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1 Introduction

In this paper we consider the Stokes problem in a bounded polygonal domain
Q C R%
—vAu+Vp=f1f, inQ,
divu =0, in Q, (1)
u=020, on 01,

This system of differential equations describes the motion of an incompressible
viscous fluid with no convection. Here, v > 0 is the viscosity of the fluid and
f:Q — R?is an external force. The unknown fields are the velocity u and the
pressure p. The second equation represents the incompressibility condition. For
simplicity we only consider homogeneous Dirichlet boundary conditions.

The computational domain 2 is supposed to be partitioned into a finite num-
ber of subdomains. We wish to employ different and independent conforming
hp finite element approximations on each subdomain. As opposed to the mortar
method, where weak continuity conditions are imposed on the velocity across
the subdomain boundary, we employ a discontinuous Galerkin (DG) approach
here. No kind of continuity is imposed across the interface between the sub-
domains but suitable bilinear forms defined on the interface are added to the
variational formulation of the problem in order to ensure the consistency and
the well-posedness of the discrete problem.

DG methods have a long history and have recently become more and more
popular. They have been heavily tested and studied, and they present con-
siderable advantages for certain types of problems, especially those modelling
phenomena where convection is moderate or strong; see the monograph [9]. In
addition, more general meshes can be employed than in the case of conforming
approximations and thus simpler adaptive strategies are possible.

The main result of this paper is the divergence stability of some finite element
approximations obtained using a DG approach for the case of a fixed subdomain
partition and is given in Theorem 4.1. Roughly speaking, the lower bound found
for the inf-sup constant depends on the inf-sup constants of the local problems
and the subdomain partition. If the partition is geometrically conforming, the
constant exhibits the same dependence in the polynomial degree as the local
ones, and only depends on the topology of the partition, but not on the number
of subdomains or their size. If the partition is not conforming our bounds show
a slight degradation with the polynomial degree. Only numerical results will
be able to show if our bounds are sharp, and to compare our approach with a
mortar one. We note in particular that a similar approach as in [2] can be also
employed using a DG approach for spectral element approximations. We do not
consider this case in this work.

Some work has already been done for the approximation of the Stokes prob-
lem on non-matching grids using a mortar approach:

In [1] hp finite element approximations are considered with conforming subdo-
main partitions. The analysis of the divergence stability of our DG method
borrows some techniques originally employed there; see in particular the con-



struction of interface functions in Lemma 5.1 and in [1, Lemma 3.1], and the
use of the connectivity matrix of the subdomain partition. In [2], a mortar
method for spectral approximations is proposed. The techniques employed for
the divergence stability of the corresponding approximations are similar to those
in [1], but they rely on different technical tools, a fact that does not allow to
combine them with those in [1] in a straightforward way in order to analyse
approximations where finite and spectral elements are coupled.

Ours is not the first method where a DG approached is employed with ap-
proximations on non-matching grids for the Stokes problem. In [10], a similar
approach is proposed and analysed for the Stokes and Navier-Stokes problems.
There however the analysis is carried out only for the case of two subdomains
and severe restrictions are imposed on the local meshes. In particular, on the
interface between the subdomains, a mesh must be a refinement of the other.
Moreover, in the discrete problem, extra jump terms are added to the interface
bilinear forms, which do not appear to be necessary in our approach.

The remainder of this paper is organised as follows:

In section 2 we present the continuous Stokes problem. In section 3 we define the
finite element spaces and make precise assumptions on the subdomain partition.
The discrete problem is derived in section 4, where, in particular, we define
discrete bilinear forms and norms. In section 5 we derive some technical tools
needed in section 6, where the divergence stability is proven for the case of a
fixed decomposition. Finally, the analysis of the well-posedness of the discrete
problem and a priori estimates are presented in section 7.

2 Problem Setting

Let Q be a bounded polyhedral domain in R?2. For D C R? we introduce the
following spaces

L*(D) = U:D—>R|/|U|2dx<oo ,
D
Li(D) = vGLQ(D)|/vdx:O :
D
H™D) = {velL?(D)| 8% elL*D), |af<m}, meN,
Hy(D) = {ve HY(D)| v=0ondD}.

In the following, (u,v)p, (u,v)p, and (7,€)p denote the scalar products in
L?(D), L*(D)?, and L?(D)?*2, respectively, with |lul|p, ||u|lp, and ||7||p the
corresponding norms. We denote the norm of H*(D) or H*(D)", s € R, by
Il - |ls,p- Analogous notations are employed for the corresponding semi-norms
for s > 0. In case D = (2, we drop the subscript 2 and, in case s = 0, we also
drop the subscript 0. We recall that the semi-norm |ul; o = ||[Vu||o.q is a norm



in H}(Q)?%. For D C R? we denote by |D| the area of D.
For a vector u, the tensor Vu is defined by

6ui

with u; the i-th component of u.
Given f € L?(2)? and v > 0, the Stokes problem (1) can be written in variational
form as: Find u € H}(Q)2,p € L3(f), such that

{y (Vu, Vv)g — (p, V- V) = (F,v)q, v € HHQ)? )

(V-u,q)o =0, q € L3(Q).

The well-posedness of this problem is ensured by the two stability conditions

v(Vu,Vv) < vlu) v, (3)
(V-wp) < V2laflpl, (4)

the coercivity condition
v(Vu,Vu) > vulf, uec Hj(Q)? (5)

and the divergence stability condition

sup (V-v,p)

>ylpl, peLi®), v>0, (6)
0#AvVEHL ()2 Iv]1

see, e.g., [7, Chapter II] for a comprehensive analysis.

3 Finite Element Spaces

We partition 2 into N non-overlapping, shape-regular polygonal subdomains
Q;, i =1,...,N, of diameter H;, with H := max{H;}. We assume that our
partition is shape-regular, i.e., the aspect ratio of subdomains is bounded. In
this paper we do not assume that this partition is geometrically conforming
(regular), i.e., that the intersections between two different subdomains are ei-
ther empty, or a vertex or an edge that is common to both subdomains, but
we also consider non-conforming (irregular) partitions. We make the following
assumption.

Assumption 3.1. The subdomain partition is shape-reqular and the length of
the sides of each polygon €; is comparable to its diameter H;.

On each ; we then introduce a conforming, shape-regular affine quadri-
lateral mesh 7; of maximum diameter h;; see, e.g., [14]. These meshes are
independent and they do not need to match across the subdomain interfaces.
In each subdomain we then introduce a conforming and divergence stable ap-
proximation for the Stokes problem:



e Qg2 - Q with discontinuous pressures; see, e.g., [17].
e Qi41 - Qp with continuous pressures, also known as Taylor-Hood elements:
see, e.g., [6, 7].

Other choices are also possible; see, e.g., [4].
More precisely, on each subdomain we choose one of the following velocity /pressure
pairs for k; > 0:

Vi @) = {ue HYQ)? | w, € Qpa(w)? KET, wygpe =0}, (7)

My () = {peL(2)]p, €Qu(r) weT}, (8)
or

Vi (@) = {ueH'(90)?] w, € Qura(w)® K ETi Wyqpg =0}, (9)

My, () = {pe H'(Q) | p, € Qui(v) weT}, (10)

where Qi (k) is the space of the polynomials of maximum degree k in each
variable on k. We define the N-vector k := {ky,ka,...,kn} and we take k :=
max{k}. The global approximation spaces are defined as

Vi =Vi(Q) = ] Vi (), (11)
My = M(Q) = L3(Q) N [ ] Mi, (). (12)

Given a vector w or a function v, we denote by w; and v; respectively, their
restrictions to 2;. We next define the intersections

E;; = o N 6Qj,

the set
M ={(i,j) | lenght (E;;) #0, i# j},

r= J E

(i.j)eM

and the skeleton

We note that one edge £ = F;; = E;; corresponds to two couples in M and,
since the subdomain partition may not be geometrical conforming, it may not
coincide with an entire side of the polygons €2; and £2;.

Given an interior edge E € I', there are two subdomains, ; and 2, with, e.g.,
i < j, that share this edge. We define the jump [v] and the average < v > on E
as

1
[’U]E:’UHEf’Uj‘E, <”>E:§(Uilg+0j\E) ,

and n as the unit normal which points from €; to €2, i.e., n = n;.
The following local stability result holds.



Lemma 3.1. There exist constants i, independent of T; such that:

— / div v; p; dx

Q;

sup > Yk, Ipillo., P € My, (92:) N LG ().

Vi€ Vi, ()NHE () [Vil1,0;

For the case of Q42 — Qg elements, the inf-sup constant depends only on k:
Yk > ck~1/2; see [17]. We recall that this bound is sharp; see [3, Remark 25.2].
For the case Q42 — Qr4+1 elements, we know of no theoretical sharp bound
explicit in k, but numerical evidence shows that vy, ~ ck™%, with a = 1/2 and
¢ independent of the local mesh size; see [18].

The local meshes are required to satisfy the following property:

Assumption 3.2. There erists constants such that for (i,7) € M:
Chj S hz S Ch]

We define 7 as the set of the indices j so that the pair (i,j) € M. To a given
decomposition we associate a connectivity matrix A = (ai;)1<: j<n, the entries
of which are defined by:

card (i), if j =1,
a;; = 4§ —1, if j €1,
0, otherwise.

The symbol card (i) denotes the cardinality of the set ¢, or, in other words, the
number of the neighbours of €2;. This connectivity matrix describes the topology
of the decomposition of 2 and does not depend on the size of the subdomains.
We remark that card (i) gives an upper bound for the number of sides of the
polygon €;.

We make the following assumption:

Assumption 3.3. For each subdomain ;, the number of neighbours is uni-
formly bounded, i.e., there exists a constant C' such that

card(i) < C, i=1,...,N.

Before proceeding, we recall some definitions and properties.
An N x N matrix B = (b;;)1<i,j<n is an L-matrix if

bii >0 and bij < 0, ) 7é j

In addition, B is said to be irreducible if, for any pair ¢,j (1 < i,7 < N), there
exists a sequence i1, %9, ...,1, such that

bii1 'biliQ'---'binj 7&0

Since €2 is connected, it is then easy to check that the connectivity matrix A is
an irreducible L-matrix. The proof of the following property can be found in [1,
Lemma 4.1].



Lemma 3.2. Let A be a symmetric, irreducible L-matrixz that satisfies

N
Y a;=0 i=1,...,N.
j=1

Then, its eigenvalues (A\;)1<i<n are all nonnegative and, if in increasing order,
the first eigenvalue A1 = 0 s simple.

4 Discrete Problem

In this section we introduce a DG formulation. Unlike the mortar finite element
method, where the continuity of the velocities between subdomains is imposed
through suitable matching conditions, here we take independent discrete velocity
spaces on the subdomains. As in DG approximations on conforming meshes,
the idea is to consider Problem (1) on each subdomain 2; and impose Dirichlet
conditions weakly on the boundary 0f2; using the value on the boundary of
the neighbouring subdomains. We then choose suitable numerical fluxes on the
interface I'. Finally an interface term penalising the jumps of the velocity is
added, as for similar DG approximations of second order problems. This is a
standard procedure in the derivation of DG formulations; see, e.g., [13, 8, 12].
Here the penalization term is chosen as

/a[u]-[v]ds:%(z /a[u]-[v]ds:%ZZ/a[u]-[v]ds, (13)

T iaj)EI\/[Ei]. i=1 jel’Ei]‘

where the penalization coefficient for the velocity space is

o(z) = o zel, (14)

with og a positive constant, and

k(;L') _ max{ki,kj}, lfl' S anﬂaﬂ], (15)
k;, if x € 0Q; N 0N,
and
h(z) = min{h;, h;}, %f:cE 082; N0, (16)
h;, if x € 9Q; N O,
see [15].

Following [18], we introduce the following bilinear forms a(-,-) and b(-, -):



N
a(u,v) ::Z/VVu~Vvdx+/oy[u]~[V]d5+
=1 2 )
+/([u] <vVv:n>—[v]<vVu:n>)ds,

N
b(“a‘])ZZ_Z/diVu'qd$+/<q>[u-n]ds, (18)
=g 2

and define the following discrete problem:
Find (u,p) € Vi x M}, such that:

a(u,v)—i—b(v,p):/f-vdx, v eV,
Q
b(u7 Q) = 05 qc Mk-

(19)

We note that, by integrating by parts, we can also write b(-,-) as

b(v,p):Z/v-Vpdx—/[p]<v-n> ds. (20)
=1q, r

For discrete velocities we define the norm

N
uff = Y IVl + [o s, wevi. 21)
i=1 T

The main result of this paper is the following divergence stability property.

Theorem 4.1. There exists a positive constant B, such that

b(v,p)
5P 5 g bl pe M, (22)
0#£VEV |V|h

where B depends on the constants vi, of Lemma 3.1 and the partition of Q.

The precise form of S is given in section 6.1.

5 Technical Tools

In this section we develop some tools needed for the proof of Theorem 4.1. We
have the following important property.

Lemma 5.1. Let E;; = 0 N0SY;. Then there exist functions w¥ € V), such
that N _
w =0 on Q\(QiUQjUEij), (23)



/w§j~nd.s:/w;j~nd.s:1, (24)
By Eij
(W |n < aij = Qs [ | By, (25)
wi = wil, (26)
with ij and W;j the restrictions of w' to Q; and €, respectively.
Here we have @;; < C for a conforming partition and &;; < C max(k;, k;) for

a non-conforming partition, where the constant C depends only on the topology
of the partition.

The remainder of this section is devoted to the proof of Lemma 5.1. This
proof is carried out separately for the cases of a conforming and a non-conforming
partition.

5.1 Proof for conforming partitions

Let Eij = 00, N 0N, = [z1, 2], where z; and 2z are the endpoints of our edge.
We suppose for simplicity that the edge E;; is parallel to the z-axis. We define

() = 6 ()
w(z) : o —21)’ (27)
with the quadratic bubble
ola) = T 2N 2 ) (28)

We note that
w (z1) = w (z2) = 0, / w ds = 1.
Eij
This trace can be then extended by zero on the rest of 0€; (resp. 0€;), in
order to give a piecewise quadratic function defined on the boundary 9Q; (resp.
09;). We take the extension Ro,w" to €2;, as the piecewise quadratic, discrete

harmonic extension of w¥ on the whole subdomain €2;. In order to find a bound

for |Ro,w'|, , we use a scaling argument. We first consider a dilation Z — x
Qi

that maps a reference domain Q into ;. We suppose that the edge F;; is the
image of the reference interval E = (—1,1). We can write

9 PRT = 2
|Ra.eliq, < C|Rad|| g < CCq 1825 < C,

where @(Z) = (1 —722)/4 and the constants only depend on the shape of Q;. We

recall that Hy/?(E) is the largest subspace of H'/2(E) for which the extension

by zero from E to the whole of 8 is contained in HY/2(99); see, e.g., [11].
Using (27) then yields

|Ra,w < C/|E;. (29)

z'j|2
1,9,



Our velocities w'/ € V4(€;) and W;»j € Vi(Q;) are taken equal to the vectors
(0, Ro,w"), (0, R, w'). We then have

/W;J~nd.s:/W;J~nd5:/w”d5:1.
Ei; Eyj

Finally, we define w/ € V}, as

w (z), ifx e,
w'l(z) = w;j (), ifzeQy,

0, otherwise.
We note that those functions are continuous across I'.
Inequality (29) yields that

IN

Uy v g <
|w h VIWE g TV W g, S

c ¢ _Cc  ay
< TR
|Eij| Bl — Bl Byl

which proves (25).
Properties (23) and (24) follow directly from the construction of w'/, while (26)
follows from the symmetry of the problem.

5.2 Proof for non-conforming partitions

We fix (i,7) € M. As in the previous subsection, we suppose for simplicity that
the edge E;; is parallel to the x-axis. We define .4 as the set of the vertices of
all the subdomains ;.
For each pair (i,j) € M there exists two points z1 and zy contained in .4 and
lying on Eij such that E;; = Ej; = (21,22). We note that, if the subdomain
partition is not conforming, z; and zo may not be vertices of both subdomains;
see Figure 1. We also define the following points:
° zgz) is the nearest mesh point to z; that belongs to [z1, 22) and is a node
of the triangulation of 7j.
° zéz) is the nearest mesh point to z that belongs to (z1, 23] and is a node
of the triangulation of 7;.

An analogous definition holds for zgj ) and zéj ). We assume that the above
points are defined for each edge. In particular, this is true if, e.g., the following

Assumption is satisfied.

Assumption 5.1. Let E;; = 0Q; N 0. Then

1
hi < z|Eij], h; < §|Ew|

N | —



Q.

]

z¥

z,= zﬁ“\

/>'

2,=15

79

Q;

Figure 1: Intersection of two substructures of a non-conforming partition.

We consider the following functions defined on E;; for [ equal to ¢ or j, as
showed in Figure 5.2:

() ) (x—zgn)’ e 40,507

2 2175 %2
(pl(x) = (Zél) _ Z;l))
0, ifxe B\ {zgl), zél)} .
9 ¢
z, =2y 2¥ 7y 2,=29
Figure 2:

We then define

pi(x)
wy(z) = )
)=,
where
280
Bi = / oi(x) de = / oi(x)dx = zél) - z%l).
RO Ei;

As for the case of a conforming decomposition, we extend these functions by
zero to the rest of 0Q; (resp. 0€;) and we take Ro,w; (resp. Ro,w;) as the
discrete harmonic extension of w; (resp. w;) on the whole subdomain §2; (resp.

10



;) . We then define our velocity w* € Vj, as

(0, Ro,w;), if x € 8y,
w' (z) = ¢ (0, Rg,w;), ifz€Qy,
0, otherwise.

Our first purpose is prove property (25), i.e., to find a bound for:

N
w5 = S 9w o, + [ ][ as (30)
i=1 T

We note that, as opposed to the case of a conforming partition, this velocity is
not continuous across E;;. For the first term we proceed exactly as in the case
of a conforming partition and, as for (29), we obtain

C
|Eij >

Wi, o, < (31)

For the second term we proceed in the following way.

We first map the interval (zgl), zél)) into the reference interval:

~ ~ 2 x—Z(l)
l l ~
t : (zi),zé)) — (—1,1), r— T = tl(x) = 7( 0 ),

OISO . .
with Z() .= = 2 and AZO = zé )_ z§ ). We can then write our functions
@1 as

o~

pi(z) = p(ti(z)),

where

1 — 22

4
The second term in (30) can then be written as

/a|[wim2d.s - /JHWUHst:/U(wi—w]—)st:

P(z) =

T E;j; Eij
N /J< Bi B; <
Eij
1 1)\
sz%l@m>meM+%(EE>J%@wx
= A+ B.

We start with the term A.
Using the mean-value theorem of differential calculus we can write the following
bound:

11



lpi(@) = (@)l = | (filx) = & ({(@)] <@l o0 - [Eil2) —T(@)] . (32)
The last term on the right-hand side can be further decomposed as

-~ —~ 2(x—2® 2(r — 70
tz(‘r) _tj(x) = (AZ(l) ) - (AZ(J) ) =

2(zz(i>)2(zz<j>)+2(zz(j))< 1 1 )

AZ® AZO  AZG)
= T+1I,
(33)
and, since
. 2 max(h;, hj) 4 max(h;, h;) ;
Pl <C < —F2L || < —=5E -2V,
b | Eij | Eij]?
it follows from the definition of o and Assumption 3.2 that
A< 4/ 18P (1> + [I1?) dz <
— ﬁ2 501,00 =
Ey
- Cmax(k?, k3) N Cmax(k7, k3) - (34)
< Cmax(k?, k3)
T EGP

We now consider the term B.
Combining inequality (32) and property (33) and using similar argument as
before, we obtain

i~ ;] < /|wi<z>wj<sc>|dxs
Eij
< Pl /|£—<z>f@-(z>|dxs
Eij
< C max(h;, hj),

and thus, using the definition of ¢ and Assumption 3.2,

1 1\2 C max(k?, k?)
B=2¢(—=——— / (@) de < —— ) 35
(ﬁi 5;‘) #ilz) |Eij|? (35)

ij
where we have used

/ go(x)Q dz < C|E4|

Ei]‘

12



Combining the bounds for A and B in (34) and (35), we then obtain

g c k2, k2
/U’[W””QdSS M_ (36)
J | Eij

Finally, combining (31) and (36) yields

2 2 ~2
wii[2 < c N C max(k;, k) 0 |
~ |Ei]? | Eij|? |Eij |

which proves (25). We note that here, as opposed to the conforming case, the
constant a;; also depends on the degrees k. This is due to the fact that the
functions w* are not continuous on the whole domain and the penalization
term depends on the degrees k.

The other properties of Lemma 5.1 follow directly from the definition of w*/.

6 Proof of Theorem 4.1

We define the set of all piecewise constant pressures
My i={q € L3() | g, € Qo(),i=1,...,N}, (37)
and the space defined by the velocities founded in the previous section
X :=span{w" | (i,j) € M} C V.
We use an argument which was originally proposed by Boland & Nicolaides; see

[5]. Any p € M}, can be decomposed into two functions, one with zero mean
value in each €;, the other constant on each subdomain:

p=D+D (38)

with
P = = [ plx)de. (39)
1€24]

Is easy to see that p belongs to My and that p; € L3(Q;) N My, ()
We note that if p € My then

IB12.o = SN, 2] (40)
SN B ] =0. (41)

We proceed by proving two stability results for p and p.

13



Lemma 6.1. For each p; € L3(Q) N My, (%) there exists a velocity v; €
Vie(Q4) N HG () such that

- / div; i de = |[Fil2 g,
Q;

Vi

1, -
1.0, < —lpillo.q;-
VY,

i

Proof. Since in each ; we have chosen conforming and stable finite element
spaces, Lemma 3.1 ensures the existence of this velocity. O

We will then define v € Vj, by
Vig = Vi, i=1,...,N.

Since v vanishes on I, is continuous on §2. Consequently we have

N
b(v.5) = Y IIpills o, = IPIIZ 0 (42)
=1

and
N N c
=12 =2 ~ 12
V5 =D IVVIS 0, <> = IBilld 0.
i=1 im1 ki
ie.,
~ C 1,
[l < — IIpllo.2 = = [IPllo,o; (43)
Vi 15}
where

= i ) ~:: C.
Ve = Wi Ve, B =/

Lemma 6.2. There exists a constant 3, independent of h but dependent on the
decomposition of Q) such that

b(v,P)
sup
0£AvEX |V|h

> Bpll, PeE Mo.

Proof. For every p € My, we construct a function v € Vj, such that:

b(¥,p) > ||plI2,
1 (44)
9l < = 1Pl
B

Thanks to Lemma 5.1, we can find a function w” € Vj,, supported in Q; U ﬁj
such that:

/w?~nd5:/w;j~nd.s: /W;J~nid5:f/wéj~njd5:1, i> 7.

(45)

14



The divergence theorem ensures that:

/div WE;-) de = — /le W( D =1. (46)
Q Q;

We can also find a velocity W* € Vj, supported in Q; U ﬁj, defined as
w7 = |Q;|p; W, such that:

—/diijj de = /divw;ﬂj dz = || B,
Ql Qj

Unlike the function w¥ defined in lemma (5.1), we see that these functions W'’
and wW’* are different. We then set

N ..
W= > W, (47)

i=1 je

oo

We can easily check that w belongs to X. Indeed, there are two contributions
in the sum in (47) for each edge E;;, corresponding to E;; and to E;; = Ej;.
We first note that for (¢,j) € M, i > j,

/<1_7>[Wij-n]ds Z /<p>El_i' nlg, , ds =

T (m,l) GME i
= Y <rea [ e
(m,l)eM E

= <D >Eij (_|Ql|pz + |Ql|1_)z) =0,

where we have used (45). Using (46), we then find

bW, p) = —Z /leWm ]_jmdx+/<ﬁ>[Wij.n]d5:

m=1 o T
= /leW dx—/diVW;j -pjdr =
Q Q;
= f@/divW? dx—ﬁj/divW;J dx =
Q; Q;

p; |€%|D; — P; |1 P; = P; 14| (B; — P;)-
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We can then write

b(w,p) =

-

-
Il
—
<.
m
I

b(W",p) =

[
M=

D; |QZ| @i *]_7]') =

=1 j€i
N

= T%‘Z %] (B; — P;),
=1 je€i

or, equivalently,
b(W.p) =D" BP,

where B = (bi;j)1<:j<n is a a sparse matrix defined as

| Q; | card (4), if j=1,

bij = — | Qi if j €14,
0, otherwise.
If we introduce the matrix D = diag (|Q4],...,|n|), we see that from (40)

p' Dp= Pl P < Mo,

where we have used the same notation for a function p € My and the corre-
sponding vectors of values p;. In order to prove the first of (44), we need to
show that the minimum "

. D Bp
in
\{0} p" Dp

is positive and does not depend on h. We consider the eigenvalue problem

= m
pep

(48)

D™ 'Bp=A\p. B#0.

It is easy to check that the matrix A = D~!B is the connectivity matrix defined
in section 3. Thanks to Lemma 3.2, its eigenvalues \; are all positive except
A1 = 0, which is simple. The kernel of A involves only constant vectors (see
proof of [1, Lemma 4.1]). Therefore

v = A2 :111212)\z

The choice v = 1

Using (25), we have

W ensures that the first equation of (44) holds.

W n < aij [Q4] |Bil.

With the definition of the h-norm, see (21), and property (13), we can also write

V5 =Y ¥lia +% > / o |[¥]? ds. (49)



The first term in (49) can be written as

2

=

Z Wnl + Wln)

N
SR = %Z <

=1

1,8

IN

N 2 2
Z card (I Z (|Wnl‘1,ﬂl + |Wln‘1,§zl) =

nel

9 N
2 () S (o)

€l

For the second term we find

1 1
3 2 [olmPas = 55 X [o iR as-
(In)eM Ein (In)eM Ein
- e Y [l ewas-
v (Lm)eM g, |
1 —n112 112
< 5 Y [o (ImF ) s
(l,n)e]\/IEln
2 —In112
- 52 Y [olEfas-
(ln)e]\/IEl
- sz/a—r—mr ds.
I=1nel p

Combining these two inequalities, using the definition of the hA-norm first and

17



of W' then, we obtain

N
—2 2 W !
Vi < ? 1gllzg§vcard@ Z (’Wnllfzsz’Wn’lfl)jL
=1 nel
2 & 2
1
t23 [l e
v =1 nELEln
9 N
—1
< 2 (g o) YN <
I=1 n€l
9 N
< 2 2 -2 2 _
< 2 (g et 0) S5 st
=1 nel
9 N
_ o —2
= (lrgnlaévcard())z 7 |ul? Zaln
=1 nel
9 2 N ~2
<« 2 —2 2 l
< 3 (pyom0) St (uarais)
2 ? S
< £ d(l Q
< 35 (zyen0) (men) Rt
where

"‘2
- Q
N ?ﬁf(ug|2>|l|

Using Assumption 3.3 and equation (40) we have also proved the second equa-
tion of (44) with

B =

o (o )

Now we are able to check the inf-sup condition (22). The pressure can be
decomposed as p = p+ p. We define also the velocity

V=Y+AV, (50)

where A is a real number to be chosen later.
It is easy to check, since p € P and v; € H}(;) (1 <i < N), that b(v,p) = 0.

18



In addition, since the bilinear form b(-,

b(v,p) = b(vV,p) +b(v.D)+ Ab(¥,p) + Ab(V,p) >
> |Ipll§ = A o(¥, D) + A 1BlI§ >
> Pl — Ael¥ln 1Bl + ABIE >
- Ac _
> Ipll§ — 5 1Pllo 1Bllo + AIDIIG >
1 Ac?
> §|Iiﬂ\3+)\ 1-— | IIpll5-
25’
—2
The choice A = — ensures
c
—2
[ B
b(v,p) > §HPII3+—2IIPII§Z
—2
1 . B
> §mm{1ac—2} Ipllg
and
vln =

-) is continuous, we have:

IV A+ AV < V[0 4+ A VR < 3 [l + 2 ||pH0

52 + ? Ipllo =

We also have proved Theorem 4.1 with

—2
mln{ 1, —

/1 «/c4+52
52

6.1 Remarks on the inf-sup constant

In this section we want to analyse the inf-sup constant 8y found previously for
the case of conforming and non-conforming partitions. First we have to analyse
the constants 8 and B in the two cases. In Lemma 6.1 we have seen that there
is no distinction for S: in both cases this constant depends only on the vy, of

Lemma 3.1.

However, for 8 we have to separate the cases.

using Assumption 3.1 and the property

Q| < C HE,

19
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which bound the term max;, follows that

B>en.
We have also found that 5 depends only on the second eigenvalue v = Ay of our
connectivity matrix, i.e., depends only on the topology of the decomposition in
subdomains. Likewise we have that
Br > ev? (minyy,)
depends only on the topology of the decomposition and on the g, .
Otherwise, in the case of a non-conforming partition, we recall that
&ij S C max(ki, kj);
therefore follows that _
B>eyk™,

where ¢ depends to the size of the edges E;;. We have also found that our inf-
sup constant S, besides depending to v, k and the ~,, depends to the partition
in subdomains (not only the topology).

7 Well-posedness and a priori estimates

This section is based on [18, section 7], also we will omit the proofs and write
only the results.

Before proceeding, we note that our discrete bilinear forms a(-, ) and b(-,-) are
not continuous on the original spaces H(Q) and L3(Q2), due to the interface
contributions. This makes the analysis more complicated. However two weaker
continuity properties hold. We need to define two suitable stronger norms. For
a velocity V we set

N
1
IVIE=1VE+ Y [olvIFds+ Y [ 219vPas

e€M izl@ﬂi

We note however that, in case v € Vj, the inverse estimate [16, Eqq. 4.6.4 and
4.6.5] and the definition of o ensure that

VIn < l[vlllo < C[vn, (51)
with a constant C that only depends on 9. We have the following property.

Lemma 7.1. Let V € L?()2, such that V. € H?(;)?, fori=1,...,N, and
w € Vi. Then there exist constants independent of V,w,h and k such that

la(V,w)| < av][[V][[y W],
and, in case V € Vy,

la(V,w)| < o' v [V, [W]s.

20



Analogously, we define a stronger norm for the pressure:

N
1
NI =Rl + Y- [ 5@
i:laﬂi

In case ¢ € My, the inverse estimate yields

llallo.o < Illdllls < Cllallo.0, (52)

with a constant that depends only on oy.

Lemma 7.2. Let Q € LE(Q) and v € L?(2)?, such that Q € H*(Q;) and
veHYQ;),i=1,...,N. Then there exist constant independent of Q,v,h and
k such that

b(v, Q) < BIvIn 1@l

and, in case Q € My,

b(v, Q) < B'[v]n [1Ql]o-

We finally recall that the bilinear form a(-,-) is coercive, i.e.,
a(u,u) = vul?, u € V. (53)

Existence and uniqueness of the discrete problem (19) are ensured by (53), the
continuity properties in Lemmas 7.1 and 7.2, and the discrete inf-sup condition.
With the following lemma we will proof the consistency of our methods.

Lemma 7.3. Let {U, P} € H*(Q)? x L&(Q) be the solution of the continuous
problem (1). If U € Ho(Q4)? and P € H' (), fori=1,...,N, the {U, P}

satisfies the discrete problem

a(U,v)+b(v,P):/f~vd:17, v e Vg,
Q
b(U,q) =0, q € M.

With the following lemmas we want to proof a priori error estimates for the
velocity and for the pressures.

Lemma 7.4. Let the exact solution {U, P} € H'(Q)? x LE(Q) be in H™i (Q;)? x
H™(Q;),i=1,...,N, with m; > 2 and n; > 1. Then there exists a constant
C, independent of h and k, but depending on v and oy, such that

(1 ont hii
U-ul,<C — L Ulpm,.0, + 7 |Pln,.0, | » 54
| I < ;(m k:j“*%| im0 P I,sz1> (54)

with 1 < s; < min{k; + 2,m;}, 1 < r; < min{k; + 1,n;} and B the inf-sup
constant.
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Lemma 7.5. Let the exact solution {U, P} € H'(Q)? x LE(Q) be in H™i(Q;)? x
H™(Q;),i=1,...,N, with m; > 2 and n; > 1. Then there exists a constant
C, independent of h and k, but depending on v and oy, such that

N1 ont 1 Al
P_p OSC o) . Umlﬂl'i___'yzl Pni,Qi ) 55
1P -l Z(ﬂk oy (U + 5 o P ) (55)

with 1 < s; < min{k; + 2,m;}, 1 < r; < min{k; + 1,n;} and By the inf-sup
constant.
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