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PLANE WAVE DISCONTINUOUS GALERKIN METHODS FOR THE
2D HELMHOLTZ EQUATION: ANALYSIS OF THE P-VERSION

R. HIPTMAIR*, A. MOIOLA', AND I. PERUGIA?

Abstract. Plane wave discontinuous Galerkin methods (PWDG) are a class of Trefftz-type
methods for the spatial discretization of boundary value problems for the Helmholtz operator —A —
w?, w > 0. They include the so-called ultra weak variational formulation from [O. CESSENAT AND
B. DESPRES, Application of an wultra weak variational formulation of elliptic PDEs to the two-
dimensional Helmholtz equation, SIAM J. Numer. Anal., 35 (1998), pp. 255-299].

This paper is concerned with the a priori convergence analysis of PWDG in the case of p-
refinement, that is, the study of the asymptotic behavior of relevant error norms as the number
of plane wave directions in the local trial spaces is increased. For convex domains in two space
dimensions, we derive convergence rates, employing mesh skeleton based norms, duality techniques
from [P. MONK AND D. WANG, A least squares method for the Helmholtz equation, Computer Methods
in Applied Mechanics and Engineering, 175 (1999), pp. 121-136], and plane wave approximation
theory.
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1. Introduction. Standard low order Lagrangian finite element discretizations
of boundary value problems for the Helmholtz equation —Au — w?u = f are afflicted
with the so-called pollution phenomenon [6]: though for sufficiently small wh, h being
the mesh size, an accurate approximation of u is possible, the Galerkin procedure fails
to provide it. Attempts to remedy this have focused on incorporating extra information
in the form of plane wave functions  — exp(iwd - x), |d| = 1, into the trial spaces.
Prominent examples of such methods are the plane wave partition of unity finite
element method of Babuska and Melenk [5], see also [28], the discontinuous enrichment
method [4,30,13], the VCTR (variational theory of complex rays) [29], and the ultra
weak Galerkin discretization due to Cessenat and Despres [11], see also [24,23,22,20,
21] for further discussion and applications.

It turns out that the latter method can be recast as a special discontinuous
Galerkin (DG) method employing local trial spaces spanned by a few plane waves,
as pointed out in [10,15,14]. In a sense, this is a special case of a Trefftz-type ap-
proximation, as the local trial functions are solutions of the homogeneous Helmholtz
equation —Au — w?u = 0. This perspective paves the way for marrying plane wave
approximation with many of the various DG methods developed for 2nd-order elliptic
boundary value problems. We have pursued this in [15,19,26] for a class of primal and
mixed DG methods, which generalize the ultra-weak scheme, and which differ from
each other in the choice of the numerical fluxes; we refer to these methods as “plane
wave discontinuous Galerkin methods”, PWDG, in short.

In particular, in [15], an h—version error analysis for the PWDG method applied to
the 2D inhomogeneous Helmholtz problem was carried out. In that case, independently
of how many plane waves are used in the local approximation spaces, only first order
convergence can be achieved in general. The analysis was restricted to a class of
PWDG methods with flux parameters depending on the product wh (not including
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the classical ultra weak variational formulation of [11]). Key elements of this analysis
are local approximation estimates and inverse estimates for plane waves, and a duality
technique. This involves estimating the approximation error of the solution of an
inhomogeneous dual problem by plane waves. High-order convergence as h — 0 can
be expected in the homogeneous case f = 0 only [26].

The application of a duality argument in the error analysis entails a threshold con-
dition on the mesh size: quasi-optimality of the PWDG solution is guaranteed only
if w?h is “sufficiently small”, see [15, Theorem 4.10]. In numerical experiments this is
observed as a widening gap between discretization error and plane wave best approx-
imation error. Thus, the notorious pollution effect that haunts local discretizations of
wave propagation problems manifests itself in the theoretical estimates.

For polynomial schemes, their p—versions, also called the spectral approach, are
immune to the pollution effect [1,2,3]. Thus, we believe that the spectral version/p—
version of PWDG, which strives for better accuracy by enlarging the local trial spaces,
will also possess this desirable property. Besides, practical experience suggests that
(well balanced) p-refinement is highly advisable [24]. Since aspects of implementation
are not covered in this paper, we will gloss over the notorious issue of ill-conditioned
linear systems arising from spectral PWDG approaches.

The aim of this paper is the derivation of p—version error estimates for the PWDG
method applied to the two-dimensional homogeneous Helmholtz equation. The used
approach has little in common with the duality techniques pursued in [15,26], because
p-refinement does not yield any useful approximation of the solution of the inhomo-
geneous dual problem, since plane waves fail to approximate general functions.

Moreover, we cannot rely on coercivity in seminorm of the bilinear form defining
the PWDG method for general functions. Instead, we consider a weaker skeleton-based
energy norm (i.e., containing interelement jump terms and boundary terms only)
which is a norm on the space of local Trefftz’ functions only. We prove a coercivity
result in this norm. This grants more freedom in the choice of the flux parameters; in
particular, constant flux parameters are allowed so that also the classical ultra weak
variational formulation of [11] is covered by our analysis.

Our argument is based on an estimate of the L? norm of Trefftz’ functions by
their skeleton-based norm, which was discovered in the context of least squares Trefftz
methods in [27]. We re-derive this estimate in order to establish the dependence of
the constants in front of the estimate explicitly not only on the mesh width h, but
also on the wave number w. In parts, the analysis is carried out along the lines of [10].
On the other hand, we do not rewrite the PWDG bilinear form in terms of impedance
traces, but stay closer to the DG setting and our arguments are substantially simpler
than those of [10].

We point out that the constant in front of the final p—version error estimates
depends on the product wh. This is inevitable, because no accuracy can be expected
unless the underlying wavelength is resolved by the trial space. Yet, in contrast to the
h—version estimates of [10, Sect. 4], the error bounds do not hinge on the assumption
that wh is “sufficiently small”.

The abstract analysis contained in this paper could be extended directly to the
3D case. Also the elliptic regularity and the stability estimates for the inhomogeneous
Helmholtz problem, obtained in [25] in the 2D case, have been proved also in 3D in [12]
and [17]. What is still missing are p—version projection error estimates for functions
satisfying the homogeneous Helmholtz equation onto plane wave spaces in 3D. While
for the h—version these estimates obtained in 2D in [26] have already been extended to
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3D in [18] by using a different argument which considers both the 2D and 3D cases at
once, the 3D case for the p—version is still under investigation. As soon as this result
will be available, our p—version analysis will cover the 3D case.

The outline of this paper is as follows: In Section 2, we report the derivation of the
PWDG method for the homogeneous Helmholtz equation with impedance boundary
conditions. Next, we derive p—version error estimates in Section 3. They hinge on
certain assumptions on the domain, mesh, and trial spaces, in particular the uniformity
of element sizes. In Section 3.1 we state a coercivity property and continuity of the
PWDG bilinear form. Then, we prove quasi-optimality of the approximation error
in a mesh skeleton-based norm and derive a bound for the L?-norm of the error in
Section 3.2. There we follow [27] and [10]. Subsequently, from an approximation result
proved in [18], we derive best approximation estimates in the skeleton-based norm in
Section 3.3. We continue by stating energy-norm error estimates in Section 3.4. In
Section 3.5, we derive error estimates in a stronger norm, also containing the difference
between the gradient of the analytical solution and the gradient of a (computable)
projection of the PWDG solution. The final section studies the PWDG discretization
error numerically for some model problems.

2. The PWDG Method. In this section, we introduce the plane wave discon-
tinuous Galerkin (PWDG) method for the homogeneous Helmholtz equation, follow-
ing [15].

Assume Q to be a bounded Lipschitz domain in R d = 2,3 (since the abstract
error analysis developed in Section 3 below holds true in both 2D and 3D, we do not
restrict to 2D at this point). Consider the Helmholtz boundary value problem

—Au—w?u =0 in Q,

Vu-n+iwu=g on 0f) . (2.1)

Here, w > 0 is a fixed wave number (the corresponding wavelength is A = 27/w), n is
the outer normal unit vector to 9€2, and 7 is the imaginary unit. Inhomogeneous first
order absorbing boundary conditions in the form of impedance boundary conditions
are used in (2.1), with boundary data g € L?(92).

Let 7, be a finite element partition of €2, with possible hanging nodes, of mesh
width h (i.e, h = maxger, hi, with hx = diam(K)) on which we define our PWDG
method, and let V,,(7;,) be the plane wave space on 7j, locally spanned by p plane
waves per element, p € N:

P
Vo(Th) ={v € L*(Q) : v|k(x) = > ajexpliwd; - x), a; € C, VK € T},

j=1

where d;, |d;| = 1, are p different directions.

In the p—version setting, we assume the mesh 7, to be fixed, and we only vary p.

Further assumptions on the problem domain, on the mesh 7; and on the ap-
proximation spaces V,,(7;,) will be made precise at the beginning of Section 3 and in
Section 3.3.

In order to derive the PWDG method, we start by writing problem (2.1) as a first
order system:

iwo =Vu in
iwu—-V-0=0 in 2, (2.2)
wo - n+iwu =g on Of) .
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By multiplying the first and second equation of (2.2) by smooth test functions 7 and
v, respectively, and integrating by parts on each K € 7, we obtain

/iwo‘-?dVJr/uV-TdV—/quS:O Vr € H(div; K)

K K oK (2.3)
/iwuidV—l—/a-WdV—/a-nidS:O Vv e HY(K) .
K K oK

Replace u, v by up, v, € V,(73,) and o, T by o, 7, € V,(75)¢. Then, approximate the
traces of v and o across interelement boundaries by the so-called numerical fluzes
denoted by u, and &, respectively, and obtain

/iwa'p-?pdV—l—/upV-TpdV—/ﬂpr-ndSZO V1, € Vo (Th)(K),
K K oK
/iwupﬂpdV—l—/O'p-W,,dV—/é}-n@,dSzO Yo, € Vo (Th)(K) .

K K oK

(2.4)

The numerical fluxes will be defined below; they also take into account the inhomo-
geneous boundary conditions.
Integrating again by parts the first equation of (2.4), we obtain

. 1 _ 1 .
/ap-TpdV—E/Vup-TpdV—E/(up—up)Tp-ndS. (2.5)
K K oK

Since VpV,p(7n) C V]g(’]}L)d, we can take 7, = Vv, in each element. Inserting the

resulting expression for [  0p- Vv, dV into the second equation of (2.4), we arrive at

/(Vup Vo, — wu,v,) dV — /(up —p) Vo, -ndS — / iwo, -nT,dS =0. (2.6)
K oK oK

Notice that the formulation (2.6) is equivalent to (2.4) in the sense that their u,
solution components coincide and the o, solution component of (2.4) can be recovered
from wu, by using (2.5).

Another equivalent formulation can be obtained by integrating by parts once more
the first term in (2.6) (notice that the boundary term appearing in this integration
by parts cancels out with a boundary term already present in (2.6)):

/(fAvp —w?vp) updV + / Up Vup - ndS — /iwﬁp -nT,dS=0. (2.7)
K oK oK
Since v, € V,(73), the volume term in (2.7) vanishes and, adding over all elements

K € T, we obtain the PWDG formulation: find w, € V,(7;) such that, for all
U:D € V;D(,];L)v

/ (ﬂp [[thp]]]v — 1w ap . [[Up]]N) ds

7

+/ (ﬂpvhvp ~ndeiw3'p~n6p) dS=0.
FB

h
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In order to define the numerical fluxes, we recall some standard DG notation.
Write nt, n~ for the exterior unit normals on 0K+ and 0K, respectively. Let
up and o, be a piecewise smooth function and vector field on 7j, respectively. On
0K~ NOK™, we define

the averages: fup} = 5(u) +u,) , {o,}:=3(0) +0,),
the jumps: [up]ny :==uin® +u,n” | [o,]nv:=0) -n" +o, -n

We define the PWDG fluxes by setting
N 1
Op = E{{vhup} — o fup]n
. 1
up = {up} — E[[vhup]]N ;

on interior faces, and

on boundary faces, where the parameters «, 3 and § are the so-called flux parameters;
assumption on them will be made in Section 3 below.

With these definitions, we can write the PWDG method as follows: find u, €
Vp(73,) such that, for all v, € V,,(7},),

An(up, vp) = r(vp)

where
An(u,0) = / (u}[Troly dS + iw ! / BIVau] N [Vrolw dS
i i
—/ {{th}}-[[ﬁ]]NdS—i—iw/ a[[u]]N-[[E]]NdS
Fi Fi
—|—/ (1—5)uV;lU-ndS+iw_1 6Viu-nVyv-ndS
Fp Fp
- 5th-nUdS+iw/ (1-9%)uvdS,
Fp T
and

éh(v):z‘w’l/ 5thv-ndS+/ (1—-4)gvdS .
]:B ]:B

h h

The PWDG formulation is consistent by construction; thus, if u € H?(Q) solves
(2.1), then it holds

An(u,vp) = b (vy) Vo, € Vo (Th) - (2.8)
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3. Error Analysis. We develop our a priori error analysis under the following
additional assumptions:

Assumptions on the problem domain:
e () is convex.
Assumptions on the mesh:

e each element K of 7j is a convex Lipschitz domain;

e there exists a constant p € (0,1) such that each element K € 7}, contains a
ball of radius p hx (shape regularity);

e there exists a constant p € (0,1) such that, for each K € Ty, hx > ph
(quasi-uniformity).

Assumptions on the flux parameters:
e «, §and ¢ are real, strictly positive, independent of p, h and w, with § € (0,1).

REMARK 3.1. A choice of flux parameters that depends on p and on the product
wh, in the spirit of standard DG methods and of the PWDG method of [15] will be

discussed in Remark 3.15 below. The choice « = = § = 1/2 gives rise to the original
ultra weak variational formulation by Cessenat and Despres (see [11] and [10]).

Define the broken Sobolev spaces
H*(Ty) = {w € L*(Q) : w|,, € H*(K) VK € T} .
Let T'(7},) be the piecewise Trefftz’ space defined on 7j by
T(T) = {w € H*(T},) : Aw +w?w =0 in each K € Tp,} ,

and endow it with the norm (see Proposition 3.2 below)

el 1, = 182 [Vnwlwl3 s +w o[l |2 £

- (3.1)
+w 62V hw -} p +w (1= 8)2wllf £
In the following, we will also make use of the augmented norm
2 2 —1/2 2
ol =lllwlllF, +wlls P2R0RG 51 (32)

+ wfl|‘a*1/2{{vhw}}|\(2)’}-}{ +w ||(571/2w|\(2)ﬂ3 .

3.1. Auxiliary Results. Here we collect technical prerequisites for the conver-
gence analysis.

PROPOSITION 3.2. The seminorm (3.1) is actually a norm on T(7Ty,).

Proof. Let w € T(T) be such that [||lw[||%, = 0. Then w € H?*(Q2) and satisfies
Aw + w?w =0 in Q and Vw - n + iwu = 0 on JQ, which implies w = 0. O

PROPOSITION 3.3. If w € T(7},), then
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Proof. Provided that u,v € T'(7), local integration by parts permits us to rewrite
the bilinear form Ay, (u,v) as

Ah(u, ”U) :(th, Vh’l))o’g — / [[U]]N . {Vh’l)} ds — / {{th} . [[5]]]\] ds
Fi Fi
f/ ouVpv- nde/ OVyu-nvdS
i R

+iw71/ ﬂ[[th]]N[[th]]N dS+iw71/ OViu-nVyv-ndS
Fi Fr

+iw/ auln - [[ﬁ]]NdSJriw/ (1—8)uvdS — w?(u,v)0.q -

FI F

B
h h

Therefore,

An(w,w) =[|Vhw[[§ o — 2Re

/[[w]]N~{V—hw}}dS+/ 5wvhw~ndS]
fI _7_‘13

h

h

+iw 82 [Vawln | 5 + w62 Viw - m e

sl w2 o + il (1~ 8203 2o — Wl

from which, by taking the imaginary part, we get the result. 0

REMARK 3.4. Well-posedness of the PWDG method follows from Proposition 3.3
and Proposition 3.2. In fact, if Ap(up,vp) = 0 for all v, € V,,(71,), then Ap(up,up) =0
and thus |||up||| 7, = 0 which implies u, = 0.

PROPOSITION 3.5. There exists a constant C' > 0 independent of h, p and w such
that, for all wi,wy € H*(Ty),

[ An(wr, wa)| < Cl[wall| [ [well| 7, -

Proof. The result follows from the definition of A (-, -) and repeated applications
of the (weighted) Cauchy-Schwarz inequality. O

3.2. Abstract Error Estimates. In the next proposition, we prove quasi-
optimality of the PWDG method in the ||| - ||| 7, —norm.

PROPOSITION 3.6. Let u be the analytical solution to (2.1) and let u, be the
PWDG solution. Then, there exists a constant C > 0 independent of h, p and w such
that

- <C inf -
=gl <C | inf -l =yl

where ||| - |||f’+ is defined by (3.2).
Proof. We apply the triangle inequality and write

v = uplll 7 < [llu=vplll 7 + [[lup = vpll| 7, (3-3)
for all v, € V,,(7},). Since up — vp € T(73,), Proposition 3.3 gives

llup = vplllZ, =T [Ap(up — vp,up —vy)] -
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From Galerkin orthogonality and continuity of A (+,-) (see Proposition 3.5), we have
llup = vplll%, < Clllu—vplll £+ llup = valllz, |

which, inserted into (3.3) gives the result. O

Following [27,10], we bound the L?-norm of any Trefftz’ function by using a
duality argument.

LEMMA 3.7. There ezists a constant C' > 0 independent of h, p and w such that,
for any w € T(Ty,),

lwllog < € diam(@) (w2012 +w1/2012) Jljul |, .

Proof. Let ¢ be in L?(9). Consider the adjoint problem:

—Av—w?v =g in Q,

Vo-n—iwv=0 on 01} . (3-4)
The solution v belongs to H2(Q2) and the stability estimates
v + wllv < C diam(Q2 ,
o +wlvllo < Cr diam(@eloo .

[v]2,0 < Co(1 4w diam(€))][¢llo.c ,

hold, with C1,Cy > 0 depending only on the shape of Q (see [25, Proposition 8.1.4],
[12] and [17, Propositions 3.3, 3.5, and 3.6]).

Multiplying by w € T'(7), integrating by parts twice the first equation of (3.4)
element by element (using Aw + w?w = 0 in each K € 73,), and taking into account
that Vv - n = iwv on 02, we obtain

(w, oo = Z /aK (Vw-nv—wVv-n) dS

KeT,

:/ ([Vhw]no — [w]y - Vo) dS+/ (Viw - n +iww) 7dS
]_‘I

B
h ‘F}L

<> (1829 nwlx lo.s87"/20)

fert
+ Z <H51/2Vw -n

ferFp

<lllolllz, | 3 (@18~ 2003 ¢ + w0 a2Vl ;)
feFt

12 o.flla” 2V 0]

o)

0.0+ W28 2wllo, 025 2o,z

0.5 + llaZ[w] N

0,767/

1/2.
+ w2l ]
ferp

=: [[Jwlll7,G ()" .

Introducing, for convenience, a parameter y defined by v = 3 on interior faces and
v = on boundary faces, we have

Gw) < 3 (Wl 20l oxc + w0 a2V ok )
KeT,
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We recall that, for any K € 7j, the trace inequality [9, Theorem 1.6.6]
lulld.orc < Cllullog (i lullo +luhx) — Vue HY(K), (3.6)

holds with a constant C' > 0 depending only on the “shape regularity measure” p.
Since v € H?(2), using the definition of the flux parameters, the trace estimate (3.6)
and the stability estimates (3.5), we can bound G(v) as follows:

Gw) <C Y [wh™Mvllg x +wllv]

KeTy,
SO Y [wh ol i+ whloff x+w BT ol g o ol ]
KeT,
< O [diam(©)’w ™ h ™! + diam(Q)*wh + (1 + w diam(Q))*w ™' A] [|2]1F o
< Odiam(Q)? (wh ™ +wh) [le)2.q

0.5 vl +w TR TR g 4w ol [v]2 K

(we have used also the obvious inequality h < diam(2)), with a constant C' > 0
independent of h, p and w. Consequently, for all ¢ € L(€2), we obtain

(w, ©)o.0

||(,0||OQ < C dlam(Q) (W71/2h71/2 +w1/2h1/2) |||w|||}_h ’

and the result readily follows. O

By applying Lemma 3.7 to u — u, € T(7;) we can bound the L?-norm of the
error by its ||| - |||, —norm, like in [10].

COROLLARY 3.8. Let u be the analytical solution to (2.1) and let u, be the PWDG
solution. Then, there exists a constant C > 0 independent of h, p and w such that

lu = upllo. < € diam(Q) (w/2R712 4 WV2R12) [[|u = wyll|, |

3.3. Best Approximation Estimates. From now on, we restrict ourselves to
the two-dimensional case d = 2. We also make the following assumptions on the
approximation Spaces:

e p=2m+ 1, with m € N\ {0}, is constant;

e the p directions {dy = (cosby,sinb,)}y> . satisfy the following condition:
there exists n € (0,1] such that the minimum angle between two different
directions is greater than or equal to 27 n/p.

Given a domain D C R?, let || - ||s.w.p be the w—weighted Sobolev norm defined by

s
[ol2 w0 =Y **Phlip .
7=0

We quote the following result proved in [18].

THEOREM 3.9. Let D € R? be a bounded, convex Lipschitz domain of diameter
hp which contains a ball of radius php, with p € (0,1). Let u € H*1(D), k >0, be
such that Au+ w?u =0 in D.

Fixm > 1, set p = 2m + 1, and let the directions {d¢ = (cosf¢,sinf,)}7>_ .
satisfy the following condition: there exists n € (0,1] such that the minimum angle
between two different directions is greater than or equal to 27 n/p.
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Finally, assume that

m—+1
< | — .

Then, there exists o1, ...,0, € C such that, if we set P u = 22):1 agewm'dk, for
every 0 < 7 < k, we have

u — Poulljw.p < Cehe/4 (14 (whp) *8) nl

k+1—j m
log (% + 1 4 [ =2 ) ! (ﬁ 1—|—whD) Il
k414 |2 202 Vm +1 e Do

with a constant C > 0 only depending on the shape of D, j and k, but not on h, p,
w, n and u.

We point out that, thanks to the assumptions made before, Theorem 3.9 can be
applied to the elements K € 7j,. Also note that p = 2m+1 is the spectral discretization
parameter.

Set, for simplicity,

Clog (k+14 =)
£k, m) = B+ 1+ (2]

)

notice that 0 < L(k,m) < 1.
LEMMA 3.10. We have the following estimates:

wllu = Poullf 7,

1 m
< Cell“’hK/2(1 n (wh)”) wh2kH1 |:£(k.7m)k+1 n ( + wh ) ]

m+1 (3.7)
1+wh\™
' [‘C(kvm)k + (\/’ITL—H> ] ”u”iJrl,w,Q ’
w V(e = Pou)ll £,
1+wh\™
11wh/2 19\, ,—172k—1 k
<Ce (14 (wh)?)w™'h [E(k:,m) +( m+1) } (3.9)

_ 1+wh\™
[ﬁ(k,m)k Ly <\/m——|—1) } ”U”i-i-l,w,Q;

with a constant C > 0 independent of h, p, w and u.
Proof. Using (3.6), Theorem 3.9, the fact that (1 +wh) > 1 and L(k,m) < 1, we
have

la = Poall? pre <C (i = Poull3 g + lu = Poullo e — Pl )

SC (1 (whie) ') R [ﬁw,m)kﬂ + <—1 ; W) ]

m—+1
1+ whg m
: [ﬁ(k’am)k + (ﬁ) ] ull7 1 s
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and
IV(u— Pou)§ ox <C (hy'lu— Pouli i + |u — Pouly re|u — Poulz, i)
1 +th)m:|

<C en“hK/2(1 + (th)lg) h2k—1 [ﬁ(kz, m)F + (
m+ 1

o 1+ whg m
: [ﬁ(kvm)k b+ (W) } lullfsr o x >

Adding over all elements and multiplying by w*! give the two bounds. O
The following theorem is a straightforward consequence of Lemma 3.10.
THEOREM 3.11. Assuming wh < cg, with a constant co > 0, we have the following
estimate:

lle = Poul 20

< Ch* {w‘lh_l {ﬁ(k,m)’f“ + (%ﬂ)m} [ﬁ(k’m)k - (ﬁ)m}

+[emm+ (ﬁ)m} o) (ﬁ)m” e

with a constant C' > 0 independent of p and u, but depending on cq (i.e., it depends
on w and h only through their product wh).

Best approximation error bounds for u € H? Best approximation error bounds for u € H?

—— h=0.100000
—— 0 h=0250000 |
—— 0h=0.500000

wh=0100000 [
o h = 0.250000 10' b
——— wh=0.500000
 h =1.000000

©h =1.000000

N\ = = =0O((log mim)*'"?) = = = 0((log mim)*"?)
~10 —
[ 7 o0
lag) ap)
= =

= =1
R=N =
10 o
o Lol
: :
Q Qo
M [aa)

Fia. 3.1. Qualitative plots of the bounds given in Lemma 3.10 (with cutoff at 10).

REMARK 3.12. The graphs of the bounds of Lemma 3.10 given in Figure 3.1
highlight the pronounced increase of the constants for large wh and small p. This is
evidence of a threshold condition, that is, a minimal resolution requirement on the
plane wave space before any reasonable approrimation can be expected.

REMARK 3.13. For k < [2L] (see Theorem 3.9), L(k,m) asymptotically be-
haves, for increasing m, like log(m)/m (and thus like log(p)/p), see Figure 3.1,

m

whereas the term ( ﬁ) decays faster than exponentially. Therefore, the estimate

of Theorem 3.11, for large p, can be written as

B B logp k—1/2
= Paulllg < Com2ni2 (B a0 (39)

No better estimate can be obtained for the weaker ||| - ||| £, —norm.
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3.4. Error Estimates. In the following theorem, we state error estimates for
the PWDG method in the following energy-type norm:

lwlbe = Il — upll|Z, +w?[lwlFe -

THEOREM 3.14. Let u € H*T1(Q) be the analytical solution to (2.1) and let uy
be the PWDG solution. Assuming wh < cg, with a constant c¢g > 0, there exists a
constant C > 0 independent of p and u, but depending on co (i.e., it depends on w
and h only through their product wh), such that

=

k—1/2
_ _ log(p
= wplll 7, <Cw 2 h¥ 1/2( gpf ) s

o k—1/2
g(p)> llles o -

wlu — upllo.o <C diam() K51
b

Y

and thus
[u —upllpe

1 k—1/2
< C diam(Q)'/2 [w_l/Q + diam(Q)l/Q} pr1 (%@) el k+1,w,0 -

Proof. The first two bounds follow from Proposition 3.6, Remark 3.13 and Corol-
lary 3.8. The third bound is a direct consequence of the first two. O

REMARK 3.15. If we choose the flux parameters depending on p and wh in the
following way:

5= buwh log(p) 5 — qwp o8®)
K Y p Y

wh log(p) p

with a, b and 4 strictly positive and independent of h, w and p, again with § € (0,1),
the result of Lemma 3.7 becomes

» 1/2 P 1/2
wih T+ ( ) + wh
( log(p) ) log(p)

and the best approximation estimate of Theorem 3.11 is

[wlloo < C diam(§2) wlllz

lle = Poull 2.

< O h2 {bgip) {ﬁ(kz,m)k“ - (Wnil_“)m} [ﬁ(k,m)’“ - (Wn;—ﬂ)m]
+@ {E(k,m)k + (ﬁ)m} [Ll(k:,m)k_1 + <ﬁ)m}} ||U||i+1,w,sz ;

consequently, reasoning as in Remark 3.13 yields the optimal estimate

log(p) \ "
= Pl < € () i
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Thus, the final error bounds (see Theorem 3.14) for this choice of flux parameters are

k
log(p
=z, <O (2E2) s

log(p) k—1/2
o[t~ upllog <C diam(©) hF1 (T) s

. o k—1/2
i — | i <C diam(@) B (%) lallesroc

The gain of half a power of log(p)/p in the best approxzimation estimate, with respect
to the case of constant flux parameters, is compensated by a loss of half a power of
log(p)/p in the result of Lemma 3.7, and thus the order of convergence in the energy-
norm is the same as in the case of constant flux parameters.

REMARK 3.16. Matching the final estimate of Theorem 3.14 with the best approxi-
mation estimate (3.9) we find that the bounds feature optimal asymptotic behavior with
respect to p, but half a power of h is lost.

REMARK 3.17. The proof of the “coercivity” result of Proposition 3.3 does not
involve inverse trace inequalities. This allows to choose either constant flux parameters
or the variable flur parameters discussed in Remark 3.15, which, in both cases, give
convergence in the energy-norm of order (log(p)/p)*~1/2.

On the other hand, the bound of the L?>~norm of the trace of a discrete function
on the boundary of an element K by the L?-norm of the discrete function within K
inwvolves a constant proportional to ph;/2 (see numerics in [15]). Therefore, the use
of inverse trace inequalities would have required a choice of the flux parameters similar
to the one in Remark 3.15, but with p* instead of p/log(p), resulting in a deterioration
of the order of convergence of the energy norm by a factor plog(p).

3.5. Error Estimates in Stronger Norms. It would be desirable to derive
an asymptotically quasi-optimal estimate of ||V (u — up)||o,o as it could be achieved
for the h—version of PWDG in [15]. The duality technique employed in our approach
does not provide such estimates. We have to settle for weaker results.

Define the following H'(7;,)-orthogonal projection onto the space PP(7;) C
HY(Q) of globally continuous, 7,—piecewise polynomial functions of degree < p:
P: HY(T,) — PP(7},) is such that, if w € H(73,),

Ly (P(w),v) = Lp(w,v) YvePP(T), (3.10)
where

Lp(w,v) := / (Vaw - Vv + w?wo) dV Yw,v € H'(Tp,) . (3.11)
)

Note that, given w, the computation of P amounts to solving a Neumann boundary
value problem for —A + w? by means of p-degree Lagrangian finite elements. Thus,
in principle, Pu, can be obtained from the PWDG solution u, € V,(7;) by means
of solving a discrete positive definite 2nd-order elliptic boundary value problem in a
post-processing step.

ProposITION 3.18. With the same assumptions as in Theorem 3.14, we have

. o k—1/2
19 (u — Pluy)) o < C (diam(€) + ) B~ (%) s
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with a constant C > 0 independent of p and u, but depending on an upper bound of
the product wh (i.e., depending on w and h only through their product).
Proof. By the triangle inequality, we can write

IV (u=Pup)) llo.o < IV (u=P(w) [lo,o + [V (Pu=up)) llo,a - (3.12)

We bound the second term on the right-hand side. By the definition of P, for all
v € HY(), local integration by parts gives

Lp(P(u—up),v Z / V(u—up) - VodV + w?(u — up, v)o,0
KeTy,
=_ Z / A(u—up)odV + Z V(u—up) nrg0dS + w?(u — up,v)o.0
KET, KeT, 7K
:2w2(ufup,v)oﬁg+/ [[Vh(ufup)]]NﬁdSJr/ Vi(u—up) -n7vdS.
Fi Fi

Aiming for the |||wl|||#, norm, we use the Cauchy-Schwarz inequality and get
La(Plu=up),v) < 20[u —uplloowlv]on
Jru171/2”51/2[[%(“ - up)]]N||0’f}{w1/2||ﬂ’1/2v||0’f}{
w282V (u — ) - mllg ppwt 10T 20l g
< 2wlu—uylloawlvlon
= upl[| 7, w! max{~ 12, 672} |lvlo.5, -
Now, the trace inequality (3.6) gives
La(P(u— up),0) <2w[|u — upllo.ow|vllo.e + Cwh) ™2 [lu — up|| 7,
-max{d~ 12,6712} (w]vfog + wh|Vulog)
_ 1/2
< (@l = upll5 o + (Wh)"Hllu = uplll%,)
Cmax{0~ Y2, 7%} max{wh, 1}
1/2
(@ 0ll. + 1VoIE )

where C' > 0 only depends on the shape-regularity of the mesh 7;. Setting v :=
P(u — uy) yields the estimate

IVP(u = up)|f o+ WPlIP(u = up)|fo < C(min{s, 8}) " max{wh, 1}?

(WPl = upllg o + (wh) Tl = wlllF,) -

We plug in the estimates of Theorem 3.14 and allow C' > 0 to depend on an upper
bound for wh and the (constant) flux parameters, in addition. Thus, we arrive at

| k—1/2
VP (u —up)|loa < C(diam(Q) +w ™) pF1 (%(m) lullbr1,wa - (3.13)

Further, standard error estimates for H'—conforming Lagrangian finite element spaces
[7] provide

hk
[V(u = Pu)lloo < Cp_k||u||k+1,w,9 : (3.14)
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where C' > 0 depends on the shape-regularity of 75 and 2.
Inserting (3.13) and (3.14) into (3.12) yields the assertion of the theorem. O

4. Numerical Experiments. In this section, we numerically investigate the p—
convergence of the PWDG method for regular and singular solutions of the Helmholtz
equation in 2D.

We consider a square domain Q = [0,1] x [-0.5,0.5], partitioned by a mesh
consisting of 8 triangles (see Figure 4.1, upper-left plot), so that h = 1/\/5 For the
time being, we fix w = 10, such that an entire wavelength A\ = 27/w ~ 0.628 is
completely contained in 2. All the computations have been done in MATLAB, and
the system matrix was computed by exact integration on the mesh skeleton.

We choose the inhomogeneous boundary conditions in such a way that the ana-
lytical solutions are the circular waves given, in polar coordinates & = (r cos, r sin6),
by

u(@) = Je(wr) cos(é6), €20,

here, J¢ denotes the Bessel function of the first kind and order &. For ¢t <« 1, these
functions behave like

140~ (5)

Thus, if £ € N, u can be analytically extended to a Helmholtz solution in R?, while, if
¢ ¢ N, its derivatives have a singularity at the origin. Then u € H*+17¢(Q) for every
€>0, but u g H1(Q) (see [16, Theorem 1.4.5.3]).

We compute the numerical solutions in the regular case £ =1 and in the singular
cases £ = 2/3 and £ = 3/2. The profiles of the analytical solutions corresponding to
these three cases are displayed in Figure 4.1, upper-right and lower plots.

We consider two choices of numerical fluxes: with constant parameters, as in the
original ultra weak variational formulation (UWVF) of Cessenat and Despres [11]
(o = f = 0 = 1/2; dashed line in the plots), or depending on p, h and w as in
Remark 3.15: a = 371 = 6! = ag p/(whlogp), with ag = 10 (PWDG from here on;
dashed-dotted lines in the plots). We also plot the error of the L?-projection of u onto
V,(71,) (solid line). For every case, we compute the L?-norm of the error, the broken
H'-seminorm and the L?-norm of the jumps on the skeleton of the mesh. The errors
are plotted in Figures 4.2-4.5.

These plots highlight three different regimes for increasing p: i) a pre-asymptotic
region with slow convergence, ii) a region of faster convergence, and finally 4ii) a
sudden stalling of convergence, due to the impact of round-off.

With a parameter ag > 5 in the definition of the fluxes, such that the condition
d <1 (and thus 1 — ¢ > 0) is satisfied for all the considered p, the PWDG method is
slightly superior to the one with constant fluxes (UWVF) in the L?~ and H'-norms;
the difference in the jumps norm is even more significant.

The most evident outcome is that, for both methods, the numerical errors are
always close to L2 —approximation error of the analytical solution, that is, the p-version
is not affected by the pollution effect.

The discretization error for £ = 1 (analytic solution) converges in all the consid-
ered norms with exponential rate (see Figure 4.2). This behavior is not a surprise:
the algebraic convergence in the theoretical estimates is only due to the best approx-
imation error and becomes exponential when the analytical solution of the problem
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Fic. 4.1. The mesh used for the numerical experiments and the analytical solutions for & =
1, 2/3, 3/2.

can be extended analytically outside the domain (see [25, Section 2.4] and [8, The-
orem 6.3.3], where the results refer to the approximation of holomorphic functions
by complex polynomials, but they can be transferred to the approximation by plane
waves).

For £ =2/3 and & = 3/2, the solution u has a singularity located in a boundary
node of the mesh. It corresponds to the typical corner singularities arising from re-
entrant corners in scattering problems. In this case, as expected, the convergence is
not exponential but algebraic, altough the orders of convergence are not clear. In the
region of faster convergence, the orders are significantly better then the ones expected
from the theory; for higher p numerical instability prevents us from obtaining a neat
slope in the logarithmic plot. In all the considered norms, the orders of convergence
are clearly better for the solution with higher Sobolev regularity (with & = 3/2,
u € H%(Q)).

By decreasing the wavenumber w, keeping the mesh fixed, we obtain a faster
convergence in all the norms for both methods; see Figure 4.6. On the other hand,
the instability appears for smaller p because the plane waves are closer to be linearly
dependent. Of course in this case the domain accommodates fewer wavelengths.

Vice versa, if we increase w, again with the same mesh, the preasymptotic region
becomes larger and larger (more plane waves are needed before the onset of conver-
gence) and the instability reduces the maximum possible accuracy we can reach.

5. Conclusions. We have presented the first p—version a priori error analysis
of the plane wave discontinuous Galerkin (PWDG) method for the 2D homogeneous
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FiG. 4.2. The errors in L2—norm, H!-seminorm, and L2-norm for the jumps for the regular
solution u = Ji(wr) cos(0) plotted against p € {3,...,27}. The convergence is exponential before the
onset of numerical instability, and the discretization error is very close to the L?—projection error.

L2error
L2error

FI1G. 4.3. The errors in L2-norm for the two singular solutions (¢ = 2/3 on the left and € = 3/2
on the right) in logarithmic scale with respect to p/logp, p € {3,...,27}.

Helmholtz equation. Quasi-optimal error estimates in an energy-type norm are es-
tablished by using a modified duality argument due to [27,10]. On the other hand,
our analysis does not provide an estimate of the gradient of the error (we were only
able to estimate the gradient of the difference between the analytical solution and a
computable projection of the PWDG solution), nor a quasi-optimal estimate of the
L?norm of the error. These problems remain open.

As far as the 3D case is concerned, the only missing point are projection error
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broken H' error
broken H' error

FiG. 4.4. The errors in broken H'-seminorm for the two singular solutions (£ = 2/3 on the
left and & = 3/2 on the right) in logarithmic scale with respect to p/logp, p € {3,...,27}.

— — PWDG jumps |
ultra-weak jumps| : !
proj. jumps pro. jumps

jumps L2-norm

FIG. 4.5. The errors in L?-norm on the skeleton for the jumps of the two singular solutions

(€ = 2/3 on the left and € = 3/2 on the right) in logarithmic scale with respect to p/logp, p €
{3,...,27}.

Ultra-Weak,  =0.23]
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- -~ Ulra-We:
Ulra-Weak, o
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LZerror

o R P
6 & 10 12 14 16 16 20 22 24 25 28 30 3 34 36 38 40 10'
number of local plane wave basis functions plog(p)

FIG. 4.6. The errors in L?-norm for the regular solution (¢ = 1, on the left) and the singular
one (£ = 2/3, on the right, in logarithmic scale with respect to p/logp) for different values of w
(0.25, 1, 4, 16, 64), p € {3,...,40}.

estimates for solutions to the homogeneous Helmholtz equation onto plane wave spaces
in 3D; as soon as these estimates will be established, the error analysis for the 3D
case will be complete, since our analysis framework covers 2D and 3D at once.
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