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Abstract

We introduce the concept of generalized Finite Element Method (gFEM) for the nu-
merical treatment of homogenization problems. These problems are characterized by
highly oscillatory periodic (or patchwise periodic) pattern in the coefficients of the dif-
ferential equation and their solutions exhibit a multiple scale behavior: a macroscopic
behavior superposed with local characteristics at micro length scales. The gFEM is based
on two-scale FE spaces that are obtained by augmenting the standard polynomial FE
spaces with problem dependent, non-polynomial micro shape functions that reflect the
oscillatory behavior of the solution. Our choice of micro-scale shape functions is moti-
vated by a new class of representations formulas for the solutions on unbounded domains,
which are based on an assumption of scale separation and generalized Fourier inversion
integrals. Under analiticity assumptions on the input data, gFEM converges robustly and
exponentially. The micro-shape functions obtained from the representation formula are
solutions to suitable unit-cell problems. In the gFEM, they are obtained in the start-up
phase of the calculations by solving numerically these unit-cell problems.

Different choices of the micro shape functions are possible within the framework of
the gFEM and we also analyze gFEM based on micro shape functions obtained from
the theory of Bloch waves. Numerical results for one-dimensional and two-dimensional

problems corroborate our theoretical results.
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1 Introduction

We consider the Finite Element approximation of the classical elliptic ho-
mogenization problem:

Lf(x, 05 )u® = =V - (a®(2)Vu®) + af(z)u® = f  in £2°, (1)
Bu® =0 on 9§2°. (2)

Here, the set 2° = 25 N (2 is defined as the intersection of a bounded
Lipschitz domain {2 and the infinite periodic lattice of width € given by

0% = e, 0= | @k +Q),
kezn

and @ cY .= [—7, 7™, 8@ Lipschitz, is the unit-cell. We assume that 25,
is connected. The case when @ # [—m,m]™ and the interior boundary of @
is merely piecewise smooth models problems where the material has holes or
rigid inclusions. If Q = [—m, #|™, then 2° = 2. Under these assumptions,
the domain (2¢ is a bounded, connected subset of R" with boundary 9f2¢
and associated boundary operator B which may be either the trace operator
or the conormal derivative operator. In electrostatics, for example, u® is the
electrostatic potential, a® represents the dielectric permittivity matrix and
the parameter € describes the size of the material heterogeneities. Since € is
small compared to the size of {2, we have a problem with multiple scales: a
macroscopic one (the size of the sample {2) and a microscopic one (the size of
the heterogeneities, given by ¢). The heterogeneities are assumed to be peri-
odically distributed, i.e., a*(z) = a(z/¢), a§(x) = ao(x/e) and the coefficients
a(-) = (apq(-))pg € L=(R™)ZXT, ao(-) € L(R™) are 27-periodic functions in
each variable. It is also assumed that there exist positive constants vyp,v1 > 0
such that

Y0 < Y apg(npng <n'n, Vn R, forae. £ €R™, (3)
p,q=1
Y0 < ao(§) < 71, for ae. £ € R™ (4)

Under these assumptions, problem (1), (2) admits a unique solution.

In this work, we consider numerical solution of (1), (2) by the Finite Element
Method (FEM). After discussing the scale-resolution requirement for stan-
dard FEM, we design in Section 2 generalized FEM which allow to resolve
the € scale of the solution without mesh refinement down to scale . These
generalized FEM are built from a macroscopic mesh together with a ‘micro-
scopic’ FE-space M¥ of e-periodic functions attached to each macroscopic
degree of freedom. Several possible choices of M are conceivable and the
performance of the generalized FEM strongly depends on the choice of the
micro-space. The specific choice of M¥ will be determined by the regularity



of the exact solution u®. From classical homogenization theory, rather com-
plete asymptotic expansions as € — 0 of the exact solution u® are available.
The profiles in these expansions could, in principle, be used in the construc-
tion of M¥. Here, we shall use a representation of the solution in terms of
a (generalized) Fourier integral. This is presented in Section 3 together with
a methodology for deriving e-dependent FE-spaces which allow robust (i.e.
uniform in the scale ¢) exponential convergence to the exact solution. The
Fourier representation allows for new two-scale regularity estimates for the
solution u® which are robust and explicit in € (see [28]) and which, in turn,
lead to the design of generalized FEM which allow for robust and optimal
(in terms of the regularity of the data) convergence rates. We present here
theoretical results only in an expository fashion, and refer to [31,32,26,28,29]
for a detailed analysis.

2 Generalized FEM

In this section we present the abstract formulation of the two-scale FEM with
generic micro space M C H],.(¢Q) and discuss implementational aspects
of the two-scale FEM. In particular, for macroscopic FE triangulations that
are aligned with the periodic structure for which the computation of the
element stiffnes matrices can be done with work independent of €. Specific

microspaces MY will be discussed below.

2.1 The homogenization problem on bounded domains

We present the ideas for a Dirichlet problem, but emphasize that other bound-
ary conditions may be considered as well. As before, {2 is a bounded, Lip-
schitz subdomain of R™. Let f(z) € L?(£2) and let € > 0 fixed. Denote by
u®(x) € H(£2) the solution of the following boundary value problem

Lf(z,0/05)u(x) == =V - (a (g) Vug(:c)) +ap (g) u®(z) = f(z) in 2

U8|69 = Oa

(5)

with coefficients a(-) € L>®(R™)2X", ag(-) € L>(R™) being 27-periodic func-

sym
tions and satisfying the strong ellipticity conditions (3)—(4). The finite ele-
ment method is based on the usual variational formulation of (5):
Find u®(z) € H{(£2) such that B*(u®,v) = (f,v)r2(0) Vv € H}(£2), (6)
where the bilinear form B(-,-) : H}(2) x H}(£2) — R is given by

B®(u,v) := /a (g) Vu(z) - Vo(z) + ag (g) u(z)v(x)dr Yu,v € Hy(92).
2



The finite element method [12,10] is then defined as follows: for a subspace
VN C H&(Q) of finite dimension N = dim(Vy), find u%, € Vv such that

B (uyy,v) = (f,v)r2(2) Vv € VN. (7)

(7) is a linear system of N equations. Selecting a basis {cpév :j=1,...,N}
for Vi, we can expand u$ and v € Vi in terms of the shape functions {¢}'}

as
N N

£ __ = N _ . N

Uy = E Ui NP s U= E Vj,NPj »
i=1 j=1

with coefficients u§ y,v; y € R. Inserting this into (7) we obtain the linear

N
3 g __ €
system for the coefficient vector uf;, = {ui,N}iﬂ

Auy = f, (8)

in which the stiffness matrix A° and the load vector f are given by

A =B (e} ), f.= (e )2, Vii=1...,N. (9

=ij -

By the Lax-Milgram Theorem, there exists a unique weak solution of (7) and
the error e%; := u® — uf; is quasioptimal in the sense that for some C' > 0
independent of € it holds [11]

el (o) < Cviel%/fN [u® — vl g () (10)

Thus, the error is completely determined by the approximation properties of
the space V.

In view of (10) we design the generalized FEM to satisfy the following two
criteria: a) the spaces Viy should have robust (i.e. independent of ) approxi-
mation properties, and b) the linear system (8) can be set up efficiently.
For standard FE spaces, scale resolution, i.e., the discretization of the small-
scale problem features with finite elements, is not feasible, even with ad-
vanced computing hardware. Even if the right-hand side f, the unit-cell
@, the domain 2 and the coefficients a and a¢ are smooth (i.e., C*°), for
e/diam(£2) < 1 the solution u® exhibits oscillations on the e-scale which spoil
the FE-convergence. To see this assume that @ = [—m,#|™. Then, ¢ = 2
and there exist positive constants C' = C(£2) and C(«a) = C(a, §2), a € N™,
such that

[uf)| 222y < C, | Duf|| 12y < Cla)e' ™1, Va € N, |a| > 0.

Then, denoting by V~ = Vi = SP1(2, Ty) C HY(£2) the FE space of piece-
wise polynomials of degree p > 1 on a quasiuniform mesh 7z of meshwidth
H, it holds that

. e < CHP||DP+! < C(H/¢e)P.
vesin = vle < CHPID" ull o) < C(H/e)



Since the energy projection is bounded, we also have

: g __ < € < C .
et = vl < [ol5 < Ol laca)
It follows therefore that the FE error with respect to the FE space Vny =
SP(£2, Ty) satisfies the following a-priori bounds

[u — uylle

= < min(1,C(H/e)?),
[uelle

with C = C(p, 2, f,a,a0) > 0 being a constant independent of ¢ and H.
Standard FEM such as piecewise linears on a quasiuniform mesh Tx of size
H converge only if H < ¢, i.e., if N = dim VY = O(¢™") so that the e-scale
is resolved. Moreover, high order FEM (p > 1) will essentially not improve
the scale resolution.

To overcome this nonrobustness of the standard FEM, we have developed
generalized FEM where the size H of the element is larger than the scale
of the oscillatory coefficient. The main idea is to replace the polynomials by
function spaces that are, in a sense, adapted to the coefficients of the elliptic
operator, i.e., information at scale ¢ is built into the shape functions.

2.2 Generalized two-scale FEM

We consider (1) with homogeneous Dirichlet boundary conditions on I'§ :=
082¢ N 982 and homogeneous Neumann boundary conditions on the (if non-
empty) interior cavity’ boundaries I'§ := 082\,

u8|pg =0

o (o(2)7) i -0 w

The solution u® of (1), (11) is an element of the space ng (£2¢) defined as

by () i= {u e ) oulrs =0,

where 7y here denotes the Dirichlet trace operator. Two-scale FEMs are built
from a macro and a micro FE-space. Let T be a regular mesh in (2. The macro

FE-space Sg’l((?, T) C H}(R2) is the usual FE space given by
SEN2,T) = {u € HA(R) : ulx € S (K), VK € T}. (12)
Here p = {px}re7 is a degree vector and SP*(K) denotes the elemental

polynomial space in each element. We will refer to p as the macro degree and
to T as the macro mesh of the two-scale FEM.



The micro FE-space M¥, ;1 > 0, is a generic finite dimensional subspace of

H]., (Q) of e-periodic, oscillatory shape functions

H (eQ) > ME = Span{qﬁj (g) :jZl,...,M—i—l}, ME = MY, (13)

with ¢;(y) € ngr(@), Vj. A basic assumption on the space M¥ is that
M2 = M® = Span{1}. As in the degree vector p, we associate with each
macroelement K € 7 a micro degree ux and we denote by p the micro

degree vector p := {jx }xe7. We define the generalized two-scale FE space
Se(92,T; M) C Hf, (62°) as

S22, T MY = SEHQ,T) o7 ME

(14)
- {u € Hb. (12°) | ulxc € 575 (K) @ Mix VK € T}.
If M¥ itself is a standard FE-space, we will use the notation SEL((2, T; 6@, E%)
for the two grid FE space corresponding to

Mﬁ - Sger(@a 7\—))

the polynomial FE space on the unit-cell of degree y on the unit-cell mesh

~

T.

Due to the assumption that Span{l} C M for all x4 > 0, the macro-
scopic polynomial space is always a subspace of Sg((), T M%), We can refer
to Sg(.Q,’T; Maﬁ) as the generalized FE space and to the FEM based on
SOB(Q, T; M?) as generalized two-scale FEM.

We emphasize the flexibility provided by the tensor product construction
of (14). Using a macro-mesh 7T allows us to represent the geometry as is
customary in standard FEM. If we use elements K € T of size O(¢) in a small
neighborhood of 02 and choose there the micro degree p = 0, then the gFEM
space reduces to a standard FEM with scale resolution at the boundary. This
allows us to enforce boundary conditions directly, i.e. without recourse to
the homogenized equation. In the interior of the domain, we choose large
elements K and choose there p > 0, i.e. we couple in effect the generalized
FEM in the interior to a standard FEM near the boundary.

Remark 1. For domains {2 with corners, we could also refine the macro mesh
T geometrically toward the corners as is done in the hp-FEM for problems
with piecewise analytic input data, [37,23]. However, for macro meshes T
with strong local refinements, care has to be taken in the selection of u: once
for K € T diam(K) = O(e), the macro mesh locally resolves the fine scale of
u® and in such elements the micro degree u may be reduced (even to p = 0)
in order to avoid linear dependence.



It might be of interest to use a macro mesh 7 with anisotropic elements at the
boundary: boundary macro elements abutting at a corner or singularity with
size < € where the micro shape functions are omitted (ux = 0) or elongated
elements abutting at the boundary where px > 0 are necessary to resolve the
tangential fine structure of the solution. In that case, the micro space M¥
should be chosen so as to reflect highly oscillatory character of the solution
in the tangential direction. These micro shape functions would have to be
derived from appropriate problems on the unit-cell. The interior elements are
of size > ¢ and ux > 0 there, i.e., the micro scales are accounted by the
oscillatory shape functions ¢;(x/¢), 0 < j < pu.

2.3 Implementation of two-scale FEM

In order to obtain an efficient algorithm it is essential that the element stiff-
ness and mass matrices can be computed in a complexity independent of
¢ and to an accuracy which will not compromise the asymptotic conver-
gence rates. Due to the rapid oscillations of the coefficients and of the micro-
shapefunctions, the elemental stiffness matrices on the macro mesh can not
be evaluated robustly, i.e., with work independent of ¢, by standard quadra-
tures. A remedy is either to resort to massively parallel computation as in
[20,21], or to exploit periodicity. It turns out that the macro stiffness and
mass matrices can be developed from moments, i.e., integrals with respect to
monomial weighted coefficients in the fast variable of the micro scale shape
functions on the unit-cell combined with certain lattice summation formulas.

Proposition 2. Lete > 0 and let M“(Q) Span{¢;}1_, be any conforming
FFE discretization of per(Q) of dimension p+1 mdependent of e, and assume
that the macro mesh Ty is aligned with the periodic microstructure. Then the
FEM with respect to the two-scale discretization is

SP(2, Tir; ME(£Q)),

where Mﬁ(EQ) Span{pi(x/e)}._,, can be implemented with computational
work independent of €.

The e-independence is achieved by judiciously exploiting the periodicity in
the fast variable. The stiffness matrix of the generalized FEM can be com-
puted with a fixed number of operations (independent of €) by exploiting the
periodicity of the coefficients a(+), ap(-) and that of the special shape functions
¢;(y). We must compute only once integrals of ¢;(y) and their derivatives
multiplied by monomials on the unit cell. In order to see this we state the
following lemma:

Lemma 3. Assume that j € N, F(-) is 1-periodic and € = 1/M with M € N.

Then
1

/1;cJF dw—ZEJ k( ) /yJ “F(y)dy, (15)

0



where
M—1

k
S(M, k) Mk+1 Zl

Remark 4. The sum of powers of natural numbers can be expressed in terms
of Bernoulli numbers B,, and can be easily tabulated [36,17]

k+1 k 1 k 1 k
St =g+ g () Bt 4 (5) B

“k+1 2 2
k
(5) B6mk_5 +...

| =

+

the last term containing either m or m?2. It should be remarked that

k
k+1zl (kJrl) as m — oo.

In this way, computing integrals of monomials 2 multiplying F(x/¢) over the
reference domain (0, 1) reduces to computing the integrals of all monomials
of degree k, with 0 < k < j, multiplying F'(y) over the main period of F(-)
and insert this in (15).

We comment on the development of the macroelement stiffness matrix for the
case when the macro mesh 7y is aligned with the periodic lattice. If the shape
functions of the micro space M* are piecewise polynomials with respect to
some unit-cell triangulation 7, then the elemental stiffness matrices on the
macro mesh can be evaluated exactly. For convenience, we consider only the
1-d case. For the calculation of the two-scale element stiffness matrices, the
basic integrals

K" = ( / (@0 @) (9)" y) (16)
2 4,7=0,...,p
Q
are needed. For the case when MH* = Sger(@,’?), i.e., the space of micro
shape functions is the FE space corresponding to the FE discretization of
the unit-cell, the macro stiffness and mass matrices can be developed from
moments, i.e., integrals in the fast variable corresponding to discretization
of the unit-cell problem with monomial weighted coefficients, combined with
certain lattice summation formulas.
Let K € T be a macro element of size H with ‘macroscopic’ polynomial space

SP(K) = Span{uy(]}] The entries AZUQJ ) of the element stiffness matrix
corresponding to K are of the form

M—-1

~vOT
—(11)(JJ) Z Z Z( ’Y ) Z Svéozr m7H75)7

7,0<1l a=a(p) T<a



with M := H/e and with Z%;()l S13.-(m, H,¢e) being directly computable.

The idea (see Lemma 3) is to compute sums of powers of natural numbers
appearing in Z%:O Sigoﬁ(m, H,e) in terms of Bernoulli numbers B;. Thus,
such sums can be computed with work independent of M = H/e. More

precisely, one exploits the fact that for N € N, Zszl k? is given by

N Nott NT 1 (q -1, 1/q -3
k4 4= BoN9™* + = ByN1
2=t q+1 2 2\1)7? 4\3)7*

)BGN”_5+..W

(17)
1/q
+6<5

the last term containing either N or N?2. It should be remarked that

1 O 1
Nq+1qu0<q—|——1>7 ELS]V‘)OO7
k=1

so that (17) could also be used as asymptotic expansion for small e = H/M.
The amount of work for computing the element stiffness matrix in the two-
scale FEM is therefore independent of €. If n > 1, the same arguments apply
if all indices are changed to suitable multi-indices.

In the remainder of this paper, we investigate the performance of the gen-
eralized FEM for homogenization problems. We start by investigating the
regularity of the solutions u® of (1) in dependence on ¢ in the following
section. Rather than using the classical asymptotic expansion technique (e.g.
[7,8,14]), we use Fourier representations of the solution on the unbounded do-
main {25, which are valid uniformly for all € > 0 to deduce uniform two-scale
regularity of u®. Moreover, we will give finite dimensional approximations of
u® together with robust error estimates for the approximation error which
are based on the Fourier representation. The finite dimensional approxima-
tions of u® allow directly to deduce proper choices of M¥ in (14) so that
corresponding error bounds are also valid for the two scale FEM.

3 Regularity and Approximation of u*

In this section we address problem (1) on unbounded domains, i.e., when {2 =
R™. Based on a mixed variational formulation we show existence and unique-
ness of the solution u° in exponentially weighted Sobolev spaces H ,(£25,),
v € (0,1p), for general right hand sides f in the dual space of H}(25,) [31,26].
We also represent u® as a Fourier-Bochner integral with respect to the Banach
spaces H! (£25)). The starting point is the analysis of the Fourier-Bochner
integral kernel introduced as the inverse Fourier symbol of the elliptic op-
erator (1). In this symbol, scale separation occurs: it is the product of the
standard Fourier waves e and periodic functions ¢(x /¢, €,t) which encode
the fast scale of the solution. More importantly, the functions ¢(y, e,t) arise
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as solutions of parameter dependent problems on the unit-cell @ and are
therefore amenable to FE-approximations. Next, we present the regularity
properties of the integral kernel e’ *¢(x /¢, e,t) in dependence on the param-
eters ¢ > 0, t € R™. It turns out that the dependence on these parameters is
analytic, even if the unit-cell problem admits only very low elliptic regularity.
This analyticity is exploited in the construction of various finite-dimensional
approximations of the solution as well as in proving robust error estimates
for these approximations.

3.1 Variational setting

Let ¢ > 0 be a length scale and let Q C Y := [, 7™ be a unit cell
with Lipschitz boundary. We consider the homogenization problem on the
unbounded domain

L® (g’&”) u®(z) = f(z) in Q2 (18)

n-(a(g)VUE) =0 on 00, (19)

in which the second order elliptic operator L°(z/e, d,) is given by

2 (£.0.) ute) = =9+ (o 2) ) 4o (2)

where 7 is the unit outward normal to 9§25, € > 0 and f € L?(§25).

We considered homogenous Neumann boundary conditions on the interior
cell boundaries, but emphasize that the case when ) =Y or the case when
homogeneous Dirichlet boundary conditions on the interior boundary 0Q\0Y
are prescribed can be treated completely analogously.

Then, by the Lax-Milgram Theorem [25], for every f € L?(£2%,) and for every
e >0, (18)—(19) admits a unique weak solution u® € H'(£2%,.), i.e.,

Be(uf,v) = (f,v)p2(0s) Yo e H'(25), (20)

where the bilinear form B¢(-,-) is given by
B (u,v) := (Vv,a(g) Vu) +(v,ao(£)u) , Yu,v € HY (022).
€ L2(925,) € L2(92s,)

3.2 Fourier representation of the solution

Let f = f(z) be independent of ¢ and f € L?(R") (in particular, f has to
be defined everywhere on R™, not just on {2 ). Then, the following Fourier
inversion formula in L?(R™) holds

1 £ it-x
fla) = W/ fyea,
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where
a 1

f@) = o7z /eiit'xf(ac)dac € L*(R")

(27)

R™

denotes the standard Fourier transform of f.

We might therefore think of u®(x) as a superposition of elementary solu-
tions f(£)1°(z,t) of (18)-(19) with right hand side f(¢)e?*, where the kernel
¥ (x, t) satisfies

Lf(x /e, 0p )% (w,t) = e™* in 0°,

21
n-a(g)vmwa(x,t)zo on 92,. 2!

To this end, we have to give a rigorous mathematical meaning to the integral

/f(t)wa(x, t) dt.
]RTL

Since f(z) = €' in (21) is not in L?(£25,), (21) has no solution in H*(£2%,)
in the sense of (20). We have therefore to weaken the notion of solution of
(18)—(19) and to allow for input data such as f(z) = e*®.

To characterize precisely this notion of solution of (18)—(19) in 2%, we intro-
duce weighted Sobolev spaces H}(§25,) of complexed-valued functions with
exponential weights depending on a real parameter v.

Definition 5. For j = 0,1 and for any v € R the weighted Sobolev spaces
Hi(£25,) equipped with the norm || - ||;,, are defined to be

Hi(925) = Ce (R O)loe ', (22)
where

ul?, = ( > |Dgu|2)62"lzl dr (DSu=092"...05"u, Va € Ny). (23)
Qe lal<j

Note that for v > 0 holds H C H} = H' C H! . The variational solution
u® € H(25,) of (20) can also be viewed as an element of the exponentially
weighted Sobolev spaces H!, (£25.) for some v > 0. Moreover, it has the
following representation: for « € (25, there holds

(B)
e _ 1 R €
w(@) = Gy / F(t0e . . (24)

Remark 6. Here and in the following we write [ B) 4o designate a Bochner
integral of H! -valued functions.
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To render (21), (24) meaningful, we must generalize (20) for right hand sides
f(z) which are not decaying at co. To do so, we extend B#(.,.) to a sesquilin-
ear form W(e)[-,-] : HY, (£25.)) x HL($25,) — C:

¥ (e)[u, v] =

/ {Z (;)5—;<z>%(z>+ao(§) u(sc)@} dz. (%)
J

p,q=1

For all € > 0 and for v > 0 sufficiently small, ¥(¢) is bounded and ‘coercive’
with respect to HL,(£25.) x HL(£25,), in the sense that the inf-sup stability
condition holds (note that for v = 0, ¥(e) coincides with B¢ in (20)). More
precisely, there holds [31,32,26]:

Proposition 7. There exist positive constants vy, C' and v such that for all
ve (0,v) and alle >0

L), o]| < Cllully,—vllvlhv,
2 inf sup |¥(e)[u,v]| >y >0

llully, —v=1|jv||y =1

3. sup | (e)u,v]| >0 for allve HL(2S,) and v # 0.
weHL (925)

The continuity of the sesquilinear form ¥(e) stated in 1. is obvious. The
inf-sup condition 2. and the injectivity property 3. can be verified in the
following way: based on the coercivity of the bilinear form B¢ for the case
v = 0 a perturbation argument can be employed to prove the existence of a
positive vy > 0 such that 2. and 3. hold. We emphasize that 1 is independent
of € and depends only on the upper and lower bounds of the matrix a and of
the zero order coefficient ag. Proposition 7 implies immediately the existence

of ¢ (x,t):

Proposition 8. The properties 1, 2 and 8 of ¥(e) imply that the variational
problem
Given f € (H;(.ng))*, find
(26)
we H (025) « W(e)[u,v] = (f,v)(mi(om ) xmi(oe), Vv € HL(025),

admits a unique weak solution u € HL ,(025)) and the a-priori estimate
lullzr ey < /NIl es )
holds.

Since e'* € (Hl}(Qio))*, this result implies the existence of a solution
Ye(x,t) of (21). The representation (24), however, is yet of limited use for
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applications since the kernel ¢ (z,t) requires the solution of an unbounded
domain problem and is not explicitly available. However, in the problem (18),
(19) holds scale-separation which is reflected in the structure of the kernel
¥ (x,t), as will now be explained.

Let ¢(+, €, t) be the 2m-periodic weak solution of the so-called unit-cell problem
L(Ev ta Y, ay)¢ = eiiEtBIyLE (yv Eila’y) ei6t~y¢

DY % (wwi <¢<y,e,t>e““‘>) 27)

p,q=1 . 0yq

n-a(y)(ite + Vy)$ =0 on I'y.

We denoted here by I v the Neumann boundary r N = 8@\?“ per, Where
fper =0Q N o[-, 7.

We will refer to € R™ as the slow variable and y = x/e will denote the fast
variable of the problem. R

The Sobolev spaces of periodic functions on {2 for which Y is the fundamen-
tal period will be denoted by ngr(Q), and are defined to be the completion

with respect to the standard Sobolev norm || - ||; of the complex-valued, C*°
functions on {2, that are 27-periodic in each coordinate. Next, we define
Y(y,e,t) = oy, e,t)e™ Y,y € Nu. (28)

The function % is the generalized fundamental solution of L® (resp. the two-
scale Fourier symbol of (L¢)™! on (25)). The basic tool for the proof of
the Fourier-Bochner integral representation in (24) is given in the following
proposition:

Proposition 9. For eache > 0,t € R" and v € (0,1p), the kernel ¢ defined
in (28) is the unique weak solution in H:,(£25.) of
V(e) [w (é,a,t) ,U} = (" V) any w1, Vv € HL(25,). (29)

In particular therefore ¢°(x,t) = (x/e,e,t) in H: (R™) and

o (G

We state now the Fourier-Bochner integral respresentation formula (24) in
weighted Sobolev spaces for the solution u®(z) of (18) on 25, . The proof can
be found in [31].

Theorem 10. Let f(z) € L*(R"), v € (0,v0) and & > 0. Further let u®(x) €
HY($2%,) be the solution of (18) on 25,. Then, as an element of the weighted
Sobolev space HY ,(25,), u® admits the Bochner integral representation (24).

< 1
- ,yyn/Q '

1,—v
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We will show how the kernels ¢(y,e,t),%(y,e,t) can be used to design FE
subspaces of (1), (2) which encode the microstructure and coefficient regular-
ity. A crucial role for obtaining error estimates will be played by the kernels’
analyticity with respect to t. As a byproduct of the analysis, we obtain specific
choices of the micro-subspace M¥ in the generalized FE-space (14).

3.3 Regularity of the kernels v, ¢

The kernel ¢(-,&,t) can be continued analytically with respect to (e,¢) in a

o~

complex neighborhood G € €™ of R™!, with values in H]..(Q). More
precisely, for every fixed € > 0, the mappings

R">¢t— ¢ (get) Y (gst) e H!,(12,)

can be continued analytically with respect to ¢ in a strip neighbourhood of
R™, and the width of the strip is independent of ¢.

Let v € (0,v9), vn, = v/(24/n) and denote by D,, the strip region of width
Un

D,, ={teC" : max Imt;| < vy} (30)
ji= n

It can be verified that the mapping

*

Dy, >t — G(t) :==e"" € (H(25,)) (31)

is holomorphic in D,,, with values in the Banach space (H L(ge, )) *. Moreover,
Gi(t) := (i)™ € (HL(025))" is the k € N"—th partial derivative with
respect to ¢ of the (Hi(()go))*—valued mapping G(t) and its norm has the
following bound

k
vkl ’

where k! := k;!...ky!. For fixed t € D,,, and k € N”, let ¥ (t) be the weak
solution in H! (§25)) of the following variational problem:

Ui € HL,(625) : W()i(t), 0] =

(Gr(t), v)(m1 (e )y xHL(0s), Vv € HY(025,).

vteD,, : ||Gk(t)||(H3(ng))* < Cl,m

ke N", (32)

(33)

By Proposition 8, v, exists and is unique. It has the following properties (see
[26] for a proof):

1) The mapping D,, >t — 9 (-/e,e,t) € H: (£2%,) is holomorphic in D,
with values in the Banach space H,(25). Moreover, ¢ (t) defined by
(33) is given by

YE(t) = DEy (Est) = of .. Ofny (Est) (34)
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and the || - |l1,—,-norm of 5 (t) is uniformly bounded with respect to
teD,, by
21kl !
(KAl PR Cun—knlkl/Q- (35)
’ ’ fyy| |

2) For a given v € (0,19) the mapping D,,, >t — ¢ (-/e,e,t) € HL,, (25)
is a holomorphic function of ¢t € D,,, with values in the Banach space
H!, (£25). Moreover,

ko (k+D)! 12
HD”(E’E”S)HH; ey S Coman (L4 M) ogpn¥V2, v e D, (36)

where 1:= (1,1,...,1)T € R".

3.4 Approximation of u®

The analyticity of the kernel ¥ (y, €, t) with respect to £ can be used to obtain
from (24) asymptotic expansions with respect to € which essentially reproduce
the classical asymptotic homogenizations of (1), (2). Here, we derive local
approximation spaces VY from approximations of u® based on a Poisson
summation formula applied to the Bochner representation (24). This spectral
approach gives robust, exponentially convergent approximations of u® under
certain analyticity properties of the data.

Sets of analytic data

Assume that X is a Banach space and let Dy denote the strip region of width
d given by
Dy={z€C" : [Im(2)|] <d}.

Then we define

H?(Dy; X) = (37)
{9 : Dg — X]| g is analytic in Dy and N, (g, Dg; X) < oo},
where
1/p
in ([ ls@lkie) i<y <o
6—0t
Ny(9,Da; X) = oD (5)

lim  sup |lg(2)|x , if p=o00,
Jm s o)

and for 0 < § < 1, Dg(0) is defined by

Da(6) = {z € C" : [Re(2)| < 1/6, [Im (2)| < d(1 — 5)}.
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Definition 11. We say, a function f fulfils the ‘usual assumptions’, if f €
L?(R"), and its Fourier transformation can be extended to a holomorphic
function f in the strip Dy, with d = v, as in (30), that satisfies the following
growth condition:

/@) < o(eWl, vzeDy, (38)
for some positive constants C(f),a > 0.

Remark 12. A typical example of functions that satisfy the ‘usual assump-
tions’ is that of functions arising through convolution with a Gauss kernel.
Let f € L?(R") be compactly supported. Without loss of generality we may
assume that supp f C {« : ||z]| < 1}. Further let § > 0 and denote by ps
the following Dirac sequence

poly) =62 WISy e R,

Define fs := f * ps, i.e.,

folw) = 572 / f)e = gy 4 e R, (39)
RTI

Then, f5 defined by (39) is an analytic, exponentially decaying function that
satisfies the ‘usual assumptions’. Indeed, the Fourier transform of fs is given
by the product of the Fourier transforms of f and ps

f5(6) = F(&)ps(€) = eI/ f ()

which is an analytic function that decays exponentially in a complex strip
neighborhood of R™.

Under the ‘usual assumptions’ on f the mapping

1

Du3t =gt =gelt) = oo f06 (Zet) € Loy (05)  (40)

is in HP(Dy; H1,, (£25,)). Moreover, there exists a C(v, v,n) such that g.(t, -)
satisfies the growth condition:

1 o
loc(t -2 < ClonvamClr) (143 ) 10, veeDs )

where o and C(f) are as in (38).

Trapezoidal approximation of (24)
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We shall now derive finite dimensional approximations by truncating a gen-
eralized Poisson summation formula applied to the Bochner representation

uf(z) = n/2/f Y(x/e,e,t)dt

_ n/2/f ”%(—gt) dt.

Let L > 1 and assume in what follows that 7/h > 2L, i.e., h <7 /(2L). We
define

(N) ::{kGZn : |l€p|§N,vp:1,,TL}

and the trapezoidal sum approximations of the Bochner integral (42) is

u?v,h(zf) = 1[_%7%] n(x) o) n/2 Z ¢(_ e kh) f(kh)eikh»z
(N)

=1 ()7 n/2 Z w( e kh) F(kh). (43)

Then, u¢ in the integral (24) can be split as
u () = uy () +On(f, h) ().

Remark 13. Since we have real-valued input data we have a real valued so-
lution u®. The same holds for the finite approximation uf j,. Indeed, since

feo=1©, v(te-€)=v(2a8).
it follows that

Ui (7) =
(@) (27571/2 h (2,6,0) (0) + 21
X 3 {Rew( e kh) Re f(kh) — Im1) (g,s,kh) Imf(k:h)},

k€LY \{0}, k1 >0

1 n
1[_ %7%]71(1') (27r)"/2h

i
h'h

which is real valued.

We next present two types of robust (in €) convergence estimates which are
based on different assumptions on the data f.

Exponential convergence

Under the ‘usual assumptions’ on the data f, the sum (43) approximates u®
in (24) at a robust exponential rate, i.e., independent of €, (see [26,29]).
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Proposition 14. Let f satisfy the ‘usual assumptions’ in Definition 11 with
some a,d > 0 and let L > 0 be arbitrary. Define

d \ 2
h=|— 44
(5 (a1
and assume N > 4dL?/(ar), i.e., m/h > 2L. Then, the error on(f,h)(-) =

us(-) —uy (), with uyy ,(-) as in (43), decays ezponentially with respect to
N and uniformly with respect to € in the || - | ((—L,L)n)-TOTMNS:

0,—2v; || : ||H12V

168 (f; BYlo,~20 + 11685 (F; Y122, ((~2,2)m)

1\ 1 y (45)
< C(y,v,n)C(f) (1+—) — o~ (madN/n)'/*
«

an
The constants C(v,v,n),C(f) are independent of €, N, L.
As a corollary, the following approximation result holds

Corollary 15. Assume that [ satisfies the ‘usual assumptions’ and that

1/2 2
AdL
h:(”d) N AL (46)

alN - am

Define the finite-dimensional subspace
VN .= Span {Req/) (E,s,kh) , Tm e (E,s,kh) ke Z(N)} : (47)

Then

. e . €
UIGI\I;EN Hu - UHHizu((*LqL)n) + vler\l;iN Hu N UHO’*QV

1\* 1 s (48)
S 0(75 V7 n)c(f) <1 + —> _ef(ﬂ'adN/n) ,
[0 am

where C(f) and o = a(f) are those from Definition 11, in particular inde-
pendent of €, N.

Spectral convergence

The usual assumptions on the data f entail essentially boundedness of all
derivatives. Now we assume that f(x) € H*(R"™) in (18) has finite regularity
(s > n/2) and is compactly supported, i.e., f € HZ,,,,(R"). Then for any
e > 0 the solution u®(x) of (24) can be approximated by

uy € VN = Span{Ret)(-/c, e, kh), Imp(-/e, &, kh)} rezn

(N)

with respect to || - [|1,—, at a robust algebraic convergence rate.
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Proposition 16. Assume that f in (18) is H*(R™) with s > n/2 and supp f C
OQn = (=M, M)", with M > 0. Let d := min{1/M,v,}, v, = 1/(24/n), and
N > 1. Then, for any € > 0 and for all N

inf £ — < Cuan_(s_n/Q)/2 S(R™)» 49
Jnf =l < G, 11| 2= (e (49)

where Cy, 5. n > 0 is independent of e, N, and M.

4 Approximation Properties on the Bounded Domain

On the unbounded domain, the spaces (47) have robust (with respect to
¢) approximation properties. Thus we obtained rates of convergence that
were independent of the regularity of the coefficients and of the unit-cell
problem (Proposition 14, Corollary 15). We base a generalized FEM in (2°
on the spaces YV from the unbounded domain. However, the spaces V¥ are
not H}E(Q‘E)-comforlrning7 ie, VN ¢ ng(ﬂg) in general. Thus, V¥ cannot
be used as FE-spaces directly and have to be modified. Our approch for
enforcing H 1}3 (£2¢)-conformity is to use a standard FEM in a neighborhood

of the boundary and the spaces VY in the interior of the domain.

4.1 Density of the approximation spaces

A minimal requirement for the generalized FEM (7) is that UxVx be dense
(in the H!(£2¢)-norm) in the set of all solutions. Since we will base our spaces
Vy on the spaces VY in (47), we first ascertain in Proposition 17 that Uy VY
is dense in the set of solutions of (1), (2) with boundary conditions as in (11).

Proposition 17. Let f € L*(2) and let u® € ng(QE) be the solution of
(1), (11). Then, for all bounded Lipschitz domains 29 CC 2, with 2§ =
Q00 5,

; o _
N Rl vl g =0,
p=1%e

i.e., UnsoV | is dense with respect to the H'(£25)-topology in the space of
solutions to (5) corresponding to right-hand sides f € L*(£2).

The proof of this result for the case when the domain has no holes, i.e.,
£2¢ = (2 can be found in [26]. In the general case the proof follows analogously.

4.2 Conforming approximation spaces via scale resolution at the
boundary

The approximation spaces VY defined in (47) are, when restricted to (2¢, in
general not H 15 (£2¢)-conforming. We propose scale resolution at the bound-

ary with standard FEM and use V¥ in the interior only. In Proposition 18,
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we show that such composite FE-spaces Viy are still dense in the set of
all H 15 (£2¢) solutions. Enforcement of the essential boundary conditions is
only one reason for using scale resolution near the boundary. For problems
posed on the unbounded domain the solution u(z) has a two-scale behav-
ior and these scales are separated, but the situation is different for problems
on bounded domains, since near the boundary, scale separation occurs only
for special situations. For example, if the boundary is flat and aligned with
the periodicity as in the case of an infinite, perforated layer, then two-scale
separation occurs in the tangential direction at the boundary. In general,
however, scale separation does not take place at curved or nonaligned parts
of the boundary (see, e.g., [34]).

Different approaches to enforcing Dirichlet boundary conditions are possi-
ble. In the asymptotic homogenization approach (¢ — 0) one constructs so-
called correctors. The explicit construction of so-called “boundary correctors”
(which compensate for boundary conditions violated by outer asymptotic ex-
pansions, but which are, generally, of boundary layer type) is tedious and
limited to special cases, in which some geometry simplifications are assumed,
as in the case when the periodic structure is aligned with the boundaries. For
the general case (e.g., when the boundaries are curved and intersect the cavi-
ties of the microscopic periodic lattice) only little is known about the detailed
structure of the boundary correctors (see also [34]). Such situations can be
dealt with by scale resolution at the boundary. The geometry approximation
comes as an additional argument for scale resolution at the boundary.

Let Vy € H 1(£2¢) be any finite dimensional subspace (it need not satisfy the
homogeneous Dirichlet boundary conditions) such that

in~f HUE — ’UHHI(Q(EE)) S (5,
veVN

where $27) := {z € 2°|dist(z, 0£2) > e}. Let x € HY(2) N W= (£) be a
cut-off function such that

X =1 on Qg = {z € 2]dist(z, 002) > 2¢},

X =0 on 2\, = {z € 2]dist(x, 012) < ¢}

Assume further that Vo re (2°\22.)) C H&FE(Q&\Q@E)) is a finite dimen-
sional subspace of Hj pe (2°\02¢)) = {v € H'(2°\20¢)) : vlrg = 0}
Then we define the H 15 (£2)-conforming FE-space Viy as

Vv = XV + (1= X)Vo,rs (2°\200)).

Proposition 18. Assume that the cut-off function x introduced above satis-

fies:

Ixllwree(2) < Cye™ ™
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Then, for each s € [0,1/2) there exist C(s) = C(s,£2,Cy) > 0 and C > 0
such that there holds

Jnf flu = vl ae) < C(s)e= 179§

C inf (Ve = )l (o
+ weVU,FEl?QE\Q(k)) [V (u® = w20\ 20.)) (50)

e (wF = )22\ 20 )-

The proof of this result for domains without holes (@ = (—m,m)") can be
found in [26], in the general case the result can be proved analogously.

Remark 19. Let Vo re (£2°\£2(2¢)) = Sol,’;g (£2°\£2(2¢), Tr) be the space of piece-
wise linears with respect to a quasiuniform triangulation 7, of £2°\ 25 that
are zero on the boundary I'f,. Note that Uh>0Sé:;E(QE\Q(25),771) is dense
in H&FE (£2°\82(2¢) so that the infimum in the right hand side of the error
estimate (50) tends to zero as h — 0. If u® is piecewise regular then the size
of this infimum can be quantified. Assuming that u®(z)|x € H?*(K) for all
K € Ty, we have the standard estimate [12] for the piecewise linear interpolant
uf of u® on 7Ty,

RV (u® — u%nt)||L2(-QE\-Q(25)) + [Ju® - ufnt”N(Qa\Q(za)) <
1/2
Ch? {ZKETh |u€|§{2(K)} :

1/2
For smooth coefficients a(y), ap(y) in (5) we have {EKeTh |u5|§{2(K)} <
Ce~1. Hence, we obtain with w = uf,, in (50) the following error estimate
with respect to the subspace Vy = xVy + (1 — x)S&’}E (12°\2(2¢, Tn)

inf [[ue — v 100y < Ci(s)e™ 1798 + Coh/e,
veVn

with C;, ¢ = 1,2 independent of h and . Note that here h < . The space Vi
is essentially one in which scale resolution is achieved at the boundary and
in which the functions from Vj are used in the interior.

5 Numerical experiments

We turn now to the computational investigation of the generalized FEM
on bounded domains. To this end, we consider homogenization problems in
one and two dimensions. The goal of the experiments is twofold. First, we
would like to confirm the theoretical asymptotic convergence estimates which
were presented in the previous sections, in particular the robustness of the
methods with respect to €. Second, we will investigate the performance of
several possible choices of micro spaces M%. We consider in particular the
microspaces based on oversampling, on the asymptotic theory, and on Bloch-
wave eigenfunctions.
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5.1 Microscale shape functions space Mé‘(s@) based on
oversampling

We have seen so far that collocation of the Fourier-Bochner integral kernel
P(x/e, e, t) at various sets of collocation points N' = {¢;}; gives dense systems
of shape functions with very favorable approximation properties for ellip-
tic homogenization problems. These shape functions are products of smooth
functions in x and periodic, oscillatory micro shape functions that arise as
solutions of parameter dependent unit-cell problems. We present a FEM for
the solution of the unit cell problem and a methodology to derive a well
conditioned set of shape functions from the collocated kernels 9 (z/¢c,¢,t;),
t; € N. This will be based on the SVD of the matrix of coefficient vectors of
the Finite Element approximations to the ¢(y,e,t;), t; € N.

To cast (27) in weak form, we define for each e > 0 and t € C™ the sesquilinear
form ®(e, t)[-,-] : H! (Q) x H! (Q) — C by

D(e,t)[p,v] :=
/ a(y)Vy (6(y)e™ =) - Ty Wm)e™ ™) + 2ao(W)o(y)oly) dy. OV
Q

With this notation, the integral kernel ¢(-,¢,t) € Hrl,er(@) in the representa-

tion (24) is the weak solution of the following variational problem

~

Find ¢(-) € H}.,(Q) such that

(52)

D(e,t)[p,v] = €2 y) dy VUEH;ET(@).

Let N' = {t :j=1,...,4} be any set of collocation points in C". Given

a partition T of the unit cell Q into intervals K, for an arbitrary t; € N,
compute the FE approximations
¢FE(ya€ 7] ) per( T)

Q,
(e, t;) 0] / Jdy, Yve SO, T), (53)

where ®(e, t)[,-] is as in (51) and the FE space S2:1(Q,T) is defined by

per

SAQ.T) = {u e Hju(@ s 0

esﬁ(K),VKe?}, (54)
K

and SP(K) is a space of polynomials of degree at most p on K. The design
of T, p must take into account regularity of the solution. For example, if
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the unit cell problem has a crack, then the solution ¢(y,¢e,t) € Bé (Q), the
countably normed space [5], and hp-FEM [37,23] with a geometrical mesh
refinement towards the crack-tips must be employed for the solution of the
unit-cell problem.

Remark 20. In the proof of the error estimate (45) the oscillating functions
P(x/e,e,t) = et T¢(x/e,e,t) are exact, i.e., the unit-cell solutions ¢(y, €, t)
are assumed exact. The micro-scale shape functions in the definition of M#
are derived from the FE approximations ¢rg(y, ,t) obtained by energy pro-
jection through a FE discretization of the unit-cell problem. The stiffness ma-
trix computations based on the generalized FE spaces S2(£2, T; M%) require
only moments, i.e., weighted integrals (16) of the finite element solutions
¢rE(y,e,t) over the unit-cell. Careful inspection of these moments reveals
that they converge quasioptimally and at the same rate as the energy norm.

Since the sesquilinear form &@(e, t)[-, -] is coercive (in the sense that a Garding

inequality holds and the unit cell solution operator is injective), there ex-
ists a unique solution ¢rg(y,e,t;) € Sg’elr(@,%) of (53). In agreement with
Proposition 14, we choose t;(;) = jh where h = 1/,/u with j € Z{,,- Notice
that the values of d and « in (38) are generally not available. Therefore, the
choice of ¢; is to some extent heuristic. By Section 3.3, ¢(y, ¢,t) is analytic
in t. As p increases, the collocation points ¢; will cluster, resulting in almost
linear dependence of the shape functions ¢rg(y,¢,t;); these functions are
hence not well-suited as basis for a generalized p-FEM. Some orthogonal-
ization is needed to obtain a well-conditioned basis. In addition, the points
t;(1) depend on p meaning that the shape functions ¢ppg(y, e, (1)) are not
hierarchical.

We propose an oversampling, i.e., to select ft > u sufficiently large and
N ={t;(p) - j=1,.... 4},

and to perform an orthogonalization as follows:

Algorithm 21. Let N(y) be a basis of Sﬁ’l(@, 7A') Then

per
ore(y.ct;) = 0;(e) ' N(y), j=1,....0
Compute the SVD

[B1(c),...,Pu(c)] = Udiag(oy,...,00)V."

with 0y > 02 > 03 > -+ > 05 > 0 and set

Mé‘Span{qﬁj (g,s) = U]-Tﬂ(z) :jl,...,qul}, (55)

3

with U; being the j-th column of U.
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It is clear that this orthogonalization changes only the basis, but not the span
of the shape functions if p = . If 4 < fi, however, the definition (55) will
change the span. Nevertheless, if o; < eps for i < j < i with eps of the order
of machine precision, this change will be negligible. The list of significant
singular values for a one dimensional model problem with ag = 1, a() as
in (56) and different ¢ scales is presented in Table 1. The largest singular
values appear to be proportional to some powers of €. Span {¢(-/¢,¢,t;)} is

e =1.0e — 01 e = 1.0e — 02 e =1.0e — 03
o1 = 1.017400157¢ + 01|01 = 8.708065522¢ + 00|01 = 9.651065322¢ + 00
o2 = 3.602041416¢e + 00|o2 = 1.716876891e + 00|02 = 4.686737612¢ — 01

o3 = 3.499684680e + 00
o4 = 1.653439563e + 00
o5 = 1.118879591e + 00
o6 = 2.052151441e — 01
o7 = 4.486387147e — 04
og = 7.805541440e — 07
o9 = 2.429807212e — 11

o3 = 1.517277336e + 00
o4 = 3.158726721e — 01
o5 = 1.890039200e — 02
06 = 2.906576569e — 05
o7 = 2.709646458e — 09
og = 2.782052676e — 13
o9 = 1.612941949e — 17

o3 = 3.516838658e — 02
o4 = 4.904764017e — 05
o5 = 8.322681798e — 08
o6 = 1.003629032e — 11
o7 = 7.670974077e — 15
og = 7.669801103e — 18
o9 = 5.661242396e — 18

€ =1.0e — 04
o1 = 9.651024285e + 00
o2 = 4.641386272¢ — 02
o3 = 3.481845540e — 04
o4 = 4.898472869¢ — 08
= 8.316984046e — 12

e = 1.0e — 05
o1 = 9.650620918e + 00
o2 = 4.640937839% — 03
o3 = 3.481393137e — 06
o4 = 4.898386017e — 11
o5 = 4.464187517e — 14

e = 1.0e — 06
o1 = 9.856848581e + 00
o2 = 4.641062782¢ — 04
o3 = 3.533916622e — 08
o4 = 4.907798256e — 14
= 2457293272 — 14

05 05

Table 1. The largest singular values o; of the coefficient matrix with respect to
the shape functions {¢re(-,&,t;), 7=0,1,.. "ﬂ}t.fj/\/ﬁ’ =64
=

practically independent on the choice of the collocation points. Therefore the
precise choice of ¢; will not matter much, as long as with increasing ;1 they
cover the interval [—, /1, /p]" and are spaced as 1/,/i by Proposition 14.

Figure 2 presents the shape functions {¢;(y,e)}’_, obtained with Algo-
rithm 21 for the one-dimensional problem with Q = (—m,7), ap = 1, a(*)
as in (56), e = 0.001 and, based on Proposition 14, the set of collocation
points N' = {t;(a) =j/vi : 5=0,..., 4, ji = 64}. In this case the number
of j such that the corresponding singular values o; > eps = 1070 is y = 5.
Hence the orthogonalization has also reduced the number of micro shape
functions substantially. We clearly see the substantial reduction of degrees of
freedom due to the almost linear dependence of the ¢rg(y, €, t;) and the low
regularity of these shape functions at the jumps of a(-) at y = +x/2. Note
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also that, unlike the kernels ¢(y,e,t;), ¢;(y,€) are piecewise polynomials.

o<l
a(y) =
1 else ,

Fig. 1. The coefficient a(-).

£=0.001: = 4;5 linear independent shape functions (orthogonalized by SVD)

-0.05

-0.1[

=015

-0.2

=

(56)

Remark 22. In numerical experiments we found that Algorithm 21 is very
robust with respect to the choice of collocation points. After the SVD the
first shape functions associated with the largest singular values are practically
independent of the number and the choice of ¢;. The shape functions ¢;(-, )
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resulting from Algorithm 21 are therefore, at least numerically, hierarchical,
and enable hierarchic modeling of problems with microstructure.

5.2 gFEM based on oversampling in the one-dimensional case

We consider the following model problem in 2 := (—1,1): let f(-) € L*(£2)
and ¢ > 0 fixed. Denote by u®(-) € H}(£2) the weak solution of the following
boundary value problem

(O E) @) et o

u®(£1) =0,
with -
10 iyl < 3
aly) = (58)
1 else ,

and ag(y) = 1. We implemented the generalized p-FEM described in the
previous section for (57) with a(-) as in (56) and absolute terms ag = 1,
ag = 0, respectively. The exact solution u®(z) is in general piecewise analytic
but non-polynomial on the microscale. We used in all our computations the
orthonormalized micro shape functions ¢;(y,e) in (55) from the unit cell
problem with absolute term ag = 1.

1(x) = exp(x); 4 elements at the boundary; e = 1E-2; 3 = 1
10 T T T T

Relative error for the energy
3
T
I

S
T
I

10

TEEEE
oo
N

12 I I I I I I
1 2 3 4 5 6 7 8
"macro" degree p

Fig. 3. Exponential rate of convergence for the FE energy with M¥ based on
oversampling. f(z) = exp(x).
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Figure 3 shows the convergence of the generalized p-FEM for ag = 1, f(z) =
exp(x) and € = 1072 when p is increased on a fixed mesh 7 = ToUT, with T,
covering 4 periods of length 27e at each boundary point for various values of
. The curves corresponding to ¢ = 0 show the error when only macroscopic
shape functions, i.e. global polynomials, are used.

We see that for fixed ;o > 0 and increasing p, first exponential convergence
is apparent, however a saturation occurs at a p-level which depends on the
micro degree u. Exponential convergence requires therefore the joint increase
of the micro degree p with the macro degree p.

1(x) = exp(x); = "micro" degree; 4 elements at the boundary; ¢ = 1E~1

1(x) = exp(x); u ="micro” degree; 4 elements at the boundary; e = 1E-2
10 T T T T T 10 T T T

Relative error for the energy
Relative error for the energy
3

W
EAY

4 5 6
"macro" polynomial degree p

1(x) = exp(x); p = "micro" degree; 4 elements at the boundary; ¢ = 1E-3 1(x) = exp(x); 4 elements at the boundary; ¢ = 1E-6
= = = = = 10f 5 = = = = e

5‘

Relative error for the energy
%

Relative error for the energy
3

o | —e—  w=0 10

|
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—F—  u=3 -

1072 . . . . . . . 1072 . . . . . . .
1 2 3 4 5 6
"macro" polynomial degree p "macro" polynomial degree p

®
S
©
<
©

Fig. 4. Convergence rate for fixed micro degree p and increasing macro polynomial
degree p. The system of micro shape functions M¥ is based on the oversampling
procedure in Algorithm 21 and f(z) = exp(z).

In Figure 4 we show analogous results for ag = 0, f(z) = exp(z) (with respect
the same mesh) and different microscales €, varying from = 10~! down to
10~%. We note that for u = 1 and for € = 10! a very slow convergence
is apparent - here the scales are resolved, but the low solution regularity
stalls the spectral convergence. As before, one can see from the results in

R g
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(x) = exp(x); 4 elements at the boundary; ¢ = 1E-3

Relative error for the energy

"micro" degree u

Fig. 5. Convergence rate for fixed macro polynomial degree p and increasing micro
degree p (MY based on oversampling). f(z) = exp(x).

Figure 5 that keeping p fixed and increasing p does not lead to exponential
convergence. Rather, Figures 3, 4, 5 show again that g must be increased
together with p.

5.3 Quasi 1-D Case

The generalized FEM with micro scale shape functions M# derived by over-
sampling the Fourier-Bochner integral kernel has been implemented for two
dimensional problems. Our gFEM implementation is based on Concepts-1.4,
an object oriented programming framework for general elliptic problems in
C++ [24]. We illustrate here the performance of the gFEM considering first
the (quasi 1-d) model problem

-V (a (g) Vug(z)) = f(z) in £2:=(0,1)?
ulpp, =0 onI'p:={x; =0}U{xy =1}

n-a (g) u(z)|py =0 on I'n :=90\Ip,

where a(y) = cos(y1) + 2, ¥y = (y1,42) € Q := (0,27)2 and f(z) = 1. The
implementation is completely general, but since we know for this problem
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the exact solution

1

/T/a(T/E)dT -

oy T , 1
0= | | e
0 / 1/a(r/e)dr °

0

it is reasonable to investigate the numerical performance for such solutions.

The macro mesh T used in all our experiments is shown in Figure 6. It consists
of four interior elements of size (1 — 4me)/e and two layers of elements in a
tubular neighborhood of 02 covering two periods in the normal direction
to 0f2. The boundary elements are either elements near corners of the size
of one micro cell or elongated elements along edges that are of size O(¢g) in
the normal direction to the boundary. We recall that the macro polynomial
degree has to be increased together with the number of micro shape functions
in order to achieve convergence, thus we have successively and simultaneously
increased p and the micro degree i in all elements K € T such that p = p+1.
The relative error in the energy for increasing macro polynomial degree p and
micro degree p such that p=pu+1, p = 0,1, 2,3, and for different ¢ scales is
presented in Table 2.

Fig. 6. The macro mesh 7 (not at scale) for 2-D calculations.
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e~ 1072 e~1073 e~10"1 e~107"° e~107°
0.150836 0.309959 0.346179 0.350048 0.350437
0.079917 0.133956 0.133974 1.714673e-05 2.229294e-06
1.202447e-05 2.320999¢-06 7.504589e-07 5.895692e-07 5.734377e-07
1.874951e-07 4.898619¢-07 5.629935¢-07 5.710097e-07 5.715827¢-07

NEEINERE

Table 2. Relative error in the energy for gFEM with p = p + 1.

5.4 2-D Problem

In this section we analyse the performance of the gFEM for a genuinely two-
dimensional model problem

v (a (g) Vus(z)) +ao (g) W (z) = f(z) in02:=(0,1)2
W92 =0 on 89,
with
F(@) = 1021 + 1025, aly) = 6 + cos(y1) + cos(yz), and ag(y) = 1.

Since the exact solution is not available, we compare our numerical results
with the results obtained by doing scale resolution via standard FE discretiza-
tions. The unit-cell problem has been solved numerically by standard FEM.
The unit-cell triangulation 7 was obtained by a three level uniform refine-
ment of the unit-cell domain and the polynomial degree in each element was
P = 2. The collocation set in our computations here was N' = {(10%,107)
—4 < 4,7 < 2}. After the SVD of the matrix of coefficient vectors of the dis-
crete unit-cell solutions we select M¥# := Span{¢;(z/e;e) : i =0,1,...,u}
as the space of resulting shape functions corresponding to the first u largest
singular values. The unit-cell computations represent an independent subrou-
tine of our gFEM implementation. For the setting of the elemental stiffness
matrices only the monomial weighted integrals of the form

/ ()Y D2 by ) Dl bu(y; )y, lal, 18] < 1

Q

are needed, thus the gFEM can handle other choices of micro scale spaces M*¥
as well. The micro length scale ¢ in our computations here is ¢ = 1/(407),
that means that there are 20 periods of length 27e along one side of 0f2. The
relatively coarse macro mesh 7 for the gFEM is as illustrated in Figure 6. We
used a constant macro polynomial degree px = 4 for all K € T and the micro
degree was also constant ux = 4 in all elements. The number of degrees of
freedom for the gFEM computations was #DOF 2 1000, whereas for the
standard FEM the number of degrees of freedom was #DOF = 40000.
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We emphasize that the number of degrees of freedom and the CPU time
by the gFEM is independent of the micro length scale €. Computation for
€ 22 1079, for example, costs the same work as ¢ = 1072.

We present at the top of Figure 7 the first component of the energy flux
a(x/e)Vu® obtained by the generalized FEM based on oversampling and
compare it with the results obtained by the standard FEM (bottom). Figure 8
displays the second component of a(z/e)Vu® obtained with gFEM and the
standard FEM and finally, in Figure 9 we compare the solution plots. We see
that the gFEM is able to accurately capture all the solution characteristics
with significantly less degrees of freedom than the standard FEM.

5.5 Microscale space based on Bloch Wave eigenmodes

Bloch waves

One possible way to generalize the ideas of Fourier analysis to the study
of non-homogeneous periodic media is the Bloch transform. The generalized
eigenfunctions are known as classical Bloch waves and were introduced in
solid state physics in the context of propagation of electrons in a crystal, [9].
The starting point is the spectral analysis of the operator

L(0y) := =V, - (a(y)Vy).

We define the shifted operator L (9y;7) associated with L(9,) by

L(0y;n) == (Vy +in) - [ay) (Vy +in)]. (59)

Note that L(9,;n) represents the principal part of the unit cell operator (27).
We attach to the shifted operator a family of spectral problems parametrized
by n € R" : Find A(n) € R and ¢(:;n) € H}..(Q) not identically zero such
that

L(9y;m) (55m) = ANm)d(+51m). (60)

With these notations, the unit-cell operator in (27) can be written as L(9y; et)+
e2ap(+). Then 9 (:;m) := €"Y¢(-;n) solve the parameter dependent spectral
problems

L(Oy)¥(y;n) = A(m)y(y;n) in R"
U(y + 2mksn) = 2R NY(y), VkeZ™, yeR™

The eigenfunctions v (y;n) are the so called Bloch waves and represent the
natural generalization of the Fourier waves, the eigenfunctions in the case
of constant coefficient, to the case of periodic media. It is also easy to see
that the Bloch eigenvalues in (60) are Z™-periodic and the eigenmodes are
shifted-periodic in the second variable in the sense that for all k € Z™ there
holds holds ¢(-;n + k) = e~*¥¢(-;n). It is therefore enough to study them
for n € [0,1)", the first Brillouin zone.
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The property of the shifted operator to depend polynomially on n does not
imply regularity of the Bloch eigenvalues and eigenvectors with respect to
this parameter. In fact, it can be shown [15] that the eigenvalues are Lips-
chitz functions of 1, and in general exhibit singularities. The first eigenvalue
A1(+) is analytic and geometrically simple near n = 0. In addition, the first
eigenfunction can be chosen so that it depends analytically on 7 in a small
neighborhood of the origin. More detailed regularity properties of the first
Bloch eigenvalue and eigenmode are listed below:

Proposition 23. The first Bloch eigenvalue is stationary at n =0
VyA1(0) = 0. (61)

Further, the second derivative (or in higher dimensions the Hessian matriz)
of M1 (+) at n =0 is the homogenized coefficient (matrixz) [13]

1 92\ 1
Z 0)= —¢@, Y, X1 Y 62
92 6771677] ) (277)” O(XL Yis X155 y]) ( )

whereas the first order derivatives of the first Bloch mode at n = 0 give the
correction terms x1,;(+)

o6, 1 .
6—%@ 0) = wal;y( )s (63)

where x1,;(-) € H;er(@) are solutions to

Y15 () € H (), / i@y =0 L@y vy +9;) =0 inQ. (64)

Q

A proof of this proposition can be found in [15].

The next step is to introduce the Bloch eigenvalues {AZ, (t)}5°_; and the
eigenvectors {¢%, (x;t)}5°_; at € scale. By diagonalizing the principal part of
the second order elliptic operator (18)

Vo (@ (2) Va (765, (w50)) ) = X (D65 (a:0),

the differential equation L(¢~10,)u® = f can be transformed into a set of
algebraic equations for the Bloch transforms. The energy of u® contained in
all Bloch modes except the first one goes to zero when £ — 0. Therefore, the
first Bloch mode is essential for the asymptotic limit. It turns out [1] that the
first Bloch mode transform tends to the usual Fourier transform in the L*(R")
topology as € — 0. Thus, the Bloch waves representing periodic medium
tend to Fourier waves representing the homogenized medium. By a scaling
argument, for ¢ € 71 (—1/2,1/2)", the Bloch eigenvalues and eigenfunctions
at € scale are found to be related to Ay, (n), ¢m (-;7) in (60) as follows:

X () = e 2Amlet), 65, (23) = (g st) .
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The Bloch waves e®*®¢¢ (x;t) at ¢ scale provide now the spectral resolution
of L(e710,). For g € L*(R™) arbitrary, the m-th Bloch coefficient of g is
defined as

G5 () = e / g(e)e " g (@31) do.
R™

Analogously to Fourier theory, inversion formula and a generalized Plancherel
identity hold:

sy =[S gt ) at
871(7%7%)71 m=1
o [oh@ar= [ Y gk @d Yohe @)
R» 871(_% )n m=1

Due to these results the differential equation L(¢710,)u®(z) = f(z) in R"
transforms into an infinite algebraic system for the Bloch coefficients of u®

Fo (&) = X5 (915, (6), Ym>1,VEee H(—1/2,1/2)™

Furthermore, when € — 0, all Bloch transforms except the first one converge
to 0 [15].

W=

)

Proposition 24. Let

W (z) = en/? / S (€)e e, (; €)de.

e-1(—1/2,1/2)n ™22

Then, there exists a constant C' > 0 such that |[w®|| p2@n) < Ce.

Generalized FEM based on Bloch waves

From the classical theory on homogenization [7,8,35,13] based on asymptotic
analysis as € — 0 it is known that the solutions u® € H}(£2) to

L '0)u® = f in 2
u¥log =0 on 902

converge, as ¢ — 0, to a limit u° that solves the so-called homogenized
problem
V- (AVu) = f in 0
(65)
u0|ag =0 on 02,

where the homogenized coefficients A = {A;;} ; are given by A;; = Po(x1,:+
Yi, X135 + Y;), see also (62). We see that the homogenized coefficients are not
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only means over the initial ones, but contain an additional term coming from
the microstructure. This term is computed using the solutions x1.; in (64) on
the unit cell.

More precisely, ||u® —u®||p2(2) — 0 as € — 0, however [|[u® —u°|| g1 (o) # 0, as
e — 0, since the small scale features of the solutions are lost by this averaging
process. To improve the convergence, one needs the correctors

0
uf(z) — u(x) — {—:Z gt; (X)x1: (g) HHI(Q) —0 ase—0. (66)
K3

The homogenized limit u° is independent of £ and can be well approximated
by standard polynomial FE spaces. Due to (66) it would be of interest to
consider for the choice of the micro-scale space M* the system of correctors
{x1:(y)}i in (64) or, due to the fact that the first Bloch eigenmode ¢1(+;7)
is analytic at 0 and its first order derivatives with respect to n at n = 0
are precisely the correctors x1.;(+), the system of micro-scale shape functions
derived by sampling the first Bloch eigenmode in a collocation set refined
geometrically at n = 0.

We studied the performance of the generalized FEM when the system of
microscale shape functions was derived by sampling the first Bloch eigenmode
in a collocation set refined geometrically at n = 0. We discretize the unit-
cell by the FE space Sg*elr(Q, T) and then solve a parameter dependent class
of generalized eigenvalue problems parametrized with respect to n in the
collocation set N = {n; =107, j =0,...,i}.

Let us denote by a superscript B (in order to distinguish them from the gen-
eralized shape functions ¢; (-, ¢) introduced in (55)) the Bloch shape functions
#P(y),i=0,1,..., which are obtained by orthogonalizing the coefficient ma-
trix of the first Bloch eigenfunctions with respect to n in a collocation set
Np. We define the generalized FE space

SHR T ME ) = (S22, T) 27 MEL(2,T)) N H(9),

where

ML :Span{qﬁjB (g) i=0,...,u< ,&}.

The system of Bloch shape functions obtained from the orthogonalization
procedure by refining the collocation set geometrically towards n = 0 and
selecting the first Bloch eigenfunction for each sampling point is presented
in Figure 10. The collocation set is Ng = {77]- =1077,5=0,. ..,[L}, with
fo = 10, and the unit-cell problems discretization is based on the FE space
Sg’elr(Q, T) of piecewise polynomials of degree p = 8.

The performance of the generalized two-scale space SOB(Q, T; Mg p) for the
model problem (57) with right hand side f(z) = exp(z) has been investigated
numerically. The macro mesh 7 = 7, U Ty consists of boundary elements
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K € T, of size O(¢) and one interior element K € Ty of size O(1). The
boundary mesh 7, covers 4 periods of length 27we at each boundary point.
The micro degree puxg = p is successively increased in the interior element
K € Ty whereas pr = 0 in all boundary elements K € 7T,. We choose a
constant macro degree px = p in all elements of 7 and we vary p from p =1
up top =9.

The relative error in the energy versus the macro degree p is shown in Fig-
ure 11 for different micro degrees u and for ¢ scales varying from 1072 down
to 1075, We observe that when increasing p from g = 0 to u = 3 only a very
slow convergence occurs (for £ 2 10~* and ¢ =2 1075, the error curves corre-
sponding to p = 0,1 and 2 are practically on top of each other). Compared
to the performance of the gFEM with M# based on oversampling in Fig-
ure 4, the micro scale shape functions derived from the first collocated Bloch
eigenmode that correspond to the largest singular values are not able to rep-
resent correctly the micro structure of the solution. Exponential convergence
is observed first when the micro degree 1 > 3 and for each p a saturation
occurs at p values depending on p and €. To achieve exponential convergence
the macro polynomial degree has to be increased together with p. Comparing
the error plots for the different ¢ scales at fixed © = 5 we observe that the
saturation occurs earlier for smaller . The convergence rate is therefore not
robust.

The two-scale gFEM based on M’; p s quite sensitive with respect to the
choice of the collocation set and selection of the eigenmodes. Our next ex-
periment suggests that if microspaces based on Bloch waves are used in the
gFEM, it is sufficient to use the first Bloch eigenmode only. In Figure 12 we
plot the relative error in the energy versus p for different y and for € = 102
and € 22 1073, The micro scale shape functions are derived from the first two
Bloch eigenmodes ¢, (y,n), m = 1,2, by collocation and orthogonalization
(collocation set as before). We see that the convergence occurs even later and
this procedure does not automatically improve the convergence. We conclude
that in the gFEM based on the micro-scale shape functions Mg g derived by
collocating the Bloch eigenmodes essential information of the microstructure
is missing. In addition, once discretizing the unit-cell problem, one has to
solve parameter dependent eigenvalue problems which is more costly than
solving linear systems.
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Fig.7. The first component of the flux a(z/e)Vu® obtained by the generalized
FEM based on oversampling (top) and by scale resolution (bottom); @ = (0, 27)?,
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Fig. 9. The numerical solutions obtained by the generalized FEM based on oversam-
pling (top) and by direct FEM computation (bottom); Q = (0, 27)?, & = 1/(407).
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The Bloch shape functions obtained by orthogonalization from the first Bloch waves w‘B(», "J)
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Fig. 10. The shape functions ¢Z(-) obtained by orthogonalization from the first
Bloch eigenmode ¢1(+;n;) sampled at n; = 1077, 5 =1,2,...,10

) GFEM with micro shape functions based on the first Bloch eingenmode ¢ = 1E-2 N ‘GFEM with micro shape functions based on the first Bloch eingenmode; ¢ = 1E-3
10 2 2 2 Z 2 2
107 B
5 5107 1 N
g g
2 H
s 5107 b
s s
s s
& @0 | 1
- u=0
- =1
- u=2
o |- w=3 |
1o — u=4
=5

107 . . . . . . . 107 . . . . . . .

1 2 3 4 5 B 7 8 9 1 2 3 4 5 6 7 8 9
Macro oolvnomial dearee o Macro olvomial dearee o
. GFEM with micro shape functions based on the first Bloch eingenmode; ¢ = 1E-4 ; 'GFEM with micro shape functions based on the first Bloch eingenmode; ¢ = 1E-5

10 & 10 < * * - * *

107 F 4 107 F 4
107" 1 B 5107 F B
H g
5 5
£ o ] < ol ]
5 5
2
s S 50
@0l | w=1 1 w0 | 1

= u=2
- u=3 o u=0
— p=4 - u=1
0| L w=S o | w2
107k 1 107 | = =3 1
—+ u=4
= u=5

1072 . I I I I . . 107 . . I I . . .

1 2 3 7 8 9 1 3 7 8 9

4 5 6 4 5 6
Macro polynomial degree p Macro polynomial degree p

Fig. 11. Relative error for the energy versus p with M£ = MY 5 obtained from
the collocated first Bloch eigenmode; f(x) = exp(z).
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0 Bloch eingenmodes; ¢ = 1E-3
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Fig. 12. Relative error for the energy versus p with MY = Mg’B obtained from
the first two collocated Bloch eigenmodes ¢m (-, 1), m = 1,2; f(x) = exp(z).
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