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14 Largest Eigenvalues of exp(−|x−x′|1+δ), x∈ (−1,1)
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��gH��shI=v-S gH�6vJlEsoNEFQv�F O�� � � P�FHILN �OK^MOstS/NkK�G�stf)vJ�M� vJlEs���gH��shI=v-S/gH��vJlEsoSJgH�M_kvJKMgHI��0B S s
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��gH��shI=vcSJ�R�5��shvJG��HVkv�lEs#GJs�S�_L� v�K�IE�&FH���OgHG�K v�lE� fhgHILSJKMS�v�S�v�lEshG�s)�ÄgOGJsÔKMI�S�gO�^MRKMIE��FHS���FQIR��NkK �©Z
�Ä_LSJK�gOI�uEGJgOnE�Msh��SyFjvl�«C NkKTS�f)G�s)vJKM�tFQvJKMgHI5��sBMHst��	 FHS«v�shG���SyK�I5vJlLscFQ��vJstGJILFQvJK MHs�G�shuEG�stSJshI=v�FQvJKMgHI
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]R_En^S�s'LO_LshI=vJ�M�HV±v�lEs5fhgHI MHstGJ�OshILfhs�gQ�¶v�lEs �EZ³v��Ru^s/sRQkuLFQI^S�KMgHI NEs)vJstGJKMgHG-Fjv�stStVYFOS!K vÔKMSÔF��H�MgHnLFH�
uYgH�M�=ILgH��KMFH�6FQuEuLGJg	QkKM��FQvJKMgHI KMI�vJlEsÂG-FQILNEgH� SJuLFHfhsHB�r¯g f)KMG-f)_E�eMHshI=v5vJlEsÂNkK 1&f)_E��v��HV�gHILs
f)gO_E�TN _LSJs&uEKMstf)stm�KMSJs�uYgH�M�RIEgH��KTFQ�TShB ]k_Lf-l@FQuLuEGJg=FHf-l.V0vJstGJ��s�N FHS �=Z�v��RuYs&sRQkuLFHILSJK�gOI.V«m�FOS
]LG-S�v«uEG�gHuYgOSJstN#KMI � ���|B«q�SJK���KM�MFHG0��shvJlEgkN£VHFH�MSJgcn^FHSJstN�gOI#vJlLs�KTNks�FcgH�L��gkftFQ�RFQuEuEG�g	QkK���FQvJKMgHILStV
KTScuEG�stSJshI=v�stNÂKMI � x%H��|V±m�lEshG�s/F�m�F	MOsh�Ms)vcnLFOS�KTS6KTSÔFQILFH���R�tstN£Bcqc�MSJgLV±KMII� {Q�M�¶F&�/_E��vJK�Z³st��st�5stI=v



x'� µ«¨	¬0Á¯§©¨«½.¨«µ«§Î¦H¸ ¦�Ùy¸ ¹	§ÄÙy¸ ºkÙ«É.¾«¬¶¸W¦�É.Ã.Õ#¨«Ç	¸W¨«Á	½��0¾«½¶¾«¬

Nks�f)gH��uYgOSJK v�K�gOI gH��v�lEs�G�FHILNkgO� S�uLFOf)s�KTS#NksDMOsh�MgHuYstN FQILN ��N�X sRQkuLFHILSJK�gOILSÔFQG�s/st�5uL��gj�OstN
gHI7stFOf-l&sh�Msh��shI=v�Byq6I�sDQRvJshI^S�KMgHI7gQ�.v�lEs�S­KMshILshGJZ|q�S�POsh��sRQkuLFHILS�KMgHI^Syv�g�!���+-*><F��!'��@�uYNk�ÎS�m�FOS
uEG�stSJshI=vJs�N�KMI � j zM�¯m�lEstGJs#gOG�v�lEgH�OgHILFH�^uYgH�M�RIEgH��KTFQ�TS�m�stGJs#fhgHILS�vJG�_Lf
v�stN7gHIkZ³vJlLs)Z6�L�&v�g5G�shuLGJshZ
SJshI=v gHuEvJKM��FH���M� FQI FQG�nEK�vJG-FQG���uEG�gHnLFHnEKM��K�v�� NkKTS�vJG�K�nE_EvJKMgHI.B�r�lEKTS�sDQRvJshI^S�KMgHI.V«KMI �ÎFHf)vtV¶KTS#vJlLs
PHst��v�g#� _E��vJK�Z|NEgH��FQKMI�G�FHILNkgH�9NkstfhgH��uYgOSJK v�K�gOI.VQgQv�lEshG�m�KTS�s�m�s6FQG�s�gHIE�M� �MKM�5K�vJs�N5vJg#_EILK �ÄgOGJ�
u±NR�ÎS�FHILN�f)gOGJG�stSJuYgHILNkKMIE�O��� e¯sh�OshILNkG�s6uYgH�M�RIEgH��KTFQ�TShB«q6IEgHvJlEstG�fhgHILS�vJG�_Lf
v�K�gOI�gQ�£nLFHSJKTSym�gHGJvJl
��shI=vJKMgHILK�IE�ÂKTSÔv�lEs �JNEgH_EnE�Ms)Z|gHGJvJlLgH�HgOILFQ� ��nLFOS�KTS�NkKTS�f)_LS�S�s�N K�I � �'�|B9S­lEstI G�FHILNkgH� K�ILuE_kv�S
FQG�s�GJstuEG�stSJshI=vJs�N FOS�D#e�sRQkuLFHILS�KMgHI^ShV£v�lEs�NkgO_EnE�Ms)Z|gHGJvJlEgO�HgOILFQ�«nLFOS�KTS#fhFHI sDJYs�f
v�K^MOsh�M� NkKTFQ�HZ
gHI^FQ�MK��ts�vJlLs/��Fjv�GJK^Q�G�stSJ_E� v�K�IL�&�ÄG�gH� vJlLs5S�vJgkf-lLFOS�v�KMf5AÔFQ�MshG�P=KMI�uEG�g���s�f
v�K�gOI.B#r�lEs/��FQvJG�KKQ�KMI
NkgO_EnE�M��gHGJvJlEgO�HgHI^FQ�Ln^FHSJKMS�m�KM���£nYsÔnE��gkf-P&NkKTFQ�OgHILFH�YFHILN�ftFQI7n^s#SJgH� MHstN&K�IoSJFH��s!fhgH��uE�MsRQkK v��
FHS���gHI=vJs X�FQG��Mg/��s)v�lEgkNEStB

� � �L� c Y d,d Y GbETA'f Y�h � V A � Y [&@ � �\I FHNENEK v�K�gOIÂvJg�vJlEs�AÔFQ�MshG�P=KMIÂ��s)v�lEgkNES�NEKMS�f)_LS�SJstNÂKMI
vJlLKMS�uLFHu^stGtV�gHIEsofhFHI FONkgHuEv�F f)gO���MgkfhFjv�K�gOI�FHuEuEG�gOFHf-l¯B�]R_Lf-l FQI�FQuEuEG�gOFOf-l v��RuEKTfhFQ�M�M� GJshZ
L=_EKMGJs�ScG�shuYs)v�K v�K^MOs G�_EILS�gQ��F�NEs)vJstGJ��KMIEKTS�v�KMf/S�gO�^MOshGcgOI F�SJs)v!gQ��uLGJs�SJfhGJKMn^s�N OÎNkshvJstGJ��KMIEKMS�vJKTfBP
IEgkNEFH�	uYgHKMI=v�S#FHILN G�stSJ_E��v�S!KMI Fof)gO��uE��shvJst���Â_EI^f)gH_LuE��s�N SJ�kS�v�sh� gH��sBL=_LFQvJKMgHILStB/[cshILfhsHV.K�v�S
KM�5uL��st�5stI=v�Fjv�K�gOI�KTS6v�GJK MRKMFH�0FQI^NÂKMScuLFQG-FQ�M�Msh�MK���FjvJKMgHIÂKTS6G-Fjv�lEshG!S�v�G�FHK��Ol=v��ÄgHG�m�FQG-N£B�r�lEs/f-lEgOKMfhs
gQ�±IEgkNEFH�LuYgHKMIOv-S¶KTS�f)G�K�vJKTfhFQ�F�OFH� v�lEgH_L�Hl�K�I�gOIEs6G-FQILNkgO� NkKM��shILSJK�gOI O � # }	P	vJlLshG�s6FQG�s�FHnE_EIkZ
NEFHIOv�f-lEgOKMfhstStV.sHB �LBMV�L=_LFONkG�FQvJ_EG�s5u^gOK�I=v�SÔgH��gOG�v�lEgH�OgHILFH�0uYgH�M�RIEgH��KTFQ�TS5O � lH�kVLHQzM� P)V.v�lEs&fhFOS�s�S
gQ��� _E��vJK�Z\NkK���stILS�KMgHI^FQ�«G�FHILNkgO� S�uLFOf)s�S�O ��� }'P!FQG�s ��gHG�s�NkK 1&fh_E� v�B��\I � j �M�|V.lEKM�HlEZ³gOG�NkstG
f)gO���MgkfhFQvJKMgHI&��s)v�lEgkNES�FQG�scuLGJgOu^g=S�s�N&FQILN7FQILFH���R�tstN£B �|v�KMS�SJlEgjm�I�v�lLFjv�vJlLs�IEgkNEFH�£S�shv�n^FHSJstN
gHI5v�shILSJgHGyuLGJgkNk_Lf)v�S¶gH�£gHIEshZ|NkKM��shILSJKMgHILFH�kIEgkNEFQ�LSJs)v-SyKTS¶KMILFQuEuLGJgOuEGJKTFjv�s�K�I�lEKM�HlEZ|NkKM��shILSJKMgHILFH�
G-FQILNkgO� S�uLFOf)s�S OÎNE_Es�vJgcK�v�S0�ÎFOS�v«�HG�gjm�vJl#gH�EvJgHv�FQ�=IR_E� nYshG	gQ�^u^gOK�I=v�S P
VQFHILN#v�lEs�S�shv�S0nLFHSJstN#gOI
]R��gH�M�OFHP&S�u^FQG-S�s��HG�KMN7FQILN�]=vJG�gH_LNv� S�fh_EG MjFQvJ_EG�s!FHGJs�� _Lf-l���gHG�s�s�1&f)KMshI=vtB¶r�lEs#f)gO���MgkfhFQvJKMgHI
��s)v�lEgkNÂnLFHSJstNogOIovJlEs�]R��gH�M�OFHP�SJuLFQG-SJs#�HG�KMNoKTScFHnE��s�vJg7FOf-lEKMsDMHs#lLK��OlkZ³gOG�NEshG6f)gOI MHshG��HstILf)sOB
q6��vJlLgH_E�Ol/K�v�S0vJgHv�FH�=IR_E�/n^stG¶gQ�LILgRNLFQ�Ru^gOK�I=v-S«KMS	lEKM�HlEstG	vJlLFHI�vJlLs�IR_E�/n^stG¶gQ�Ln^FHSJKMS0�Ä_EILf)vJKMgHILS
gQ��F���N�X sDQkuLFQILSJKMgHI.VYvJlLs�SJuLFHG�SJs/�OGJKTN fhgH�M��gkftFjvJKMgHI �5shvJlEgkN S�lLgH_E�TN nYs�K�I MOstS�vJKM�OFjv�stN�FOSÔF
uYgQvJstI=vJKTFQ�¯FH� v�shG�ILFjv�K^MOscv�g�AÔFH��stGJPRKMI7��shvJlEgkNEStB

� � � ���	� V�� � E3f,d,@�� � r�lLs�FOSJSJ_E��ukvJKMgHI vJlLFQv	G-FQI^NkgH� KMIEuE_kv-S¯�ÄgO���Mgjm FÔAÔFQ_LS�S�KTFQI/NkKMS�vJG�K�Z
nE_kv�K�gOI�KMS¶st��uE��gj�OstN5KMI5��FHI=�5FQuEuL��KTfhFQvJKMgHILStVQnE_kv�K vyKTS¶gHn MRKMgH_LSJ��� K�ILFHuEuEG�gHuEG�KTFjvJs��ÄgHG�G�FHILNkgH�
]Lst�MNES5m�lEKTf-l@sDQklEK�nLK v&SJK��OIEKK]YfhFQI=v�S�POshm�IEs�SJStB �EgHG�sDQkFH��uE��sOV«vJlEsÂfhg=s�1&f)KMshI=v5KMI v�lEsÂNkK^JY_kZ
SJK�gOI&sBL=_LFQvJKMgHI&��FW�5�ÄgH�M��gjm2F7, $TQ�":$'��& !',RNkKMS�vJG�KMnE_kvJKMgHI¯B¶]kK��OI�uEG�gHuYshGJvJKMstS�gQ�.KMIEuE_kv6NEFQv�F�vJlLFQv
FQG�s#f)G�_Lf)KTFQ�Y�ÄgOG6m�st����Z|u^g=S�s�NkIEstS�S�gQ�«n^gO_EILNEFHGJ�5MjFH��_Es#uLGJgOnE��st��S���FW��n^s#�MgOS�v�K�I�vJlLs#uEGJgkfhstS�S
gQ�yD#e v�GJ_LILfhFQvJKMgHI.V^GJs�S�_E��vJKMIE�&KMIÂKM����Z³uYgOSJstNEIEstS�S6gH�	v�lEs/NEs)vJstGJ��KMIEKTS�v�KMf#uLGJgOnE��st��S6m�K�vJl�SJ��FH���
uEG�gHnLFHnEKM��K�v�� KMI ��N�X�FQuEuLGJg	QkKM��FQvJKMgHI.Bc�LgHG sDQEFQ��uE�MsHV«_EILSJgH� MjFQnEKM��K�v�� gQ�6SJ�RS�vJst��S G�stSJ_E��vJKMIE�
�ÄG�gH� [6shG���K v�s)Z\f-lLFQg=S�sRQkuLFHILS�KMgHI��ÄgOG6gHG-NkshG<P9gH�«sDQkuLFQILSJKMgHILS�lLK��OlEshG�v�lLFQI�F�fhGJK�vJKTfhFH�.gHG-NkstG
m�FHS6gOnLSJshG MHstN�KMI�IR_E��shG�KMftFQ�0sRQku^stGJKM��shI=v�S�� j H��|B�q GJst�5s�Nk��uEGJgOu^g=S�s�NoK�II� j H��	m�FHS6vJlEs/_LSJs
gQ�.F���vJG�_EILfhFQvJs�NK��AÔFQ_LS�SJKMFHI�NEKMS�vJG�K�nL_kvJKMgHI.By]R_^f-l&FÔ�5gkNkst�LKTSynLFOS�s�N�gHI�FÔv�GJ_EI^fhFjv�stN ~ FHfhgHnEK�Z
f-lLFHgOS	sRQkuLFHILS�KMgHI¯BL�|v-SyNkKTS�v�GJKMnE_kv�K�gOI�FHuEuEG�g	QkK���Fjv�stS«F#AÔFQ_LS�SJKMFHI5fh��g=S�st���OVHFHS¶SJlEgjm�I�K�I	�	KM�H_EG�s
HRBM}HV=FQILN�K�v�l^FHSynYgH_LILNkstN�SJ_EuEuYgHGJvtVOvJlLshG�shnR�5FH���Mgjm�KMIE��f)gOIOv�GJgO�EgQ�±v�lEsc_EI^NkshG-S�lLg=gHvJKMIE�#m�lEKTf-l
fhFH_LSJstS�KM����Z³uYgOSJstNEIEstS�ShB

�|v&lLFOS�FQ�TS�g nYshshI­SJlEgjm�I�vJlLFQv�vJlEs�D#FHGJlR_EIEstIkZ\e.g��sDMHs�sDQkuLFQILSJKMgHI ��FW��NksDMOsh�MgHu ��gOIE�
v�FHK��TSÔFHS!gHILs KMILf)G�stFOS�s�S6v�lEs�I=_L� nYshGÔgQ�yv�shG���ShV£sBMHshI vJlEgO_E�Hl FQ�M�	vJlEs�G-FQILNkgO� MWFHGJKTFQnL��s�ScKMI
vJlLs5sDQkuLFQILSJKMgHI l^F	MHs5n^gO_EILNks�N SJ_EuEuYgHGJvtB5r�lEKTSÔm�K��M��fhFH_LSJs v�lEs�_EILNkstGJ�M�RK�IE�ouEG�gHnL��st��V£sOB �^B�V
sh�M�MK�ukv�KMf sBL=_LFQvJKMgHI.VLvJg�nYs SJK�IL�H_E�TFQG����7u^stG�v�_EG�n^s�N£V£S�sts7� l'�³B �|v!KMSc�Hshvc_EILfh��s�FQGclLgjm4v�g&G�stSJgH� MHs
vJlLKMS!KTSJSJ_Es��ÄG�gH� F���FjvJlLsh��Fjv�KMftFQ�	u^gOK�I=vÔgQ� MRKMshm#V£FQ��vJlEgO_E�Hl¯VYKMI uLG�FOf
vJKTf)sOV±gHIEs5fhFQI f)gHI=v�GJgO�
vJlLs�I=_L� nYshG¶gQ�±sRQkuLFHILSJK�gOI�vJstGJ��S«v�gÔPHshstu v�lEs6f)gOILS�vJG�_Lf
v�stN/G�FHILNkgH� uEGJgkfhstS�S0m�sh�M�EnYgH_EI^NkstN£B

� � ��� 
kYih � � A V C'� f h A V �iC	EHABf Y�h � r�lEs GJs�S�_E��v�S6K�I ]Rs�f
v�K�gOI ��S�lLgjm6S�vJlLFQv6vJlEs shG�GJgOG�gQ�
�HstIEshG-FQ�MKM�hstN7uYgH�M�=ILgH��KMFH�.f-lLFQg=S���FW�&�HG�gjm­�ÄgHGc��gOIE�QZ³vJstGJ� KMI=vJst�HG-FjvJKMgHI^ShBy]R_Lf-lÂgOnLSJshG MWFQvJKMgHI
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uEG�stSJshI=v�S F�f-lLFQ�M�MshIE�Os5gOI vJlEs�f)gOIOv�GJgO�¶gQ��shG�G�gHGÔ�ÄgHG vJKM��s)Z\NkshuYshILNEshI=v uEG�gHnE�Msh��StBÂq u^g=SJSJK�Z
nE�M�7G�sh��s�Nk�7��FW�7n^s vJg�G�sh�H_L�MFHGJ�M�7f-lLFHIE�Hs!v�lEs uLFHG�FH��s)vJstG�S T�KMIovJstGJ��ScgQ�¶m�lEKTf-lovJlEs���N�X
FQuLuEGJg	QkKM��FjvJKMgHI7KMS�S�gO_E�Hl=v�B�r�lEKTS6f-lLFQIL�HsÔgQ�¶uLFHG�FH�5shvJstG�S�fhFHIon^s FOf-lEKMsDMHs�N�s�1&f)KMshI=vJ�M�&�ÄG�gH�
FQI�s�S�v�K���Fjv�stN­fhgFMWFHGJKTFQI^f)soPHstGJIEst� ��� nR� v�lEsÂ�ÎFHS�v7FHuEuEG�g	QRKM��Fjv�K�gOI�gH�!v�lEs D#e stK��OshI MjFQ��Z
_Es�ShB�r�lEs���gOIE�QZ³vJstGJ� KMI=vJst�HG-FjvJKMgHI KMS�SJ_Es�lLFHS!nYshshI FONENkG�stS�S�s�N�KMI � {Q�M�|V¯m�lLshG�s5FHI FONEFQukv�K^MOs
� _L� v�K Z\NkgH��FHK�I���N�X FHuEuEG�gOFHf-lÔm�FHS	NksDMOsh�MgHuYstN �QSJuYstf)K^]^ftFQ�M���OVj�5gOGJs�sh�Msh��shI=v�S«FHGJsyKMI=vJG�gkNk_Lf)s�N
SJsh�Mstf
v�K^MOsh�M�ÂK�I gHG-NkshG!v�g�SJ_EuEuEG�stS�S�vJlEs/�ÎFHS�v#�HG�gjm�vJl�gH��stGJG�gHG!FHS�vJlEs�KMI=vJshG MjFQ�«gQ��vJKM�5s�KMI=vJs)Z
�HG-Fjv�K�gOI�KMILf)G�stFOS�s�ShB

� � � � _2A Y G � EH@BABf,G [&f,@'G Y�h ABf h `&f A'f V @ � �|vÔKMS�m�sh�M�	PRIEgjm�I�vJlLFQv�uYgH�M�=ILgH��KMFH�	f-l^FQgOS6�ÎFQKM�MS
KMI�F&S�lLgHGJv6vJKM��s#�ÄgHGcvJlEs SJgQZ\fhFH���MstNoDÔG-FQKTf-lEILFHIkZ U�G-SJ�tFQ� vJlEG�shshZ³��gkNks#uEG�gHnL��st��V±f)gOILS�vJG�_Lf
v�stN
FHS�F�S�KM��uE�MKK]Ls�N���gRNEsh�Ev�g�G�shuEG�stSJshI=v«vJ_EG�nE_E�MshI^f)s6KMI=vJshG-FHf)vJKMgHILS � �RxN�³B �|v�KTSyF#ILgHIE�MK�ILstFQGyvJlEG�shshZ
NkKM��shILSJK�gOILFQ�LU!a!C�S��kS�vJst� 3
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SJ_En ��stf)v v�g S�vJgkf-lLFHS�vJKTf�KMIEK�vJKTFQ��f)gOILNkK�vJKMgHILStB ]=v-FQILNLFQG-N u^gO���RIEgO�5KTFQ��f-lLFHgOSÔ�ÎFHK��TS�v�g uEG�stNEKMf)v
vJlLs5SJgH�M_kvJKMgHI¯V.FQILN K�I �ÎFHf
v!vJG�_EILftFjv�stN�sDQkuLFQILSJKMgHILS���FW�ofhgHI MHstGJ�Os#vJg�shG�G�gHIEstgH_LS�S�gO��_kv�K�gOILStB
r�lEs���FQKMI G�stFHSJgHI �ÄgHG�vJlEKTS#KTS#vJl^Fjv#vJlLs��ÄGJs'L=_EshILfh� gH��v�lEs&SJgH�M_kvJKMgHI Nkstu^stILNES�gOI vJlEs&G-FQIEZ
NkgO� MjFQG�KTFQnE�Ms&FQILN FH�MSJgovJl^Fjv�v�lEshG�s&KTS F�NkKTS�f)gHI=v�K�IR_EK�v�� KMI vJlLs&K�ILK v�KMFH��f)gOILNkK�vJKMgHILStB 4cSJK�IL�
FQI FHNLFQukv�K^MOs/�/_E� v�K Z|sh�Msh��stIOv���N�X FHuEuEG�gOFOf-l.V£lEgjm�sDMHstGtV±nLFOS�s�N gOI v�lEs��MgRftFQ��MjFQG�KMFHILf)s�fhFHI
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