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1 Introduction

Solutions of elliptic boundary value problems in polyhedral domains have cor-
ner and edge singularities and, in addition, boundary layers may also arise
in laminar, viscous, incompressible flows with moderate Reynolds numbers at
faces, edges, and corners. Suitably graded meshes, geometrically refined to-
wards corners, edges, and/or faces, can be employed in order to achieve an
exponential rate of convergence of hp finite element approximations; see, e.g.,
[4, 5, 26, 36, 37].

Neumann-Neumann (NN) and FETT algorithms are particular iterative sub-
structuring methods and are among the most popular and heavily tested domain
decomposition (DD) methods; see, e.g, [19, 13, 24, 7]. Unfortunately, the per-
formance of iterative substructuring methods might be severely compromised if
very thin elements and/or subdomains or general non quasiuniform meshes are
employed.

Some work has been done on domain decomposition preconditioners for
higher order approximations of three-dimensional problems. It is well-known
that on shape-regular meshes special care must be taken in the choice of the
basis functions in order to produce preconditioners that are robust with respect
to the polynomial degree. We mention, e.g., [21, 22, 23, 29, 8, 38]. For p approx-
imations that employ nodal basis functions on Gauss-Lobatto nodes (spectral
element approximations), many iterative substructuring methods can be suc-
cessfully employed and studied; see [33, 34, 30, 32] and the references therein.
Some of these ideas can be and have been generalized to hp approximations.
We mention, e.g., [2, 1, 28, 14, 20, 3, 18] and the references therein and, in par-
ticular, [15] for three-dimensional problems. In all the above-mentioned works,
however, the finite element mesh is assumed to be shape-regular and robustness
with respect to the aspect ratio is not in general ensured and often unlikely to
hold in practice.

In [40, 42], we showed that NN and FETT methods can be successfully devised
for the particular geometrically refined boundary layer meshes commonly used
for hp finite element approximations of two-dimensional problems. Indeed, these
meshes are highly anisotropic, but of a particular type:

1. they are obtained by refining an initial shape-regular mesh (macromesh);

2. refinement is only carried towards the boundary of the computational do-
main.

These properties, also shared by three-dimensional meshes, allowed us to
obtain condition number bounds for the corresponding preconditioned operators
that only grow polylogarithmically with the polynomial degree, as is the case of
p approximations on shape regular meshes. Our understanding and analysis was
confirmed by numerical experiments. In particular, we choose the macromesh
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as a decomposition into substructures in such a way that subdomains are shape-
regular. Roughly speaking, the reason why such favourable condition numbers
are retained lies on the fact that upper bounds come from stable decompositions
of finite element functions into components associated to geometrical objects
(typically vertices and edges of the subdomains in two dimensions). Because of
our particular meshes, only components associated to internal vertices need to
be considered, i.e., relative to vertices in a neighborhood of which the mesh is
shape-regular.

Three-dimensional boundary layer meshes also share the two characteristics
mentioned above. However, stable decompositions now involve face and wire-
basket components, where the wirebasket is the union of the subdomain edges
and vertices that do not lie on the external boundary of the computational do-
main. By considering, for instance, an edge F of a macroelement that share a
face with Q (see the face patch in Figures 1, left, or 2), decoupling of face and
wirebasket components is now also performed close to 02, and thus where the
mesh is not shape-regular. In this work, we are however able to provide con-
dition number bounds that only grow polylogarithmically with the polynomial
degree, as in the two-dimensional case, and are independent of arbitrarily large
aspect ratios of the mesh.

The core of this work lies in the careful modification and derivation of certain
Sobolev type inequalities that are independent of the aspect ratio of the mesh
for wirebasket and face components of finite element functions; see section 7.
Provided such inequalities are available, the definition of the algorithms and
their analysis are fairly standard procedures in DD methods and proceed as in
the two-dimensional case in [40]. Here, we will only consider Neumann-Neumann
methods, but note that the estimates derived can be employed for the analysis
of one-level FETI methods in a straightforward way; see [17, 40].

We limit our analysis to the case of nodal basis functions built on Gauss-
Lobatto nodes. In addition, we only consider the model problem (1), which does
not have boundary layers but only corner and edge singularities. However, our
tensor-product meshes can also be employed when only singularities are present
and do not require the use of hanging nodes. We recall that numerical results in
[42] for two-dimensional problems showed that better performance is obtained
for certain singularly perturbed problems which exhibit boundary layers. In
addition, a linear dependence in k for the condition number was observed for
problems with geometric refinement towards interfaces that lie in the interior of
the computational domain.

The remainder of this paper is organized as follows: in sections 2 and 3,
we introduce our continuous and discrete problems, respectively. Geometric
boundary layer meshes are introduced in section 4. A particular choice of basis
functions is given in section 5 and our Neumann-Neumann preconditioners are
defined in section 6. Section 7 is the core of this work and is devoted to the
proof of some discrete Sobolev type inequalities. Comparison results for certain
discrete harmonic extensions are given in section 8. Condition number bounds
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are then proven in section 9. Section 10 contains some numerical results, while
some concluding remarks and perspectives are presented in section 11.

2 Problem setting

We consider a linear, elliptic problem on a bounded polyhedral domain €2 C R?
of unit diameter, formulated variationally as:
Find u € H}(Q), such that

a(u,v) = /Q p(x)Vu - Vodx = f(v), v Hy(Q). (1)

As usual, H*() is the space of square summable functions with square summable
first derivatives, and Hg () its subspace of functions that vanish on 9Q. The
functional f(-) belongs to the dual space H~1(). Here x = (z,y,2) denotes
the position vector.

The coefficient p(x) > 0 can be discontinuous, with very different values
for different subregions, but we allow it to vary only moderately within each
subregion. We will in fact assume that the region is the union of elements (also
called subdomains, substructures, or macroelements) {{2;}. Without decreasing
the generality of our results, we will only consider the piecewise constant case:

p(x) =pi, x€Q;.

In the case of a region of diameter H;, such as the substructure €2;, we use
a norm with different relative weights obtained by a simple dilation argument:

1
lull2 g, = 0B o, + el a, ©)
3

Here, ||-||0.; and |-|1,0, denote the norm in L?(£2;) and the seminorm in H(€2;),
respectively. In the following we also employ the space W1>°(£);) of bounded
functions with bounded derivatives; see, e.g., [27].

3 hp finite element approximations

We now specify a particular choice of finite element spaces. Given an affine
quadrilateral mesh 7 of Q and a polynomial degree k£ > 1, we consider the
following finite element spaces:

X=XHQT) = {ue HQ)| u,cQ(K), KeTh. ()

Here Q,(K) is the space of polynomials of maximum degree k in each variable
on K. In the following, we may drop the reference to k, 2, and/or 7 whenever
there is no confusion.
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Level 1
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Level 2
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Figure 1: Hierarchic structure of a boundary layer mesh, with ¢ = 0.5 and
n = 3.

In this paper, we always assume that the meshes are regular, i.e, the inter-
section between neighboring elements is either a vertex, or an edge, or a face
that is common to the two elements.

A finite element approximation of (1) consists of finding u € X, such that

a(u,v) = f(v), veX. (4)

4 Geometric boundary layer meshes

In order to resolve boundary layers and/or singularities, geometrically graded
meshes can be employed. They are determined by a mesh grading factor o €
(0,1) and a refinement level n > 0. The number of layers is n + 1 and the
thinnest layer has a width proportional to ¢™. Robust exponential convergence
of hp finite element approximations is achieved if n is suitably chosen. For
singularity resolution, n is required to be proportional to the polynomial degree
k; see [4, 5]. For boundary layers, the width of the thinnest layer needs to be
comparable to that of the boundary layer; see [26, 36, 37].

A geometric boundary layer mesh 7 = 7,7 is, roughly speaking, the tensor
product of meshes that are geometrically refined towards the faces. Figure 1
shows the construction of a geometric boundary layer mesh 7,;7.

The mesh 7,7 is built by first considering an initial shape-regular macro-
triangulation 7,,, possibly consisting of just one element, which is successively
refined. This process is illustrated in Figure 1. Every macroelement can be
refined isotropically (not shown) or anisotropically in order to obtain so-called
face, edge, or corner patches (Figure 1, level 2). Here and in the following, we
only consider patches obtained by triangulating the reference cube Q = I3,
with I := (=1,1). A patch for an element K,, € T, is obtained by using an
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affine mapping F,, : Q — K,,. The stability properties proven for patches
on the reference cube are equally valid for an arbitrary shape-regular element
K., € T, with a constant that is independent of the diameter of K,,.

A face patch is given by an anisotropic triangulation of the form

T ={K,xIxI| K,eT,}, (5)

where T, is a mesh of I, geometrically refined towards, say = = 1, with grading
factor o € (0,1) and n levels of refinement; see Figure 1 (level 2, left). We note
that the mesh T, x {I} of § := I? is a two-dimensional edge patch.

An edge patch is given by a triangulation

Te=Tl ={K,x Ky, xI| K,€Ty, K, €Ty} ={KupyxI| Kuy€ Ty}
(6)
where T, and 7T, are meshes of I, geometrically refined towards, say x = 1 and
y = 1, respectively, with grading factor o € (0, 1) and total number of layers n;
see Figure 1 (level 2, center). The mesh 75, of S is a two-dimensional corner
patch.
In a similar way, we can define a corner patch 7.:

Te=TV ={K,xK,xK,| K,€T,, K, €T,, K.€T.},

where 73, Ty, and 7, are meshes of I, geometrically refined towards, say = 1,
y =1, and z = 1, respectively; see Figure 1 (level 2, right).

We note that every element K of T¢, Te, and 7T, on the reference cube is of
the form (0, hy) % (0, hy) % (0, h,) (after a possible translation and rotation) and
is thus obtained from the reference element by an affine mapping F : Q - K
of the form

oy AT =(he/2)(@+1) (hy/2)(5+1) (he/2)E+D]T. (7)

The aspect ratio of K is the maximum of all possible ratios of h;, hy, and h..
Since the macromesh consists of affinely mapped elements K,,, every element
K of the global mesh 7 = 7,7 is obtained from the reference element by
combining two affine mappings

K = Fg(Q) = Fx,, (Fg(Q)), K C Ky € T 8)

Since 7Ty, is shape-regular, the aspect ratio is determined only by Fjy; cf. (7).
Finally we note that the aspect ratio of the mesh is determined by o and n, and
is proportional to o~".

As in [40], our analysis will be made for a prototype mesh, obtained from a
shape-regular (not necessarily quasi-uniform) macromesh, by refining elements
that only touch 0, either as corner, edge, or face patches. Such meshes only
consist of four types of patches: unrefined, face, edge, and corner patches. We

also recall that in practical applications ¢ is bounded away from one and zero.
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5 Basis functions on Gauss-Lobatto nodes

For the space X*(€2;T), we choose nodal basis functions on the Gauss-Lobatto
nodes. We denote by GLL(k) the set of Gauss-Lobatto points {&; 0 <14 < k}
on I = (—1,1) in increasing order and by {w; > 0} the corresponding weights;
see [6, Sect. 4]. We recall that the quadrature formula based on GLL(k) has
order 2k — 1 and, in addition,

k

lall§ ;< D ul€)?wi < 3lullg ;. we Qul); (9)

=0

see [6, Rem. 13.3].

For the reference cube Q = (—1,1)3 weset GLL(k)? = {&1 = (&,€,6); 0 <
i,j,0 < k}. In the following, we use the same notation for the mapped Gauss-
Lobatto nodes and corresponding weights for an affinely mapped element K €
T.

Given the nodes GLL(k)?, our basis functions on Q,(Q) are the tensor
product of k-th order Lagrange interpolating polynomials on GLL(k), defined
by .

Li(&5) = 045 (10)

On the reference element we can write

k k k
-T 'Yy 2 ZZZU gzagj’gl Z )Zj(y)il(z)’ u € @k(@) (11)

1=0 j=0 1=0

For a general element in 7, basis functions are obtained by mapping those on
the reference element. Interior local basis functions correspond to GLL nodes
inside Q (all local indices differ from 0 and k).

Equation (11) defines an interpolation operator I* on the reference element

kokk
I*u(z,y, 2 ZZZU&,@,&Z (@)1 ()l (2).

=0 j=0 [=0

The points GLL(k)? define a triangulation T;, = Ty, (Q) of Q in a natural way,
consisting of k3 parallelepipeds. Let Y = Yh(Q) = (Q Ti) be the space
of piecewise trilinear functions on this mesh. We also denote Y* = Y*(Q) =
Q4 (Q). The aspect ratio of Ty, is of the order of k; see [10, Pg. 27] for details.
In a similar way we can consider a Gauss-Lobatto mesh on an affinely mapped
element K by simply mapping the GLL mesh on Q In the following, we will
use the notations T = Tx(K), Y" = Y"(K), and Y* = Y*(K), to denote the
GLL mesh, the piecewise trilinear finite element space, and Q,, respectively,
for a mapped element. If the aspect ratio of K is, e.g., hy/hy (cf. (7) and (8)),
then that of the corresponding Ty is (hy/hy)k.
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There is a one-to-one correspondence between Y and Y* given by
I* .yt s yk rhoyR v

where I" is the nodal interpolation operator on Y. We use the notation u, €
Y and us, € Y* in order to denote two corresponding functions.

Lemma 5.1 Let K = (0,hy) x (0,hy) x (0,h.). Then there exist positive con-
stants ¢ and C, such that, for up € Yh(f(),

cllunlly z < lluklly z < Cllunlly -
cl| O (un)llo & < 192 (wr)llo & < CllOx(un)llo i

with, in particular, ¢ and C independent of hy, hy, h., and k. Similar bounds
hold for the y and z derivatives. If K € T is given by (8), then, foru; € Y (K),

cllunllo,x < [lukllo,x < Cllunllo,x,
clunl,k < lukli,x < Clupl,k

where the constants are independent of the diameter and the aspect ratio of K,

and k.

The proof of the above result can be found in [9, Sect. 2] for K = Q. For an
affinely mapped element a scaling argument can be used. We note that thanks
to Lemma 5.1 we can equivalently work with functions in Y* or Y.

The following result can be found in [10, Lem. 3.3.3].

Lemma 5.2 Let K = (0,hy) x (0,hy) x (0,h,) and up, € Y*(K). Given 6 €
Wheo(K), with
10l .5 <€, IVOll x < C/r,
then . ) )
11 (Oun)llg gz < Cllunllg g
101" (Oun)llp o < Cllunl} o +r72[lunll? 2,

where C' is independent of hy, hy, h., and k. Similar bounds hold for the y and
z derivatives. If K € T is given by (8), then, for u, € Y'(K),

11" (Oun)lI5 < Cllunllf x-

11 (Oun)f i < Clunli g +r72[lunllf x),
where C' is independent of the diameter and the aspect ratio of K, and k.

Given an element K = (0, h,) x (0,h,) x (0, h.) and a coordinate direction,
say x, , let a, b, ¢, and d be the vertices of a face of K perpendicular to this
direction, and let a/, &', ¢/, and d’ be the corresponding points on the parallel

face. The following lemma relies on trivial properties of trilinear functions; cf.
[10, Lem. 3.3.1].
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Lemma 5.3 Let K = (0, hy) x (0,hy) x (0,h;) and a, b, ¢, and d be the ver-
tices of a face off( perpendicular to the x direction. Then there are constants
independent of hy, hy, and h., such that, if u is trilinear on K,

cllull} o < hahyhe 3 (u(x)? +u(x)?) < Cllul|
’ x=a,b,c,d

cllozull? o < (hahyhs/h3) 72% d(U(X) —u(x))? < Cllozull} 4.

lol? < hi? S (u(x) —u(x))? < ClogulZ, .

x=a,b,c,d

2 ~
0,K’

Similar bounds hold for the y and z derivatives.

6 Neumann-Neumann methods

Iterative substructuring methods rely on a non-overlapping partition into sub-
structures. We mention [39, Ch. 4] as a general reference to this section. In our
algorithms the substructures are chosen as the macroelements in 7,,, = {; | 1 <
i < N}. We recall that the macroelements are shape-regular. This appears to
be essential for the analysis and good performance.

We define the boundaries I'; = 99; \ 99 and the interface I" as their union.
We remark that I is the union of the interior subdomain faces, regarded as open
sets, which are shared by two subregions, and subdomain edges and wvertices,
which are shared by more than two subregions. Vertices can only be endpoints
of edges. In the following, we tacitly assume that points on 9Q2 are excluded
from the geometrical objects that we consider, or, in other words, we will only
deal with geometrical objects (faces, edges, vertices, ...) that belong to I'. We
denote the faces of €; by F¥, its edges by E¥, its vertices by V¥, and its
wirebasket, defined as the union of its edges and vertices, by W*. Occasionally,
we will also use faces, edges, and vertices with one or no superscript. If a vertex
(edge) lies on 02 we will regard it as part of the internal edge (resp., face) that
shares it with 9.

When restricted to the subdomain €2;, the global triangulation 7 determines
a local mesh 7;. This mesh can be of four types: face, edge, corner, or consisting
of just one element. We define the local spaces X; = X*(Q;;T;), of local finite
element functions that vanish on 99 N 9€;

In our analysis, we will also employ the GLL mesh 75 (€2;) on €;, generated by
the local GLL meshes T (K) for K € 7;. The corresponding space of piecewise
trilinear functions on 7% (£2;) that vanish on 9QNSY; is denoted by Y’ (£;). We
set Yk(QZ) = Xk(Ql,ﬁ)

We next define the local bilinear forms

ai(u,v):/ piVu-Vvdx, u,ve X;.

7
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We note that if Q; is a floating subdomain (i.e., its boundary does not touch
00), a;(-,-) is only positive semi-definite and for u € X; we have

a;(u,u) =0 iff w constant in ;.

The sets of nodal points on T;, T, F¥, E%_ and W' are denoted by T; 5, ['s,
F, ,ij , E,ilj , and W}, respectively. We will identify these sets with the correspond-
ing sets of degrees of freedom. As for the corresponding regions, we will also
use notations with one or no superscript.

We introduce some spaces defined on the interfaces: U; is the space of re-
strictions to I'; of functions in X k(Qi; T;) and U of restrictions to I' of functions
in X*(©; 7). We note that functions in U; and U are uniquely determined by
the nodal values in I'; ;, and I'},, respectively. For every substructure 2;, there
is a natural interpolation operator

RI': U, — U,

that extends a function on I'; to a global function on I with vanishing degrees of
freedom in 'y, \ T'; 5. Its transpose with respect to the Euclidean scalar product
R; : U — U; extracts the degrees of freedom in I'; 5.

Once a vector u € X*(; T) is expanded using the basis functions introduced
in section 5, Problem (4) can be written as a linear system

Au = f.

We recall that the condition number of A is expected to grow at least as
k3 ) (hmin)? ~ k30727 ~ k3072F (see [25] for a result in two dimensions) and
may thus be extremely large for large values of k.

The contributions to the stiffness matrix and the right hand side can be
formed one subdomain at a time. The stiffness matrix is then obtained by
subassembly of these parts. We will order the nodal points interior to the sub-
domains first, followed by those on the interface I'. Similarly, for the stiffness
matrix relative to a substructure §2;, we have

(@) (4)
o= (4 a8 )
3 3 °
Ar; Arp
In a first step of many iterative substructuring algorithms, the unknowns in
the interior of the subdomains are eliminated by block gaussian elimination. In
this step, the Schur complements, with respect to the variables associated with

the boundaries of the individual substructures, are calculated. The resulting
linear system can be written as

Sur = gr. (12)
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Given the local Schur complements

-)T

Sy = AW — AT 4D AWy, s,
we have

N
S=> RISR;:U-—U
i=1
and an analogous formula can be found for gr; see [39, Ch. 4].
A function v defined on €; is said to be discrete harmonic on ; if

AGP + APl — 0.

In this case, it is easy to see that ’Hi(ug)) = u® is completely defined by its
value on I';. The space of piecewise discrete harmonic functions u consists of
functions in X that are discrete harmonic on each substructure. In this case,
u =: H(ur) is completely defined by its value on T".

Our preconditioners will be defined with respect to the inner product

s(u,v) = vl Sv, u,vel.

It follows immediately from the definition of S that s(-,-) is symmetric and
coercive.
The following lemma results from elementary variational arguments.

Lemma 6.1 Let ul(j) be the restriction of a finite element function to I';. Then

the discrete harmonic extension u(? = ’Hz(ug)) of ug) into (; satisfies

a;(w® u®)y =" min  a;(0?,0®) = u{f) S(Z)ug).
U(i)‘aﬂi:ul(])

Analogously, if ur is the restriction of a finite element function to I', the piece-

wise discrete harmonic extension u = H(ur) of ur into the interior of the

subdomains satisfies

a(u,u) = min a(v,v) = s(u,u) = uk Sur.
v|p=ur

This lemma ensures that instead of working with functions defined on the in-
terface I', we can equivalently work with the corresponding discrete harmonic
extensions. For this reason, in the following we will identify spaces of traces on
the interfaces, U; and U, with spaces of discrete harmonic extensions. We point
out however that due to the particular meshes considered, we cannot equiva-
lently work with norms of local discrete harmonic extensions and traces on the
subdomain boundaries since our local meshes are not in general quasi-uniform
or shape-regular, and stable discrete harmonic extensions cannot be found in
general.
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Neumann-Neumann methods provide preconditioners for the Schur comple-
ment system: instead of solving (12) using, e.g., the conjugate gradient method,
they employ an equivalent system involving a preconditioned operator of the
form

N
SIS =Pyy =P+ (I-PR)>_ P)I - P).
i=1
We refer to [12, 24, 30, 17] for some NN methods for the h and p finite element
approximations. We are unaware on any such method for hp approximations.
The operators P; are projection-like operators associated to a family of sub-
spaces U; and determined by a set of local bilinear forms defined on them

3i(u,v), wu,veU;.
Given the interpolation operators R : U; — U, we have
P,=RI'P, P:U-—U, (13)
with B
5;(Pyu,v;) = s(u, RTv;), w; € U (14)
While P, is associated to a low-dimensional global problem, the others are
associated to the single substructures. The remainder of this section is devoted
to the definition of the various components of Py .
An important role is played by a family of weighted counting functions d;,
which are associated with and defined on the individual T'; (cf. [11, 12, 24, 35,

30]) and are defined for v € [1/2,00). Given Q; and x € T'; 5, §;(x) is determined
by a sum of contributions from €2; and its relevant next neighbors,

6i(x)= > pl(x)/pl(x), x €T (15)
JENK

Here Ny, x € T'j,, is the set of indices j of the subregions such that x € T 5.
The function d; is discrete harmonic and thus belongs to U;. The pseudoinverses
81 € U; are defined, for x € T, by

0l(x) =071 (x), x€Tin. (16)

We note that these functions provide a partition of unity:

N

> RlGT(x)=1. (17)

i=1

In particular, for u € U we can use the formula

Hi(0]w). (18)

N
u = g RTw; with u;
- 7 (2] (3
i=1
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Here and from now on, we will tacitly assume that whenever we write H;(uv)
or H(uv) we first form I*(uv), i.e., map the product of the two functions u and
v into the hp finite element space by interpolation, and then extend the result
as a discrete harmonic function. If there is no confusion, we will sometime use
the notation uv in order to denote I*(uv) or H;(uv).

A coarse space Uy of minimal dimension is defined as

Uy = span{RT4!} C U,

where the span is taken over the floating subdomains. We note that Uy consists
of piecewise discrete harmonic functions and R{ is the natural injection Uy C U.
We consider an exact solver on Uy

S0(u,v) = a(Hu, Hv) = a(u,v).
For every substructure €2;, the local bilinear form is
Si(u,v) == a;(Hi(6;u), Hi(0;v)), u,v € Uj.

For a floating subdomain P; is defined only for those u € U for which s(u,v) =
0 for all v = RTv; such that H;(d;v;) is constant on ;. This condition is
satisfied if a(u, RT6]) = 0; we note that RT4] is a basis function for Up. For
such subdomains, we make the solution Pyu of (14) unique by imposing the
constraint

/ Hz(ézplu)dx = 0, (19)
Q;

which just means that we select the solution orthogonal to the null space of the
Neumann operator. Thus, Rcmge(ﬁi) has codimension 1 with respect to the
space U;.

We can equally well use matrix notations. Let D; be the diagonal matrix

with the elements 52 (x) corresponding to the point x € T'; ,. Then
5i(u,v) = uT' D;1S; D .
We also have,
P; = RTD;SD,R;S,
where SZT is a pseudoinverse of S;. Analogously for the coarse projection
Py = RISy 'Ry S,

where Sy = ROSROT the restriction of S to Uy

The main result of this paper is a bound for the condition number of Pyy.
Such bound can be found using the abstract Schwarz theory; see, e.g., [39, Ch.
6]. We refer to [24, 12, 30, 39, 17] for similar proofs.

A uniform bound for the smallest eigenvalue can be found using the decom-
position (18) and the fact that Py is an orthogonal projection.
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Lemma 6.2 We have
s(PnNu,u) > s(u,u), ue€U.

In order to find a bound for the largest eigenvalue, we need a stability prop-
erty for the local bilinear forms; see, e.g., [39].

Assumption 6.1 We have

S(R;—T’ui, RzTuz) < w §;(ug, ui), u; € Range(é—), i=1,---,N,

w=C(1-0)""° (1+10g (%))2

and C' independent of k, n, o, v, the coefficients p;, and the diameters H;.

with

The proof of Assumption 6.1 is given in section 9. Assumption 6.1 and a
coloring argument provide a bound for the largest eigenvalue; see, e.g., [30, Sect.
8].

Lemma 6.3 Let Assumption 6.1 be satisfied. Then
s(Pnyu,u) < Cws(u,u), u€U.

Consequently the condition number of Pnn satisfies
i 2
k(Pvn) < Cw=C(1 —U)_G (1 + log (1—)) .
—0o

7 Decomposition results

A key ingredient for the proof of Assumption 6.1 and for the analysis of many
iterative substructuring methods in three dimensions is a decomposition result
for local functions in U; into face and wirebasket components:

u:ZuFu +uwi, u€U. (20)

J

The face component ugi; vanishes on 9; \ F ijl and is discrete harmonic. It
is uniquely determined by the nodal values in F,’. The wirebasket component
uyy: is also discrete harmonic and vanishes at all points of I'; ;, except at those
in Wﬁ

We can further decompose a local functions by also defining edge and vertex

components:
UZZUFU +ZuEij +Z’uvi1’; u € U, (21)
J J J
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9

T (2)

Figure 2: Face patch: partition of an edge F that touches 9f2 into F;_, and E,
(left) and two-dimensional mesh 7 (z) for a section corresponding to a constant
z (right).

where ug; is discrete harmonic and vanishes on 9Q; \ E% | and uy-; vanishes at
all nodes in I'; , except at the vertex V4. We recall that we exclude geometrical
objects on 02 and that therefore the sums in (20) and (21) are taken over faces,
edges, and vertices that do not belong to 0. Discrete harmonic functions of
type upii, Ugii, uyii, and uy are called face, edge, vertex, and wirebasket
functions, respectively.

Here and in the following section, we only carry out proofs for the reference
cube Q: since elements in the macromesh 7,, are shape-regular and affinely
mapped, the corresponding bounds for a generic substructure Q; € 7, of di-
ameter H;, can be obtained by a standard scaling argument and involve the
scaled norm (2). We recall that we only need to consider four types of patches:
face, edge, corner, and unrefined ones, together with the corresponding trian-
gulations Ty, 7Te, 7¢, and Q, respectively; cf. Figures 1. We recall that a generic
patch is denoted by 2; and its triangulation by 7;.

7.1 Wirebasket components

Given an edge F = E% C W', we define a discrete L? norm on E. If E does
not touch the boundary 9%, we simply set

[elln.& = llullo,e-

Let now E be an edge that touches 0€); see Figure 2, left, for an example of
a face patch. After a possible translation and rotation, E' can always be written
as
E={(1,1,2)| z€I}.

Then, the local mesh 7; gives rise to a one-dimensional triangulation on E, Tg,
which is not quasiuniform and is geometrically refined towards one end point,
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say z = 1. In addition, E' can be partitioned as
E=FE;_,UE,, Eio=(-1,-142(1-0)), E,=(-1+2(1-0),1).

We note that E7_, consists of exactly one element of length 2(1—0) in T, while
the elements on FE, are geometrically refined towards z = 1. We now consider
the GLL mesh 75 (£2;) and observe that all the elements that touch the edge E
have the same diameters h; ; and h; 4, along the two directions perpendicular to
E; cf. Figure 2. Indeed, h; , and h;, are of order k=2, for a face patch, of order
k=2(1 — o), for a corner patch, and of order k=2 and k=2(1 — o), respectively,
for an edge patch. Moreover, thanks to our particular meshes and to the fact
that local spaces of the same degree k are employed on each element, we have
the following property:

Property 7.1 Let E be an edge parallel to, e.q., z, that is shared by two sub-
structures ); and Q. Then, the meshsizes h; , and h; 4, and h;, and h;, are
comparable. In particular, there exist constants, depending only on the aspect
ratios of Q; and €, such that

C(l — O')hi,z S h]‘,z S C(l - O')ilhi,z.
Similar bounds hold for h; , and hj .
We define

lullf, 5 = ullg 5 + lullh g, = Iull§ &+ hiwhiy|0:ullf g, -

We note that in this case the discrete norm is obtained by adding to the L? norm
on E a weighted L? norm of 0,u over a part of E where 7 is not quasiuniform.
A discrete wirebasket norm is obtained by summing the contributions over all

the edges:
lullf e = > lulli e
Ecw?

Lemma 7.1 Let uy: € U; be discrete harmonic and vanish at all nodal points
L;pn except at those on Wi. Then there is a constant independent of uyy:, H;
o, and n, such that

30, < O )y

2 .
h,Wi-

Proof. The result follows by estimating the energy norm of the zero extension
of the boundary values and by noting that the harmonic extension has a smaller
energy (cf. Lemma 6.1). More precisely, let uj be the function that vanishes at
all nodal points in €2, UT'; j except at those on Wi and v = up, = I™uy, the
corresponding piecewise trilinear function defined on the GLL mesh 75 (£2;). We
will estimate the energy of up on each element K € T;(€2;) that touch an edge
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E c W'. Without loss of generality, we assume that E is parallel to the z axis.
We only consider the worst possible case, i.e., that of a face patch and refer to
Figure 2.

Let us first suppose that E does not touch 092. For a face patch, K has
dimensions h,, hy, and h, of order

k2 xk™2(1—0)x k™2, or
E2x k= 2(1—0) x k71,

and thus
(1 —o)hy < hy < Chy,

hy < Cha: (22)

see Figure 2. If a and b are the vertices of K that lie on F, Lemma 5.3 yields

b
J0:ulf s < Clbyha /) (ula)? + u(v?) < € [ ud,

where for the last inequality we have used (22) and standard properties of linear

functions. In a similar way, we find

b

b
18,ull2 1 < C(1 - 0)_1/ Pdz, 0ul g < c/ W2z,

a

Let now E be an edge that touches 90 and K € T(Q;) be an element that
shares an edge with Fy_,. For a face patch, K has dimensions of the order

k72 x k™2 xk™2(1 —0), or
E2xk2xk Y(1-0)

3

and thus
chy < hy < Chy,

hy <C(1—0)"thy;
see Figure 2, left. As before, Lemma 5.3 yields

(23)

b b b
Opull2 i <C | widz, |Oyult <C [ widz, ||0.ul|f x < C(1—0)72 u?dz.
0, yUllo, 0,

a

We are now left with the case of an element K € T (£;) that shares an edge
with E,. We note that the first of (23) remains valid in this case. We then have

b

b
l0ull? . < C / widz, |0yl < C / Wz,

a

For 0,u, we trivially have

b
[0-ul e < Clhahy/he)(u(e) ~ u(b))? < Chuh, [ (Do
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The proof is concluded by summing over the elements K € T;(€;) and using
Lemma 5.1. O
We now have a bound for the wirebasket component.

Theorem 7.1 Let u € U; and uyyi be its wirebasket component. Then there is
a constant independent of w, H;, o, and n, such that

luwilTo, <C(1— 0—)72”u”}21,Wi'

A complementary result is given by the trace estimates in Lemma 7.2. We
first introduce some additional notations. Let E be an edge of a substructure
;. Without loss of generality, we assume that €); coincides with the reference
cube @ and that E = {(1,1,2)] z € I}. The intersection between the plane
corresponding to a constant z € I and Q is the unit square S = (—1,1)2, and
the local mesh 7; gives rise to a two-dimensional mesh 7(z) on S which is either
a two-dimensional edge or corner patch, or it consists of a single element S ; see
Figure 2, right. Let V' = (1,1) be the intersection between F and the closure of
S. IfK v € T(z) is the two-dimensional element that contains V', we note that,
since E does not belong to 99, Ky has dimensions in {2,2(1 — o)}, and thus
independent of the level of refinement n. For a fixed (z,9) € Ky, we finally
define the edge F(z,y) = {(x,y,2)| 2z € I}.

Lemma 7.2 Let up, € X; and E and edge of Q;. Then there is a constant
independent of ui, H;, o, and n, such that

lulld < C(1—0)72 (1 +logh) [lur]lf q,,
luellh g < C(1—0)7%(1+loghk) Jux| g,

Proof. As before, it is enough to find bounds for u = I"u;. Without loss of
generality, we assume F = {(1,1,z2)| z € I'}. We consider the two-dimensional
mesh 7 (z) on the intersection between the plane corresponding to a constant z
and the substructure; cf. Figure 2, right. Since geometric refinement on 7 (z)
takes place far from the vertex (1,1), we can apply the two-dimensional result
in [40, Lem. 7.6] and write

|’U,(1, 1,Z)|2 < C(l - J)_2 (1 +10gk) ||’U,(, az)H? S zZ € (715 1)7

with a constant that is independent of n, o, and z. Integrating over z then gives
[ulldz < € (1 —0)7 (1 +logk) [[ulli g,

which proves the first inequality and the second one for edges that do not touch
onN.

We now bound ||u||p,g, for an edge that touches the boundary 02. We
consider the one-dimensional GLL meshes for each one of the elements in 7g
and estimate the single contributions from the elements of these meshes. Let e
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be one of these elements of length h, and end points a and b. The edge e belongs
to a parallelepiped K. € Ti(£;). We note that K. has dimensions h; = h; g,
hy = h; y, and h. Since u is linear on e and trilinear on K., we have

hahy

hahy [ 0.0z < CRE (u(a) — () < Cloulf .

z

where, for the last inequality, we have used Lemma 5.3. Summing over the edges
e in F, yields
2 2
ulliy, &, < Cll0zullgq,,

which, combined with the first inequality, proves the second bound. 0O

The next lemma can be proved using the two-dimensional bound in [40, Lem.
7.6] and similar arguments as before. We note that it is only valid for edges
E(z,y) that are not too far from E and thus not too close to the part of Q;
where anisotropic refinement takes place.

Lemma 7.3 Let E be an edge of a substructure €; which is parallel, say, to
z and intersects the plane corresponding to a constant z in V. Let in addition
Ky be the element in the two-dimensional mesh T (z) that contains V. Then,
for every (x,y) € Ky and up € X,

[urllg, ey < C (1 —0)72 (1 +loghk) lukllf g, (24)

where C is independent of u, o, n, k, and (z,y), but depends only on the aspect
ratio of ;.

Proof. The proof can be carried out as in the previous lemma by using the
two-dimensional result in [40, Lem. 7.6]. Indeed, since the point (z,y) belongs
to Ky and is thus far from the region where anisotropic refinement takes place,
we have

2 -2 2
|U(.’L‘,y,Z)| SC(l—O‘) (1+1ng) ||u('a'az)H1,S’a A (_151)
Integration along z concludes the proof. O
We end this section with a stability result for vertex and edge components.

It is a direct consequence of (9) and of the fact that for a vertex function the
modified norm || - ||, g coincides with || - ||, -

Lemma 7.4 Let E be an edge of a substructure ); and V' one of its end points.
Then, for every u € X;,

luv i we < Cllulh e luelhwe < Cllully e (25)

where C is independent of u, o, n, k.
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¢ K 2-0) | AT

20 Ci

Figure 3: Edge patch on the reference cube (—1,1)? employed in the proofs of
Lemmas 7.5 and 7.6

7.2 Face components

We next consider the face contributions of the decomposition (20). Bounds for
face contributions on the unrefined patch follow from standard results for spec-
tral elements. For face, edge, and corner patches, we employ cut-off functions
Or for each face and Lemma 5.2. We note that we need to consider one possible
case for faces of the corner patch, and two for the edge and face patches; cf.
Figure 1. In this section we only consider the case of an edge patch €; in full
detail, with the edge (1,y,—1), y € I, and the two adjacent faces in common
with 0€; see Figure 3. The other patches can be dealt with in a similar way.

As shown if Figure 3 for the reference cube, the edges that do not lie on
09 are denoted by E', I = 1,...,5, with E° the edge that does not touch the
boundary 0f2. An edge patch is further partitioned into three regions. The
first step of geometric refinement partitions Q into four parallelepipeds with
dimensions in {2,2(1 — 0),20}. Let Kq be the one that contains the boundary
edge and Kj,; the one that does not touch 9 and contains the inner edge E°.
The two remaining parallelepipeds are denoted by K12 and K3* and they touch
the edges E' and E?, and E? and E*, respectively. The region Kcqge is the
union of K2 and K34; cf. Figure 3.

The proof of the following lemma is a modification of those of [10, Lem.
3.3.6] and [40, Lem. 7.7].

Lemma 7.5 Given a face F7 of Q; that does mot lie on OS2, there exists a
continuous function Or;, defined on );, that is equal to one at the nodal points
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of F,Jl and zero on Ty, \ F}Z, such that

> Op(x)=1, x€(QnUTin)\ Wi,
FicT;
0<0p <1, (26)

[VOpi| < C/r, in Qi \ Ko
|VOri| < C/H;, in Kq,

where r = r(x) is the distance to the closest edge of Q; that does not lie on ON.

Proof. We only need to construct four functions and we will do that by
constructing them in the three regions K¢, Kedge, and Kq separately.

We start with the inner region K;,; and employ a similar construction as in
[10, Lem. 3.3.6]:
We further partition €2; into eight parallelepipeds by bisecting { Ky, K12, K34, Ko}
with the plane y = 0; see Figure 3, left. Let the center C' be the common vertex
to these parallelepipeds and {C7, j = 1,...,6}, be their vertices that belong
to the six faces of €2;; see Figure 3, right. By connecting the center C' with the
centers C7 and with the eight vertices of €;, and, for each face, by connect-
ing the point C7 with the four vertices of this face, we can partition €; into
twenty-four tetrahedra; see Figure 3, right. By intersecting them with K;,;, we
obtain a partition of K,; into eight tetrahedra. We first define a function 9 ;
associated to the face F7, defined to be 1/4 at the center C' and ¥p; (C') = 4,
at the centers of the faces. On the segments C'C!, these functions are obtained
by linear interpolation of the values at C' and C'; see Figure 3, right. The val-
ues inside each subtetrahedron formed by the segment CC* and one edge of F!
are defined to be constant on the intersection of any plane through that edge,
and are given by the value on the segment CC!. We note that this procedure
determines ¥ p; at all points in €2; except on the wirebasket W?.

We next consider the GLL triangulation 7%(£2;) and interpolate ¥g; at the
GLL nodes in K ;s \ W

Opi (x) = (I"9ps)(x), X € King \ W'

The function ; is set to zero on the nodes in Wj. The functions 65, are non
negative and bounded by one: this proves the second of (26) for points in K.
By construction, also the first of (26) holds for every node in K;; \ W% The
third of (26) can be proven by proceeding in the same way as for [10, Lem.
3.3.6].
We next construct the functions 0p; in Kegge:

We start with K'2. We take the values on the common face K12 N K, and
we extend them as constants into K12 along the segments parallel to E' and
E?; see Figure 3, left. The inequalities in (26) remain valid. We note that the
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function obtained is independent of z in K'2. A similar construction is carried
out in K34

Finally we construct 0; in Kq:
We note that Kq is divided into two parallelepipeds and that on their internal
faces the function 0y, has already been defined. In addition, f5; is bilinear on
these faces. It is then enough to assign the value 1/4 at the end points and
mid point of the boundary edge and interpolate these values in Kq in order to
obtain a piecewise trilinear function. The first, second and fourth of (26) follow
from standard properties of trilinear functions. O

By examining the proof of the previous lemma, we see that, for an edge F
that touches 92, the value of the functions 0, is independent of the coordinate
along the direction of E in all the elements of the GLL meshes that touch E,;
cf. Figure 3, left.

Property 7.2 Let F' be a face of Q; and E be an edge, parallel to, say z, that
touches 0. In any element Kg € Ti(Q;) that shares an edge with E, the
function Op is independent of z.

We are now able to bound the face components in the decomposition (20).

Lemma 7.6 Let 0y, be the functions in Lemma 7.5, where F7 is a face of the
substructure ;. Then, for every x € Q; ,, UL'; , that is not on the wirebasket of
Qi7
S FOpu)(x) =Y I"Opu)(x) = u(x), ue X,
J J

and
k 2
e <C-a) (14iog(122)) lulfa.

Proof. We only consider the case of an edge patch §2; in full detail; see
Figure 3. The proof is similar to that in [40, Lem. 7.8] and [10, Lem. 3.3.7]
but particular care is required close to the edges that touch 0€2. Indeed, thanks
to Lemma 5.1, it is enough to find a bound for the piecewise trilinear function
Ih (QFJ U)

The first equality follows directly from the first of (26). For the second
inequality, we consider an element K, of dimensions h,, hy, and h_, in the GLL
mesh 75 (£2;). We consider three cases (as opposed to [10, Lem. 3.3.7] where
only two cases are considered): K may belong to the region K¢ containing the
boundary edge, touch the wirebasket, or may not touch it; see Figure 3.

Case 1. We start with an element that touches an edge E and does not
belong to K. We can proceed as in [10, Lem. 3.3.7] if E does not touch 052
(E = E°) or, in case it does (E = E', | = 1,...,4), if K does not touch E,.
We only consider the case of E = E? in full detail; cf. Figure 3, left. The nodal
values of I"(0p;u) on K are 0, 0, 0, 0, u(a), u(b), Op;(c)u(c), and Op; (d)u(d),
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with a and b vertices on a face and ¢ and d vertices inside €;. It is immediate

to see that ( ) o -1
c(l—o0)hy < h, <C(l—0) "hy,
’ (27)
hy <C( —o0)"th,.
Using Lemma 5.3 and (27), we can easily find

(M Opsulf < C(L—0)"%h: (u(a)? + u(b)® + u(c)? + u(d)?)

b d
C(l—o)72 </ u2dz—|—/ u2dz>,

where we have also used the fact that 6, has values between zero and one.
Summing over the element K and using in Lemma 7.3 for segments that are
parallel to E give

Y " Opu)lf x < C(1=0)™" (14 logk) [[ullf o,
K

IN

where the sum is taken over the elements in 7 (€2;) that touch an edge E, such
that F does not touch 0X2 or, if it does, K does not touch F,.

We next consider the case where K shares an edge with E,. The terms
involving the = and y derivatives can be bounded as before: indeed, the first of
(27) still holds in this case. However, the second of (27), needed to bound the
z derivative, does not hold. Using Lemma 5.3 we find
101" (O w)§ x < Clhahy/hz) ((ula) = u(0)? + (O (c)u(d) — Ors (d)u(d))?) .
Property 7.1 ensures that 0p;(c) = 0 (d) and thus

101" (O w)§ x < ClO=(Orsw)lIf -

Summing over the elements K that touch F, gives
D01 Orsw) I < C10:(0iw) 3 0,
K

and thus

Y HMOru)lx < C(1—0)~* (L+1logk) |lullf .. (28)
KNWiZ)
Case 2. We now consider an element K € T (€2;) that does not touch the

wirebasket and does not belong to Kq. The proof for this case is similar to that
of [10, Lem. 3.3.7]. Using Lemma 5.2 and the second of (26), we have

Yo MOrw)li e < CY (ulf o +rlllulif x),

KCQ\Kq K
KNnwi=0
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where 7 is the distance of the baricenter of K from the wirebasket. We have

Zr;ﬁHquK <C / r2uldx

K Kint UK12UK34
2 4
92 —2 -2
< C / g u2dx+CE / T u2dx+CE / T u?dx,
Kint J=1 K12UK nt J=3 K34UK int

where 7; denotes the distance of a point from the edge E7 and the region
consisting of the elements in the GLL mesh 75 (Q;) that touch the wirebasket is
assumed to be excluded from the domains of integration; cf. Figure 3, left. Each
of the integrals on the right, associated to an edge E = E7, can be estimated
using cylindrical coordinates with the ¢ axis coinciding with E7 and the radial
direction r; normal to E7. We only consider E® in detail; cf. Figure 3. The other
integrals can be estimated in the same way. If the point V' is the intersection
between E® and the section corresponding to a fixed ¢ and Ky is the element
of the two-dimensional mesh 7 (¢) that contains V', we can write

1
/TETQqux < C/r;dedy/qu(
-1

Kint Ky

C(1 - 0)2(1 + log k) ull2 o, / r5? drdy,

Kv

IN

where we have used Lemma 7.3 for the last inequality; cf. Figure 2, right. The
last integral can be estimated by

2 2
k
/r;dedng r;ldn-,/ d¢§C(1+log(—)).
k=2(1—0) 0 1-0

Kv

Considering similar contributions for the other edges, we then find

_ E VY
> Ol < Cluto, + € -0 (14108 (12)) Tula
KCQ;\Kq g
Knwi=0
(29)
Case 3. We are now left with the case K C Kgq. Since, in this case, |V0p;]|
is bounded by a constant, Lemma 5.2 ensures

Do M Op )ik < Cllullf g,
KCKq

The proof is concluded by combining this inequality with (28) and (29), and
applying Lemma 5.1. O
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i Q;
Qg

2(1-0)

Figure 4: The cross sections of an edge and a face patch, or a corner and an
edge patch, with a common face F.

8 Comparison results

In the analysis of many iterative substructuring methods, it is necessary to
compare certain norms of discrete harmonic functions on different substructures
that have the same trace on a common face, edge, or vertex.

As already pointed out in [40], if the local meshes are shape-regular and
quasi-uniform, the comparison for functions on adjacent substructures that have
the same value on a common face, can be made using a trace theorem (which is
valid for general functions in H') and a stable extension. However, the existence
of stable extensions for meshes that are not quasi-uniform or shape-regular is
far from trivial. For this reason, here we will adopt the same strategy as in [40],
since the meshes considered are highly anisotropic but of a particular type.

We note that we only need to consider three cases: that of a face shared by
an unrefined and a face patch, by a face and an edge patch, and by an edge and a
corner patch. We only consider the last two case in full detail, since the former
can be treated in exactly the same way. We consider the two substructures
Q; and ); in Figure 4, which share the face F'. Since we proceed in exactly
the same way as in [40, Sect. 7.3], we do not present any proof here. We first
consider §2; and suppose that it coincides with the reference cube Q The face
F corresponds to = 1. Let Qp be the layer of points in ); within a distance
2(1 — o) from F.

The following lemma can be proven in the same way as [40, Lem. 7.9].

Lemma 8.1 Let up € U; be a face function on §;, i.e, a discrete harmonic
function that vanishes on OQ; \ F, and up € X;, such that

1. p is equal to up on F and vanishes on OQp \ F;
2. up 1is discrete harmonic in Qp;

3. 4p vanishes in Q; \ Qp.
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Then
2 P 2 2
lurliq, <lurliq, <I[IV0srlls lurlia,,
where 0, p € WH(€;) is any function that is equal to one on F, vanishes in
Qi \ Qp, and has values in (0,1) in the rest of Q;. In particular we can find a

function such that
IVOs.rlloo <C(1—0)"t

The comparison result for face functions can be then found by noting that
we can map §2; and its mesh into 2r and the corresponding local mesh, by a
simple dilation in the horizontal direction.

Theorem 8.1 Let F' be a face that is common to Q; and ; and up € U be a
piecewise discrete harmonic function that is identically zero at all nodal points
in Ty \ Fy, . Then,

c(L=0)lurli o, < lurlio, <CA—0)" urfiq,

For vertex and edge functions the following lemma is sufficient for our anal-
ysis.

Lemma 8.2 Let Q; and Q; be two substructures and uw € X. If V. =V =VJ
is a common vertex, then the vertex components of u satisfy

uyilliws < CA—0) Huy:

2 .

h,Wi-

If £ = E' = E7 is a common edge, then the edge components of u satisfy
lugsllh ws < CA—0) 2 lug: |} w-

Proof. For the first inequality, we note that the modified norms || - ||, i
and || - ||5.ws coincide with the L? norms, since a vertex function vanishes at all
nodal points in I'}, except at that vertex and we only consider internal vertices.
It is enough to compare a contribution from an edge E’ of Q; with that of an
edge E' of ;. The worst possible case occurs when E7 does not touch 92 but
E' does; cf. Figure 4. Let ¢(2) be the function in Q,(I) that vanishes at all the
GLL nodes in I, except at —1 where it is equal to w(V). Using the change of
variables z = (1 — ¢)(2 + 1) — 1 and the fact that uy: vanishes in E¢, we have

/E v (2)%d2 /_ 11 $(2)2ds = (1— )" /_ T

-yt [ 1

uyi(2)%dz = (1 — a)_l/ uyi(2)%dz.
Et

For the second inequality, it is enough to use the definition of the modified

norms || - [[,w+ and || - [|5,ws and Property 7.1 O

i
l1—0o
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9 Proof of Assumption 6.1

We are now ready to give an upper bound for w in Assumption 6.1. Our proof
is similar to that in [31, Lem. 9.1]. We note that if u; € U, its extension
u = RTw; vanishes on T'j, except at the nodal points in T; 5, and its support is
thus contained in the union of €2; and its neighboring substructures. In order
to estimate w we thus have to estimate the energy of u in these substructures
in terms of the energy of H;(d;u;) in ; alone.

We first note that, by simple calculation, we have

pi(81(x))* = p;6i(x) % <minfpi,p;},  xE€Tin, jENe  (30)

Let u; € Range(]si). We start with a substructure §2; that only has a vertex

V =V* = V7 in common with ;. We note that, according to the decomposition

(21), u has only a wirebasket component uy; = u on €2;, which vanishes at all
nodes in I'; ;, except at V. Using Lemma 7.1, we find

a;(u,u) = piluys|i o, < Cpj (1=0) 2 uys |l ws = C p; 6,5 (1=0) 72 [[diuvs [} s,

where d; v = ;(V'). We next note that, thanks to Lemma 8.2, the norm ||- ||, v
associated to §2; can be bounded by |||/, wi. In addition, we can apply Lemmas
7.4 and 7.2 and find

pilldiuyi [l s < C(1—0) " pill (Siwi)villf i < C(— o)~ pil Ha ()|} vy
< O —0)?(1+1logk) pil Hi(0iwi) |3 o,

= C(1—0)73(1+1logk) (ai(Hi(dius), Hi(0iui)) + piH; 2| Hi(65ui) 3., )-

The L? component in the last term can be bounded by the local bilinear form
a;i(-,-), thanks to a Poincaré inequality for floating subdomains (cf. (19)), or
thanks to a Friedrichs inequality for substructures that touch 9Q2. Combining
these two estimates and using (30), we find

a;j(u,u) = a;(uyi,uys) < C(1— o) (1 +logk) a;(Hi(diui), Hi(Siui)). (31)

We next consider a substructure Q; that only has an edge E = E* = EJ in
common with €;, with vertices V1 = Vil and V72 = V2. We note that, ac-
cording to the decompositions (20) and (21), u has only a wirebasket component
on Qj,

U= Uy = Uyt + Uys2 + UE,
which vanishes at all nodes in I'; 5, except at those on the closure Ei. We then

have
a;(u,u) < 3aj(uysn, uyin) + 3a;(uyiz, uysz) + 3a;(ugs, ugs).

For the two vertex components, we can proceed as before and find similar bounds
to (31). For the edge component, we use Lemma 7.1, the definition of || - ||, g,
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and the fact that d; is constant at all the nodal points in Ej,. We find

—2
Pj Pi ik

aj(ups,ups) = pilugili g, <C (1_7]0)2 lugi |7 ps < C (1_7;,)2 i |17 g,

where §; g is the constant value of §; on E. Thanks to Lemma 8.2, the norm

|- ||n, s associated to §2; can be bounded by || - |5, gi. In addition, we can apply

Lemmas 7.4 and 7.2 and find
pilldiups | g < C(1—0) 2 pill(6iwi) g 17 g < C(1—0) "2 pil Hi(iui) |17 s
< C(—o0) (1 +logk) pilHi(d:u:)| g,

= C(—o) (1 +1logk) (ai(Hi(Siu), Hi(Siwi)) + piH; || Hi(S5wi)[13 o, )-

As before, the L? component in the last term can be bounded by the local
bilinear form a; (-, -), thanks to a Poincaré or a Friedrichs inequality. Combining
these two estimates and using (30), we find

We next consider a substructure €}, that shares a face F' and thus also the
edges and vertices that lie on F. We note that on €2;, u can be decomposed as

U= Uyi + UF.

We have
aj(u,u) = Pj|“|i9j < 2Pj(|“wi|%,9j + |UF|%,QJ-)-

The wirebasket component can be bounded as before; cf. (31) and (32). For the
face component we first note that the function J; is equal to a constant value
0; F at all nodal points inside F. Using (30), we can then write

pilurl? o, = pi0; 2 |H;(Giur)? o, < pilH;(6iur)li o,-

Using Corollary 8.1 and Lemma 7.6 yields

_ . E VY
ur) o, < CO-0) Hs(Giur) g, < C1-0) (14108 (12 )) Tl

Combining the last two estimates and using a Poincaré or a Friedrichs inequality,
we find

aj(up,up) < C(1—0)° <1 + log (%))2 ai(Hi(0;u), Hi(Gu)).  (33)

We finally need to consider the energy of u in €;, a;(u,u). We note that we can
decompose u on ; according to (20). The wirebasket and the face components
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can be bounded as before. Summing over i and the neighboring subdomains,
we then find

a(u, u) < ﬁ <1 +log (%))2 (Z 1+ 1+Y 1) 0 (M (5500), Ha (550

Vii Eis Fis

Since the partition 7, is shape-regular, the number of subdomains to which an
edge or a vertex may belong is bounded. We finally obtain

w<C(l—0)" <1+log (%))2

Since in practice o is bounded away from one, we obtain the same bound as
for Neumann-Neumann methods for p finite element approximations on shape-

regular meshes
K(Pyn) < C(1+1logk)?;

see, e.g., [30]. We stress the fact that the constants in the last two estimates
are independent of the coefficients p; and the refinement level n (and thus of
the aspect ratio of the mesh 7,;°7).

10 Numerical results

The purpose of this section is to present some numerical experiments in order
to validate our analysis on some medium-size problems. An extensive numerical
study is presented elsewhere; see [41].

We consider approximations on the unit cube = (0,1)3. We choose p = 1
and the right-hand side f = 1. The macromesh 7, consists of N x N x N
cubic substructures. Geometric refinement is performed towards the three edges
x=0,y=0,and z = 0, with 0 = 0.5; see Figure 5, left. Given a polynomial
degree k, we choose n = k as is required for robust exponential convergence;
see, e.g., [4, 5]. The conjugate gradient iteration is stopped after a reduction of
the Euclidean norm of the initial residual of 10714,

We note that even for moderate values of k and N, extremely large linear
systems are obtained; cf. Tables 1 and 2. Huge local blocks need to be inverted,
both for the application of S' (solution of local Dirichlet problems) and the pre-
conditioner (solution of local Neumann problems). Due to memory limitations
in our Matlab implementation, we have employed approximate solvers for lo-
cal Dirichlet and Neumann problems. We refer to [39, Sect. 4.4] for details on
the implementation. In particular, we have used a conjugate gradient iteration
with an incomplete Cholesky factorization with drop tolerance 10~2 for all local
problems. The iteration is stopped after a reduction of the initial residual of
a factor 103 or after 20 iteration steps. Our numerical results show that the
theoretical bounds for the case of exact solvers in Lemma 6.2 remain valid in
this case; cf. Tables 1 and 2.
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Estimated condition number and quadratic log fit (BNN)
T

© Condition number
— Quadratic log fit

Condition number

i i
5 6 7
Spectral degree

Figure 5: Geometric refinement towards one corner (N = 3, 0 = 0.5, and n = 6),
left, and estimated condition numbers (circles) from Table 1 and least-square
second order logarithmic polynomial fit (solid line) versus k, right.

For a fixed partition into substructures with N = 3, Table 1 shows the
size of the original problem, the iteration count, the estimated maximum and
minimum eigenvalues, and the condition number for different values of k. We
note that the minimum eigenvalue is close to one; see Lemma 6.2. In addition
a moderate growth of the maximum eigenvalue is observed with k; such growth
is consistent with the quadratic bound in Lemma 6.3; see Figure 5, right.

We next consider the same problem, and fix the polynomial degree k = 4.
Table 2 shows the results for different values of N. The iteration counts, and
the smallest and largest eigenvalues appear to be bounded independently of the
number of subdomains.

11 Concluding remarks

As for the analysis in [40], some important issues still need to be addressed. We
refer to our previous work for a full discussion of these issues.

Our analysis is restricted to approximations that employ nodal basis func-
tions on the Gauss-Lobatto nodes. Indeed, for three-dimensional shape-regular
meshes good performance of iterative substructuring methods is in general en-
sured only if these basis functions are employed and for more general p or hp
version finite element approximations many important issues remain to be solved
even for shape-regular meshes; see, e.g., [38] and the references therein.

The Dirichlet and Neumann problems that we need to solve (cf. S; and
S;r ) can be potentially very large. Approximate local solvers can be employed
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Fized number of subdomains (N = 3)

NN (inexact)

size It Aas Amin K

1331 15 1.8379 1 1.8379
6859 20 2.8165 0.99997 2.8166
24389 25 3.9507 0.99947 3.9528
68921 29 5.1507 0.99799 5.1611
166375 || 34 6.3675 0.99801 6.3803
357911 || 38 7.5082 0.99395 7.554
704969 | 40 8.5298 0.99574 8.5663

O N|O| O | WIN| T

Table 1: Conjugate Gradient method for the Schur complement system with
Neumann-Neumann preconditioner with inexact solvers: iteration counts, max-
imum and minimum eigenvalues, and condition numbers, versus the polynomial
degree, for the case of a fixed partition. The size of the original problem is also
reported.

for iterative substructuring methods (see, e.g., [39, 16]) and some have been
proposed in [18] for hp approximations. In our numerical experiments, we have
employed a conjugate gradient iteration with an incomplete Choleski precondi-
tioner, however, we believe that the tensor product structure of corner, edge,
and face patches can be exploited. This is left to a future work.

We believe that the analysis and/or the development of iterative substruc-
turing methods for general meshes with hanging nodes still need to be fully
addressed. These meshes are widely used in practice. There is no straightfor-
ward way of defining Neumann-Neumann or FETI algorithms when hanging
nodes lie on the interface I'; see [40, Rem. 6.1] for more details.

Finally, our analysis has been carried out for the model problem (1), which
indeed does not exhibit boundary layers. As for two-dimensional problems in
[40, 42], numerical results show that our algorithms are robust when applied
to certain singularly perturbed problems. Extensive numerical results will be
presented in [41].
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Fized spectral degree k = 4

NN (inexact)

size It Aas Aimin K

15625 18 2.6417 0.99929 2.6436
24389 25 3.9507 0.99947 3.9528
35937 28 4.1084 0.99934 4.1111
50653 29 41378 0.9994 4.1402
638921 30 4.1492 0.99945 4.1515
91125 30 4.1555 0.99952 4.1575
117649 || 30 4.1593 0.99955 4.1612
148877 || 30 4.1618 0.99962 4.1634
185193 || 30 4.1636 0.9997 4.1648

—
S| oo || o k| | o] =

Table 2: Conjugate Gradient method for the Schur complement system with
Neumann-Neumann preconditioner with inexact solvers: iteration counts, max-
imum and minimum eigenvalues, and condition numbers, versus the number
of substructures, for the case of a fixed polynomial degree and partitions into
N x N x N substructures. The size of the original problem is also reported.
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