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Abstract

We describe the analysis and the implementation of two Finite Element (FE) algo-
rithms for the deterministic numerical solution of elliptic boundary value problems
with stochastic coefficients.

They are based on separation of deterministic and stochastic parts of the input
data by a Karhunen-Loeve expansion, truncated after M terms. With a change
of measure we convert the problem to a sequence of M-dimensional, parametric
deterministic problems. Two sparse, high order polynomial approximations of the
random solution’s joint pdf’s, parametrized in the input data’s Karhunen-Loeve
expansion coordinates, are analyzed: a sparse stochastic Galerkin FEM (sparse
sGFEM) and a sparse stochastic Collocation FEM (sparse sCFEM).

A-priori and a-posteriori error analysis is used to tailor the sparse polynomial
approximations of the random solution’s joint pdf’s to the stochastic regularity of
the input data. sSCFEM and sGFEM yield deterministic approximations of the ran-
dom solutions joint pdf’s that converge spectrally in the number of deterministic
problems to be solved.

Numerical examples with random inputs of small correlation length in diffusion
problems are presented. High order gPC approximations of solutions with stochas-
tic parameter spaces of dimension up to M = 80 are computed on workstations.



1 Introduction

Many engineering models of physical phenomena are subject to significant uncer-
tainties. We mention subsurface flow, soil mechanics, earthquake engineering, to
name but a few. Uncertainty can be crudely categorized as aleatoric (inherent pa-
rameter uncertainty) and epistemic (model uncertainty). Aleatorically uncertain
quantities are very often modeled as random fields, see e.g. [1, 37]. Neglecting
epistemic uncertainty, PDE models with aleatoric uncertainty can be formulated as
stochastic partial differential equations (sPDEs).

Numerical analysis and implementational aspects for the solution of such equa-
tions by stochastic Galerkin Finite Element Method (sGFEM) and stochastic col-
location FEM (sCFEM) will be the focus of this paper.

Asin [2, 3, 8, 16, 39, 40, 44], our model problem is an elliptic diffusion problem
with stochastic diffusion coefficient a(w,x) (most, if not all techniques introduced
here could be applied equally well to general elliptic problems with stochastic coef-
ficients). We assume that the physical domain D C R? is a known, bounded open
set with Lipschitz boundary 0D where, in the present work, d is either 1 or 2. We
also consider a “zero-dimensional” model problem which admits a closed form solu-
tion in order to steer a feedback algorithm for adaptive discretization in probability
space (see Section 2.6 and Algorithm 3.8 below).

By X we denote a Banach space of admissible input data for the PDE under con-
sideration. Specifically, for isotropic diffusion problems with stochastic coefficients,
we will have X = L°°(D) or a separable subspace of it.

For mathematical modelling of uncertainty in input data, we specify “events”
which correspond here to (sets of) possible realizations of random diffusion coeffi-
cients; the set of all possible realizations of coefficients is a sigma algebra ¥ which
we assume to be a sub-sigma algebra of the Borel sets of the data space X and a
probability measure P on (X, X). The choice of ¥ and P on the data space X is
used to describe the information known to us on the data — roughly speaking, the
larger ¥, the more information we assume can in principle be known. We adopt a
particular construction of measures P based on the covariance operator of the input
data detailed in Remark 2.11. To this end, we make the following assumption on
the random diffusion coefficient a(w, x).

Assumption 1.1. Let a € L*>°(Q x D) be strictly positive, with lower and upper
bound a > 0 and 8 < oo respectively, i.e.

P{a(w, ) € X|a < essinfa(w,x) A esssupa(w,x) < ﬂ} =1 (1.1)
xeD xeD

where the essential infimum and supremum are understood with respect to the
Lebesgue Measure in D C R9,

Some form of boundedness away from zero for a(w,x) holding P-a.s. is essential
to guarantee existence and uniqueness of a solution to the diffusion problem with
stochastic coefficient introduced next, see e.g. [3].

Under Assumption 1.1, our model problem can be formally written as

{ —div(a(w,x)Vu(w,x)) = f(x) D,

P—ae we 1.2
w(w, X)xean = 0, w (12)

where the diffusion coefficient a(w, x) and the solution u(w,x) are random fields in
the spatial domain D.

We emphasize that neither homogeneity nor ergodicity of the input random field
a(w, x) are usually available in practice. Accordingly, they are not assumed in the



following. Based on the stochastic input data a(w, x), solutions u(w,x) of (1.2) are
themselves random fields.

Our goal is to compute statistical quantities of the random solution u(w, xX).

The simplest approach for deriving the statistics of u(w, x) is Monte Carlo (MC)
simulation, see e.g. [9]. This means that given the prescribed statistics of a(w,x),
a set of N many, i.i.d coefficient samples a;(x) is generated and, for each sample,
a (deterministic) PDE is solved. Then, the desired solution statistics are obtained
from the set (or “ensemble”) of computed solutions of the deterministic PDEs ob-
tained from inserting the (numerically generated) data samples. A first comparison
of accuracy vs. complexity between this Monte Carlo Approach and the stochastic
Galerkin (sG) strategy is given in [3]. Even though the sG error analysis in [3] was
based on full tensor product error estimates, it substantiated mathematically the
potential superiority of the sG approach over MC type methods, at least in cer-
tain cases (e.g. dominant long-range spatial correlations in input data with smooth
two-point correlation matrix) which had earlier also been reported in numerical
experiments (e.g. [13] and the references therein). The MC method allows a con-
vergence rate of O(N, 1 2) for approximating the random solution’s mean field, see
e.g. [3]. The rate for computing higher order moments by a MC approach might
be even lower.

Sparse approximations of higher order moments together with a perturbation
approach for problem (1.2) leads to a class of deterministic algorithms for the ap-
proximation of M*u, see [30, 31, 36, 38]. These FEM are of log-linear complexity
in Np, the number of degrees of freedom in the physical domain D. Like all per-
turbation methods, they require even for computing the mean field E[u] knowledge
of the distribution function of the random input a(-,x) at any x € D, which is not
a realistic assumption.

The sGFEM and sCFEM discussed here are based on the following assumption
on a(w,x):

Assumption 1.2. For the diffusion coefficient a(w, x), the mean field
Ba) = [ atw.x) dP() (13)
and covariance
Va(x,x") = /Q(a(w,x) —E.(x))(a(w,x") — Ey(x')) dP(w). (1.4)

are known.

An equivalent assumption would be that the mean field E, and the 2-point-correlation
C, are known, since

Va(x,x') = Cu(x,x') — Eo (x)Eq (X). (1.5)

Note that for V, and C, to exist, a(w,x) must have finite second moments (a €
L?(Q2 x D)) which follows immediately from Assumption 1.1. The source term f(x)
is assumed to be a known deterministic function of L?(D). Both methods con-
sist not only of discretizing the spatial variable x but also the stochastic variable
w which is usually based on a Wiener polynomial chaos or generalized polynomial
chaos (PC/gPC) expansion, see [41, 43]. This approach leads to a parametric family
of deterministic problems with a countable number of parameters. For the deter-
ministic approximation, the number of parameters is restricted to a finite number
M.

Note that the truncation dimension M of the PC parameter space can be arbi-
trarily large in this approach - it is, in fact, a discretization parameter. The sGFEM



is the mean-square projection of the unknown random solution onto a sparse poly-
nomial chaos (SPC) expansion in the first M Karhunen-Loéve parameters of the
input data.

Similar ideas lead to a sparse collocation method, the sSCFEM, where we present
a sparse tensor family of collocation points which lead to an sSCFEM algorithm. We
prove that it has essentially the same complexity as the sSGFEM, but without the
need for the solution of a large number of coupled, deterministic problems. However,
the sCFEM requires pointwise control of the error incurred in the truncation of the
Karhunen-Loeéve expansion whereas for any choice of the SPC space, the sGFEM is,
due to Galerkin orthogonality and unlike the sCFEM, exact on the full KL-expansion
of the input data, as observed by Matthies et al. [21] (cf. also Remark 3.2 ahead).

The outline of the paper is as follows: in Section 2 our formulation of PDEs with
stochastic input data is presented, starting with some basic results on Karhunen-
Loeve expansions of the input data, deriving the variational formulation and intro-
ducing a “zero-dimensional” model problem.

Section 3 then discusses the stochastic Galerkin FEM. A particular family of
sparse polynomial chaos approximation spaces first introduced in [35] will be pre-
sented. We prove that based on these spaces and under the assumption of piecewise
analytic two-point correlation of the diffusion coefficient, the sSGFEM achieves ez-
ponential convergence rates in terms of the degree of the gPC approzimations. More
importantly, we estimate the dimension of the gPC space and prove spectral con-
vergence rates in terms of the number Nq of deterministic PDEs to be solved.

Section 4 briefly describes the stochastic collocation method by using the ideas
and constructions of the previous section and states the second main results pro-
viding essentially the same convergence rates as for the SGFEM. Section 5 deals
with details regarding the implementation of the proposed algorithms and in Sec-
tion 6, numerical examples will be given. Finally, the technical Appendices A and
B provide the proofs of the convergence rates of the SPC approach and the col-
location method, respectively. We point out that (1.2) is just a model problem.
The numerical analysis and implementation can be generalized straightforward to
any stochastic elliptic operator. The FE-space in the deterministic variable and the
assumptions on the stochastic coefficients will then in general change.

2 Uncertainty parametrization

In the deterministic numerical solution of problem (1.2), the random field a(w, x)
is based on its parametrization in both the spatial and the stochastic variables.
This is achieved by expanding the stochastic diffusion coeflicients into a so-called
Karhunen-Loéve (KL) expansion described in Subsection 2.1, which is a Fourier-type
representation of random fields in probability space. Based on this parametriza-
tion the problem (1.2) will be solved by either a stochastic Galerkin finite element
method (sGFEM), Section 3 (corresponding to a maximum likelihood estimate of
the random solution’s joint pdf’s) or a stochastic collocation method (sCFEM),
Section 4 (corresponding to MC-like sampling of the solution’s joint pdf’s, albeit in
sampling points adapted to the input data’s regularity).

2.1 Karhunen-Loéve (KL) expansion

The KL-expansion can be understood as a Fourier representation of a random field
in which the spatial and stochastic parts are naturally separated into an infinite
number of random variables «;(w) and functions N; : D C R? — R (for example



finite element shape functions) in the sense of

X) = Z N (%)

m>=0

There exist infinitely many such representations, see e.g. [17]. We use the Karhunen-
Loeve expansion [19].

2.1.1 Definition of the KL-expansion
First we define what we will later refer to as an admissible covariance function

Definition 2.1. A covariance function V,(x,x’) € L?(D x D) given by (1.4) is said
to be admissible if it is symmetric and positive definite in the sense that

ZZ%V Tk, Ty Veg,x; € D, ag,a; € C (2.1)
k=1 j=1

We refer to [28] for basic results on positive definite functions and examples.
The covariance operator of a random permeability a(w,x) € L*(Q x D) is

V. : L*(D) — L*(D), (Vau)(x) ;:/Dva(x,x’)u(x’)dx’. (2.2)

Given an admissible covariance function Vg (x,x’) in the sense of Definition 2.1,
the associated covariance operator )V, is a symmetric, non-negative and compact
integral operator.

Therefore it has a countable sequence of eigenpairs (A, ©m )m>1

Voom = AmPm m=1,2,.. (2.3)

where the sequence (real and positive) KL-eigenvalues Ay, is enumerated with de-
creasing magnitude and is either finite or tends to zero as m — oo, i.e. A\ = Ay >

. 2 0 (with multiplicity counted). The KL-eigenfunctions ¢,,(x) are assumed to
be L?(D)-orthonormal, i.e.

/ Om (X)on (X)dX = Omn, m,n=1,2,.. (2.4)
D

Definition 2.2 (Karhunen-Loéve expansion). The Karhunen-Loeve (KL) expan-
sion of a random field a(z,w) with finite mean (1.3) and covariance (1.4) which is
admissible in the sense of Definition 2.1 is given by

a(w,x) = Eq(x) + r(w, x) )+ Z VA @ (%) Yo (w). (2.5)

m21

Here, {¢m (2)}2°_, denote the L?(D)-orthonormalized KL-eigenfunctions. The fam-
ily of random variables (Y;,,)m>1 is given by

Vin(w) = \/% /D (0(w, %) — B (%)) (x) dx : @ — R. (2.6)

The KL-eigenfunctions ¢,,(x) in (2.3) - (2.6) can be efficiently computed in
general domains D from a given, analytic covariance V,(x,x’) of the data by means
of a (generalized) Fast Multipole Method (gFMM), see [32]. Once the ¢,,(x) are
available, probability densities py,(zn) of the Y, in (2.6) may be estimated from



sample input fields a(w, x) — the KL-eigenfunctions are, in effect, a tool to process
such sampling data via (2.6).
One immediately verifies that

E[Y,] =0, E[Yp-Yn] = 6pn, Ym,n> 1, (2.7)

i.e. the Y, (w) are centered with unit variance and pairwise uncorrelated.
In order to be able to numerically treat the KL-expansion, the series is truncated
after M terms, and we define

M
ap (w,x) :=E4(x) + Z VA @m (%) Yo (w). (2.8)

2.1.2 Properties of the KL-expansion

The (truncated) KL-series (2.8) converges in L?(2 x D) to a(w,x) as shown in
[19] and is an optimal approximation of a(w,x) in the mean square sense, that is
for any other linear combination aps(w,x) of M functions, the error ||a(w,x) —
an (w,x)||2(x py is not smaller than for the KL-expansion, see e.g. [13]. Since
the truncation order M determines the dimension of the stochastic parameter space
in which we have to find an approximation to the random solution, the Karhunen-
Loeve expansion is therefore our preferred choice. Estimates on the KL-eigenvalue
decay determine the error of truncating the KL-expansion after M terms due to

B| [ (o) - aue0) ax = 3 (2.9

m>M

The KL-eigenvalue decay in turn is highly dependent on the regularity of the corre-
lation kernel (1.4). First results on the eigenvalue decay of integral operators with
positive definite kernels have been proved by J.B. Reade [25, 26, 18]. The results
presented in the following are an extension of those results to the case d > 1.

Proposition 2.3 (KL-eigenvalue decay([32], Proposition 2.18)).

Let V, € L?*(D x D) be a symmetric covariance satisfying (2.1). If V, is piecewise
analytic on D x D, i.e. there exists a finite family (D;)1<i<r C R of mutually
disjoint, open subdomains of D such that D C Ule D; and V|Di><Dj has an ana-
lytic continuation in a neighborhood of D; x D_] for any pair (i,7), then there exist
constants c1,co > 0 such that

0< A <cre™®@™ . ¥Ym>1 (2.10)
where k :=1/d. If V, € L*(D x D) has piecewise C*(D x D) regularity,
Ym>1: 0< A < eam™ ™8, (2.11)

Remark 2.4. The case of a Gaussian covariance kernel of the form

Ix—x'|2

Va(x,x') = g%e” FPaiamd)? (x,x') € D x D, (2.12)

is particularly interesting since it appears in many applications. The fact that
this function can be extended to an entire function in C? leads to a faster than
exponential KL-eigenvalue decay, namely

1/d
o (1/9)"

0< I < —

. My 2.13
~ 42 T(0.5m/d) " (2.13)

A proof of this assertion is given in Appendix C. The parameters o,y > 0 in (2.12)
and (2.13) refer to the standard deviation and the correlation length, respectively.



Regularity of the correlation kernel implies pointwise estimates on the eigen-
functions ¢, (x) of the associated covariance operator ([32], Proposition 2.24):

Proposition 2.5 (Pointwise eigenfunction estimate). Let Vo (x,x") be symmetric
and piecewise C°, s > 1 in the sense of Proposition 2.3. For any fived multiindex
a € Nd and any t > 0 there exists C(t,|a|) > 0 such that

Vi<i<I,Vm>1: 0%l Lo (py) < CALY. (2.14)

Remark 2.6. From Proposition 2.3 and (2.14) it follows that for covariances which
are piecewise analytic in the sense of Proposition 2.3 there exist constants ¢ (Ja|) > 0
and ¢z > 0 independent of m, such that for all « € N¢ we have pointwise exponential
decay of the KL-terms in the following sense:

VmeN,a e N?: VA 0%l (pyy < cre” ™. (2.15)

Similarly, for covariances which are piecewise C*® in the sense of Proposition 2.3
there exist constants ¢1(|a|) > 0 and ¢o > 0 independent of m, such that for all
a € N¢ we have pointwise algebraic decay of the KL-terms in the following sense:

Vm € N, € N¢ . VAR|[0%@m | Lo () < cam™". (2.16)

Recall that in (2.15), (2.16) we have x = 1/d. The pointwise KL-eigenfunction
bounds (2.15), (2.16) in terms of the KL-eigenvalues are crucial in the (uniform in
M) stability of the sCFEM.

2.1.3 Structure of the probability measure P

In the following we assume that the diffusion coefficient a(w,x) satisfies (1.1) and
admits a Karhunen-Loéve expansion (2.5). Furthermore we require

Assumption 2.7. The covariance (1.4) is admissible and piecewise analytic in the
sense of Proposition 2.3.

We also make the following assumptions on the random variables Y, in the
KL-representation (2.5) of the input data.

Assumption 2.8. i) The family (Yin)m>1: @ — R is independent,

ii) the KL-expansion (2.5) of the input data is finite, i.e. there exists M < oo
such that Y, = 0 for all m > M,

ili) with each Y, (w) in (2.5), (2.6) is associated a probability space (Qp,, X, P ),
m € N with the following properties:

a) the range of Y, I, := Ran(Y;,) = supp(pm) C R, is assumed to be
compact,

b) the probability measure P,, admits a probability density function p,, :
I, — [0, 00) such that dPp,(w) = pm(Ym)dYm, m € N, y,, € I, and

¢) the sigma algebras X, are subsets of the Borel sets of the interval I,,,
ie. X, C B(In).

Assumption 2.8, ii) is made to be able to represent the measure P on the space
of input data as an M-fold product measure and to avoid technical issues related
to countable product measures on the space X of input data. We have

5= Zm, dP= Q) dPn, =) In

m2>1 m2>=1 m>1



Assumption 2.8, iiia) is used in our analysis ahead in an essential fashion. It
precludes the case of Gaussian densities for the Y,,. Upon rescaling the Y,,, by
Assumption 2.8, iiib) it can be assumed without loss of generality that

I, =Ran(Y,,) C [-1,1], Vm>1.

Remark 2.9. In general, (2.7) does not imply independence of the random vari-
ables. The case of dependent random variables has been treated in [33] where an
orthonormal system of polynomials are constructed to serve as a basis for the chaos
representation. An alternative way of overcoming the problem of dependent RV’s
has been proposed in [2] by introducing auxiliary probability density functions g,
with || pm/pm ||z such that the random variables Y;,, are independent with respect

to p= Hm21 Prm.-

2.2 Variational formulation of the sBVP

Multiplying (2.25) with a test function and integrating yields the variational for-
mulation: Find u € L%(Q) ® H (D) such that Vv € L%(Q) @ HY(D)

b(u, v) :_E[/Da(w,x)vu(w,x)-vu(w,x)dx} _E[/Df(x)v(w,x)dx]. (2.17)

By (1.1), the bilinear form b(+,-) is continuous and coercive on the Hilbert space
L3 () ® Ho(D).

2.3 Parametric deterministic formulation of the sBVP

As a consequence of the independence in Assumption 2.8, the multivariate proba-
bility density on I = I; X I x ... is given by

p(y) = pW1, - Yms -+ -) = Mz 1pm (Ym)- (2.18)

We substitute Y, (w) by y. and equip the range I of the vector (Y7,Ya...) with
the product measure dP(w) = @, Pm(Ym)dYm. Changing measure from dP(w)
t0 m>1Pm (Ym )dym, problem (2.17) is equivalent to the parametric, deterministic
problem

—div(a(y,x)Vu(y,x)) = f(x) yel,xeD (2.19)

where y = (y1, %2 . ..). Its variational form reads:
Find u € L2(I) ® Hj(D) such that Vv € L2(I) ® Hy (D)

b(u,v) = (v). (2.20)
with
blu,v) = E[/Da(-,x)Vu(yx)~Vv(-,x)dx] (2.21)
= // a(y, x)Vu(y,x) - Vo(y, x)p(y) dxdy
1Jp
and

10 <[ [ 109t ax] = [ [ roontvxpraxay. 22



2.4 Stochastic Regularity

By stochastic regularity we mean the smoothness of the parametrized random solu-
tion u(y,x) with respect to the parameters y. It can be shown that the solution to
(2.19) is analytic with respect to y. We have ([2], Lemma 5)

Lemma 2.10. The solution u(y) as a function of ym,, admits an analytic extension
to the region of the complex plane

S(Im,™m) ={z € C:dist(z, ) < T}, (2.23)
with 0 < 7, < 1/0y, where

_V )‘m”‘Pm(x)”L“’(D)

2aJmin

(2.24)

m

and amin = « as in (1.1).

In particular there exists a so-called “Bernstein-ellipse” in C with foci at Rz = +1
and for which the sum of semiaxes is bigger than 1, s.t. u(y,x), as a function of
Ym for m < M, is analytic in the closure of the Bernstein-ellipse, uniformly with
respect to y; for all i # m.

2.5 Dimension Reduction

The parametric deterministic problem (2.19) is, in principle, amenable to numer-
ical treatment by standard discretization schemes. However, in general M in As-
sumption 2.8 could be prohibitively large and a reduction of the (possibly infinite)
stochastic dimension to a finite, possibly large, value M, is necessary. To this end,
the “truncated problem”

{ —div(apy (w,x)Vupy (w,x)) = f(x) D,

wnt (@, %) wesn = 0, P-ae we (2.25)

is considered, where the truncated KL-expansion aps(w,x) of the input data is as
n (2.8). It has been shown in [3] that due to Assumption 1.1 there exists a unique
solution to problem (2.25) in the space H} (D) = L% (2, Hj (D)) which is isomorphic
to L%,(Q) ® Hg(D), where L%,(Q) := {{(w)] [, £ (w) dP(w) < oo},

Remark 2.11. (On the structure of the probability measure P and its truncated
approximations P¢,s) By Assumption 2.8, P is the (essentially unique, cf. e.g. [4])
product measure

P(w) = (X) Pm(w) (2.26)

m>=1

with dPp,(w) = pm(Ym )dYm, m € N on the product sigma algebra ¥ = ), ~; Xy, in
the set of events 2 = Hm>1 Q,, (i.e. the essentially unique, smallest sigma algebra
in Q for which each of the projections m,, : Q@ — Q,, is Q — Q,,, measurable).

For every M € N and for m > M we define the sigma algebra %, = {0, 2.} C
3, and denote by X« the corresponding product sub-sigma algebra of £, i.e.

Yem = (ﬁ 2m> X (mgfim> cx

Since, for m > M, each P, is a probability measure on %,,, it holds P,,(#) = 0
and P, (Qy,) := 1. The M-truncated probability measure for the family (Y )m>1 is



the restriction of P to ¥¢ps. It satisfies for every elementary event w € X< of the
form w = (w1, wa, ..., wnrr, Qnr+1, L2, ---)

M
Penr(w) = ) Prul(wm) (2.27)

The truncated problem (2.25) can be obtained from (2.17) by taking the conditional
expectation over X¢ps.

2.6 ‘“zero-dimensional” model problem

In the sGFEM and sCFEM, each “stochastic degree of freedom” corresponds to
a solution of one boundary value problem for a deterministic, elliptic PDE. It is
therefore of utmost importance to discretize (2.19) with as few DoF's in y as possible,
without compromising accuracy.

Our methodology to achieve this consists, as mentioned above, in identification
of the most important “active” gPC modes by a-priori error analysis. We also
present a heuristic algorithm for a-posteriori and adaptive choice of such “active”
DoFs by relating the original problem (1.2) to a “zero-dimensional” model problem
whose solutions take values in R rather than in Hg (D).

This zero-dimensional problem had been first introduced in [8], to motivate the
sGFEM. Here, we propose to use this stochastic model problem as a tool for on-the-
fly prediction and optimization of relevant gPC solution modes in both, adaptive
sGFEM and adaptive sCFEM.

It consists of the algebraic problem

a®(w)ul(w) =1, P—-ae.w e Q. (2.28)

Clearly, the exact solution of this problem is u%(w) = ﬁ It is assumed that

a®(w) has a formal KL expansion of the form

a® (W) =70+ VMY A+ A YV A Yo+ (2.29)

where the eigenvalues \,, stem from the underlying original problem in (2.8) and
Y,, are i.i.d. random variables as described above. The ~;’s represent the values
that can be taken by the functions F,(z) (in the case i = 0) and ;(x), respectively.
The truncated zero-dimensional problem which corresponds to (2.25) then reads

afy (y)ui(y) =1 (2.30)

where a%,(y) =70 +11vVA1y1 + - + vV Amya. For any M < M, uf; = = and

M
we have

M
0% ulys | Loe(ry = ! H Yo (||U%J||L°°(I))‘a|- (2.31)
m=1
The regularity (2.31) of the model problem (2.28) is determined by the coefficients
Y, m = 0, ..., M. We propose to use the explicit solution ul; = 1/aS; of (2.30) with
coefficients ~y; related to the KL-data of the full problem to predict significant coeffi-
cients of sGFEM approzimations of the full problem (1.2) resp. of its approzimation
(2.25), see Subsection 3.2.3 ahead for more details.
To relate the truncated problem (2.25) to the zero dimensional problem (2.30),
we proceed as follows: based on the first M KL-eigenfunctions ., (z), m =1,.., M,
a conservative choice of the parameters ; to assess the approximability of us(x,w)
in (2.25) is

Yo = i%fEa(X)v Tm = ||<Pm(x)||L°°(D)’ m=1,2,3,.. (2.32)



To avoid singularities we assume that the expansion (2.29) satisfies
0<a*<a(y) <p (2.33)

which is not restrictive due to (2.10), (2.11) and (2.14).

Multiplying equation (2.30) with a test function v(y) € L?(I) and integrating

yields to the variational form corresponding to (2.20): Find u?@(y) e L2(I) s.t.

v (udy,v) =1°(v) Yo e L) (2.34)
with the bilinear form
b (u,v) == E [a}y (y)u(y)o(y)] | (2.35)
and the linear functional
°() :=Eu(y)]. (2.36)
Furthermore, problem (2.30) is equipped with the stochastic energy norm
[oll% == 6°(v,v) = E [af; ()v(y)?] - (2.37)

3 Stochastic Galerkin FEM

We will discuss the Galerkin discretization of the variational problem (2.20). For a
general discussion of the sGFEM we refer to [13, 3, 8, 17] and references therein.
Here, due to the high dimensionality of Li(I ), we will primarily focus on sparse
techniques to reduce the complexity of the stochastic approximation.

We discretize the variational formulation (2.20) by Galerkin projection onto a
sequence of finite dimensional subspaces of

L2(I,Hg (D)) ~ L2(I) ® Hy(D). (3.1)

Specifically, we choose a gPC discretization in I based on two-parametric families
of finite dimensional subspaces Y;% C Li([ ). Here, p and v refer to the polynomial
degree and the maximal number of “active gPC dimensions”, respectively (see Re-
mark 3.6 ahead). Denoting the FE-space in the physical domain V;? ¢ H}(D), the
sGFEM is based on the tensor product space

v oV cL2(I)® Hy(D). (3.2)
Then the sGFEM approximation of (2.20) reads:
Find uy €Y, @ VP buylua,v) =1(v) YoeY), VP (3.3)

where
by (upr,v) = E [/D ay (y,x)Vup (y,x) - Vo(y,x)dx| . (3.4)

Remark 3.1. Note that the ‘factor’-subspaces in the tensor product (3.2) can be
chosen independently of each other. In fact, the spatial and stochastic variables of
the random solution only interact with each other when building up the combined
stiffness matrix, as we will show in Section 5.3 ahead.

Remark 3.2. The dimensional reduction from b(-,-) in (2.21) to b (-, -) in (3.3) was
done by truncating the Karhunen-Loéve expansion (2.5) of a(x,w) to apy(x,w) in
(2.8), resulting in (2.25). By Remark 2.11, a “probabilistic interpretation” of this
transition is to take in (2.17) instead of E[-] expectations E[-|X<as] conditional on
Y<m C X as in Remark 2.11. Therefore, the solution ups of (3.3) is a maximum
likelihood estimate of u subject to the (reduced) information ¥<ps on coefficient
a(x,w).
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Remark 3.3. In order for (2.25) or, equivalently, for (3.3) to be well-posed, coercivity
of bps(-, ) is necessary. In the sSCFEM, ap(w,x) in (2.8) must satisfy (1.1) at least
for M sufficiently large, possibly with worse constants 0 < a < 8 < oo but uniformly
in M to ensure the V-coercivity of

/ an (-, x)Vup (%) - Vo, x)dx : V xV =R
D

uniformly in y € I which is necessary for the stability of the scFEM. In the sGFEM
this assumption is redundant, as pointed out in [21]: Due to the fact that the
random variables y.,,, are centered, see (2.7), an easy computation shows that

bar(unr,v) = b(upr,v) VUM,UEYHI\)/{,(@V}LD,

with b(uar,v) and bas(upar,v) as in (2.21) and (3.4), respectively, so that bas(-,-)
satisfies (1.1) for any M.

3.1 Multilevel hierarchic spatial discretization

For the sake of simplicity, we assume that the spatial domain D is a bounded Lip-
schitz polyhedron with straight faces in R?. In order to find a hierarchic sequence
of discrete spaces V;P C HE(D) we introduce piecewise polynomial wavelet dis-
cretizations. For a discussion of spline wavelets we refer to [6, 5] and references
therein.

VP cvP c..cVP cv® c..c HJD)
be a dense sequence of finite dimensional subspaces, given by e.g. V,” := SI(D,T;)

where p > 1 is a (fixed) polynomial degree and {7;} is a nested sequence of regular
simplicial triangulations of D and define

SE(D,T) = {u€ Hy(D) :uly € Pp(T) for T € T}, 1=0,1,..

i.e. the space of continuous piecewise polynomials of total degree at most p on the
triangulation 7;. We denote by PZD the HE(D) projection onto VZD, i.e.

(V(u—PPu),v) =0 YveVP,

where (-, -) denotes the L2(D) inner product, and define the detail spaces W;P such
that
WP .=vP and VP =V, eaWpP for 1 <I<L.

The FE-space V/ admits a multilevel decomposition VP := @zL:o WP. Further-
more, let ¢, = {¢yx, : k € V;}, where V, is an index set, be a basis of the “increment
space” WZD. The ensemble of basisfunctions ¥ = {¢y, : | > 1, k € V;} are then
called wavelets, whereas gy are the scaling functions.

Every function u € Hg(D) can be decomposed in terms of the scaling functions
at the coarsest level [ = 0 and wavelets on levels [ > 1 as

w=> "> dutu=>» d/¥ =d"7, (3.5)

1>0 keV, 1>0

and the following norm equivalences hold (see e.g. [5]):

vy ~ e
||V“||L2(D) ~ 21902 ([ dull--

Remark 3.4. We emphasize that for the computation of the FE stiffness matri-
ces, any h-version FE-code in conjunction with a wavelet transformation can be
used, since the matrices correspond to diffusion FE stiffness matrices with the KL-
eigenfunctions ¢, (x) as coefficients, see Section 5.3 for details.

(3.6)

11



3.2 Discretization in the stochastic variable

In the sGFEM (3.3), judicious choice of Y, € L2(I) is crucial, since the complexity
of the sGFEM (3.3) is at least that of solving N = dimY#]‘fj deterministic problems
D. Since the solution of (2.19) is analytic with respect to y, a Polynomial Chaos
(PC) approximation by Hermite Polynomials of Gaussian random variables due to
N. Wiener [41] seems appropriate. As the measure P in (1.1) is not necessarily
Gaussian, generalized Polynomial Chaos (gPC) has been proposed, see e.g. [44,
43]. This leads to exponential convergence rates in numerical experiments, even if
non-Gaussian probability density functions are present, see [44, 16] and references
therein. Multi-element gPC (ME-gPC) have then been considered in [40, 39] and
can be viewed as an hp-version of the gPC approach, where the probability domain I
is partitioned and a gPC approximation is performed in each subdomain. However,
gPC and ME-gPC suffer from the curse of dimension when M gets large which is the
case for ‘rough’ covariances as well as for problems in space dimensions d = 2 and
d = 3, since due to (2.10), (2.11) the corresponding slow decay of the KL-eigenvalues
forces a large value of M.

Sparse polynomial tensor product [35] expansions allow to treat high truncation
orders M with only algebraic growth of the number Nq of deterministic problems
to be solved uniformly, as M — oo.

3.2.1 Sparse polynomial chaos

For every coordinate y,,, m € {1,2,... M} let a family of one-dimensional polyno-
mials (7" (Ym)) ey, Pe given, where ™ (y,,,) is a polynomial of degree i on I, and
denote by

Moy, ym) =70 ()l (y2) - mhh (ym), o€ NJ. (3.7)

their tensor product. Assume that the polynomials (7" (Y. ))ien, form a basis for
L2 (I,). Then it follows that the tensorized polynomials (3.7) form a basis in
Lg([). The gPC representation for the solution of (2.19) is

un(y, %) = D ua(x)Caraly), (38)

aENé”

where only a finite number of coefficients u,(x) are nonzero. Our aim is to choose
an appropriate subset A C N}/ such that an as small as possible number Nq of
functions (p o (y) are considered in the approximation of wys while still retaining
spectral convergence rates of the sGFEM discretization in y. That this is in principle
possible has been proved for exponential KL-eigenvalue decay (2.10) in [35]. Here,
we will present a more sophisticated selection of A C N)! with a still moderate

cardinality Nq := |A| such that, up to a given accuracy, ups can be approximated
as
unr A (Y, %) = D ta(})Cnra(y)- (3.9)
a€cA

Moreover, we show spectral convergence in terms of the number N of gPC “modes”
(where each mode corresponds to a deterministic problem).
Following [35], we introduce the gPC approximation space as follows:

Definition 3.5. For M, pu,v € N with v < M let the index set Aps ., C Ng{ be
given by
At = {a e Ni' lafi < p, laflo = |supp(a)| < v}, (3.10)

where |supp(«)| denotes the number of nonzero components of the multiindex «.
The corresponding approximation space is then defined as

Pt = span{(ura : @ € Anr ). (3.11)

12



Remark 3.6. The approximation space Yu]\f/ = Pump,y in (3.10), (3.11) used in
the gPC sGFEM discretization is inspired by Hoeffding’s ANOVA decomposition of
random fields [14]: there, a function f(y) = f(y1, y2, ...) of countably many variables
y; is represented by

Z fl((ll)) (yi(1>)+ Z fz((22)) (yig2>7yig2))+"'+ Z fz((]i)) (ylgk)aayzgﬂ)_'_ (312)

i eNg (2 eNg i(k) eNE

Our approximation space Ylf‘f, = P, consists in a) truncation of the ANOVA
representation (3.12) at levels k = v, b) in term & < v, truncating the ranges of the
multiindices i(*) from N to {0, 1,..., M}* and c) replacing for k < v each function
f((lz))() in (3.12) by a polynomial of degree at most p in at most k < v of the

3

variables y;, 7 < M.

3.2.2 Sparse orthogonal chaos

As a special choice of polynomials (7™ (Ym))ien,, & family of univariate orthogonal
polynomials in y,, with respect to the probability density p,, can be considered.
Choosing orthogonal polynomials in each variable y1,...,yar, spanning the same
space as (3.11), will naturally sparsify the matrix of the stochastic discretization
and, in addition, reduce its condition number. In case the multivariate probability
density function p(y) in (2.18) is uniform, the tensorized Legendre polynomials

Lar,a(¥) := Lay (Y1) Lay (Y2) -+ Lay, (Yar) (3.13)
form such an orthogonal family. Here L., (Y, ) is the Legendre polynomial of degree
oy, on I, = [—1,1] normalized such that L,, (1) = 1, i.e. it satisfies

[ Lo ) L, o) i = G, 55 (319
. am \Ym ) La?, \Ym )P\Ym ) OYm = Oa,,al, 20, + 1 .
The Legendre expansion with respect to y can then be written as
UM(YaX) = Z ua(x)LM,a(Y)' (3.15)
aeNé”
We denote by
UAM,“,V(va) = Z ua(X)LM,a(Y) (316)
a€ANM, v

the Legendre chaos expansion restricted to the index set Ay, . in (3.10).

For non-uniform probability density functions, other types of orthogonal func-
tions can be considered. See e.g. [43] for a list of various probability density
functions and their corresponding orthogonal polynomials.

3.2.3 Adaptive selection of active gPC modes

Although the family Ajps ., of index sets in Definition 3.5 represents a judicious,
sparse choice of active gPC coefficients, its cardinality increases rapidly as M, p
and v are increased.

Proposition 3.7. For the sGFEM based on the gPC approximation with coefficients
in the set Apr . specified in (3.10), it holds

Na = [Anr ] <2MY (p+ 1)V (3.17)

13



We refer to Appendix A.2 for the proof.

As every stochastic ‘degree of freedom’ entails the numerical solution of one
deterministic boundary value problem in D, hence yielding a total number of
Niot = NqoNp degrees of freedom, it is important to represent the unknown so-
lution ups(y,x) in (3.15) by as few gPC modes as possible. Hence, for a prescribed
error bound € and a given gPC dimension M < M, we aim at finding an index set
A(e) € N} which satisfies

Ale) = argmin{m LA NV, fluns — gy 3oy < e} (3.18)

In the following we present a heuristic algorithm of selecting such an index set A
adaptively in each step, based only on Karhunen-Loeve data of a(w,x). Motivated
by Subsection 2.6, every stochastic elliptic diffusion problem corresponds to a purely
stochastic problem of the form (2.30) with the formal solution

1
y) = = :
Yo + Zm:l Ym vV AmYm,

It is easy to see that u3,(y) can be expanded in a geometric series like

9] M n
1 1 1 o
Yn(y) = s >(=nr (% > vm\/kmym> =t > iy,
n=1 m=1

aENéW

(3.19)

with 4 = %(71 V1,72V A2, ...) and some constants ¢,. By using a (finitely sup-
ported) index set A C ¢2°(N), the sequence space of all bounded sequences with
compact support, the series is truncated as

1
Gu(y) = ot > cad 'y (3.20)

The order of magnitude of the coefficients of y* are asymptotically determined by

5o = 5 321

m>1

Hence, in the spirit of a best N-term approximation we propose the following Al-
gorithm 3.8 for selecting an index set A containing the largest coefficients %. We
emphasize here, that the presented algorithm is also dimension-adaptive, i.e. the
maximum dimension of ‘active’ coeflicients, previously called M, may vary when
computing the modified index set A from A.

Algorithm 3.8. (KL-adapted selection of indices)

Input:
o KL-data (Ym, Am)
e Steering parameter 6§ > 0
e Index set A
Output: Modified index set A computed by

1. Compute Va € A the numbers 4¢ and denote by Fmin = mingea ¢ their
minimum.
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2. Determine 3
A={aelX(N): 3% > 0Ymin}-

Choosing 0 < 6 < 1 corresponds to an extension of the index set A whereas for
6 > 1 A will be contracted, i.e.

0<f<1: ADA
0=1: A=A (3.22)
1<6: ACA

Starting e.g. with A(®) = {0} and applying Algorithm 3.8 with 0 < # < 1 repeatedly
provides a hierarchic sequence of index sets

AN Cc AW c...cA®Wc...C >°(N) (3.23)

to be used in conjunction with the deterministic FE-spaces VlD . Numerical examples
in Section 6 will show that the adaptive refinement of stochastic modes by Algorithm
3.8 results in accurate representations of the random solution involving considerably
less degrees of freedom than by using Aas ., instead.

Remark 3.9. The values of vp,71,... have been set to the minima and maxima
of E4(x) and ¢, (x), respectively, over the domain D, see (2.32). Consider now
a decomposition of D into open, nonempty, disjoint subsets {D;}o<i<r, s.t. D =
UL D; and set

) =l Ea(x), 7 = llom() Loy, m=1,2,3,...

Consequently, by Algorithm (3.8), we get sequences A(Doi) - Agi) C .- C°(N)
taking into account that a(w,x) might behave differently on each D;. Solving now

(2.20) on separate subdomains D;, together with the appropriate index sets Agz,
might lead to a better approximation of the random solution’s joint pdf’s.

3.3 Error analysis

By choosing the discrete spatial space VhD = V/ and the discrete stochastic space
Yl%, = Pu,pu(I) as discussed in the previous subsections we obtain the full dis-

cretization
Pt (I) @ VP C L2(I) ® Hy(D) ~ L(I,H}(D)). (3.24)

The approximate solution UIL\M,u,u (¥,%) € Parp(I) @ VP to the stochastic elliptic
problem (2.17) is then represented as a series of the form

ukM,“,V(yax) = Z ua(x)‘cM,a(y) (325)

EAM, v
where, according to (3.5), u, € V;P can be written as
L
ua(X) = Y ufftbi(x). (3.26)
=0 keV,

Let us denote by PLD : HY(D) — VLD the Galerkin finite element projection operator
in the physical domain D. It satisfies quasi optimality in H}(D), i.e.

||U—PLDU||H5(D) <C {Ilelg ||U—UL||H5(D)a Vv € Hy(D) (3.27)
v T
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were C' depends only on o and 3 in (1.1).
Similarly we can define an interpolation operator P/{M o L2(I) — Pupjw

which projects functions from Li(I ) onto their truncated sparse Legendre chaos
expansion (3.16) defined by

M
Pl un(y:x) = Y ua(®)Laaly),  ta(x) = H(2am+1)/UM(y,X)£M,a(y) dy.

QEANM, v m=1 I

Let us recall that we use the notation u for the solution of (1.2), ups for the so-
lution of the dimensionally truncated problem (2.25) and uf .., for the sGFEM

approximation (3.25). To estimate the overall sGFEM error

Ek]\/f,u,y = ||u - ukM,“,,/”H(l)(D)' (328)

we split it into three parts, namely

Kop e < = wnrllig + [luar = PLuntllrg + 1P (unr = PR, unn)llrg  (3-29)

€M EVLD €uv

Here, € denotes the Karhunen-Loeve truncation error due to replacing a(y,x) by
ap(y,x), €yp is the FE discretization error and €, ,, stems from the gPC discretiza-
tion in the stochastic variables y. We choose M, L, u, v in relation to each other such
that the corresponding error contributions are equilibrated while the total number
of degrees of freedom is minimal. We use numerical analysis of the error to identify
sets Az, of ‘active’ gPC modes of small cardinality No = [Aas,,.|, the number
of deterministic FE solutions needed to approximate the random field.

We start with the spatial finite element discretization error €yp. A-priori FE-
estimates on quasiuniform meshes of width h in the physical domain D are well
known, see, e.g. [29]: as the meshwidth h — 0 and p > 1 is fixed, we have

eyp ~ hP as h—0.
L

In the case of an arbitrary but fixed polynomial degree p > 1, we therefore choose
L as
L~ |Ineyn|/p. (3.30)

Next, we aim at choosing M, such that ep; ~ €yp. To obtain an estimate for ey,
recall the definition of the (truncated) bilinear and linear forms b(uas, v), bar(upr, v)
and I(v) from (2.21),(3.4) and (2.22), respectively. The variational formulation of
the model problem (1.2) and its truncated version (2.17) are:

Find u € L%(Q, HY(D)) s.t. Yo € L%(Q2, H} (D)) holds b(u,v) = I(v)
and
Find up € LE(Q, HY(D)) s.t. Yo € L%(Q, HY(D)) holds bas(unr,v) = I(v),

respectively.
Using a Strang-type perturbation argument, the error ep; due to the truncation
of the KL-expansion can be estimated as follows: we use

(1.1) 2
«

2
lunellf < =bar(unr, uar) = lar(uar) < S OPlIflz2(o) llunrllr

where Cp is the Poincaré constant, and obtain

2
llenr]|# < CP;HGM — all Lo (1,1 o)) |1 f 1| L2(D).-
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A stochastic source term f(z, @) would lead here to an additional term of the form
[|f — farrl|e, where fpr denotes the truncated Karhunen-Loeéve expansion of f.
From (2.9) and Proposition 2.3 it follows that

€M eXp(—CMH%
where k = 1/d. Hence, together with (3.30)
M ~ |Iney|® ~ Lp? (3.31)

It remains to choose p, v, such that €, , is of the same order as €yp and €.
Due to (3.27) the third term in (3.29) reduces to

1PL (unt = PR, uns)llagy < Clluar = PR, unall (3.32)

The following Lemma provides a pointwise estimate for the stochastic approxima-
tion error €, , in (3.29):

Lemma 3.10. If ups solves (2.19) then there exist constants c1,co,c3,¢4 > 0,
depending only on the data a,r, f but are independent of M, u, v such that the
expansion of uns into tensorized Legendre polynomials of Par,p(I) satisfies

—couttr cav(ln nup)—c
uar = wnys o\l sy oyy < 1 (€702 4 ecavmdainmens) - (3.33)

for any M, p,v € N with v < M.

For the proof we refer again to Appendix A.2. Choosing it ~ M" and v ~ M*/(x+1)
yields asymptotically, as p,v, L, M — oo, that €,, ~ ey ~ €yp. With the com-
plexity estimate (3.17), we have proved

Proposition 3.11. There exist positive constants cr,car,Cu,Cy, independent of
L, M, u,v, s.t. for any € >0, by choosing

L) = e ], M(e) = TearL(e)p,

. (3.34)
pu(e) = e M(g)"™], v(e) = [e, M(g)r/(v+1)]
form=1,2,...., M(e), we have
=k, .. o) <& (3.35)

and the number Nq of deterministic problems to be solved is asymptotically, as
e — 0 for any fixred s > 0 bounded by

No = [Ampol Se71%, e =0 (3.36)
with a constant independent of the parameters in (3.34)

Note that (3.36) inserted in (3.35) implies for all s > 0 as the number Ng of
stochastic DOF's tends to oo the convergence rates

lu =g, .., 30y < CsNg* (3.37)

while, by (3.29)-(3.30), the total number N of degrees of freedom necessary for
computing the sGFEM approximation ukM . of u which is accurate of order ¢ in

L2(I, Hy(D)) is bounded by

N = NogNp ~e /5747 35 ¢ 0 (3.38)
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4 Stochastic Collocation FEM

A stochastic collocation method for sSPDEs has first been proposed in [42, 2] by us-
ing numerical quadrature for the approximate evaluation of the stochastic integrals.
Whereas [42] already proposed the usage of Smolyak grids to reduce the number of
collocation points, this was further analyzed and developed in [22] and [23]. We pro-
pose here a stochastic collocation method based on our sGFEM approach. Judicious
selection of a two-parameter sequence of collocation points is shown to overcome the
problem of high dimensionality for random coefficients a(w, x) with Karhunen-Loeve
eigenvalue decay (2.10) for any x > 0. Our SCFEM uses the sGFEM subspaces Y#]‘f,
in Definition 3.5. For the resulting sSCFEM we prove, under (2.10) for any x > 0,
similar convergence rates as the sGFEM approach, see Lemma 4.1 below, while
having complexity equal to that of the MC method with N “samples”, i.e. Ng
many solutions of deterministic problems in D.

4.1 Formulation of the collocation algorithm

The functions aas,upr, v, f are viewed as functions taking values in V = H{ (D),
parametrized by y € I. We consider again the parametric deterministic formulation
introduced in (2.19). By projecting it in the spatial variable x onto a subspace
VP c H}(D) we obtain a parametric semidiscrete problem which can be written
in variational form as: Find uf, : I — VP st. Vol e VP Vy e It

/ an(y, X)Vuh (y,x) - VUL(y, x)dx = / f(x)vL(y, x) dx. (4.1)
D D

Equation (4.1) is collocated w.r. to y at the roots of polynomials which are orthog-
onal w.r. to ®m>1 L?(In, pr(Ym )dym). Approximate joint pdf’s of the unknown
random solution are recovered by interpolation and statistical moments are com-
puted by ANOVA-composite, tensorized Gaussian Quadratures associated with the
collocation points (postprocessing, see Subsection 5.5) .

Specifically, for each parameter m € {1,... M} we denote by ym k.., 1 < km <
pm + 1 the pm, + 1 roots of the orthogonal polynomial 7 +1(ym) with respect to
the probability measure p,,. We will restrict the discussion to the case of Jacobi
polynomials Jﬁfﬂ(ym), i.e. pin(Ym) = 2(1 = ym)*(1+ym)”?, which covers the case
of Legendre and Chebyshev polynomials. For any multiindex k = (k1,...,kn) we

write yx = (Y1,ky5 - - -» YM,ky ). FOr a vector = (p1, ..., par) of polynomial degrees,
the (anisotropic) Lagrange interpolation operator is defined by
Laul(y)= > v (y)h(), (4.2)
1<k<pt+l

where u” (yy) is the solution of (4.1) for y = yx and where Iy (y) = H%Zl Lo o, (Ym,)
where I, .., (ym ) is the Lagrange interpolation polynomial of degree fi,, at the point

Ym. k., » defined by

lm;knl (ym) € ,PMW‘L (Im)7 lm;knl (ym;jnl) = 6k7njm7 1 < km?jm < Hm + 1’ (4'3)

Now, let S C {1,..., M} be the index set of ‘active’ coordinate axes and denote by
uk the restriction of u” to y,, =0 for all m ¢ S. Define the interpolation operator

Intpw + L1, Hy (D)) — Hj(D) @ Py(l) (4.4)
ZM,E,uUﬁ4(Y) = ESC{L...,M} M, S|, v E keN}! “ﬁf (}’k)lk(Y)
[S|<v k<p+1,supp(k)=S (45)
= Y sc,..m} Yans o Lutiis s (),
[S|<v
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where
v

e =30 (V ) (156)

r=s
and ym,o = 0. In the isotropic case we will write Zps = Zpsu, with po=
(Koo 1)

4.2 Analysis of the sCFEM

The interpolation error then satisfies the following bound:

Lemma 4.1. If u%/[ solves (4.1) then there exist constants ¢,¢,ci,...,cpr > 0,
depending only on the data a,r, f but not on M, pu, v such that the sCFEM solution
satisfies

M
_atte v _coV —CmMm
[ ufy —IM,&,VUMHOO(I,H(%(D)) <c (6 + (M +1)*>e® (Z e mh ))

m=1
(4.7)
Jor any M, p,v € N withv < M.

The proof will be given in Appendix B. By similar arguments as in Proposition 3.7,
we can provide an estimate on the number of collocation points.

Proposition 4.2. For input data a(w,x) with piecewise analytic covariance V,(x,x’)
in the sense of Proposition 2.3, the number Nq of collocation points in the sCEEM
satisfies the bound

= points) < M¥ m)” .
Nq = #(Col.points) < M me%rll?).(,M}(M) (4.8)

Similar as in the sGFEM, the a-priori error analysis of the collocation algorithm
is based on splitting the total error e%M oy into three parts. Adopting the notations

of Subsection 3.3 we obtain

€Ty < M= untllpgy +lunr — PLuntllpgy +11PL (uns = Ingpwtint)|lrg - (49)

em €D €p,v
VL J2a

Following the analysis presented in Subsection 3.3, replacing Lemma 3.10 by Lemma
4.1, we obtain the following proposition for choosing the parameters L, M, v, i1, . .., tbas
in order to equilibrate the error contributions in (4.9).

Proposition 4.3. There exist positive constants cr,Car,Cu,Cuys--+»Cup St bY
choosing for any € >0

L) = [e 8], M) = [en L), (4.10)
pim(€) = Ten,, M(€)*, v(e) = [, M(e)™/=HD)],
form=1,2 ..., M(e), we have
HU—UkM,ﬁ,VHHé(D) Se (4.11)

and the number Nq of deterministic problems to be solved is asymptotically, as
€ — 0 for any fixed s > 0 bounded by

Nq = #(Col.points) S e Vs, e —0. (4.12)
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Hence, inserting (4.11) in (4.12) yields for all s > 0 the asymptotic convergence
rates
lu—ug,, , Moy < CsNg*® (4.13)

as the number of collocation points Ng tends to oo. The total number of DoFs
satisfies, like in (3.38)

Niot = NoNp ~ e /374 a5 ¢ -0 (4.14)

for any fixed s > 0.

4.3 Discussion: sGFEM versus sCFEM

So far, two sparse methods for solving (1.2) have been presented: sGFEM and
sCFEM. Starting point for both methods is its parametric reformulation (2.19).
While the sGFEM projects the solution onto a finite dimensional subspace Pas, .., (1) C
L*°(I), the sSCFEM samples the solution on a set of predetermined points yx and
interpolates its probability densities on these points. Both methods make reduce
the problem of approximating a function in L°°(I) to a sum of approximation prob-
lems in L), [ = I;, x ---x I, ij € {1,..., M} with lower “active” dimension
v < M, while still providing arbitrary high algebraic convergence rates for both,
sGFEM and sCFEM.

One major difficulty of the sGFEM lies in the fact that it leads to a fully coupled
system of Nq linear deterministic equations whereas in the sSCFEM they are natu-
rally decoupled. Parallelization is therefore straightforward in the latter case. Com-
paring Lemma 3.10 with Lemma 4.1 already indicates that the sGFEM approach
may converge faster than the sSCFEM in terms of Nq, the number of deterministic
problems to be solved, as p and v are increased. This will also be illustrated in the
numerical examples, see Section 6. Furthermore, due to the restriction ||al; < p
in (3.10), the sSGFEM algorithm uses considerably less degrees of freedom than the
collocation approach. The main advantage of the sGFEM algorithm, however, lies
in the fact that it provides much more flexibility regarding adaptively increasing
or decreasing the index set Az ,,. An example of this flexibility has already been
given by Algorithm 3.8, where a sequence of ‘optimal’, in the sense of (3.18), sets
AU) of “active” indices have been constructed to approximate u Mm(y)-

In summary, the sSGFEM may be preferable over the sSCFEM for the following
reasons:

e The system of linear equations is smaller in the sGFEM, which, despite the
fact that they are coupled, dramatically affects the run-time of the algorithm,

e in the absence of spatial discretization, sSGFEM yields a maximum likelihood
estimate of the unkown random field u, conditional on the information <,
about the random coefficient,

e sGFEM provides faster convergence rates w.r.t. the total number of degrees
of freedom Nyt = NpNq,

e sGFEM is stable on any subspace V", C L2(I) (cf. Remark 3.3) provid-
ing maximum flexibility in the adaptive selection active gPC modes, to be
discussed below.
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5 Implementation

5.1 Algorithms

A crucial point in the implementation of the sGFEM and the collocation algorithm
is to equilibrate their different sources of error as pointed out in Subsection 3.3.
The main error sources are

e truncating the KL-expansion
e spatial discretization
e stochastic discretization and stochastic interpolation error, respectively

Proposition 3.11 and Theorem 4.3 provide guidelines on how to choose the param-
eters of the algorithms in order to equilibrate the error contributions.

Given a tolerance € on the solution u and input data V,(x,x"), E,(x), we propose
the following algorithms

Algorithm 5.1. (sGFEM algorithm) .

1. Given € > 0, determine a KL-truncation order M such that
[u(w, x) = unr(w, )3 (p) <€

2. Compute eigenpairs (A, Pm), m = 1,..., M of the covariance operator (2.2)
by [32].

3. Choose a spatial discretization level L, such that the associated error €yp in
(3.29) is less than e.

Compute the stiffness matrices (5.7) and the spatial load vector (5.9).

4. Determine 1 and v such that the stochastic error [[uas — Py LLuMlla e
Compute the stiffness matrices (5.6) and the stochastic load vector in (5.8).

5. Solve the resulting system.
6. Calculate the required statistical data from the solution.
Algorithm 5.2. (sCFEM algorithm).

1. Given € > 0, determine a truncation order M such that
|Ju(w, x) = unr(w, x)|lng (D) < e

2. Compute the eigenpairs (A, ¢ ) of the covariance operator (2.2) by [32].

3. Choose a spatial FE discretization level L, such that the associated spatial
error is less than e.

4. Determine the parameters u, v such that the interpolation error (4.9) is less
than € and compute the corresponding collocation points.

5. Solve (4.1) for each collocation point yx by finite element projection.
6. Calculate the required statistical data from the set of solutions.

As it can be seen above, both algorithms consist of several key tasks, namely for
the sGFEM
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e Eigenvalue and eigenfunction computation of the covariance operator (V,u)(x)
defined in (2.2).

e Assembly of the stochastic and spatial stiffness matrices.

e Solving the global system.

e Postprocessing the deterministic solution to obtain statistics.
and in the sCFEM

e Eigenvalue and eigenfunction computation of the covariance operator (V,u)(x)
defined in (2.2).

e Computing the collocation points.

e Deriving the response statistics from the interpolated solution (postprocess-
ing).

The following subsections briefly address those computational tasks.

5.2 KL - Eigenpair Computation
The eigenproblem to be solved can be formulated as: Find (), ¢) € R* x L(D) s.t.

(Vau)(x) = /D Va(x, x")o(x') dx' = Ap(x), (5.1)

where V,(x,x’) is an admissible covariance function in the sense of Definition 2.1.
This is a Fredholm integral equation of the second kind. For some special corre-
lation functions like exponential ones and simple domains D, analytical solutions
to (5.1) can be obtained by separation of variables, [13]. For more general corre-
lation functions and arbitrary domains D, however, the KL-eigenpairs have to be
computed numerically [32]. In variational form, the KL-Eigenvalue problem (5.1)
becomes:

Find A € R and 0 # € L?*(D) s.t. Yo € L*(D)

/D/DVG(va/)<P(X/)U(X)dX/dXZ>\/D</D(X)U(X)dx. (5.2)

For the numerical examples in Section 6 the discretization was done by piecewise
linear finite element shape functions. The obtained generalized matrix eigenvalue
problem was then solved by using JDBSYM, a Jacobi Davidson method optimized
for large symmetric eigenproblems, see [11, 12] for details.

5.3 Assembly of sGFEM stiffness matrix

Once discrete spaces P, and VP have been selected in Algorithm 5.1, any

choice of basis functions (¢i(y))Y2 € Pasp, and (0i(x))5 € VP will lead to a
linear system

Au =1, (5.3)
where
M
A = Go@Ag+ Y Gn®An, (54)
m=1
1 = go®fo, (5.5)
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with the stochastic mass matrices

(Golij = /ICi(Y)Cj(Y)P(Y)d%

(5.6)
Gl = [ VA GG oty dy.
the deterministic finite element stiffness matrices
Ay = [ B0 050 dx
b (5.7)
[Muzﬁ%wwwwmw
and the load vectors
[go]i = [ G(y)p(y)dy, (5.8)

I

fle = [ seowxax. (59)
Hence, the resulting linear system has a block structure with a total number of
Niot = Nq - Np degrees of freedom. Even though the number of variables in the
system grows polynomially with M, the memory consumption consists of saving the
(M+1) spatial matrices (5.7), the stochastic mass matrices (5.6) and the vectors gg
and fy given in (5.5). As it can be seen in (5.6) and (5.7) all of them are sparse and
can therefore be efficiently stored using an appropriate storage scheme.

The assembly procedures for the spatial and stochastic stiffness matrices can
be run independently from each other. Since the spatial matrices (5.7) are generic
finite element stiffness matrices, their assembly is standard and will not be discussed
here.

For the computation of the stochastic stiffness matrices we use tensor products
of polynomials which are orthogonal w.r. to the marginal probability densities
Pm(ym) in Assumption 2.8, iiib). Such polynomial systems can be generated for
each marginal coordinate y,, independently and in parallel once the densities p,,(-)
are known using standard algorithms (see e.g. [10] and the references therein). In
certain cases they are known explicitly as e.g. in the case when I, = [—1,1] and
Pm = % for all m where they are tensorized Legendre polynomials. Denoted again
by La,«. According to (5.6), the integrals

LKcMﬂoon@«yww and [pmcM@oocM@«yww (5.10)

have to be computed. The evaluation of the integrals can be done analytically, since
formulae for Legendre polynomials are known explicitly. Due to L2-orthogonality
the first integral is nonzero if and only if a = o’. Specifically,

2
La m Lo/ m d m — 760[ ol - 5.11
| Lo ) e, ) i = 5B, (511)
The second integral can be computed by the formula
200, +1 _
(2am+§.)(2am+3) Oé;n = m + 1
/ YmLa,, (ym)La;n (Ym) dym = m ol =y, —1 (5.12)
fm 0 else.

Hence, the second integral in (5.10) is nonzero if and only if @ and o’ differ exactly
by one in the m’th entry.
We define the sum of the stochastic mass matrices as
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Figure 5.1: Sparsity patterns of the cumulated mass matrix G. Different Parameter
choices of M, u, v are considered as indicated.

Definition 5.3 (cumulated stochastic mass matrix).
G=Gyp+G1+...+ Gy (5.13)

The sparsity pattern of the cumulated stochastic mass matrix is illustrated in Figure
5.1. The index set Aps,, in conjunction with a Legendre basis has been used
to assemble the matrices (5.6). The eigenvalues and eigenvectors stem from an
underlying spatial problem, using a covariance function V,(z,2') = e~ 10le=='l"
D=[-1,1].

From the integral formulae (5.11) and (5.12) it follows immediately that G has
at most 2M + 1 nonzero entries per row and column. Note that the structure of the
combined stiffness matrix A in (5.3) remains the same as of G where every entry of
G is multiplied with a spatial FE-matrix, hence becoming a tensor of order four.

on

Remark 5.4. In case of an additional stochastic right hand side in problem (1.2)
the source f(x,®), like the diffusion coefficient, could be represented as a truncated
Karhunen-Logve series. Then, the vector 1 in (5.5) would have a similar represen-
tation as A in (5.4), namely as the sum of tensor products between deterministic
and stochastic load vectors with eigenfunctions and associated random variables as
weighting functions cf. [21].

5.4 Iterative solution of the combined system

For the solution of the symmetric and positive definite combined system Au =1
(5.3) a conjugate gradient algorithm is used. The matrix vector multiplication
is done blockwise whereas the outer iteration runs over the stochastic degrees of
freedom. It is well-known, see e.g. [27], how the number of CG-steps to achieve a
given accuracy can be estimated in terms of the condition number of the matrix A.

Proposition 5.5 (CG-steps). Let Au =1 be a symmetric positive definite linear
system. Denote by e®) := u®) —u the residual in the k-th CG-step. The number
of required CG-steps to achieve a given accuracy

le®))|a/le]a < e (5.14)
can be estimated as

k< %\/Mln <§> +1, (5.15)

where k(A) denotes the condition number of A measured in the 2-norm.

For an efficient iterative solver, we must reduce the condition number of A
by means of preconditioning. As the matrix A in (5.4) is a (sum of) Kronecker
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products of the stochastic moment matrices and the finite element stiffness matrices,
preconditioners must be built as Kronecker products of preconditioners of each
factor.

For the finite element stiffness matrix, we propose the usage of biorthogonal FE
wavelets on L?(D) to build the stiffness matrices (5.7) and the load vector (5.9), see
also Subsection 3.1. Given a FE-wavelet discretization, the following proposition
then ensures the existence of a diagonal matrix II, such that the preconditioned
linear system

O 'Au=1"1 (5.16)

has a bounded condition number, independent of the deterministic and stochastic
discretization parameters.

Proposition 5.6. There exists a robust preconditioner 11 for the sGFEM, such that
k(ITA) < C, (5.17)
where the constant C' is independent of M, u,v, L.

Proof Let us denote by ¥ = {¢y, A € V}, where V denotes an index set, the
ensemble of biorthogonal wavelets on L?(D). Hence, every function ¢ € L?(D) can
be represented in terms of wavelets as

b= dapr=d'V (5.18)
AEV

From (3.6) we recall the fact that biorthogonal wavelets in L?(D) satisfy (by con-
struction) the norm equivalence ||d|;2(vy ~ [[d"¥|2(p). Since every function
v € H}(D) can be represented equivalently as in (3.5), there exists a diagonal
matrix IT;, such that the following norm equivalence holds:

1T 2wy ~ ||dT‘1/||Hg(D), (5.19)

i.e. the scaled wavelets form a Riesz basis for the FE energy space Hg (D). There-
fore, diagonal preconditioning of the FE stiffness matrix leads to bounded condition
numbers of A, independent of the meshwidth in the physical domain D.

Let us address the preconditioning of the stochastic moment matrix G. To this
end, let w € L?(I) and denote by L7, the tensorized Legendre polynomials defined
earlier in (3.13). Then

w = Z Wola =WLy, Wa = (w,La)r2(D) (5.20)
aeNM
Define the diagonal matrix Iy = {]_[n]\i[:1 WQH(S(M/}QQI. It follows (Parseval)
Iy ' wllzuey = [w ' L] z2(ry- (5.21)
We then set IT := ITy ® IT;. Any function u € L(1, Hj(D)) can be written as
u = Z Z ’U/)\,ad]k by EM,a
aeNM AeV
Denote u = {ux o }r,a. Therefore, by (5.19), (5.21) and Assumption 1.1,
(ITAu, u) 2 (g mi 0y ~ [ullizeeneew) (5.22)

which ensures (5.17) O

Remark 5.7. From the previous proof it follows immediately that the sequence
of linear systems obtained by the collocation algorithm can be preconditioned by
means of ITy, since the diffusion parameter ays(yx,x) is bounded for any choice of
collocation point yy.
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5.5 Postprocessing
5.5.1 sGFEM postprocessing

In order to extract the statistical information from the SGFEM solution

ukM,“,V(yax) = Z ua(x)‘cM,a(y)

a€EAN, v

some sort of postprocessing is necessary. For the mean value we obtain, due to the
orthogonality relation (5.11), the simple formula

E[UJL&M,M,U] = uo(x), (5.23)

where 0 = (0,0, ...,0).

———

M times
Since the variance can be expressed as Var[ukM . U] - E[(ukM . U>2] _ E[ukM ) U]Q
we obtain the formula e o o
Varluf, 1 = D () (5.24)
a#0

5.5.2 sCFEM postprocessing

To retrieve statistics from the set of collocation solutions u%;(yx,x) we use formula
(4.5) and the fact that the collocation points yy are nodes of a weighted tensor
product Gaussian quadrature formula. Denote by wy the weights associated with
Yk. For the mean we obtain

]E[u%]\/[’u’,,] = Z 7M,|S|,V Z wku%\J(yk)' (5’25)
N Sc{1,...M} keNM
IS|<v k<p+1,supp(k)=S

The computation of higher order moments can be done similarly, e.g. in the case
of E[(uZ , . _)?] we have

El(uf,, )= D sl >, wic(ugy (yi))*. (5.26)

Sc{1,..M} keN)!
IS|I<v k<p+1,supp(k)=S

The quadratures in (5.25), (5.26) are summed and tensorized Gaussian quadrature
rules which are exact for the ANOVA type spaces Par, .-

6 Numerical examples

This section provides numerical examples illustrating sparse polynomial chaos ap-
proximation, the sSGFEM (Algorithm 5.1) and sparse collocation method (Algorithm
5.2). The sGFEM and collocation examples will be given in one and two space di-
mensions. A uniform pdf of the random variables y,, on I = I; X I3 X ... is assumed
in all examples. Therefore, gPC spaces based on active modes given by A/, in
combination with Legendre polynomials are used for the stochastic discretization.
For the spatial discretization, if considered, piecewise linear finite elements are used.
All examples have been run on a single processor AMD64 machine.

26



6.1 Sparse polynomial chaos approximation

To illustrate the convergence of SPC approximations we will, on one hand, consider
the variational “zero-dimensional” model problem (2.34) and, on the other hand,
approximate the solution of the semidiscrete problem (4.1).

Motivated by the fact that

1
0
u =
M o+ VAL + -+ VA

is the exact solution to the “zero-dimensional” problem, we try to approximate (6.1)
by a sparse polynomial chaos expansion. Discretizing (2.34) with Pas ., C Li([)
as in Subsection 5.3 results in a linear system

(6.1)

Guy,, ., = 8o, (6.2)

for the discrete solution u,O\M’u’V with G and go denoting the same matrix and vector
as in the underlying spatial problem, see (5.13) and (5.8), respectively.

Hence the error €, ,, see Section 3.3, of the y-approximation in (3.29) can be
measured by looking at the algebraic problem (2.28) where the exact solution is
known. In fact, the numerical examples will show that the y-approximation error
of the “zero-dimensional” problem is mostly higher than the corresponding error of
the semidiscrete problem. Since

1
0 0 2 0/, 0 0 0 0
||uM - u/\ju,u,l, ||Lg([) < a* b (u]W - UAM,M,WUM - UAA[YMYV) (63)
we compute the (“zero-dimensional”) energy error as follows.

Proposition 6.1 (“zero-dimensional” energy error).

r(y)
bO(u(}w_ugMW,u‘}w—u‘}\MW):/MOJFZM 7w dy—IE[u%MYW], (6.4)
m=1 Im mIm

i.e. the difference between the mean values of u§; and uIO\M o
Proof The variational formulations of (2.30) and its discretized version read
b(uf,v) = 1°(v),  Vve L)
bo(u%,y,v) = lo(v), Vv € Parp-

The energy error

_10/,.0 0 0 0
e="b"(up — UAps s WD — UAM,W)

is given by
e = bo(u?\d5u0 ) - 2b0(u?\4’u9\1\/{,”,u) +b0(u9\h{,u,u’u9\M,u,u)
(6.5),(6.6)
=70 POuyy) - 2004y, ) 0], ) = Oudy) = (g, L),
which concludes the proof. O

The integral in formula (6.4) we found best evaluated with a Smolyak cubature
based on the Clenshaw-Curtis rule, see [24].

Hence, in the following we will always consider a semidiscrete problem (4.1)
and, at the same time, use it as an underlying problem for the “zero-dimensional”
case using the same Karhunen-Loeve data to compute 7,,. We will compare the
stochastic sGFEM error |juf, — ukM,“,VH, measured in the L?(D)-norm and the

H!(D)-seminorm, to the “zero-dimensional” energy error (6.4).
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Figure 6.1: Numerical example to show the SPC approximation for M = 20 in terms
of the “zero-dimensional” relative energy error (6.4) and the relative semidiscrete
error |luf, — ukM%V || as described in Subsection 6.1.1. The left graphs show the
errors w.r.t. the parameter choices u, v and the right graphs w.r.t. the cardinality
| A0,

6.1.1 SPC approximation in M = 20 dimensions, Example 1

This example considers a one-dimensional problem on [—1,1] with V(z,2') =
e~4lz="* and Eq(z) = 34+ x. The Karhunen-Loeve expansion is truncated after
M = 20 terms. For the semidiscrete problem, 800 spatial elements have been used
for discretization. The stochastic approximation has been computed using different
values of u, v as indicated in Figure 6.1. There, the top graphs show the approxi-
mation of the mean field whereas the bottom graphs show the approximation error
w.r.t. the variance.

6.1.2 SPC approximation in M = 20 dimensions, Example 2

Choosing the same correlation function as in the previous example but a different
mean field E,(x) = 5 — x should lead to a better convergence due to the fact that
uY, in (6.1) is now “more” bounded away from its singularity, i.e. a* (2.33) is larger.

This is indeed shown in Figure 6.2.
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Figure 6.2: Numerical example to show the SPC approximation for M = 20 in terms
of the “zero-dimensional” relative energy error (6.4) and the relative semidiscrete
error ||uf, — UJL\M,M,U || as described in Subsection 6.1.2. The left graphs show the
errors w.r.t. the parameter choices u, v and the right graphs w.r.t. the cardinality
| A0,
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Figure 6.3: Numerical example to show the SPC approximation for M = 40 in terms
of the “zero-dimensional” relative energy error (6.4) and the relative semidiscrete
error ||uf, — UJL\M,M,U || as described in Subsection 6.1.3. The left graphs show the
errors w.r.t. the parameter choices u, v and the right graphs w.r.t. the cardinality
| A0, 1,0

6.1.3 SPC approximation in M = 40 dimensions

This example considers a 1-d problem with V,(z,2') = e~2l#=#'" and E, () = 5—x.
The approximation is now carried out in M = 40 dimensions. Again the relative
“zero-dimensional” energy error and the relative error measured in the L?(D)-norm
and the H'(D)-seminorm are shown in Figure 6.3.

6.1.4 SPC approximation in M = 80 dimensions

This example considers again a Gaussian covariance on [—1,1] x [—1,1] but with
short correlation length v = 0.0125, hence V,(z,2') = e~40lz=2'I By Remark
2.4, the KL-eigenvalue decay is at least exponential but with small constant in the
exponent. To achieve reasonable accuracy with sGFEM, we are therefore forced
to consider a tensor product gPC space in M = 80 independent variables in the
stochastic approximation space Pys, ;.. Figure 6.4 shows again the relative “zero-
dimensional” energy error compared to the L? and H! error for both, mean field
E[u] and variance Var|u].
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Figure 6.4: Numerical example to show the SPC approximation for M = 80 in terms
of the “zero-dimensional” relative energy error (6.4) and the relative semidiscrete
error [luf; —uk, | as described in Subsection 6.1.4. The left graphs show the
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Figure 6.5: Numerical examples showing adapted SPC approximation using Algo-
rithm 3.8. Various examples of two-point correlation functions V,(x,x’) and mean
fields E, (x) are considered as indicated. The “zero-dimensional” error is compared
against the H!(D) error of the mean and variance

6.1.5 Adapted SPC approximation

Here, we will again consider the numerical examples 6.1.1-6.1.4 but instead of using
a sparse PC approximation based on A, ,, we will use Algorithm 3.8 to obtain a
hierarchic sequence of stochastic indices A(®) ¢ A c .... The steering parameter
0 is chosen equal to 0.1. Figure 6.5 shows the obtained results. Again, the “zero-
dimensional” error is compared to the H!(D)-error in mean and variance. By
comparing the obtained results to the ones in Figure 6.1-6.4 it can clearly be seen,
that the adapted approach takes considerably less stochastic DoFs into account
than the A ., approach considered earlier.

6.2 sGFEM and sCFEM

In the following we will consider 3 example problems of the form (1.2) in one and
two space dimensions where the aim is to compute first- and second-order moments
of the solution using Algorithm 5.1. The second example will again be an exam-
ple where the correlation function has a short correlation length and therefore an
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Step M Naet A Niot CG-steps time [s]
T 7 10 A7y 84 9 0.01
2 10 40 Aqpz22 2772 12 0.15
3 13 100 Aiz33 113120 14 3.49
4 15 400 Aj544 1558152 15 114.02

Table 6.1: Sequence of discrete spaces used to approximate Example 1 by sGFEM

Step M  Naet v/p Niot  time [s]
1 7 10 1/1 88 0.01
2 10 40 2/2 8241 0.34
3 13 100 3/3 85484 31.6
4 15 400 4/4 152500701 5993

Table 6.2: Sequence of interpolants Zys,,,, for solving Example 1 by sparse colloca-
tion

a-priori reduction of the stochastic approximation space is necessary. We will, in
particular, compare the performance of the sGFEM and the sCFEM for these prob-
lems with particular attention to the case of small correlation length, resp. large
values of M.

6.2.1 Example 1, d=1

This one-dimensional example on D = [—1, 1] compares the sGFEM to the sparse
collocation algorithm. It considers a random coefficient a(w,x) with E,(x) =3+ =z
and V,(z,2') = e 4*=2'F. The deterministic right hand side is assumed to be
periodic of the form f(z) = 2sin(x). Table 6.1 shows the sGFEM settings that have
been used in each step as well as the number of iteration steps used to solve the
global system and the total time used. Table 6.2 reports the corresponding settings
for the sparse collocation algorithm. Figure 6.6 shows the numerical results obtained
with these choices. To compare the obtained solutions, an “overkill” solution (i.e.
a numerical solution on a substantially finer discretization) with Agg 55 and 800
spatial elements has been computed as a reference.

_._relative L?-error in E[u] __relative L?-error in E[u]

Figure 6.6: Numerical example to show convergence of sSGFEM and sparse colloca-
tion as described in Subsection 6.2.1. Convergence of the mean field for discretiza-
tion choices as shown in Tables 6.1 and 6.2 w.r.t. Niot and M. is shown
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Figure 6.7: Numerical example with small correlation length: V,(z,z') =
e~400lz=2"1” Mean and variance of the solution computed with 400 spatial elements

and Agp 3,3 as stochastic discretization space.

6.2.2 Example 2, d=1

Here we consider the model problem (1.2) on D = [—1,1] with small correlation
length. The covariance kernel is given by V,(z,2’) = 6_400‘1_93/'2, hence the corre-
lation length is v = 0.025. The computation is done by using piecewise continuous
linear elements for the spatial discretization in a uniform mesh 7 with 400 elements
on D = [—1, 1] and the gPC space based on the index set Agg 3.3 for the discretization
in the stochastic parameters. Note that the FE meshwidth A = 2/400 = 0.005 < ,
i.e. the FE mesh in D resolves the fluctuations of the random coefficient which
occur on the length scale « in this example.

We chose the mean field E,(z) = 8 4 z and a smooth right hand side f(x) = e®.
The above choices lead to a system with Nyo ~ 30 million. The total computation
time was below 5 hours and the preconditioned block-CG algorithm converged in 9
steps. Figure 6.7 shows the computed mean value and variance of the solution.

6.2.3 Example 3, d=2

This last example considers the model problem in two dimensions, hence on D =
[~1,1]2. We consider a diffusion coefficient with a Gaussian correlation kernel
Va(x,x') = e=4=*” and mean field E,(x) = 5 + z; and right hand side f(x) =
2¢®112%2 The spatial discretization has been performed using piecewise linear fi-
nite elements on a triangular mesh with 7200 elements. The approximation space
P20,2,2, hence M = 20, has been used for the stochastic discretization. Figure 6.8
shows the computed mean field and variance of the solution.
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A Technical Appendix on sGFEM

The appendix is devoted to the proof of Lemma 3.10. In the first subsection some
auxiliary results will be stated, whereas in the second subsection the proof itself
will be presented.
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meanfield  vaiance

Figure 6.8: Numerical example in [—1,1]2. V,(x,x/) = e 4> E,(x) =5+ =,
and f(x) = 2e*172%2 are given. For the discretization piecewise linear finite elements
and Agg 22 with Legendre polynomials have been used.

A.1 Auxiliary results

First we state two results which will be used in the proof of Lemma 3.10.
As a first result, we prove

Lemma A.1. For any fized t € (0,1) and N, L € N with N < L it holds

> (L+n>t" = V(1 —t) (LT LOHnN) (A.1)
n
n=N

< Cl7t8C2’tLlnN763’tN (A2)

with positive constants ci¢,Co, €3,
Proof Define

Sy = i (L JLF ") i (A.3)

n=0

Due to the binomial identity

L+n L+n—-1 L+n—-1
)= (84
we obtain the recursive formula Sy, = ¢Sy, + Sr_1, which leads to

Sp=1—-t)"1S =1 —¢)~EHD (A.5)

i <LG>t”_tN§:<L+ZZ+")t". (A.6)

n=N n=0
By expanding the binomial coefficient into factorials we see that

() (o) (o) (7)o

Since for £ > 0 it holds 1 + z < €% and furthermore Zszl % <1+ flK % dzr the
lemma follows O
The next result can be found in [35], Lemma A.2:

It follows

Lemma A.2. If K >0 and y > z > 0, then there exists cxy,. > 0 such that

J
R 1 14k
> I <enyue ™o (A-8)

1<my <~ <mj<oo i=1

for all j € Ny.
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The following proposition is a generalization of a result in [7], Chapter 12.4 and
provides a bound on the coefficients of the Legendre expansion (3.15)

Proposition A.3. If ups solves (2.19) and is expanded in a Legendre chaos series
as in (3.15), then there exists a constant cq . r, independent of M and ., such that
the Legendre coefficients satisfy

HuaHHg(D) < Car fE 7, (A.9)

(1-¢)
wherefmz(m—i- 1+m) with any 0 < e <1,0< 6 and nm
as defined in (2.24).

Proof The Legendre coefficients are given by the formula

= <H 20, + 1) /IUM(Y)‘Ca(Y)P(Y) dy (A.10)

According to Lemma 2.10, uyy is separately analytic in each variable y,,, uniformly
with respect to all other variables y; € I; with j # m, and the domain of analyticity
is given by

S(Im,™m) ={z € C:dist(z,In,) < T}, (A.11)

where 7, = 1/2n,,,. It follows that up; is also separately analytic in each vari-
able y,, assuming all other variables are given arbitrary but fixed values y; €
(1, 31+a) with a 6 > 0. By Hartogs theorem (cf. [15], Theorem 2.2.8) such a sep-
arately analytic function is analytic. Hence, ups is analytic in the product domain
Hf\f:l Y(In, 71%5) and we can use the Cauchy formula to write

1 un(z) ”
UM(Y)—( : fr dz, (A.12)

2ri)™ Jp (z —y)*
where
F=Tyx---xT'y (A.13)

and I'y, is the largest possible ellipse in 3, with foci +1. It is easy to verify that
the sum of its semiaxes is equal to

T, T \2
D<= s 1+ (=) (A.14)

Hence, we have

Ug = (m 12am+1>/£ 7{ (;))1 dz p(y)dy (A.15)

- (H %) ]guM(z)/( (glp( ) dy dz (A.16)

m=1

By [34] §4.9, the inner integral is a representation for the Legendre polynomials of
the second kind,

Qa(z) = /1 %Mw dy. (A17)

Furthermore, if we substitute z,,, = 3(wn + w;,") (Joukowski transformation) with

|wm| = Tm, the Legendre polynomials of the second kind can be expanded like (cf.
[7], Lemma 12.4.6)

o0

Qun (gl +uy )= 3 ok

w
k=am+1 m
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with |gq,, x| < 7. Hence,
M 0 M ..—(a+1)
™ mr
R I S N A=)
m=1k=a,, T'm Hm 1(1 - rml)
Together with (A.16) we obtain

M
<H %) ﬁuM(z)Qa(z) dz

lua| =
m=1
M
20, + 1
S T o .
< <,,l__[1 o Len(Fm)> mlgx|uM(z)|m?X|Qa| (A.18)
M
200, +1 M .—(a+1)
< (H uLen(Fm) max fuas (2)| —y————
m=1 2T r M1 —rh)
M
< Canf (H 220, + 1)) r ¢ (A.19)
m=1

where the last estimate holds due to the fact that Len(T,,) < 4r,,. Since to every
€ > 0 there exists a constant C'(g) > 0 s.t. 2ay, + 1 < C(g)rd™ for any € > 0 the
Proposition follows. m]

Remark A.4. Note that due to the exponential decay of 7,,, the same estimates for
7.1 hold as for 7y, i.e according to (2.15)

ol < epe ™t (A.20)

with constants depending on € and § if ¢ — 0 and § — 0.

A.2 Proof of Lemma 3.10 and of Proposition 3.7

Proof of Lemma 3.10 To get the error estimate (3.33) we estimate the part of
the expansion

Upr = Z 'UJaLM,a (A21)
aeNM
that belongs to the complement of Ay, .. Since

Aty = Av NV AN,
where
Ay = {ae N ol <p}, Awny = {aeN":supp(a) <v},
we can split the complement into 2 parts, namely

NM\AM,,LL,V = (AM,U\AM,#) U (NM\AMV) . (A22)

I II

We will then estimate parts I and II separately.

Part I: Denote St := || ZaeAM,u\AM,M UaLa(¥)||Lo (1,11 (D))- By using Propo-
sition A.3 we get

SI < Ca,r, f Z <cq 7 f Z _Ia‘

€A, a€An
ol >t 1 la>ut 1
. (v+n—1\ /M) (A2
< Ca,r,f Z n( ) ( ) < carfeclarfu(lnM-an,) ca, a(AfQS)
14
n=p+1
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where we used Lemma A.1 the last line.

Part II: Denote St := || 3 enana,,, YaLa(Y)l|Le (1,12 (D))~ Using again Propo-
sition A.3 and by parametrizing the indices « through their support we get

SII < Ca,r,f Z r
aeNM
supp(a) >v+1
M J
— Sl ) m2
= Carf Z Z H(ka + Py o)
Jj=r+11<mi<---<m;<M k=1
M J 1
— mg
= ey Y ()
j=r+11<mi < <m; <M k=1 Mk
(4.20) M J )
< Cans ) >, [T ciemerrmi
Jj=r+11<mi<---<m;<M k=1
M
(A8) ;o 14K
Y s 3 e
Jj=r+1
_ 14k
< Carge (A.24)
(A.23) together with (A.24) yields the desired result. O

Proof of Proposition 3.7 We adopt the notations of the previous proof of
Theorem 3.10. Therefore [Aas | = [Amu N Anry|. Based on the fact that the
equation z1 + 22 + ... + x4 = [ has exactly (é) solutions (1,2, ...,24) € N‘i, we
obtain by a counting argument

et = £ (7)) -2 () (00)

v

< MY

q=0

N
)

M 1 v v+1
< 2M +1
+ 1) (i )

B Technical Appendix on sCFEM

To prove Lemma 4.1 we establish bounds on the stability of the interpolation oper-

ator. Let 7, be the one-dimensional Lagrange interpolation operator as defined in
(4.2) for p=peN.

Lemma B.1.
1Zpvll o (1, 12 (D)) < Aas(p + D0l Lo, 52 (D)) (B.1)

where Ao g(p+1) denotes the Lebesgue constant which is in the case of Jacobi zeros
given by

_ [ O(log(p+1)) -1<a,f<-1/2
Aeplp+1) = { O(p7*1/?), v = max(a, B) else

(see e.g. [20]).

(B.2)
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Proof

p+1 p+1
IZoll= = II;v(yk)lk(y)Ile<mng(yk);rel§§;|lk(y)l

< Aaplp+ Dol

where Ay g(p + 1) := maxyer,, Zzi} |lx(y)| is the Lebesgue constant for Lagrange

interpolation on the roots of Jacobi polynomials J;‘jﬁ (y). O

Hence, for fixed p, the interpolation operator satisfies a continuity estimate in
L°°. By writing 7, =7, ® --- ®Z,,,, we immediately obtain a continuity estimate
for the multivariate case.

Corollary B.2.

M
|Zu0ll e 1,113 0y < T Aevs(om + D0l (1,112 0y (B.3)

m=1

Now let u € PH(I) be a polynomial in I =17 x --- x Ips. It holds

o= Tuole < [0 = wllpoqr) + Tt — Tuvlle ) (B.4)
M
< (1 + I Aas(hm + 1)) [l —ull Lo ry (B.5)
m=1
Since this holds for any u € P, we have proved

Lemma B.3.

M
[v=Zuvll Lo (1,12 (D)) < (1 + ] Aes(im + 1)) mifb) lv—ullLoo (1, m2(D)) (B-6)

=1l u€Py

Proof of Lemma 4.1 For notational convenience, we omit the subscript L (I, H} (D))
of the norm in this paragraph. As it has been shown in [35] (Corollary 5.3), for
every analytic function g : I — H}(D) and v < M the following equation holds:

i) - Y st = Y L0 (B.7)

al

sc{1,...,.M} aceNM
[Slsv |supp(a)|=v
where ypr,s, is given as in (4.6). Therefore the interpolation error € := ||up —

I, ppun| can be split into two parts, namely

e < lufr— Y vyspeuinsl (B.8)
Sc{1,...,M}
|S|<v
+ > wgsiwlllufns — Tuudrsll (B.9)
sc{1,...M}
|S|<v

As it has been shown in [35], Proposition 5.4 the first term is bounded by

_ 1+k
ldr = > vanisivukesll < cappeiens (B.10)
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It remains to bound the second term. It has been shown in [35], Theorem 5.5 that
the multivariate Chebyshev interpolant IEth satisfies the following estimate for

functions ¢ analytic in a region as in (2.10):

lgs —Z;"gsl| < ce” (Z e‘cmﬂm> (B.11)

meS

(B.11) together with Lemma B.3 then yields

luky s — Tuuky sll < cap peonri” <Z ’”) (B.12)

mesS

Furthermore, [35] Lemma 5.3 assures that

Y ansiel < 0+ DM+ 1) (B.13)
Sc{1,...M}

Combining (B.10),(B.12) and (B.13) we obtain the final result

M
s et ($ ).

m=1

C Proof of Remark 2.4

Let H be a Hilbert space on D and denote by B(H) the set of bounded linear
operators in H. In [32], Lemma 2.16 it has been proven that for a symmetric,
nonnegative and compact operator C € B(H) with eigenpair sequence (A, Pm )m>1
it holds

A1 < |IC = CnllB(m) (C.1)

where C,,, € B(H) denotes an operator of rank at most m. We define

ey =1
C = g2e7%dmamDd)? — S S L C.2
7e Z k! ( Wdlam (D))2k =yl (©2)
and _
O = 2T = 023 e — y (C:3)
P k! (—vdiam(D))2k

Denote by C and Cy, the Carleman operator which is, by means of (2.2), associated
to C' and Cy,, respectively. It follows that

IC=Callsy < IIC—CallL=(pxp)

~

— 1 1
< o? —— diam(D)?*
il k! (ydiam(D))
_ 1 L
~ (T?L 4 1)] ,.YQ(erl)
< 1 1
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The rank of the Carleman operator defined by (C.3) can be estimated as

rank(Cr,) < dimspan{z{* - 25?1 a1 + -+ + aqg < 2m} = ( p ) (C4)

Hence, for a given m € N we choose m such that

from which it follows that m ~ fm

(2md+ d> <m< (2(m +d1) + d>7 (.5)

Im!/? as m — oco. This completes the proof.
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