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Abstract

A Multiscale generalized hp-Finite Element Method (MSFEM) for time harmonic wave propagation in bands
of locally periodic media of large, but finite extent, e.g., photonic crystal (PhC) bands, is presented. The
method distinguishes itself by its size robustness, i.e., to achieve a prescribed error its computational effort
does not depend on the number of periods. The proposed method shows this property for general incident
fields, including plane waves incident at a certain angle to the infinite crystal surface, and at frequencies in
and outside of the bandgap of the PhC. The proposed MSFEM is based on a precomputed problem adapted
multiscale basis. This basis incorporates a set of complex Bloch modes, the eigenfunctions of the infinite
PhC, which are modulated by macroscopic piecewise polynomials on a macroscopic FE mesh. The multiscale
basis is shown to be efficient for finite PhC bands of any size, provided that boundary effects are resolved
with a simple macroscopic boundary layer mesh. The MSFEM, constructed by combing the multiscale
basis inside the crystal with some exterior discretisation, is a special case of the Generalised Finite Element
Method (g-FEM). For the rapid evaluation of the matrix entries we introduce a size robust algorithm for
integrals of quasi-periodic micro functions and polynomial macro functions. Size robustness of the present
MSFEM in both, the number of basis functions and the computation time, is verified in extensive numerical
experiments.

Key words: Finite Photonic Crystals, Multiscale FEM, Generalised FEM, Scattering, Helmholtz equation
, Fast Quadrature of quasi-periodic functions.
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1. Introduction

Photonic crystals (PhC) structures [40] are dielectric materials with a periodic fine structure, i.e., locally
the material turns out to be the periodic repetition of the same dielectric pattern. Light injected into
the PhC is diffracted and refracted by the many dielectric scatterers arranged in the periodic arrays. The
superposition of diffraction and refraction may lead to exceptional properties of the propagation of light,
which occur especially at wavelengths comparable to the periodicity length. The light in PhC structures is
dispersive and its propagation properties depend additionally on the wavelength. Such special properties are
the localisation of light in PhC waveguides, its lossless bending around corners, its slowing down resulting in
high intensities [4, 46] or the negative refraction [62, 57], to name but a few. Several examples of applications
of PhCs can be found in [39, 75]. Periodic optical material are also used at wavelengths much larger or
much smaller than the periodicity length [16] to exploit different physical properties; however, this also poses
different challenges for numerical methods which will not be studied in the present work.

The properties of a particular PhC structure are rarely predictable with experience alone, and therefore
numerical simulations are frequently used. Those simulations have to meet the issue of resolving the waves

Email addresses: holger.brandsmeier@sam.math.ethz.ch (Holger Brandsmeier), kersten.schmidt@inria.fr (Kersten
Schmidt), schwab@math.ethz.ch (Christoph Schwab )
IThe research of this author was supported by the European Research Council under grant 247277

September 27, 2010



in the small periodic and homogeneous parts of the devices. Most of the PhC devices consist of a large
number of dielectric scatterers each of size comparable to the wavelength. Hence, their simulation by direct
application of standard discretisation schemes like the finite element method (FEM) or the finite difference
time domain method (FDTD) results in particularly high computational costs as the crystal’s cell scale has
to be resolved by the discretisation scheme. However, simplifications of the model allow to predict several
properties of engineering interest without fully scale-resolving FE computations.

A significant simplification is to study the wave propagation in an infinite crystal with the same dielectric
pattern as the finite crystal. In this model, the Floquet transform [47] is used, resulting in parametrised
eigenvalue problems on the unit cell which can be efficiently solved by various methods [11], from plane wave
expansion [41] to hp-FEM [68] and to adaptive eigenvalue solvers [25]. The solutions, called Bloch modes,
are eigenmodes in the infinite crystal and can be assembled to the well-known band diagrams. Even with
this simplified model, already quite some properties of the light propagation inside large finite PhCs and
on its interface to an homogeneous medium can be deduced from the band diagram. Predictive simulations
increase in accuracy the larger the finite crystal is.

A step further is to model the interface of an homogeneous material in one half-plane and a periodic
material in the other one. For rectangular periodicity the Floquet-Bloch transform in the direction of the
interface can be applied leading to a family of problems in an infinite strip with quasi-periodic boundary
conditions [22], where the semi-infinite periodic part can be approximated by transparent boundary conditions
for periodic waveguides [42, 17, 77]. These boundary conditions have been extended to the case of localised
perturbations of the otherwise fully periodic space where only the area of the perturbation and the unit cell
have to be discretised by a FEM [21].

Eigenmodes in localised perturbations or line “defects” inside infinite PhCs can be modelled by the
supercell approach [76, 67] leading to the same eigenvalue problems and numerical methods as for the
infinite crystal, just on a larger computational domain. An extension to PhC waveguides of finite extent in
one direction, the so called open supercell approach, has been studied in [72, 67].

With the progress in the development of photonic crystal devices, more advanced structures are stud-
ied [78] which include bends and branchings. These can be combined to form complex PhC circuits like
directional couplers [45] or Mach-Zehnder interferometers [74]. Such demanding PhC structures consist of
a finite, but large number of scatterers in which the wave propagation can hardly be predicted by model
reductions like an infinite crystal or a line defect inside an infinite crystal.

For these advanced structures, efficient high resolution algorithms to accurately simulate large finite PhC
structures are needed. A measure to compare algorithms is their efficiency, which we define in the present
work as quotient of the achieved accuracy divided by the required computational effort. Algorithms with an
efficiency independent of the number of scatterers in the PhC are desirable. We call such an algorithm size
robust and an algorithm without this property size dependent. The computational effort will be measured
either in the number of degrees of freedom (nDOF's), e.g., the number of unknowns in a linear system that
is solved in an algorithm, or in the algorithm’s CPU time. Direct application of discretisation schemes like
FEM or FDTD are unsuited for these simulations as they are fully size dependent, i.e., their computational
effort is at least proportional to the number n of scatterers. With the progress in the development of larger
and more complex PhC structures it becomes essential to have more efficient simulation methods that are
ideally size robust or are weakly size dependent with a computational effort strictly less than O(n).

In elliptic systems, for example in heat conduction or elastodynamics, the high complexity of large,
locally-periodic structures can be avoided by using homogenisation techniques [7, 59] which amounts to a
size robust discretisation method in our terminology. Applying these techniques the periodic structures can
be accurately modelled by a homogeneous material with an effective material coefficient. Similar techniques
have been applied for wave-propagation in periodic media if the periodicity lengths are much smaller than the
wavelength [30, 18]. For photonic crystals where the wavelength is of the order of the size of the periodicity
length the crystal can no longer be accurately replaced by an effective material. An effective material can,
for instance, hardly describe specific effects like bandgaps or slow light in finite PhC structures.

For the scattering on finite PhC structures, two different approaches have been proposed for numerical
simulations that are more effective compared to the direct application of FEM or FDTD. The first, originally
the scattering or S-matrix approach, applies to PhC circuits [56], that is a network of waveguides and
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localized defects like PhC bends or junctions inside a PhC background. Inside the waveguides, the solution
is represented by a finite number of (guided) modes of the infinite waveguide. The solution in each defect area
is solved independently using the waveguide modes as the incoming and out-going radiation conditions. The
efficiency of this approach can be further enhanced by using only a few Wannier functions per period [12] or
an hierarchy of Dirichlet-to-Neumann operators [34]. This (approximative) mode decomposition is intended
to gain a size-robust method; however, justifying investigations for large circuits have not been shown yet.
The second approach is to study reflection and transmission of plane waves or Gaussian beams on a finite
PhC by directly coupling plane waves to propagating and decaying Bloch modes at the surface of the crystal
[36, 38]. The methods works by approximately conserving the reflection and transmission coefficients on the
surface. To the knowledge of the authors; however, it has not yet been studied if the discretization error
remains at the same order regardless of the number of scatterers in the PhC and thus if the method is indeed
size robust. We refer to Istrate and Sargent [37] for a review of methods to calculate the eigenstates in so
called PhC heterostructures including the above mentioned PhC waveguides and finite PhCs.

In this article we will propose a numerical method in the framework of the generalised FEM (g-FEM).
The g-FEM was introduced by Babuska et. al. [79, 6] as a combination of the classical Finite Element Method
(FEM) and the Partition of Unity Method (PUFEM [54]). In contrast to many mesh-free methods with
special basis functions, the g-FEM keeps the standard FEM basis functions and uses standard meshes (in 2D
triangular or quadrilateral) to form the partition of unity. We will propose a Multiscale generalised hp-Finite
Element Method (MSFEM) for photonic crystal bands with two-scale basis functions. The fine scale basis
consists of Bloch modes whereas the coarse basis are continuous, piecewise polynomials on a macroscopic
mesh. The piecewise polynomials of maximal degree pya. > 1 localise the fine scale basis functions. The two
scale basis functions obtained by modulating Bloch-modes of infinite PhC’s which resolve the microscopic
structure of the PhC with macroscopic hp-Finite Element shape functions constitute a partition of unity
FEM in the sense of [54].

Beyond the continuous, piecewise linear macroscopic FE spaces required for PUFEM the two scale basis
contains further basis functions for py,. > 1 and the method will converge for py,. — oo similar to p-FEM,
regardless of the choice of the microscopic FE-space. The strength of the method; however, is its problem
adapted fine scale basis which seems to imply as shown in the present work an error reduction that is
independent of the size of the crystal, i.e., size robustness.

The fine scale basis is specifically adapted to the local structure of the PhC. It contains decaying and
non-decaying Bloch modes at the frequency of the incident wave. This macroscopic space can be an h-, p-
or hp-FE space in which case we will call the resulting method a multiscale h-, p- or hp-FEM.

The presently proposed method extends ideas from the generalised FEM for elliptic homogenization
problems with periodic micro-structure by Matache et. al. [52, 51] and Riiegg [64] to PhC’s. Related work
for numerical homogenization in the non-periodic setting is [32, 33, 1]. The multiscale FEM (MSFEM) is
introduced here for the scattering of incident waves by a model photonic crystal band which is of infinite
extent in one direction, but is of finite and possibly large extent in the other direction. Numerical results
for plane waves at different incident angles are reported which strongly indicate the size robustness of the
presently method.

The outline of this paper is as follows. The exact model will be introduced in Section 2, which we
reduce to a family of problems on a thin and finite strip by (i) applying a Floquet-Bloch transform in the
infinite direction and (ii) using a transparent boundary condition. In Section 3 we study the accuracy of
a basis consisting of only a few Bloch modes multiplied with macroscopic polynomials in the crystal, both
for frequencies inside and outside the bandgap. The multiscale FEM with Bloch modes and polynomials in
macroscopic cells will be introduced in Section 4, including the coupling to an exterior discretisation (e.g.,
high order p-FEM) in the homogeneous ambient outer space. In Sec. 5 a size-robust numerical integration
procedure for such multiscale basis functions is presented. Finally, we show the accuracy of the method for
several configurations of incident plane waves in Section 6 including convergence results for a p-refinement
scheme. In all the experiments we computed the “exact” solution with a high order FE discretisation on a
mesh resolving the fine scale of the crystal and high order transparent boundary conditions, i.e., we compare
to a fully size dependent method.



2. Model problem

2.1. Governing equations

The time-harmonic transverse magnetic (TM) and transverse electric (TE) fields in 2D PhC structures
are described by (see, e.g., [40])

2
—V-Ve(z) = (:) e(x)e(x) for all © € R? (1-TM)
—V- (e (=) Vh(z)) = (:}) h(x) for all € R?, (1-TE)

where w € R is the frequency, e(x) and h(x) are the out-of-plane electric and magnetic fields, cq is the
vacuum speed of light, and e(x) is the relative dielectricity. We assume e(x) to be real, strictly positive and
bounded, i.e., there exists lower and upper bounds €min, Emax € R>¢ such that 0 < enmin < e(®) < emax < 00
for almost all x € R?.

For notational convenience we collect the two scalar valued equations (1) in the generalised Helmholtz
equation

V- (a(x) Vu(x)) + b2(w7w)u(a3) =0, (2)

where the presumed properties of ¢(x) transfer to the coefficient functions a(z) and bv*(x,w), i.e., 0 <
Amin < a(®) < Gmax < 00 and 0 < b2, < b*(x,w) < b2, < oo for almost all z € R? and some

Amins maxs V205 02ax € R>0. The coefficient functions are a(z) = 1, b?(z,w) = (%)%(w) for the TM mode
and a(z) = e~ '(z), b*(z,w) = (&) for the TE mode.
To admit a unique solution the generalised Helmholtz equation has to be completed by appropriate

radiation conditions (RC’s for short) at infinity:
RC(u — u'™®) = 0, (3)

where u!"° is the field incident from infinity, which might be a plane wave or a Gaussian beam. The radiation
condition of Sommerfeld is adequate for finite scatterers, but not for scatterers of semi infinite extent, which
are studied in the present work. We will detail the radiation condition RC (3) for such an infinite scatterer
in Sec. 2.3.

The two equations (1) together with the radiation condition (3) not only define the out-of-plane fields,
rather they define the magnetic and electric fields completely, since their in-plane components can be ob-
tained using the equations

—uoh(x) = Vie(x), coe(z)e(x) = VEh(z),

where 1 and g are the vacuum permittivity and dielectricity constants and v+ denotes the vector v rotated
by 90°.

2.2. Geometric setting

In the present work we will study the infinite PhC barrier which is a band made by photonic crystals Q5%
with infinite extent in one direction, which we fix to e; = (1,0) ", and finite extent in all other directions,
especially in the direction es = (0,1)7 (see Fig. 1a). In the PhC crystal QS the dielectricity is locally
periodic, meaning that

e(x+ a;) = ¢(x) for all x € (%L N (QL —a;)) and i = 1,2, (4)

where ay, az € R? are the principal directions of periodicity [40]. The crystal is globally periodic in direction
a1 = |a1]e; but only locally periodic in direction as. The fact that a periodicity direction aq exists which
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Figure 1: PhC crystal barrier model problem for a hexagonal PhC. (a) The crystal Q¢ has infinite extent in z; direction and
is embedded in homogeneous space Q2r. (b) Two possibilities 1 and Q2 for computational domains are shown. They are

defined by different directions of periodicity a1 and a2. In an intermediate step the strips Qimp and szp are used.

coincides with the direction of the crystal‘s surface ensures that the whole geometry is periodic and that a
global periodicity cell Q"'P—with width |a;| in the direction e;—exists (see Fig. 1b).
The parallelogram-shaped domain formed by the vectors a1, as is the fundamental periodicity domain

ﬁ = {a1a1 + agag : a; € (O,l),z = 172}7

which we will refer to as the unit cell. The choice of the periodicity directions a1, as for the unit cell Q is
not unique, as shown in Fig. 1b for the example of a hexagonal lattice.

The crystal may be surrounded by a a;-periodic dielectric material on both sides, e.g., a special surface
structure or several homogeneous layers of constant thickness, and homogeneous material outside of the band
—L~ < x9 < LT for sufficiently large L=, L™ > 0. If the surrounding dielectric is na;-periodic for some
n € N one may replace a; by na; and continue with the scaled unit cell. The structured domain between
the homogeneous exterior Q' and the crystal Q< is denoted by Q5F, and it holds Q¢ U Qstr U Qair = R2.
We call k(z,w) := a~!(x)\/b?*(z,w) the wavenumber which takes constant values k; and k_ in the two
half-planes zo > LT and 2o < —L~ of Q&

2.3. Radiation condition for the infinite scatterer

A radiation condition is used to ensure uniqueness, but it also limits the model to yield only physically
meaningful solutions. An infinite scatterer, as studied here, is not a physical model. We consider the infinite
scatterer as the limit problem n; — oo of a physical model of scattering on a finite crystal with an n; X ng
array of scatterers embedded in free space. The radiation condition for the finite crystal is the Sommerfeld
radiation condition. In both models the response to external excitations u'*° is searched, where the excitation
may contain a geometric optics part, i.e., plane waves. As is customary in scattering problems, the response
is described by the total field v = u*¢ 4+ '™, the sum of the scattered field ©*° and the incident field u™™°.
We assume the incident field to consist of a finite number of incoming plane waves and a wave optics part
vanishing for |z1| — oo.

After reflection and refraction by the infinite dielectric band Q% U Q5 the solution u may contain a
finite number of out-going plane waves and a scattered geometric optics part ©8°. In contrast, for the finite
scatterer the scattered field u*¢ does not contain a geometric optics part. Therefore, for dielectric scatters
which extends at least in one direction towards infinity the Sommerfeld radiation condition in its integral
form is only applied to the so called diffracted field (see [5, 50])

ud = % — uge,
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We apply this condition to the half-planes zo > LT, 15 < —L~ of Q2 separately, i.e., we require the fields
to fulfill for =(r, ) = (rcos(p), £rsin(p) £ LT) T that

R—o0

lim [ [9ut(@) — ikeu(x)|” Rdp =0, (5)
0

where k4 are the wave-numbers in the two half-planes.

The geometric optics part of the incident field 4", consisting of a finite number of plane waves, leads to
reflected and transmitted waves u%° on the two sides of the band and a wave inside the band propagating
along the band which is incoming from one side and out-going to the other [28].

Remark 1 (On guided modes). We will show in Sec. 2.9, that with condition (5) the solution is uniquely
defined except for a finite number of linearly independent solutions to the homogeneous Helmholtz equa-
tion (2). These solution, the guided modes ujg (also called trapped modes), propagate along the band and
decay in all other directions. The guided modes have been investigated for homogeneous dielectric bands [9]
as well as PhC bands [67]. As we consider the band QS as a limit problem of the finite crystal where guided
modes do not exist, it is reasonable to exclude them for the limit problem. Hence, only the geometric optics
part u8° determines the behaviour at infinity in all directions (|x| — o).

To summarise, the radiation condition RC consists of the Sommerfeld radiation condition in integral
form (5) in the two half-planes outside the infinite PhC band applied to the diffracted field u¢. Moreover,
RC excludes a finite number of guided modes u? . With this condition the solution is now well-defined, see
Sec. 2.9. The handling of the scattered geometric optics part u8° for an incident plane wave will be explained
in Sec. 2.7.

2.4. The strong formulation

Lair
Iap —

s @le0eeee |-

v Tap
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Figure 2: Infinite photonic barrier model problem. An incident field u'"® in xo directions induces an electromagnetic field
inside a PhC, here with np, = 7 periods. This can be seen as an example of a finite crystal with dielectric rods (dark shaded),
e.g., &r = 8.9 (aluminium oxide) and radius r = 0.3, inside air (light shaded) with &, = 1. The blue highlighted area is the unit
cell Q.

The whole space, R?, is the natural domain for the wave equation (2), but needs to be reduced to a
finite computational domain  for simulations. Due to the global periodicity in the direction e; we can
apply the Floquet transform F [47] to the solution w(x). The transform introduces a Floguet parameter
k1 € [-7n/|a1|,7/|a1]) =: By in the one-dimensional Brillowin zone By. For every Floquet parameter
k1, the transformed functions wug, (+) := (Fu)(ky,-) are quasi-periodic solutions to problems on a reduced
domain with data uj?®(-) := (Fu™)(ky,-). This reduced domain is the strip Q*"'P (see Fig. 1b) which we
have defined in Sec. 2.2. The real solution u can then be recovered by the inverse Floquet transformation
which requires all the solutions uy, for k1 € B;. In a second step the problems on the strip Q5P are
reduced to problems on a finite computational domain €2, a parallelogram with sides parallel to a; and as.
The boundary 9Q of Q is made of the parts [P and I := I'™ref yT*f | where T'% is parallel to as and
I™f to a;, see Fig. 2. The computational domain Q contains (i) a strip of np crystal cells in a domain



2.5 The variational formulation 7

Q= QI NQ, (ii) possibly two surrounding sub-domains of dielectric material Q" = Q5% N Q and (iii) an
exterior homogeneous layer Q" = Q%' N Q) that extends into Q%" with only a finite depth L** € R*. The
solution outside the computational domain € is represented by Dirichlet-to-Neumann (DtN) operators My,
acting on I'™ref,

For each given Floguet parameter k1 € By, we are searching for solutions wuy, that satisfy (see Fig. 2)
V- (a(x) V uy, (z)) + b*(x, w)uk, () =0 for all z in €, (6a)
up, (x4 aq) =eF1lorl 4y (x) for all © on ', (6b)
(On — My, Jug, () =(0n — Mkl)u}gﬂc(az) for all & on I™ef, (6¢)

where 0,, = n - V and n the outward pointing normal on a point = € I'™"f,

Details about the Floquet transform and quasi-periodicity condition (6b) are given in Sec. 2.6, while the
DtN operators My, are described in Sec. 2.8. In Section 2.7 we will discuss incident plane waves and it will
be explained how to treat the Floquet parameters k; for this incident field.

2.5. The variational formulation

In the following, we discretise the model (6) with the Galerkin method. To this end, the strong for-
mulation will be replaced by a variational one. The associated Sobolev space H ,il (©) on the bounded
computational domain  C R? is given by

HE(Q) = {ug, € H(Q) :up, (T + a1) = el (2) Vo e TP}
Then the variational formulation of (6) reads:
Find uy, € H} (), such that O, (uk,,v) = f(v) for all v € H;, (), (7a)

with the sesquilinear form @, (u,v) and the (anti-)linear form f(v) defined by

Dy, (u,v) ::/ a(z) Vu(z) - Vo(z) de — [ v*(x,w)u(z)v(x) de
Q Q

+ M, u(x)v(z) dS, (7b)

I'nref

f(v):= /F mef(an + My, )u™ () 5(x) dS. (7¢)

2.6. Formulation on the infinite strip

The problem on R? is reduced to a family of problems on Q%*'P using the 1-dimensional Floquet transform
and its inverse [47, 48, 44], as defined by

(@) = (Fu) (k@) = “711' S u(er — mlasl, z) o, (8a)
meZ
u(z) = (Fluy, ) (z) :/B ug, (z) dkq, (8b)

where we consider ug, () as a function in k; and x which is a;-quasi-periodic in @, i.e., ug, (z1,22) =
eikl\mlukl (1 + |ay], z2).

The Floquet transform F is applied to (2) which decouples the equation and results in (6a), a family of
problems with Floquet parameter k; posed only on Q5%P. The quasi-periodicity of uy, transforms into the
boundary condition (6b).

For general incident fields like a Gaussian beam, wug, is non-zero for all k; € 5. However, the parameter
k1 can be sampled and the integral in (8b) efficiently approximated with the composite trapezoidal rule.
For incident planes waves only one k; contributes which will be seen in the following section.
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2.7. Scattering of plane waves

Even though plane waves carry infinite energy and are not physical, the scattering of plane waves is
commonly studied, as the field emitted from any localised electromagnetic source which is far away from
the scatterer locally approaches that of a plane wave. An incident plane wave with wave vector k™° € R?2
and amplitude 1 is given by

UinC(ZB) — eikinc-w. (9)
The incident field satisfies the Helmholtz equation in the homogeneous space, i.e., it holds that |k:i”C|2 =K%
(or k3). We define the Floquet transform of u™¢ as

up (@) = (Fu™) (k) = (TR — by )™ (), 1)

with Dirac’s é-distribution and T being the projection into the Brillouin zone B; = [—7/|ai|,7/|as|| such
that Tki™ € By and ki"® — Tki"® = j27/|a,| for some j € Z. It can be easily seen that the inverse Floquet
transform (8b) of )’ recovers u™°. This special definition for plane waves is necessary since the formal
Floquet transform (8a) does not determine u}(-) for Tki"® # k; (does not converge). However, the quasi-
periodicity of the Floquet transform and its formal commutativity with the differential operators leading
to (6a) and (6b) are recovered with the definition (10).

Due to the é-distribution in (10) we will compute the solution wug, (x) of (6) only for the single Floquet
parameter k; = Tki". However, note that ux, has an infinite amplitude, and we will therefore not compute
ug, (z) itself, but rather its shape ug, s where uy, = uy, s6(Tki" —k). Applying the inverse transform (8b)
is then equivalent to extending the shape uy, g quasi-periodically in a.

2.8. The DtN operator

The strip Q5" gtill has infinite extent in ag-direction (cf. Fig. 1). However, most of the space is
occupied by homogeneous material, namely by two semi-infinite sub-domains in Q®*. The solutions of (2)
in a homogeneous medium are well known to be superpositions of plane waves [27].

This allows to restrict (2) to a finite computational domain Q with the additional boundary I'***f and
an approximated transparent boundary condition on T™°f, We refer to [26] for a survey of transparent
boundary conditions. If this boundary condition can be constructed so that the solution for the problem
posed on € is identical to the solution of the Floquet transformed Helmholtz equation (2) in the infinite
strip Q5P (restricted to 2), then it is called ezact. A transparent boundary condition that is not exact
introduces an error which is inherent to the model (6). In this section we introduce an exact transmission
condition by means of DtN operators M eix %, Which have been derived by an expansion in plane waves in the
homogeneous space Q2. The DtN operator M,, x, for the exact transmission condition can be approximated
to any accuracy by the truncated DtN operator My, [61].

The two boundaries I'}*f and T™! are the lines [z], 2] +|a1|] x {z3 } and [z7, 2] + |a1|] x {25 }, both
parallel to the z;-axis. For I} and I"™"*f we have the DtN operators M, = My, |F]errof and M, = My, |me,

respectively, which will be an approximation to the exact DtN maps Mi k, given by

+ sc +\ sc +
MZ g i (1,25) = = Vuy (z1,75) -n
+
]. . +.(5 *1 +|a1‘ . i4_2m — ! . o
_ _ |a | E 1K2 ,(4) N u;ﬁ (x/hmg:) eU Taq] (z1—27) e1k1(w1 x7) dx'h (1]_)
1 €L L1

with Kgi’(j) := {/(k+)? — (k1 + 2mj/|a1])? depending on the wave-numbers k_ and k. of the homogeneous
regions (cf. Sec. 2.2) and where we use the positive square root {/r := /7 and ¥/—r := i\/r for any

r € R>g. The positive square root selects only out-going or decaying waves. Real KZi ) correspond to

i

propagating plane waves which are out-going and purely imaginary K. 2i ) to evanescent plane waves which
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decay exponentially for zo — Fo0o. Hence, the exact transparent boundary condition given by (11) is in
accordance with the radiation condition defined in Sec. 2.3.

As we assume the boundary I'™f to be located in the homogeneous domain Q**, the normal derivative of
u and therefore u} are continuous. Hence, (11) holds for the interior or exterior normal derivative on roref,

The evanescent plane waves decay the faster the larger their values of j and it is possible to get
accurate approximations to Mikl by truncation, i.e., taking only the finite sum with [j| < nP*™N in
(11) for some nP™ € N. The well-posedness of the variational formulation may be lost in a direct
truncation, i.e., artifical modes belonging to higher Fourier coefficients may appear. We use a modi-
fied DtN condition [29], which preserves well-posedness of the original problem by replacing the coef-

ficients K'Y for |j| > nP™N in (11) by the j-independent values ks € RT. With the abbreviation

+ Lo 2w ’ . ’
(Gjui ) (w1, 2) = \Thf;i Halluzcl (2], 22) €7 TarT 1771 giki(#1-2%) da! we define the approximate DtN
1
maps by
G .
MEws (o, 05) == Y iKYV (Gui ) (w,25) — Y ik (Guis ) (a1, 27)
[7]<nPEN |7]>nPeN
NG :
== Y iKY — ka)(Gyuil) (w1, 75) — ke (21, 05), (12)
7] <nPtN

where we used the definition of the Fourier expansion and its inverse. For sufficiently large nP*N the induced
modelling error decays exponentially in nP*N and L' [61], and already moderate values of L' and nP*N
yield a negligible modelling error.

Equation (6) is posed in terms of the total field ug,, but My, acts on the scattered part uj°. Using the
identity ug, = uj° + )’ the boundary condition (6c) is obtained exactly. The solution ug, on Q5" (see
Sec. 2.6) is identical to the solution uy, of (6) on Q if the exact DtN map Mex x, is used. But we use the
truncated DtN map My, in (6)) and thus a modelling error occurs. The overall error of our method is the
sum of this modelling error and the discretisation error (see below). However, this article focuses on an
efficient discretisation for Q" and not on transparent boundary conditions, so we fix some large values for
L¥" and nP™ and do not distinguish between the approximated ug, and the exact wuy,, both are simply
denoted by uy, .

As a final remark on computational aspects, inserting My, (see (11)) into (7) reveals that certain double
integrals need to be evaluated numerically. These integrals are separable and can be rewritten as sums
>_|jj<nowx Of products of one dimensional integrals in 1 and @ respectively.

2.9. Well-posedness of the variational formulation

In this section we will explain why the solution ug, () of (7) is well-defined for a.e. k;. For a finite
number of Floquet parameters k; the formulation has a non-trivial null space spanned by the guided modes
u;’ . As they do not contribute to the solution (see Rem. 1) we could exclude them by Lagrange multipliers
or by using linear system solvers ignoring the null space (e.g., Krylov subspace solvers). In the present work
we will assume for simplicity that (7) is not simulated for these values of k1, i.e., we assume that the kernel
ker(®yg, ) is trivial.

The procedure to show uniqueness for the PhC band on the bounded domain @ with quasi-periodic
boundary conditions in a;-direction and a truncated DtN operator My, in agz-direction is very similar to
uniqueness proofs for the wave equation in bounded domains, e.g., in [35], except that the guided modes
need to be excluded. We will therefore strongly follow the discussion in [35, Sec. 2.4.3].

Lemma 2. The sesquilinear form ®y, (-,-) is H} (Q)-coercive.

Proof. First we note that H} (Q) C L*(Q) C H,;l(Q) is a Gelfand triple (see, e.g., [31]), where Hk’ll(Q) is
the dual space of H} (Q). For H} (€)-coercivity we have to show that some positive constants C,a > 0
exist so that for every u € H ,il () a Garding inequality

| @k, (u, ) + Cllullf20)| = ollulli ), (13)
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First we note,

holds. In particular it is sufficient to show that Re(®y, (u,u)) + Cllull72(q) = O‘HuHiI;l(Q)'

that

Re My, u(x)u(x) dS >0

T'nref

holds, which can be shown using the Fourier series expansion of the trace of u € H} (€2) on roref and the

fact that factors KQi’(j) in (11) are purely imaginary or real and positive. The remaining part of ¥y, is
H,il ()-coercive with C = b2+ amin and @ = amyin, and (13) is proved. O

max

Proposition 3 (Well-posedness of (7)). or all Floquet parameter k1 € R such that ker &y, = 0, then the
variational formulation (7) admits a unique solution uy, € H] () for every right hand side f € H];ll Q).

Proof. As the domain Q is bounded and its boundary 9 is Lipschitz continuous the embedding H}. (Q) C
Lj () is compact. Together with the just proven H} (Q)-coercivity the Fredholm alternative applies. As
we assumed ker @, = () the Fredholm alternative gives the desired uniqueness of uy, . 0

In particular f € Hk_ll (©) holds if u"® € HL _(R?), i.e., incident plane waves (cf. Sec. 2.7) are a valid
choice for u'™®.

3. Bloch modes and best-approximation of finite crystals solutions

In this section several approximations of solutions u for the finite crystals (7) will be investigated; first,
using the eigenmodes in the corresponding infinite crystal, the Bloch modes, and second using the Bloch
modes multiplied with macro-polynomials, the functions which are potentially Floquet modes [47].

Infinite crystals are fully periodic crystals, i.e., Q% = R? in (4), and the 2-dimensional Floquet transform,
a generalisation of (8), can be applied in two dimensions, see e.g., [68, 20]. For practical reasons, which will
be explained later, we will use the Bloch transform instead. The Bloch transform is the Floquet transform
multiplied by e =¥ Tt transforms (2) into a family of problems posed only on Q C R2, to which we shall refer
to as unit cell problems. It reads as follows: Find all triples (i, € H(Q)/{0},k € B+iR? C C?,w € R>o)
so that

(V +ik) " (a(z)(V +ik)) g (z)+b% (2, w) ik (z) = 0. for all z in Q, (14a)
Uk (x £+ a;) =uk(x) for all j = 1,2 and « on 9, (14b)

where the frequency w is, by definition in (2), part of b*(x,w) and B is the two-dimensional Brillouin zone
[47]. The Brillouin zone arises from the 27-periodicity of e, For € = [0,a)? we have B = [—7/a, 7/a)?.
The solutions g (x) of the unit cell problem are periodically extended to the whole space R2. The functions
g (x)e'®® are then called Bloch modes.
The combinations (k,w) for which a non-vanishing solution uy exists with real wave vectors k = (0, k) C
wa

R? are shown in Fig. 3(a), where we used the notion of the scale independent frequency & = Sren Such

a plot is called a band diagram. Bloch modes with real wave vectors k € R? are propagating modes
which are bounded and carry finite energy. Bloch modes with complex wave vectors k € C2\R? are called
evanescent modes. They are unbounded and carry infinite energy in R?. The evanescent modes are shown
in Fig. 3(b). Both figures Figs. 3(a) and 3(b) have to be imagined mirror symmetric with respect to the &
axis. Additionally the evanescent modes in Fig. 3(b) occur in quadruples with the wave vectors k, k, —k,
—k (see, e.g., [20]). The real part Rek is furthermore 27 /|az|-periodic.

Photonic crystals guide the light differently depending on the frequency w. For certain frequencies no
Bloch modes with real wave vectors exist. These frequencies are called bandgap frequencies and intervals
of bandgap frequencies are called the bandgaps. At such frequencies, light can not propagate in the crystal
and is reflected out. Inside the crystal the fields decay from the both surfaces of the crystal 2 and the
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---w=0215 o 0215
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(a) propagating modes (b) evanescent modes

Figure 3: Band diagram for waves in za-direction (k = (0,k)", a = |az]|). (a) Shows pairs (&, k) for which propagating Bloch
modes exist. (b) The imaginary part Im k shows how fast non-propagating Bloch modes decay.

decay constant is given by +Imk, see Fig. 3(b). The bandgaps are numbered from the lowest frequency to
the highest. For example & = 0.3 (see Fig. 3(a)) is a bandgap frequency in the first bandgap.

The frequencies for which Bloch modes with real wave vectors exist are called propagating frequencies and
the corresponding intervals are the bands of the crystal. For example @ = 0.215 is a propagating frequency
where two Bloch modes with real wave vectors exist, they have k/a = £2.81. The second solution is due to
the symmetry of the Helmholtz operator and is always the complex conjugate of the first solution. Another
example is the frequency & = 0.625 where four Bloch modes with real wave vectors exist, see Figs. 4(a)
and 4(b). These three frequencies describe different phenomena and will serve as examples to illustrate the
size-robustness of our MSFEM in all following sections.

An immediate consequence of the inverse Floquet-Bloch transform is that bounded solutions u of (2) for
infinite crystals are superpositions of the solutions g of the unit cell problem (14)

u(x) = / ﬂk(m)eik'm dk, for all z in R2. (15)
B

In this representation formula, the integration is only over propagating Bloch modes, as evanescent modes
are unbounded and irrelevant for physical solutions on infinite crystals.

At a few frequencies, at which the bands possess a stationary point, two or more Bloch modes degenerate.
The resulting modes, which take the form of polynomials multiplied with Bloch modes, are called Floquet
modes [47] and have a vanishing group velocity [77, Proposition 6.4].

In our development of the generalized hp-FEM as a tensorization of hierarchic macroscopic and microsopic
FE spaces a hierarchical ordering of Bloch modes will be crucial. Therefore, we adopt the following ordering
principle.

3.1. Ordering of Bloch modes
We define the set of all Bloch modes as

By, = {tuk(x)e®™™ : (g, k) solution of (14) with Reks € (—, 7]},
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(e) Real part of solution for the bandgap frequency & = 0.300, view from z1-direction. The decay of the solution is easily visible.

Figure 4: Field plots for solutions of the finite crystal with np = 7 in comparison to the Bloch modes of the infinite crystal.
There are four propagating Bloch modes for & = 0.625 the two functions of (a) and (b) and their complex conjugates with the
wave vectors —k.

for a fixed Floquet parameter k; and a fixed frequency w. We equip B, with an ordering of the elements
ﬂg)(m)eik(l)w € By, by their degree of exponential growth or decay, i.e., |Im k§1)| > |Imk§2)| > .... The
ordering of modes with equal |Im k3| is arbitrary. Moreover, we define By, (nbiocn) to be the subspace of
By, containing the first npjocn modes of By, according to this order. As we will practically use numerical
approximations to (14) we abuse notation slightly and denote by By, also sets of approximative Bloch modes

where their accuracy will be clear from the context. We partition By, into the set of propagating Bloch
modes

BYP = {tug(z)e™® € By, : Imky = 0},
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Figure 5: A size dependent mesh for a finite crystal with n, = 7 periods. Per period of the crystal 9 curvilinear quadrilateral
cells are used, plus two elements in the exterior domain Q&' U QStr,

and the sets of exponentially decaying B',;dec and exponentially growing B;ﬁec Bloch modes
B,jldec = {Uk(z)e'*™ € By, : Imky > 0}, Bl = {g(z)e™™ € By, : Imks < 0} . (16a)
In this work we will study the approximation quality of set of dominant Bloch modes

ng’m = {ﬂk(w)eikm € By, : Imky =Im I{;gl)} ,

which contains only the propagating Bloch modes Bgo™ = BPP for frequencies w outside the bandgap and

only the weakest decaying and growing Bloch modes for bandgap frequencies Bgfm C Bk"'ldec U B;ﬁec (cf.
(16a)).

3.2. Solving the unit cell problem

The Bloch modes can be approximated by considering (14) as an eigenvalue problem with eigenfunction
u and eigenvalues (k,w) and solving it using a FEM discretisation and a numerical eigenvalue solver. There
are two alternatives to pose (14) as an eigenvalue problem. For a fixed k € C2, (14) is a linear eigenvalue
problem in w? € R>o. Fig. 3(a) has been created by sampling k = (0,k) with k € [0,7/a]. ARPACK [49]
was used as eigenvalue solver. For the discretisation the FEM solver Concepts [15] with polynomial degree
p =10 in all 9 curvilinear cells of the unit cell Q= [0, 1]? has been used.

The alternative is to fix a frequency w € Rxq and search for k € B +iR? C C?, as used in [20, 19].
With the Bloch transform the eigenvalue k occurs as a linear or quadratic factor in the PDE instead of a
non-linear factor e'®**%i in the boundary condition for the Floquet transform.

As eigenvalues have to be scalar, we used the representation

k = A(sin(6), cos(0)) T + k°T for A € C,0 € [0, 2x], k°T e C?

with offset kOH, direction # and length A. We fix all parameters except A and obtain a quadratic eigenvalue
problem in ), i.e., the eigenvalue problem is of the form (A\2A + AB + C)ug(x) = 0 for some operators A,
B, C. The quadratic eigenvalue problem is linearised as described in [80, Sec. 3.10.2]. Then, the linearised
problem is discretised and solved as described for Fig. 3(a). Fig. 3(b) has been created by sampling w € R>¢
and fixing # = 0 and kot = 0.

3.3. Best-approzimation of finite crystal solutions by Bloch modes and macro-polynomials

This section examines how well the solutions  for the problem (6) for a finite PhC with n, periods,
the finite crystal solutions, can be matched by a few Bloch modes g (z)e!*® modulated by macroscopic
polynomials for a given frequency w. We investigate in particular size robustness, i.e., how the approximation
accuracy behaves using a fixed number of degrees of freedom as the number of periods in the finite PhC
increases.

3.3.1. Perpendicular incidence

The finite crystal solutions u for the finite crystals (6) have been computed with p-FEM on a size
dependent mesh (see Fig. 5) and are sufficiently well discretised (uniform polynomial degree p = 23 in all
cells). As incident fields u™ we choose plane waves e*"*® with k" = (0,w)T (see 2.7), i.e., incident



3.3 Best-approximation of finite crystal solutions 14

perpendicularly from left in view of Fig. 4. The solutions for & = 0.625, n, = 7 is illustrated in Figs. 4(c)
and 4(d). Although not obvious, a linear combination of the four Bloch modes of Figs. 4(a) and 4(b) can
accurately represent the finite crystal solution in Figs. 4(c) and 4(d). We will show this hereafter by means
of an L2-projection. The solutions for frequencies in the bandgap behave differently, they decay inside the
crystal. This can be clearly seen in the example shown in Fig. 4(e) for the frequency @ = 0.300 lying near
the centre of the first bandgap. Here, already 7 periods are sufficient to reflect most of the field.

Best-approzimation by highly resolved pure Bloch modes. In a first step in Fig. 6(b) we approximated for
@ = 0.625 and varying number of periods n, the finite crystal solution w with a linear combination of
Bloch modes g (x)e*® € Bi°™. The Bloch modes have been computed numerically by solving the unit
cell problem (14) with p-FEM (cf. previous section) for different polynomial degrees ppioch- Fig. 6(b) shows
the relative L?-error for the L2-projection of the quasi-periodically extended Bloch modes (see Figs. 4(a)
and 4(b)) onto u. Each curve corresponds to a finite crystal solution u for a fixed number of periods n,,
e.g., for n, = 7 the function u is displayed in Figs. 4(c) and 4(d).

The approximation by the L?-projection was done away from the crystal’s surfaces, more precisely in the
domain of inner cells ™', The domain Q""" C QO is the crystal Q" without the first and last period of
the crystal, see Fig. 6(a). It is observed that for each n, a saturation level is obtained when the error level
does not decrease further. Approximated Bloch modes with polynomial degrees ppiocn inside this saturation
level sufficiently resolve the analytic solution of (14). This saturation level thus expresses to which accuracy
the exact Bloch modes—the solutions for infinite crystals—approximate the solution for finite crystals with
n, periods. The four Bloch modes (nDOF = 4) at & = 0.625 are sufficient to approximate the solution for
finite PhC’s with up to n, = 200 periods at a relative L?(Q"")-error of about 10~*. This result indicates
that a size robust method based on Bloch modes exists.

Best-approzimation by Bloch modes multiplied with macro-polynomials—first example: @ = 0.625. We
match Bloch modes ug(x)e'*® € Bgf“‘ modulated by macroscopic polynomials to the finite crystal so-
lutions (see Fig. 6(c)). The polynomials have a maximal polynomial degree pyac, which will be varied. We
used for the matching again the L?-projection in Q""¢", In this case we fixed the Bloch mode discretisation
t0 Phbloch = 25, which gives a saturation level in terms of Fig. 6(b). By adding macroscopic polynomials with
Pmac = 1 OF pac = 2 the L2(QM1°T)-best approximation error decreases by about two magnitudes to ap-
proximately 10~%. Small crystals can even be approximated with an error as low as 1078. A further increase
of the polynomial degree py,.c leads to exponential convergence, but with a base notably depending on the
number of periods ny,. Thus for large n, a lower error than 1079 is only expected for impractically large
Pmac- Moreover, the convergence already breaks down at pymac = 5 for n, = 3 periods due to redundancies
in the basis. This break down may even occur earlier, depending on conditioning of the polynomial basis.

The results shown in Fig. 6(d) express why we used the domain of inner cells Q""" in the previous
experiments. This figure illustrates the convergence of the L2-projection on the whole crystal Q. The error
levels of about 10~% are clearly higher than for Fig. 6(c) even for larger pya.. This indicates that the Bloch
modes, the solutions of infinite crystals, do not accurately describe the solutions for finite crystals up to
their surfaces.

This observation is the motivation to propose a special mesh, the so called boundary layer mesh, for the
macroscopic scale. This boundary layer mesh consists of three cells, two small cells on the crystal’s surface
and a large cell in the interior. In view of Fig. 6(c) in the inner cells, already a polynomial degree ppac as
small as 1 is a very good approximation. Higher values of py,. improve the approximation of the solution
in the two cells on the surface. This is illustrated in Fig. 6(e) in which we show the relative error of the
L2-projection to only the first cell of the crystal. Already pure Bloch modes (pmac = 0) achieve error levels
below 1072 and puac = 4 is enough to reach 1076 the error level comparable to the L2-projection on Qinner
in Fig. 6(c). This shows that a basis of Bloch modes multiplied with piecewise polynomials converges very
fast on the surface of the crystal. Moreover, we observed that this basis is superior to a pure polynomial
basis on Qfi™t not resolving the material discontinuities, in the sense that fewer functions are required to
achieve a particular error.
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(a) The framed area is the domain containing all cells (all of Q) and the highlighted area the domain of
inner cells Qinner excluding the first period Qfi*st and the last period of the crystal. The single cell in the

centre of the crystal is denoted by Qcenter,
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(d) L2-projection of polynomials multiplied with Bloch
modes for the whole crystal Q¢ and fixed pploch = 25.
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(f) L2-projection of polynomials multiplied with Bloch
modes for the center cell QT of the crystal with fixed
Pbloch = 25.

Figure 6: Best-approximation error by L2-projection of polynomials multiplied with Bloch modes in varying matching domains
onto finite crystal solution u for n, number of periods. The matching domains are for b), ¢) the inner cells Q""°", for d) the
whole crystal Q°F, for e) the first cell Qf™t and for f) the center cell Q°"**. The Bloch modes (e.g. Figs. 4(a) and 4(b) for
@ = 0.625) have been discretised with p-FEM with maximal polynomial degree ppjoch- In c¢)-f) the Bloch modes have been
modulated with piecewise polynomials with maximal polynomial degree pmac. All the solid lines correspond to the propagating
frequency @ = 0.625 (nploch = 4) and the dashed and dash-dotted lines are for the propagating frequency © = 0.215 (npjoch = 2)

and the bandgap frequency & = 0.300 (npjoch = 2).
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The number of periods neuter in the two macro cells on the crystal surface does not have to be one.
A boundary layer mesh with larger boundary cells might reduce the error in the interior but increase the
error in the first cells. The best approximation in a minimal interior cell, the single centre cell Qcenter =
(0,a) x ([n";lj, [n";lj) (see Fig. 6(a)), can be seen as a lower bound for larger interior cells. In Fig. 6(f)
the relative error for the centre cell QT is shown for © = 0.625. Already for pmac = 0 the relative error is
lower than 1075, This error level correspond approximately to the saturation level for the much larger inner
cell Q"2¢r (see Fig. 6(c)). Decreasing the size of the inner cells would not lead to Thus, we may conclude for
the frequency @ = 0.625 that it is efficient to use a boundary layer mesh with maximally sized inner cells
having n, — 2 periods and in which a single crystal period on each side of the surface is resolved by a macro
cell (nouter = 1).

Best-approximation by Bloch modes multiplied with macro-polynomials—second example: w = 0.215 and
@ = 0.300. The frequency & = 0.625 studied above is a propagating frequency with npjocn = |B§3f“‘| =4
linearly independent Bloch modes i (x)e'*® € BZ;OP. We will also compare the approximation quality for
the propagating frequency & = 0.215 with npjoc, = 2 linearly independent Bloch modes g (x)e'*® € BeP
and for the bandgap frequency @ = 0.215 with npjocn, = 2 linearly independent evanescent Bloch modes
U (x)e®® € Bdec U B with | Im ko| = 0.70. For & = 0.215 and & = 0.300, the approximation results of
the single example crystal with n, = 100 periods have been included in Figs. 6(b)—6(f). The same properties
are observed as for @ = 0.625. Both frequencies have only half as many Bloch modes as © = 0.625 and we
see that the error levels for the matching domains Q and Qf™st are higher for the same py... Moreover,
in order to minimize a global error on Q° for propagating frequencies the error in Q7" is more important
than that in Q*s*. However, for bandgap frequencies which decay inside the crystal the error in Q™! can
sometimes be more important than the error in Q"¢ In this sense, simulations at bandgap frequencies are
in general easier. Already heuristic methods like the simulation only for a certain number of periods and
extension of the solution by zero, lead to size robust methods for large finite PhC’s.

3.8.2. Oblique incidence

We now investigate the approximation quality of the basis based on the dominant Bloch modes and
macroscopic polynomials for oblique incidence. We use the example frequency @ = 0.230 which has a
bandstructure in dependence of k; as depicted in Figs. 7(a) and 7(b). The bandstructures have been
computed as solutions of the quadratic eigenvalue problem described in Sec. 3.2 by sampling k; and specifying
T = (k,0)T and 0 = 5. The chosen frequency & = 0.230 is particularly interesting as there are only
propagating modes for ¢ > 47° and otherwise the frequency is in the bandgap, i.e., changing incident angle

results in a notably change of the crystal behaviour.

Selection of dominant Bloch modes for bandgap frequencies. We compare three different sets of Bloch modes
based on the set B{°™, this set always contains the set B, °* for the propagating regime and in the bandgap
regime it contains

(D1) the dominant decaying Bloch modes B,jldec N Bgfm and dominant growing Bloch modes B}gec N Bg‘fm
(D2) only the dominant decaying Bloch modes B,‘;dec N Bg‘fm,
(D3) the dominant decaying Bloch modes B',;dec N Bgf“‘ and dominant artificially propagating Bloch modes

Bidec | where

B;C(iec = {ak(m)ei(k1x1+Rek2m2) . Ek(w>eikw c B;ﬁec N Bg?m} .

The set Z?;gec is a set of propagating modes which has the same periodic part as the Bloch modes B;ﬁec, but
which discards the exponential growth of the modes B;¢ in direction .

Exemplary for ppa. = 2, the best approximation results for the selection rules (D1)-(D3) are displayed
in Fig. 7(c). For (D1), an error of about 10~* is obtained independent of ¢ for both small crystals (n, = 3)
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(d) Condition of L2-projection matrix for pmac = 2.

Figure 7: Best-approximation for oblique incidence for the example frequency @ = 0.230 (nploch = 2 for all ¢) which is a
bandgap frequency for incident angles ¢ < 47° and propagating otherwise. The bandstructure for @ = 0.230 is displayed in
a) and b). Specifying an incident angle ¢ is equivalent to specifying the Floquet parameter ki of the model problem (6).
The L2-best approximation result is displayed in c) exemplary for a crystal with very few periods (np = 3) and many periods
(np = 50). We compared the approximation quality in ¢) and the condition number in d) for different selection rules (D1),

(D2), (D3

) for the sets of Bloch modes.
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and large crystals (n, = 50). This concludes that the method is size and incident angle robust. Moreover,
it is robust with respect to the decay strength Im ks as no degeneration is observed close to ¢ = 47°.
However, in Fig. 7(d) we see that the condition numbers for the selection rule (D1) can become huge for
large np, and away from the propagating regime. On the other hand selection rule (D2) in Figs.7(c) and 7(d)
shows that in this problematic case (large | Im ky| and n;,) the modes B2 N B{l®™ are not necessary. This
observation suggests, that there exists a selection rule which has reasonable condition numbers independent
of ¢ and n, and achieves an approximation error of 10™%. For small crystals it behaves like (D1), close to
the propagating regime like (D1) and for large crystals and away from the propagating regime like (D2).
Indeed such a selection rule is given by (D3). The selection rules (D1) and (D3) both also work equally well
for the first cell Qf™t whereas (D2) does not work for the first cell. For (D2) and & = 0.230 or & = 0.300
only npjoch = 1 Bloch mode g (z)e*® is used which even has a linearly dependent real part Re tig(x)e'*®
and imaginary part Im g (x)e'®*®. This dependence is due to the wave vector beeing on the boundary of
the Brillouin zone (Re ko = ) and the symmetry properties of Bloch modes.

4. The Multiscale FEM

The multiscale FEM has many similarities to other FEM variants. We will especially contrast it to
standard FEM, by which we mean all FEM variants that use piecewise polynomial basis functions on a
mesh M. For example the h-, p-FEM [10, 73] and hp-FEM [69] variants or spectral elements [13, 60] belong
to this category. The main difference of the multiscale FEM to other FEMs is the use of basis functions
which have variations on multiple, clearly defined scales. Hence, the multiscale FEM belongs to the large
class of generalised FEMs (g-FEM) with possibly non-polynomial basis functions. A multiscale FEM for
homogenisation problems with local periodicity has been introduced in [52, 64]. Our work extends this
approach to the simulation of PhC structures at resonance frequencies for which homogenisation does not
apply. For these structures we will use a two-scale basis with Bloch modes (see Section 3) as microscopic
basis functions. Rather than restricting ourselves to the specific case of Bloch modes we will introduce
hereafter how to construct a two-scale multiscale FEM for a more general basis of quasi-periodic micro
functions and C°-piecewise polynomial macro functions.

Our multiscale FEM is designed to be efficient for the particular locally periodic structure of a finite
PhC structure in Q. As this structure is generally not apparent in the exterior domain Q& = Qst U Qair,
our presentation focuses on combining multiscale FEM with an arbitrary exterior discretisation in Q¢xt.
The combined method is thus a hybrid FEM of the interior and exterior discretisations. The method
approximates the variational formulation (7) in a finite-dimensional subspace nglfem of the original space
H} (Q) of the variational formulation:

find u§™™ € V" : By, (uS™ un) = f(un) for all vy € V™, (17)

where @5, and f are given in (7). The solution uiﬁem is a linear combination of the basis functions pefe™

of V&
p8tem
u%ﬁem(w) _ Z a%femb§fem(w) for all « in €, (18)
=1

with the coefficients a%fem € C and where n8f™ is the dimension of nglfem.

The space nglfem on the computational domain € is constructed from two spaces: the space VX' C
Hj: (Q°%) on the exterior domain Q°* and the MSFEM space V™! C H} (Q°) on the crystal domain
Q. The two spaces are each suitable for solving the Helmholz equation (2) on the subdomains Q' and
Q) with suitable boundary conditions.

In Sec. 4.1 we define the space V™" and its multiscale basis functions. Then we explain in Sec. 4.2 how
to combine the multiscale space V™! with some exterior FE space V™ to form the hybrid space nglfem.

The hybridisation for the concrete example of standard FEM as exterior discretisation Vie** will be given in
Sec. 4.3.
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4.1. Multiscale basis functions

In the finite crystal Q" two scales are apparent: a microscopic scale with oscillations on the size of a
single unit cell and a macroscopic scale with oscillations on the size of the whole crystal. The multiscale space
Vkr?“lti takes advantage of this structure by introducing basis functions with good approximation properties
at these microscopic and macroscopic scales.

Accordingly, the basis functions b™"* are the two-scale functions

b () = b () b (), for 4 = (i1,i2) and 1 < i1 < Nac, 1 < io < Nmie (19a)
spanning the space

Vkr‘;lulti = span {b;_‘ﬂlllti -1 S il S nmacv]- S i2 S nmic} — Vkmic ® J/mac (19b)

1 per

where npyic and ny,c are the number of micro and macro functions. The space has tensor product structure
generated by the below defined spaces anl1iC and V 2r¢. Every micro function b™i¢ will be combined with
every macro function b™*¢ and the dimension n™"* of Vkri‘um 1S MmicMmac. It is sometimes convenient to
linearly enumerate the basis functions as by'" = b with the packing operator N> — N : (i1,ig) — £ :=
11+ (ig — l)nmic.

The Figures 8(b) and 8(c) illustrate the multiscale structure. The macro polynomials b™?¢ are piecewise
polynomials on a macroscopic mesh MZ?¢ (see Fig. 8(a)). The cells K™ € MD?¢ of this mesh are
parallelograms which are aligned with the periodic pattern and contain 1 x n full repetitions of the unit cell
for some n € N. The micro basis functions are quasi-periodic functions on R? spanning the space Vkl?ic,

bpc(x) = e i (@), ENC = {001 <idy <nmick, Vil = Vi (nmic) = span EFC.

b per(ﬁ) and wave vectors k;, € C? where k1, = k1 so
that b?;ic satisfies the boundary condition (6b). For example the functions b can be solutions of the unit
cell problems (14) for wave vectors k;,, i.e. the first npocn Bloch modes are a valid choice for b™¢ where
Vilte = Vit(nploen) = span By, (np1ocn) (cf. Sec. 31) The spaces Vii(nploen) obtained by successively
adding micro basis functions are hierarchical, i.e., V™¢(1) C V"¢(2) C .. ..

The micro functions have periodic parts P € H!

Macro basis functions. The macro basis functions ™?° can be any polynomial basis functions which are
ap-periodic on the mesh M22¢ (see Fig. 8(a)) and have tensor product structure on the reference cell of
each macro cell K™ ¢ MX2¢, We use tensor product basis functions due to Karniadakis and Sherwin [43]
which are basically integrated Legendre polynomials. Such a basis is known to result in well-conditioned

system matrices for standard FEM, see [24]. The macro functions ™ span the space
Voer: = Voer ((Mg™, p1™*¢, py'®©) = span {b?ll"‘c 1< < nmac} , (20)

of dimension ny,,c which is determined by the mesh M2 and the maximal polynomial degree distribu-

tions pa, pac € N’ in the two local directions in each of the £ cells K™ € M™2¢, In the present work
we restrict ourself to a fixed mesh M™12¢ as displayed in Fig. 8(a) and a uniform macro polynomial degree
Pmac On each cell K™% € MZ* and in both x;- and z-directions. The corresponding spaces Vo (Pmac)
are hierarchical with V(1) C Vier€(2) C ... .

To build the spaces Vp2¢(pmac) it is convenient to use so called shape functions s : [0,1]> — R,
which are restrictions of macro functions b™?° pushed-back onto the reference cell, i.e., s{PaC(Fg,ﬁacw) =
bRac ()| omac- Here Fmae : [0,1]> — K™ is the element map of the macro cell K™*. Moreover, the shape
functions have tensor product structure s;**°(2) = si'*¢(21) s{2*°(22) and there are pmac + 1 polynomials in
each direction, i.e., 0 < 71,72 < Pmac- As the macro mesh in the crystal M2 consists of parallelograms only,
the element maps are affine and both the macro basis functions and the shape functions are polynomials. In
most FEMs it is convenient for the evaluation of the bilinear forms to work with the shape functions s™?¢
rather than to work directly with the macro basis functions ™2°. The bilinear forms can be written as sums
of integrals over K™ and each K™?° can be considered individually with its own set of shape functions
5%, whereas bj®¢ possibly has a support of several cells K™°. The relation between the shape function

index ¢ and the macro index ¢; is given via the local to global mapping m%é?ic (2, K™a¢) — 4y,
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(a) Global macro cell discretisation M™?¢ of Q containing a crystal with np, = 7 periods. The three
multiscale cells K1, K2, K3 form a mesh M1}?¢ of Q" on which the macro functions ™2 are defined.
Similarly, the two standard-FEM cells K4, K5 form a mesh MX4¢ of Q°** and are used for the exterior

discretisation.
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(b) The micro basis function b™i° is the product of a (¢) The macro basis function b™?¢ is a polyno-
periodic function bP" with a quasi-periodic function mial in the macro cells K1 and K2. The multi-
blP = ik, scale basis function b™Wt ig the product of the
micro and macro basis functions.
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(d) Mesh M™i¢ of the unit (e) Ilustration of the overlap cell handling to achieve a globally continuous
cell made out of 9 curvilin- hybrid space V,flfem C H'(Q). Basis functions like b*"!*! are supported

ear quadrilateral micro cells.
The macro basis functions
are in each micro cell a ten-
sor product of polynomials
on the reference cell.
unit cell is discretised with a

purely inside the crystal and are not affected. Functions that are supported
on the boundary I'°V®" between multiscale and exterior cells need special
attention. The shape function bg‘““i cannot be matched continuously on
T'°ver with polynomials on K4 and is dropped. To match the shape function
bg"t on K4 the special constant micro function b™i¢ = 1 is introduced which
is in our illustration multiplied with a linear macro function (dotted).

The

uniform polynomial degree.

Figure 8: Illustration of the multiscale basis functions (b), (¢), the macro and micro meshes (a), (d) and the special handling
of basis functions on T'°Ve (e).
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hybridisation formula (19) tensor product structure
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packing operator \ m%?fdc \
pext b;nic gmac
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Figure 9: Dependencies, naming scheme and index conventions for basis functions used in Multiscale FEM. Next to the arrows
the rules are displayed according to which the indices are related. The indices are the shape function indices £, the multiscale
indices 7 and the scalar indices £, £ of the spaces V]ifcm, anl“ulti, Vkel"t.

bmac mac

b%fem b%nulti

b;l’lultl

-—

Hierarchical structure of MSFEM. The above mentioned hierarchy of the spaces V““C(nmic) and V22 (priac)

per

implies a hierarchy of two-scale space V,g‘““i = Vk‘?ulti(nmic, DPmac) = V““C(nmic) ® Vplgfc(pmac) in both nmic
and pmac. The symbol ® stands for the tensor product in the sense of the representation formula (19).
A better approximation in MSFEM can be achieved by increasing npjc Or pmac Or a combination of both.
Many powerful techniques for standard FEM are also applicable to MSFEM. The space V¢ (Pmac) can be
generalised by using h-, p- or hp-refinements of M™2¢ and the dimension n™%% of Vg‘“ltl can be reduced by

sparse tensor approximation techniques [70].

Basis function naming schemes and dependencies. Figure 9 illustrates the naming scheme of basis and shape
functions as used in this article as well as their indices and relation.

Unit cell problem. The micro functions b™¢ are usually not known analytically, they are FEM solutions
of special unit cell problems on some micro mesh M™¢,  1In all our tests the micro functions b™ are
approximations to the Bloch modes and solutions to the unit cell problem (14). The micro mesh AM™i¢
used for the approximation is shown in Fig. 8(d). The unit cell problem (14) was solved as described in
Sec. 3.2. The polynomial degree ppiocn used to solve (14) on M™€ was always chosen sufficiently high so
that a saturation level was reached, see Fig. 6.

Conformity of V™ in H] (Q°). The micro functions b™° are constructed to be ai-quasi-periodic with
wave number k; and they are globally continuous, i.e., they are in H %I(ch). The macro functions are
a;-periodic and continuous on Q. Hence, each multiscale basis function b8*™ is in the space H} (Q), as
it is as a product of a micro and a macro function. Thus the space Vm“ltl spanned by the functlons pefem jg
H}. (Q°7)-conforming.

Remark 4. Plane wave methods [3, 1]] could be considered as a special case where no macro basis exists,
i.e., b™2° =1, and the micro functions are plane waves (b** = 1). In plane wave methods, the reduction of
the discretisation error is achieved by increasing the number of wave vectors k. On the other hand, h-, p-
or hp-FEM can be considered as a special case where the micro basis is trivial, i.e., b™° = 1, and the macro
basis are polynomials. Here, a better approximation is achieved by refining the mesh MBS or increasing the
mazximal polynomial degree py.. respectively. Since b™2° form in particular a partition of unity, the present

proposed method can be considered as a special case of PUFEM [54].

Remark 5 (Dispersion and pollution error). The dispersion error [2] in a homogeneous medium is the (best-
approzimation) error in the wave-vector k € R? of a plane wave ¢*® when approzimated in the discrete
space. Thus, it represents the error in the phase shift i(k — kappy) - @ for some (long) distance . The analog
for the photonic crystal is the error to correctly approxrimate a propagating Bloch mode. In the proposed
MSFEM for photonic crystal bands, a quasi 1D setting, the Bloch modes are included in the basis leading to
an absence of a dispersion error for a single Floquet parameter ki (as for plane-wave methods in 1D). For



4.2 Hybridisation of the multiscale FEM—general case 22

non-plane incoming waves the Brillouin zone for the Floquet transform in direction x1 has to be sampled
(see Sec. 2.6) and a dispersion error occurs which decays with the number of sampling points.

A pollution error may occur additionally as a loss of stability of the discrete approximation of the
sesquilinear forms [58]. For homogeneous media, this is the case for large wave-numbers |k|, and so for
large frequencies w. The interesting phenomena in PhCs occur in a certain frequency range (the incident
wave and periodicity length are of the same order), and the pollution error of our method is consequently
equivalent to the discretisation error.

4.2. Hybridisation of the multiscale FEM—general case

The two spaces V<t and V" need to be combined to the g-FEM space V™ C H} (). For this we
will define how the basis functions b&f™ of nglfem are constructed using the basis functions b°** and p™H of
VXt and VI, The functions b8™ belong to one of the following three categories:

(B1) the exterior basis functions ' supported inside Qair \ Tover,

(B2) the multiscale basis functions b™"* supported inside ¢r \ ['°V*" and

(B3) mixed basis functions b°¥** supported both in Q2r and Q¢ (overlapping functions).

The basis functions b°** and ™ without support on I'°¥" can be taken directly as basis functions bsfe™
as they are also continuous on the whole domain Q if extended by zero. Only functions b** and p™t
with support on I'¥®" need to be matched on I'°V*" in order to create continuous functions in Q. If a
linear combination of exterior functions b°** can be matched continuously with a linear combination of
multiscale functions b™* on I'°V* then these linear combinations form a function b°V°". However, to find
non-trivial linear combinations might not be possible (see Fig. 8(e)). To match two spaces V;,, and V;, where
Vi = Vk‘?ulti and Vg = V,fl"t or vice versa, two operations are possible for each basis function b,, of the
master space V,, that does not vanish on I'°V®":

(M1) The function b, is extended continuously into the domain of V; and this extension is added as a new
basis function in V, (enrichment). The extension and b,, form an overlap function 3"*" which can

be selected as a basis function of nglfem (B3).

(M2) The function by, is removed from V; and thus will not appear as basis function of Vk,glfem (omission).

One of the two operations is applied to each non-matching basis function in Vk‘?““i and V,flxt. Let the modified

spaces be f/k?ulti and 17,ff‘t The modification procedure assures that the space nglfem can be constructed
by simply inserting basis functions of \N/,g‘ul“ and 17,;31’“ that vanish on I'°¥°" (categories (B1),(B2)), and by
pairwise matching of two respective functions by € V™", by € V™ with support on T'°V" (category (B3)).

If the number of basis functions in V™" and V™ are n* and n™"'*, then the number of basis functions

in nglfem is pefem = pmulti | mext _ pover where n°¥e* is the number of functions in (B3).
The challenge is to select the spaces V™" and V™! and to perform the hybridisation (M1) and (M2)

so that the hybrid space nglfem has good properties. Enrichment of the space (M1) can help for good
approximation properties but omission (M2) leads to less nDOFs, reduced computational cost and possibly
simpler implementations. Although the matching affects the approximation quality for a constant n;, it does
not affect the asymptotic behaviour for large n, very much as the extension in the enrichment process can
be limited to a certain depth into Q" for all n, and the effect of the functions 6°V" is thus concentrated
close to I'°V°". Depending on the choice of the matching and the exterior discretisation V,flxt, a certain nDOF
is required to discretise u%vfem sufficiently accurate in Q" and Q. But these nDOFs are constant for all
np. In particular, if the method is size robust for one exterior discretisation it is size robust for all exterior
discretisations. Thus it is sufficient to analyse the multiscale basis for a single exterior discretisation.
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Remark 6. An alternative approach to create the hybrid space nglfem is to use a non-conforming method

where nglfem is no longer a subspace of H} (Q) and to use mortar elements [8] near the boundary T°*". For
mortar elements the variational formulation (7) changes and terms are introduced which penalise disconti-
nuities on I'°V°". It is harder to analyse such a non-conforming method but it has advantages for implemen-
tations as neither anl‘“m nor V,fl"t need to be altered , while retaining good approzrimation properties for an
appropriate penalisation.

4.8. Hybridisation of multiscale FEM with standard FEM

In this section we describe a concrete realisation of the hybridisation for the case that the exterior
discretisation is standard FEM.

Exterior discretisation with standard FEM. A possible discretisation for the exterior domain is the standard
FEM (e.g., p-FEM) on a mesh MD3¢ of Q= = Qalr Y 5% (see Fig. 8(a)). The mesh can be chosen
sufficiently fine to resolve the material interfaces in the structured layer Q5" but can contain large cells with
high polynomial degrees for an efficient discretisation of the homogeneous parts in Q. The H ,il (Qext)-
conforming basis functions 4*** are constructed by combining shape functions to globally continuous and
a;-periodic functions on Q% and then multiplying them by e*1?1 to fulfil the quasi-periodicity condition
of H,il (%), For the sake of the hybridisation the mesh MX3¢ is assumed to be conforming to M2 g0

ext
that no hanging nodes occur.

Hybridisation. It is possible to perform the hybridisation by exclusively enriching both spaces anlmlti and
V&t (M1) so that no basis function 6™ or 5*** need to be dropped. Another approach has been used in
the multiscale FEM proposition [64], where only V,flxt was enriched by extending the multiscale functions
into the homogeneous exterior domain, but Vkri’“lti was not enriched at all. In contrast we prefer not to
enrich the space V,fl"t and not to modify the exterior discretisation scheme for implementation reasons. The

hybridisation of V™!, Vext into V!t Vext is performed three steps (see Fig. 8(e))
e all functions b™* with support on 'V are omitted (M2),
e all functions *** with polynomial degree p < pmac are extended into Q< (M1),

e the functions b* with polynomial degree p > pmac are omitted (M2)—in analogy to the minimum
rule in the p-FEM.

The extension of the polynomial functions to Q" is performed by adding a special micro function b™¢(x) =
el®171 with periodic part " = 1 and wave vector k = (k;,0)" and by matching the periodic part
bext(x)e R of boXt(x) with b™a°. The addition of ™ is only necessary in the overlapping cells tan-
gent to the interface 'V (the cells Ko, K4y € M™3¢ in Fig. 8(a)). Additionally, we propose to add b™i
globally on the whole of Q. Then the g-FEM space nglfcm becomes a true generalisation of the standard
FEM as nglfcm is a superset of a standard FEM space on the mesh M™ac,

A disadvantage of this hybridisation is that some multiscale functions ™"t are dropped. Especially the
vertex DOFs on I'°V" are dropped, i.e., these micro functions ™ are not part of Vkr?um any more. To relax
this restriction we propose to use small single-period multiscale cells close to I'°V¢", e.g., K, K, in Fig. 8(a).
Then, the functions b™i¢ are at least contained in K3. The discretisation error in Ky, K, can be selectively
controlled by taking higher py.. in these cells (enrichment) which does not affect the goal to achieve size
robustness as Ko and K, only contain one period of the crystal. The addition of the small cells K5 and K,
is also essential to resolve the boundary layer effect discussed in Sec. 3.3.

Remark 7. A similar hybridisation procedure could be applied for an exterior discretisation with global plane
waves. For this several new micro functions b™° (with varying wave vectors k and constant periodic part
bP* = 1) need to added (M1) and matched with the exterior plane waves. Only the macro functions b™?¢
that are linear on T°' need to be combined (in the sense of (19)) with the newly added micro functions.
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4.4. Well-posedness of the discrete problem

In contrast to elliptic problems (e.g. heat conduction), the well-posedness of a Galerkin method for
indefinite problems (e.g., for Helmholtz equation (2)) does not directly follow from the well-posedness of
the variational formulation (7) on the whole space H} (€2), even for conforming discretisations with an
N-dimensional subspace Vy C H: (Q). It is usually not guaranteed that the discrete problem (17) has a

per
unique solution u%em, especially when the discretisation is very coarse. But at least uniqueness can often be
shown for a sufficiently fine discretisation. This also applies in the present case of g-FEM spaces Vpgni‘?cn and
predicts a unique solution when the polynomial degree pp,.. exceeds some value p},.. € N. Here, we used
the g-FEM space Vpgnfifl with macro polynomial degree pya. and an exterior standard FEM discretisation

with DPext Z Pmac-

Proposition 8 (Well-posedness of the Multiscale FEM discretisation). Given an infinite sequence (Vpgrfli?)giaczl

of discrete g-FEM spaces Vpgrfzf‘ C H,il (Q) with macroscopic polynomial degree ppac, then there exists some

i € N so that (17) has a unique solution u,(fim“) in V;Jgfim for Pmac > Phac- In this case, the quasi-optimal
error estimate

||u;€1 — ugm‘“) < (C min

ve ngem

Pmac

(21)

|H1(Q) |y _”HHl(Q)

holds, where C > 0 is a pmac-independent constant and uy, is the solution of (7).

Proof. This proposition is a direct application of [66, Satz 4.2.9], we check here its prerequisites. The
sesquilinear form ®(-, -) is the sum of a H}. ()-coercive sesquilinear form a(u,v) = [, a(z) V u(z)-Vo(z) de
and a compact perturbation t(u,v) = ®(u,v) — a(u,v). The variational formulation has a unique solution
ug, (7) as shown in Prop. 3 and the only solution with zero right hand side is ux, = 0. Finally, we note that
(vefem) s a dense sequence of finite dimensional subspaces of H L (Q). O

Pmac

Note, that the proposition applies also to p-FEM spaces V}, on the mesh M™?2¢ with uniform polynomial
degree p = pmac as no special information of the functions b™¢ has been used. It can also be extended to
g-FEM spaces with a non-uniform polynomial degree distribution, where the minimal polynomial degree
has to exceed p},.-

The underlying proof in [66, Satz 4.2.9] does neither determine p}, . nor on which parameters it depends.
We cannot exclude, that it even depends on n,. However, in all our numerical experiments we observed
Dinac < 2 for both p-FEM and MSFEM, and that p, . did not depend on n;, at all. In numerical experiments,
the non-uniqueness would express itself in (almost) singular matrices or in an error for a particular pyac
which is larger than the error for py.. — 1. The increase in the error is an artifact of the discretisation,
that may occur if the quasi-optimality of FEM does not yet hold. We observed only an increase in the error
when increasing pyac from 1 to 2. This observation leads us to the following conjecture.

Conjecture 9 (Size-independent stability). Let the periodic function 1 with wave-vector k = (k1,0)" and a
finite set of Bloch modes at least containing the dominant Bloch modes B,Ccllf’m be included in the micro space
anfic of the g-FEM space Vpgnfl‘zrcn. Then, the minimal polynomial degree pf,. for uniqueness (see Prop. 8)

does not depend on np.

Remark 10. With Proposition 8 the well-posedness is guaranteed for sufficiently refined MSFEM spaces, if
no guided mode is present at the investigated frequency w and investigated wavenumber ki, which was already
assumed in Sec. 2.3. Nevertheless, the required resolution pf, .. in Prop. 8 for well-posedness might depend
on the distance of the wavenumber kyi to the wavenumber ki of a guided mode u9 and (more generally) on
eigenmodes of the continuous problem for frequencies in a complex neighbourhood of the simulation frequency
w € R. In such resonance situations usually very high computational effort (high polynomial degrees) is
needed to obtain a stable discretisation. Near resonance situations are usually indicated by high condition
numbers.
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5. Computation of matrix entries by fast quadrature

This section is concerned with the linear system that has to be solved to determine the discrete solution
uy in the hybrid space nglfem. The linear system will be introduced in Sec. 5.1. The main difficulty is the
fast evaluation of integrals of the two-scale basis function b™W* in the macro cells K™% € MM of the
crystal. The integration rule has to take the microscopic structure ™ of v™* into account. A simple
integration rule that satisfies this requirement, the size dependent quadrature, is introduced in Sec. 5.2. The
computational effort of the size dependent quadrature scales linearly with the number of periods n,. In
the remainder of this section we introduce an efficient integration rule, the fast quadrature, which keeps the
accuracy of the size dependent quadrature, but which is size robust in terms of computational time, i.e.,
independent of n,,.

This algorithm is not limited to the here proposed multiscale FEM for the PhC bands in two space
dimensions with 1 x n-period macro cells. Rather it applies to any space dimension d and parallelepiped
macro cells with n; X na X ... x ng-periods for some number of periods ni,...,ns € N. On such macro
cells the the algorithm can numerically integrate two-scale functions which are products of Q2-quasi-periodic
micro functions and polynomial macro functions. We will introduce the fast quadrature exemplary for a
2-dimensional finite crystal with n,; x n,2 periods. Furthermore, we will optimise the algorithm with
respect to pmac and give in Sec. 5.5 an explicit algorithm for fast quadrature whose computational effort is
equivalent to that of p-FEM on the coarse mesh M2%*¢ with polynomial degree p = pmac. This means the
assembly of system matrices for the two-scale basis functions 6™ with their highly oscillatory microscopic
parts is only as expensive as the integration of only the much smoother macroscopic part, i.e., two-scale
integration with fast quadrature is only as expensive as one-scale integration.

5.1. Computation of matriz entries
To solve (17) for the discrete solution u’]g\,fem a linear system Ao = f is assembled and solved for the
coefficient vector a = (a%fem)é\i _;- Here, the system matrix and the vector of the right hand side are given

by

fem fem N fem N
A= (B GF™ ™), F= (™), (22)

where @y, is the sesquilinear form defined in (7b) and f the linear form defined in (7c).

The linear form (7c¢) involves only traces on the interface ™! which is not adjacent to any cells K™ ¢
M2 so f can be evaluated independent of n,. Thus, we can restrict us in the following to the sesquilinear
form @y, .

The sesquilinear form Py, , defined in (7b), can be split into contributions for each macro cell K™?2¢ ¢
M™a¢ by restricting the domain of integration from Q (resp. ') to K™a¢ (resp. I'™*f 0 K™a¢) and the
matrix entries are

O USSR R DL T AL A (23)
KmaceMmac

Clearly, the evaluation of ®gmae for exterior macro cells K™*¢ € MD4¢ does not depend on the number of

periods n,. For K™ € MM the functions b5°™ are two-scale functions b™* as defined in (19), and we
have to evaluate the sesquilinear forms

(I)Kmac (bgnulti, b;nulti) ‘= ajcmac (b?“lti, b;nulti) + me_dc (b’rinulti’ b;nulti)’ (24&)

with
agcmac (19, B = / . a(x) V o () - V bt (z) de, (24b)
b gomae (B, DY) 1= / b (a,w) b () bt (z) d. (24c)

See Fig. 9 for the index convention of ™,
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Figure 10: Sketch of a macro cell K™#¢ over which the sesquilinear forms need to be evaluated. The basis function proulti
oscillates on the length scale of one period. To resolve the oscillations the quadrature points from the unit cell Q are used, here
Nquad = 3 Gauss-Legendre points (solid lines). The computational time depends only on nguaq but the approximation quality
is as good as replicating the nquaq points on all n, periods (dashed lines).

5.2. A size dependent quadrature

This section explains a size dependent integration rule for periodic structures with n, 1 X n, 2-periods.
According to the discussion in the previous section (5.1) it is sufficient to describe a rule for one multiscale
cell K™M2¢ € M2 with n; X ng periods. For the PhC band only the special case of a 1 X n, 2-period crystal
and a 1 x ng-period multiscale cell K™*¢ € M22¢ will be required. The integration rule works on two-scale
functions ™" and does not only have to resolve the macroscopic-part, the polynomials 6™¢, but also the
microscopic part, the functions b™i¢, which oscillate on the level of a single unit cell Q. So in general, as the
number of periods n = nj ny contained in K™?¢ grows, more quadrature points are needed to integrate up
to machine precision. One way to compute the integrals in ¢ Kmac(b;:nulti, b‘;“‘lti) is to choose an integration

rule on the unit cell ) and replicate the quadrature points on each repetition of O contained in Kmac (see
Fig. 10). The integration of the unit cell can use the microscopic mesh M™¢ (see Fig. 8(d)) and, e.g.,
Gauss quadrature points on the reference element of each micro cell K mic ¢ Aqmic  For a micro function
b™ic 5 constant number of points is needed per unit cell Q, as Q is the size of the smallest oscillation of
b€, So after replication O(n) points are needed. To integrate only the much smoother macro function
b™ac only O(p2,,.) points on K™ are required. For a multiscale function 5™ the integration rules have
to be combined and the total number of points depends on p2 .. and n. We propose to use O(p2,.) points
per unit cell which is sufficient to evaluate ® gmac (b1, b;.n““i) up any precision. Such a quadrature with

ﬁ—periodic points we call an ﬁ—pem’odic quadrature.

We note that the O(p2,,.) points per unit cell are a worst-case estimate and for large number of peri-
ods fewer points might be sufficient. Moreover, a general size dependent quadrature with non—ﬁ—periodic
quadrature points would still require O(n) points and would therefore be asymptotically equivalent to the
ﬁ—periodic one.

5.8. An algorithm for fast quadrature of two-scale functions with quasi-periodic micro structure

In this section we will show how to approximate the integrals to any accuracy, but with computational
complexity independent of the number of periods n of a macro cell K™ € M2?¢ inside the crystal.
The obtained accuracy is up to round-off errors equivalent to the size dependent quadrature presented in
the previous section. It will take advantage of the structure in the system matrix A induced by (i) the
multiscale functions ™" (ii) the periodicity of the dielectric pattern and so of a(x) and b?(x), (iii) the
quasi-periodicity of the micro functions b™¢ and (iv) the fact that the macro functions are polynomials. The
presented approach is an extension of [53, 65], where multiscale functions exhibit a tensor product structure

with purely periodic micro functions.
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The remainder of this section is organised as follows. First, we state Lemma 12, which allows to rearrange
the terms occurring in ® ch(bmultl bI%) so that instead of an integral on K™ only a weighted sum of

n-independent integrals on  needs to be computed. The weights incorporate some sums S = Sy ate,
r = 1,2 which can be evaluated by Lemma 13 with computational costs independent of n. The main result
of this section, the size robust assembling of the system matrix A, is then given in Theorem 15. All proofs
are constructive and thus the resulting formulas describe an algorithm for fast quadrature. The resulting
optimised algorithm will be presented in Sec. 5.5.

Remark 11. In this section we will use that powers a™ for a € C and n € N can be computed with O(1)
computational time up to machine precision.

Lemma 12. Consider a macro cell K™ C Q°F with ny X ny-periods, an a1- and aq-periodic function f(x)
(e.g. a(x) or b*(x)), the two-scale functions bm‘“;‘ and b;““jl;‘ with wave vectors k;,, k;, € C* (in the form
of (19)), a component selector n € {1,2} and some derivative selectors di,dj with diy,dis,djy,djs € {0,1}.
Then the integral

T = / f(z) DI pmac(z) DY1pmac () DY (B2 () eikia-w)ngz(zﬁ?(x) e*%-w) dz, (25)

with the differential operator

Ddi u for di =0, independent of n
u =
K Op,u for di=1,

can be rewritten as

T=>Y a;8"s7q;, (26)

i€l

in which I is a finite index set independent of n1 and na; «; € C are some coefficients; the two sums Si(r) ,
r = 1,2 take the form S(T) Sk, (a) = Zgral a’l* for some a € C, k € Ny; and the terms Q; are integrals
over Q, which do not depend on ny, ns.

Lemma 13. For anyn € N, a € C, k € Ny the sum
Sk Z a't® (27)

can be evaluated with O(k?) arithmetic operations, where the constant in O(k?) is independent of n.

The precise formulas for Sy ,(a) in (27) and T in (25) will be given in the proofs of the respective lemmas,
see particularly (31) for T and (33), (34), (35) for Sy ,(a). With these lemmas, we are in the position to
give the main result of a size robust assembly time of each entry of the element matrices ® gmac (B, b;“um)
and thus of the whole linear system.

Proposition 14 (Scale independent complexity of element matrix assembly). Let K™ be a macro cell in
Q°F with ny X ng periods. Then, the entries of the element matrix @Kmac(b;n”m,b?l“l“) defined in (24a) can
be computed up to machine precision with complexity independent of n, and ns.

Proof. We split the terms agmac (b, 05%) and bgemae (b7, M) of @ femac (B, 1) into single
terms T of the form (25). To split apmac(bj™", b7!%) the chain rule is applied and the dot product is
decomposed as a sum of two component-wise multiplications. This leads to eight terms T of the form (25)
for agmac (B, b24) and one for bgmac (b, p3!*). Thus the assumptions of Lemma 12 are satisfied.
The application of Lemmas 12 and 13 completes the proof. O
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Corollary 15 (Scale independent complexity of the assembly of the linear system). Given a crystal with
Np, XNp, periods and macroscopic mesh M™*C consisting of M3 in the domain of the crystal Q" and MGE°
in the remaining exterior domain Q% of Q. Let M™2¢ consisting of macro cells K™ with nq(K™) x
ng(K™2°) periods where the number of macro cells is independent of n,, and n,,. Then, the system matriz A
given in (22), can be evaluated accurately up to machine precision with complezity independent of the number

of periods nyp 1, Np 2.
Proof. The corollary follows directly from Theorem 14 and the derivations and discussion in Sec. 5.1. O

Remark 16. The approach also works for 3D finite crystals and ny X no X ng-period macro cells K™*°. In
this case instead of the TE and TM modes (1) we have the full vector valued Mazwell’s equations and this
changes the V in a(-,-) into curl operators and the basis functions b™ % are vector valued. However, we
can still write agmac(-,-) as a sum of the terms (25).

5.4. Derivation of the fast quadrature

This section is devoted to the proofs of Lemmas 12 and 13.

Proof of Lemma 12. The proof consists in the decomposition of 7" into a sum of integrals @; over the unit
cell Q only, each multiplied with a weight. These weights will be derived as products of two separate sums
SZ-(I) and Si@) only depending on n; or ns, respectively.

To achieve this separation of SZ-(l) and Sl-(z) we transform the parallelogram-shaped macro cell K™a¢

onto the rectangular cell K = [0,n4] x [0,75] by an affine transformation. On K we perform a monomial
expansion of b?¢ and apply the binomial theorem.
The affine mapping F, : R? — R?

F.(Z) := Fo(%) + c, Fo(Z) := a171 + a2y, (28)

transforms K onto the parallelogram-shaped macro cell K™ with the corners ¢, c+ni1a1, c+n; a1 +noao
and ¢+ nyaz. The unit cell of the transformed cell K is the standard unit cell 2 := [0,1]2 = Fy *(Q). The

determinant of the Jacobian of F, or Fy is |Q\

Using the transformation I, we represent T' as an integral over K and decompose the integral as sums
over translated standard unit cells €2

T =10 / F(Fei) (DI 0ae) (Foi) (DP1612) (Fo) (DI2bmie) (Fo) (D202 (Fe) d

0y / F(Fe) (DI00) (Fo(F + £)) (DU 61%) (Fy (7 + £)) (29)
e A
(D=2b2) (Fe (@ + €)) (DY2bic) (Fo(T + £)) d

where we use the offset vector £ and the index set A := [0,n1) x [0,n2) C N2,

The macro functions 6™ are constructed as polynomials of maximal degrees p; and py on a reference cell
K =0, 1] They remain polynomials (of the same maximal degrees) on K™*¢ and on K as the mappings
Fremae 1 K — K™a¢ and F, : K™ac K are affine. The same holds for the derivatives of a macro function
b™2¢ Let the monomial decomposition of (Df]“b?;ac)(ch) for some derivative selector diy, component
selector  and macro index i; be given by

(D b)(Felt) = 3 o3, (30)
veP

Here agl’dil’”) € C are the monomial coefficients, P = [0,p;1] X [0,p2] is the set of polynomials degrees up
to orders p1, p2 and ¥ is the multi-index notation for 7" x52.
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The micro functions (b21¢)(F.Z) and their derivatives (D32bj2i¢)(F.&) are e;- and ep-quasi-periodic
which enables us to write

(D2b) (Fe(® 4 £)) = (De2b2) (Fob + Fol) = ez Fo(DI=b) (Fx).

Inserting this equality and the monomial decomposition (30) of the macro functions 6™ into (29) we get

T = ‘§| Z Za'(jl,dilm)agl,djl,n) Zei(kiQ_ijz)'Foe

vEP pepP LcA

/~ f(Fex) (® + £)V T (D bgiC)(Fcaz)(Dgh@)(Fci) dz.
Q

Now, we apply the binomial theorem to ( + £)¥*#, transform Q back to Q and obtain

v+u
_ (in.di1 ) o, (1. 1) vitpn (V2 + 12 cotp-m ymdiz,dj,
T_Z Z ay @ ! Z my Mo SA,iQ,Jé Qfﬂzdz (31)
veP pebP m=0
with
K L i(ki, —kj, ) Fol g m,diz,dj, —1,_,\m 1diz zmic dj i
S sy = 3 iR ot Qs [ F() (Fg ta)™ Dz () D25 () dls
LcA Q
m,diz,djy

The index set 7 in (26) stems from the three multi-index sums in (31) and Q; corresponds to Q7 >
which is an integral over Q of micro functions or their derivatives with the transformed monomials (Fy Lg)m
of bounded polynomial degree m € P.

It is left to show that the term S% ; . can be decomposed into Si(l) and Si(2). Inserting the definition
of the vector £ = f1e1 + {2e2 and of £7 = £7*¢5? the summands separate in products of terms in ¢; and ¢y
and with the definition (27) we obtain

K —ily (ki, —k;,)-Foe1 gk —ily(ki, —k;,)-Foes pr2 ) __
SA7i27j2 = Z (e a 2 '72) o gll> (e 2( 2 J2) 02 622> - Smnu (al)sz,nz(CQ)
LcA

—i(kiy —kj,)-Foer

with a, = e for r = 1,2, and the proof is complete. O

Note, that the separation of SZ-(U and S’i@) at the end of the proof would not have been possible if the
monomial expansion (30) would have been performed on the unit cell Q with the periodicity directions a;
and az and an offset vector Zog(€) = f1a1 + f2a2 instead of £.

For the optimised algorithm in Sec. 5.5 it is important to remark, that the tensor product structure of
the shape functions s2¢

b
coefficients o) of the monomial expansion of the shape function s™¢(3) = P o al3¥. For diy = 0 the

i
. i1,0, .
coefficients oz,(f 10 are given by

oo = ()" ) (%) o) = alprmafzr (320)

which follows from the identity

(cf. Sec. 4.1) allows to express the coefficients afrdinn iy (30) in terms of the

DPc(Fo) = e (1) smac (22, (32b)

ni L2 ne

Similarly for di; = 1 we derive expressions for the coefficients of derivatives of b™?¢, which are derivatives
with respect to the coordinate & € K™?¢. Using the transformation of the gradient we obtain

(DLOR)(Fo) = (Va, b52) (Feit) = () Vg b)) (Fe®)
= (J1,) Va1 b)) (Fei) + (J5, Va2 b (Fe),
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where j ~T is the 7-th column of the transpose inverse of the Jacobian J. In view of (32b) we can now
(Ll 1, 77)
express the coefficient ay,

aslvl’m:iﬁ (v + Doyl 4 0 ) (v 4+ Dafrmaf2e). (320)

The entries of J~ | can be given by the simple formula

1 o
JgTzIﬁw—DHﬂ%,mij for 1 <i,j < j, (32d)
for the transposed inverse of an 2 x 2-matrix. Here a; ; is the j-th component of the periodicity direction

a;.

Proof of Lemma 13. The proof falls into three parts, the proof of the two special cases a = 1 and k¥ = 0 and
the more general case a # 1, k > 0.
For a = 1 pre-computed Bernoulli polynomials By (n) can be used to compute the sum in O(1) operations

Bi+1(n) = Br11(0)
k k+1 k+1
Spen(1 E:e e . (33)

The Bernoulli polynomials can be pre-computed according to the formula

k 1 n n
) = (=D, )@ +0",
X ()

with computational effort O(k?).
For k£ =0 and a # 1 we have the geometric series

a™ —1
S()J-L(U/) = ae = ﬁ, (34)
£=0
which computes the sum in O(1) operations.
In all other cases, i.e., k > 0 and a # 1, we claim that

a k—1 ‘ k _

Skn(a) = A= Zak,ja] +am! Zﬂkvj(n)aj : (35a)

§=0 §=0

where the constants oy ; and S j(n) are recursively defined by

1 j=0,k—1
arg =1 . = (35D)
(+Dag—1;+ (k—jlag-1j-1, 1<j<k—1,

_n, k=1,j=0,
n—1, k=1,j=1,

Br,j(n) = S nfr_1,0(n), k>1,7=0, (35¢)
(n+7)Bk-1,5(n) —(k—j—n+1)B-1;-1(n), k>1,0<j<k,
(1 —n)Br—1,6-1(n), k>1,7j=k.

The proof of (35) is by induction in k and is based on the observation, that Si ,(a) is the Z-transform of

the sequence {z}""} with =¥ = ¢* for 0 < ¢ < n and 2}"* = 0 otherwise. We define the Z-transform
equivalently with a® instead of a=¢ as

Spn(a) =2 Z alz)k.

l=—o0
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Using the rule for differentiation of the Z-transform we deduce
Skt1.n(a) = a Sy ,(a). (36)

Differentiating (34) and multiplying with a we get

a

) = e

L+a" !t (=n+(n—1)a)),

which proves (35) for k = 1. Assuming (35) to hold for k, we will prove it for k + 1.
Differentiating (35) and multiplying by a we conclude in view of (36) that

S0+ Dagja? +a™ 1S5 ((n+ ) (n)a?

Skt1n(a) =a (1— a)k+1
S g jad +am SR By i(n)ad
2 7=0 2] 7=0 »J
+a“(k+1) 1oy

k—1
35 a . . 1
© ( a0 + ((J + Dok + (k+1- ])a,w»,l) a’

_ k+2
(I-a) - =

Qk+1,0
+ Qkt1,j

k10" +nBron)a™ ! + (1 — n)Brr(n)a™t*
N—— N———

——
Akt 1,k Bri1.0(n) Brst.ni1(n)
k
+a" Y ((" +5)Br,i(n) —(k—j—n+ 2)/8k,j—1(n)) aj>,
j=1
Br+1,5(n)

which proves (35) for k + 1. The constants oy, ; and S ;(n) in (35) and so Si »(a) can be computed with
O(k?) operations, and the proof is complete. O

Remark 17. Apart from the Bernoulli polynomials for the special case a = 1 also the powers a™ can be
pre-computed (see Remark 11). The polynomials 25;11 ay ja’ and Zj:o Br.j(n)a’ can be stably evaluated
via the Horner scheme. The coefficients of the Horner scheme can be likewise pre-computed.

5.5. An optimised algorithm for fast quadrature

It has already been shown in Cor. 15 that the fast quadrature algorithm has computational complexity
independent of n,1 x np o the size of the crystal. This means that the computational cost per DOF is
constant independent of n, 1 x np 2. Thus the proposed multiscale FEM is indeed size robust in terms of
computational time if we can show that it is size robust in terms of ngor. However, the algorithm contains
several sums and the computational costs for each DOF can be large for large pypac. In this section a closer
investigation of the constants in the formulas reveals this dependence on py,,. and shows how to optimize
it to a complexity of O(p,.) using sum factorisation techniques [55]. The complexity of the optimised
algorithm is up to a constant equivalent to the assembly time for tensor product polynomials of degree pyac.

An implementation of the fast quadrature needs to evaluate formula (31) for each pair of multiscale
functions b;’“ﬂti and b;f“ul“. The total number of evaluations per pair is O(1), there are 8 evaluations for the
sesquilinear form a(by™'", b2"!¥") and one evaluation for the sesquilinear form b(by'*, p2*'). The number
of basis functions v™"t is O(p2,,.) due to the tensor product structure and assumed constant number of
micro functions nuyi.. The complexity of the algorithm is thus O(p?,.) times the complexity to evaluate
(31). In (31) the unit cell integrals @; and the Z-transform of powers Si(l), Si(2) need to be evaluated. The
former requires a unit cell quadrature of at most a complexity of O(p2,,.) (see Sec. 5.2 with n = 1). The
latter requires to evaluate one of the cases (33), (34) or (35). Only a time of O(1) is required to evaluate
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Algorithm 1: Fast quadrature algorithm

. 1/8fem
L VE

Q-periodic material function f(x) (here f(x)
output: Stiffness part ASHf of system matrix

input

with M™ Duioch, Pmic, MM pra. and exterior discretisation parameters, an

= a(z))

1 allocate space for ASf
2 for K™* € M33° do //all exterior elements
3 Lstandard assembly process for K™a¢ ; time: e.g., O(p°) for p-FEM
4 allocate space for At (i) 1 iy, 7o) ; space: O(pi..n2%;.)
5 for K™% € M22° do //all multiscale elements
6 | let K™2° be a multiscale cell with n; x ng periods and the index set A :=[0,71) x [0, n2).
7 | for di,dj € {(0,1),(1,0)}, n € {1,2} do //8 combinations
8 for 7, € {0,1} if diy =1, else 71 =1 do //2 combinations for di; =1 in (32c)
9 if di; =1 then J; «— JA 1. else J; «— 1; //see equation (32)
10 for 7, € {0,1} if dis = 1 else 72 =0 do //2 combinations for dis =1
11 if dis = 1 then Jy «— J +1 . else J, — 1; //see equation (32)
12 for is, jo =0,...,npic — 1 do //all micro functions
(1 .(2)
13 allocate space for Szllg J)z 52212 s (only k1, ko variable) ; space:  O(Pmac)
14 allocate space for Q}nzjzji’djz (only m variable) ; space: O(pi..)
15 for k1 =0,...,pmac do //all values k1 =v1 + pu1 —
16 Lcompute szsj)z using Lem. 13 ; time: O(Pmac)
17 for ko =0,...,pmac do //all values ko = Vs + g — My
18 Lcompute szfj)z using Lem. 13 ; time: O(Pmac)
19 for my,ms =0,...,pmac do //all monomial powers
20 tcompute Q;’;’i?z’dj 2 using unit cell quadrature ; time: O(p2..)
21 allocate space for Hy(i2,j1,72,1) ; space: O(pf}nac)
22 allocate space for Ha(ig, ja2, K1) ; space: O(p3..)
23 allocate space for Hy(r1, k2) ; space: O(pi..)
24 for k1,k2 =0, ..., Pmac do
1 , ydiz,djy iy
25 | Halm,ma) = S (0) () S35, S50, QT 5 time:  O(Phac)
26 for 75,72,k1 =0,...,Pmac do
27 Hj(i2, jo, k1) <
D Yo vy + DAl (y + 1) W02 H (1, vs + o)
i tine:  O(p2,,)
28 for ZQajlanal/l :O7~-~7pmac do
29 Hi(i2, J1y Jos v1) = o020 (p + 1)‘“2(1_772)aifllﬁi)z(l,ﬁz)ffz(iz,ﬁz, V1 + 1)
B time: O(Pmac)
30 for Z17[2vjlvj2:0 -y Pmac do
31 AN (i, j1yia, J2) — AR (in, 1,42, ja)
32 +J1 ,]2 lPixlnac (V =+ 1)(1&1(1 1) I(,Lll-;f:iii(l—ﬁl) Hl (iQ,jl,jQ’ Vl)
B time: O(Pmac)
33 AStlﬂc « combine (AU Astiff) //respect overlap handling

34 return Astif
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(33) and (34), a time of O(pmac) to evaluate (35a), and a time of O(p2,,,) to set up ay ; and G j(n) by
(35b) and (35¢). So the complexity to evaluate the terms Si(l), Si(z) and Q; for a fixed i is O(p2,,.). There
are O(pS ,.) of these terms to be summed, which leads to a total time of O(pS ,.) for a tuple (¢,5). Such an
implementation thus has an overall complexity of O(pl2 ).

Fortunately, some optimisations are possible. The optimized algorithm for the sesquilinear form af(-,-) is
Alg. 1 (see Fig. 9 for the notation of the indices). A similar algorithm works for the sesquilinear form b(-,-)
with the material function f(z) = b*(x,w) and with a single combination instead of the 8 combinations in
Alg. 1. The combination is given by the derivative selectors di = dj = 0 and where the component selector
7 remains arbitrary. The algorithm uses memorisation and sum factorisation as in [55] and has the overall
complexity of O(p2 ,.) in Pmac- This is up to a constant equal to the time for an assembly for the standard
FEM on the coarse macro mesh M52¢; however, it resolves variations on the micro scale.

6. Numerical results

This section presents results of the multiscale FEM presented in the previous sections for the model prob-
lem described in Sec. 2. We will give results for the same test cases as studied for the L2-best approximation
of the multiscale basis in Sec. 3.3 and supplement the results with an experiment for oblique incidence. The
multiscale FEM is always compared to a scale-dependent p-FEM simulations of a high polynomial degree.
The p-FEM simulation is known to produce good approximations but with high computational costs in time
and memory for large ny,.

A C++ Implementation of the multiscale FEM solver of Section 4 has been integrated into the FEM
solver Concepts [15]. A tool chain to compute a finite crystal solution u8®™ for one test case is explained
in Alg. 2. Experiments for varying parameters of Alg. 2 will be shown in the remainder of this section.
Especially we vary the modelling parameters @, ¢ and n, but also the discretisation parameters pmac,
Mmac We will always fix a set of micro functions E[(nmy;c) based on Bl®™ depending on & and .

The unit cell Q = [0,1]? and material parameters (see Fig. 2), the micro mesh M™¢ (see Fig. 8(d)), the
polynomial degree ppioch = 25 (see discussion in Sec. 3.3), the exterior polynomial degree pexy = 15, the size
of the air layer L** = 6 and the number of terms in the DtN operator (nP*N = 7) have been fixed in all
experiments. The constants have been chosen so that the modelling error of the non-reflecting boundary
condition is neglible and so that the over-all discretisation error is dominated by the error in Q. We always
compare the method in the H!(Q)-norms and the nDOFs with support in Q° which have been used for
the simulation. The nDOFs completely supported in Q°** and the error in Q" have not been taken into
the analysis as the focus of the present work is the discretisation of Q.

Algorithm 2: Toolchain for the multiscale FEM solver

define normalised frequency @ ; //compare to the bandstructure in Fig. 3
1 define incidence angle ¢ ; //p =0 defines perpendicular incidence (default)
2 setup incident plane wave (default amplitude 1) ; //see Sec. 2.7
3 compute Floquet parameter k; = T (sin(p)w?) ;
4 define micro mesh M™i of ) ; //see Fig. 8(d)
5 define polynomial degree ppjoen t0 solve the unit cell problem (14) ;
6 compute set of the set of first npjoen micro functions By, (Nbloch) ; //see Sec. 3.2
7 define exterior macro mesh M™2¢ of width L2 ; //see Fig. 8(a)
8 define number of periods n, of 1 and multiscale macro mesh M2 ; //see Fig. 8(a)

9 define macro polynomial degree pp,,. for Vkri‘um and polynomial degree pey for V,fl"t ;
10 compute finite crystal solution u using g-FEM solver ;

11 postprocess u ; //e.g., compute H'(Q")-error to a p-FEM reference simulation.
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The reference finite crystal solution u**f has been computed with p-FEM on a size dependent mesh (see
Fig. 5) with uniform polynomial degree p**! = 20. Since the PhC scatterer in the investigated example is
made of smooth dielectric circular rods, the p-FEM with curved cells ensures a high accuracy of the reference
solution [68]. We observed that the relative H'(Q°) error of u™f is approximately constant for a fixed p!
independent of n,. By computing a finite crystal solution for small n, with a polynomial degree p > p
we assure that the error of v is below 10~¢ with small variations depending on @. All H!(Q)-errors are
measured with respect to u'ef.

The efficiency of the g-FEM solutions u8®™ are compared to the efficiency of solutions u™ of a size
dependent method, where we used again p-FEM with uniform polynomial degrees p** well below the reference
degree p™f. The nDOFs completely determines the computational time used by p-FEM or multiscale FEM.
Note, that each DOF for multiscale FEM is up to a constant as expensive as a DOF for p-FEM (cf. Sec. 5),
and thus a comparison of nDOFs is sufficient. Using an adaptive hp-FEM instead of of p-FEM, a smaller
nDOFs may be obtained for a certain discretisation error, but no essentially different numerical results are
expected.

The macro mesh M22¢ was always fixed to the one presented in Fig. 8(a) and the polynomial degree pyac
was varied. The set of micro functions S,?iic was chosen as the set of dominant Bloch modes B(klfm completed
by the special micro function b™° (see Sec. 4.3), consequently we always have npyic = Nplocn + 1. In the
present work we will not show results for larger micro spaces Vkrfic whose generators S,fiic contain higher
Bloch modes. For bandgap frequencies we modified Efgiic according to the selection rule (D3) described in

Sec. 3.3.

ref

6.1. Experiments for perpendicular incidence

First, we present the results for the test cases of Sec. 3.3 with @ € {0.215,0.300,0.625} and perpendicular
incidence (¢ = 0) for several n.

Convergence in pmac. In Fig. 11(a) the convergence w.r.t. ppac is shown for @ = 0.625. The error decreases
as Pmac 1s increased which is in accordance to the best approximation error for the first cell (see Fig. 6(e)).
The final relative H'(Q")-error is below 1073 and even one magnitude lower for larger n,. In Fig. 11(b)
all three frequencies @ = 0.215,0.300,0.625 are compared, for an easier presentation for the extreme cases
n, = 3 and n, = 100. The computations have been done for the same values of pmac as in Fig. 11(a),
where we now present a plot in dependence of nDOFs instead of py,,c. We observe in all three cases, for the
propagating frequency @ = 0.215 with npjoen = 2, the bandgap frequency @ = 0.300 with npjoen, = 2 and the
propagating frequency @ = 0.625 with npieen = 4, a relative H! (2 )-error lower than 10~3 with less than
1000 multiscale DOF's. For the propagating frequencies @ = 0.215 and @ = 0.625 the error decays for larger
np as then the error in the first cells becomes less and less important. For bandgap frequencies this is not
the case, as the fields themselves decay and the first cells will always be most important.

Comparison to p-FEM. The results for a similar but more extensive experiment are shown in Fig. 12 for
the frequency @ = 0.215. In this experiment all the solutions for n, = 3 up to n, = 50 have been computed
for pmac = 1,...,9. The error for ngot = 8 (Pmac = 1), Ndot = 78 (Pmac = 3) and ngor = 434 (Pmac = 7)
is displayed. The plot shows that the error of multiscale FEM is almost independent of n, and the error
even decreases for larger n,. Additionally to the error of MSFEM, the plot also shows the error for a
p-FEM simulation using the size dependent mesh displayed in Fig. 5 that resolves the material interfaces.
The superiority of a size robust method over a size dependent method is clearly visible. For n, = 50 the
multiscale FEM achieves about the same error with 434 DOFs for which p-FEM needs 50’000 DOFs. And
for larger n,, the difference in DOF's is even more pronounced. The nDOFs for p-FEM grow linearly with ny,
which leads to a linearly growing assembly time, a more than linear increase in the solver time and linearly
growing memory usage. In contrast to this, for multiscale FEM, the assembly time, solver time and memory
usage is practically constant. Already for n, = 3 the multiscale FEM requires less DOFs as p-FEM, but as
the constant in the assembly time per DOF of multiscale FEM is larger than for p-FEM, the total runtime
of the solver is larger for very small n,. We note that the size dependent mesh for p-FEM is necessary
to achieve exponential convergence. If the material interfaces would not have been resolved p-FEM would
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(b) Multiscale FEM for @ = 0.215 (nploch = 2), @ = 0.625 (nploch = 4) and @ = 0.300 (nploch = 2, bandgap). All simulations
have been done for pmac = 1,2,...,9 and for each pmac the used nDOFs and the achieved error are displayed.

Figure 11: Multiscale FEM for perpendicular incidence and the three frequencies studied in Sec. 3.3, see Fig. 3 for the
corresponding bandstructure. In all three cases the MSFEM is size robust for constant pmac and constant nDOFs. The
convergence graphs for @ = 0.625 includes larger nDOF's due to the two additional micro functions.

reach only algebraic convergence which is confirmed in practise. Apparently, p-FEM has to use more DOF's
for growing n,, to retain a particular error level.

6.2. MSFEM for oblique incidence

We also computed the error of MSFEM for oblique incidence for @ = 0.230 as studied for the best-
approximation in Sec. 3.3. The results are shown exemplary for n, = 20 in Fig. 13(a). The MSFEM
accuracy is not affected by the incident angle ¢ and thus the method works uniformly well deep inside the
bandgap, close to the propagating regime and inside the propagating regime. We note that this result relies
on the selection rule (D3). With the selection rule (D1) the condition number of the system matrix is even
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Figure 12: Multiscale FEM for perpendicular incidence and the frequency @ = 0.215 in comparison to p-FEM. P-FEM is size
dependent and the error for a fixed nDOF increases with n,, whereas MSFEM is size robust and achieves for a fixed nDOF a
constant error independent of np.

larger than that of the L?-best projection and the method fails before reaching even an error level of 1072.
The reduction of the condition numbers is subject of future research.

Experimental investigation of the transmission coefficient. An important quantity for manufacturing a PhC
structure is its transmission coefficient 7', it is desired to control 7. If a PhC is used to shield a waveguide
it is desired to have a very small value for T', so that most of the field is transported along the waveguide.
To couple a field into the waveguide a high value of 7'~ 1 is desired. Often the transmission coefficient of
a complicated PhC device is deduced by the bandstructure of the corresponding infinite PhC. The band-
structure of the infinite crystal give the general idea of the value of T', but there are some effects unique to
finite PhCs.

As a generalisation of reflection and transmission coefficients for wave optics [63], we define T as the
power transmission coefficient [71]

en(ug,,np + L)
en(up®, ny, + Lair)’

T:

where the power flux en(u, y) of a field u over an interface line x5 = y is given by

0
en(uy) =T [ (o) aor, ) dan.
0 OT2

The transmission coefficient for @ = 0.230, varying incident angles ¢ and several sizes of the crystal is
displayed in Fig. 13(b). We displayed the transmission coefficient as computed by p-FEM with polynomial
degree p = 20 and by MSFEM with pyac = 3. The p-FEM computation for p = 20 has resolved the field
ug, with high precision and thus the computed transmission coefficient is expected to be very accurate. The
MSFEM for pmac = 3 with its only 78 DOFs approximates the transmission coefficient so accurate, that in
Fig. 13(b) no difference between the two computations can be seen. As predicted by the infinite PhC, the
transmission coefficient is very small for large crystals and away from the propagating regime. Parts of the
field are reflected on both interfaces of the crystal. Depending on the number of periods n, and the angle ¢
there can be destructive or constructive interference between the two reflected fields. This explains why the
reflection coefficient can vary strongly in the propagating regime, which cannot be predicted by knowing the
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(b) Transmission coefficient as computed by p-FEM with p = 20 and MSFEM with pmac = 3.

Figure 13: Multiscale FEM for n, = 20 and oblique incidence for the frequency & = 0.230 (nploch = 2) which is a bandgap
frequency for incident angles ¢ < 47° and propagating otherwise. Compare this result to the bandstructure, reflection coefficient
and best-approximation result in Fig. 7. In a) we observe the MSFEM accuracy is incident angle robust, it works inside the
bandgap (fast decaying modes) on the boundary of the bandgap (slow decaying modes) and in the propagating regime (no
decay in modes). In b) the power transmission coefficient is displayed for varying n,. No difference can be seen between the
transmission coefficient computed by p-FEM with more than 50°‘000 DOFs and MSFEM with only 78 DOFs.
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behaviour of waves in the infinite crystal. Note that for small crystals (n, = 5), the transmission coefficient
can actually be smaller in the propagating regime than in the bandgap.

The results of this section show that the dominant Bloch modes Bf*™ modulated by macroscopic con-
tinuous, piecewise polynomials of degree pp.. > 1 are a very promising basis to numerically approximate
finite crystal solutions. In the next section we will extent this result and propose a FEM which has this
basis build-in into its basis functions. For py.. = 1 the Bloch modes modulated by macro polynomials form
a partition of unity, i.e., the Bloch modes themselves are contained in the space. Moreover, the modulation
by macroscopic polynomials localises the Bloch modes and allows the finite crystal effects. Higher values for
Pmac are useful close to the boundary of the crystal for the transition of the solution in the exterior space
into solutions of the infinite crystal.

7. Conclusion

In this article, we introduced a size robust multiscale basis and multiscale FEM for PhC structures, as a
special case of the Generalised Finite Element Method. The multiscale basis consists of quasi-periodic micro
functions and piecewise polynomial macro functions. The micro functions can be automatically computed
as numerical solutions of a unit cell problem. In particular, we used the unit cell problem (14) and solved
for the dominant Bloch modes Bji°™ (cf. Sec. 3). Together with a boundary layer mesh (see Fig. 8(a))
this basis can approximate solutions inside the PhC band size robustly. Using this multiscale basis we
constructed a MSFEM which can be coupled to an arbitrary exterior discretisation. The efficiency of the
MSFEM can be controlled by changing the set of micro functions éfiic, the macroscopic mesh M™?¢  and
the polynomial degree py,ac. Moreover, the MSFEM allows h-, p- or hp-refinements on the macroscopic part
and sparsification techniques of the tensor product Vkr?“lti = Vk’?ic @ Vper¢. The MSFEM is size robust for
the PhC barrier and to achieve a particular error it only requires a few DOFs independent of the size of
the crystal, the angle of the incident field or the frequency w. In particular, the method works inside and
outside the bandgap of the corresponding infinite crystal. For large PhC structures, the method is much
faster than size dependent standard discretisation schemes like FDTD or h-, p- and hp-FEM but it is already
useful for smaller crystals. For example for n, = 3 it requires only the same nDOFs than p-FEM. For each
DOF the MSFEM only requires a constant computational time which is not more expensive than a constant
multiple of the time for a p-FEM DOF. This is due to the efficient integration rule for two-scale functions
with quasi-periodic micro structure described in Sec. 5.

Various simulation techniques have been proposed for PhC crystals of different sizes. Very small PhC
structures with only a few periods (n, < 00) can be efficiently simulated by direct discretisation schemes
like p-FEM [67]. Infinitely large PhC structures can be reduced by a Floquet- or Bloch-transformation
to a family of computationally manageable problems where each can be simulated by direct discretisation
schemes. An infinitely large PhC with a localised perturbation or an infinitely PhC in a half space can
be treated by special DtN operators as proposed by Fliss et al. [23]. For the practical case of large PhC
structures present methods are still not satisfactory. The proposed MSFEM for PhC bands can be extended
to 2D structures where the techniques presented in this article are building blocks. This is work in progress
and will be reported elsewhere.

Moreover, further work has to be done in the numerical analysis of the MSFEM. The conjecture of
size-independent stability, Conj. 9, is not yet proven and the size-independence results are only numerically
confirmed.
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