decreasing for
r > ¢+ p. It can be bounded by the minimum of the tangent lines at these two sites,
which leads to the estimate g2(z) < (a/2)? exp(%), ¢f. Figure 3. From it we conclude

L9271 rppy 2l 3dfa—1 pp 2
> (7)) =X ()
Lely Lely
Rk 3d/a—1 pp 2 Rk 3d/3—1
< ¢ (Rke/2) §:<E> < Cef™(Rke/2)**1 . (3.19)

Lely

Using (3.16), (3.18) and (3.19) in (3.12), we get the following exponential convergence
of the far-field obtained using the truncated T-matrix T y.

Theorem 3.6 Let u™(x) = exp(ikx - d), d € S for d = 2,3. If the threshold condi-

tions N' > Rk/2 and N > Rk/2 + 3¢ — L are satisfied, there holds the estimate

2N’ 2N
|u™ = ulRe H2 < C{ e (Rke/2)* 1 fike + N1 ppke :
(N, N) I L2 (sd-1) = 2N’ 2N

(3.20)

3.2 Convergence analysis for point-source incidence

Let ¢y € R? for d = 2,3 with |zg| > R. Consider the incident field created by a point-
source located at xq, that is,

HV (k| — a]), d=2,

exp(ik|a — o) (3:21)

d=3.
kle —xo|

The expansion coefficients of the incident wave in the expansion (2.27) are [4, Equa-
tion (3.65) for d = 2 and Equation (2.42) for d = 3]

(

Hy) (ko))
—Hyyy (klzol)

YVZ(§O>7 for d = 2,
Hig (kR)
Pe = D) el (3.22)
x
47TZ'/{3|€(‘1)—0}/£(30), for d = 3,
higf (ER)
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By (2.20) it is easy to see that the coefficients p, satisfy the decay bounds

Hjy) (ko))
5= for d = 2,
Hy, (kR)
Ipe| < C . el (3.23)
ho) (k|x
e[ \/? M ford=3,
h|e| (kR)

\

Hence, using the asymptotics of the Hankel and spherical Hankel functions for |£| —o0
we arrive at the bound

R\
|pe| < Cle| ¥ (|33_|> , Lely. (3.24)
0

Thus, if we choose wg := 1 and

1 || 21¢|
We ‘— W ? s L e ]Id, |£‘ >0 > (325)
it is easy to see that v € X,, with ||ui“CH «.. bounded uniformly in &g and k. In addition
1 pD>2|e| d/2— 3d/o— PD 2
— (= £33t — Pt [ : 3.26
o () =g (22 (3.20)
which, using bounds for sums of the form Y kP¢*, |q| < 1, provides the estimates (N > 1)
k=N
N2
L (pp)2 oo\ U ol T
D _ D — T
S )y e e () 4T (3:27)
Lelg\la, v ¢ 0 ford=3.

(1~ (pp/lz0l)*)>

Using (3.27) and pp < R < |xg|in (3.12) in Theorem 3.5, we get the following exponential
convergence of the far-field approximation obtained using the truncated T-matrix T y.

Theorem 3.7 Let u™ be as in (3.21) with |xo| > R. Under the threshold condition
N’ > Rk/2,

5 C Rke 2N PD >2N
o oo < . Na (LD . (3.28

with g =2 ford =2, and ¢ = 4.5 for d = 3.

Note that the inevitable blow-up as the point source approaches D is reflected in the
estimate (3.28).
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3.3 Convergence analysis with approximate far-fields

The analysis above is based on the assumption that the far-field 5%, required to con-
struct entries ty o for £ € Iy and £ € Iy in (2.41) for the reduced basis T-matrix can

computed exactly. In practice, computation of 5% F, requires numerical algorithms to
solve (offline) the wave propagation model (2.1)—(2.5) with u™ = E,. In our approach
any numerical method (such as finite element, boundary element, spectral, or fundamental
solution) can be used to solve the model. Let 0 < €(€) < 1 be the relative approximation
mc

error in the numerically computed far-field with « Eg, L e ]Id ~. That is, we assume

that the numerical method is such that the numerical far-field S °°Eg approximating S OOEg

satisfies B B
HS;;"Eg - SOOE,;’

<el)<e, Lely. 3.29
LQ(Sd—l) - 6( ) =€ d,N ( )

Different S;° may be employed for different incident fields Eg, to obtain a fixed accuracy
0 <e<1lsothat e(f) <e Lel,n.

Let t¢ 4, and UTNT N ) respectively, be the associated approximations to ty, and
Uiy ny- That is, based on (2.41) and (2.46), we have

tg/l - <SooEg, ngl>, tl’,ﬂ,h - <S}OLOEZ, ngl>, El < ]IdyN/,E € Hd,N' (330)

U?IOV’,N): Z Z te ee| Yo, U?]Ov/,]\ﬁh): Z Z teonpe| Yo (3.31)

el yr [ £€lan el yr [ £€lan

Using (3.30) and (3.29) we get

Z ’tll,l,h - tﬁ’,l ? < Z ‘<(S;O - SOO) Eg7n/>

ZIE]Id’N/ ZIE]Id’N/

ey (3.32)

Again using the L?(S?"!)-orthonormality of the Yy, (3.31) and (3.32), we get

HU?RV,N,h) — Uinr N L2 (s4-1) Z Z |teon —tee

Lela, N L€l nr

. £)?
<Y welpel® ) —E‘te' en—tee <Ol $ Y O (553

EEHd N VA E]Id N/ Ze]ld,N

|pz‘2

Since
Huoo - u(()fcif’,Nﬁ)H;(sdfl) <2 Huoo - u(()ﬁf/,N)HiZ(gd—l) +2 Hu(()ﬁf/,N,h) N u((ﬁf’,N) Hiz(gdfl) ’

Theorem 3.5 and (3.33) furnish the following result for the fully discrete reduced basis
T-matrix method.
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Theorem 3.8 If u™ € X,,(0D) and N' > Rk/2,

o A 2 inc [|2
|u> — U(N/,N,h)HLQ(Sd_l) < Cu HXw .
Rke\ 2 1 /pp\2# 1 /pp\ 2 [€<£)]2
E — £|4/2-1 L (_) pl/2-1
<2N/) we(R> ety w\w) + Y =
Lely Lelg\lg, N eely

(3.34)

For stable on-line computations, it is important to have a guaranteed accuracy for all
off-line computations, that is, €(£) < € for all £ € [; y. Henceforth, we assume this. Then,
in the case of plane-wave incidence (see Sect. 3.1), by the definition (3.15) of the weights
we obtain analogously to (3.19)

1 Rke\ 2! = (Rke\™ ., s R od1
> w—szd(m) 0 < Y- (B9) a2 < o + i

ZGHd,N 7j=1
(3.35)
for C' =~ 10, see Figure 4. The ultimate bound in (3.35) was found by numerical experi-
ments.

——sum for d=2 ——sum for d=2

——sum for d=3 L —sumford=3 | T

----- bound (d=2) -----bound (d=2)
10t I bound (d=3) - I bound (d=3) |

==
,,,,,
'''''

value of sum
N
o

0 05 1 15 2 25 3 35 0 20 40 60 80 100
a a

ae

212
M) |€|* with a > 0 and bounds from (3.35) with C' = 10.

Figure 4: Values of ), (

Hence, from Theorem 3.8 in combination with Theorem 3.6 we get the following con-
vergence result the far-field computed using the fully discrete reduced basis T-matrix

TN N h-

Theorem 3.9 Let u(x) = exp(ikx - d), d = 2,3 and assume N' > REk/2 and N >
RK/2+d—1. Then

oy, 1P <o o ot (BEN™ aa s ((poke )™
Hu _u(N’,N,h)HLz(qu)— € (Rke/Q) W + W (336)

+ ((RR)® + ™ (RR)™ e |
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with C' > 0 depending only on D and Rk.

In the case of point-source incidence (see Sect. 3.2) one finds, cf. (3.27),

1 . R\ C
2 =2l (m) < 0= @/l (3:57)

eely el

Again using Theorem 3.8, for the point-source induced incident waves, we get the following
convergence result for the far-field computed using the fully discrete reduced basis T-
matrix TN’,N,h'

Theorem 3.10 For d = 2,3, let u'™ be as in (3.21) with |xo| > R. For N' > Rk/2,

) 8. REe\ 2N oD 2N ,
© _u, < N[ L2 :
J “<N7th>”ﬂ2<gd-l>—<1—<R/1mo\>2>2d1{(2N') (i)

(3.38)

with g =2 ford =2, ¢ =4.5 for d = 3.

4 Numerical Results

In this section we investigate numerically the estimates of Theorem 3.6 and Theorem 3.7
by showing exponential convergence of the simulated far-field for several two dimensional
and three dimensional sound-soft scatterers. For each obstacle we simulate scattering of
incident plane-waves and of waves originating from point-sources outside a ball of radius
pp circumscribing the scatterer.

Our three dimensional obstacles are a sphere and a non-convex obstacle that models
an erythrocyte (a red blood cell) [19]. Our two dimensional obstacles are their two dimen-
sional cross section counterparts, namely, a circle and a peanut shaped Cassini-Oval [11].
All of our scatterers are normalized so that they have unit diameter, that is pp = 0.5. In
our point-source experiments, we chose || = 3 so that pp/|xe| = 0.17.

In all our experiments, for various parameter values N’ = N, we first compute entries
of the reduced basis truncated T-matrix Ty n 5 using (3.30), with S*®E,, £ € I; computed
with high-accuracy using the high-order algorithm in [7] for d = 3 and in [3] for d =
2. In order to demonstrate the exponential convergence of our reduced basis T-matrix
algorithm, the discretization parameters in these high-order algorithms were chosen, based
on various experiments, so that € in (3.29) is of the order 107'° for the circle and sphere
and 10719 for the non-convex obstacles. This ensures that for our experiments, the terms
with €2 < 1072° are much smaller than the other terms in (3.36) and (3.38) and hence we
omit the index h.

Using Ty n, we computed the approximate far-field uc(’]ﬁ, ) via (3.31), and the scattered-
field w(y, y with Ej° in (2.46) replaced with Ejp.

For the circle and sphere obstacles, the far-field induced by the incident plane-wave
or point-source is known analytically in (Mie) series form. Using the optimal truncation
parameter in [8, 18] (which depends on kpp), we truncate the Mie series to very high
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accuracy and obtain the true far-field u*°. Thus for these obstacles we are able to compute
the relative error

u® — y>®

o = 5000

ey = - L2817 (41)
Ju HL2(Sd—1)

in our approximation uf]‘i, N O the true far field u.

The erythrocyte and Cassini-Oval scatterers are considered challenging obstacles for
scattering simulations because they have non-convex regions that give rise to multiple
reflections. The scattered field for these scatterers is not known analytically. For these
scatterers we demonstrate the convergence of the approximation UK Y with respect to N
by tabulating

u —u>®

H (M)~ U(N,N) _

en = Gy (4.2)
o)

L2(Sd-1)
where Ulhs is a reference solution, computed using the T-matrix with M fixed suffi-
ciently large so that the reference solution is a highly accurate approximation to the exact
far field. We approximate the Ly(S?1)-norms in (4.1) and (4.2) using Parseval’s inequal-
ity. Using (3.13) and (3.22), it is easy to see that ey in (4.1) and (4.2) is independent of
the choice of R used in theoretical analysis for estimating errors in (3.20) and (3.28).

Values of ey in Figures 5-8 substantiate the exponential convergence established in
Theorem 3.6 and 3.7 for the plane-wave and point-source incidence, respectively, on a
circle, sphere, peanut, and erythrocyte with & = 10,100. In addition, these figures
demonstrate that the theoretical bounds are optimal for some appropriate choice of C
and R in (3.20) and (3.28). For each plot in Figures 5-8, the constant C' was obtained
by fitting with the last data ey, leading to an appropriate value R closely matching the
experimental observation.

One of the advantages of the offline computation and storage of the reduced basis
T-matrix is the quick online computation of the acoustic cross section for many different
incident fields. In particular, this is very useful to simulate the monostatic ACS, requiring
thousands of incident directions. In Figures 9-10 we visualize our reduced basis T-matrix
based monostatic ACS simulations for k£ = 100.

In Figures 11-12, for £ = 100, we visualize the reduced basis T-matrix based total-
field outside the ball of radius R = pp + 0.05 circumscribing the non-convex obstacles
of radius pp for plane-wave (with incident direction @ (7/6)) impinging on the Cassini-
Oval and a point-source (located at —a(57/6,0)) induced incident wave impinging on the
erythrocyte.
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Figure 5: Error ey in (4.1) and theoretical bounds in (3.20) and (3.28) for plane-wave

and point-source incidence (with k = 10) on a circle (left) and a sphere (right).
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Figure 6: Error ey in (4.2) and theoretical bounds in (3.20) and (3.28) for plane-wave
and point-source incidence (with k = 10) on a peanut (left) and an erythrocyte (right).
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Figure 7: Error ey in (4.1) and theoretical bounds in (3.20) and (3.28) for plane-wave

and point-source incidence (with k = 100) on a circle (left) and a sphere (right).
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Figure 8: Error ey in (4.2) and theoretical bounds in (3.20) and (3.28) for plane-wave
and point-source incidence (with k = 100) on a peanut (left) and an erythrocyte (right).
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Figure 9: Monostatic ACS of Cassini-Oval (2D) for plane wave incidence with & = 100.
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Monostatic ACS of Erythrocyte (3D) for plane wave incidence with & = 100.
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Figure 11: Total exterior field of Cassini-Oval (2D) for plane wave incidence with & = 100.
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Figure 12: Total exterior field of erythrocyte (3D) for point source incidence with k& = 100.
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