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EXPONENTIAL CONVERGENCE OF hp QUADRATURE FOR INTEGRAL OPERATORS
WITH GEVREY KERNELS

ALEXEY CHERNOV, TOBIAS VON PETERSDORFF, AND CHRISTOPH SCHWAB

ABsTRACT. Galerkin discretizations of integral equations in R? require the evaluation of integrals I =
fS(l) fs(z) g(z,y)dydr where S 8(2) are d-simplices and g has a singularity at * = y. We assume that g is
Gevrey smooth for z # y and satisfies bounds for the derivatives which allow algebraic singularities at x = y. This
holds for kernel functions commonly occuring in integral equations. We construct a family of quadrature rules Qn
using N function evaluations of g which achieves exponential convergence |I — Qn| < Cexp(—rN7) with constants
r,y > 0.

1. INTRODUCTION

The numerical solution of singular integral equations

(Ku)(x) := c(z)u(x) + / K(z,y)u(y)dy = f(z) forall x € Q
ye

for an unknown function v in a polyhedron or on its boundary Q C R? is a basic problem in engineering. For
integral operators K which are bounded, linear K : V' — V', the weak formulation of Ku = f reads:

find weV: (v,Ku)=(v,f) Yvel

Here, V denotes a suitable separable Hilbertspace, V' its dual and (-, -) the V' x V’ duality pairing. Problems of this

type arise, for example, in the boundary reduction of linear, elliptic boundary value problems (e.g. [8, 13, 14, 18])
or in Dirichlet forms for Markov Processes with jumps (e.g. [9]). Typically, the kernel function K (z,y) is smooth
for x # y, but possibly becomes strongly singular at = y; in this case, integration with respect to K (x,y) must
be interpreted in a suitable sense (e.g. [15]).

A common approximation method for these equations is Galerkin approximation: one restricts the above weak
formulation to a space V;, C V of piecewise polynomials on a mesh of simplices on 2 of width A > 0 spanned by a
basis qblh. Then one has to compute the elements of the stiffness matrix

Ay = / / K (98 (9) 6! (2)dy da.
zeQye

As the basis functions QS;-‘ (z) are piecewise polynomials on simplices, this amounts to computing integrals of the
type

I= / / K(x,y)v(x)w(y)dy de = / / g(x,y)dy dx (1.1)
zeSM) yeS2) zeSM) yes®@
where S, S() are closed simplices of the mesh and v(z), w(y) are smooth (e.g. analytic) functions. If the original
domain (2 is curved, or a manifold in a higher dimensional space (e.g. the boundary of a polyhedron in R*1) one
can use parametrizations and also has to compute integrals of the type (1.1) where the functions v, w may include
parametrization mappings and Jacobians, but still are piecewise smooth functions on the mesh of simplices.

Note that the kernel function K (z,y) may be nonintegrable (i.e. hypersingular or Cauchy singular) so that the

integrand g(x,y) in (1.1) is not in L'(SM x S2)). The integral in (1.1) has therefore to be interpreted in a

suitable sense: prior to numerical integration, methods for “regularizing” the integral A;; resulting in an integrand

g(z,y) which belongs to L'(S MW xS (2)) must be employed. There are, roughly speaking three basic approaches for

regularization of integral equations with nonintegrable kernels: (i) exploit antisymmetry resp. parity of the most

singular part of K: this implies a cancellation of the divergent parts of the integral and ensures the existence of
1
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the integrals in (1.1) in the sense of Cauchy principal value. Such antisymmetry properties of the kernel functions
K (z,y) in (1.1) appear in all integral equations obtained from boundary reduction of second order, strongly elliptic
boundary value problems. (e.g. [18, Chapter 5] and [8] or the exposition in [10]), (ii) formally perform integration
by parts (e.g. [7, 15] and, in particular, [16, Chap. 5.6]), or (iii) subtract terms from the functions ¢; and ¢; (e.g.,
[17, Props. 4 and 5]).

In the end one still obtains integrals of the type (1.1) where v,w are smooth, the function g(z,y) is smooth for
x # y and singular for z = y, but g € L'(S™M x §®)),

The main difficulty in implementing Galerkin methods for integral operators is the numerical approximation of the
integrals (1.1) since the integrand is nonsmooth if S N S £ {}.

In most applications the functions v, w are analytic and satisfy estimates of the type

ID¥v(x)] < Ag Al (1.2)
and the functions K (z,y) and g(x,y) can be written as F(z,y,y—x) where F satisfies an estimate (e.g. [8, Chap.9])
DV F(2,y,2)| < Ao AY w2710, (1.3)

with the multiindices v € Ngd, vy = (Vadt1,---,V34) and o > k—2d if SMNS@ ig k-dimensional with k € {0,...,d}
(note that this implies g € L'(S™ x §))). This is in fact the case for strongly elliptic boundary integral operators
on boundaries of polyhedra (e.g. [8]).

The efficient accurate numerical evaluation of integrals (1.1) with integrand functions g(x, y) which become singular
at = y has attracted considerable attention over the years. In the (important) special case when the singularity
order v in (1.3), (1.4) equal @« = —1 > k — 2d (as is the case e.g. for K(x,y) given by the Coulomb potential), the
singularity can be removed completely by a (degenerate) coordinate transformation (see [6] for the case k = d = 2,3
and [20] for kK = d = 2). In these cases, Gaussian quadrature rules applied to the transformed integrands yield
approximations which converge exponentially in terms of N, the number of quadrature nodes [20].

In boundary element methods on surfaces in R3 the singularity order « is always integer so that the abovementioned
variable substitution descripted in [18, Chap 5] can be applied. In integral equations which involve fundamental
solutions of second order elliptic operators in R?, however, F(x,y,2) ~ log|z| as z — 0 may occur. This case
is not covered by the variable substitutions [6, 20|, but is contained in the assumptions (1.3) with @ = —e with
arbitrary small € > 0. In integral operators arising in integrodifferential generators of Markov Processes with jumps
such as Levy processes, noninteger o may occur (see, e.g., [9, 17]). In option pricing applications from finance,
higher dimensions than d = 3 are also common (see, e.g., [17]). Although in applications from engineering and
the sciences, the kernel functions K (z,y) are analytic in the sense that the estimate (1.3) holds, we shall present a
quadrature error analysis for Gevrey regular kernel functions K (x,y), of Gevrey class with index ¢ > 1 which have
been considered e.g. in [1, 2]. These functions satisfy estimates (1.2), (1.3), however with the term »! in (1.2), (1.3)
replaced by (!)°:

DY F(x,y,2)| < AgAY (1) ||z b0 (1.4)

Analytic functions correspond to the case 6 = 1. E.g., the usual C'* cutoff functions are not analytic, but only in a
Gevrey class with 6 > 1, see (6.2). This allows to treat more general problems involving Gevrey pseudodifferential
operators investigated e.g. in [1], discretization methods of “generalized Finite Element type” where the basis
functions (b? of V}, are constructed with Gevrey-class cutoff functions or Gevrey partitions of unity.

It turns out in practice that the efficient approximation of the singular integrals is a difficult, because the convergence
rates of standard (e.g. Gaussian) quadratures with N points deteriorate for integrand functions with a singularity,
(e.g. [5] for an analysis of this).

Most methods in the literature rely on a very specific form of the kernel function K(z,y) or geometry of S (). Our
proposed method has the advantage that it only uses pointwise evaluations of g(x,y) (no antiderivatives needed),
works for all integrands with (1.4) (which includes noninteger singularity orders and logarithmic singularities), and
uses the same algorithm in all dimensions d and all possible cases how the two simplices SV, S may touch.

We will construct families of variable order, composite quadrature methods Qpn of the form Oy = Zjvzl w;g(zj,y;)
with NV integrand evaluations such that, as N — oo, exponential convergence of the quadrature error is realized,
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i.e. we show for the integral I defined in (1.1) with integrand g(z,y) satisfying (1.3) or (1.4) the asymptotic error
estimate

I = Qu| < Cexp(—rN") (1.5)
with constants C,r,v > 0 depending on Ay, A1, «,d,d. Specifically, we prove for the quadrature of integrals (1.1)
over the integration domains SV x S ¢ R?? with integrand function g(x,v) satisfying (1.4) with § > 1 the error
bound (1.5) with v = 1/(1 + 2d¢). This allows, using estimates for the impact of the quadrature error upon the
asymptotic accuracy of the Galerkin scheme as, eg. in [18, Chap. 4.2], to obtain fully discrete h-version Boundary
Element Methods on polygonal and polyhedral domains with analytic, possibly curved, sides, at a complexity which
is, up to terms logarithmic in the number of degrees of freedom, not larger than the total number of degrees of
freedom on the boundary.

In the context of hp-discretizations of strongly elliptic boundary integral equations which converge at an exponential
rate in terms of the number of degrees of freedom (e.g. [11] and the references there), our quadrature methods
imply exponential convergence in terms of the total work for all integral equations arising in engineering practice.

We assume that the mesh of simplices is shape regular, but not necessarily quasiuniform. This allows mesh re-
finement toward a point in the h-version and hp-version, and includes the meshes generated by standard adaptive
methods. Anisotropic mesh refinement (e.g. with long and thin elements) is excluded, however.

In our case the kernel function only becomes singular for y — x = 0. In the numerical solution of Kolmogoroff
Equations for Markov processes with jumps arising, for example, in mathematical finance occur kernel functions
with anisotropic singularities which can also become singular for y; —z; = 0. This case is not treated here but the
techniques developed herein can be suitably modified to deal with these cases (see, e.g. [23]).

We want to note that the same techniques also apply to other types of singular integrals, e.g. volume potentials
applied to a function, or pointwise evaluation of a potential (e.g. in collocation methods).

The main idea of the quadrature in [19] is that 1D Gaussian quadrature converges exponentially if the integration
interval is away from the singularity. If the integrand is singular at an endpoint, one can compensate for this
by geometric refinement. Here we generalize the results of [19] in two directions: first , we establish exponential
convergence rates for singular integrands with merely Gevrey regularity outside the compact support, and second, we
address the treatment of double integrals (1.1) which arise in Galerkin discretizations of singular integral equations.

The paper is organized as follows: In Section 2 we prove convergence rates (1.5) with v = 1/(1 4+ §) for Gevrey
class G? functions with an endpoint singularity (functions in G° without endpoint singularity yield v = 1/§) on the
domain [0, 1] and also for tensor product quadrature on [0, 1]%.

In the case of two simplices S), S which do not touch one can obtain exponential convergence by simply using
Gaussian integration in a suitable way. If the two simplices touch we give a sequence of transformations which
isolate the singularity of the integrand in exactly one coordinate direction while preserving Gevrey regularity in
the remaining 2d — 1 coordinates. We then apply a tensor product quadrature consisting of the composite Gauss
quadrature from Section 2 in the singular coordinate direaction and a (2d — 1)-fold tensor product Gauss-Legendre
quadrature in the remaining directions. The transformations and the resulting quadrature algorithm are described
in Section 3.

Section 4 proves the Gevrey regularity of the resulting transformed integrands and gives the main theorem about
exponential convergence (1.5) of our quadrature algorithm.

In Section 5 we consider an integral as in (1.1) with parallelotopes (images of cubes under affine maps) C(1), C(?)
instead of the simplices SV, S In this case we obtain similar results.

In Section 6 we give an example with § > 1 for an integral over [0, 1], and examples for integrals over S(1) x §(2) ¢ R4
with d = 2,3. The examples indicate that the asymptotic convergence estimates (1.5) are sharp.

1.1. Definitions and Notations. Let N denote the set of positive integers and Ny := NU {0}. For a multiindex

alvl
v € N¢ we use the standard notations |v| = Zle v, vl = Hle vl and D" f(x) = Wf(x) for a function
:L'l .. xd
f:Q — R with Q@ ¢ RY. For z € R? we let ||z := [jzfl, = (3 %)!/2. In integrals we write [, _, f(z)dz for

Jocq f@)dzy - dzg.
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Consider a subset N = {nq,...,ni}of {1,...,d} withny < --- < nj. We will use the notation xn := (Zn,,...,Zn,)
and #N := k. For z € R? we define (M) € R by 2 M .— for j ¢ N. We write x > 0 for a

= forjEN,:I:j
vector z iff x; > 0 for all j.

We will now introduce the spaces G® of Gevrey functions and Gf\’,a of Gevrey functions with a singularity:

Definition 1.1. Let D C R? be a closed bounded set and § > 1. A function f: D — R is in G°(D) iff there exist
Ap, A1 > 0 so that

Va € D, Vv € N&: DY f(z)] < AgAl (11)° (1.6)
(i.e., the estimate holds uniformly on D).
Let a € R, N C {1,...,d}. A function f: D — R is in G?\}Q(D) iff there exist Ag, A1 > 0 so that

Vo € D with 2y # 0, Vv € N¢: DY f(z)] < AgAYT ()? ||| {0l ) (1.7)

A function f € G%*(D) may have a singularity at zy = 0. E.g., the function f(z) = [|zx||* g(z) + h(z) with o € R
and g,h € GO(D) satisfies f € G5*(D). In the case N = {1,...,d} we will write G**(D) := G%*(D).

For sets D; C Nd we write D = Dy U --- U Dy, if D; N D; = {} for all 4, j.
For functions f,g: Q@ — R we will write f ~ g if there exists ¢, C' > 0 such that cg(z) < f(x) < Cg(z) for all z € Q.
Let ¥ : R” — R". We denote the absolute value of the Jacobian determinant of ¥ by

Jy = |det(DD)]. (1.8)

2. QUADRATURE OF GEVREY FUNCTIONS WITH SINGULARITIES ON INTERVALS

2.1. Introduction. We consider a function g € C°((a,b))NL((a,b)) on an interval (a,b) and want to approximate
the integral
b

Zg:= /g(ac)d:z:

a

Definition 2.1. We denote by @, g the Gauss-Legendre quadrature approximation of Zg with n quadrature points
for the interval [a, b]. If the interval is not clear from the context we will also write QL{I ’b]g and Z1®tlg.

First assume that g is analytic on the closed interval [a,b], i.e., g € G'([a,b]). Then it is well known (e.g.,[22]) that
there is exponential convergence: There exist C,r > 0 so that for all n € N

|Zg — Qng| < Cexp(—rn).
We consider two generalizations where g € C°°((a,b)) but may not be analytic on [a, b]:

(1) For g € G°([a,b]) with 6 > 1 we will obtain for n-point Gauss-Legendre quadrature @,, on (0, 1) exponential
convergence rates of the form |Zg — Q,g| < C exp(—rn'/?).

(2) For the interval [a,b] = [0, 1] assume that g has an algebraic singularity at 0 in the sense that g € G>(]0, 1])
with § > 1, a > —1. For § = 1 it is known that Gaussian quadrature converges in this case only with an
algebraic rate O(n‘Q(aH)), see, e.g., [5]. In order to achieve exponential convergence we will use a geometric
subdivision with m = O(n'/?) subintervals and then use composite Gauss quadrature with n nodes on each
subinterval. Then the quadrature error is bounded by Cexp(—rNY (%)) where N is the total number of
quadrature points.

Therefore we always obtain an error bound Cexp(—rN?) with 8 > 0, but we pay for larger values of § or the
presence of a singularity with a smaller exponent (.
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2.2. Convergence of Gauss-Legendre Quadrature for Gevrey Integrands. The classical error estimate for
Gauss-Legendre quadrature uses the derivative (™. This formula can be used to prove exponential convergence
of Qg if ¢ is analytic in a sufficiently large neighborhood of [a,b]. In order to prove exponential convergence for
g € G'([a,b]) (g analytic in a neighborhood of [a,b]) and g € G°([a,b]) with § > 1 (where g may not be analytic)
we need an estimate which allows to use lower order derivatives:

Lemma 2.2. Letn € N and k € {2,3,...,2n — 1}. Then we have for g € C*([a, b))

32 (b—a\"™ 1
-l < e
29 Qg|—15< 2 ) k-Den—k— 17 s

Proof. We first consider [a,b] = [-1,1]. Then Theorem 4.5 in [22] gives
32 1
SR o
9= @ndl = T a9 Il
using || f(z)/(1 — 22)"/?||, < 7|l A linear change of variables gives the result for general [a, b]. a

We now assume that g € G°([a,b]) with Gevrey index ¢ > 1, and consider the convergence of Gauss quadrature

Qng-

Theorem 2.3. Assume that g € G°([a,b]) with § > 1 and constants Ag, Ay in (1.6). Let p := Ay(b—a)/2. For
0=1let

ry = 2log [p_l ++/1+ p*Q} (2.1)
and for 6 > 1 let
e = op 19, (2.2)
Then for any r < r. there exists C' > 0 depending only on r, p and § such that for all n € N
IZg — Qngl < Ao(b — a)C exp(—rn'’?) (2.3)

Proof. In the case 6 = 1 we consider g(z) := g(“Ter + zb_T“) and see from its Taylor series that ¢ is analytic in

U:={z € C|dist(z,[-1,1]) < p~'} and [g(z)| < Ao/ (1 — pdist(z,[—1,1])) for z € U. For s > 1 let E; denote

the open ellipse Es := {(z + 271)/2 | z € C, |2| < s} with foci 1 where the sum of its semiaxes is s. The largest

ellipse E, contained in U is E,, with s, := p~! + /1 + p~2. By Theorem 4.5 in [22] we then obtain that for any

s€(1,s4)

b—a
2

Tletlg — QL7=b1g‘ = ’IH”@ - lev”g’ < (b—a)M,Cys™2" (2.4)
where M, :=sup,cp [9(2)] < Ao/(1 —p(s —s71)/2) < o0 as (s« —s;1)/2 = p~'. This gives (2.1), (2.3).

In the case § > 1 let E, := [Zg — Q,g|. Then Lemma 2.2, (1.6) and the Stirling estimate k! < 1.1(2rk)'/2kFe*
give for any k € {2,3,...,2n — 1}

5, < z(t=a)" L Ap AR (k1)°
TS B2 (k—1)(2n — k)R-t 7071
b—a b—a _5|" k2020 —k) kO B22n—k) [ pk® \"
< |A 321.19(2m)%2| | A -9 - 2.
= [0 5 511 e k-1  (2n—kF °7 k-1 on—%) 29

N
where j 1= A;%55%e7% = pe~®. We now want to choose k such that f(k) := (5%) is small. Let k = e~ 1(n/p)'/?
and k = |k]. If k <n and k > 1 we have

flk) < <§k5>k < (5@)“ _ b

Ifsk >nwelet k:=n. Ask >n <= n < (65/3)_1/(‘5_1) we obtain f(k) = prn0—n < e~ Note that
k<2 < n<2°%°p occurs only for n < Cs, so that we still have f(k) < c¢5,e~°% for n € N.

8/2 (0, _
Finally we note that the term % in (2.5) grows at most algebraically in n and can therefore be absorbed

in (2.3) by using r < r,. O
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2.3. Composite Gauss Quadrature for Singularity at Endpoint of Interval. We now consider the interval
[a,b] = [0,1] and an integrand g(z) which may be singular at 0 in the sense that ¢ € G®([0,1]) with § > 1 and
a > —1. Note that a > —1 implies g € L*([0, 1]).

Let m € N and o € (0,1). We define the geometric subdivision [0,1] = I; U - - - U I;, with
Ij:=1[07,077" forj=1,...,m—1; L, = [0,0™71]. (2.6)
We then define two types of composite Gauss quadrature rules on this subdivision:

Definition 2.4. For m,n € N and o € (0, 1) let I; be given by (2.6). We define the constant order composite Gauss
rule

Qn,m,o’g = Z leljg (27)
j=1
For § > 1 we define the variable order composite Gauss rule by

0 {n(m+ 1-j)°

3 —‘ forj=1,...,m; Qn,m,o,09 == Z Qfgjg (2.8)
j=1

We will write @, for results which hold for both Qs m = Qnm.oc and Qpnm = @Qn.m,o.5-

The constant order rule @), » uses n Gauss points on each subinterval and has hence a total of N = mn quadrature
points. The variable order rule @ m, -5 uses n; = n Gauss points on the rightmost interval /1, and a decreasing
number of Gauss points towards 0. The total number of quadrature points is N = Z;"Zl n; ~nm/(0+1).

Theorem 2.5. Assume that g € G>*([0,1]) with § > 1, a > —1. Let ¢ € (0,1), b > 0. Then the constant order

—1
1496 )

composite rule Qpn m,o with m = {bnl/‘w has a total number of evaluation points N = O(n and there exist

C,r,r" > 0 such that for alln € N
1Zg — Qum.og| < Cexp(—r'n'/?) < Cexp(—rNV/1+9), (2.9)
Proof. Define & := min{a,2}. Then g € G>* = g € G*%. An interval I; = [07,077!] with j < m has length
{; =07(0! — 1) and we have with A ; := Aga?®, Ay j := Ajo~7
Veel; Vk>2: |D¥ f(2)] < Ao; AY (K1) (2.10)

We now apply Theorem 2.3 to Q,I{ g. Note that in the proof of Theorem 2.3 only derivatives ¢(¥) with k > 2 were
used and that the constants C,r in (2.3) depend only on & and p = A; j¢;/2 = A;(c~! —1)/2. As p is independent

of j we obtain with the same C,r >0for j=1,...,m—1
‘Iljg — Qf{g‘ < AOJEJ»CeXp(—rnl/‘S) = Aoaj(dﬂ)(a*l — 1)Cexp(—rn1/5) (2.11)
e o7l -1
> |Thg-Qlg| < AoTlceXP(*ml/é) (2.12)
i=1 a0
where we could add the geometric series for j =1,...,00 as & > —1 = %" € (0,1).

For j = m we let ag := min(e,0) > —1 and f(z) := Aoz, then [g(z)| < f(z) and |QL"g| < QL f. Remark 4 in
[5] shows that QLm f converges as n — oo and QI f < c,,Z'™ f. Hence

O_WL—I

|20 g — Qg < [Z7g] +|Qurg| < (14 cag)T™ f=c / 20 dy = g Do, (2.13)
0

Combining this with (2.12) gives

29 — Qnm.og| < Z ‘Iug _ Q£j9| < O exp(—rn/%) + ¢ (m=D(eot1),
j=1

Choosing m = [bn'/?]| then gives (2.9). |
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Remark 2.6. Note that we have to know the value of the Gevrey parameter § to obtain the rate C exp(—rN1/(1+9),
If we do not know the value of § we can choose m = cn (as in the case § = 1) and obtain N = O(n?) and

IZg — Qu.mgl < ¢ exp(=rn'/®) + ¢ exp(—r'm) < C exp(—FN/ )

which is worse than Cexp(—rNY/(1+9)) for § > 1 (but still gives exponential convergence).

We now consider the convergence rate of the variable order composite Gauss rule.

Theorem 2.7. Assume that g € G¥*([0,1]) with 6 > 1, a > —1. Let 0 € (0,1), b > 0. Then the variable order

—1
1496 )

composite rule Q. m.o.s With m = {bnl/‘w has a total number of evaluation points N = O(n and there exist

C,r,r" > 0 such that for alln € N
IZg = Qnin,os9] < Cexp(—r'n'/?) < Cexp(—rNV 1), (2.14)
Proof. We proceed as in the proof of Theorem 2.5 and obtain for j = 1,...,m — 1 using n; > nm=°(m + 1 — j)°
’Ilfg — Q,Ilég‘ < Ago? @D (571 1)Cexp(—rn;/5) < co?@+ exp (—rnl/‘sm_l(m +1-— j)) =: E; (2.15)
By = co®exp(—rnt/?), Epp_1 = oM DO oxp(—rnt/92m~1) < colm—DE+D

As Ej is of the form E; = ag’ we have

j=1,...,m—1

m—1
Z E;<(m-1) max E;<(m-—1)max{E, E,_1} < CC(m—1)max {exp(frnl/‘s),am(mrl)} . (2.16)
j=1

For j = m we use (2.13). Combining this with (2.11), (2.16) yields

|Zg . Qn,m,o,69| < Z ’IIjg _ szjjg < C’(m _ 1) InaX{eXp(anl/‘s), Jm(dJrl)} + Cgm(eo+1)
j=1

and using bn'/% < m < bn'/? 4+ 1 gives |Tg — Qnm,o9 < Ch exp(—r'n'/%) with ' < 7. O
2.4. Tensor product quadrature on [0, 1]%.

Proposition 2.8. Letd € N, 6 > 1, a > —1 and assume g € G?f}f([(), 1]9). Let o € (0,1), b> 0, m = [bn'/°] and
Qn.m as in Definition 2.4. Then there exist C,r,r" > 0 such that for allm € N

/ 9(Q)d = Qum ®@Qn® - ®Qng| < CeXp(—T?’Ll/é) < Cexp(—r’Nl/(5d+1)) (2.17)
—_—————
¢elo,1]4 d—1 times

Here N = (37 njn~" = O(n?+37") is the total number of quadrature points.

Proof. We use induction over d. For d = 1 the result is given by Theorem 2.5. For d > 2 we let ¢’ := ((1,...,Ci—1)
and define g(g/) = Qng(g/a ')a h((d) = fCIE[O,l]d—l g(()dg/ Then

/ g(g)dcan,m(g)Qn@"'@Qng:
~————

¢elo,1)4 d—1 times

1
HONE = Qo Q-9 Q) + ([ Gcs — Qub) =Ty 4 T
¢refo,1]4-1 d—2 times Ca=0

For T7 we note that |Dﬁ§(§')| < maxe,efo,1] ‘D(B’O)g(§)| as (Q, has positive weights with sum 1. Hence g €
G?’f}([o, 1]4) implies § € G‘?ﬁ([o, 1]971) and the induction assumption gives |T3| < C exp(—rn'/?).

For T5 we note that

| D*h(Ca)] < / D00 g(¢) ¢’ < / ApAT(R) |G "™t dg < Ag AF(k)?
¢’efo,1]4-1 ¢’elo,1]4-t

so that h € G°([0,1]). Hence Theorem 2.3 gives |Tz| < Cexp(—rn'/?). O
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Remark 2.9. In the case of g € G°([0,1]?) with d € N, § > 1 we can use standard tensor product Gaussian
quadrature and obtain in the same way the result

/ 9(Q)d = Qu® - © Qng| < Cexp(—rn'/?) < Cexp(—r' N/ D)
—_——
(E[Oal]d d times

where N = n is the total number of quadrature points.

3. QUADRATURE OF SINGULAR FUNCTIONS ON SIMPLICES

3.1. Introduction. We want to compute the integral

/ / g(x,y) dy dz (3.1)

zeSM yeS®)
where we make the following assumptions:

Assumption 3.1. SU S®) ¢ R? are d-dimensional closed simplices with positive volume. Moreover, S N S§(2)
is either empty, or a k-dimensional simplex side with k € {0,...,d}, i.e., the convex hull of k+ 1 common vertices

of SM, 52
Assumption (3.1) is satisfied if SU) are simplices in a regular finite element mesh.

Assumption 3.2. The function g(x,y) can be written as g(x,y) = F(x,y,y —x) with F € G?;;H ..... 3d}(5(1) %
S(2) (S(Q) _ S(l))) with § > 1, o € R: There exist Ay, A1 so that for all = (Bz, By, B8:) € N 4 pe S 48,
2 S@ g

‘DﬁF(x7y, Z)| < AOA‘lm(ﬂ')J ||Z|‘m1n(a—\ﬁz‘70) '

If SM N S@ s nonempty we assume o > k — 2d, this implies g € L*(SM x §(2)).
We want to rewrite this integral in the form of nested one-dimensional integrals. Then we will approximate the
one-dimensional integrals either by Gauss quadrature or by composite Gauss quadrature.
We define the standard simplex in R? by

Sa={(x1,...,2aq) | 2; >0, 21+ +zq < 1}. (3.2)
Let us denote the vertices of SU) by v0:0) . @D et w@k) = @k — G0 for j =1,2 and k = 1,...,d. We

define AV := (wU:D . w@9) ¢ R¥*4 and use the change of variables from z € SM,y € S to u,v € Sy given
by

z=000 4+ AWy, oy =0 4 APy (3.3)
yielding
G(u,v):=g (U(l’o) + AWy, 20 4 A(2)U) ‘det AP det AY) (3.4)
/ / g(z,y)dy dx = / / G(u,v)dvdu (3.5)
zeSM yes® u€ESq vESy

If the intersection S N S?) is empty the simplices have a distance D > 0. Then the new integrand G(u,v)
is Gevrey regular on Sq x S;. Using the coordinates & = (1 —uy — - — uj_1)u; for j = 1,...,d we have

u=0() = (&, (1-&)&,...,(1— &) (1= €a-1)€) and Ju(€) = [[{=; (1 — &)? 7 so that
/ / GEmydnde,  G(En) = GU(E), U(n)) () Ju(n).

£€[0,1]4 nelo,1]4
We can now use Gaussian quadrature and obtain exponential convergence:
Proposition 3.3. The function G satisfies G € G°([0,1]2%). As a consequence we have for the quadrature error
with C,r > 0
‘I —Qn® - ®Qu(G)| < Cexp(—rnt/?) = Cexp(—rNY(20D)
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Proof. The result follows from Corollary 4.9 in the next section and Remark 2.9. O

Note that for a shape regular finite element mesh we have D > c¢max{diam S, diam S®} with fixed ¢, even for
non-quasiuniform meshes. Hence we obtain a uniform r > 0 for the convergence.

If the intersection S N S®? is nonempty and k-dimensional with k € {0,...,d} we can number the vertices
of the simplices so that v(17) = v(29) for j =0,... k, v17) £ 029 for j =k +1,...,d. We now want to describe
the regularity of the function G given by (3.4).

Remember that g(z,y) = F(z,y,y — x) with F € G5 (SM ;82 52 — 5(1) Hence we have in (3.5)

{2d+1,...,3d}

G(u,v)=c- F (v(l’o) + AWy, B0 4 ARy A2y — A(l)u) (3.6)
as v(1:0) = p(20)  Moreover, the first k columns of A, A®) coincide so that AW = (B,B(j)) with B € R¥xk
BU) € RXE=K) Tet it := (uy,...,ux) ", @:= (Upt1,...,uq) and similarly for v, then (3.3) gives

=01+ Ba+BWa,  y=v19 4+ Bp+ By, (3.7)
y—x=A%y— AVy = B(o—0)+ BPv - BWa, (3.8)

By a closed cone we denote a closed subset X of R? with the property + € X = ax € X for all @ > 0. For
u®, . ulm € R? we define cone{u™, ..., u(™} = {cyu® + - 4+ cpu™ | ¢; > 0.

Proposition 3.4. Let X,Y be closed cones in R with X N'Y = {0}. Then there exists cxy > 0 such that
veeX vyeY: oyl zexy (llo)+ Jyl?)

Proof. Let X1 = {x € X | ||«|]| = 1} and Y7 defined analogously. Since X; x Y7 is compact and X;NY; = {} the inner
product (z,y) has on X; x Y] a maximum 1 —¢ with e > 0. Now let z € X and y € Y. Then (z,y) < (1—¢) ||z|| ||y|
and

2 2 2 2 2 2 2
e = yl” = llz)I” = 2(z,y) + [ylI” = =" = 2(1 — &) =l lyll + [lyl” = € (lel + Iyl )
. 2 2
using 2 [z [ly|| < [l=[I” + [ly” O
We define the closed cones
V.= span{w(l’l), e ,w(l’k)}, XM .= cone{w(l’kﬂ), cee w(l’d)}, X@ .= cone{w(Q’kJrl), e w(2’d)}
and have that SU) ¢ v 4+ V 4+ XU for j =1,2. Let z € SM,y € S@) then (3.7) gives the decompositions
p= o0 £ 2O 400 0 @ O g a0 = By O = By @ . B
with (9, y© ¢ vV, 2 ¢ XO) 4@ ¢ X@ By the assumptions on the simplices S, S2) we have XM N
(V+X®) ={0} and V N X® = {0}, hence Proposition 3.4 yields
R N (N Ty
2 (o] o - < )

2
ly —|® > ¢ <||B(ﬁ — )|+ HB(l)a + HB(2)6

2
) > (Jlo—al* + all® + 15)) (3.9)

since the columns of B, B B®) are linearly independent. We assumed that g(x,y) = F(z,y,y — x) with F €
G?’QOZIH _____ 3d}(S(1) x S x (8®) — SM)) so (3.6) gives G(u,v) = H(u,v, 9 — 1,1, ) with
H(u,v,&,n,¢) :=c-F (v(l’o) + AWy, v 4 APy Be + BA¢ — B(l)n) . (3.10)
Let w := B¢+ B® ¢ — BWy, then (3.9) gives |[w| > ¢||(&,n,¢)||. Hence we obtain with 8 = (Bu, Bv, B¢, By, Bc)
D2 H (u, 0, 6,1, Q)| < Ao AP(B)? [l @ 11-1821-1610) < 40 A3(31)8 (¢, 1, ¢)|[min(e 18611l -15c10
so that

G(u,v) = H(u,v,0 — 4, 1u,7), He G2

(2d41,....Ad—k} (Sd X Sq X (Sk — Sk) X Sq_p X Sd—k)- (3.11)
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Our goal is to rewrite integral I as
K

1:/ /G(u,v)dvdu:z / G;(¢)d¢

uESq vESa Z-:1[0,1]2'1

so that the new integrands satisfy G; € G‘{Sﬁ([O, 124), i.e., G;(C) is only singular with respect to ¢; at ¢; = 0. This
will allow us to use composite Gauss quadrature for (7, and standard Gauss quadrature for the variables (o, ..., (4.

We will first derive some useful tools, and then state the transformations and their properties.

3.2. Tools. The standard simplex (3.2) can be parametrized by (x1,...,24) as follows:

j—1
weSy = x;€0,1-> wlforj=1,...d (3.12)
i=1
1 1—x l—zy——2q_1
/ fla)dx = / / e / f(x)dzq - - - drodry (3.13)
TESy x1=022=0 xq=0

Here we allow in parametrizations that the bounds for a variable depend on previous variables (so that we can
write integrals as nested one-dimensional integrals). In the sequel we will leave integrals in the form fz s, f(z)dz,
it is then implicitly understood that they can be expressed as an iterated integral using (3.13). For a vector
v = (v1,...,vx) we will use the notations v’ := (v1,...,vx-1) , Zj v =V U, Oy =1 — Zj ;.

We now define a pyramid P(B) € R? with base B: Consider a (d — 1) dimensional hyperplane not containing 0 and
let B be a subset. Then define

P(B) :={sz|s€0,1],z € B}. (3.14)
With a parametrization B = {(z',q(z')) | 2’ € B’} with B’ C R%~! and an affine function ¢ we can write

IRCES / [ 7@ty sa s

z€P(B) s=0z'€B’
E.g., we have S; = P(B;) with the base

Ba:={(z1,...,7a) | 7, 20, xj =1} ={(x1,...,2a-1,1 =21 — - =241 | (#1,...,7a-1) € Sa_1}. (3.15)
J

This gives another parametrization for Sg:
1

f(x)dx = f(s(a',0.)) s da' ds. (3.16)
zeéd s—/O 1’641

We will also encounter integrals over a domain P(B,, x S,,) C R™*": In this case we obtain with z € R™,y € R"
that

/ f(z,y)dydz/l / /f(s(z',am/,y))sm+"*1dydx’ds. (3.17)

(x,y)EP(Bpm X Sy) s=0x'€Sm—1 YESn
We now consider a Cartesian product of m pyramids and split it into m pyramids:

Proposition 3.5. Let D = P(B(1)) X - -+ X P(B(y)) € ROt Fdm where By is a (d; — 1)-dimensional base in R% .
Then

D=D,U---UDj, meas(D; N D;) = 0, i,je{l,...,m}, i#j (3.18)
where Dj = P(B(j)) with

B(j) = P(B(l)) X oo X P(B(j,l)) X B(]) X P(B(jJrl)) X X P(B(m)) (319)
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L - +
1 Ao
+ :
Avve ;; At
3y (1142,3}
- +
Ao A2
0
- + <
Aa 20 Aoy
Aoy

x

FIGURE 3.1. The domain Aq = ] |J A%y for d =2 (left) and d = 3 (right, only
NCM oe{+,-}
labeled for o = +)

Proof. We have P(B;) := {tWz) | tU) € [0,1],29) € B;} and D = D, U---U D,, with
D, = {(tu)x(l), Y D) € [0,1],29) € By, maxt) — t(l)}
J

= {s («®, 4@, M2t | s € [0,1],19) € [0,1],2) € By} = P (Bay x P(Bez)) -+ X P(Bimy))
(3.20)
and correspondingly for Do, ..., Dy,. O
We will need for (z,y) € Sq X Sg the transformation (z,y) = (x,2 + z) with z =y — 2 € Sq — Sq and = € S; such
that y = x 4+ 2 € Sq: Let Ay := Syq — Sq and Ey(z) := SqN (Sq — 2), then
Sax Sqg={(rv,x+2)|z€ Ag,x € Eq(z)}.

Note that Fy(z) is always similar to Sg: We have x € Ey(z) iff
xp > max{0,—z;} and Zacj <1 — max{0, sz} (3.21)
J J

Note that this yields a parametrization with the variables z1,...,z4 where the lower bound for each variable is
given by the left inequality, and the upper bound (in terms of the previous variables) by the right inequality. Recall
the definitions of xy and ) for N C {1,...,d} and = € R? from section 1.1.

We now show that we can split A4 into pyramids AﬁM\N = P(BJJ\ELM\N). This is illustrated in Figure 3.1 for d = 2
and d = 3 dimensions. In the algorithm we will use the bases BJJ{[ MAN for all subsets N C M. Note that we can

visualize these bases flattened into R?~! as shown in Figure 3.2 for d = 3,4. For #N = j equation (3.24) shows
that BJJ{[ MAN is a Cartesian product of a j-dimensional simplex and a d — j — 1-dimensional simplex. Consider

the case d = 4: For j = 0 we have () = 1 base which is (0-simplex) x (3-simplex) (tetrahedron), for j = 1
we have (‘11) = 4 bases which are (1-simplex) x (2-simplex) (prisms), for j = 2 we have (3) = 6 bases which are

4

(2-simplex) x (1-simplex) (prisms), for j = 3 we have (5

Lemma 3.6. We have with M = {1,...,d}

Aa= | Avanw, Ay- n+ i ={z€Ag | z2n- <0,2y+ >0} = {2 | 2n- € —Syn—,2n+ € Syn+ ). (3.22)
NCM

) = 4 bases which are (3-simplex) x (0-simplex) (tetrahedra).
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(1.2}
2 {1}
O
{2,3} {1,3}
{3}

FIGURE 3.2. The bases B]J{,_M\N flattened into R~ for d = 3 (left) and d = 4 (right) and labeled
with V. For d = 4 only 1 of 6 bases with #N = 2 and 1 of 4 bases with # N = 3 are shown with
dotted lines.

If N ={}
z€Ap g, ay =51 =  Eqz)=(1—-z1——24)Sq

IfN=M

z€An, a3 =S, = FEiz)=-2+0+2+ - +2)S
If N #{} and N # M we have that Ay yp\n is a Cartesian product of two pyramids with bases N € —Byy and
ranN € Byun\n)- Hence we can split it into two pyramids using Ay ap\n = A;_’M\N U A;V.,ILI\N where

A;,_’]\H ={2 € An- n+ | D2; 25 >0} = {sz|2n- € —tByn-; 2n+ € Byn+; s, t € [0,1]} = P(BJJ{[,J\H) (3.23)
BJ-C'*,N+ = {IL‘ | TN—- S *S#N—,SCN+ S B#N+} (324)

Ay y+={2€AN- N+ | 2,7 S0} = {sz|2n- € =Byn-; 2n+ € tByn+; s, t € [0,1]} = P(By- y+) (3.25)

By n+ ={z|an- € —Byn-,an+ € Syn+} (3.26)
z € A},J\H —  Eyz)=—2W0) 41— Z(zN+)j Sa (3.27)

J
€Ay yi = Ba(z)=—2") 4+ [ 14+ (en-); | Sa (3.28)

J
Proof. In (3.22) we split A4 into the parts belonging to the 2¢ octants in RY. It remains to show the rightmost

equality in (3.22): If z € Sq — Sg with zy- < 0 and zy+ > 0 we have to show that } .(zy-); > —1 and
Zj(ZN+>j < 1. But if z = y — & with x,y € Sq we have with 2% := zy+ and correspondingly for z,y

IIE DR DD N/ LD DU
J J J J J

POEED VI D] L 3l B S
J J J J J
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It is also clear that one can obtain all points 2~ € —Suy- and 2+ € Sy y+ in this way by choosing =,y € Sq as
follows:

yn- =0, yy+ =27, an-=-27, xy+=0.
For the right equality in (3.23) we use that >, z; > 0 <= > . (—2;) < Zz;r, and then we apply (3.20). The
statements about E4(z) follow in each case directly from (3.21): For z € A;, N+ we have zy- <0, zy+ > 0,

therefore x;, > max{0, —z;} is equivalent to 2 > —2(V"). We also have z; + --- + z4 > 0, so Zj r; < 1-—

max{0,)_; z;} is equivalent to 3, x; <1—21 — -+ —2¢ =1—3 . (2n-); — >_;(2n+);. Therefore v:=z 4 z(N7)
satisfies v > 0 and 37, v; <1 —3":(2n+);. The other cases follow in the same way. O
+ - — - - - — — + —
Let A{},IV[ = A{},IV[ =S4, A{},IV[ = {}, AM,{} = AM,{} = -S54, AM,{} = {} and define
By yi(2)i= =2 4 [ 15D (2wt | Sa (3.29)

J

Then we can state the result as follows:

/ / fz,y)dyde = Z Z / / flz,z+ 2)dxdz (3.30)

€84 YESa NeM Ue{i’Jr}ZGA?v,M\N TEEY pp N (2)

This is a sum over 2% - 2 terms, but two of the A%, M\N are empty so that only 29+1 — 2 terms remain. Recall that
all the domains Aj’\ﬂ M\N are pyramids in R? with apex in the origin. For z € A‘]’V, M\ We use the parametrization
with the variables (s,t, 2y, zn+) from (3.23), (3.25) where (3.15) is used for zy-, zn+. For z € EY, ,/\ y(2) we can
simply use the variables x1,...,x4.

3.3. Transformations. From (3.5) we obtain the integral

1= / / G(z,y)dy dx. (3.31)
TESqYESq
where G satisfies (3.11). Hence the function G is Gevrey smooth unless 2z = y, i.e., the singularity is in the interior
of the integration domain and affects all variables. We will now give a sequence of transformations which yields
an integrand §(¢) which is only singular with respect to ¢; at {; = 0. We will state the Gevrey regularity of the
integrand after each transformation, but we postpone the proofs of these claims to Section 4. Section 3.4 will
describe the transformations in more detail and describe the resulting quadrature algorithm.

For z € R? we write x = (%,4) with & = (21,...,7%) and & = (T41,...,74). Remember that for v = (v, ..., V)
we defined o, :=1—v1 — -+ — V.

Step 1: Transform (z,y) € Sq X Sq to (£,7,Z,9) € Sa—k X Sa—k X Sk X Sk.
We see from (3.12) that (Z,%) € Sy is equivalent to & € Sy—k and & € 0;Sk. Hence we let & = 0;2 with & € S
and obtain for an integral over x € Sy

/f(x)dxz / /f(ajgz,:z‘) dz ok di.

rESy T€ESy_ TESK

By applying this to (3.31) we obtain

I= / / //gl(j,gj,gb,g)dgjdidgdi (3.32)

ZESq—k YESa—k TESK YESK

IS

where g; is Gevrey smooth unless ||(Z — g, &, 9)|| = 0.



EXPONENTIAL CONVERGENCE OF hp QUADRATURE FOR INTEGRAL OPERATORS WITH GEVREY KERNELS 14

Step 2: Use Z :=§ — & to transform (Z,7) € S;, x Si, to (2,%) with Z € Ay, & € E(2).

Then
/ / / / 91 (T, T+ 2, %,9) dZ dz dy di. (3.33)

2€Sq—k YESa—k ZEAL TEE(Z

Now ¢2(2, 2, &,7) := g1(Z, T + 2, &,9) is Gevrey smooth unless I(Z,&,9)]] = 0. More precisely, we claim that
)

x
92 € G k2, 2ay (8

with Q := {(Z,SNC) | z e Ak,:i' S Ek(g)} X Sg_p X Sd,k.
We then apply (3.30) to split A into 28T — 2 pyramids A%, MAN' With M = {1,...,k} we obtain an integral over

(2,9,2,2) € Sq—k X Sa—p X Q=84 X Sq—p X U U {(z.2) | 2€ AL ynno T € ERann(B)}
NCMoe{—,+}

Now

DN’U = Sd—k X Sd—k X A?\/,M\N (334)
is a Cartesian product of m pyramids, with m =3 for 1 <k <d—-1, m=2for k=0 and m =1 for k = d. By
Proposition 3.5 we can split D™V into m pyramids DZN’G with base BZ-N’G ,i=1,...,m, yielding an integral over

(iagagai)esd—kx‘s’d—kxg: U U U {(‘fagaéai‘) | (iagvg)EDzN,GaIiEEXI,M\N(E)}'
i=1 NCM oe{—,+}

Note that by (3.27), (3.28) EF, 5\ y(Z) is an affine image of S, and we can parametrize it with X €Sy

Step 3: For w = (%,y,%) € DN use w = 5 -u with (s,u) € [0,1] x B"7.

We have D7 ¢ R? with d = k + 2(d — k) = 2d — k. Note that the parameter s € [0, 1] satisfies s ~ |Jw]|, and
that the determinant of the Jacobian gives a factor of sd=1 = §2d=k=1  VWe claim that the resulting integrands
g3 7" (s,u) satisfy

9 7" € GIY () (3.35)
with Q3 = {(s,X,Y,2,%) | s € [0,1], (X,Y,2) € B, & € B,y y(sZ)} and & = a+2d -k — 1.
NowweparametrizeuEBN’a using S; X Sk_j—1 X Sg—k X Sq—g or [0,1] X Sj x Sk_j_1 X Sq—k—1 X Sq—j, using

affine mappings: The pyramid DN “cRlhasa (d 1)-dimensional base BN 7 c R In (3.24) the base B,
of AN an 18 expressed with Syn X By n)- By (3.34), (3.19) we have for 1 <k <d —1 withm =3

N,M\N

B Bd kXSd kXP(B B —Sd kXBd kXP(B B —Sd kXSd kXB

N M\N) N M\N) N,M\N"

Let j = #N, then we parametrize BN AN with S; x By_; and P(B NM\N) with [0,1] x S; X Bg—;. Finally we
use (3.15) to parametrize B; with S;_1. As we used affine mappings for the parametrization of u we claim that we
obtain the same Gevrey regularity as (3.35) on the new domain. Corresponding arguments apply for A;L MAN and
for the cases k =0, k = d.

Step 4: Use (3.12) to parametrize all simplices S, by [0, 1]7.

We therefore obtain with (1 = s
3
I=3> > > / N .0,5(C)dC. (3.36)

NCM oe{= 4} i=1ce(g,1)2a

We claim that we have Gevrey regularity i
gN,U,m € G?ﬁ([o, 1]2d)

since the parametrization only affected the “smooth variables” with numbers 2, ..., 2d.

In the case 1 < k < d— 1 we have in (3.34) m = 3 nontrivial factors, and we obtain for the integral a sum of
K = 3(2*+1 — 2) terms.
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In the case k = 0 there are no variables Z, & and there is no splitting of A4, and nothing to do in step 2. In (3.34)
we have D™V = S;_;. X S4_p, i.e., m = 2 nontrivial factors. Hence we obtain for the integral a sum of K = 2 terms.

In the case k = d equation (3.34) becomes D7 = A%, M\N i.e., we have m = 1. We obtain for the integral a
sum of K = 2FF!1 — 2 terms.

To summarize: The total number K of terms in the sum for the integral is

2 for k=0
K = 3(2chrl —2) for1<k<d-1 (3.37)
ok+l _ 9 fork=d

Table 1 shows the number K for d=1,...,4.

d|k=0 k=1 k=2 k=3 k=4
1] 2 2

2| 2 6 6

3] 2 6 18 14

4] 2 6 18 42 30

TABLE 1. Number K of integrals after transformation in (3.37)

3.4. Detailed Form of Transformed Integrals. Here we want to give the resulting integrals explicitly as nested

one-dimensional integrals
by b2(€1) boa (€1, 5624 -1)

§1=a1 §2=a2(&1) &2a=a24(&1,--€24-1)

Then we can introduce the variables gl, ceey <2d with &j = aj(fl, .. .,gjfl) + (bj(é.l; .. .,gjfl) — a]—(él, . ,gjfl)) gj
and obtain integrals in the form (3.36).

In step 1 we have
91(&,5,3,5) := G(0aT, &, 049, §) 050 (3.38)

In step 2 we obtain I =3y > oeq— 13 IR v With

IX N = / / / / 91(&, % + %, &, 1) di dZ dij d

ECSa—k YE€Sa—k ZEAY \p\n TEET, (%)

Note that Ay v, = —AL, v and Ey_ ni(—F) = Z+Ef, - (2). Hence we have
INI\/[\N _INI\/[\N+ I\/[\NM / / / / f(g,j,fé,g)di'dgdgdi
T€Sa—k YESa— kZEAN M\N EEJJ\FI,IVI\N(Z)
with
f(gajai'ag) = gl(‘i'aj + Z,ZE,Q) +gl(‘i‘ + 27‘%"f’g)‘ (339)

For strongly elliptic boundary integral equations resulting from boundary reduction of second order elliptic boundary
value problems, the strongest singularity in the integrand is antisymmetric as a function of z and therefore eliminated
in the function f, cf. [8, Chap. 7],[10], [18, Chap. 5].

Next we can group all sets N with the same number j of elements together and obtain with N; = {1,...,5},
NOZ {}, Rj :M\N] :{j+1,,]€} that

I=Ig+- -+ 14 (3.40)
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I = / / / / (3,7, &, 1) dE dZ dij die

T€Sa—k YE€Sa—r ZEAN- R EEEN- R-(Z)

where

and f; is a sum of ( ) terms: For N C M and a vector v € R*¥ we define the permutation w = Pyv by wy =
(v1,...,v5) and wypn = (Vjq1,..., V%) With j = #N. Then

fi(5,8,8,9) = > f(PxnZ Py, &, ). (3.41)

NCM
#N=j

Using the definition of EN R, (%) we define

hj(éaiay) = / fj(ga‘i"i‘ag)di = / fj(ga _E(Nj) + a’gRjj,i,g)O'ngdi' (342)

]
I = / / / hi(, 2, 7) d2 dij di.

TESq_k YESq— kZEA

and have

Nj,R;

Note that the integration domain Sy_j X Sg_g X A R, is a Cartesian product of pyramids, but Sy_ is empty for

d =k (no 7,7 variables), and A}, ..R, is empty for k =0 (no Z variable). Therefore I; is an integral over the domain

Sd—k X Sd—k for k=0
Dj = SdkasdkaAEijj for1<k<d-1
AEijj for k =d

We then use that the domain D; is a Cartesian product of m pyramids, with m =1 for £ =d, m = 2 for k = 0,
m =3 for 1 <k <d—1 and can therefore be divided into m pyramids, yielding a sum of m terms for ;.

In step 3 we parametrize the m integrals for I; in terms of [0, 1] or Sp.

For the integrals over & € Sy_; and § € Sg—j we use (3.16) with outer variables s1, s2 respectively. By (3.25)
AE,M\N is a pyramid where the base is a Cartesian product of =Sy and B\ ny. Therefore we can apply (3.17)
and obtain a nested integral with outer variable s3 and inner variables Zy, (Zyn\n)'-

Case 1 <k <d-—1: We get

1 1
/ / 8182 d kilsg_lGj(Sl,SQ,Sg)ngdSQdSl (343)
0 82:() 8320

\H

S1

GJ(51’82753 / / / / i ENJ"gléjvo'iéj)vsl(jlvo'i’%52(?]/70-19/)) dg]%]d'gdey/di'/

2 E€Sqg—k—1U ESqg_k— 1ZN ES ZRJGSk ji—1

(3.44)
where expressions of the type Zy mean (Zy)’.
We use
101 1 1 101
/ / / (81,82, $3)dssdsads) = / 52 / / (s, st,su) + G(st, s, su) + G(st, su, s)) dudt ds
120 55=0 s3=0 s=0  t=0u=0
to spht (3.4 3) into m = 3 terms as follows:
1
I = / s 3R (s)ds (3.45)
s=0
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1 1
Fi(s) = / td=h=t / (WG (s, st, su) + uF TGy (st, s, su) + utTFTIG (st su, 8)) dudt (3.46)
t=0 u=0

Case k = 0: Here we let I = Iy and have instead of (3.43)

1
/ 8182 lGo(Sl,Sg)dSstl (347)
0 52:0

\H

S

Go(s1,82) :=

—

/ ho (Sl({f/,(jj/), SQ(@’,O’Q/)) dg/dii'/. (348)

2'€Sa—k-1Y' €Sa—k—1

1
/ 81,82 d82d81

we split (3.47) into m = 2 terms to obtain (3.45) with

With
1

s</1G(s,st)dt+/G(st,s)dt)ds

=0 t=0

H\H

Fo(S) =

t

t7 1 (Go(s, st) + Go(st,s)) dt (3.49)

Do—

As there are no Z, z-variables, we have instead of (3.42) simply
ho(2,9) = g1(2, ). (3.50)

Case k = d: Here m = 1 and we have instead of (3.43)

1
/ “1G(s3)ds3 (3.51)

/ / S3ZN],83(ZR 03, )) dZp, d2N, (3.52)

ZNG S; ZRJESk -1

In this case we obtain (3.45) with
F;(s) :==Gj(s). (3.53)
For our quadrature algorithm we will use composite Gauss quadrature @y, with m = O(nl/ ‘5) for the outermost

variable s, and standard Gaussian quadrature Q,, for all inner variables.

Remark 3.7. If we implement this algorithm directly in machine arithmetic there will be function evaluations G(x,y)
with ||z — y|| & ¢™ < 1 which will lead to subtractive cancellation if ™ is of the order of the machine epsilon or
less. To avoid subtractive cancellation, we should use G(x,y) = H(x,y,9 — &, &,y) and evaluate H instead of G:
note that we have for given &, 9, 2, &

S = b = oy(F 4 2) — 0ad = ogE + (X — 5,05
We use instead of (3.38) the function g2(Z, &, &,9) = ¢1(Z, T + 2, &, §) and evaluate it in terms of H as
92(2,2,%,9) = H ((Uji,f), (03 (& + 2),9), 032 + (3,8 — ,07)% &, y) ohok. (3.54)
We replace (3.39) with
f(zv jv ja g) = 92(25 xz, i'a y) =+ 92(727 T+ 27 Zf, g) (355)
We now summarize the resulting quadrature algorithm:

e sum over j =0,...,max{0,k — 1} in (3.40)
e composite Gauss quadrature for s € [0,1] in (3.45)
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if 1 <k<d-1: Gauss quadrature for (t,u) € [0,1]? in (3.46)

o if k=0: Gauss quadrature for ¢ € [0,1] in (3.49)

if k=d: F; given by (3.53)
o If k < d—1: Gauss quadrature for (#',9§') € Sq—r—1 X Sqg—k—1 in (3.44), (3.48)
o If k> 1:

— Gauss quadrature for (ZNj,Zéj) €5 x Sp—;j—1 in (3.44),(3.52)
— Gauss quadrature for Z € Sy, in (3.42)
— sum over all j-element subsets N of {1,...k} in (3.41), sum in (3.55)
If Kk =0: ho(Z,9) := g2(&,9)
e go is defined in terms of H by (3.54)

We can now count the number of quadrature points: For the integral over s € [0,1] we use composite Gauss
quadrature @y, ,,n, with m = Cn'/? subintervals, see Definition (2.4). Note that we can either have the constant order
rule @ m = Qn,m,o, Or the variable order rule Q. m = Qn,m,0,5. In both cases we obtain Ny = O(nm) = O(n'*+1/9)
quadrature points for the integral over s. For the remaining 2d — 1 directions we use Gauss quadrature @),, with n
quadrature nodes. Since have a sum of K terms with K given by (3.37) the total number of quadrature points is

N = KN;n*=1 = KCn?+1/9, (3.56)

Note that it is also possible to use for the singular integration a value n = cn instead of n, see the numerical
experiments in section 6.

4. GEVREY REGULARITY UNDER COORDINATE TRANSFORMATIONS AND CONVERGENCE OF QUADRATURE

4.1. Preliminaries. In the previous section we performed a series of transformations and obtained

I=/ / Gz, y) dydz = / 3(0) d (4.1)
TESqYESy ¢€0,1]2¢

with

3= D D aNes(0) (4.2)
NCM oe{—,+} j=1
The main result of this section is given by Theorem 4.5. It shows that under suitable assumptions on the

integrand G, the quadrature rule of tensor product type is applicable to the transformed function g and converges
exponentially fast to the exact value I of the integral.

The section is organized as follows. In section 4.2 we formulate Theorem 4.2, which gives the necessary regularity
properties of the transformed function §g. Then Theorem 4.5 is a corollary of Theorem 4.2 and Proposition 2.8.
In section 4.3 prove Theorem 4.2 and auxiliary Lemmas 4.7 — 4.10. Section 4.4 contains two technical Lemmas
required in the proof of Lemma 4.7.

4.2. Main result. As in the previous section we split = (&, &) with & := (x1,...,2%), & := (Tg41,...,2,) and
similarly y = (¢, 7). We make

H(x,y,{,n,() € Gl«?;;i+1 4d7k}(Q/) where Q= Sq X Sq X (Sk — Sk) X Sq_r X Sa_k, (43)

.....

i.e. Ao, Ay > 0 independent of v := (v°,v*) € N3¢ x N27% and (x,y,&,1,¢) € Q' such that
DY) Dl o H (5,60, Q)) < Ao AL () |(€m, (1710, (4.4)
Note that Assumption 4.1 is satisfied if the integral I is defined by (3.1) where (i) the simplices S™) and S satisfy

Assumption 3.1 and (ii) the function g(z,y) in (3.1) satisfies Assumption 3.2. Then the function G(u,v) in (3.4),
(3.5) satisfies (3.11) and therefore Assumption 4.1.
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Theorem 4.2. Suppose G satisfies Assumption 4.1 and g is obtained from G by the sequence of the coordinate
transformations given by Step 1 — Step 3 from the previous section. Then

9(Q) € GIR(0,1)  with a=a+2d—k—1, (4.5)

Remark 4.3. Theorem 4.2 shows that the transformations in Section 3.3 isolate the singularity of the integrand g(¢)
in the coordinate direction (7, while preserving Gevrey regularity in the remaining coordinates. We remark that in
certain special cases when « is an integer (such as, e.g., in boundary integral equations stemming from boundary
reduction of second order elliptic boundary value problems), these transformations actually completely remove the
singularity. In this case, the assertion (4.5) of Theorem 4.2 can be strengthened to § € G°([0,1]??) (generalizing
the case d = 3 and « = —1, —2 in [18, Chap. 5]).

The proof of the Theorem 4.2 requires auxiliary Lemmas 4.7-4.10 and is given at the end of the section. Theorem
4.2 allows an explicit construction of a quadrature rule for G on Sy x Sy, if G satisfies Assumption 4.1.

Definition 4.4. Let Qﬁ:fn be the quadrature rule on S4 x Sg such that
V5l @ = [Qum @ Qu ® -+ @ Q)i (4.6)
—_———

2d—1 times
where @, m is the quadrature rule in Definition 2.4, and § is given in (4.2). Note that @, can be either the

constant order composite rule @ m » with o € (0,1), or the variable order composite rule @y m.o.s with o € (0,1)
and 6 > 1.

Theorem 4.5. Suppose G satisfies Assumption 4.1. Let b > 0 and m = [bnl/‘s]. Then there exist r,r',C > 0 so
that for alln € N

‘ / / g(x,y) dedy — Aﬁ’jlng < Cexp(—rnl/‘s) = CeXp(—r’Nl/(2d5+1)) (4.7)

€84 YESq
where N = O(n?*+1/9) js the number of function evaluations in the quadrature rule Z:‘fn.

Proof. The assertion of the Theorem follows directly from Theorem 4.2 and Proposition 2.8. O

Remark 4.6. The quadrature rule Afﬂn given by (4.6) is 2d-fold tensor products rule applied to g(¢). Since g(() is
singular in ¢; and smooth in the remaining coordinates, the rule uses the composite Gauss rule @y, », in ¢; and the
standard Gauss rule ), in the coordinates (o, ..., (34. In the special case mentioned in Remark 4.3 the integrand g

is smooth in all coordinates (1, ..., (2q. Hence we can use instead of 4.6 the rule QfﬂnG =[Qn® - ®Qp]g which
uses standard Gauss quadrature for (1,...,(24. Then Remark 2.9 gives in place of (4.7) the convergence rate
’ / / g(x,y) dedy — Qﬁi‘fng < Cexp(—rnl/‘s) = CeXp(—r'Nl/(2d5)). (4.8)
x€Sq YyESa

4.3. Proof of the main result. We give the proof of Theorem 4.2. To this end, we set up some notation and then
verify preservation of Gevrey regularity under composition by establishing bounds on the growth of derivatives in
three technical lemmas. We recall o; =1 — 37,25, oy =1— >, 9,

01(2,7,2,9) = G(oz&, &, 04, §)0koy (4.9)

and

QQ(E,i',Z',g) = gl(jvf+zazag) (4]‘0)
Assumption 4.1, (4.9) and (4.10) give

92(2,2,%,9) = (H 0 ) (2, %, % §)ogoy, with  ¢(2,%,&,9) = (022, %,04(& + 2),§,04(Z + 2) — 057, &,5). (4.11)

ARl
Lemma 4.7. Suppose H satisfies (4.4) and g2, ¢ are given by (4.11). Then
92,8, %,9) € GU_poprr, 0y () with  Q={(3,2) | 5 € Ay, & € Ex(2)} X Sk X Sa—, (4.12)

i.e. 3Co, Cy > 0 independent of v = (v°,v*) € NE x Ngdik and (2,%,2,7) € Q such that
DY DY .5y 92 3, 8,8, 9)| < CoCy (W) [|(2, @, ) mm (=110, (4.13)
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Proof. First we prove that the function H o ¢ satisfy the estimate (4.26) and then generalize this result for gs.
Recalling (4.3) and (4.9) — (4.11) we have Q C R?4, ' C R*~* ¢:Q — Q' is a polynomial (4.11) and H : Q' — R
is of class C*° in the interior of ). Define s := (2,Z,%,9) € Q and t := ¢(s) € Q'. We recall a multivariate version
of the formula of Faa di Bruno [3|, which represents the chain rule for multivariate composite functions

|v]

l
v v|,n,l B
DY(Hoo)(s) = 3 WE a0 (DL o HE) [T 5, (s) (4.14)
. =1

[v],2d,1
Here 73, B(1yseees

MVJ =

Jiseen i . . _ (4.15)
SJ, e g €{1,...,4d — k} andﬂ(1)+~~+ﬂ(l) :l/andﬂ(i) #£0,i=1,....10;.
B (1)s - 7ﬁ(l
Note that ji,...,75 € N are integers and 3(1),. .., € N2¢ are multiindices of the same length as v, i.e. 2d. Let
us consider the multiindex v and the associated differential operator DY. By grouping the derivatives w.r.t.  and
w.r.t. (2,Z,9) in v we obtain
Dy = D" D(”z #.0)° (4.16)
which introduces a splitting of v = (v°,v*). Note that v° consists of k components, since # € R* and v* consists of
2d — k components, since (Z,#,9) € R?¥~*, In the same manner we decompose the multiindices By = (ﬂa),ﬂz‘i)),
i=1,...,[ such that
By pPlo

By _
D" = D;, (9)" (4.17)
Let us consider every particular summand in (4.14). Assume that the sets ji,...,ji and B, .., B are fixed. We
group j; and ;) with the same index ¢ and define
N = {(jla 6(1))7 SERE) (]lvﬂ(l))}
In what follows we obtain an upper bound for
l
B
D4, 10| TT 020650
i=1
Let us introduce a disjoint decomposition of the set of pairs N' = N7 U Ns U N3, where
Nl = {(ji,ﬁ(i))GNZjiE{l,...,Qd}}
Ny = {(ji,ﬁ(i))GNZjiE{Qd-f—l,...,Qd—f—k’}}
Ny = {(i,Bu) EN:jie{2d+k+1,...,4d— k}}
and let us split Na = N2 g U N1 UNa o and N3 = N3 o U N3 1, where
NQ,O = {(jiaﬁ(i)) € NQ : |ﬁa)| + |ﬁa)| >3 or |ﬁa)| > 2};
Moy = {(ji, Buy) ENa Gﬁ&')' =0 and (|37 =1 or 2)) or (|ﬁa)| =1land |3(;)| = 1)},
Noo = {(i By € Na 60yl =1 and (|87 | = 0}
and
NB,O = {(]Zaﬁ(z)) €N3 : |ﬁ&)| >1lor (lﬁa)l > 2})
Nii = {(jiaﬁ(i)) €Ns: |ﬁa)| =0 and (|ﬁa)| = 1}'
With the above notations we have
0, if (ji, B)) € Na,o UN3
B e . .
‘Ds( )¢ji (8)] < 1, if (ji, ﬁ(z‘)) eMN U N2,1 U N3,1 (4.18)

log —oz], if (ji;ﬂ(i)) € Mo
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This gives
! 0, if N2,o UN3 0 # {1,
Biy : .
[T |06, < 1 D206, N 0 N = 0 (119)
=t (Ji,8(iy) EN2,1UN2 2UN3 1
Using (4.18) we obtain the upper bound
B B
II ‘Ds( "5, (s)| < ‘Ds( "¢.(5)| < log — oz [#N22,

(Ji,8(iy) EN2,1UN2 2UN3 1 (Ji,Bi)) EN2,2

Note that |oy —oz| = |32, %5 — >, 95| < C||(&,9)|| and thus by (4.19)

! P if Moo UN30 # {1,
1| i) (4.20)
i1 |l \#Nn if N0 UN30 = {}.
H satisfies (4.4) by assumption which yields
|Déj1'»»tJjH(t)| < A AL (1) |ltgaara,... ad—py ||min (@ #N2=#N2.0) (421)
< A AL(10)0||(3, &, )| minlo—#No—#N5.0) ’
since |trad41,...ad—ki |l = [(0y(2 + 2) — 022, %, 9)|| ~ |[(Z,%,9)| by Lemma 4.12. Combining (4.20) and (4.21) we
obtain
!
; < . . 0 if Moo UN3 o # {}
DL HOT[ DI ¢ (s)| < AAL1))|(2, %, m‘“W#NZ#N&O)-{ B, PR
2L HO| TP 0| < Aot ool Gl oY
< CoCl (U] (2, 3, )| minie— e a2z N1 O)+# N2
< CoOTU)|I(2, @, g) || mimio #Nza—#Ns0),
< GoCLI° ||z, &, g)|mimte o),

(4.22)
The last inequality holds, since ||(Z, &, 9)||c < 1; @ + min(b,0) > min(a + b,0) if a > 0; 62‘1) + 4 Bz‘l) =v* and

#No +#N3 1 < Z 18| < [V
(Ji>Bei)) EN2,1UN3 1

We have [ < |v| and thus by (4.14) we have

[v]
— ~ <« \|min(a—|v* ,n,l
< CoCY (=2, &, ) i hor S > Tt sl (423)
=1 ( G1see e, g1 >EM
By« By vl

In order to estimate the double sum in parentheses we use the identity [4]

DY(H o ¢)(s)

v l
v|,d,l o
Z Z %l'ﬁ‘(l) ..... g(l)l! H |lvi|! = 3d(3d + 1)\ | L, (.24
=1 Jiyeees g1 pale}
( Biys - -» B )EMV,L
yielding
v
ot ]
Z Z Vi I S Bd+ DL 15)

=1 i i
J1s vy J
M,
( Bys- s By )e ot

Inserting in (4.23) and using |v|! < (2d)/*!v!, which holds by the multinomial theorem we obtain

DY(H 0 ¢)(s)| < CoCy (w1)?)| (2, &, ) |min(e= 17100, (4.26)
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The estimate (4.13) follows, since 05 =1 -3, 3; <1, 05 =1— 3 ,9; < 1 yielding

|Dtokok| < (a)?, Ype N
and thus by the product rule
DY ((H o ¢)(s)o’;a§)‘ > | DE(H 0 ¢)(s)| - | DL (okok)| < max [ DX (H o ¢)(s)| (a2, (4.27)
n<v
u<v
which together with (4.26) yields the asserted inequality (4.13). O

Lemma 4.8. Let q,¢ € N, Q C [~1,1]7 and Q' C [-1,1]¢". Suppose N C {1,...,min(q,¢')} and f € Gf\}o‘(Q). Let
U : Q' — Q be a polynomial of degree p such that for t = WU(s) there holds txy = sn. Then

(i) 7(s) = (f 0 W)(s) € G (EY), ~
(i) If in addition ¢ = ¢’ and Jgy # 0 in the interior of €, then f(s) := (f o U)(s)Jw(s) € G(];\}a(Q’).

Proof. We use the same technique as in the proof of Lemma 4.7. First we prove (7). Recall the formula of Faa Di
Bruno (4.14), (4.15) and consider a fixed set N := {(j1, B(1), - - -, (ji, Bw)) }. Define
Nl :{(Jlaﬁ(z))eleeN}a NQZN\Nl

Further, define
N11:—{j1,ﬁ(1 €N1 |ﬁz)|—1 and ( : —1} NLO :ZN\NLL

With the above definitions we have N' = A7 g U N7 1 U A3 and
0, if (ji, Bs)) € Nio,
L, if (ji, B)) € Mg,
c(p,a), if (i, Bay) € Na.

]D?“) W, () <

Thus

DY, ()| < Ag AL ()P [ [P #NAO < o AL (@1) s e IO, (4.28)

D}, ., (1)

l
=1

since #MN1 1 < |vn|. We recall (4.25) and get

’D:u 0 W)(s)| < CoCY (w1)? || || min(e—lval0) (4.29)

or f e GY™(Q). To show (ii) we note that W is a polynomial and Jy # 0 in the interior of ' yield that Jy is a
polynomial, thus

de(p,r) > 0:  |DFJIg(s)| < c(p,r) YueN; Vs e Q.
Hence, by the product rule

DY F(s)] < " |DE(f o ®)(s)| - | DY Ty ()] < CoCil(w1)? |ls v | inte=lval0) (4.30)

n<v
yielding f € Gf\’,a (). O

Corollary 4.9. Suppose f € G°(SM x S@)), where SN, S?) are simplices in RY. Let ¢; : Sq — S@ be an affine
transformation to the reference simpler and v : [0,1]% — Sy be the parametrization of Sq by simplex coordinates

Yi(2) =21, .., Ya(z) = 24(1 — 21) ... (1 — 2a). (4.31)
Define U := (¢1 09, g 0 ) : [0,1]24 — SD) % S@) and f:= (f o W)Jy. Then f € G°([0,1]2%).

Proof. Lemma 4.8 with N = {}. O
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Lemma 4.10. Suppose 1 < p < q are integers, B is a bounded subset of a (p — 1)-dimensional hyperplane not
containing 0, so that P(B) C RP, and Q@ C RY"P. Define N :={1,...,p} and suppose f(t) € G?(,O‘(P(B) x Q), i.e.
JAg, A1 > 0 independent of v € NE, and t € (P(B) \ {0}) x Q such that

D" F(1)] < A A (1) [0, (4.32)
Consider a nonlinear mapping A : [0,1] x B x Q — P(B) x (,
(tla LR tq) = A(§> = (gla <1<25 LR Clgpv Cp+17 ceey Cq) (433)

Then Jp = Cf71 and f = (foA)) ffl € G‘Eﬁ([o, 1] x B x Q) with & = a+p —1, i.e. 3Cy, Cy1 > 0 independent
of v € N{, and ¢ € (0,1] x B x Q such that

DY F(Q)] < CoCl (11)?| ¢y [mintetp=1=m.0), (4.34)

Proof. The chain rule gives for ¢t = A(()
(Di, + Dy, + -+ + G Dy ) f(E), =1,
D¢ (foN)(¢) = (D) f(E), i=2,....p (4.35)
Dyf(t), i=p+1,....q

We abbreviate r, := vy + - -+ + 1, then

min(vi,K,)
v _ v (pee P2, vq) _ " % Ky vi—i (va,..., vq)
Do N©) = DL o) = S () LD o ). o
i=0
The chain rule (4.35) and the multinomial theorem yield
v —i [T vq vy —1 2 l/:: *
D¢ (Dgtj 1111 tq)f(t)) = Z ( IM )Cg G D f(), vi = (1, vatiiz, s Vp b, Vpt, - V)
S
pul=v1 —1
(4.37)
By assumption f € GX*(P(B) x Q) yielding for 0 < i < min(v, )
i Ky Vi*p, HV! Ky —1 |”;u| * min(a—kK, —
[DE (D (F0)] < G T Ao A (v D) (b )R T EO)
(ky —1)! (4.38)

/Iofilf‘ (1)?] ¢y mintemra0))

IN

where the last inequality holds, since |u| = 11 — ¢; @ + min(b,0) > min(a + b,0) if a > 0;

Ky

(ky —17)!

& &
* HV! * K‘V! v . v
< (2] < (it et ) <
v . v .

and

Cl S ||<1(la<27 oo an)H S C(Baq) ' gla
where the constant C'(B, ¢) > 0 is independent of { and v. The estimate

min(vy,Kk,) . vy
> <Vj> > <”1u_’> 52--.<;:PSZ<’;1)(1+c2+~~+<p)”1i(2+<2+~~~+gp)V1
=0

1=0 )U'ENgv
lpl=v1 —i

together with (4.36), (4.37) and (4.38) yields

|DZ(f 0 A)(Q)| < CoCY (1) |y minte=r20), (4.39)
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With similar arguments we obtain the asserted estimate for f(¢) = (f o A)(¢)¢P ™"

IDLFOI = (D2 D2 (f o A)(Q)
min(vy,p—1) ( )
1 V1 —1,V2,..., 12
< Z ( ) ’DQ i )D(gll,gz, 274(1) (foA)(C)’
mm(l/:Op 1) ( 1)' (440)
<2 < ) oo OO T (O = il e )
1=0 p
< C,Oélu\(V!)(i'gl|min(a+p—1—u170).
This finishes the proof. O

Proof of Theorem 4.2

We recall the sequence of transformations from the previous section

I= / / G(z,y) dyde % Z > / / 92(2, &, %, 7)) didzdydz

1NCM - - ~
TESGYESy 7= c UE{ ’+}($ay72)eD§V'UIGENJW\N(Z)

Step 3 Z Z Z / 93(s,u, T) diduds (4.41)
Jj=1 C]\/IUE{ ’+}(& ’U,)E[O 1]><BNUIG[0 1]k
Step 4

As asserted, the integrand G satisfies Assumption 4.1, hence a direct application of Lemma 4.7 yields

92(3,8,8,9) € G popsr,0qy (@), with Q= U U U {G&zpl@9.2) €D, i e By}
j=1NCM oe{—,+}
(4.42)

Further, we transform the simplex E¥¢; o Sy, by (3.29) and then to [0, 1]* by introducing the simplex coordinates

and denote the above transformation by ¢ (Z, Z, &,y). Clearly ¢ is a polynomial with Jy # 0 and the assumptions
of Lemma 4.8. (i) are satisfied with ¢ = ¢’ = 2d, ¥ = v and f = g9, thus

G2(%, 9, 2, 7) == (g200) (2, &, &, 9)Jy € G?’f,‘__ﬂd_k}(ﬂ), 0= U U U {(#,9,2,8)|(z,9,2) € D}, & € [0,1]}.

j=1 NCM oe{— +}

Recall that each D;V’” = P(BJN’”) is a pyramid. Hence the assumptions of Lemma 4.10 are satisfied with p = 2d—k,
q = 2d and f = go yielding

g3(s, u, )eG?ﬁ“dk Y :U U U {Gsuwz)lseo,1],ue B icl0,1]"}.
j=1NCM oe{—,+}

Note that ij’” is a tensor product of simplices. We parametrize each of these simplices by the simplex coordinates
and obtain

9(0) € Gy (011,

which follows directly from Lemma 4.8. O
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4.4. Technical results. Finally we prove two technical Lemmas. Lemma 4.11 is required in the proof of Lemma
4.7 and Lemma 4.11 is used in the proof of Lemma 4.12.
Lemma 4.11. For arbitrary z,y € [0,1]* there holds
(21 (1 —22),z2)[| ~  [[(z1, 22)]], (4.43)
[(@1(1 = 22) —y1(L = y2), 22, 92) |~ (21— y1,22,92)]- (4.44)

Proof. We prove the Lemma for || - ||;. Considering (4.43) we note that ||(z1,22)||1 < 2. Then
r1 >

o=

)

o=

[(z1,22)[l1 = [[(z1(1 — 22), 22) |1 > { } > iH(m,m)Ih (4.45)

N[

%H(x17$2>”17 T <

and (4.43) follows. We prove (4.44) in several steps. On the one hand there holds

fr=ai(l—a2) =yl —y2) = (21 — 1) (1 — 22) — y1(22 — 92), (4.46)
thus using the triangle inequality we have
[(f, 22, y2)ll1 < |@1 — ya1| + 222 + 2y2 < 2[|(z1 — Y1, @2, y2) ||1- (4.47)
On the order to show the reverse estimate we define z := |21 — y1 |, yielding
[fl = |2(1 = 22) — yisign{z1 — y1 } (2 — 42)| (4.48)

and consider the three following cases.
Consider the case (1 — y1)(22 — y2) < 0. Then

2(1 — x9) — y1sign{z1 — y1}(x2 —y2) > 2(1 —22) >0 (4.49)
and thus using (4.45)

[(fs 22, 92)l1 = 2(1 — x2) + 22 + 42 2> i”(%zz,yﬂﬂl- (4.50)

Consider the case (1 — y1)(z2 — y2) > 0 and either z < x5 or z < y5. Then

1
1(fs 22, y2)ll 2 1100, 22, y2)ll1 2 S (=2, 22, 92)lI1 (4.51)

Consider the case (z1 —y1)(z2 —y2) > 0 and z > max{x2,y2}. Let us show that

|f| > z — max{xa, y2}. (4.52)
Indeed, if o > yo, then
T2 Y1, z=x1—y1 20, (1 —y1) — @12 = 2 — 12 > 2 — T3 > 0, (4.53)
which yields
lf| =21 —y1 — z1z2 +yaye| = 1 —y1 — 2122 +Y1y2 > 2 — 2o, (4.54)
Further, for x5 < yo we have
x1 <y, z=1y —x1 >0, (y1 —m1) —y1y2 = 2 — y1y2 > 2 — ya > 0, (4.55)
which gives
If]l =21 —y1 — 2122 + y1y2| = y1 — X1 +T1%2 — Y1Yy2 > Y1 — T1 — Y1Y2 > 2 — Yo (4.56)

and (4.52) holds true. Define v := min{zs, y2}, w := max{wza, y2}, then z > w and
1 1
[(f,z2,92)[l1 > [[(z — max{z2,ya}, 22, y2)[1 = [[(z — w,v,w)||s =2 +v > §H(z,v,w)||1 > 5”(«2’%2’92)”1- (4.57)

The proof is complete. O
Lemma 4.12. Define oz := 1 — ||&||1. Then
(.i',,f) €S X Sy, — (O-j~,j) € Sq, (4.58)

H(.i'_:lj,f,g)ll ~ ||(0‘ji‘—0‘gg,i,g)||. (459)
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Proof. Equivalence (4.58) follows directly from the definition of S;. Define u := ||&||1, v := ||g]]1. Note that
u,v € [0,1] and
(025 — 73,5 9)lls = (1 — w3 — (1 — ) 6, )] (4.60)
Thus by Lemma 4.11 we obtain
1., .. | - . _ .
71@=9,2 9l = @ =g v )l < [((A-0)i-1-v)g,u,v)|1 < 2k[|(Z =7, u, v)ll = 2k[[(Z~7,2,9)]1. (4.61)
0

5. SINGULAR INTEGRALS OVER PARALLELOTOPES IN R%

5.1. Introduction. We want to compute the integral over two d-dimensional parallelotopes (images of d-
dimensional cubes under affine transformations)
/ / (z,y)dydx

zeP() ye P(2)
where we make the following assumptions:

Assumption 5.1. P P®?) ¢ R are d-dimensional closed parallelotopes with positive volume. Moreover, P N
P®) s either empty, or a k-dimensional parallelotope side with k € {0,...,d}

This assumption is satisfied if PU) are parallelotopes in a regular finite element mesh.

Assumption 5.2. The function g(x,y) can be written as g(x,y) = F(z,y,y — x) with F € G{QdJr1 3d}(P(l) X

P® x (P® — PMW)) where 6 > 1, a € R. If PM N PP is nonempty we assume o > k — 2d, this implies
g € LY(PY x p?),

Let .J :=[0,1]. Then we can use a change of variables from z € Py € P?) to u,v € J¢ with 2 = (19 4+ AWy

y =029 + A@y and obtain
/ / G(u,v)dv du (5.1)
ueJdyeJe
with G(u,v) given by (3.4).
If the intersection PMWNP3) is empty (i.e., the parallelotopes have a positive distance) we obtain as in Proposition 3.3
that G € G*(J??) and |[I — Q, ® -+ ® Q,(G)| < Cexp(—rn'/?).

If the intersection P N P®) is a k-dimensional parallelotope side with k € {0,...,d}, then we can choose 0(3:0)
and AY) such that v(19) = ¢(29) and the first k& columns of A, A®) coincide. Therefore we obtain as in section 3.1
that we can write G in the form

G(u,v) = H(u,v,0 — 0,0, )

(5.2)
H(u,v,&,m,¢) € GS (T x T X [=1,1]F x JAR x gdeky
{2d+1,...,4d—k}

5.2. Transformations for Cubes.

(1) Let us first assume k > 1. We now usez =g— xto transform (2, 9) € J* x J* to (2,2) with 2 € J¥ — JF =
[-1,1]%, & € Fj.(2) := J* N (J¥ — 2) so that for g1 (2,9, %,9) := G(2, 9, %,7) we have

/ / / / g1(&, & + 2,2, 9) dij dit di: d2. (5.3)

ze[—1,1)k z€Fy (2) € ik geJd—k
We now split [—1,1]* along the octants into 2% cubes: with M = {1,...,k} we have with Cn- y+ = {z |
Zn- € [=1,0]#N7 2y €[0,1]#N 7}
—1,1* = |J Cyvanw
NCM

2€Cy-nv =  Fp(3) =20 40,1 - 5] x - x[0,1— [5] = Fy- n+(2) (5.4)
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and get
T, 9) dydz di d (5.5)

-y / / / / g1(3, 5+ 2

NCIV[fGCN,M\N 2EFN M\ N(2) ZEJI—k gegd—Fk

which is a sum over 2% terms. Note that go(2, %, %, %) := g1(2, & + 2,2, 9) is Gevrey unless ||(2, &, )| = 0.

(2) We now note that w := (,%¢) € Cyann X J&F x JF = DN ¢ R with d = k +2(d — k) = 2d — k.
Then DV is a Cartesian product of m = 2d — k pyramids (since [0, 1] is a pyramid with base B = {1}). By
Proposition 3.5 we can split D into m = 2d — k pyramids, yielding DY = DN U ... U DY,

(3) We use the parametrizations (3.20) to transform each DY to [0,1]?**. Note that the parameter s € [0,1]
satisfies s ~ ||w], and that the determinant of the Jacobian gives a factor of s¢=1 = s24=k=1We will finally
obtain with {(; = s

1= [ a0 50= Y Y a0 (5.6)

celaza NCM j=1
5 4,0 d
where gy ; € G{f}f(J2 ).

So far we assumed k > 1 so that we need to deal with the variables &, ¢ in the intersection cube. In the case k =0
where the two original parallelotopes touch at a vertex there are no variables &, and we obtain instead of (5.3)

1= [ [ s
zeJdgeJd
Therefore we can skip step (1). In step (2) we split the domain D = J% x J¢ into m = 2d pyramids.

Therefore the total number K of terms we obtain is always

K =2k(2d — k). (5.7)
Table 2 shows K for d=1,...,4.
d|k=0 k=1 k=2 k=3 k=4
1 2 2
2| 4 6 8
31 6 10 16 24

4 8 14 24 40 64
TABLE 2. Number K of integrals after transformation in (5.7)

Note that in the case d = 1 both simplices and parallelotopes are just intervals, and we obtain the same transfor-
mations.

5.3. Quadrature and Error Estimate. We defined the transformed integrand § in (5.6). The main result of this
section is the following theorem.

Theorem 5.3. Let k € {0,...,d}, 6 > 1, a > k —2d. Suppose G satisfies (5.2) and gn ; are obtained from G by
the sequence of the coordinate transformations given by Step 1 — Step 2 from the previous section. Then

9(Q) € GIG (), with a=a+2d—k—1,
i.e. 3Co, Cy > 0 independent of v € N3¢ and ¢ € (0,1] x [0,1)2¢71 such that
IDEGO] < Gy W |G ™™ E 0, G =at2d k-1,
Definition 5.4. Let Qﬁi‘fn be the quadrature rule on J?¢ such that
~fz7,(rinG = [Qn,m & Qn e ® Qn]g
—_——
2d—1 times

where @, is the quadrature rule in Definition 2.4 and g is given by (5.6).
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The exponential convergence of the quadrature rule Qfl’,‘fn is a corollary of Theorem 5.3 and Proposition 2.8:

Theorem 5.5. Let k € {0,...,d}, 6 > 1, a > k—2d. Suppose G satisfies (5.2). Let b > 0 and m = {bnl/‘w. Then
there exist r,7’,C > 0 so that for alln € N

' | [ Gl s - Q6| < Coxp(-rn/?) < Cexp(—r NV,
zeJdyeJd

where N = O(n?*+1/9) js the number of function evaluations in the quadrature rule Qﬁ‘fn

The proof of Theorem 5.3 is similar to the proof of Theorem 4.2 and requires the following auxiliary Lemma.
Lemma 5.6. Let g2(2,2,%,9) = G(Z,& + 2,%,9) and (5.2) holds true. Then
P o s 5. f ANl a . . _ _
92(2,2,2,9) € G j ok oay(@), @' = {(2,2)|2 € [-1,1]F,2 € F(2)} x J¥F x Ji=F,
i.e. 3Co, Cy > 0 independent of v° € N, v* € Ngd_k and (2,%,%,7) € Q such that

DY DY .5y 92 5,2, 9)] < CoC T wo )P (2,2, g im0

Proof. The proof follows directly from Lemma 4.8. Indeed, with ¢(2,%,%,9) := (&,%,& + 2,9, 2,Z,9) we have
92(s) = (Ho9)(s), s:=(2%,2,7).
Then the assumptions of Lemma 4.8 are satisfied with f = H, U = ¢,

Qi=J4x JEx [-1,1]F x JE < JY, Q' ={(2,2)|2 € [-1,1]F,4 € F(2)} x J¥F x gi=Fk

and N such that ¢ty = sy = (2, %, 7) up to reordering of variables.

Proof of Theorem 5.3 We recall the sequence of transformations

I:/ /G(m,y)dydm SO / / 92(2, &, %, 7)) dydzdads

NCM j=1

zeJdyeJd (2,2,9)€DYN 2EFN m\N(2)

2SS [ a0

NEM7=1¢cpo,1)24

Lemma 5.6 yields directly
s o S . . . _ -
92(2,2,2,9) € G{1,...,k,2k+1,...,2d}(Q)a Q= {ze[-1,1]%& € Fp(2)} x J4F x JI7k,
Further we transform ¢ : Fy y\n — J¥ by using parametrizations (5.4). The transformation 1 is a polynomial

and Jy, # 0. Thus, assumptions of Lemma 4.8. (%) are satisfied with ¢ = ¢’ = 2d, ¥ = ¢ and f = g, hence

m

G2(,9,2, &) = (g2 0 V)(5, %, 8,9) Ty € Gy o0y (@), Q=) U {@5,%8)@ 9.2 € DY, 7 € [0,1]*}.

Furthermore, each D} is a pyramid and might be written in the form P(J?*~*~!). Hence the assumptions of

Lemma 4.10 are satisfied for every summand with p = 2d — k, B = J?¢=%=1 and Q = [0, 1]*, hence by Lemma 4.8
5,4

g 4(C) € GO (J24) .



EXPONENTIAL CONVERGENCE OF hp QUADRATURE FOR INTEGRAL OPERATORS WITH GEVREY KERNELS 29

IogII—QNI for fp with p=2, 8=3/2
0 T T

5} . . 4

—10} i

_40 i i i i i i i
0 2 4 6 8 10 12 14 16

N1/6

FIGURE 6.1. log|Zf, — Qn fp| for function f, in (6.1) with p =2, 6 = % and N =1,...,250. The
horizontal axis is N'/%, the line corresponds to |Zf, — Qn f,| = C exp(—rN'/?),

6. NUMERICAL EXAMPLES

6.1. Gevrey functions on an interval. In the case of g € G%([a,b]) with § = 1 the function g is analytic in
a neighborhood of [a,b], and the exponential convergence |Zg — Qng| < Cexp(—rN) of Gaussian quadrature is
known to be sharp.

The case g € G>([0,1]) with § = 1, @ > —1 corresponds to a function g which is analytic on (0, 1], but may have
an algebraic singularitiy at 0. The method of composite Gauss quadrature with geometric subdivision was first
used in [19] and yields |Zg — Qn.mg| < Cexp(—rN'/?) where m = [#n] and N = O(n?) denotes the total number
of quadrature points. Note that the sinc method of Stenger [21] also yields the convergence rate C exp(—rN1/2). Tt
is shown in [21] that this rate is optimal among all sequences of quadrature formulas for a certain class of analytic
functions on an interval with endpoint singularities.

In the case of a Gevrey function g € G?([a,b]) with § > 1 we obtain the rate |Zg — Qng| < Cexp(—rN'/%). We
want to provide numerical evidence that this rate is sharp: We consider the function

exp(x~P) forz >0
= 6.1
fo() {0 for 2 < 0 (6.1)
with p > 0 on the interval [—1,1]. Then we have
freG(-1,1]) = 6>1+1/p (6.2)

see e.g. [2], p. 16. In Figure 6.1 we show N'/% on the horizontal axis, and log |Zf, — QN fp| on the vertical axis.

6.2. Integrals over simplices in R? and R>. Here we consider for d = 2, 3 the integral (3.5) with (V) = S, and
S®) = ((y1,..., Yk» —Yrs1s--->—vd) | y € Sq) where k = 0,...,d, i.e., the intersection S N S2 = {(z,0,...,0) |
Z € Sk} is k-dimensional. Hence Assumption 3.1 is satisfied.

We use the integrand

gle,y) =lly—«”,  a=k-2d+p
with 3 > 0, i.e., the exponent is by (3 larger than the critical exponent k — 2d where g ¢ L'(S™) x §®)). Therefore
g(x,y) = F(r,y,y — x) with F(z,y,2) = ||z|* and F € G%*(SM x 2 x (§®) — M)} with § = 1. Hence
Assumption 3.2 is satisfied. With & = (z1,...,zx) and & = (2g+1,...,24) we have G(z,y) = [|(§ — 2,2 + 9)||” and
H(x,y,2,2,9) = [|(2,2 + )"
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2 4 6 8 10 12 14 16 18 20 2 4 8 10 12 14 16

(# quadrature poinls)”5 (# quadrature poinls)v7
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FIGURE 6.2. Relative errors |Qn — I| /I for d = 2 (left) and d = 3 (right), with k =0,...,d

In our numerical experiments we chose for each d and k the exponent « so that 8 = 1/7m. We chose singularities
very close to the nonintegrable case for all k = 0,...,d as a tough test for our algorithm. In applications for
integral equations one has a fixed integrand g(x,y) ~ [z —y[|*" with o, > —d for all k, and one would have
Bri=a,— (k—2d) >d—k.

We use Gaussian quadrature with n nodes for each of the smooth variables (s, ..., (24. For the singular variable (;
we let n = 2n. We use a geometric mesh with ratio o = 0.1 and m = n subintervals, with 1,2,...,n Gauss points
on the subintervals. We use n =2,...,12ford =2 and n =2,...,10 for d = 3.

In Figure 6.2 we show on the vertical axis the relative error |Qn — I]/I with a logarithmic scale, and on the
horizontal axis N/(2¢+1) where

1
N=K-. 5&(& +1)-n2t
is the total number of quadrature points. The bound in Theorem 4.5 then corresponds to a straight line.

In implementation, particular attention must be paid to the numerical evaluation of the integrand: as discussed in
Section 3.4, Remark 3.7. To illustrate Remark 3.7 numerically, we show results for d = 2 and k£ = 1 in Figure 6.3: if
we evaluate the function G(x,y) using (3.39) and (3.38) we encounter dramatic subtractive cancelation. If we use
equations (3.55) and (3.54) to evaluate the function H the roundoff error does not affect the convergence behavior.

Acknowledgement: This research was performed while T. von Petersdorff visited the Seminar for Applied Math-
ematics (SAM) of ETH Ziirich during sabbatical leave in 2008 and while A. Chernov was a postdoctoral fellow at
SAM.
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