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Abstract

For the Galerkin finite element discretization of integrodifferential equations Bu =

f on [0,1]™, we present a sparse tensor product wavelet compression scheme. The
scheme is of essentially optimal and dimension independent complexity O(h~!|log h|>*~1)
without corrupting the convergence or smoothness requirements of the original

sparse tensor finite element scheme. The operators under consideration are as-
sumed to be of non-negative order and admit a standard kernel x(-,-) (singular

only on the diagonal).



1 Introduction

Due to the possible non-locality of integrodifferential operators, Galerkin discretization of integrodif-
ferential equations in general leads to linear systems with densely populated matrices of substantial
size. For instance in Mathematical Finance the pricing of contracts on baskets of assets where the
underlying is modeled by jump processes results in high dimensional partial integrodifferential equa-
tions (PIDEs) on [0, 1]™. Even on such tensor product domains, the straightforward application of
standard numerical schemes fails due to the *“curse of dimension”: the number of degrees of free-
dom on a tensor product Finite Element (FE) mesh of width A in dimension n grows like O(h™")
as h — 0. The non-locality of the underlying operator thus implies that the stiffness matrix of the
Galerkin discretization based on tensor product FE spaces consists of O(h~2") non-zero entries.

In this work we show that, using tensor products of univariate wavelet basis functions, the complexity
of the stiffness matrix can be reduced to O(h~!|log h|*(»~1)) without corrupting the rate of conver-
gence and smoothness requirements of the original FE scheme.

Up to now, several approaches to resolve the curse of dimension and the non-locality have been
introduced. Two of them are of special importance for our analysis:

Firstly, to overcome the exponential growth of complexity, sparse tensor product spaces were intro-
duced at the end of the 1990s, see e.g. [3, 16, 17, 25] and the references therein. This methodology
yields O(h~!|1log h|"~!) degrees of freedom as h — 0 while at the same time (essentially) preserv-
ing the approximation rate. Discretizing integrodifferential equations on a sparse tensor product space
thus yields matrices containing O(h~2|log h|?»~1)) entries. As shown in e.g. [17], these results
require greater smoothness of the function to be approximated than the original discretization and this
extra regularity increases with the dimension n.

Secondly, to cope with the non-locality of integral operators, in the very different setting of isotropic
(or standard) wavelet representation, i.e. the FE basis functions consist of tensor products of scaling
functions and wavelets only on the same level, so-called wavelet compression has been introduced in
[1]. There it was shown that wavelet representation yields an almost sparse representation of certain
operators. In [9, 10, 39, 37] this approach was advanced further (on not necessarily tensor product
domains) and given a rigorous mathematical foundation based on the requisite that the compressed
system has to preserve the stability and convergence properties of the unperturbed discretization. In
[30] it was shown that wavelet compression techniques may yield asymptotically optimal complexity
(on not necessarily tensor product domains) in the sense that the number of non-zero entries in the
resulting matrices grows linearly with the number of degrees of freedom. In contrast to sparse tensor
product approximation, this methodology does not require additional smoothness of the approximated
function. But, since the number of non-zero matrix entries grows linearly with the degrees of freedom,
there still is exponential growth of the number of non-trivial matrix entries as the dimension n tends
to infinity. The results on isotropic wavelet compression have been unified in a sophisticated way in
[7]. Since it somewhat presents a finalization of the isotropic wavelet compression, we refer to [7]
for a more detailed description of the development in this field. Note that, with a slightly different
approach but based on analogous principles similar complexity results for the isotropic setting have
been presented in [34]. In summary, substituting 2 = 2, there holds:

e Using sparse tensor product spaces one obtains @ (227 J2("=1)) non-zero entries in the system
matrix.



o Wavelet compression of general full tensor product spaces yields ©O(2™/) non-zero matrix en-
tries.

In this work the notion of computational “complexity” is used exclusively to indicate the number of
non-zero entries in a given system matrix. With an efficient implementation and quadrature as in [19]
it can be shown that the overall cost of computing and assembling the system matrix is essentially of
the same magnitude as its complexity.

Note that the complexity results of this work also imply that, under certain conditions, the stiffness
matrices of the anisotropic non-local operators under consideration are s*-compressible in the sense
of [5, 15, 31] with essentially dimension independent s*. This shows that, in order to solve the
corresponding integrodifferential equations one may employ adaptive wavelet algorithms as in [4, 5,
14] that converge with the rate of best approximation by an arbitrary linear combination of IV wavelets
(so-called best N-term approximation).

The outline of this work is as follows:

In Section 3 we derive fundamental estimates of the entries in the sparse tensor product-based matrix.
These estimates form the basis for the consistency analysis and hence enable us to define cut-off
parameters. The estimates rely on techniques developed for isotropic wavelets by [7, 9, 30, 37]. We
intensively exploit the tensor product structure of our wavelets to reduce our considerations to their
one-dimensional counterparts.

Section 4 defines the framework on which the compression is based. In this section we provide con-
sistency requirements that have to be satisfied by the compressed matrix in order to preserve stability
and convergence properties of the sparse tensor product setting without compression.

Combining the results from the two previous sections, in Section 5 the actual cut-off parameters are
defined. The scheme also exploits the tensor product structure in the sense that all dropping criteria
of matrix entries are given in terms of the wavelets defined in one particular coordinate direction.

In Section 6 we provide complexity results for the constructed compression schemes. Based on [28],
we show that the complexity of the sparse tensor product setting can be reduced to O (27.72(»~1)
non-zero matrix entries provided that the number of vanishing moments or the order of the underlying
operator is sufficiently large.

Finally, in Section 7 we briefly illustrate how the results of the previous sections imply s*-compressibility.

2 Galerkin discretization of multidimensional PIDEs

On the n-dimensional unit cube OJ := [0, 1]™, we consider an integrodifferential equation

Bu = f, (2.1)
with an integrodifferential operator
B=Ap+ A, (2.2)
where A p denotes a (possibly vanishing) differential operator
1 — 0%u .
ADU——iljzz:l Q”m, Q” ER, 1,79 —1,...,n, (23)



and A is an integral operator operator of order 2¢ € R with symbol in the Hormander class Sf‘{) in the
sense of [20, 35]. It is well known that .A acts continuously on Sobolev spaces and admits a kernel
representation

Au(z) = /D (e, y)u(y)dy, (2.4)

with a distributional kernel function «(-,-). By the Schwartz kernel theorem (cf. e.g. [33, Section
VI.7]), the kernel (-, -) is singular only on the diagonal in [0,1]™ x [0, 1] and for any ¢, ¢’ € Nj
there holds

0505 k(x,y)| < co ol —y|"HHTETED - forall 2,y € [0,1]7, (2.5)

with some constant c,, ,» independent of z, y € [0,1]".

Denoting by Q = (Q;;)1<i,j<n the coefficient matrix of the differential operator A p in (2.3) we shall
assume that either @ = 0 or Q@ > 0. The order 2¢ € R of the integrodifferential operator B = Ap+.4
is then given by

(2.6)

o 2, if @ >0and2q <2,
= 2q, otherwise.

Corresponding to the operator order 2 € R we define the Sobolev spaces H () as follows: for
u € C§°(0), define « to be the zero extension of « to all of R™. Then, for s € R, the space H*(0) is
given by

H*(O) :={u|ve Cge(O)}, (2.7)
where the closure is taken with respect to the norm of H*(R"), the classical Sobolev space on R".

For the numerical solution of (2.1), we employ the Galerkin method with respect to a hierarchy of
conforming trial spaces X7J C ‘7]4_1 C ... C H%(O). The variational problem of interest reads: find
uy € ‘7:] such that,

(Buy, vs) = (f, vy) forall vy e V. (2.8)

The index J represents the meshwidth of order 2~7. We shall make the following assumptions on the
operator B to ensure that the variational problem (2.8) is well posed - for details we refer to e.g. [32,
Proposition 111.2.3].

1. B satisfies a Garding inequality, i.e. there exist constants v > 0, C' > 0 such that
(Bu,u) > y|lull}s o) — Cllulfz),  forallu e HI(D), (2.9)

2. B: HY(O) — H~9(0) is continuous, i.e. there exists a constant C’ > 0 such that for all
u,v € H9(O) there holds

[(Bu, v)| < C'lull gaoyllvll ey - (2.10)

The nested trial spaces ‘7} C XA/JH we employ in (2.8) shall be sparse tensor product spaces based on
a wavelet multiresolution analysis described in the next sections.

We shall frequently write a < b to express that a is bounded by a constant multiple of b, uniformly
with respect to all parameters on which a and b may depend. Thena ~ bmeansa < band b < a.



2.1 Waveletson theinterval
On [0, 1] we shall use the same scaling functions and wavelets as described in [7] based on the con-
struction of [6, 8, 23] and the references therein.

Denoting by A; some suitable index sets, the trial spaces V; are spanned by single-scale bases ®; =
{¢jr : k € A;}. The approximation order of the trial spaces we denote by d, i.e.

d:sup{sER:sup 0]
S

{inijGVj ||U - UjHO
Jj=>0

} <00, VUEHS([O,l])}. (2.12)

Using the single-scale bases constructed in [6] based on B-splines adapted to the interval [0,1] as
described in [8], we assume that for each j > 0, the basis functions ¢; ;, € ®; have compact supports
and admit two important properties: ngsj,kHLQ([O ) = Land | supp ¢j x| ~ 277.

Associated to these primal bases are dual bases ®; = {¢; 4 : k € A}, i.e. there holds (¢; 1, d; 1) =
Or.1r- By d we denote the order of ®; and assume d < d. In particular, for B-splines of order d and
duals of order d > d such that d + d is even the bases ®;, ®; as in [8] have approximation orders d
and d.

To these single-scale bases there exist biorthogonal complement or wavelet bases ¥ ; = {41 : k €
Vit U = {Yjr : k € V;}, where V; := A;1\A;. Inherited from ¢, ;, the wavelets v, ;. have
compact supports and there holds '
| supp ¥ k| ~277. (2.12)
The dual pair of wavelet bases ¥, U is defined by ¥ = ;0 ), ¥ = U ¥j, with ¥ = &,
W := ®y. There holds
Hdh’,k”L%[O,l]) ~ 1, for all wj,k ew.

From the biorthogonality of ¥ and U one infers the so-called cancelation property of W (see e.g. [2]),
ie. N

[Wier DS 27 DU i upps, e TOT ECN W1 € . (2.13)

Here \le(z,oo(Q) = SUPLcq ]8‘7f(x)]. The mother wavelet of ¥ we denote by ), i.e. for any j and
ke Vj,
Vin(x) =22p2x — k),  xel0,1]. (2.14)

Denoting by W, VNVJ- the span of ¥, \T/j, there holds
Vit1 =W @V, and Vi = Wi @V, forall j >0, (2.15)

and,
Vi=Wo@...e&W;, forall j > 0. (2.16)

Crucial for the consistency of our compression scheme is the fact that the wavelets on [0, 1] satisfy the
following norm estimates (cf. e.g. [8, 11], for the one-sided estimates we refer to [39]):

For an arbitrary v € H'([0,1]), 0 < t < d, with wavelet decomposition

o o0 _
U= Z Z Ungrl)Z)j’k = Z Z <u’ ¢j7k‘>r¢)j,k7
Jj=0keV; J=0keV,



there holds the norm equivalence,
> 2P ~ lullFgoyy . FO<t<d—1/2, (2.17)
(3,k)

or the one-sided estimate,
> 2l S llullipgoyy . Fd—1/2<t<d. (2.18)
(4,k)

In case ¢t = d there only holds,

> 2l ST lullFreo,yy» T8 =d. (2.19)
(4,k)

Jj<J
We conclude this section by an explicit example of wavelets on [0, 1] with approximation order d = 2:

Example 2.1. The wavelets comprise of piecewise linear continuous functions on [0, 1] vanishing at
the endpoints. The mesh for level j > 0 is defined by the nodes z; ;. := k2-U+D with k V=
{0,...,2771}. There holds NN; := dim V; = 27! —1 and therefore M := dim V; —dim V;_; = 27.

On level j = 0 we have Ny = My = 1 and v ; is defined as the piecewise linear function with value
co > Oatzoy = % and 0 at the endpoints 0, 1.

For j > 0 we firstly define c; := 27/2 . Then the wavelet ;1 is defined as the piecewise linear function
such that wj,1($j,1) = 2Cj, 1/13"1(1‘]'72) = —Cj and ij(ij’s) = ( for all other s 7& 1, 2. Similarly,
the wavelet ¢; », takes the values v; s, (25 n;) = 2¢5, ¥jn, (24,8,-1) = —c; and zero at all other
nodes. For 1 < k < M; the wavelet 1; ;, is defined by v 1.(zj06—2) = —¢j, ¥jk(Tj26—1) = 2¢5,
Y k(xj0k) = —cjand ¥, (z;,,) = 0 for all other s # 2k — 2, 2k — 1, 2k.

Remark 2.2. Note that the analysis of the so-called second compression that we adapt from [7, 30]
refers exclusively to biorthogonal spline wavelets whose singular supports are well defined and not
dense in the wavelets’ supports. We refer to [18] for more specific illustrations.

2.2 Sparsetensor product spaces

Forx = (z1,...,x,) € [0,1]™, we denote,

Yik(T) =i @ . @V ko (1, Tn) = V1 (1) - V)i (Tn)-

Using Fubini’s theorem one infers that the scaling and cancelation properties (2.12), (2.13) of the
univariate wavelets carry forward to their tensor products. In particular,

n
[supp ¢k = ] Isupp ¢, x,| ~ 2701+,
i=1

and each 1 i has c?vanishing moments which implies the cancelation property

— L o—dmax{j1,....jn
(v, 90| S 27 2Blamdmedivednd o] g (2.20)
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On [0,1]™, we define the subspace V; c H%(O) as the (full) tensor product of the spaces defined on
[0,1]

V=@V, (2.21)
i=1

which can be written using (2.16) as

J
Vi = span{gjx : ki €V, 0<j<Ji=1...n}= > W;,®...0W,.

J1yeJn=0
We define the regularity v > ¢ of the trial spaces by
vy=sup{seR : V;C H(O)}. (2.22)
It is known that based on the spline wavelets constructed in Example 2.1 the regularity index satisfies
vy=d—-1/2.
The sparse tensor product spaces ‘7} are now defined by

Vyi=span {tjx : ki €Vj,i=1,...,n;0<i| <J} = Y oWhe..eW,

: n(2.23)
0<[jh<J

One readily infers that N; := dim(V;) = O(2"/) whereas N, := dim(V;) = O(2/J" 1) as J
tends to infinity. However, both spaces have similar approximation properties in terms of the Finite
Element meshwidth h = 2=, provided the function to be approximated is sufficiently smooth. To
characterize the necessary extra smoothness we introduce the spaces H*([0,1]"), s € Ny, of all
measurable functions w : [0, 1] — R, such that the norm,

1/2
[ullrs @) ¢=< > |13?1---33”U|’2L2(D)> 7

0<a;<s,
i=1,...,n

is finite. That is

H([0,1]") = @) H*((0,1]). (2.24)
i=1

For arbitrary s € R>, we define H* by interpolation. Because of the underlying tensor product
structure (2.24), one infers from (2.17)—(2.19) that for

u = Zuj,k¢j,k = Zuj',kd}jlkl R ... @ Yjpkns
(k) (i)
there holds the norm equivalence
> o2 Urttinfyy 2~ e, O<s <d—1/2, (2.25)
(i:k)
and the one-sided bounds

Z 22s(j1+...+jn)’uj7k’2 < HUH%S , if0<s<d, (2.26)
(i.k)



Z 228(j1+...+jn)’uj7k’2 < ”uHi(s , ifs=d. (2.27)

~

By (2.21), one may decompose any « € L?(0J) into

w) = Y > whk(@) = YD uk e (@1) -,k (Tn)-

Ji20 ki€Vy, Jiz0 ki€Vy,
i=1,....n i=1,....,n

In this style, the sparse grid projection ]3J c L2(0O) — I7J is defined by truncation of the wavelet

expansion:
(Pru)(@) = > > wrthjxl (2.28)

O<|]|1<JkeV

where Vj = V( =V x...xV,.

jl?“‘?jn) :

2.3 Approximation ratesfor sparsetensor product spaces

For the proof of the following convergence and stability results, we refer to [38] and [17], respectively.
By [38, Propositions 3.1 & 3.2], the sparse tensor product projection Py in (2.28) satisfies

Lemma 2.3. Suppose 0 < t < =, then for u € H?, there holds

1. Stability of P;: -
I Prullgey S llull e o) (2.29)

2. Approximation property of J3J: for0<t<~vandt <t <d,

2773 ullpay  ift=0andt =d,

lu — Prull ey S { (2.30)

27N full o, otherwise.

Herewith, we can summarize:

Proposition 2.4. Let A in (2.2) be an operator of order 2g € R as in (2.4). Denote the order of 3
in (2.2) by 2q as defined in (2.6). Then the sparse tensor product spaces V; in (2.23) based on the
wavelets introduced in Section 2.1 satisfy:

1. The Galerkin discretization of (2.1) based on sparse tensor product spaces I7J as defined in
(2.23) is stable, i.e. there exist Jo > 0 and ¢; > 0, co > 0 such that for any J > J, there holds

(Bug, v) = ellloslfao — cllvslizm,  forallvy eV, (2.31)
and there exists some ¢z > 0 such that for all J > Jj,
[(Bug, w)| < esllvsll gamllwillgao), for all vy, w, € V. (2.32)

In particular, the variational problem (2.8) admits a unique solution.



2. For ¢ < vand ¢ < ' < d, the convergence of the sparse tensor product Galerkin scheme is
determined by N
lu — UJHHCY(D) S 2/ (@t +v) ||U||7-(t’(m)> (2.33)

where u, uy denote the solutions of the original equation Bu = f and the variational problem
(2.8), respectively. Here

(n—1)d

v=<{ nd—1"

0, otherwise.

ifg=0andt =d,

Proof. The stability estimates (2.31), (2.32) are satisfied on the full tensor product space V;. This
carries forward to the sparse tensor product space VJ with sufficiently large J > 0, because VJ cVy
and | J52_, V; is dense in H7(CJ). To see the latter, note that Vi C Vyand U, Vi =UJo Vsis
dense in H9(OJ).

The convergence rate (2.33) in the sparse tensor product setting can be obtained directly from [38,
Section 3.5]. O

3 Fundamental estimates

In this section we derive fundamental estimates for the entries of the stiffness matrix A ; of A, i.e.
[Ad] a6k = Ak Yy ),

for0 < Jij1,li'h < J, ke V}, kK € V;.. Throughout this section, we consider an arbitrary but fixed
pair of n-variate tensor product wavelets ¢ k = 1¥j, k, @ ... @ ¥y, k., Yy = Vit g, ... @Y1 gy .
For any coordinate direction s = 1,...,n, we denote

Oz, := dist (SUPP{¥j, k. }, SUPP{Wjr k1 }) ,

and
. dist (singsupp{v;, k. }, supp{vj ik }) , if js < ji,
T dist (supp{ebj, . b, singsupp{ejr ks }) 5 i 5 < s

In addition, we set
8y = dist (supp{ej K}, supp{vy x'}) -

Usually, we simply write §,_, o,., without indicating the dependence of these terms on j, j’, k and K/,
because this is clear from the context.

3.1 Auxiliary wavelet-based estimates

Before we give the actual estimates for the matrix entries we need to collect the following lemmas.

Lemma3.1. Leti € {1,...,n} denote a coordinate direction. Consider a linear continuous operator

A; Hm/Z([O’ 1]) - H_m/Q([Q 1])7



of order m € R. Suppose there exists some given function ¢;(j,j’) that may depend on all level indices
j.J’ except j;, j/ and some universal constant ¢ > 0 independent of the underlying wavelets such that

|Aithjr ()| < e eii,i') - 9~ di(d+1/2) dist(supp(¥;: 1) g)~(Fmtd) (3.1)

for all = € [0,1] . Then for any g € L°°([0, 1]) with supp(g) N supp(¢; 1) = 0 there holds

(At i 9)]

S ciliyi') - llgllzee 0,127 dist(supp (7 1), supp(9)) :

Proof. Denote S, := supp(g). Applying (3.1) one obtains

(A, 9 < ||9HL°<>([0,1])/S | Aty g ()| d
g

< 6ilind!) - gl pes o 2 Y2 /s dist(supp(vy7 k1), z) ") gy
g
Since S, and Supp(@bjl(’k;) are disjoint,
/S dist(supp(vyr k), )~ da < dist(supp(ehyr ), Sg) 7",
g

and hence,

(A 9 S cilind’) - llgllnoe o, 27 Y2 dist(supp (s g ), Sg) ~" ).

Note that for n-variate isotropic wavelets a similar estimate has already been shown in [7, Lemma
6.4]. O

Remark 3.2. To obtain the desired matrix entry estimates, in the following section we set ¢;(j,j") =
9~ I+l =7=3) which is independent of j;, j/.

Lemma 3.3. For a smooth piece f (not necessarily defined on the whole [0, 1]) of the wavelet v, 1,
denote by f € C§°(R) a smooth extension of £ to the whole of R. There holds

_ o
17l sy S 22 (3:3)

Proof. Using integration by parts, one obtains

- ji/2 i -

1 lwsezom@upp s, ) S 12722 - ki)l yroe m (0.1
< 2j¢(%+c?+m—l) ||1)Z)(_(J+m))(2jb . _ki)HLO"([O 1)
< 2ji(%+67+m)'

Here ¢ denotes the mother wavelet as in (2.14) and z/z(—(Jme)) is its (dv + m)-th antiderivative. O



Lemma 3.4. Let A? : H?(R) — H*"™(R), s € R, be compactly supported and continuous of order
m € R. Let f be as in Lemma 3.3 such that

with some suitable universal constant ¢ > 0 and ¢;(j,j’) as in Lemma 3.1. There holds

<c-ai(i,i') || f] s € R, (3.4)

Hs=m(R) H*(R)”’

(ASF, )] S i, i) - 27 @F1 /Dt (3.5)
Proof. Denote €2,/ ;, := supp ;s . Employing the cancelation property (2.13) one obtains

(AT bl = | [ ATy (o)
R

5 2_jz{(d+1/2) . Sup
erj;,kg

a@tﬁﬂx)( .

Since f € C§°(R), the fact that (3.4) holds for each s € R implies

(ALT, i)l S el 27 |7\Wg+m,oo(9j{ )

< i) - 22 gii(g+dwm),

~

where the last line follows from Lemma 3.3. O

3.2 Matrix entry estimates

In order to exploit the tensor product structure of our discretization the following very simple lemma
is crucial.

Lemma 3.5. Leti € {1,...,n} denote any coordinate direction. For a standard kernel x(-,-) of
order 2q as in (2.5) and any two wavelets ¥j k = ¥, k, @ ... @ V), ks Y v = Vit gt @ @Y1 kr s
the ““dimensionally reduced’” kernels,

:L'Z’ /0] 1/ 1 K ;L' :U H’I’Z)j.sv .5 xs ’liz)jl k‘l( /S)dmdx/7
S;él

inherit a Calderon-Zygmund-type estimate, i.e. for «, 5 € N there holds

< 9= 5 i+ [1=di=i}) |4 —(nt+2qt+at+f) (3.6)

92 9° ki, oh)| <

-’Ezil,‘

|

Proof. Without loss of generality, we assume ¢ = 1. The proof is a straightforward application of the
standard estimate (2.5) for (-, -) and Fubini’s theorem:

I%%mmeZ'/ [ ()
[0’1]n71 [0’1]n 1

10



. H Vj s (@) g0 (x) daodahy . . . dapda),

s=2
_n+2qt+a+p
2
o o (=)
[01]" 1 [01]" 1 m—1

H¢387ks (s )Wjr gy () dwgdaty . . . deydey,
S |‘T1 - | ks IL'S dxs / ’l/}J/ k/
S e - x'1|_(n+2q+a+ﬁ) H 9= 359374

s=2

O

Remark 3.6. Obviously, «; depends on the particular choice of ¢;, x., v 1, s # i. To keep notation
as simple as possible, we will usually conceal this dependence and simply write ;. The corresponding
wavelets are always clear from the context.

Now we turn to the actual fundamental estimates of the matrix entries. Let A; : Ht"~1([0,1]) —
H~1([0, 1]) denote the reduction of .4 to the operator that canonically corresponds to the dimension-
ally reduced kernel «; defined above. Using the cancelation property of the one-dimensional wavelets
¥k, for z € [0, 1] one infers from Lemma 3.5,

[Aithjr i ()] = [(ril, ), 1 00)]

2_ji(d+l/2)|/{i($

A

, ')|W°°’g(supp(¢jzl_,k£)) (37)
< 79293+ 53D dist(supp(upy 51 ), )~ 20D
In particular, A; satisfies (3.1) with ¢; ;i) = 2~ 2hH0'h=5=3D and m = 2¢ +n — 1.
Theorem 3.7. Assume j; < ji. If 0 < o, < 2774, there holds
(At Via)l | 03 gty b i+ h ==~ atdn=1)
[(Aijr 1t Yk L

uniformly with respect to J.

Proof. Since 0 < o,, we may denote by f (not defined on the whole [0, 1]) the smooth piece of v, x,
whose support contains supp(¢;; /). Clearly, f may be extended to some f € C§&°(R) and one may
decompose,

%Z,kz = 7 + 707

with some suitable 7. We split
— —C
[(CAithjr ey Vo) | < 1CAj 0y O+ (A s £ (3.8)

11



and estimate both terms separately. On the one hand,
—C
supp(f ) Nsupp(¢y; k1) = 0,

and thus (3.7) implies that Lemma 3.1 with g = TC yields the required estimate for the second term
in (3.8). On the other hand, consider the extension AE s Hit"—Y(R) — H~9(R) of A; defined by

Abf(z) = / x(@)x (@i, ') (@),
R

with some suitable C'>°-cut-off function x that is 1 on [0, 1] and 0 outside [—1, 2]. By construction, A?
is compactly supported (in the sense of [33, 35]) and, as shown in e.g. [35, Section 11.6], the operator
A acts continuously on the whole scale of Sobolev spaces. In fact, since Af is of order 2q +n — 1,
for each s > 0 there holds

HAfT < o3 (lil1+li"l =i~

NF N prtn— iy

‘HS*Zq(R)
< 9= 3+’ h—ji=i}) gji(s+n=1)

where the factor 2‘%(|{‘1f|j"{/‘ji“ﬂ) results from Lemma 3.5, because it is a scalar. Herewith, Lemma
3.4 with ¢;(j,j') = 272 I+ =7i=3) and 1 = 2¢ 4+ n — 1 yields

[(AFF, Vi) 2@yl < o= 5 (i +li" L —di=i}) 9—3{(d+1/2) 9} jigji(d+2q+n—1)
Since o,,, < 277, this implies the required estimate for the first term in (3.8). O
The following theorem corresponds to Theorem 6.1 in [7]. But here, we exploit the tensor product
structure and anisotropic nature of our wavelets.

Theorem 3.8. There holds

‘<ij’k7 wj/’klﬂ } < 2‘%(“|1+U,|1)Q—J(j(l)+j(2))5;y(n+2q+267)’ (3.9)
(A s Yy

where 71, (2 may be any distinct two out of the four indices.

Proof. One may assume without loss of generality that j (1) = j; and j(?) = 3, because in the analysis
below all the wavelets are interchangeable. In fact, one only requires that all one-dimensional wavelets
admit the same number of vanishing moments.

Consider arbitrary but fixed points =, € [0,1], z; € [0,1] in all coordinate directions s # 1,1 # 2.
Using integration by parts and the standard kernel estimate (2.5) for «(-, -) one finds

1 1
\ J R e N M PeA
_n+2q+2c7

_ 1,1 ~ ~ n 2
T -/ —d —d
< 2o [0 \w;,ki(:cl)w;é,kg(xg)!(E :<xs—x;>2) deyde).

s=1

12



Using Fubini’s Theorem, one herewith obtains

okl s [ f
[071]n—1 [0’1]n71

11
X/ / thkl(xl)%é,k/(JJ’Q)HI-@(JE, )| dwda’

< d(]H‘Jz / /
0 1]7L 0 1]7L

ks xS H/l/}]pk‘l xl
1Z5
< 9—(d+3)(1+45) 9= 5 (il +i’ |1—J'1—J'é)5;y("+2q+255)

s=2

1 .o H%,k' )
z;ﬁz

Wi (@ % k/( 5)

2| (n+2q+2c§)dwdx/

)

where the last line follows from the standard bounds on the volume of the supports of the wavelets
and their suprema as described in Section 2.1. O

Theorem 3.9. Assume j; < ji. If 0 < o, < 277 then there holds

[ (A ks Yy i)
[(AYy s Yy )]

i

} < o—dji9iig—%(lili+li'l) g —(2g+d+n—1) (3.10)

Proof. Using Fubini’s Theorem one obtains

|(AY; k, Uy )

/ Yy k()Y o (2")k (2, o')dedz’
o1 Joar

[ el
X (z,2' Vjo s (@) 050 g () deda!
/[0,1]n1 /[0,1]n 1 H ’ sk (75)

s=1
SF£1

jikes ()1 ke () 84 (4, 27) devyd]

= ‘(Aiwji,kia ¢j£,k§>‘ ,
with x; and A; defined as above. Thus, the result follows directly from Theorem 3.7. O
4 Consistency framework

In order to analyze the impact of a compression scheme for A on the discretization of the original
problem

Bu=Apu+ Au = f,

13



recall that by (2.6), the order of B is given by

2, if @ >0and2q <2,
25 — { Q 7= 4.1)

2q, otherwise,
where Q € R™*™ denotes the coefficient matrix of Ap. The stability and convergence results of the
sparse tensor product FE discretization without compression are given by Proposition 2.4.

To characterize the consistency requirements that need to be satisfied by a compression scheme for A,
we define the following scale of interpolation spaces
Xoza = (HYO), HYO))g2, 0<6<1, (4.2)

using the K-method of interpolation (cf. e.g. [36, Section 1.3]). From the wavelet norm equivalences
and estimates of the spaces F9(C]) and H¢(C]) one obtains the following estimate for the norm of

Xog.d-
Proposition 4.1. Let 0 < 6 < 1 and j € Nj be a fixed level index. For any u € Xy 54 with wavelet
representation
w=2 2wt
j/ k’evj/

there holds B _
D 2Ol 200 o < ulk, (43)

kGVj

Proof. By e.g. [36, Theorem 1.3.3 (c)], there exists a positive number ¢ > 0 only depending on 6
such that for all t € R+ there holds

tOK (t,u) < cllullxy ;4 forallu € Xqz4,

where
K(t,u) = inf {|lu—glgs+tlgllpa},
geEH

denotes the K -functional. Thus, it suffices to show that there exists some constant ¢ > 0 such that for
any fixed j € Nj there exists 0 < ¢ < oo such that

D 220 Oallloe g2y |2 < o 7K (¢ u)?, forallu € Xy ga. (4.4)
kGVj
Define
Tj7t7u = lnf {< 2221V.j1 _|__|_22z]v.7n
( ) gEHd Z ( )

keV;

QZZkevj 9 k¥ k J

1 1

2 i 3
X |ujk — 9j,k|2> + t( Z 22d“|1|9j,k|2> }
kEVj

14



Using the wavelet norm estimate (2.27) for || - ||« and the well-known norm equivalence for || - || za
one obtains

1
oy iy 3
T(i,t,u) < inf {( > (22‘”1+---+22‘”n)\u,-gkf—g,-f,ka) +tHgHHd}

d
geH j’eNg
kIEVJ‘/
< int L gl + ol

~ K(t,u),

forany 0 < ¢t < oo. Thus, to prove (4.3) it suffices to show that there exists some 0 < ¢ < oo such
that
S 200l 204l |y 2 < =207 1,02, (4.5)
kEVJ'

With £ — 271+ 422103 inequality (4.5) reads

2d(J1+ +in)
920d(j1+..+jn)

92(1=0)dliloc 920dli11 | |2 < — =
) KLY (22000 4 4 22 )01
kEVJ'

() (S )}

keVj keVj
920d(j1+...43jn)

2
247 2qjn \0—1 Z |uJ k|
(2 P2 ) keVJ

Since the validity of this inequality follows immediately from the trivial estimate 22(1=0)alil= <
(22471 4 ... 4 2%43n)1=9 this implies the validity of (4.5) with this particular choice of 0 < ¢ < oo.
Hence the result follows. O

For a given compression scheme, denote by A7"""" the compressed matrix and let the corresponding
operator be given by

Acompru _ ZZ Acompr (J o <¢J Ks >7;Z)j’,k’v
Jd koK
where the first sum is taken over all level indices such that 0 < |[j|4, |i'ls < J. There holds
(AT o Wi =[BT o rsey Forall i Yy € V.

As shown below, in order to preserve stability and convergence results from the unperturbed (but
sparse tensor product) Galerkin discretization the compression scheme has to satisfy the following
consistency requirement.

Requirement 1. Forany 0 < 01,60, < 1 and all u € Xy, 54, v € Xp, 54, the operator A"
corresponding to a compressed matrix A7""" has to satisfy
‘<(.A - Acompr) ﬁ]u ]3Jv>‘

< g . 22Ja9=J((1=01)7+01d) 9= J (1-02)3+0d) lull o]l 7
01,4,d 02,q,d

(4.6)

15



with some suitable constant € > 0 uniformly with respect to J > 0.

Setting #; = 6> = 0 one directly obtains that if the compressed matrix satisfies Requirement 1 there
holds R
|<(A_AcJompr) uy, UJ>‘ SEHUJH%N% uy € VJ. (47)

Note that, since B = Ap + A and Ap is local, there holds
B— By =A—AT™" forall J > 0. (4.8)
Thus, one obtains

Theorem 4.2. Suppose the solution v of (2.1) satisfies u € H? and AS™"" satisfies Requirement 1.
Then for sufficiently small e > 0 the compressed Galerkin scheme is stable, i.e. there exist Jo > 0
and ¢} > 0, ¢ > 0 such that for any J > .J, there holds

(BY™" g, wg) > i |ugll3s — colluglz2,  foralluy € Vy, (4.9)
and there exists some ¢4 > 0 such that for all J > J,
’<B§ompruJ’ UJ>’ < CgHU,JHHa”UJHHq, for all Uy, vy € VJ. (410)

Furthermore, the convergence rate (2.33) of the Galerkin scheme without compression is preserved
(cf. Proposition 2.4).

Proof. Inequality (4.9) may be verified by inserting (4.7) into (2.31) and using (4.8). This yields,

(B ug, ug) > cerllugle — calluglliz — 2efus e

= (a1 —29) [Jugllz — callusllie,
and ¢} := ¢; — 2¢ > 0 for sufficiently small ¢ > 0 from Requirement 1. The constants ¢, c, are

obtained from (2.31). For the continuity inequality (4.10) one obtains from (2.32) and Requirement 1
with 8; = 6, = 0,

(BT uy, vr)l [(Bug, vy)| + [(BS™" = B) us, vs)|

<
< asllusllgallvsllga + ellusllgallvs || g,
with ¢3 from (2.32). Setting ¢ = c3 + £ one obtains (4.10).

Finally, noting that ¢ < ~ (with ~ as in (2.22)), the convergence result follows by setting #; = 1,
A2 = 0 in (4.6) from Strang’s first lemma (see e.g. [12, Lemma 2.27]). O

By the above results, Requirement 1 indeed provides the correct framework for the anisotropic com-
pression scheme. Incorporating this idea, the following theorem provides (lower) bounds for the
cut-off parameters and hence will enable us to define the compression scheme (cf. Section 5). To

16



simplify notation, for any two level indices j,j’ € N2 we introduce

J—1i"h)d = (J = i),
J—lild > (J = |ileo)d,
J—li"h)d < (J = i'l)q,
J—lil)d < (J = lil),
J—1li')d < (J = i),
J—lild > (J = |ileo)d,
J—1li")d > (J = i),
J—lil)d < (J = lil),

2J(d —q) — d'([ily + li'[h), if {

=

— q(liloo + 1i'|s0)
(4.11)

J(d = q) = qli'lec = d'lil1, if

J(d = q) = dli"ly = qliloo, if

A~~~ N /N /N I/~ /N

—— ——

with some given control parameter d < d’ < d + 23.

Theorem 4.3. Let A" denote the matrix compressed with respect to some cut-off parameter E; i1,
i.e.

[Acompr] - . . 0’ if 6”’ > Ejvj/’
J (kG K " [Ag] gk, Otherwise,

with some suitable o; ; € {ds,, 0o, : i =1,...,n}. Then AT satisfies Requirement 1 if the block
matrices Acojmp” satlsfy
AcTT

|

<e2797,

it
with o; ;- as in (4.11).

Proof. Let 0 < 64,0, < 1 be as in Requirement 1. There holds

Z Z < Ai:]ompr) uL%‘,k, ULI’ij’,k’> ‘

O<|]|1<J0<“ 1<J
keVj k’ev /

(A= A5 Pru, Bo)| =

SO0 D el (A= AT e vy k’>‘
0<[jl1<J ' kev;
0<|j" i< k’EVJ-/

S 3 (I, bl s, Tl — 4571,
0<|j1<J
0<lj'1 <

S ullx,, ol .

x Z 9—(1=01)q]j’[c0 9 =014}’ |1
0<|jl1<J
0<j’li<J

%9~ (1=02)qli|0c 9—02dlj |1 (Aj i ACOWPT)
’ 15

)

2

where the last inequality follows from Proposition 4.1.
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Thus, Requirement 1 is satisfied if for all 0 < 64,6, < 1 there holds

145

2 5 E?
where

9-2Jq | 9J((1=61)q+61d) 9 J (1-62)3+02d)

= AT,

s 9~ (1=01)31}"|oc 9=01dlj"|1 9= (1=02)qlj[ 00 9 —024llj |1 (A !
’ )]

With this definition, the row sums of A := (A

j’j,) i) can trivially be estimated by

S OEy < S 20l ghdi=ih)

0’ h< 0’ h<J

x 2(1—92)6(J—|J'Ioo)gﬁzd(J—Iill)Q—M?H Ay — AP
’ J5)

.
Since the same estimate is also valid for the column sums, by the Cauchy-Schwarz inequality (or the
Schur Lemma with unit weight, cf. [22, Section VI11.4]) one obtains that Requirement 1 is satisfied if

<e27°

~ Y

.. __ Acompr
HALJ’ Aj,j'

with o such that

(1= 01)q(J = [i"loo) + 01d(J — [i'[1) + (1 = 02)q(J — liloo) + 02d(J — i) — 2JG < o,
(4.12)
forall 0 < 61,65 < 1. Differentiation of the left hand side of (4.12) with respect to #, and 65, resp.,
shows its monotonicity with respect to these parameters. Thus using a monotonicity argument one
obtains that (4.12) is satisfied by o; ;- defined in (4.11). O

The definition of the cut-off parameters will directly rely on the following modification of Theorem
4.3.

Corollary 4.4. If there exists some parameter g = ¢(j, j’) and a constant ¢, such that,
27 = 279E
then Theorem 4.3 boils down to requiring that
Ej,j' > 5_022, with 7 > gjj’ — 9

Remark 4.5. Note that in case one is interested in using sparse tensor product based wavelet com-
pression for the fast evaluation of integral expressions as in e.g. [21], then (because the stability
estimates (4.9)-(4.10) are not necessary) Requirement 1 can be relaxed to

Requirement 2. For d < d + 2g, the operator A" corresponding to a compressed matrix A"
has to satisfy

(A= A5 Pyu, Pyo)| < 2279277 ull o (o]l (4.13)

for any ¢ < ¢, t' < d uniformly with respect to .J > 0.

18



Analogously to Theorem 4.3 one then obtains

Corollary 4.6. Let A" denote the matrix compressed with respect to some cut-off parameter E; .,
i.e.
O7 if 5],]' >Ej,j'7

AP = .
(A7 ](Jvk)(J ) { [Asl ks Otherwise,

with some suitable 6; i € {05, 05, : i =1,...,n}. Then A" satisfies Requirement 2 if the block
ji i» Oxi J
matrices Ajcoj’,”p’" satisfy,

. __ pcompr
HAJ,J’ Am'

with
ol v :=2J(d —q)—d (il + li'h), (4.14)

for givend < d’' < d + 2q.

Remark 4.7. By definition, o—j”j, <oy forallj,j € Ng.

5 Compression scheme

In this section, we define two compression schemes and show that the resulting compressed matrices
AT satisfy Requirement 1 and Requirement 2, respectively. The schemes are split into two parts
based on the distinction of first and second compression as defined in [7, 30]:

In the first compression the cut-off criteria are based on the distance of the wavelets” supports. The
second compression employs cut-off criteria based on the distance of the support of smaller wavelets
to the singular support of larger ones, i.e. it is based on o, defined above. Note that here matrix
entries can be dropped even if the supports of their wavelets intersect. The consistency of the first
compression relies on Theorem 3.8 whereas the second compression scheme results from Theorem
3.9.

Denote by o ;» some parameter depending on j,j’ which can be chosen to be either ojj or aj’j, as
defined in (4.11) and (4.14).

For each coordinate direction ¢ = 1,...,n and any index set Z C {1,...,n}, the corresponding
cut-off parameter of the first compression is defined by

i ey 51',J”5<j(1)+j(2))*2kezmin{jk»jfc}
le’jl, ‘= ¢; max 2_mm{]i73i}, 2 2d+2q+|Z| 7

with ¢; > 0. Here |Z| denotes the cardinality of the index set Z C {1,...,n}. Clearly, one has to pick

for the best compression results. We therefore fix j(1) and j(2) in this way for the remainder of this
work.

Furthermore, to each pair of wavelets j k, ¢/, corresponding to one matrix entry, we associate the
index subset
I(Lk,j/,k’) = {S € {1, e ,n} D 0y, < 2—m1n{]5,]s}} )
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Herewith, for ¢ < d < Elv, the first compression scheme is defined by

[ Fiedr,..oon}, st
_ 07 lf 5 > Civl—(jvkyjlyk/)
Zq j7jl R
[A sl ) key » Otherwise.

[chpr—l

LLk)(jﬁk') '
The cut-off parameters of the second compression are defined by
51 i’ 7gn)ax{ji’j§}7zk61\{i} min{jz ’]I,c}

i,I R d- _
Ej = e;2 d+2q+|7]-1 ,

with e; > 0. The second compression scheme is thus defined by

di € {1,.._771}7 st
0. if 4 1€ T(kiK),
lgaogra = 72y > EITORIH)
[AJ] ki) » Otherwise.

|:A0Jpr—2

The fully compressed matrix A" is defined by

Acpr—m =0,
— 0, if 49 ]u,kxj',k’)
(AT ](j,k)(j’,k’) = for some m € {1,2},

[AJ](j,k)(j’,k/)7 otherwise.
The consistency of this scheme is ensured by

Theorem 5.1. If 5; ;» = o ; as defined in (4.11) then the compressed matrix A7"""" satisfies Require-

ment 1 with

G OISR o (5.2)

E:max{l i

If 5 = o—j’ v as defined in (4.14) then the compressed matrix A" satisfies Requirement 2.

Proof. For sake of brevity, we only prove the result in case o = o ;. Forgj; = aj’j, the result
follows analogously by replacing Theorem 4.3 by Corollary 4.6 in the analysis below.

Throughout this proof, we further assume without loss of generality that j. < js, s = 1,...,n. For
all other index combinations, the result follows in the same fashion.

To analyze A%~ it is sufficient to show that, for arbitrary but fixed i € {1,...,n} and Z C

{1,...,n}, the perturbation matrix T%Z with blocks Tj’f defined by

6, > Oy,
[Ti,f] ) Bl 1T 6, > 2 minlisdidbys ¢ 7
J7]/ (k7k,) : 6$S S 92~ min{js,j;}\v/s c I,
0, otherwise.
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satisfies the requirements of Theorem 4.3. To this end, we shall apply Schur’s Lemma (cf. [22, Section
VI11.4]) to estimate HT’ oz

Denote ']I‘ = (¢ Z(,Ik)( ))(k7k,) and, to simplify notation, introduce the index set
D!y i={k € Vj: &, >O” Sy, >2Vs @ T, 6, <27VseI}

Recall that by d,, we denote the distance of the supports of two wavelets corresponding to a matrix
entry. By Theorem 3.8, the column sums of ’]1‘ may be estimated by

i,T (1) 4 4(2)
- < Ui+ 1) 9—d(i W +5) (n+2q+2d)
> gl S 2 2 O
kEVJ' keDJlJ
1 H 7 . . . ~
< 2 z(lihl] [1)9=d(iM+i®) | HQJz—JL ) E 5;y(n+2q+2d)7
ez keDJlJ
ks:s¢Z

where we have used that for each | € Z there holds d,, < 277 and hence there are only O(27=J)
non-zero entries per column.

Furthermore, for each s € Z¢ := {1,...,n}\Z there holds 6,, > 277¢, which implies that the
distance of the wavelets’ supports is larger than the longest edge length in coordinate direction s.
Thus, denoting

={zeR" P |z > cﬂ}

the remaining sum may be estimated by an integral (cf. [7]) to obtain

Z ‘t " < 92 i+ g=dG W +i®) Hzﬂl 3 H oJs / ||~ (n+20+2d) g

kEV leT seIc

since the sum is only taken over those matrix entries that satisfy ¢, > Cji’jz,. Hence,

Z‘tjk(j k")

kEVJ leT seZc

_l H i _~ (1) (2) - . z— _ z. 2 25
< 9=zl +l" ) 9=dG ™V +52) I |2Jl Jl . I | 9Js . (L)~ (IZ1+2q+2d)

< 93(ih=li"1)9=diM+i®) 9= ez i (C_"v_zl)—(|1|+2q+267).
~ I

Using that for each [ € 7 there are only O(1) non-zero row-entries, one analogously obtains that the
row sums can be estimated by

Z‘ZI(J

k’eV ’

1

< 93(i"l=lil1)9=d(GM+5@) o~ Zzezj{(cfv%)—(lfl-ﬂq-&-?g)_
~ I

Thus, by Schur’s lemma with weights 25 (I'li=lil) 25 (il:=1i"l) one obtains

|

Hence, by Theorem 4.3, the matrix ch’"‘l satisfies Requirement 1.

A
TJJ ‘

< 2_(3'(1)4_]'(2))52_2161—]';‘(Cvjx"j,)—(Zq-‘rZC?) < ¢ —(2q+2d+III) % (5.3)

~ 7,
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To analyze ch’"_z, consider the corresponding perturbation matrix S“Z given by

O, > Eji’jI,, i €T,

|:Si’l-:| . [AJ](j,k)(j/,k/) s if drs > 2_min{j57j-;} Y s ¢ I’
J,J/ (k,k/) 6:25 S 2—11’1111{]&,]2} vs c I,
0, otherwise.

By Theorem 3.9, the entries of S*Z can be estimated by
iZ —djigilo—5(lil1+i'h) 5~ (2q+d+n—1
| x| S 2Pt Cardin=D),
Introduce the index set
Dy i={k € Vj: o5, > E%, 6, > 27 Vs ¢ T, 8, <27 Vs €T},

Denoting Xy := {z € R* 12| : || > Eji’jI,}, as for the first compression one herewith obtains

L0 —lil) | 6T
> 22l

kEVJ'
< 2\]'\1—|j|12—(\j/\1—j£)2—5ji Z U—(2q+c7+n—1)
keDJ?J.,
< oli'hi=lilhg=(i"l =5} o—dii .Hgﬂ'l—j{. H 2js/ ‘x’—@qﬂﬁrn—l)dw’
leT se€Ze X2

since for all s € Z¢ there holds 6,,, = o,_. Thus, for the weighted column sums of SJ’JI one finds

i =l | T
Z 9311 “|1)|$(j7k)(j’7k’)
kEVj

2—dji2_ ZlEI\{i} i (E.i,%)—(2q+d+|f|—1)

),

< 6;(2q+d+|z|_1)2_0171’.

Analogously, as above one may estimate the row sums by

1/ H . ~
U=l 6T —(2¢+d+|Z|-1) -0 s
Z 22 ‘S(j,k)(j’,k’) < (¥ 2795,

~ 1

k’eVJ-/

Hence, by Theorem 4.3, the matrix ACJ”’"‘Q satisfies Requirement 1 and the overall consistency of

AT follows.

6 Complexity estimates

In this section we analyze the complexity of the compression scheme assuming that we have a large
number of vanishing moments at hand. For more sophisticated methods and detailed results (which

are less restrictive on the vanishing moments) we refer to [28, Sections 2.4, 4.6].
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Theorem 6.1. For arbitrary dimension n > 2, any operator of order 2g > 0 and approximation order
d > 2 there exists a number dy > d such that the number of non-zero entries in the matrix A"
defined by the compression scheme in Section 5 with &; ;» = o; ;/ is O (27J%"~1)), provided that the

underlying wavelets admit d > dy vanishing moments.

Proof. Fixany Z C {1,...,n}. Since Z is arbitrary, it suffices to show that there are O (27.J2(~1))
entries (Av; k, ¢y ) of AT"" that satisfy
5y, <27 minddndd  foralli e Z,

o (6.1)
8y, > 27 minGd - foralli ¢ 7.

Based on the compression scheme of Section 5, in each matrix block A, ;: of AT™P" we divide the
coordinate directions into three groups. Let

D, = {s c T . 2~ min{isis} < Eﬁ?}, (6.2)
Dy = {t €T:Ef <2 mm{jt’ﬂ}}, (63)
Dy = {z € {1,...,n}\Z}. (6.4)

Obviously D1 U DU D3 = {1,...,n}. By definition of the compression scheme, the number #A, ;-
of non-zero entries that satisfy (6.1) in each matrix block A ;; can be bounded by

= js+itg—min{js,ji} | jitis gl Jitii bt
#hjy =0 H 2 2 H 2 tEj,j’ H 2 CJUJ"

seDq teDo i€Ds
o o 5',1”Jmax“t{fs}*zkez\{t} min{jg,jy}

e O H 2max{Jst} . H 2,7t+]t2 dt2q+|T|-1 (65)

seDl tGDQ

Ej j/*dN(J'(l)Jrj(z))*ZkEI min{jk,j;}
) , _
X H 27it3;9 2d+2¢+|7]
i€D3

To simplify this notation, from now on we assume without loss of generality that j; < j; for all
[ =1,...,n. The result for all other index combinations follows analogously.

Regrouping the single factors in (6.5) corresponding to their level index yields
#A = (9<00' 517 I I> (6.6)
s€Dy teDo i€ D3

where now the particular form of C, S5, 1%, I; depends on the particular form of 5, ;; = o; ; as defined
in (4.11). We analyze the different possible cases separately: denote

D D
N o — # Do n N# 3
d+2q+1|Z| -1 2d+2q+|Z|

(6.7)
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In case g j» = 2J(d" — q) — d'(|i|1 + |i’|1) one obtains

Co = 2N@I@=D)

S, = 2jm2_N(d,(jm+j;n)+j;n)’

I . . 6.8
T — 2jm+j;nQ_Wdlﬂfljm2_N(d,(jm+j;n)+j;n)2mjm ( )
I, = — 9im+im9~ 2d+2q+\I| (](1)+](2))2—Nd’(jm+j,’n)7
form =1,...,n. Here, each factor (except for C) depends on exactly one coordinate direction.

By definition of Dy, Do, there holds S < T for all s € D;. In order to keep notation feasible we
can thus assume # Dy = |Z|, D1 = () and estimate

#A = o(co- Iz I I> (6.9)

teDo 1€D3

Note that the estimate (6.9) introduces a certain suboptimality in the assumptions on the number of
vanishing moments that we shall need below. For slightly improved estimates we refer to [28].

Denote ) y
m - 2 )

For sufficiently large d > N — 1/(d + 2q +Z — 1) one obtains for any ¢ € D,

m=1,...,n. (6.10)

d . 1 U _—
T, = 2(1_§+2q+\2|71)Jt2(1_N+J+2q+|I\—1)]tQ_Ndl(]t‘f‘];)
~ __ d-1 ~ P ~
< 92519 dr2q+iz|—17t 9~ Nirg—N2d'je _. T,.
In addition, one immediately obtains for i € D3,
~ ___od ; o ~
I; < 2%i a2z g NG - T,
Thus,

1 17 _ d—1 = o 2d s
HA :(9<Co ] 22|]|12—N2d lil, . H 9" dr2q+iz-17t . H 9 2d+2q+|1]2>, (6.11)

teD; i€Ds
Since Dy, =7 and D3 = {1,...,n}\Z, there holds

o m e
d+2q+|Z| -1 2d+2q+ |Z|

Herewith, a basic calculation shows that for a sufficiently large number of vanishing moments d, the
maximum of (6.11) is obtained when # Dy = n and hence N = n/(d + 2q + n — 1). Then (6.11)
reads

. :(9<2N<2d'—2a>J22\T!12—N2d’\1!12 Traarnilly ) (6.12)
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and (for sufficiently large dv) the right hand side of (6.12) is monotonically increasing in [i[, < J.
Hence,

d+2q+n lJ (613)
_(9<22J2 d2q+n—1 > = 0(27),
since ¢ < g. Incase gj;» = 2J(d' — q) — d'(|i]1 + [i’|1), summing over all matrix blocks yields
that there are indeed O (27 72"~ 1) entries satisfying (6.1), because the maximum O(2”) in (6.13) is
only obtained when [, = J (i.e. jm, = ji,, = J/nforallm = 1,...,n) and the number of non-zero
entries per block is monotonically decreasing as [j|, decreases.
To prove the claimed result in case & 7 = —q(|iloc + [i'|oc) We proceed similarly: note that in this
case (6.6) holds with
Cy = 2~ Nallilootli"loc)
Sy = 2927 NJs
(6.14)

Jt+ii9" @ dNI Jto—Njj o7 12 gt
Tt =92 t9  d+2¢+|Z|-1""9 tQd+2q+|Z]-1 ,
L, d (a2
I, = 9Ji+3i9 " 2d+2q+17] (744 ))‘
As above, we assume without loss of generality that D; = (), because this provides a worst but
admissible case. Herewith

. :(9((;0 olilvti'l . T 2 ~ FrartE o~ Nitg Tt 1 BIE Wﬁzw)
teDo 1€D3

| d—1 = ~ 2d ~ (615)
=O<Co 920l H 9" Trzqrizi—17t 9Nt H .2_2J+2q+z|”>,
teDo 1€D3
with }m, m=1,...,n,asin (6.10). Since N — 0 as d — o0, provided a sufficiently large number of
vanishing moments the right hand side of (6.15) reaches its maximum when #Dy = |Z| = n. Thus,
4h :O<2—Na(j|oo+|i’|oo> 92l .g—ﬁmlg—NIﬂl), (6.16)
Clearly (6.16) becomes maximal only when |j|o + |j’|oo is minimal, i.e. j; = ... = j,. Thus,
HA = <22n31 9—N23j1 . 9 M%Q—Nnﬁ>
n ~ n ~ 2 -~
_0<22”31 2 d+2qiqn 17t .2_d+2(:+;) 1j12 dt2qtn— 1j1> (6.17)
—0(2") = 0(27),
where the maximum is only obtained when j; is maximal, i.e. j; = ... = j,, = J/n.
Hence, as above, in case oj ;; = —q(liloo + [i'|o0), SUMming over all matrix blocks yields that there

are indeed O (27 J2"=1)) entrles satisfying (6.1).

Finally, the cases 7} j; = J(d' —q) — qli'loo — d'li|1 and 5 j» = J(d' —q) —d'|i’|1 — qli| o fOllow in the
same fashion as the above, since these choices of ; ;; are simply a combination of the two previous
ones. For sake of brevity we omit the details here. O

25



7 s*-compressibility

In this final section, we briefly illustrate that the above complexity results also imply that the stiffness
matrices of the non-local operators under consideration are s*-compressible in the sense of [5, 15, 31]
— with essentially dimension independent s*. This shows that, in order to solve the corresponding in-
tegrodifferential equations one may employ adaptive wavelet algorithms as in [4, 5, 14] that converge
with the rate of best approximation by an arbitrary linear combination of /N wavelets (so-called best
N-term approximation).

More precisely, to introduce the required notation we convert the original operator equation (2.1) into
an infinite matrix-vector system
Bu = f, (7.0)

where B denotes the infinite stiffness matrix of 8. We shall use || - || to denote || - || ;2,2 and define

Definition 7.1. For s* > 0, an infinite matrix B is called s*-compressible if for each J € Ng an
infinite matrix B can be constructed that has in each row and column O(27) non-zero entries and
satisfies

IB—By| <2775, forany constant s < s*. (7.2)

From the consistency Theorem 5.1 and the complexity Theorem 6.1 one obtains that B in (7.1) is
indeed s*-compressible:

Corollary 7.2. Suppose the solution « of (2.1) satisfies v € ?. Then the infinite matrix B of the non-
local operator B is s*-compressible. If in addition the number d of the wavelets’ vanishing moments
is sufficiently large, there holds

d—q < s%, (7.3)

where, as above, d denotes the approximation order of the wavelet basis ¥ and 2q is the order of .

Proof. (Sketch) For J € Ny, let B; be the infinite matrix given by

0, if [jl1 > Jorlj'ly > J,

o ) Yk Yy € vy,
Balgr k) =939 'f{ C compr
but B = 0,

Bl kg ky . Otherwise,

forany j,j’ € Nj and k € Vj, k' € V.. Here B”"™" denotes the (finite) compressed stiffness matrix
of B at level J as given by the compression scheme of Section 5 with 7; ;» = o ; as defined in (4.11).

By Theorem 6.1, in each row and column of B there are O(2”7) non-zero entries (provided d is
chosen sufficiently large, depending on the dimension n). Furthermore, by Theorem 5.1, the finite

compr

matrix B’; satisfies Requirement 1. Setting #; = 1, 62 = 0 in (4.6) one may thus proceed as in the
proofs of [34, Theorems 2.3, 3.3] to obtain

IB—By| <277, forall s < d — q.

For sake of brevity, we omit the details here. O
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Remark 7.3. One central advantage of best /NV-term approximations in the sense of [4, 5, 14] is that
it can be based on Besov regularity which in general is a much milder condition than assuming the
corresponding Sobolev regularity. Since we are working on sparse tensor product spaces based on
mixed Sobolev smoothness, future work is required to exploit this advantage here. For best N-term
approximations on sparse tensor products based on Besov regularity we refer to [24].

Remark 7.4. In this work we have provided a compression scheme exclusively for operators of
Hormander type. There are however applications (e.g. Mathematical Finance) where anisotropic in-
tegrodifferential operators occur that are not covered by the described schemes. In [28, 29] a wavelet
compression scheme is constructed especially for such anisotropic operators (cf. [13, 26, 27]).
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