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Abstract

For a class of linear parabolic equations we propose a nonadaptive
sparse space-time Galerkin least squares discretization. We formulate cri-
teria on the trial and test spaces for the well-posedness of the correspond-
ing Galerkin least squares solution. In order to obtain discrete stability
uniformly in the discretization parameters, we allow test spaces which are
suitably larger than the trial space. The problem is then reduced to a
finite, overdetermined linear system of equations by a choice of bases. We
present several strategies that render the resulting normal equations well-
conditioned uniformly in the discretization parameters. The numerical
solution is then shown to converge quasi-optimally to the exact solution
in the natural space for the original equation. Numerical examples for the
heat equation confirm the theory.

1 Introduction

Linear parabolic equations constitute an important class of evolutionary par-
tial differential equations and are used to model various phenomena in physics,
financial engineering, chemistry, biology, etc. Consequently, a sizable body of
methods for their numerical solution has been developed (Lang, 2001; Thomée,
2006). However, most of these methods are variations on the “method of lines”,
and therefore fail to produce a priori error bounds under minimal regularity as-
sumptions and are intrinsically hard to parallelize. To date, several authors have
proposed simultaneous space-time discretization schemes for parabolic initial
boundary value problems, we refer to (Horton & Vandewalle, 1995; Babuska &
Janik, 1990; Schotzau, 1999; Griebel & Oeltz, 2007; Schwab & Stevenson, 2009;
Stevenson & Chegini, 2010) and further references therein. Using the variational
formulation of (Schwab & Stevenson, 2009) we present a non-adaptive sparse
space-time discretization procedure which builds upon fairly classical numerical
tools of the finite element method, allows to prove quasi-optimality of the nu-
merical solution and has the potential to significantly reduce the computational
cost for sufficiently smooth solutions. The approach is fundamentally different
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from (Stevenson & Chegini, 2010) where a wavelet adaptive scheme involving a
tensor construction of suitable wavelet bases is applied to the resulting biinfi-
nite normal equations; or from (Babuska & Janik, 1990) where quasi-optimality
is obtained for an hp continuous Galerkin time stepping with a constant not
uniform in the discretization parameter, see (Babuska & Janik, 1990, Theo-
rem 3.6.1), exploiting the setting of time-independent coefficients in an essential
manner. In Example 4.3 we indicate, but do not elaborate on further here,
how the construction of wavelets can be effectively bypassed by means of the
well-known BPX operator. Moreover, we work with space- and time-dependent
inputs throughout. We mention a few further connections to existing works:
a general framework for least-squares finite element methods is advocated in
(Bochev & Gunzburger, 2009), but our exposition is self-contained and confined
to Theorem 3.1 and Section 4; in the language of (Demkowicz & Gopalakrish-
nan, 2011), we identify some test spaces in which “optimal test functions” for the
parabolic problem can be sufficiently well approximated; the preconditioner pro-
posed here for the discrete system an instance of the methodology of “operator”
(Hiptmair, 2006) or “canonical” (Mardal & Winther, 2010) preconditioning.

The paper is organized as follows. In Section 2 we introduce the problem and
present a well-posed variational formulation in suitable Bochner spaces. In Sec-
tion 3 we motivate a notion of Galerkin least squares solution w.r.t. a pair of
trial and test spaces. We present abstract criteria for its unique existence, and
the quasi-optimality property. In Section 4 we discuss how, once a suitable pair
of trial and test spaces is available, the Galerkin least squares solution can be
obtained via discrete linear least squares equations, for which we construct op-
timal preconditioners. Section 5 introduces and investigates the properties of a
particular construction of trial and test spaces based on space-time sparse tensor
product spaces, to which the abstract theory of Section 3 applies. In Section 6
we specialize on the one-dimensional heat equation and give specific examples
of suitable tensor product bases. We exemplify the theory developed in these
sections in Section 7 by providing a series of numerical examples illuminating
various aspects of the method. Section 8 summarizes the results of the paper.

We now introduce some notation used throughout. By Id we denote the identity
or the injection map between spaces which will be clear from the context. For
i,j € Z weset 6;; :=1if i = j and 6;; := 0if i # j. By N (Ry) we denote the
set of positive integers (reals) and Ny := NU {0} (R>¢ := R4 U{0}). Boldface
lower and upper case letters denote vectors and matrices, possibly (bi-)infinite,
eg. uecRM B e RVM where M, N € NU{oc}; if M = co then RM is the
set of sequences over R, etc. For N € Ny we define [N] := {n e N:n < N}
and [N] := N if N = co. We write ||-||m for the vector norm induced by a
symmetric positive (semi-)definite matrix M € RM>*M M ¢ NU {c0}, ie.,
ull3; := u'Mu for u € RM™; we set (3;([M]) := {u € RM : ||u|m < oo} and
C(IN]) = {v € RN : [[V]|2(ny) = e [Val® < 0o} with the obvious norms.
The condition number of a matrix B € RV*M with respect to the norms of
?2([M]) and 2([N]), if B is invertible, is denoted by »2(B) € RU {oo}. By ®
we denote the tensor product of Hilbert spaces, or their elements. For a Banach
space Z (here, all Banach spaces are over the field of reals) we denote by |||z
its norm and by Z’ its continuous dual, i.e., the space of linear continuous real
valued functionals on Z; by (-,-)z/xz we denote the duality pairing on Z’ x Z.
By (-,-)z we denote the scalar product on a Hilbert space Z. If a Banach



space V' embeds continuously into another, H, we write V < H. The symbol
= denotes identification via an isomorphism. For two Banach spaces Z, Z we
denote by L(Z, Z) the space of linear continuous maps Z2 — Z equlpped with
the operator norm ||- Hc(z,z)'

2 Problem setting and variational formulation

Let V and H be separable Hilbert spaces over reals s.t. V < H = H' — V'
is a Gelfand triple, i.e., the embeddings are continuous and dense, and the
scalar product (-,-)g is compatible with the duality pairing on V'’ x V. Let
0 < Tena < o0 and set J := (0, Tenq). We will work in the following setting.

Assumption 2.1. For (a.e.) t € J we are given a bilinear form a(-,-) on
V xV, such that for all (,n eV

o J>t— a(¢,n) €R is measurable,
o |ai(C, )| < amax|nllvIICllv,

* a1(C,¢) = aminlIClI5 — collCII

where 0 < Gmin < Amax < 00 and cg > 0 are fivred. For simplicity, in the
following we assume ¢y = 0, see discussion in (Schwab & Stevenson, 2009, Proof
of Theorem 5.1). We further restrict our attention to symmetric operators, i.e.,

a(C,n) = ar(n,C) for all ¢, n € V.

Concerning the last two assumptions we remark that in the following, merely
Theorem 3.9 is bounded by this restriction, which, however, can also be removed.
Consider now the following abstract parabolic equation

Oeu(t) + at(u(t),) =g(t) € V', u(0)=heH, (2.1)

for a.e. t € J, where g : J — V' and h € H are given, and u : J — V' is the
unknown. Here, and in the following, 0;- denotes the (weak) partial derivative
w.r.t. the temporal variable.

Example 2.2. Let D C R?, d € N be an open domain with a Lipschitz bound-
ary. Consider

Ou(t,z) — div(q(t,z) grad u(t, z)) = g(t,x), (t,x) € J x D, (2.2)
u(x,0) = h(z), xz€D, .
u(t,z) =0, (t,x) €dJ x D, (2.4)

where g € L>°(J x D) is a space- and time-dependent coefficient ¢ which may
describe e.qg. heat conductivity or material permeability, and the differential op-
erators div and grad are w.r.t. the spatial variable x € D. The natural choice

here is V = H}(D) and H = L*(D). For (a.e.) t € J definea; : VxV — R by

(Cn) = [ att.)gradC(a) - gradna)de forall CyeVe  (25)

Assumption 2.5 is satisfied if we assume

0 < apin := essinf g < esSSUp ¢ =: amax < 0. (2.6)
JxD JIxD



In order to obtain a well-posed variational formulation of (2.1) we follow (Schwab
& Stevenson, 2009) and introduce the spaces

X :=L*JV)NH (J, V)= (L* () V)n(H(J) V)
V= xVo:=L*J,V)x H=(L*(J)®@V) x H

with norms ||-||x and |||y given by

lull?e = llullZzvy + 10lliacvy, 1013 = loillizy) + llv2lfr (27)

for all w € X and v = (v1,v2) € Y. We note that

sup sup < 00, (2.8)

0<t<Tena ueX\{0} [l

ie., X = C°(J, H), in particular the trace map (-)|,_o: X — H, ur ul,_, =
u(0) € H is well-defined and continuous (Lions & Magenes, 1972, Chapter 1).
Define the linear operator B : X — )’ by

(BU)(U)[]{<3tU(t),v1(t)>fov+at(U(t)7v1(t))}dt+<U(0)7v2>H (2.9)

for all w € X and v = (v1,v2) € ), as well as the functional f: )Y — R by

flv) = /]<g(t),v1(t)>wxvdt + (h,v2)u (2.10)

for all v = (v1,v2) € Y. Tt is easy to check that B € £(X,)’) and f € }'. The
variational formulation of (2.1) now reads:

find weX st. (Bu)(v)=f(v) VYvel. (2.11)
We recall (Schwab & Stevenson, 2009, Theorem 5.1) for future reference.

Theorem 2.3. The linear operator B : X — Y’ and its inverse are continuous.
In particular, (2.11) is well-posed (in Hadamard sense).

3 Abstract stability results

The starting point for a stable discretization of (2.11) w.r.t. a pair of closed
subspaces Y C X and V C Y will be the inf-sup condition for the bilinear form
<B-, ->y/><y onU XV, ie.,

inf sup (Bu, v)yrxy =:yyy > 0. (3.1)
ue\ {0} vew\foy llullxlvlly ’
Assuming existence of such subspaces, we motivate in Theorem 3.1 a notion of
an approximate “Galerkin least squares solution” to (2.11) in the trial space
U C X w.r.t. a sufficiently large test space ¥V C ) and an auxiliary norm on
Y. This leads to Definition 3.2. After some preparations, we give an abstract
criterion for (3.1) in Theorem 3.9.



Theorem 3.1. LetUd C X andV C Y be closed subspaces. Assume that the inf-
sup condition (3.1) holds. Further, let (-,-)}, be a scalar product on Y, such that
the induced norm ||-[|y, on Y is equivalent to |-||y, that is there exist constants
0<e<(C < s.t.

Vwel: clvly <lvly < Cllvlly. (3.2)
Then there exists a unique u' € U which satisfies

|<B’LU _f,'U>y’><y|

u' = argmin sup - (3.3)
weld  veV\{0} ||UHy
Moreover, the a priori quasi-optimality estimate
C\ ||B /
Ju— || x < <1+ <1+—) M) inf ||lu— w|x (3.4)
C Yu,v weld

holds, where u = B~ f € X solves (2.11).

Proof. For each u € X let v, € V denote the unique element which satisfies
(vg,v)y = (Bu,v)y <y for all v € V, which is well-defined by the Riesz rep-
resentation theorem. By (3.2) the bound |[v}[|} < C[|Blx,y|lullx holds.
Moreover, we have

|(Bw — Bu,v)y xy|

v, —vglly = sup - for all w,u € X, (3.5)
veEV\{0} o1l
which, by means of (3.1), implies that the map
U=V ={v:ueld} CV, w— o (3.6)

is injective and thus bijective. Let now u := B_lf. Since V* C ) is a closed
subspace, there exists a unique v* € V* which minimizes v* = [[v* — vz ||},. By
bijectivity of (3.6) there exists a unique w' € U such that v}, = v*, which is
thus the unique solution to (3.3) by the characterization (3.5) with u = B! f.
To show (3.4), we observe that for all w € U we have

B(w —u'),v)y
vl -z < sup BTV g,
veV\{0} |\U||y

C
< (145) 1Bleean - wlx,

1
=y + o = v lly

using (3.1), (3.5), [[v; — vy ||y < |lvg — v l3, and (3.2). This implies (3.4). O

We remark that we are interested in using norms |[|-[[3, on ) which are numer-
ically easily accessible, for instance via sequence norms generated by a choice
of a Riesz basis on ), see Example 4.2. Theorem 3.1 motivates the following
definition.

Definition 3.2. Let Y C X and V C Y be closed subspaces. Let |-||}, ~ |||y
be equivalent norms. We call the solution of (3.3) the Galerkin least squares
solution, provided it exists and is unique.



For our purposes it is useful to introduce a notation for the inf-sup condition
for bilinear forms, such as (B-,-)y/xy in (3.1). This generalizes the notion of
the “K-condition” of Babuska & Janik (1990), introduced in the context of
parabolic equations to describe stability of the duality paring (-, )y xv w.r.t. a
finite element space W C V. This is the subject of the following definition.

Definition 3.3. Let Z and Z be Banach spaces where a pairing (-,-) 3, z Z %

Z — R is defined. Let Z C Z, Z C Z be subspaces. We define Kgxz(z, VARS
R>o w.r.t. the pairing (-,-) 5, = by

~ (Z,2) 54 2
Kz..(Z,Z):= inf sup ——>2Z. (3.7)
Zxz zez\(0} zez\{0} 12l zll2] =

Example 3.4. We give some examples for the above definition, in particular

illustrating typical pairings (-,-) 5, z to occur in the following.

1. For a Hilbert space Z, subspaces W, Z C Z we have for any 0 < rk <1

KzxzW,Z) >k & ing |lw—z|% < (1 —k)|w|% YweW (3.8)
z€E

with the scalar product (-,-)z as pairing.

2. If Z — Z are Banach spaces then for all subspaces W C Z C Z we have

Kzuz2W,2) 2K5,:(2,2) 2Kz, :(Z,W) .

3. For a Banach space Z, Kz« z(U,W) € [0,1] for ol U C 2/, W C Z,
where (-,-)z'xz is the duality pairing.

4. The inf-sup condition (3.1) can be restated as vu,y = KxxyU,V) > 0
w.r.t. the pairing (-,-)xxy := (B, )y xy.

The following proposition is a generalization of the fact that H!(D) stabil-
ity of the L?(D)-orthogonal projection onto a subspace W C H'(D) implies
K a1 (pyy xmr (py(W, W) > 0, see also (McLean & Steinbach, 1999, Lemma 3.3)
for a comparable statement in the context of boundary element methods. The
stability of the L?(D)-orthogonal projector can in turn be verified by checking
local mesh criteria (Bramble et al., 2002).

Proposition 3.5. Let Z and Z be Hilbert spaces where a pairing (-,-) 3, 5 18
defined. Let U C g, W C Z be subspaces. Assume that T : ZW satisfies

(Z,w)z, - = (TZ,w)z forall Zc ZweW. (3.9)

For any C > 0, the following are equivalent:
i) ||ullz < C||Tul|z for allu € U.
it) Kz, z(UW)>C"1

ZXZ

i) Kz, (U, Z) > C ' Kzxz(W,Z) for all subspaces Z C Z.



In particular, for all subspaces Z C Z,
Kz, 2U0,2)>K5, (UW)Kzxz(W,2). (3.10)

Now assume additionally that Z < H = H' < Z' = Z forms a Gelfand triple
of separable Hilbert spaces. Further, let Q : Z — W satisfy

(u,Qz)z/xz = (u,2)z/xz  foral uwelUzeZ. (3.11)

If U =W C Z is closed, then Q is the H-orthogonal projection onto W. More-
over, 1) is equivalent to stability of Q in Z, i.e.,

i) ||Qzllz < C|z||z for all z € Z.

Remark 3.6. Let 2, Z be Hilbert spaces and (-,-) 5, = * ZxZ — R a continuous
bilinear form. Let W C Z be a subspace. It is easy to see that there is at
most one T : Z — W satisfying (3.9). Assume that W is separable, and set
N = dimW. Let {wn}nen) € W be a Z-orthonormal basis for W. Then

ZnE[N] Wn (- Wn) 5, 7 € [,(2, W) can be easily verified to satisfy (3.9). Thus, if
Z is separable, (3.9) uniquely defines T and T € E(z;,;, wW).

Proof. (Of Proposition 3.5) To see i) < ii), let uw € U\ {0} be arbitrary. Given
i), the fact that (u,Tu)z, ; = |Tul% > C~||Tu| z||ul 5 and Tu # 0 show ii).
Conversely, assume ). Then i) is due to

U, W)z Tu,
C s sp WExz g Twwlz g,
wew\{o} llwllz wew\{0o} llwllz

With the choice Z := W, the implication ii’) = i) is obvious from (3.8). We
now check ii) = ii’). Indeed, observing the proven implication i) = i), we have
for any subspace Z C Z

K=

ZXZ

T T
|| U’HZ < U”Z>Z > C_leZXZ(W7Z)-

U, Z) = Pz gy 222
weU\{0} |[ullz .ez\ioy ITullz]l2]lz

To complete the first part of the proof in the nontrivial case where the r.h.s.
of (3.10) is nonzero, it suffices to use i) and 4’) with the admissible choice
C:=X5, .(UW)~' > 0. This shows i) < ii) < i’) and (3.10).

We now show i) = iii). Clearly, (3.11) characterizes @) as the H-orthogonal
projection by definition of the Gelfand triple. Further, T is easily checked to
be surjective. Thus, for all z € Z there exists v € U with Tu = Qz, for which
(Tu,Qz)z = (u, z) z:xz with i) yields éii). Finally, iii) = i) is clear using (3.9)
and (3.11). O

Corollary 3.7. Let ZN, Z be separable Hilbert spaces. Let U; C ZN, i €N,
and W C Z be closed subspaces. Let T € L(Z,W) be given by (3.9). Set
ki =Xz, (Ui, W), i € N. Assume further

(Tui,Tuj>g =0= (ui,uj)g Yu,; € Ui,uj S Uj,i #] (3.12)

Then Kz, (3 ien Ui W) > infien k.



Proof. We assume k := inf,enyk; > 0, as the statement is trivial otherwise.
Since any u € Y,y Us has the form u = 3, u; with (unique) u; € U; \ {0},
i € N, we have using (3.12) and Proposition 3.5 “ii) = )"

ITulz =) 1Tuilz 2 ) wfluilly 2w Juilly = w2[lull3-

i€N €N €N
Using Proposition 3.5 “i) = i1)” shows the claim. O

Corollary 3.8. Let 21-, Z;, 1= 1,2, be separable Hilbert spaces. Let U; C Z!
and W; C Z;, i = 1,2, be subspaces. Set k; == Kz (U;, Wy), i = 1,2.

ZiXZ;
Then JC(§1®Z~2)X(ZI®ZZ)(U1®U2,W1®W2) > K1kg and 5{(§1X§2)X(21X22)(U1 X
UQ,Wl X WQ) > K1+ Ka.

Proof. The proof follows similarly to Corollary 3.7 from Proposition 3.5. O

We now formulate and prove a result which will allow the construction of stable
finite element spaces for solving (2.11). We note that for the presented proof it
is essential that as(+,-) is symmetric and elliptic in the sense of Assumption 2.1.
We write O, := {Oyu € L*(J; V') : u € U} for any subspace U C X.

Theorem 3.9. Let Assumption 2.1 hold. There exists a constant ¢ > 0, only
dependent on ay(+,-), s.t. the inf-sup condition (3.1) holds with vy v > ck1 > 0
for all closed subspacesU C X,V =V x Vo C Y satisfying

1. k1 = Kyrxy, (0, V1) > 0,
2. U CVy,
3. Uy =A{ul_g:ucld} SV, .
Proof. On the set Z := Z; X Z5 := Y1 X Vo we consider (-,-)z defined by

(,3)2 ::/at(zl(t),zl(t))dt—i—<2:2,22)H Vi Fe Z. (3.13)
J

By Assumption 2.1, (-,-)z is a scalar product, (Z,(-,-)z) is a Hilbert space,
and the induced norm |-||z is equivalent to |-y, and similarly for the du-
als Z’ and )’. In particular, k1 := Kzixz, (Owld, V1) > ¢rywith the pairing
(O, 21) 2152z, = [;(0r(t), 21(t))vixvdt, © € X, z1 € 21, for a constant ¢ > 0
only depending on a;(-,-). Let T : X — V C Z be given by

(Tx,v)z = (x,v)xxz = (Bx)(v) Vre X,vel. (3.14)

Note that (-, )xxz : X x £ — R is bilinear and continuous, and thus 7' is
well-defined, see Remark 3.6. Define [ : X — Z by Iz := (x,2(0)) € Z, x € X,
which is well-defined, since z(0) € H (see (2.8)) and X C ).

Let w € U be arbitrary. Since for a.e. t € J there holds (Qyu(t), u(t))v/xv =
20 ||u(t)||3;, from (3.14) we obtain

2(Tu, Tu)z = |lull%, + [[Tul|Z + |u(Tena) - (3.15)
Due tod € V; and U|,_, € V> we have IU{ C V. Thus, (3.14) yields

Tu—1 Opu,v1) 21 % 2,
ITu—Tuz = sup SLe—Twviz o O ozixz

Z Elnatu”Ziv
veV\{0} vl = veV\{0} [v]l 2



from which we obtain with (3.15)

> e |lul%,

|Tull% > [ Tu = Tullz + [lul%, > s3[0wulZ; + llul%,

where ¢ > 0 depends only on a;(-, -) due to norm equivalences ||-| z; ~ [|-[|y; and
[Illz, ~ ||-lly, and by definition of ¢ > 0. As u € U was arbitrary, Proposition 3.5
“4) = ii)” shows Ky xy(U,V) > ck1, which is (see Example 3.4) the claim. O

Example 3.10. Theorem 3.9 applies to the pairUd := X,V : =), in which case
we have k1 = 1.

We will apply Theorem 3.9 in a setting described more closely by the following
proposition. For a subspace E C H'(J) we write £/ := {¢’ € L?(J):e € E},
where ¢’ € L?(J) denotes the distributional derivative of e € H*(.J).

Proposition 3.11. Let E, C H'(J), Fr, C L?(J), k € Ng, and U, C V',
Ve CV, ¢ e Ny, be closed subspaces. Assume that (Up)een, and (Vi)een, are
nested, that is Uy C Upyy and Vy; € Vpgq, £ € Ny. Set

T = kigIgUKLzu)xﬁu)(E;’ka) and n:=ei€n§09<vrxv(Ue,W)-

Let L € Ny. Define the subspacestd C X and V1 C Y1 by

U = Z E, Uy, and Vy:= Z I, @ Ve, (3-16)
0<k+L<L 0<k+£<L

where k, € range over No. Then Ky y, (0, V1) > nt.

Proof. Consider the auxiliary space ]71 = ZO<k+€<L B, ® Ve C ). The claim
follows using Proposition 3.5, (3.10), once 7 = j(:y_{xyl (O, V1) > n and 7 :=
Ky, xy, (171, V1) > 7 are established. To see 77 > 7, consider T : )| — 171, given
by

(Tt B1)y, vy = (W1, 01y xy YY1 € Old, By € V.

Since Uy C Upy1 and Vy C Vpyq, £ € Ny, defining

k—1 Loz
Go:=E; and G :E,Qﬁ(U E,@) Vk e N
k=0

we have OU = Zi:o Gr @ Up_j and V) = Zé:o Gr ® Vi_;. Note that
Gr Lr2(5) Gw for all nonnegative integers k < k' < L. In particular, for
all k=0,1,...,L we have T(Gy @ Ur,—x) C G ® V,_j. Using Lemma 3.8 and
Lemma 3.7 we obtain 77 > 7. Lastly, 7 > 7 follows easily from (3.8). O

4 Discrete weighted least squares formulation
In order to describe the discretization and the solution process for (2.11), we

assume that we are given operators NV : Y — V" and M : X — X’ such that
(,9n = (N, )yrxy is a scalar product on Y and (-, ) 1= (M-, Yxrxx is



a scalar product on X. We assume that the induced norms ||-||ar and ||| am
provide equivalent norms to ||-||y and [|-||x, i.e.,

ddn, Dy > 0: dy|lvlly < |v|lx < Dallv]ly Yo ey (4.1)
and
Fdp, Dpg >0 dullullx < Jullm < Dumllul|lx Ve € X (4.2)

Throughout this section we will assume that &/ C X and V C ) are closed
subspaces s.t. the inf-sup condition (3.1) holds. Let M := dimU € N U {oc}
and N :=dimV € NU{oc} be the dimensions of &/ and V. Let {¢ } ey CU
and {9 },e(n) C V be bases. We define (possibly bi- or semi-infinite) matrices
N € RVXN B € RVXM and M € RM*M by

Nn’,n = (an)(wnf), Bn,m = (B¢m)(1/’n)a Mm,m’ = (M¢m’)(¢m)a (4-3)

n,n’ € [N], m,m’ € [M], and f € R" as the (possibly infinite) column vector
with components f,, := f(¢,), n € [N]. We call B the system matriz and f
the load vector w.r.t. the chosen bases. The norm equivalences (4.1)—(4.2) can
be restated by saying that the synthesis operators J : £ ([N]) — V, defined
by Jv =32, c v Vatn for all v € (X ([N]), and T : (3;([M]) — U, defined by

Iw =3 e Wm®m for all w € 23,([M]) are (quasi-isometric) isomorphisms.

Example 4.1. Define M : X — X' as the Riesz operator, characterized by
(Mu, vy x = (u,u')x for allu,u’ € X. Then ||-[|m = ||| x-

Example 4.2. Assume {1y, }ncn] can be rescaled to a Riesz basis (Christensen,
2003) for Y, i.e., there exist constants 0 < X < A s.t.

2

tn
A7 ) < Zvnm <AvlB ) YV € C(IN]). (4.4)
n€[N] v

Define N = Y = V' by (Nn, ¥ )yrxy = Snnrcnl|tbnll3, n,n' € [N], where
¢y, > 0 are constants with 0 < ¢ := infne[N] cn < SUP,e[n] Cn =: € < 00. Then
N € RV*N s q nonnegative diagonal matriz. Note that (4.4) implies

MelvIh < 1TvI3 < Adlviii v € (V).

and thus the norm equivalence (4.1) holds with dyr = \/¢/A, Dy = +/¢/\. This

renders Riesz bases particularly well-suited for what follows.

Example 4.3. This example is motivated by the well-known BPX (Bramble
et al., 1990) operator, cf. (Xu, 1992, Section 5). Let {0} =V_1 CV, C Vpyq1 C
V' be closed, nested subspaces, s.t. UeENng is dense in V. Let Qy : 'V —
Vo (Vy_y)*+#, ¢ € Ng be the H-orthogonal projector. Assume, 0 < dy < Dy
are constants s.t.

voeV: dvluld < Y 22Qul% < Dyllvlly
¢eNg

10



Then, as in (Oswald, 1998, Lemma 1) it follows that also

VoeV: Dyt ollt < >0 27 Qe E < dytlofl3
£eNy

Further, let B, C HY(J), k € Ny, be closed subspaces s.t. Uken, £x is dense in
HY(J) and Py : H'(J) — Ey, k € Ny, be linear projectors satisfying Py P = 0
for all nonnegative integers k # k'. Assume that with constants 0 < dg < Dg,
where E € {L2(J), H'(J)}, for all e € H(J) there holds

dplleln < Y 22| Prelfa(s) < Dilleln  for

{t =0,E = L2(J)
keNg

t=1,E=H'(J).
Consider the operators M+ and M~, defined on H (J) @V by

ME=3"% (2 4 222 pow Q..

keNg £eNg
It can be easily checked that

1. M™* extends continuously to an operator M € L(X,X") s.t. with dyp ~
min{sz(‘])dv,dHl(J)D‘jl} and DM ~ max{DLz(J)DV,DH1(J)d‘_,1} the
norm equivalence (4.2) holds up to constants of the equivalence ||-||3 ~

H'”%%J;V) + H'”%{l(J;V/)‘
2. M~ extends continuously to the inverse of M.

3. As in (4.3), let My € RMXM qnd My € RM*M pe the matrices with
components given by (ME ¢y )(dm) and (bp, dm)r2(s;m), respectively.
Then M;' = My 'M_M;'.

Therefore, the inverse of the matrix M = My of the operator M can be effi-
ciently applied to a vector, as required by Algorithm 4.5. Similarly, an operator
N e L,V satisfying (4.1) can be constructed.

Proposition 4.4. LetUd C X,V C Y be closed subspaces satisfying the inf-sup
condition (3.1). Assume norm equivalences (4.1)=(4.2). Let N, B and M be
defined by (4.3). There holds

Y,y - _|Bulln-r _ = Bl 2
i =7 S - N'i=——7 VYu c V4 M 0}. 4.5
DD [[ulln dnrdam m(MD {0} (45)

IN

Moreover, with MT/2M'Y2 := M and NT/2N'/2 := N, we have
s 1= (M~ T2BTN"'BM~/?) <T/7. (4.6)
Further, there is a unique minimizer 0’ € (3,;([M]) of
find w € G3([M]) st |Bw—f|n -~ min (4.7)

and u' :=Tu’ € U satisfies (3.3) with |- := |||

11



Proof. Note that (4.5) implies that for any singular value o of the matrix
N-T/2BM~/2 we have 0 < 7 < ¢ < I' < oo, from which (4.6) follows at
once. To see (4.5), let u € £3,([M]) \ {0}, and v := Zu € Y. Then

|Bulln vBu (Bu)(v)
— = sup —————— = sup o,
Tullt  vee v oy TallVIN — vewnioy Tullaloln

which, using (4.1)—(4.2) and (3.1) yields (4.5). Finally, existence and uniqueness
of a minimizer of (4.7) can be easily checked using (4.6), and equivalence to (3.3)
is seen from the identity

T(Bw-—f BT _
HBW — fHN*l = sup w — sup |( W)(”) f(’U)|
vei(np\foy  [[VIw veV\{0} [v]ln
for all w € RM with ||[w|/m < oo by definition of B, f and N. 0

Note that the solution u’ € RM to (4.7) is the unique minimizer of
IN“T/2BM~Y/20 — N~ T/%f||, 5 min  with u := M2y, (4.8)
and, equivalently, solves the normal equations
M~ 2B'NTIBM Y20 =M~ T/2B N7 with @ = MY/, (4.9)

where the preconditioned matrix is symmetric positive definite with condition
number 3¢ bounded by means of (4.6). While the conjugate gradient (CG) algo-
rithm can be applied to (4.9), we adapt the analytically equivalent least squares
algorithm based on bidiagonalization of Paige & Saunders (1982). The method
can be reformulated to require the computation of the action of M~! and N~!
only (Benbow, 1999, Section 4.3), i.e., no Cholesky (or similar) decomposition
of M or N needs to be computed. Since this formulation is not very well known
we give the complete algorithm below.

Algorithm 4.5 (Generalized least squares). For B € RV*M N M ¢ N,
N > M, of full rank, M € RM*M gnd N € RV*N 5.p.d., f € RY
approzimate solution w;= € RM to (4.7)

, returns an

1. (a) (v1,v1,P1) := NORMALIZE(f, N)
(b) (uy,11,a1) := NORMALIZE(B vy, M)
(c) di :==u1, wo:=0, ¢1 = P, p1 =

2. Fori=1,2,...,1* do the following steps (or until convergence)
(a) (Vig1,Vig1, Bit1) := NORMALIZE(Bu; — o;v;, N)

(b) (ui+1, ile_l, ai+1) = NORMALIZE(BTVH_l — 6i+lﬁi7 M)

(¢) pi=\/P; + By, cii= pi/pis si = Biy1/pi

(d) Oiv1:= siqit1, Pit1 = —CiQiy1, Qi = Ciézﬁ (Ei—i-l = Sz'q;i
(e) Wi :=wi_1+ (¢i/pi)di, dig1 = i1 — (0i11/pi)d;

NORMALIZE : RE x REXK 5 (5 8) 1 (2,2, 2) € RE x RE x R, with S s.p.d.

12



1. Solve Ss* =s for s*. Set z :== Vs's* and (z,z) := (27 's*, 27 !s)

In exact arithmetic, the CG algorithm applied to (4.9) produces after k steps
an approximate solution wj, € R™ with |M'/2w;, — M'/?u’|y < CB*, where
8 = \/‘/;ZZ:, u’ € RM is the exact minimizer of (4.7), and sz is the condition
number given in (4.6), see (Golub & Van Loan, 1996, Theorem 10.2.6). Hence,
with wy, :=Iwy € Y and v’ :=Tu’ € U, we have ||wy, — v ||x ~ [[wi —u'||m <
Cp*. If M < oo, then w)y is the exact solution to (4.7), which is independent
of M, and we may assume dp; = 1 = Dy using Example 4.1. Combining with
Theorem 3.1, we obtain the following result.

Proposition 4.6. LetU C X, V C Y be closed subspaces satisfying the inf-sup
condition (3.1). Assume norm equivalences (4.1)~(4.2). Let wy € RM be the
k-th iterate of Algorithm 4.5 applied to the tuple (B,M,N,f), andu := B~'f €
X. Then wy :=Iwy € U salisfies

Ju—willx < C(F* + inf u—wlx), 0<F<1, C>0  (410)

where 5 and C only depend on the ratios 'Y;{}\;HB”L(X,)}’), dx' Dy, and dyf D .
If M < oo, then wyy satisfies (4.10) with 8 =0 and a C > 0 independent of M.

5 Space-time tensor product spaces

For the purpose of this section assume we are given a sequence of nested sub-
spaces By, C Err1 C HY(J), k € Ng, and V; C V1 C V, £ € Ny, such that
> ke, Bk is dense in H'(J) and ), Vi is dense in V. For each L, AL € Ng
and p € R U {oo} (with the convention oo - 0 = 0) we define

rrp) full tensor product spaces L{ép) C X and Vép)AL C Y by

U= 3 EoVi Via= > (Bear®V)xVe (51)
0<k,pl<L 0<k,pl<L

sTP) sparse tensor product spaces ﬁép) C X and 92"2 ;, C YV by

U= 3" EeoVi, VWiio= Y (Bgar®V)xV (52)
0<k+pl<L 0<k+pt<L

where k, ¢ € Ny in all cases. The choice of p is discussed in Section 5.1.

5.1 Convergence rates

In this section we comment on convergence rates that can be expected for the
Galerkin least squares solution (3.3) due to the quasi-optimality estimate (3.4).
To state these, we assume existence of one-parametric families of Hilbert spaces
G' C Gt >0, st (G°GY) = (L?(J),HY(J)) and W* C W~ s > —1,
st. (WL WO W) = (V/,H,V). Further we assume existence of projectors
Py : L*(J) = Eg, k € Ng, and Q, : V' — V;, £ € Ny, with the properties

I1d —Prll g gy S 27970 and  |Td —Qell pwer ey S 274 79/
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forall0 <t <t*and —1 < s < ¢* with some t* > 1, s* > 1 and “order” 2m > 0
of the operator a;(-,-). For simplicity, and in order to relate to the numerical
experiments below, we specialize on the case dim Ej, ~ 2%, dim V; ~ 2%, d € N.
For sufficiently smooth solutions we will see the predicted convergence rates
confirmed in the numerical examples in Section 7 with W~! = H=Y(D), W° =
L?(D) and W* = H*(D) N H}(D), s > 1.

5.1.1 Full tensor product spaces
For k=L, { =max{f € Ny : pl < L}, L € Ny we obtain
1d —Py © Qell £ o gramwe) S 27FE 70 4 274" =9)/m < (qimy ()"

with an admissible rate r > 0 to be determined. The choice p = %

equilibrates the two errors, in which case we find the admissible values

) 1 for GtoWs=L*J)®@H
r< —mm — =¢2 for GtoWs=L*(J)eV (5.3)
1 + dm 3
L 3 for GtoW?*=H (J)eV’,
while the choice p = 1 yields
. . 1 for GtoW?®=L*J)®H
r< §min{t* _— %} =L for GreWS=ILA)®V  (54)
i for GtoWs=H (J)aV'

In both cases we have set t* =s*=2,d=1and m = 1.

5.1.2 Sparse tensor product spaces

For L € Ny, p € R>g U {oo} consider the sparse tensor projector Q(Lp) =
>o0<krpe<r (@i — Qu-1) ® (Pr — Pr—1). Inthe case t* = s* =2, d=1,m=1
and p = 1 we may choose any r < 1 to obtain

() GtoWs=L*(J)oV
HId*Q(Lp)Hz:(Gt*@Ws*,Gt@Ws) < (dimU”)™" for {Gt DT — Hl((J)) 2
by standard arguments, and ||1d —Qrl| ;g gw s+ x) S (dimLA{g)))*’” by com-
bining the two cases. Compared to the full tensor case (5.4) the approximation
rate attainable for smooth solutions is therefore nearly doubled, cf. (5.4). More
generally, spaces of the form given in Remark 6.4 need to be used. For a detailed
discussion we refer to (Schwab & Stevenson, 2009, Section 7).

5.2 Hierarchic tensor product Riesz bases

Let VY, k € Ny, and V7, £ € Ny, be index sets s.t. {0y : A € Uk'gk VO}is a
basis for Ex, k € No and {0y, : p € Up <, V&1 is a basis for V4, £ € Ng. Then
O := {0x}rcve is a basis for H'(J) and ¥ := {0, },cv= is a basis for V, where
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Ve = Uren, VP and V* = Uren, V7 Defining, for each L, AL € No and
p € R>g U {00}, the index sets

(p) ._ ) = (p) . ) )
vil=J VExVE, VP = U VRarxVi
0<k,pl<L 0<k,pl<L
and
op) . e) = o) . S) »
vil= U VexVi V= U Viarx V7
0<k+pt<L 0<k+pt<L

U(p) is spanned by A @0, (A, p) € V(Lp), and Vép)AL is spanned by (0r®0,,0,),

(A ) € VL ‘A W € Uucp Vi, similarly for UL and VL N

We have indicated in Example 4.1 and Example 4.2 how ‘suitable operators N
and M satisfying (4.1)—(4.2) can be obtained. For the rest of the paper, we
focus on the construction relying on Riesz bases.

Assumption 5.1. The collection ¥ C V' can be rescaled to a Riesz basis for H,
similarly for V. The collection © can be rescaled to a Riesz basis for L*(J).

With this assumption, it is easy to see that the collection

0
(mreotem )} Ao, 69
10zl L2y llowllv () EVO X TS lowlle ) ) evs

is a Riesz basis for ). From this, we construct N as in Example 4.2.

Assumption 5.2. In addition to Assumption 5.1, X C V can be rescaled to a
Riesz basis for V', and © C H(J) can be rescaled to a Riesz basis for H'(J).

Under Assumption 5.2, (Griebel & Oswald, 1995, Proposition 1&2) imply that
the collection {C)\ O\ @0, (\pu) € VO x VE}, where ¢, = [|0,l% 0.3 +

HQAH%TI(‘]) lloull3, is a Riesz basis for X. From this, we construct M analogously
to Example 4.2.

Remark 5.3. Piecewise polynomial bases on triangulations satisfying Assump-
tion 5.1 have been constructed in e.g. (Nguyen, 2005), and bases on an interval
satisfying Assumption 5.2 in e.g. (Donovan et al., 1996). However, the require-
ments of Assumption 5.2 remain, from the practical point of view, much stronger
than those of Assumption 5.1. This issue has been addressed in (Stevenson &
Chegini, 2010) and in Example 4.3, for more details we refer to a forthcoming
work (Andreev, ip). We emphasize, however, that M and N assume differ-
ent roles in the resolution of the discrete weighted least squares problem (4.7).
While N ensures well-posedness and the quality of the exact solution wvia the
quasi-optimality estimate (3.4), M acts mainly as a preconditioner: the exact
solution of (4.7) corresponds to the exact solution of (3.4) with constants ¢ and
C determined by the choice of N.

5.3 Parametric representation

For each L,AL € Ny, p € R>o U {oo} we call B(LP)AL and ﬁ(Lp)AL the system

matrices corresponding to the pairs (I} () Vé’? )A ) and (U ép ), Vép )A 1), constructed
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as in (4.3) w.r.t. the unscaled tensor product bases, e.g.

B(0x® 0,), (Ox © 0,0, 0)yy) A
(( ( A M) ( A 12 ))y XYy (/\/aH’)EV(LP,)AU()\»H)EViP) ) (56)

E(LP)AL -
: (0x(0){oy, J#/>H)M/EUPZ<L VS, (A eT )

Similarly, the load vectors are given by

F,(0n ® 0,,0))+, ) )
(< ( A 1% )>y XYy (A/”u/)evip’)AL , (57)

/fép)AL =
. (<h’0“'>H)H’€UngL vz

and fép )A ;, analogously, replacing v by V. For notational convenience, in an

expression like N_—'—/QI/Z’\)(LP)ALM_U2 we implicitly restrict M and N to the in-

dices ﬁ(Lp) and ﬁ(L‘t)AL X UpZSL V%, respectively. We denote by u(L‘t)AL, u(L‘t)AL =

Iu(L’J7)A ;, and ﬁ(Lp, )A L E(L’J’)A = Iﬁ(Lp’)A ;, the corresponding discrete Galerkin least

squares solutions of the minimization problem (4.7), where N is defined as in
(4.3) w.r.t. respective bases.

6 Application to heat conduction

In this section we discuss one specific construction of subspaces E, C H(J),
k € Ny, and V;, C V, £ € Ny, from which we proceed to define Z/lép), ép)AL and

ﬁép ), 172’3 )A ;, as in Section 5. These are shown in Proposition 6.3 to satisfy the
inf-sup condition (3.1) uniformly in the choice of L, AL € Ny, p € R>o U {c0}.

6.1 Temporal discretization

We define the subspaces Er, C H'(J), k € Ny, consisting of all continuous,
piecewise affine functions w.r.t. a uniform partition 7 := {tk := nhk}%ljol cJ,
where hy, := Tona2~ #11) | of the interval J into 281! subintervals. In particular,
dim By, = 21 + 1 and dim Ej, = 21 for all k € Np.

PI‘OpOSitiOl’l 6.1. For all Ak € Np: infkeNo KLZ(J) (E;C, EkJrAk) >1-— 2~ Ak,

Proof. The proof is provided in Appendix A. O

6.2 Spatial discretization

For the concrete example Example 2.2 of heat conduction we assume first that
D c R? is a bounded open polytope with a polyhedral boundary. We assume
that we are given a sequence of nested triangulations 7y, £ € Ny, of D and define
V, C V := H§(D), £ € Ny, as the space of piecewise polynomial continuous
functions on D w.r.t. 7, and in particular V;, C Vyyq, £ € Ng. We make the
following assumption on the sequence V;, £ € Ng.

Assumption 6.2. The L*(D)-orthogonal projector Qu : L*(D) — Vj is stable

in HY(D) uniformly in ¢ € Ny, i.e., SUPgen, SUPyev {0} % =1 < 0.

16



For piecewise linear continuous functions w.r.t. quasi-uniform triangulations
{T¢}een,, among others, this assumption is indeed satisfied, see e.g. (Bramble
et al., 2002). From the results in Section 3, we obtain the following.

Proposition 6.3. Let Assumption 6.2 hold. Let AL € N. For any pair of sub-
spaces (U,V) € {(uﬁp),vﬁh), (Uép),Vg:)AL)}LeNO the inf-sup condition (3.1)
holds with v,y > T, where 7 =1 — 272L and n > 0 is as in Assumption 6.2.

Proof. By Proposition 6.1, we have Xpr2(5)xr2(s) (£, Exyar) > 7 = 1 —
27AL TLet n > 0 be as in Assumption 6.2. By Proposition 3.5, iii) = i),
infren, Kvixv (Ve, V) > 1. The claim follows from Proposition 3.11. ([

Remark 6.4. The result remains valid for spaces of the formU = ?:l\épl) JrZ)épZ)
and V = V¥V, + V¥, with AL € N and p1, pa € Rxo U {00}

6.3 Biorthogonal spline wavelet bases

As anticipated in Section 5, in order to obtain efficient preconditioners for (4.7),
we will employ Riesz bases. We give a simple construction on the interval here.
For more general constructions see (Primbs, 2010) and references therein.

Set V§ = {(n,0)}2_,, and for k € N define V = {(n, k) : n < 2¥+! odd}. For

each A = (n, k) € V9 with k € N, let 6, € H'(J) be the piecewise (w.r.t. Tx)
affine function which attains the values

T .

Ox(ty_1) (0, =5, %)T Btn1 =0
WG ) =4 b it~ T

OA(thi1) (3,1, %)T else,

and zero at all other nodes. For A = (n,0) € V we define 0y as the standard
nodal interpolant s.t. 0, o) (%)) = Opps, with linear interpolation in between.
The collection {0 : A € Vi, k € No} C H'(J) consists of biorthogonal piecewise
linear spline wavelets and can be rescaled to a Riesz basis for the spaces for
L2(J), similarly for H'(.J), we refer to (Han & Shen, 2006), and thus satisfy
Assumption 5.1-5.2.

In order to describe the basis for the space V', we specialize on the case that the
spatial domain D is the interval D = (—1,1) C R. Extension to product domains
of the form (—1,1)% is straightforward; for more general constructions we refer
to (Urban, 2009) and references therein. Here, we employ the same biorthogonal
spline wavelet basis for the spatial discretization as in the temporal direction,
adapting it slightly to conform with the homogeneous boundary conditions of
V = H}(D). Thus, we set V3 := {(1,0)} and V} := {(n, k) : n < 28! odd}
for £ € N and let the collection {O’u}uevf C V be the obvious adaptation of
the functions {#x} cve to the interval D for each k € No.

The collection ¥ satisfies Assumption 5.1, but fails to satisfy Assumption 5.2.
As discussed in Remark 5.3 this, however, is not critical for what follows. In
fact, measuring the Riesz basis constants w.r.t. [|-[|v+ for {o4},cv» normalized
in V' reveals that they deteriorate only moderately with k.
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7 Numerical examples

In this section we complement the theory of previous sections by numerical
examples, which demonstrate the efficiency of the proposed space-time wavelet
discretization scheme and the potential of the sparse space-time Galerkin least
squares method.

7.1 Preconditioning

We set ¢ = 1 and Tepg = 2 in (2.2)—(2.4), and measure the extreme singular
values of the preconditioned system matrix N_T/2B(L”)ALM_1/2 for AL € {0,1}.
We set p = oo, i.e., the spatial discretization is keptyﬁxed at ¢ = 0. Figure 7.1
illustrates that the introduction of an additional time discretization level in the
test space Vép )A ;, by choosing AL = 1 renders the system (4.9) well-conditioned
uniformly in Le Np. Note that the condition number increases exponentially

as L — oo for AL = 0 as the temporal resolution is increased, as was already
indicated in (Babuska & Janik, 1990, Theorem 2.2.1).

10 10
10° 10°

. 1
10 — 10
10 \\ 10°

~
—e— Continuity constant] \\ —e— Continuity constant]

[ [=—Inf-sup constant _[[==Inf-sup constant

107 107
o 1 2 3 4 6 7 8 9 10 o 1 2 3 4 6 7 8 9 10

5
L

Figure 7.1: Maximal (“continuity constant”) and minimal (“inf-sup constant”)

singular values of the preconditioned system matrix B(L’i )A ;, on different dis-
cretization levels L € Ny for p = oo with AL =0 (left) and AL =1 (right).

7.2 Smooth solution

We consider the heat equation with the solution u(t, z) = cos(xw/2)e™t, (t,z) €
J x D, where J = (0,Tuna) with Teng = 2. The initial condition u(0,-) is in
H}(D), and the solution is in H*" (J)®(H*" (D)NHg (D)) for arbitrary t*, s* > 1,
in particular for ¢* = s* = 2. For the definition of Uép) and VE’T)AL in (5.1) we

set AL = 1. We measure the error of the Galerkin least squares solution u(Lp )A I
for various L € Ny in the space L?(J, H}(D)) for p € {1,1} and, in addition
the error of the solution in L?(.J, L?>(D)) and the error in the initial condition in
L3(D) for p = 1. The results are shown in Figure 7.2. For p = 1 we recover the
rates given in (5.4), and for p = 3 we recover the rate given in (5.3). The error
in the initial condition decays with rate one w.r.t. the total number of degrees
of freedom.
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Figure 7.2: Convergence of the Galerkin least squares solution u(Lp)A ;, in different

norms for a smooth problem from Section 7.2 with p = 1 (left) and p = %
(right).

7.3 Non-smooth coefficient

We consider equation (2.2)-(2.4) on J x D = (0, Tena) X (—1,1), Tena = 2 with
r.hs. g = 1, initial condition h = 0 and the piecewise constant ¢ € L>(J x
D) given by q(t,z) = 1 — isign(2+2—2t), (t,z) € J x D. Weset p =1
and AL = 1, and compute the Galerkin least squares solution u(Lp )A ; for L €

{0,...,7} using Matlab’s solver 1sqr applied to (4.8) with relative residual

tolerance 10719, The last solution u(7p )A ; is then used as the reference solution.

The errors u(Lp,)AL — ugf’)AL estimated in X using the norm equivalence (4.2),

and measured in L?(J, H}(D)) and L?(J, L?(D)) are shown in Figure 7.3 (left)
for L € {0,...,6}, together with the L?(D) error in the initial condition. All
four converge; the rate, however, suffers from the low regularity of the solution.
Timings of various algorithmic components for the computation of u(Lp)A ; as
function of the total number of degrees of freedom are shown in Figlire 7.3

(right). As L increases, the time for the assembly of the right hand side fé’j )A I

and for the assembly of the system matrix B(Lp )A 1, which is done in parallel
on 16 processes, scales linearly in the number of degrees of freedom, while the
parallelization overhead in the assembly of the system matrix is visible for small
L. Similarly, time per iteration of the least squares solver scales linearly in the
number of degrees of freedom.

7.4 Nonsmooth initial data

In this example we choose the initial data h € L*(D) \ H*(D), namely h(z) :=
X(-1,00 (=2 —1)+x(0,1)(—2+1),a.e.x € D,aswellas g = 1 and ¢ = 1. Using the
Fourier series expansion of h it is easy to check that h € HY/?=¢(D)\ H'/?(D) for
any € € (0,1), and the solution u does not belong to H'(J)® (H*(D)NH{(D)).
With p = 1 and AL = 1 in (5.1), the numerical solution converges slowly in
X, while for the initial data we obtain the optimal convergence rate 1/4 in the
total number of degrees of freedom, see Figure 7.4. Similar behavior arises for
an incompatible initial data h € HY(D) \ H}(D).
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Figure 7.3: Left: Estimated errors of the Galerkin least squares solution for
a non-smooth diffusion coefficient g, see Section 7.3. Right: Timings of the

application of 1sqr, assembly of the system matrix B(Lp )A 1, the load vector

f(Lp )A ;, and of one iteration of 1sqr as function of the total number of degrees of
freedom for the example in Section 7.3.
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10 —e—Error in & \

—e—Error in L2(J, H}(D))
—+—Error in L2(J, L*(D))

- » -TInitial condition error in L?(D)
T T

10" 2 3 4

10 1
Total number of degrees of freedom

Figure 7.4: Estimated errors of the Galerkin least squares solution (left), and

the solution (right) to (2.2)—(2.4) with ¢ = 1, ¢ = 1 and a nonsmooth initial
data h ¢ Hg(D), see Section 7.4.
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7.5 Sparse space-time tensor product

We choose Teng = 2, ¢ = 1and h = 0, and g(t, ) = sin(7t/2)? cos(z+cos(nt/2)),
(t,x) € J x D. The corresponding solution to (2.2)—(2.4) is displayed in Figure

7.5 (right). We set p = 1, AL = 1 and estimate the error in X of the full

tensor product (FTP) Galerkin least squares solution u(Lp )A ;, and the sparse

tensor product (STP) Galerkin least squares solution ag?A ; for L e{0,...,6}.
(p)

To do so, we use Up Ap, 88 the reference solution and estimate the error in X
using the norm equivalence (4.2). The results are shown in Figure 7.5 (left). In
accordance with Section 5.1 we obtain the convergence rate 1/2 w.r.t. the total
number of degrees of freedom in the FTP case and a rate which approaches one
as L is increased in the STP case. For L = 6 the number of degrees of freedom
used for the STP solution is over one order of magnitude smaller than for the
FTP solution, without significant loss in accuracy.

- - -Rate 1/2
10 —«—FTP, error in X' 08
== Rate 1

O\ —e—STP, error in X 06

10 ~ < 0.1
\; . \\ N
08 0.05
10' 10° 10° 10° -t

Total number of degrees of freedom 0 08 : s 2

Figure 7.5: Estimated errors of the Galerkin least squares solutions u(Lp )A . (FTP)

and E(L’J’)AL (STP) (left), and the solution (right) to (2.2)-(2.4) with ¢ = 1,
h=0,p=1, AL =1 and a nonseparable source g as in Section 7.5.

8 Conclusions

For a class of linear parabolic equation we have proposed a finite element space-
time sparse discretization, which reduces the problem to a finite, overdetermined
linear system of equations in the generic case of the test space being sufficiently
fine compared to the trial space. The scheme allows for space-time sparse trial
and test spaces which potentially leads to a substantial reduction in the com-
putational cost. We prove discrete stability of this discretization scheme. The
corresponding normal equations can be efficiently preconditioned, e.g. by means
of appropriate Riesz bases or based on the well-known BPX operator. The cor-
responding Galerkin least squares solution is shown to converge quasi-optimally
to the continuous solution in the natural space for the original equation. The
presented numerical examples illustrate and confirm the theory, but also expose
some limitations, calling for space-time adaptive algorithms to capture singu-
larities arising at the boundaries of the space-time cylinder.

In order to apply the presented Galerkin least squares discretization scheme to
linear parabolic equations with more general generators satisfying the Garding
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inequality, it suffices to generalize Theorem 3.9 to include that case. Finally,
we remark that we have specialized in Section 5 on finite element test and trial
spaces that consist of functions continuous in time; this is not essential, since
for a conforming method, only temporal continuity in the test space is expected.
For more details on these remarks we refer to future work (Andreev, ip).

Numerous helpful comments on preliminary versions of this paper by Christoph
Schwab, the anonymous referees, and several others are gratefully acknowledged.
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A Proof of Proposition 6.1

We show: for all integers K > k > 0 and all e € E},

2
1
flle — flI2a < 27EF) [ 1e/]12, ——/’ Al
flenE e’ f”L (J) le"ll7 =T Je ) (A1)

with J = (0,7) C R, and the estimate is sharp. From this, (6.1) then follows
using the characterization (3.8). Let

VEeNo: Tp={0=tf<th <. th <th =T} (A.2)

be the equidistant partition of J where Ny := dim Ej, — 2. Note that an L?(J)-
orthonormal basis for Ej, is given by the indicator functions x* := hil/QX(tk )
n=0,...,Ng, where hj, := 5 17 +1 Fix arbitrary k € Ng and e € E, C H(J).

Obviously, e’ € L?(J) is a piecewise constant function w.r.t. the partition 7z
for any integer K > k, and thus

NK NK
=) ey and €Ty =Y len P with {ef ) C R
n=0 n=0

We denote the jump of e’ at any interior node tX € Tx N .J by
K = (tE4) — e/ (tK—) where ¢/(t+):= 1}3%6/(15 +h), VtelJ

and let 8% = (§5)V € RVx denote the vector collectlng the jumps of ¢/. We
can estimate the sum of squares of the jumps of ¢’ in the interior of J by

16513 = 1613 < 42 lebx 13y = 2 (ebx§lEm ) + e X 13 )

i
= h—kl\e’l\%m) = 2(|e'(0+)]* + [e'(T-)) (A-3)

and the estimate is easily seen to be sharp for ¢ = ck(—1)". Let now K € Ny,
K > k be fixed. Having (A.3) in mind, we write § := §¥ for short. In order to
estimate the L.h.s. of the assertion we construct a basis for the L?(.J)-orthogonal
complement Cx of Ex in Ex + EY, i.e., Ex + E = Ex © Ck with Ex L2
Ck. For that purpose, we introduce the piecewise linear discontinuous L*(R)

function
-1-3¢, -1<t<0,

Yt p(t)=q1-3t, 0<t<l1,
0, else,

which has jumps 1/2, 2, 1/2 at locations ¢t = —1,0, 1, respectively. We have
H1/)||%2(R) = 1. Moreover, ¢ is orthogonal to the integer translates of the hat
function ¢ — max{1 — |t — k|,0}, k € Z. Consider the scaled translates of 9,

{f =(/hx —n)tn=1.... Nk (A.4)
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such that ¥ is centered at tX. It follows that (A.4) is a basis for Cx with the
Gramian given by the tridiagonal matrix

1
Mf = QhKH’L/JH%Q(R)Mgw where Miﬂb =

N[ =

Note that M fw is exactly the matrix of jumps of the scaled translates (A.4) at
the interior nodes TxN.J. Let d = (d,,))%, € RV solve the equation Mfwd = 4.
Note that ||d||2 < [|d]|2, since for the spectrum of M£,, we have o(Mg,) C [1,00)
by the Gerschgorin disk theorem. Set f := ¢’ — Ziv; d, K. By definition of
d, the function f € L2(J) is piecewise linear w.r.t. the partition Tx and has
no jumps in the interior of J, thus f € Ex. In fact, f is the L?(J)-orthogonal
projection of ¢’ onto E, since (A.4) is a basis for C. Using M = ihKMfw,
ld]]2 < ||0]l2 and (A.3) we obtain

hk
4

hi

hk
le" = fll7zy =d" Mffd=—=d"6 < T||5||§ < h_kHSIHQL?(J)' (A.5)

This shows the claim if e(T') = e(0). For a general e € Ej, consider w : t —
w(t) = e(t)—e(0)—tb, 'Where b=+ (e(T) — 6(0)? =1 [, ¢/ Wehave |w'|72 ;) =
He’H%Z(J) —b*T, and infscp, |/ — f||2L2(J) =infrep, |0 +b— f||2L2(J) shows
(A.1). Retracing the steps of the proof reveals that (A.1) is sharp. This com-
pletes the proof.
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