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1 Introduction

It is well-known that solutions of elliptic boundary value problems in polyhedral
domains have corner and edge singularities. In addition, boundary layers may
also arise in laminar, viscous, incompressible flows with moderate Reynolds
numbers at faces, edges, and corners. Suitably graded meshes, geometrically
refined towards corners, edges, and/or faces, are required in order to achieve an
exponential rate of convergence of hp-finite element approximations; see, e.g.,
[3, 5, 23, 28, 29].

The Stokes and Navier-Stokes equations are mixed elliptic systems with sad-
dle point variational structure. The stability and accuracy of the corresponding
finite element approximations depend on an inf-sup condition for the finite el-
ement spaces that are chosen for the velocities and the pressures. Even for
stable velocity-pressure combinations, the corresponding inf-sup constants may
in general be very sensitive to the aspect ratio of the mesh, thus degrading the
stability if very thin elements are employed, as required for boundary-layer and
singularity resolution. It has recently been shown for two- and three-dimensional
conforming approximations employing Qr —Qx—_2 elements, on corner, edge, and
boundary-layer tensor-product meshes, that the dependence on the polynomial
degree of the inf-sup constant for the Stokes problem might be only slightly
worse than that for isotropically refined triangulations but is independent of
the aspect ratio of the anisotropic elements; see [24, 25, 1, 33].

Discontinuous Galerkin (DG) approximations rely on discrete spaces con-
sisting of piecewise polynomial functions with no kind of continuity constraints
across the interfaces between the elements of a triangulation. They present con-
siderable advantages for certain types of problems, especially those modeling
phenomena where convection is moderate or strong; see, e.g., [11, 14, 15] and
the references therein. DG approximations often allow for greater flexibility
in the design of the mesh and in the choice of the approximation spaces since
they do not usually require geometrically conforming triangulations. We note
however that even if convection may be the dominant effect of a problem, dif-
fusive terms still need to be accounted for and correctly discretized in a DG
framework. Some mixed DG approximations have been proposed. We mention
the methods in [6, 22, 13, 12, 20, 19]. In [32, 26], DG hp-approximations in
two and three dimensions have been proposed and analyzed for tensor product
meshes. Numerical evidence hints that DG approximations exhibit better di-
vergence stability properties than the corresponding conforming ones; see [32]
for the case of Qr — Qr, Qi — Qx_1, and Qi — Qi_2 elements.

In this paper, we consider Q; — Qx—1 DG approximations in three dimen-
sions. They were originally studied in [32] and then in [26] for shape-regular
meshes, possibly with hanging nodes. In particular, it was shown that these
approximation spaces are divergence stable uniformly with respect to the mesh
size h. The best bound for the inf-sup constant in terms of the polynomial de-
gree k was given in [26] and decreases as k~! both in two and three dimensions.
Even though this estimate does not appear to be sharp, at least in two dimen-
sions (see the numerical results in [32]), it ensures the same convergence rate for
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the velocity and the pressure as that of conforming Qg — Qp—_2 elements in three
dimensions, but with a gap in the polynomial degree of the velocity-pressure
pair of just one. We also note that a similar approach was considered in [20] for
h-finite element approximations on shape-regular tetrahedral meshes for mixed
formulations of elasticity problems.

Here, we generalize our analysis in [26] to the case of geometric edge meshes
consisting of hexahedral elements in R3. These meshes are refined anisotrop-
ically and non quasi-uniformly towards edges and corners in order to resolve
edge and corner singularities at exponential rates of convergence. We show that
the inf-sup constant for discontinuous Qj — Qy_1 elements decreases as Ck~3/2,
with a constant C' that only depends on the geometric grading factor, but is
independent of the degree k, the level of refinement, and the aspect ratio of
the anisotropic elements. We recall that for conforming Qi — Q2 approxima-
tions the inf-sup constant on geometric edge meshes decreases as Ck~'/? in two
dimensions and as Ck~3/2 in three dimensions; see [24, 25, 33]. The inf-sup con-
stant of our method has thus the same dependence on k as that of conforming
approximations, but with an optimal gap of just one order.

In this paper we consider the symmetric interior penalty discontinuous Galerkin
method, but note that our stability results remain valid for all the methods
discussed in [26]. Moreover, we note that our analysis is also valid for linear
elasticity problems in nearly incompressible materials, see, e.g., [9, 16], since the
same inf-sup condition is required in order to have approximations that remain
stable close to the incompressible limit.

This paper is organized as follows: In section 2, we review the discrete
setting from [26] that we use in our stability analysis. Section 3 is devoted
to the definition and construction of geometric edge meshes. In section 4, we
discuss continuity and coercivity properties of the discontinuous Galerkin forms.
Our main stability result is an inf-sup condition for the divergence form on
geometric edge meshes and is presented in section 5. In order to prove this
result, several ingredients are needed. First, in section 6, we establish a macro-
element technique for mixed hp-discontinuous discretizations in the spirit of [31,
24, 25, 33]. This technique allows us to investigate the stability on reference
configurations. Then, to address the stability on one of these configurations,
namely the edge patch, we provide estimates of Raviart-Thomas interpolants
on stretched elements in section 7. The stability on edge patches is shown in
section 8. Finally, we complete the proof of our stability result in section 9.

2 Mixed hp-DGFEM for the Stokes problem

In this section, we introduce mixed hp-discontinuous Galerkin methods for the
Stokes problem in incompressible fluid flow, and review the theoretical frame-
work of [26] that we use to analyze the methods on geometric edge meshes.
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2.1 The Stokes equations

Let © be a bounded polyhedral domain in R3, with n denoting the outward

normal unit vector to its boundary 9Q. Given a source term f € L?(Q2)? and
. . 1 2 3 . . . o1 ..

a Dirichlet datum g € H'/ (02)? satisfying the compatibility condition [, 908"

nds = 0, the Stokes problem for incompressible fluid flows consists in finding a

velocity field u and a pressure p such that

—vAu+Vp=~f in Q,
V-u=0 in €, (1)
u=g on 0f).

By setting V := H*(Q)?, Q := L§(Q) = {qe€ L*(Q) : |, gdx =0} and

A(u,v):/ vVu: Vv dx, B(v,q):f/ qV - vdx,
Q Q

we obtain the usual mixed variational formulation of the Stokes problem that

consists in finding (u,p) € V x @, with u = g on 99, such that

A(a,v) 4+ B(v,p) = [, f vdx @
B(u,q) = 0

for all v € H}(Q)? and ¢ € Q. As usual, H}(2)? is the subspace of H*(Q)3 of
vectors that vanish on 0f2.

The well-posedness of (2) is ensured by the continuity of A(-,) and B(-, "),
the coercivity of A(,-), and the following inf-sup condition

f B(v,q)

n s >y >0, (3)
0#£4€L3 () 0tve H (Q)4 a [vl1llqllo

with an inf-sup constant yo only depending on ; see, e.g., [9, 18]. Here, we
denote by || - |[sp and |- |s,p the norm and seminorm of H*(D) and H*(D)3,
s > 0. In case D = (), we drop the subscript.

2.2 Meshes and trace operators

Throughout, we consider meshes 7 in two and three space dimensions that
consist of quadrilaterals and hexahedra { K}, respectively Each element K € T
is affinely equivalent to a reference element K which is either the reference
square S = (—1,1)2 or the reference cube Q = (—1,1)3. The edges of § and the
faces of Q are denoted by fm, =1,...,2d,d = 2, 3, where

fi=fe=-1},  fo={z=1},
fs={y=-1,  fui={y=1}
fs={z=-1}, fe={s=1}, d=3.
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We write {fi}24, to denote the edges or faces of an element K € T, they
are obtained by mapping the corresponding ones of K. In general, we allow for
irregular meshes, i.e., meshes with so-called hanging nodes (see [27, Sect. 4.4.1]),
but suppose that the intersection between neighboring elements is a vertex, an
edge, or a face (if d = 3) of at least one of the two elements. For an element
K € T, we denote by hx the diameter and by px the radius of the biggest circle
or sphere that can be inscribed into K. A mesh T is called shape-regular if

th < CPK, VK € T7 (4)

for a shape-regularity constant ¢ > 0 that is independent of the elements. Our
meshes are not necessarily shape-regular; see section 3.

Let now T be a hexahedral mesh on €. An interior face of T is the (non-
empty) two—dimensional interior of KT N JK~, where K™ and K~ are two
adjacent elements of 7. Similarly, a boundary face of T is the (non-empty)
two-dimensional interior of 9K N 9 which consists of entire faces of 0K. We
denote by £z the union of all interior faces of 7, by £z the union of all boundary
faces, and set £ = £7 U Ex.

On &, we define the following trace operators. First, let f C £z be an interior
face shared by two elements K™ and K~. Let v, ¢, and T be vector-, scalar-
and matrix-valued functions, respectively, that are smooth inside each element
K*, and let us denote by v, ¢= and & the traces of v, ¢ and 7 on f from the
interior of K*. We define the mean values and the normal jumps at x € f as

v} =t +v)/2, [Vl =vt ngs +v -ng-,
{a} =" +q)/2, [d] == ¢ ng+ +¢ ng-,
{z} =" +27)/2 [z] =" ng+ + 17 ng-.

Here, we denote by ng the outward normal unit vector to the boundary 0K of
an element K. We also need to define the matrix-valued jump of v, namely,

[v] == vi@ngs +v @ng-,
where, for two vectors a and b, [a ® bl;; = a;b;. On a boundary face f C &g

given by f = 0K NI, we then set accordingly {v} :=v, {¢} :=¢q, {=} =7,
as well as [v] := v n, [v] :=v®n, [¢] :=¢n and [7] ;=7 - n.

2.3 Finite element spaces

For a mesh T on a polyhedron D and an approximation order k& > 0, we intro-
duce the finite element spaces

VI(T;D):={veL*D)?:v|lx € QuK)®, KeT},

QZ(T;D) ::{q€L2(D):q|K€@k(K), KeT, / gdx =0},
D
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where Qk(K) is the space of polynomials of maximum degree k in each variable
on the element K. Further, we define the subspace V¥(T;D) of VF(T;D) of
vectors with vanishing normal component on the boundary of D

VE(T;D):{VEVE(T;D):V~nD:00n oD},

with np denoting the outward normal unit vector to 9D. For D = Q, we omit
the dependence on the domain and simply write VF(T), Q5 (7) and V}*(T).

2.4 Mixed discontinuous Galerkin approximations

For a mesh 7 on 2, we approximate the velocities and pressures in the spaces
V;, and @}, given by

Vii=Vi(T), Qu:=@Q; '(T), k>1

We refer to this velocity-pressure pair as (non-conforming) Qg — Q—1 elements.
In order to apply the framework of [26], we need to define the additional
space V(h) :=V + V}, endowed with the broken norm

Iz = 3 v+ / SVIPds,  veV(h).
KeT €

Here, § € L>°(£) is the so-called discontinuity stabilization function, for which
we will make a precise choice in section 3.2 below. Further, we define the lifting
operators

/ L(v):zdx:/ﬂl]]:{{z}}ds VT € X, (5)
Q &
M(v)gdx = / [vi{q} ds Yq € Qp, (6)
Q &

where we use the auxiliary space ¥, := {7 € L?*(Q)>*3 : 7|k € Qr(K)3*3, K €
T}
We consider the following mixed DG method: find (up,pn) € Vi x Qp, such
that
Ap(up,v) + Bu(v,pn) = Fu(v) (7)
By(uan, q) = Gn(9)
for all (v,q) € Vi, x Qp. Here, A, : V(h) x V(h) = Rand By, : V(h) x Q@ = R
are the following forms:

Ap(u,v) :/Q Z/[th :Vpv—L(u) : Vv — L(v) : th] dx
+1//56M:Mds, (8)

Bh(VaQ):_/Q q[Vh-v—M(v)]dx,
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where Vj, is the discrete gradient, taken elementwise. The right-hand sides
Fp : Vi, — R and Gy, : Qp — R are given by

Fp(v) = /f~vdxf/ (g®n):{{yvhv}}d5+y/ 0g - vds,
Q & En

Gnlq) = / qg-nds.
En

Restricted to discrete functions in Vj and @y, we have
Ap(u,v) = /vahu : Vpvdx — /g ({vViv} : [u] + {¥Viu} : [v]) ds
Jrl//g 6[u] : [v] ds,
Bp(v,q) = 7/9 gV -vdx+ /5 {q}v] ds.
We note that for ¢ € Qp
By (v,q) = B(v,q) :—/Q gV -vdx, veV,nHdiv;Q), 9)

where the space Hy(div;€)) consists of square-integrable vectors with square-
integrable divergence and vanishing normal component on 9€2. We note that
V1, N Hy(div; §2) consists of discrete vectors with continuous normal component
across the interelement boundaries and vanishing normal component on 012; see,

e.g., [9, Ch. IIL3].

Remark 2.1. The form By and the functional Gy, are exactly those considered
in the mized DG approaches in [13, 20, 32, 26]. The form Ay in (8) is the
so-called interior penalty (IP) form. Several other choices are possible for Ay,
as discussed in [26]. All the results of this paper hold verbatim for these other
forms as well.

2.5 Well-posedness and error estimates

Problem (7) was analyzed in [26] where an abstract framework was introduced.
To the knowledge of the authors, all available mixed DG methods for the Stokes
problem can be studied in this framework.

We assume that the forms A, and By, satisfy the following continuity prop-
erties

An(w,v) <arfullplvln,  w,veV(h), (10)
Bu(v,q) < azl[vinllallo,  (v.q) € V(h) x @, (11)

with constants a; > 0 and as > 0, and that Ay, is coercive

Ap(u,u) > Bllul|f,  u € Vy, (12)
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for a constant 8 > 0. Further, we suppose that the following discrete inf-sup
condition for the finite element spaces Vj, and @, (also referred to as divergence
stability) holds true:

B
inf h(V7 Q)

sup >y > 0. 13
0£a€Qn 0£ve vy, ||VInllallo E )

The above conditions ensure the well-posedness of (7): Indeed, (7) has a unique
solution and we have the following error bounds [26, Sect. 3 and 4]

u—u < Clyt inf |[lu—v|,+ inf — + Rp(u,p)|,
I rlln < Clv, vthH lln quth dllo + R (u,p)] "
-1 . —2 . ~1

lp = pnllo < Clv, Juf flp = allo+ 5 inf JJu—vin+7, R (u,p)],

where the constants C only depend on a1, as and 8, and where Rp,(u, p) is the
residual defined by

Rin(u,p) := sup [An(a, v) + Bu(v,p) = Fu(v)|

(15)
0AvEV), vl

In [26], the above conditions have been verified on isotropically refined, shape-
regular meshes and it has been proved in [26, Theorem 9.1] that, for ¢ of the
order k?/h, the estimates in (14) are optimal in the mesh sizes and slightly
suboptimal in the polynomial degrees. In particular, we point out that the
residual Ry, in (15) has been shown to be optimally convergent.

In the following, we generalize these results and show that the forms in (8)
satisfy the above conditions on geometric edge meshes, which may be highly
anisotropic. In particular, we show that the constants a1, as, § and v, can
be bounded independently of the aspect ratio of the anisotropic elements in
the meshes, for a suitable choice of the discontinuity stabilization parameter 9.
Geometric edge meshes are introduced in section 3. Continuity and coercivity
properties are then shown in section 4. The crucial stability result is the discrete
inf-sup condition in section 5.

3 Geometric edge meshes

In this section, we introduce a class of geometric meshes designed to resolve
corner and edge singularities that arise in Stokes flow or nearly incompress-
ible elasticity. These meshes are referred to as geometric edge meshes; they
are, roughly speaking, tensor products of meshes that are geometrically refined
towards the edges.

3.1 Construction of geometric edge meshes

Geometric edge meshes are determined by a mesh grading factor o € (0,1)
and a number of layers n, the thinnest layer having width proportional to o™.



Mixed hp-DGFEM on geometric edge meshes 8

Level 1

%

Level 2

Figure 1: Hierarchic structure of a geometric edge mesh 7™?. The macro-
elements M touching the boundary of Q (level 1) are further refined as edge
and corner patches (level 2). Here we have chosen o = 0.5 and n = 3.

We recall that exponential convergence of hp-finite element approximations is
achieved if n is suitably chosen. For singularity resolution, n is required to be
proportional to the polynomial degree k; see [3, 5].

On Q, a geometric edge mesh T™? is constructed by considering an initial
shape-regular macro-triangulation 7, = {M} of Q, possibly consisting of just
one element. The macro-elements M in the interior of 2 can be refined isotropi-
cally and regularly (not discussed further) while the macro-elements M touching
the boundary of Q) are refined geometrically and anisotropically towards edges
and corners. This geometric refinement is obtained by affinely mapping refer-
ence triangulations (referred to as patches) on @) onto the macro-elements M
using elemental maps Fy : @ — M. An illustration of this process is shown in
Figure 1. For edge meshes, the following patches on Q = I*, I = (—1,1), are
used for the geometric refinement towards the boundary of €:

Edge patches: An edge patch 7% on @ is given by

T = {sz X fl Koy € 7—17;,0 )

where 7.7 is an irregular corner mesh, geometrically refined towards a vertex

of § = I? with grading factor o and n layers of refinement; see Figure 1 (level
2, left).

Corner patches: In order to build a corner patch 7,7 on @, we first
consider an initial, irregular, corner mesh 7,7, geometrically refined towards

a vertex of @, with grading factor o and n layers of refinement; see the mesh
in bold lines in Figure 1 (level 2, right). The elements of this mesh are then
irregularly refined towards the three edges adjacent to the vertex in order to
obtain the mesh 7.
For simplicity, we always assume that the only hanging nodes contained in
geometric edge meshes 7™ are those contained in the edge and corner patches.
The geometric edge meshes satisfy the following property; see also [17].
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Property 3.1. Let T™° be a geometric edge mesh on Q and K € T™°. Then
K can be written as K = Fr (Kyy.), where Ky, is of the form

Koy = I, x Iy x I, = (21, 22) X (y1,y2) X (21, 22),
and Fi is an affine mapping, the Jacobian of which satisfies
|det(Jx)| < C, |det(J5")| < C,
with C' only depending on the angles of K but not on its dimensions.

We note that the constants in Property 3.1 only depend on the constant
in (4) for the underlying macro-element mesh 7,,. The dimensions of K,,, on
the other hand may depend on the geometric grading factor and the number of
refinements.

For an element K of a geometric edge mesh, we define, according to Prop-
erty 3.1,

hf:hmzxg—xl, hé(:hgg:yg—yl, hfzhm:ZQ_Zl.

3.2 Discontinuity stabilization on geometric meshes

In this section, we define the discontinuity stabilization parameter § € L*>°(£) on
geometric edge meshes. Let f be an entire face of an element K of a geometric
edge mesh 7™ on . According to Property 3.1, K can be obtained by a
stretched parallelepiped K,. by an affine mapping F that only changes the
angles. Suppose that the face f is the image of, e.g., the face {x = x1}. We set
h¢ = hy. For a face perpendicular to the y— or z—direction, we choose hy = h,
or hf = hz.

Let now K and K’ be two elements with entire faces f and f’ that share an
interior face, e.g., f = f N f'in Ez. We have

Chfghf/ Scilhf, (16)

with a constant ¢ > 0 that only depends on the geometric grading factor ¢ and
the constant in (4) for the underlying macro-element mesh 7,,,. We then define
the function h € L>*(&) by

) min{hs, hp} xe fnf Cég,
h(x) == {hf et (17)

Furthermore, we define
§(x) = doh ™1k, (18)
with a parameter dg > 0 that is independent of h and k.

Remark 3.1. For isotropically refined, shape-reqular meshes, the definition in
(18) is equivalent to the usual definition of 6, see [26].
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Strongly related to the choice of ¢ in (17) is the following discrete trace
inequality.

Lemma 3.1. Let K be an element of a geometric edge mesh T™° on 2 and f
an entire face of K. Then

lelld s < Chy* max{1, k}?[lollf «

for any ¢ € Qr(K), k > 0, with a constant only depending on the constants in
Property 3.1.

Proof. First we note that on the reference cube @, this estimate follows from
standard inverse inequalities, see, e.g., [27, Theorem 4.76]. Next, let K =
Koy, = (x1,22) X (y1,%2) X (21, 22) be an axiparallel element. We may assume
that the face f is given by f,. = {z1} X (y1,92) X (#1,22). A simple scaling
argument then yields

lell3. s, < Chz' max{1,k}[lell§ k. ,. (19)

for any ¢ € Qi(Kgzy2), with hy = x2 — z1 and an absolute constant C' > 0.
Finally, since an element K of a geometric edge mesh can be written as K =
Fy(Kyy) according to Property 3.1, the claim follows from (19) by a scaling
argument that takes into account the definition of hy. o

4 Continuity and coercivity on geometric edge
meshes

Our first main result establishes the continuity of A, and Bj as well as the
coercivity of Ay on geometric edge meshes.

Theorem 4.1. Let 7™ be a geometric edge mesh on Q with a grading factor
o € (0,1) and n layers of refinement. Let the discontinuity stabilization function
0 be defined as in (17) and (18).

The forms Ap, and By, in (8) are continuous,

[An(v, w)| <var|vlnllwln Vv, we V(h),
B (v, @)| < as|[vlnllallo VueV(h), ¢ €@,

with continuity constants aq and ao that depend on §g and the constants in Prop-
erty 3.1, but are independent of v, k, n, and the aspect ratio of the anisotropic
elements in T™°.

Furthermore, there exists a constant Syin > 0 that depends on the con-
stants in Property 3.1, but is independent of v, k, n, and the aspect ratio of the
anisotropic elements in T™7, such that, for any do > dmin,

An(v,v) 2 vBlvlE Vv EVp,

for a coercivity constant 5 > 0 depending on dg and the constants in Property
3.1, but independent of v, k, n, and the aspect ratio of the anisotropic elements
in T™e.
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Proof. We first claim that the lifting operators £ and M in (5) and (6) satisfy

L2 < C /g S|vIds,  IM)E<cC /g s\IvIds,  (20)

for all v € V(h), with C > 0 independent of k, n, and the aspect ratio of the
anisotropic elements.

We show the first estimate in (20) for £; the proof of the second estimate is
completely analogous by noting that |[v]|? < [[v]|?. For v € V(h), we have

Jo £(v) : Tdx b Je IV : =} ds

L(v = sup ————————— = su
£l I€th zllo TED, Izl
U AP ) (fe o'z )
ez, Izllo
< C sup (fg 6|M|2 dS)E(ZKeTh faK 5_1|I|2d5)5
T zex, Izllo

Here, we used the definition of £ and Cauchy-Schwarz inequalities. Since for
TE Zh

6
| 57zPds <0 3 hy k2Nl g, < Ozl
oK

m=1
thanks to the definition of § and Lemma 3.1, we obtain the desired estimate for
L.

The continuity of the forms A, and By, follows immediately from (20) and
Cauchy-Schwarz inequalities. The coercivity of A;, can be proven by employing
the first estimate in (20) and the arithmetic-geometric mean inequality 2ab <
ea? + 712, for all € > 0, see [4]. O

Remark 4.1. The results in Theorem 4.1 are based on the anisotropic stability
estimates (20) for the lifting operators L and M. These operators are identical
for all the DG forms considered in [26] and, thus, the results in this section holds
true for all the mized DG methods there as well. We also note that the restriction
on dq is typical for the interior penalty form Ap and can be avoided if Ay is
chosen to be, e.g., the local discontinuous Galerkin form, the nonsymmetric
interior penalty form or the second Bassi-Rebay form, see [26].

5 Divergence stability on geometric edge meshes

Our second main result establishes the divergence stability in (13) for Qx — Qx—1
elements on geometric edge meshes. We have the following theorem.

Theorem 5.1. Let 7™ be a geometric edge mesh on Q with a grading factor
o € (0,1) and n layers of refinement. Let the discontinuity stabilization function
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0 be defined as in (17) and (18). Then there exists a constant C' > 0 that depends
on o and the shape-reqularity of the macro-element mesh, but is independent of
k, n, and the aspect ratio of the anisotropic elements in T™°, such that, for
any n and k > 2,

B
inf sup BadANEL VR (v, q)

—3/2
D ol e = €%
0£4€Q, ™ (T™7) 0AVEVE(T™) hllqllo

Hence, condition (13) is satisfied with v, = Ck™>/2.

Remark 5.1. This result extends the work in [24, 25, 33] for conforming Qy —
Qr—2 elements to the discontinuous Galerkin context; it is proved in a similar
way using a macro-element technique. We point out, however, that in the DG
approzimations considered here we use Qp — Q1 elements that are unstable in
a conforming setting. This choice of spaces is optimal from an approximation
point of view.

Remark 5.2. The form By, is identical for the DG methods in [13, 20, 32, 20].
Therefore, the stability result in Theorem 5.1 is valid for all these methods.

The proof of Theorem 5.1 is carried out in the remaining sections. The first
ingredient we need is a macro-element technique that we introduce in section 6.
The second ingredient is given by some stability estimates for Raviart-Thomas
interpolants on certain anisotropic meshes, derived in section 7. In section 8,
we establish divergence stability on edge patches. The proof of Theorem 5.1 is
completed in section 9 by recursively applying the macro-element technique.

6 Macro-element technique

In order to prove Theorem 5.1, we use a macro-element technique; see [30, 31,
25, 33]. We recall that a geometric edge mesh 7 = 7™ is obtained by refining
a coarser, shape-regular macro-mesh 7,,. Theorem 6.1 below is the main tool
of our macro-element technique.

First, we introduce local bilinear forms. If M € 7,,, we define

BhyM(v,q):f/ th~vdx+/ {{q}[[v]]der/ gv-nds, (21)
M EzNM EnoM
for (v,q) € VE(T) x Q¥ (T). Correspondingly, we also need the local norm

W= Mk [ oulblPds+ [ suiveonuPds  (22)

Ko ErnM £nOM

where nj,; denotes the outward normal unit vector to M and 6y, is a discon-
tinuity stabilization function defined as in (18), with h(x) replaced by

R YA T )
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By integration by parts on each element in M, we have

Baar(v,q) = / v Vagdx - /S - fupds (24)

M

If Tas is the restriction of 7 to M, then
Buu(v,q) = Bu(v,q), v e Vi(Ta; M), (25)

where we use the same notation for v € VZ(TM; M) and its extension by zero
to €.
For a geometric edge mesh on (2, we have

5(X) < C(S]V[(X), 5(X) < Oy (X), x € oMnN 8M’, (26)

with ¢ > 0 solely depending on ¢ and the shape-regularity of the macro-element
mesh 7,,. This follows from the construction of geometric edge meshes, from
the definition of § in (17), (18), and from (16).

The following theorem holds.

Theorem 6.1. Let T = T™° be a geometric edge mesh on Q with a grading
factor o € (0,1) and n layers of refinement. Let Tp, be the underlying macro-
element mesh. Assume that there exists a low-order space X, C VE(T) such
that B

inf sup Bu(v.a) > (1, (27)

0£4€Q} (Tw) 0£vex, IVIIn llallo

with a constant Cy > 0 independent of k. Furthermore, assume that there exists
a constant Co > 0 independent of M € T, and k such that

B
inf sup h,]\/f(va Q)

— >y kT, MeTn, (28)
0£4€Q} (TarsM) g 2ve vt (Tagsa) |1V l1narllallo,ne

with o > 0 and Ty denoting the restriction of T to M € T,,. Then the spaces
VE(T) and QF~(T) satisfy
Bh (Va q)

inf sup = ————— > Ck™%,
0£4€QE~(T) ozvevi(r) [IVIIn llallo

with a constant C > 0 solely depending on Ci, Cy, o and the shape-regularity
of Trn-

Proof. Let q € ijl(T). We decompose ¢ into ¢ = ¢* + ¢,, where ¢, is the
L?(Q)-projection of q onto the space Q9(7y,) of piecewise constant pressures on
the macro-element mesh 7,,. Because of (27), there exists v, € X}, such that

Bu(Vin,@m) = lamll3,  [1Vmlln < CT lmllo. (29)
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We next consider ¢* € Q¥ '(T). We fix a macro-element M € 7y, and set
43 = ¢"|ar- We note that ¢}, has vanishing mean value on M. By using (28),

there exists a field v}, in {/,@L(TM; M) such that

B Wi @in) = w3 as W llnar < C3 6 Nlaigllonr. (30)

We now define v* =3 meT,, V- By construction, vy, has a vanishing normal
component on M and vanishes outside M. Thus, combining (25) with (30)
yields

Bp(v*.q") = Z Bh,m(Virs aar) 2 a5 (31)
MeTm

Furthermore, thanks to (26) and (30),

ViR <C > Ivilliar < CEllg" |5, (32)
MeTm

with a constant C' only depending on C and the constant in (26). Select now
vV =v,+nv'e VZ(T) where 1 > 0 is still at our disposal. First, thanks to
(25), (24) and the fact that ¢, is constant on each macro-element, we have

Bp(v*, qm) = Z B v (Vs Gm)

MeTn
= Z(/ v}‘\/[-thmdx—/ [qm]-{{v}‘w}}ds) =0.
MeT, M &znM

Further, the continuity of Bj(:,-) in Theorem 4.1, (29), and the arithmetic-
geometric mean inequality yield

* * C *
|Bu(vim, ¢7)] < asl[Vinllalla™lo < Cllamllola™llo < = llgmll§ +Clla"IG,

with another parameter ¢ > 0 to be properly chosen. Combining the above
results with (29) and (31), gives

Bun(v,q) = Brn(Vi,qm)+ Br(Vim,q") + nBr(v*,q")

c "
(1= 2llamll§ + (0 = =C)lg” 5.

Y

It then clear that we can choose n and ¢ in such a way that
By(v.q) = cllqllg (33)
with a constant ¢ independent of k. Furthermore, from (29) and (32),
IVIla < [Vinlln +0llvFl|n < ck®lqllo- (34)

The assertion of Theorem 6.1 follows then from (33) and (34). O
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For geometric edge meshes, the macro-elements are refined by mapping ref-
erence configurations on (). Condition (28) in Theorem 6.1 can then be verified
by checking the stability of the patches on the reference cube @ Similarly to
(21) and (22), we denote by B, 5(-,-) and || - [|,, 5 the divergence form and the
broken energy norm on a mesh on @, respectively, with the stabilization func-
tion 5@ defined according to (18), but with h replaced by the local mesh-size hs

defined as in (23) with M = Q.

Proposition 6.1. Let T = T™ be a geometric edge mesh on  with a grading
factor o € (0,1) and n layers of refinement. Let Tp, be the underlying macro-
element mesh, and F be a family of meshes on the reference element @, also
containing the trivial triangulation T = {@} Assume that T is obtained from
T by further partitioning the elements of Tp, into FM(7A') where T € F and Fy

is the affine mapping between @ and M. Assume that the family F is uniformly
stable in the sense that

B, 5 Vaq) -~
inf  sup Do 9 >Ck™, VT eF, Vk, (35
0#£q€Qy M (T5Q) 0£vEVE(T;:Q) ||UHh,@||Q||o@

with a constant C' > 0 independent 0f7A' € F and k. Then, condition (28) in
Theorem 6.1 is satisfied with a constant that only depends on the constant in
(85) and the shape-reqularity of the macro-element mesh T, .

Proof. Let M € Ty, be a macro-element. The restriction Ty of T to M is given
by Far(T) for some mesh T € F. Let g € ijl(TM; M). We transform ¢ back

to the reference element @ via the affine transformation Fiy : @A—>AM , that is,
weset =qoFy € Q’,i_l(T; Q). By (35), there exists Vv € VF(T; Q) such that

Bo@ @ = d5 Mg < Okl (36)
We use the Piola-transform, see [9, Sect. III.1], and set

v =Py¥) = |Ju| TV o Fyt

Here, Jys is the Jacobian of Fi; and |Jar| = |det(Jar)]. Let now K = Fy(K)
be an element of M that is the image of the element K in @ It can then be
easily seen that v|x is obtained from V| through the local Piola transformation
K — K. Due to the properties of these transforms in [9, Lemma 1.5 and Lemma
1.6], we thus have v € V,’“L(TM; M) and By, 5(v,q) = Bp,u(v,q). By using the
definition of §5; and 5@ and standard scaling properties for the Piola-transform,
we obtain from (36) the existence of a field in VZ(TM; M) also denoted by v
such that
Buau(via) 2 llallgnrs vk < Cklgllon,

where C solely depends on the constant in (35) and the shape-regularity of the
macro-element mesh 7,,. O
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7 Raviart-Thomas interpolant on anisotropic meshes

The purpose of this section is to provide estimates for the interpolant on Raviart-
Thomas finite element spaces on certain anisotropic meshes. In order to do so,
we employ a different representation than that considered in [26], originally
proposed in [2].

7.1 One-dimensional interpolants

We first introduce some one-dimensional projections. Let {Li(z), i € No} be
the set of orthogonal Legendre polynomials on I = (—1,1); see, e.g., [7]. We
also consider a different set {U;(x), i € Ny}

Uo(z) = Lo(x) =1, Ui(z) = Li(z) = x,

x

Ui(z) :/Li,l(t)dt: (20 — 1) NL; — Li_s), i>2;

-1

(37)

see in particular [7, Theorem 3.3]. The sets {L;} and {U;} both provide bases
for L2(I) and thus H'(I).

For a generic interval I = (z1,22) = F[(f), two bases can be found by
mapping {L;} and {U;} onto I. In the following, we use the same notations for
these bases in L?(I) as for the reference interval.

Let 70 : L?(I) — Qg(I) be the L?-orthogonal projection. We note that

00 k
i=0 i=0
We also define a second projection 7} : L2(I) — Qg(I) by
00 k
i=0 i=0
Lemma 7.1. Let I = (x1,22). Forv e HY(I), we have
(m0)(21) = v(21), (mpv)(x2) = v(22), k>1,
/ﬁ,iqua::/qu:c q € Qr_a(I), k> 2.
I I
Proof. The first property follows from the fact that U;(x1) = U;(x2) = 0 for

i > 2. To prove the second property, let ¢ € Qx_2(I) be given by ¢ = L}_; for
2 < ¢ < k. It is then easy to see that

/(W,iv)’Li,ldx = /U’Li,ld:r.
I I

From the above identity and the first assertion, the second assertion follows by
integration by parts. o
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The next lemma provides certain stability estimates.

Lemma 7.2. Let I = (z1,72) and v € H'(I). There is a constant C > 0
independent of k and I such that

I7Rollo.r < llollo,r,  Imvlie < OVElolur,  Imgolir < folr
If in addition v € HJ(I), then
Imiollo.r < CVE [[v]lo,r- (38)

Proof. Since for a generic interval the bounds are obtained by a standard scaling

argument, it is enough to consider I = (—1,1). The bounds for 7 can be found

in [10]. Moreover, let v = >°:° v;U; and x : [0, 00) — R be a C* cut-off function

that is equal to one in [0, 1], decreases to zero in [1,1 4+ pl, and is equal to zero
o0 .

in [14 p,00). If p = 1/k, it is easy to prove that 7jv = > x (%) v;U;. The
i=0

bounds for 7} can then be found in Lemma 3.2, Lemma 3.3, and Remark 3.4 in
[8]. O

Further, we will make use of the following approximation property. It is
proved in [21] for the reference interval and can be proved for a generic interval
by a scaling argument.

Lemma 7.3. Let I = (x1,22) and h = xo —x1. Then there is a constant C > 0
independent of k and I such that for v € H*(I)

h
(R —v)(@)* <Ol i=12

7.2 Two-dimensional interpolants

We recall some two-dimensional results that were proven in [2, 26]. Given the
reference square S and an integer k£ > 0, we consider the Raviart-Thomas space

-~ -~

RTy(S) = Qiy1,1(S) x Qi ses1(5),

where Qg &, (§ ) is the space of polynomials of degree k; in the i-th variable on S.

-~

For an affinely mapped element K = F (5), the Raviart-Thomas space RTj(K)

-~

is defined by suitably mapping functions in RT}(.S) using a Piola transformation;
see [9, Sect. 3.3] or [2, Sect. 3.3] for further details.

On S, there is a unique interpolation operator Ilg = H% : HY(S)% = RTy(S),
such that

/A(Hgv — v) -wdx =0, Yw € @k_17k(§) X @k,k—1(§),
g
(39)
[ (Ilgv —v) -npds =0, V@E@k(fm), m=1,...,4;
fm
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see [9] or [2]. For k = 0, the first condition in (39) is void. For an affinely mapped
element K, the interpolant Il = 1% : H!(K)? — RTy(K) can be defined by
using a Piola transform in such a way that the orthogonality conditions in (39)
also hold for IIk.

For shape-regular elements, we recall the following result from [26, Lemma 6.9
and Lemma 6.10].

Lemma 7.4. Let K be a shape-reqular element of diameter hx and w €
HY(K)3. Then

Mxw|ix < Cklwli K, [w —Txw|§ o < Chi|Wl3 g,
with a constant C > 0 that is independent of k and hy.

In addition to the bounds in Lemma 7.4, we need slightly refined estimates
to treat axiparallel elements of the form S = S;, = (21,22) X (y1,¥2). Such
bounds can be obtained by using tensor product arguments. For this purpose,
we define the two-dimensional operators

pontf,  Wmalhond,
with the one-dimensional projectors 7 and 7} from section 7.1. We have spec-
ified the variable on which these projections act.

We have the following representation result.

Lemma 7.5. The Raviart-Thomas interpolant on S = Sy = (21, 22) X (y1,Y2)
satisfies B
v = IT% (v, vy) = (TFvg, TYvy), v € C™(9)2.

Proof. Using Lemma 7.1 and properties of the L?-projection, it is immediate to
see that (ITfv,, [I{v,) satisfies the conditions in (39) on S. O

The operators IIf and II} can be uniquely extended by density to func-
tions in H'(S) (these extensions being still denoted by IIf and II¥). This is a
consequence of the following result.

Lemma 7.6. Let v € C°°(§). Then there exists a constant C' independent of
k, such that

[0:(Mgv)llp 5 < 00l s 10y(Hgv)llp 5 < Cklvl, g
Similar estimates hold for I17.

Proof. The first bound can be proven using the definition of IIf and II} and the
one-dimensional bounds in Lemma 7.2. The second bound can be found in [26,
Lemma 6.9]. O

We end this section with an error estimate for the two-dimensional -
projection. It can be proven by using Lemma 7.3; cf. [21, Lemma 3.9].
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Lemma 7.7. Let S = Sz = (x1,22) X (Y1,y2) be a shape-reqular element of
diameter h. Then there exists a constant C' > 0 independent of k and h such
that

h
v = m¥mp l§ a5 < Cﬂ“ﬁ,s’ ve HY(S).

7.3 Three-dimensional interpolants

In this section, we introduce the Raviart-Thomas interpolant in three dimen-
sions. We note that we use the same notations as for the two-dimensional case.
Given an axiparallel element of the form

Kuy. = (21, 22) X (Y1,y2) X (21, 22),

and an integer k > 0, we consider the Raviart-Thomas space

RT3 (Kpyz) = Qra1,k,6 (Kayz) X Qrig1,k(Kayz) X Qr o k1 (Kayz),

where Qg k,, ks (Kay-) is the space of polynomials of degree k; in the i-th variable
on Ky .. For general affinely mapped elements K € T of a geometric edge mesh
T = T™° (see Property 3.1), the Raviart-Thomas space RT}(K) is defined by
suitably mapping functions in RTj(K4,.) using a Piola transformation; see [9,
Sect. 3.3] or [2, Sect. 3.3] for further details.

On Ky, there is a unique interpolation operator g, = IIj HY (K. )? —
RTy(Kyy»), such that

/ (HK”ZV*V) -wdx =0,
K

Tyz

Vw € Qk—l,k,k(Kmyz) X Qk,k—l,k(Kmyz) X @k,k,k—l(szz)a (40)

/ (HKWZV — v) ‘npds=0, Vo€ Qrir(fm), m=1,...,6;
with {f,} denoting denoting the six faces of Ky, .; see [9] or [2]. For k = 0,
the first condition in (40) is void. For an element K € T, the interpolant
i = 0% : HY(K)? — RT)(K) can be defined by using a Piola transform in
such a way that the orthogonality conditions in (40) also hold for k.

We now define the three-dimensional operators on K = K,

z._ 0z 0y __lx y._ 0z Ly 0,z z . 1,z 0,y 0
I} == m " om Y om [, I = m " om fyom. ™, IE :==m  om om™,

where we have specified the variable on which the one-dimensional projections
act. The following representation result can be proven in the same way as in
two dimensions.

Lemma 7.8. On K = K., the Raviart-Thomas interpolant satisfies

Hlf(v = H%(vz,vy,vz) = (Ojvg, vy, Mjv.), ve C>™(K).
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The operators IIf, II}, and II} are well-defined for functions in C> (K) and
can be uniquely extended by density to H'(K) (these extensions being still
denoted by IIf, II{ and II}). This is a consequence of the following result.

Lemma 7.9. Letv € C"O(a). Then there exists a constant C' independent of
k such that

IN

T 2 2
l0.(M)le 5 < Closoll? 5
18, (M0)[12 5 < CR([|8y0]2 5 + 0012 5),
T 2 2 2 2
-2 5 < CK (10:0]2 5+ 0]} 5)-

Similar estimates hold for IT}, and IIf,.

A

IN

Proof. The first two estimates can be obtained using Lemmas 7.2 and 7.6, and

the fact that IIf can be written as the tensor product of the two-dimensional
T 0,z

Raviart-Thomas projection and a one-dimensional L2-projection: Il =m 7~ o
(mp¥ o mp'"); see Lemma 7.8. The last bound can be obtained by exchanging
the y and z variables. O

7.4 Stretched elements

For a general anisotropic element, Lemma 7.9 and a scaling argument provide
estimates that are not independent of the aspect ratio. For an edge patch on
@, however, we only need to consider stretched elements of the form

Kpy. = (x1,22) X (y1,y2) X I, (41)

with hy = 29 —21 < 2, hy = y2—11 < 2, and h, comparable to h,. Even for this
simpler case, good bounds cannot be found for all the components. However,
if we only consider vectors with a vanishing normal component along the faces
z = 1, we have the following result.

Lemma 7.10. Let K be given by (41) and v = (vy,vy,v,) € HY(K)3, such that

v-ny =0 along z = £1, with ny = (0,0,%1). If chy < hy < Chy, then there
exists a constant independent of k and the aspect ratio of K, such that
[9x( zvrmg,K < CHaﬂcUng,Ka
Hay( iUZ)H?J,K < CkK? (Hayvﬂc”g,K + HaﬂcUzHg,K)a
HGZ(HiUI)Hg,K < Ck (Hazvﬂc”al( + ||az?}z||a[()a

and similarly for I} vy,. In addition,

[10x( ZUZ)Hg,K < Ck2H8IUZHg,Ka
10, (M) < CR*|0yv:[§ ks
HGZ(HZUZ)Hg,K < CHGZUZH%,K-

Consequently, |llxv|1 k < Ck|v|1 Kk, with a constant independent of k and the
aspect ratio of K.
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Y3

Yy

Figure 2: Two stretched elements K7 and Ky that share the face f = {2} x
(y1,y2) x 1.

Proof. Assume first that v € C*°(K)3. The bounds for II¥v, and II}v, follow
from Lemma 7.9 and a scaling argument. To obtain the estimates of IIv.,
we use the representation in Lemma 7.8 and the results in Lemma 7.2. In
particular, we use (38) to bound w;fl. The proof is then completed by a density
argument. o

Similarly, it is possible to bound the jumps across faces of stretched elements.
Let K; and K5 be two stretched elements given by

~

Ky = (w1,22) X (y1,¥2) x 1, Ky = (z2,73) X(yl,ys)xi (42)

with y2 < y3. Further, we introduce the faces f1 = {2} X (y1,92) X T and
fo=A{x2} x (y1,93) x [. Let f = f1 C fo, as illustrated in Figure 2. We then
set hl,z = T2 — 1, hgw = T3 — T2, hl,y = Y2 — Y1, and h27y =Y3 — Y.

Lemma 7.11. Let K;1 and Ko be the two stretched elements in (42). Let u €
HY(K1UK3)? such that u-ny = 0 along z = &1, with ny = (0,0, +1). Assume
that

Chl,m S h2,z S Chl,z; hl,y S h2,y S ChQ,m-

Let v be the piecewise polynomial given by v|k, = Uk, (u|k,) where Ik, is the
Raviart-Thomas projector of degree k on K;, 1 = 1,2. Then,

/f V11 ds < Chaa [102l§ s, + 10yl &,] + Choo [[1020ll§ «, + 18yull§ ],

with a constant C > 0 that is independent of k and the mesh sizes hi 4, ho 4,
h17y7 and hg,y.

Proof. First, we assume that u € C®(K; U K,)>.
For i = 1,2, we denote u|, by u’ = (ul,, ul,u’) and v|x, by v = (v}, v}, vL).
Since

/|[[V]]|2d5:/(vifv§)2ds+/ (v;fv§)2d5+/(v;—vg)2d5 =T +To+T5,
o ! f !
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it is enough to estimate the terms 77, T» and T3 separately. We observe that
vl = v2 (and thus T} = 0) only if f = f; = fo, since the normal component
of v is continuous across f in this case. In the general case, since ul = u?2 is

continuous across f, we can write
T, = /(v}c —v2)%ds < 2/ (ul —v;)2d5+2/ (uZ —v?)? ds
f 1 1

2/‘m;—ub%m+2/‘wi—@dezznA+2ﬂﬁ.

IN

For Ty 4 we use the representation in Lemma 7.8 of v} = IIful on K. Lemma

7.1 ensures
0,z 0,y 1 0,z_0,
vl = (m "y, yﬂkfl)ul (m ky)uglg, on f.

For the case of K :Q, we have
_ 1 0,z Oy 1 2
Tya = /( — )d5</ lul|?ds

/dy/dz|u T2,Y, 2 <C’/da:/dy/dz|8u z,y,2)|%,

where we have used the stability of the L2-projection ﬂg’zwg’y

in Lemma 7.2,

and the fact that functions in H'(I) are continuous. For a generic K of the
form in (42), we employ a scaling argument and obtain

/ (ul — v})2ds < Chy 4[| 0pul 2 ..
1

A bound for T3, can be found in the same way. We obtain

Ty < C(h,2|100urllf s, + h22l|l0cu2lf k., )- (43)
Let us now consider the term T5. Since ull/ = ui on f1, we have ﬂ'g’zu; =
T u u? and can then bound T by
T, = /f(vé —U§)2ds < 2/ (vl 7T2Z 11/) ds+2/ (v2 —ﬂgzui)st
1 1

< 2/ (vl 7T2Z 11/) ds+2/ (’1)2—7ng 3) ds =: 2T 4 + 2T p.
1 2

Let us further estimate the term 75 4. From the representation in Lemma 7.8
and the stability of 7r0 *in Lemma 7.2, we find

2 2
Ton = / (my Py — (mp ety )uy )~ ds < / (uy — (md iy )uy,)” dydz.
1 1

We now note that (ﬂ;flﬂk ) is the second component of the two-dimensional
Raviart-Thomas interpolant on the shape-regular rectangle (z1,x2) X (y1,y2).
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We can then use the two-dimensional result in Lemma 7.4 and obtain

Y2
2
TQ,A < / dZ/ dy 1'2;y7 ) (ﬂ-k+1ﬂ-k U;)(SEg,y,Z))
yl o
< Chl,m/ dz/ dy/ dz(|0,u’ (z,y, 2)[* + |0yu’ (2,9, 2)[?)
-1 Y1 T
< Chig[[|0.0If «, + 10,0 l[§ x,]-

A bound for T p can be found in the same way. This yields

Ty < Chig ([0:0'[§ ke, + 100 [[5 &,) + Chaa (10:0°][5 s, + [0y 0*[[5 ) -
(44)
For the term T3, we proceed as for 17 and write

T3 = /(vl—v) ds<2/ (ul —vl)? ds+2/ (u? —v?)*ds
! f1 1
< 2/ (ul —vl)? ds+2/ (u2 —v2)?ds == 2T5 4 + 2153 3,
1 2

and bound the two last terms separately using the representation of Lemma 7.8.
We first note that ul = u2 = 0 at 2 = £1, so that we can use (38) in Lemma 7.2:

1 1, 0,y 0O,z 1 2 1 O,y _0O,z\ 1 2
T34 = (u (miymg Yy )uz) dydz < Ck (uz — (m ¥y )uz) dydz.

1

Using the error estimate for the L?—projection (wg ng “) on the shape-regular

element (z1,22) X (y1,y2) in Lemma 7.7, we find

T34

IN

Ck / [ dy (ul a2, — (7 ) 02, 2))
Y1
Chlz/ dz/ dy/ dz(|0,ul(z,y, 2)|° + [0yul(z, y, 2)|?).

IN

Since a bound for T3 g can be found in the same way, we find

Ty < o (00023 1, + 10,213, 1c,) + Cha (1000213, + |ayu§|3,K22 .
45

For u € C*°(K; UK3)? the assertion follows by combining (43), (44), and (45).

The proof is extended to functions u € H!(K;UK3)? by a density argument.

O

In exactly the same manner, using the representation result of Lemma 7.8,
we obtain the following bound for the other faces.

Lemma 7.12. Let K be an element of the form (41) and f an entire face of
K. Assume that chy < hy < Ch,. Let u € H(K)? with ulf = 0, and let v be
the Raviart-Thomas projector of degree k on K. Then we have that

/f v ® nK|2ds < Ch|u|iK,
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with h = hy ~ hy. The constant C is independent of k, and the mesh sizes hy,
and hy.

Proof. The proof for the lateral faces parallel to the z-axis can be carried out as
in the proof of Lemma 7.11. When f is given by z = £1, we can use the results
in [26, Lemma 6.10] for three-dimensional shape-regular elements and a scaling
argument. o

8 Divergence stability on edge patches

Let 7)"? be an edge patch on @ We show that Qi — Qx_1 elements are stable
on such patches with an inf-sup constant of the order O(k~3/2). The main result
of this section is the following theorem.

Theorem 8.1. Let 7" be an edge patch on @ with a grading factor o € (0,1)
and n layers of refinement. Let k > 1. Then

B, 5(v,q
sup 7}“62( )

B T ZCk’B/QIIqIIO,@, q€ QT Q),
0£vevE(T7:0)  IVIRG

with a constant C' > 0 that solely depends on o, but is independent of k, n, and
the aspect ratio of the elements in T»7.

Remark 8.1. We emphasize that the result in Theorem 8.1 holds for k = 1,
thus including Q1 — Qg elements. In particular, the same techniques presented
here lead to a stability result of Q1 — Qg elements on irregular geometric meshes
in two space dimensions. This case was not covered in [26].

The proof of Theorem 8.1 is carried out in the next subsections. We first
use the results in section 7.4, in order to prove a stability property for the
Raviart-Thomas interpolant on edge patches in Corollary 8.1. The proof then
relies on the combination of the two weaker stability results in Lemma 8.2 and
Lemma 8.3, respectively.

8.1 Stability of Raviart-Thomas interpolants on edge patches

We define the Raviart-Thomas interpolant IT = IT* : HY(Q)? — VE+1(Tmo; Q)
by
Mu|x = % (u|x), KeT™°. (46)

We note that ITu has a continuous normal component across elements that
match regularly. If the elements match irregularly, the normal component has
jumps; see, e.g., [2, Sect. 3.5]. However, if u € HJ(Q)? then ITu belongs to
~ =
Vh+1 (7;71,0; Q)

We first note the following stability result.
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J J
f33 f23

y
' i

Figure 3: Edge mesh for o = 0.5 and n = 4. The patch M, j = 3, is the union
of the shaded elements. The four interior faces f{,, f3,, f35 and fi, in M; are
shown in bold lines.

Theorem 8.1. Let 7% be an edge patch on @ with a grading factor o € (0,1)

and n layers of refinement. If u € H}(Q)? and T*u is the Raviart-Thomas

interpolant in (46), then there exists a constant that solely depends on o, but

is independent of k, n, and the aspect ratio of the elements in T "%, such that
2 204112

IvI2 5 < CR2uf? .

Proof. This follows by combining Lemma 7.10, Lemma 7.11, Lemma 7.12 and
the definition of the penalization function 5@. O

8.2 Auxiliary stability results

We establish two auxiliary stability results that we need for the proof of our
main result in Theorem 8.1.

First we define a seminorm for the space of pressures on edge patches. We
consider the interior faces of an edge patch 7.7 on Q). For 2 < j < n, the patch
M consists of six elements, the cross sections of which are shown in Figure 3.
The patch M, consists of the four smallest elements of size ¢™. On a patch Mj,
J > 2, the four inner faces will have to be treated separately. We denote them
by fi1. f31, fi; and fis, as illustrated in Figure 3.

For 2 < j < n, we introduce the seminorm

b= Y by [ MAPds+ S ngy [P
i=1,2 fih 1=2,3 fis

We then set

lal? =" lalf ;- (47)
j=2

First, we prove the following technical result.
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Lemma 8.1. Let 7"? be an edge patch on C/Q\ with a grading factor o € (0,1)
and n layers of refinement. Then there exists a constant that solely depends on
o, but is independent of k, n, and the aspect ratio of the elements in T»7, such
that

[ - tapas| <l gl
ErNQ
foru e Hl(@)g, q € QF(T; Cj), and IT%u the interpolant in (46).

Proof. By density, we may assume that u € C* (@)3 We note that the integral
over &7 N @ can be written as a sum of contributions over faces f C £&7. In
addition, if f is a regular face, i.e., it is an entire face of two neighboring
elements K and K’, then the second orthogonality condition (40) ensures that its
contribution vanishes. Indeed, in this case u and IT*u have a continuous normal
component across f and the normal vector [¢] belongs to Qp x(f). Therefore,
we obtain

a—ITFud ds u— I ul ds
LMM{ M} d ZZ/M{ M} d

j2’L 1,2

+Z Z / [q] - {u— T"u} ds.

J=21i=2,3

We first bound the contribution over f = f{,. Denote by K; and K the
elements that share f, assuming that f is an entire face of K;. Let ¢; and g2
be the restrictions of ¢ to Ky and K, respectively. Further, we set v = T*u

as well as u|g, = u’ = (u},u},ul) and v = (v}, v}, v.) for i = 1,2. Therefore,

1 1
/id%nfmwws —/@rwm@fdmﬁ+3/@f@x@f@m5
f 2 Jy 2 Jy
1 1
= T+
21+22

We start with a bound for 7} and proceed as in the proof of Lemma 7.11. We use
the representation result of Lemma 7.8, the fact that (¢1 —¢2) is a polynomial of
degree k in z-direction, the properties of wg’z and the Cauchy-Schwarz inequality
to obtain

|ﬂ|:|/@rwmw—ﬁ%ﬁw%MMﬂ

|/ a1 — q2)( 7Tk+17rg’y 915)d8|

hf/ ||[q]||2d5 % /(ul W;flﬂgyul) ds)%.
f

IN

Since w;flwg’y is the first component of the two dimensional Raviart-Thomas
projector and since the underlying two-dimensional geometric mesh 7.7 is
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shape-regular, we can apply Lemma 7.4 and obtain
@{A@i—dﬁﬁﬂ@ﬁ%scwmw%K_HM%w%Kf
Combining with the analogous argument for 75 gives
[ 1A oty s < OO [P i)

(10205 1, + |00’

N[

0,5, T (102007

3,1(2 + HazU-QHg,KQ)

The contributions of the other faces ffk can be bounded analogously. Summing
over all faces and using the Cauchy-Schwarz inequality complete the proof. [

The previous lemma allows us to prove a stability result that is weaker than
the inf-sup condition in Theorem 8.1.

Lemma 8.2. Let 7" be an edge patch on @ with grading factor o € (0,1) and
n layers of refinement. Then, for k > 1,

B, 5(v,q
sup 7}1@( )

0AVEVE(T;0) vlsa

— |q|h - n,o. )
> Ck 1”‘1”01@ (1 - ||q|| I qc QZ 1(7:3 ’ aQ)v
0,Q

with a constant C' > 0 that solely depends on o, but is independent of k, n, and
the aspect ratio of the elements in T 7.

Proof. Let q € fol(’l"*"; @) Thanks to the continuous inf-sup condition (3)
for Q = Q, there exists u € Hg(Q)? such that

B(u,q) = llal} 5. [ul, 5 < (1/70) ldlly - (48)
We choose v = ITF~1u, with II¥=1 the interpolant in (46). We then have

B, 5(v,q) = B(u,q) = B, g(u—11*""u,q) > |llff 5 — B, g(u — 11" "u,q)|.

h,Q h,Q
Using (24) and the first orthogonality property in (40), we can write

By, 5(u— *lu,q) = /A(v —TI*'u) - Vyqdx — / d - fu -1 tu}ds
’ Q £2nQ
= - / [a] - {u — 1" tu} ds.
g;rﬁ@

Using Lemma 8.1 and the second bound of (48) thus yields
Bu(v,q) = Br(u,q) + Bu(v —u,q) > [lall} 5 = Cllally glaln.  (49)
Using Corollary 8.1 and (48) gives
Il < Chlul, 5 < Chllally 5

which concludes the proof. o
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We end this section by providing a second inf-sup condition in terms of the
pressure seminorm | - | in (47). Its proof is given in appendix A.

Lemma 8.3. Let 7.7 be an edge patch on @ with a grading factor o € (0,1)

and n layers of refinement. For k > 1,
B, 5(v,q) ~

h,Q\V> _ _

swp L > kRl g€ QFTNTI:Q),

oxvevt (10 IVIlng

with a constant C' > 0 that solely depends on o, but is independent of k, n, and
the aspect ratio of the elements in T 7.

8.3 Proof of Theorem 8.1

We now combine Lemma 8.2 and Lemma 8.3. If ¢ denotes the ratio [q|n /[ qlly 5
we find

B, 5(v,q
sup 7}“@( )

E - — > Ck™*?||q|ly 5 min f(t), g€ QN (T";Q),
ozvevt ooy [Viha

t>0

where f(t) = max{1—t,t}. The proof is concluded by noting that the minimum
in the inf-sup condition above is equal to 1/2.

9 Divergence stability on geometric edge meshes

In this section, we consider geometric edge meshes on €2 and prove Theorem 5.1.

9.1 Trivial patch
We have the following result.

Theorem 9.1. Let T be the trivial patch given by the mesh T = {@} For
k>1,

B, 5V, q) o
h, ’ - _
sup L > Ok algg,  a€ QFNTQ),
0£vEVE(T;Q) HUHh@
with a constant C > 0 independent of k.

Proof. Since T only consists of one element, given u € H} (@)3, we have

k— k—
Bh’@(H@ 'u,9) = B(u, q), ||H@ 1u||h@ < Cklu|, 5,

for all ¢ € Qﬁ_l(’?; @), where H%‘l is the Raviart-Thomas interpolant from
section 7.3 on @ and we have used the orthogonality properties in (40) and the
results in [26, Lemma 6.9 and Lemma 6.10]. We note that H%_lu € Vi(T;Q).

The divergence stability property is then a consequence of the continuous inf-sup
condition (3) for Q = Q. O
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9.2 Corner patches

The stability of corner patches is proven by using the macroelement technique.

Theorem 9.2. Let 7"? be a corner patch on @ with a grading factor o € (0,1)
and n layers of refinement. For k > 2,

B, 5(v.q
sup 7}“62( )

; A — > Ck*Pllqllys a€ @y HTI:Q),

oxvev (1@ VIl
with a constant C' > 0 that solely depends on o, but is independent of k, n, and
the aspect ratio of the elements in T"7.

Proof. We use the macroelement technique in Theorem 6.1 and Proposition 6.1
with Q = @, the edge mesh 7 = 7" and the macro-element mesh 7, = 7.%7.
The stability result (27) for piecewise constant pressures on Ty, then trivially
holds by choosing X}, as the space of continuous, piecewise quadratic velocities;
see [31] for regular meshes and [33] for irregular meshes. Condition (35) in
Proposition 6.1 is satisfied due to Theorem 9.1 (trivial patch) and by noting
that the anisotropically refined elements in 7.7 are particular edge patches
that are stable according to Theorem 8.1. (]

9.3 Proof of Theorem 5.1

The proof of Theorem 5.1 follows now similarly from the macroelement tech-
nique in Theorem 6.1 and Proposition 6.1. Indeed, the low-order stability result
(27) on Ty, holds by choosing X, again as the space of continuous, piecewise
quadratic velocities; see [31]. Condition (35) in Proposition 6.1 is satisfied due
to Theorem 9.1 (trivial patch), Theorem 8.1 (edge patch) and Theorem 9.2
(corner patch).

Remark 9.1. Since we choose the low-order space Xy, in (27) as the space of
continuous, piecewise quadratic velocities, Theorem 5.1 and Theorem 9.2 only
hold for k > 2.

A  Proof of Lemma 8.3

We proceed in several steps.
Step 1: A lifting operator. Let K = Ky, = I, x I, x I, with I, = (21, 22)
and h, = xo — 1. Consider the face f,, = {x = xz1}. We define the operator

£ Qun(fer) = Qupr s (K) by

.fa:l .fa:l f:l:l
(5k,K(p)<$7yaz) = Mk (-I')(,D(y,z), Mk (:E) = T

where {L;} here denote the Legendre polynomials on I,. This lifting oper-
ator was originally proposed in [2] and then employed in [26]. Note that
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f K; K;
f33 f2’§
£, Kk |g, Ky,
K
glz !
KI f 11
f, f

Figure 4: Two-dimensional illustration of the elements and faces in a patch Mj,
for o = 0.5.

(ngil(gp)(zl,y,z) = ¢(y,z) and (ngéw)(zg,y,z) = 0, thanks to the proper-
ties of {L;}, cf. [7, Sect. 3]. From the results in [26, Lemma 6.8] and a scaling
argument we have

1M 2, < Chok™, ML, < Chy 'R (50)

Analogous definitions and bounds hold for the other faces of K. Furthermore,
for ¢ € Qg 1 (fz,), we have

/K (5,?;(@) wdx =0,  Ywe Q"MK (51)

This follows from the definition of the lifting operators and orthogonality prop-
erties of the Legendre polynomials. Analogous results are valid for the other
faces.

Step 2: Stability on the layer j. Let M;, 2 < j < n, denote the patch of
elements illustrated in Figure 3. It consists of 6 elements: we denote the inner
elements by K;, i = 1,2,3, and the outer ones by K/, i = 1,2,3. The four
interior faces connecting elements { K;} and {K]} are denoted by fi1, fo1, fos,
and f33. These faces are entire faces of the inner elements only. The faces
connecting the inner elements are g12 and go3. The exterior faces are denoted
by fi1, fi and fs, f4, respectively. In Figure 4, we show the configuration of the
elements and faces in M;.

Let q € Qi_l(ﬁ”"’;@) for & > 1. We denote q|x, by ¢; and q|x; by qj,

= 1,2,3. Using the lifting operators from Step 1, we define the function
v € V(T Q) by

V|K1 :Vl = (7hf115]{1—11 K1( qi),0,0)
V|K2 = V2 = ( hle‘g]{ 1 K2( qll)a hfm k 1 KQ(q - qé))o)a
V|K3 =v: = (0 hfssgk 1,Ks (Q3 q/3)7 O)a
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and by v|x = 0 on the remaining elements of 7. In particular, note that the
function v is equal to zero on the faces adjacent to layer j + 1 and layer j — 1
and satisfies v € VE(T7; Q).

We first note that [, Vg¢-vdx = 0,4 = 1,2,3. This follows from the
definition of v and property (51). We define By, az,(+,-) and || - [o,az; as in (21)
and (22), respectively. Thus,

B g(ved) = Bra(ve) =~ [ - {v}ds
g;rﬂMj

1 ) 1

i=1,2 i=2,3

(52)

1
[ ds = 5lal7 ;-

Next, we bound the norm ||v||x, az; in terms of |g|,;.
We start by considering the element K;. Writing K1 = I, x I, x (—1,1), we
have

0.9} e, = W LB, [ AP ds < Oy [ P

fll fll

Here, we used the second estimate in (50) and the fact that all mesh sizes
are comparable in the underlying two-dimensional mesh 7,;?. Then, from the
inverse estimate for polynomials in [27, Theorem 3.91] and the first estimate in
(50), we have

0 e, = B I [ 1o, ds
< ok [ dPds=Chy i [P ds,
fl 1 fl 1
Similarly,
o' B, = WML, [ 10daP ds

11

C ko [P ds = Chy i [l ds

.fll fll

IN

Again, we used (50) and the inverse estimate in [27, Theorem 3.91] on the
interval (—1,1) in z—direction.

The same techniques yield the analogous estimates for v on the elements Ko
and Kj. It remains to bound the jumps of v over the various faces.

We start by considering the jump over f1;. Thanks to (16), we have

/ S|[v]|* ds < Cth;lll/f

fll 1

h211 |[q]||2 ds = Ch211k2/ ||[q]||2 ds.
1

fi1

The jump over f33 can be bounded similarly. Let us now consider the face gis.
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Writing g12 = I X {y1} x (—1,1), we have

[ oirds < whgie [0 el gl - P ds
gi12 gi12
+k2h;1120/ h221|51{2—11,}(2 (q2 — q/1)|2d5
gi2
f 1
< CRhy, M2, / M, n.2) s

1

O | M o.r, / M, (. 2) s

< CHhy, /f [dl2ds + CKhy,, / Ll 2 ds.
11

fa1

1 1
S Ckh?cll\/l |[q]‘f11(y152>|2dz+Ckh221/1 |[q]|‘f21(y1)’z)|2dz

Here, we used the definition of v, the fact that all mesh sizes are comparable
in the underlying two-dimensional mesh 7,77, the L?bound in (50), and the
inverse estimate in [27, Theorem 3.91] for polynomials.

Exactly the same techniques allow us to bound the jumps over go3, fo3, fo1,
f1 and fs in terms of |¢| ;. Finally, the same approach gives bounds for the
top and bottom faces z = +1.

Combining the above estimates yields

IVIZ & = V13,01, < CRlal3 (53)

Step 8: The assertion. Let q € Qi_l(ﬂ”"’;@). On Mj, there is a velocity
field v; that satisfies (52) and (53). We set v = 2?22 v;. By construction,

v € VE(T7: Q). Using (52), we find
Bygv0) =D B, 5(vj:a) =) Bu(via) = C Y _ldli; = Clali.
Jj=2 j=2 =2

Furthermore, from (53) and the fact that the support of the fields v; is locally
in the patch M;, we have [|v|? 5% C|qg|?. This concludes the proof.
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