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1 Introduction

The numerical solution of boundary value problems arising in electromagnetics has received
increasing attention in recent years. The equations to be solved are the time-harmonic Maxwell
equations and derived simplified formulations such as the time-harmonic eddy current model.
For the calculation of waves radiated e.g. from antenna or conductors, exterior boundary value
problems in a homogeneous ambient medium must be solved. It has long been recognized (e.g.
[8] and the references there) that in this case the boundary reduction of the problem to a
system of Fredholm integral equations on the surface of the conductor is advantageous. In [8],
several possible boundary reductions have been described and the mapping properties of the
resulting boundary integral operators in Hoélder spaces were established with emphasis on the
classical integral equations of the second kind. Variational integral equation formulations of
the first kind have also been considered in recent years. As an example, we consider a perfect
conductor occupying the bounded domain © C R? which is externally irradiated by a plane
wave B = de?*®* with |d| = |c| = 1 and c¢-d = 0. The scattered electric and magnetic fields
E and H, respectively, then solve the following equations in the exterior domain €, := R3\Q

curlE —iwpyH =0 in £
curl H 4 icwE =0 in €
Silver-Miiller radiation condition at oo

v-(E) = _VT(Ein) at I

Here, v, denotes the tangential trace on the boundary I' = 92 which we assume to be smooth
for now.
With the Stratton-Chu representation formula, we may represent E(x) in €, in the form

Bx) = in [ BEx.y)ily) ds(y) + y [ 2. y)divr)(3) ds(y)

cw
where
etklx=yl
Px,y) = —,
() =~ —

denotes the Helmholtz fundamental solution with wave number k = w,/ep associated to the
frequency w and where j is the jump of the total magnetic field across I'. Inserting the
representation into the boundary condition, we arrive at the following variational boundary
integral equation of the first kind for the unknown tangential component j., (the jump in
the normal component being zero) which is called the Rumsey Variational Principle: find
Jy € Hfé(din,I’) such that for all ,]f{ € Hfé(din,I’) there holds

i 3 Vi) = — (dive (i), Vaive(3,)) = —G. 6)
Here, divr denotes the surface divergence and V the single layer potential corresponding to
the Helmholtz fundamental solution and (-,-) the H~'/2(T") x HY?(T") duality pairing and
H_%(din,I’) denotes the set of tangential fields with weak surface divergence in H~/?(T)
(we refer to [19] for a detailed discussion of these spaces on smooth surfaces I').

A Galerkin discretization of this boundary integral equation by means of the simplest
Raviart-Thomas finite elements on I' is used in commercial codes. Its convergence analysis



is involved since the bilinear form in the Rumsey principle does not have good coercivity
properties. A convergence proof for smooth surfaces was given by Bendali in [2]. The situation
on polyhedra or general Lipschitz surfaces is considerably more complicated. In particular,
the meaning of the dualities in the Rumsey principle are not clear on such surfaces and the
original convergence proof in [2] does not apply immediately on nonsmooth surfaces.

Using different techniques from harmonic analysis, Mitrea et al. [17, 16] developed a theory
of boundary integral equations for the time-harmonic Maxwell equations on Lipschitz domains.
So far, these techniques do not give enough information for the analysis of variational formula-
tions of the integral equations and hence for their numerical analysis. In particular, no Hodge
decomposition on the boundary is obtained.

An approach equivalent to the one presented here is being investigated in the thesis [20].
For the case of smooth closed and open surfaces, wavelet bases in standard nodal spline spaces
are considered that allow the analysis of fast algorithms for the numerical solution of our
integral equations.

The purpose of the present paper is to justify the Rumsey variational principle on Lipschitz
polyhedra and to derive a convergent boundary element discretization. Its outline is as follows:
in Section 2, we present the functional framework for our analysis. We use in particular recent
results from [4, 5, 6] on the trace spaces of Maxwell’s equations to clarify the meaning of the
dualities in the Rumsey principle and to prepare the principal tool for its analysis, namely the
boundary Hodge decomposition. Section 3 justifies the Stratton-Chu representation formula on
a Lipschitz surface I'. Section 4 is then devoted to the derivation of the Rumsey principle, and to
a mixed reformulation by means of a Hodge decomposition of j., which we prove to be strongly
elliptic in the sense that it satisfies a Garding-inequality on T'. Finally, Section 5 is devoted
to the analysis of Galerkin Boundary Element discretizations of our mixed reformulation of
Rumsey’s principle. We establish quasioptimal asymptotic convergence rates of the Galerkin
discretization and give explicit and sharp bounds on the convergence rates in terms of the
Maxwell singularities described in [10]. An additional complication arises since the Lagrange
multiplier used for the weak formulation of the Laplace-Beltrami operator on I' exhibits vertex
singularities. We examine these singularities which may be of interest in their own right and
show that in ‘typical’ situations they do not downgrade the asymptotic convergence rate.

2 Preliminaries

We shall make use of some recent results on the characterization of traces associated to Sobolev
spaces of interest for Maxwell’s equations. We present here a synopsis of these results and refer
to [4], [5] and to [6] for details and proofs.

We begin by introducing some definitions and notations. We denote by D(R?)? the space
of the 3D vector fields with each component belonging to ngmp(R?’) and by D'(R3)3 the
corresponding dual space. The duality is denoted by (-, -)p.

Let © C R? be a bounded Lipschitz domain in R3. We suppose that € is connected and
simply connected, i.e., all its Betti numbers are zero. We denote by I' its boundary and,
thanks to the assumption on €2, I' is connected and simply connected also. €2, denotes the
complementary R3\ €, and n the outer unit normal vector to . Moreover we denote by

H3(Q), Hf (Q) Vs € R and HY(T'), Vt € [—1,1] the standard (local in the case of the exterior

loc
domain) complex valued, Hilbertian Sobolev space defined on 2, Q. and I" respectively (with

the convention H? = L2.)



The duality pairing between H*(I') and H*(I") is denoted by (-,-)s . We set:

HY(Q) := (H*(Q))",V = (H2(D))*, V' = (H2(T))".
H(curl,Q) = {u € L*(Q) | curlu € L*(Q)};
H..(curl,Q.) = {ue L (Q) | curlu € L} () };

(1)

(2)
foc (3)
H(curl, R3 \I') = H(curl, Q) UH,,.(curl, ) (4)
L) ={vel?T)|n-v=0onT}; (5)
HZA(T) = fu e H(T) | (u, Loy =0} (s € [0,1) (6)
(7)

3

H2(T') == {ur | u € H*(Q)}.

The space L?(I") is identified with the space of fields belonging to the tangent bundle TT
of T" for almost every X € I" and which are square integrable.

The space H2(I') has no intrinsic definition on the surface I". Nevertheless it is a Hilbert
space endowed with the norm: H)\H%F = inf,cg2(q){l|ull2,o such that wp = A\}. We denote

by H 7%(11) its dual space with L?(I') as pivot space. Finally, when Q is a polyhedron this
space can be characterized face by face. We refer to [4] for this characterization and to Section
2.2 for a brief presentation.

Definition 2.1 The “tangential components trace” mapping m, : D(Q)> — L2(T) and the
"tangential trace” mapping v, : D(Q)?> — LZ(T) are defined as u — n A (uA n)r and u
wr A\ n, respectively.

We denote by 7 the standard trace operator acting on vectors: v : HY(Q) — V, y(u) = up.
Let 7! be one of its right inverses. We will also use the notation 7, (resp. v, ) for the composite
operator 7, oy~ ! (resp. 7, 0y~!) which acts only on traces. By density of D(Q)‘?’F into L2(I"),
the operators 7, and ~y, can be extended to linear continuous operators in L*(T").

We define:

Definition 2.2 Let V., := (V) and V; := m.(V).

V, and V; are Hilbert spaces endowed with norms that assure the continuity of the operators
~vr and 7, respectively. We set:

A} (8)
A} 9)

A, = inf {lally | (@

Ally, = inf .
[ Ay Inf {Jjullv | 77 ()

Note that 7 : V' — Vi and v, : V — V, are isomorphisms by construction. The spaces
V, and V; will be the bases of our construction. We denote by V'y/ and V! their dual spaces
respectively with L? (") as pivot. Vv’ and V] are Hilbert spaces endowed with their natural
norms.

Let iy : LZ(T') — L*(T") be the adjoint operator of 7,. This operator is nothing but the
identification of two-dimensional tangential vectors fields, sections of the tangent bundle TT
of I', with three-dimensional vector fields on I' (with zero normal component). Thanks to the
Lipschitz assumption, a local system of orthonormal coordinates (71, 72,n) can be defined at
almost every x € I'. Here 71 and 79 are two orthonormal vectors belonging to the tangent
plane for almost every x € I', while n is the outer normal to §2. Of course, the vectors 71 and



T9 can also be considered as “tangent fields” (sections of the tangent bundle) and, for the sake
of clarity, we denote by 71 and 79 this basis of tangent fields. We have:

uc L?(I‘) u=—uiT1+ usTo ir(0) =uiTy + uaT2. (10)
This operator can be extended in the following way:
ir 1 V= (ker{m .} nV)° C V' (11)
where -° denotes the polar set. The following proposition obviously holds:
Proposition 2.3 The operator i, : V) — (ker{m-} N V)O is an isomorphism.

A suitable characterization of the space (ker{m;} N'V)° can be found in [6].

2.1 Definition of tangential differential operators

In the following we need various differential operators defined on the surface I', a closed Lip-
schitz surface without boundary. The tangential functional spaces defined here above are
suitable for their definition. The operators:

Vr:HYT) = LXT),  curlp: HY(T) — LXI)

are defined on I' in the usual way by a localization argument (see [18] or [6]). The adjoint
operators of —Vr and curlr are:

divp : L(T) — H NI,  curlp: L2(I) — H, (1)
respectively, and they are linear and continuous for these choices of spaces. The operators Vr

and curlp can be restricted to more regular spaces. In [6] (see [4]-[5] for the case of polyhedra)
the following operators are proved to be continuous:

Vi H3 () =V, Vr:HI(T) = V.
(12)
curlp : H%(I‘) -V, curlr : H%(F) — V..
Moreover they verify:
0,13 0 < ClITERlv: [1ol3 0 < Cllemelrpllye (13)

1 _1
As a consequence, their adjoint operators divp : V,, — H, *(I') and curly : V; — H, *(I") are

linear continuous and surjective operators.

Finally, we define the Laplace-Beltrami operator on the Lipschitz manifold I' as Aru =
divp(Vru) for any u € HY(T). It is easy to see that Ap : HY(T') — H;1(T) is linear, continuous
and admits a right inverse.



2.2 The case of the polyhedron

When Q is a polyhedron, the spaces V,, V; and H %(F) can be fully characterized. To this
end, we introduce some notation. We denote by I';, 7 = 1,.., Np the boundary faces of the
polyhedron © and by e;; = I'; N T; (for some 4,5) the set of edges. Let 7;; be a unit vector
parallel to e;; and n; = njp,; 7; := 7;; An;. The couple (T4, T4j) is an orthonormal basis of
the plane generated by I'; (resp. T';); (74, 74j,n;) is an orthonormal basis of R3. Finally, we
denote by Z; the set of indices ¢ such that I'; shares an edge (namely e;;) with T';.

For any ¢ € L?(I') we adopt the notation ¢j = ¢r;- This notation is used whenever
the restriction to a face is considered, that is as regards to any functional space in which the
restriction to a face is meaningful.

1 1
We set H2(T') :={¢p € L?(I’) such that ¢; € H%(I’)Q} For any ¢ € H2(I"), we define:

|pi(x) - T3 — @ (y) - T35l . :

N” / / Hi st T do(x)do(y) Vie€Z;Vj
| (x @;(y) -7l . :

/ / |x — y||3 ! do(x)do(y) Vie I;Vj

1
and we adopt the notation ¢; - 7;; = Lp] Ti; at e, i € I; (resp. @, - Ti = p;Tj at e ) if

and only if J\/Z@(cp) (resp. ./\/'é(cp)) is finite.
The proof of the following lemma can be found in [5].

Lemma 2.4 Let ) be a polyhedron. The spaces V; and V, can be characterized in the following
way:

1 1
V Hﬁ( ) = {’(,ZJEHE(F)|’I,DZTU%’I,D]TU atel-jWGIj, \V/j}
(14)

1

1 1 1
Vy = HJQ_(I’) = {'(/J € H2(D) | %, -1 ;-7 at e;; Vi € T, Vj}

The norms

N
ol s ENW@+ZZM' (15)

Jj=11i€Z;
N
W g r = Zmu+22%m. (16)
j=14€T;
are equivalent to (8) and (9) respectively.

In Section 5.2, we shall make use also of more “regular” spaces that we define here for
convenience. For any ¢ > 1, we define the space:

HY(T) ={ue H'(I) | u; € H'(T;)} (17)
1
endowed with its natural norm ||l = (HUH% + z sl >2 . We define:
H2 () ={peLi()]|p; € H(T;)’t (s>0);

Hi() ={peH.(D) |y 1= Tyat ez} (s>3); (18)
HIT) ={eeH(T)|¢i -Ti=j T;at e;} (s>%).

(
(



1
The space H? (I') is endowed with its natural norm ||¢||s,— r := (Zj\f:l“l ;112 Fj) *. The spaces
Hj(T') and H’ (I') are closed subspaces of H? (I') for any s > 1. Finally it is easy to see that,

for any s > %, the operators
Vr: H*HH(T) = Hi(T) ; curlp : H57HT) — H% (T)
are linear and continuous. Moreover, it holds:
pls+10 < IVepls—r  Ipllstir < leurlplls—r Vp e H*FH(T)/R. (19)

Remark 2.5 The inequalities (19) correspond to (13), but they hold true for a wider range
of indices. Moreover, the definition (17) seems natural for polyhedra, but cannot be extended
to the general case of Lipschitz surfaces. In particular, in the case s = 3/2, in [4] it is shown
that the two definitions (7) and (17) give the same space both algebraically and topologically.

2.3 Traces of H(curl, )

We are now in the position to introduce the spaces of interest in the characterization of the space
of tangential traces and tangential components for vector fields in H(curl, Q2), or analogously
in Hyye(curl, ). Let

H2(divp,I) = {AeVi| dive(A) e H2(I)} (20)
H 2 (curlp,T) = {AeV)| curlp(A) € H 2(I)}. (21)
They are Hilbert spaces endowed with the induced graph norms, e.g.,

b gy = Il vy o (22)

The following theorem holds true. The proof can be found in [6] (see also [5] for the case of
polyhedra):

Theorem 2.6 The operators w, and v, can be extended to linear continuous operators act-
1

ing on H(curl,$). Namely, = : H(curl,Q) — H 2(curlp,I') and 7, : H(curl,Q) —

H_%(din,F) are linear continuous and surjective. Defining

T:={¢eV'|Ine H () : Ve HAQ) :  vi& WV = n79)1rh,  (23)
the isomorphism i, verifies:
ix(H 2 (divp,T)) = T
Finally, the spaces Hfé(din, I') and H 2 (curlp, I") verify the following;:
Theorem 2.7 Let
H(D) := {a € HYI) such that Ara € H_%(F)} (24)
The following Hodge decompositions hold:

H 2 (divp,T) = VrH(T)e curlpHz(T) (25)
H 2 (curlp,T) = curlp®(I') & VrHE(T).



Moreover these spaces can be put in duality. Let u € H_%(din,F) and v € H_%(curlp,l“)
such that uw= Vrpay + curlp B, and v = Vra, + curlpS,; we define

'y<'u'a 'U>7r = _<AFOCua Oév>%7r + <AF/8'U7 ﬂu>%7r- (26)
The following integration by parts formula holds true:
/ {curlu- v— u- curlv} = (v (v), 7 (w))r. (27)
Q

The proof of this theorem can be found in [5] in the case of Lipschitz polyhedra and in [6] in
the case of general Lipschitz domains.

In order to give a precise meaning to the objects that will be introduced in the jump
relations and integral representations of the next section, we need to use a different notation for
elements in T' (three-dimensional vectors on the surface I') and the elements in H 2 (divp, T).
If u € H(curl, ), we denote by 7,(u) € H_%(din,F) the tangential trace interpreted as
two-dimensional vector fields. We adopt the notation u A n = ir(v-(u)). By construction,
uAn €T, and it is a three dimensional vector field on the surface I'. Note that for general
Lipschitz surfaces, the space T can indeed consist of general three-dimensional fields, see [6]
Section 5. In the case of polyhedral manifolds, loosely speaking, the vectors in T have, in
general, a third non-zero component at edges and vertices.

3 Representation Formula

Let E, H € H(curl,R*\ I) be such that (E;, H;) = (Ejq,H|g) and (E.,H.) = (Ejq,, Hjg,)
are solutions of the interior and exterior Maxwell problem, respectively:

curlE —iwuH =0
in Q; curl H + icwE =0 in

Silver-Miiller radiation condition at co

curlE —iwpH =0
curl H + icwE =0

(28)
We set j =nAH; —nAH, and m = nAE; —nAE, and we set j, := iz1(j) and m,, =i ! (m),
Jy, my € H_%(divlﬂ, I'). We would like to express then the whole fields E and H in terms of
their “jumps” j, and m,, or j and m, across I'. In order to do that some preliminary results

and definitions are needed.

Lemma 3.1 (Jump relation) Let w € H(curl ,R*\T) and set [nAu| = nA u — nA u,.
We denote by curl u the curl of w in the sense of distributions in R, and we set

[ curl(w;) inQ
(curl w) = { curl (u.) in Qe

Then [n/\ u] belongs to T (see Theorem 2.6) and the following jump relation holds:
curlu = (curlw) — [nA udp (29)

where ([n A u|dp, v)p = v ([nA u],'v‘F)V.



Proof:  This proof is standard (see, e.g., [7]) on regular surfaces. We report here the (short)
proof, only with the aim of showing that it holds even on Lipschitz surfaces. The integration
by parts formulas

/ u; -curlv — / v-curlu; = v/ (u; An, vir)v,
Q r
(30)

/ue-curlv—/v-curlue:—V/<ue/\n,vp>v
Q r

hold true for any Lipschitz domain Q C R?, u; € H(curl, Q), u, € Hy,.(curl,.), v € D(R3)3
(see e.g., [12]).

For any v € D(R3)3, using the integrations by parts (30) and the definition of the jumps
[-], we obtain:

(curlu,v)p = / (curlu)v — v/ ([n Aul, viD)v-
R3

Finally, using the definition of [n A u]dp,we see that this is just (29), and the proof is achieved.

U

Let now k = w,/ep be the wave number associated to the frequency w and

etklx=yl 1

o(x,y) = ——— (31)

¢X’ :7’
oY) = ey Ir—y

be the fundamental solutions associated to the scalar Helmholtz equation in R® with wave
number k (i.e. to (A + k)® = ) and to the Laplace operator, respectively.

We are now in the position to prove the validity of the so-called Stratton-Chu representation
formula for non-smooth domains:

Theorem 3.2 Let E, H ¢ Hy,.(curl ,R3\ T') be the unique solution of the system (28) with
assigned jumps: j = nA\NH;—nAH, and m = n\E;—nA\E,. As before, j = ir(j,), m = ir(m,),

with 3., my € H_%(diVF,F). FE and H can be formally represented in the following way for
almost every x € Q. U ():

B(z) = it (@ 0)i(8) ds(y) + —V fp (a,y)dive(G,)(v) ds(y)+
curl fF O (x, y)ym(y) ds(y)

(32)
H(z) = —iwe [ ®(z, y)m(y)ds(y) — "’ Jr @(@, y)dive(m,)(y) ds(y)+
curl [, ®(, y)j(y) ds(y)
Proof: The fact that the system (28) with assigned jumps admits a unique solution

is a direct consequence of the surjectivity of the trace operators stated in Theorem 2.6 and
standard results in functional analysis.

Based on Theorems 2.6, 4.2 and Lemma 3.1, we can prove (32) in the usual way, see e.g.,
[19], or [8].

Due to the the jump relation (29), (E,H) verifies the following system of equations in the
sense of distributions:

curl E — iwpH = mép curl H + jweE = jor



where (mdr, v)p = y/(m, vip)y. We first prove the following equality
div(jor) =dive(j,)ér  in D'(R®). (33)
Actually, recalling that j = ir(j,) with j, € Hfé(din,I’), for any £ € D(R3)3
(div(§or), O)p = = vr(ix () VEr)v = vz Uy Vv, = (dive(i,): )1 p-

We concentrate now on the integral representation of the electric field since the one for the
magnetic field is analogous. We set first m = 0 and we use the following Hodge decomposition
in R3

E=A+VW with div(A)—k*W =0.

By standard manipulation and using (33), we obtain that the scalar potential W verifies

AW + B2 W = —édin(jv)cﬁﬂ which implies the following:

W0 = [ o y)diveG,) dsly). (34

On the other side, the vector potential A verifies AA + k2A = —iwpjor and it admits then
the following representation:

A(x) = iwp / (x,y)i(y) ds(y)-

r

Now, using the equation (28), by symmetry with the magnetic field, we deduce that the
part of the electric field depending on m reads

curl /F<I>(x,y)m(y) ds(y). (35)

4 The perfect conductor

We consider the scattering problem associated to Maxwell’s equations when the scatterer € is
a perfectly conducting body with Lipschitz boundary.

4.1 Single layer potential

For any u € C°(T")3, we denote the (vector) single layer potential by:

Su(x) = /F & (x, y)u(x)ds(y)

and we set Vu = v(Su). The same operators corresponding to k = 0 are denoted by Sy and Vy,
respectively. We report some properties of these operators which will be useful in the sequel.
The following result was stated and proved in [9], for example:
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Proposition 4.1 The operators

S:(H 21 - HE7(Q),  V:(H M) = (H2t(T))? (36)

loc

are linear and continuous for any o € [—%, %] Moreover, it holds:
Ja >0 : yrlu, Vou)y > al|ull? Vue V'

We need to study the coercivity property of the single layer potential when acting on
tangential traces. We prove the following proposition:

Theorem 4.2 The operators S and V act on vectors X € V[ according to:

SO =S(ix(N), V) =S, (37)
Correspondingly, the operator Vo : V. — V is linear and continuous and it verifies:

VAEVy: v AT (VoA)v, > ClAIRy (38)

Proof: For any A € L(T"), the operator i, is defined by (10) and it is then obvious that
S(A) = S(ix(X)). Since Vj is dense in L?(I"), the equality (37) holds true. Using (36) and
Proposition 2.3, we immediately deduce that also

v AT V(M) v =v (in(A), Vo(A)v = Olli(N)[[ > C'[IA]IF- (39)
|

Remark 4.3 Theorem 4.2 allows to replace the vectors j and m by the corresponding j, =
iz1(j), my, =i '(m) in the integrals appearing in (32).

4.2 Boundary reduction

The conductor €2 is irradiated by an external source which is as usual assumed to be a plane
wave E™ = de*** | with |d| = |c| = 1 and ¢-d = 0. The scattered fields E and H solve the
following equations in the exterior domain:

curlE —iwpH =0 in £
curl H + iewE =0 in € (40)
Silver-Miiller radiation condition at oo
7+ (E) = = (E™) at I
We set E = —E™ and H = —H™ in the interior domain since the body is a perfect

conductor and the total electromagnetic field inside must be equal to zero.

As a consequence, the jump at the interface I' of the electric field is equal to zero, while the
jump j of the magnetic fields turns out to be equal to the tangential component of the total
magnetic field:

j=-nAH-nAH" = —nAHY

By using the Stratton-Chu representation formula (32) and (37), we obtain (recall that
in(Jy) = J):

B0 = o [ @0l () dsly) + -V [ @pey)dive)m)asy) (4D
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In the remainder of this section, we deduce a boundary integral equation from (41) and
we prove that it is uniquely solvable under suitable conditions on the frequency. We set
f:= 7. (EM), fe Hié(CUI‘l[‘,F).

Using standard continuity properties across the interface I' of the single layer potential,
and multiplying by a test function ny € Hfé(din, I'), we obtain:

’Y(jfwﬂ'T(E»ﬂ' = 1w ’Y<nya7TTVJ'y>7T + 8_(.0 ’Y<nya Vr (leVF(J'y))>7T (42)

where the duality - (-, -} is the one defined in Theorem 2.7. Using now that divp(j}) € Hz (I),
the definition of the divergence operator and the fact that 7.(E) = —n.(E™) = —f, we
easily obtain the following variational BIE, sometimes also referred to as Rumsey Variational
Principle: find j, € H_%(din,F) such that for all jty € H_%(din,F) holds

= {55, f)r. (43)

ir
27

iwp (3L, Vi) — - <d1V1‘(J,y) Vdivr(j,))
Finally, we introduce some nomenclature that we shall use in the next sections. We set:

B(jy,35) = iwp {5, 7 Vig)e,  C(dive(yy), dive(§)) = o (dIVr(J»y) Vdivr(j,)) (44)

il
27
We write:

B('7 ) = BO('7 ) + (B(7 ) - BO('7 ))7 0(7 ) - CO('a ) + (0(7 ) - CO('a ))7
where By and Cj are the principal parts of the bilinear forms B(-, ) and C(-, -) which are given,
respectively, by

1
B (nya.]fy) Zwﬂ"/(-]'y’WTVOJ'y>7F’ Co(leF(.],y) leF(ny)) cw <d1VF(J§y)a VOdiVF(j'y» T (45)

1
2

4.3 Strong ellipticity

Theorem 4.4 Let w be bounded away from the spectrum of the interior Maxzwell problem.

Then BIE (43) admits a unique solution j, € Hfé(din, I') and we have continuous dependence
on the data:

< CI£l]

HJV”frz(dlv ) H 3 (curlp,I)”

For the proof of this theorem we need the following abstract result.

Proposition 4.5 Let H be a separable Hilbert space, H' its dual space and a: H x H — C a
continuous sesquilinear form on H. If there exist a positive constant o > 0, an isomorphism
©: H — H and a compact sesquilinear form c¢: H x H — C such that, for any w € H

la(u, ©(u))| > allullf; — |e(u,u)| (46)
and if
sup |a(u,v)| >0 Yue H, u##0y (47)
veH

then, for any f € H', the variational problem a(u,v) = g/{(f,v)g admits a unique solution
u € H verifying:
lulla < ClIflla
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The proof of this result can be deduced from [14], for example. In the following, we shall refer
to (46) as Generalized Garding inequality.

Proof of Theorem 4.4: In the right hand side of (43), none of the terms represents the
principal part of the boundary integral operator and, moreover, since they have different sign,
choosing j, = .]tv will not establish coercivity of the boundary integral operator. Therefore, we
will establish the more general condition (46) with © different from the identity is required.

In the case of regular surfaces a proof of existence and uniqueness of solutions to the BIE
(43) can be found in e.g., [19] (see also [2] or [8]). Here, we use the Hodge decomposition (25)
for the space H_%(divF7 ).

By Theorem 2.7, we may decompose both test and trial functions as

Jy=Vrp+curlpy and jty = Vrq + curlry

for unique p, ¢ € H(I')/R and ¢, ¢ € H%(I’)/R Using these decompositions, we obtain the
following equivalent reformulation of (43): find (p,p) € H := H(I")/R x H: (T")/R such that

B(Vrp + curlpp, Vrg) — C(Arp,Arq) = —+(Vrg,f)r Vg€ H(T) (48)
B(Vrp + curlry, curlpy)) = — (curlpy, f), Vi € Hz (I).

where the bilinear forms B(+,-) and C(+,-) have been defined in (44) (see also (45)). Selecting
the form a(-,-) in (46) as

a(p, ¢:q,v) = B(Vrp + curlrp, Vrg + curlry) — C(Arp, Arq)

and since the terms B(-,-) — Bo(+,-) and C(:,-) — Cy(-,-) are compact perturbations of the
principal parts, it is sufficient to prove the generalized inf-sup condition (46) for the principal
part By(-,-) — Co(+,-) of a(-,-). To prove (46), for given u = (p,p) € H, we choose (¢,¢) =
©(u) = (—p, ®). Then there exist positive ¢y, ca, c3 such that

S(Bo(Vrp + curlrp, —Vrp)) +  S(Co(Arp, Arp))

> cl||AFpH2_ - C?HVFPH%C; - |BO(Cur1FSDa vfﬁ’”’

1
2
$(Bo(Vrp + curlpp, curlpg)) > c;»,chrlpapHQ% — |Bo(curlpp, Vrp)|

where & denotes the imaginary part.

Now, the term ||Vpl|[3, is compact with respect to ||[Appl|? ; ., since

IVepls < 11Vepl2ay < cllArplP

This implies immediately that the norm ||App| |—%,F+ ||[curlppl|y: is equivalent to the norm de-
fined in (22). By the continuity of the bilinear form By : V/x V. — C, the term | By(curlrg, Vrp)|
is also compact. This proves (46).

The injectivity (47) required in Proposition 4.5 is proved by going back to the original
differential problem. If

B(j,.jt) — C(divr(j,), divr(jt)) = 0 Vjt € H™3(divr,T)

ot
vy



13

then the electric field E in (41) solves the equation in €:

curlcurlE — k2E =0 in Q.
-(E)=0 on T

Silver-Miiller Radiation condition at oo .

By our hypotheses, this problem admits as unique solution E = 0. Using again Maxwell’s
equation, we obtain that also H = 0 which means j, = 0. By means of the representation
Theorem, Proposition 4.5, the assertion follows. ]

Remark 4.6 From Theorem 4.4 and the continuity with respect to the norm (22) of the bilinear
form

a(gy: Jy) = B(dy, 3,) — C(divr (), divr(4,))
in the Rumsey principle (42) it follows in particular that the form a(-,-) satisfies an inf-sup
condition on Hfé(din,I’) equipped with the norm (22). This is an immediate consequence of

the fact that an inf-sup condition is necessary and sufficient for the unique solvability of the
variational problem (42) shown in Theorem 4.4.

4.4 Mixed formulation

In this section, we propose a mixed formulation of the Rumsey principle (43), or equivalently
of (48). Our aim is to write the variational integral equation (43) in such a way that the
discretization by means of standard Galerkin boundary elements can be easily analyzed and
stability can be shown. Unfortunately this is neither possible for (43) nor for (48).

In [2] a mixed discretization of (43) by H(div,I") conforming finite elements of Raviart-
Thomas type was proposed for C* surfaces. In Remark 4.6, we observed that the form b(-, -)
in (42) is continuous and satisfies an inf-sup condition on H_%(din,F). For the stability
of Bendali’s H_%(din, I')-conforming Galerkin discretization of the Rumsey principle (43), a
discrete inf-sup condition must be proved for the Raviart-Thomas boundary elements. This
cannot be done with arguments in the proof of Theorem 4.4.

On the other hand, the discretization of (48) with two unknowns, namely p € H(I') and
p e H %(F) would involve the construction of C'! continuous finite elements on a boundary
with edges and corners. Although this is in principle possible, from an implementational point
of view C''-conforming boundary elements on curved surfaces and general triangulations are
difficult to realize.

In the following we propose therefore a mixed formulation which does not contain the
Laplace Beltrami operator explicitly. It will be shown that stable Galerkin approximations of
this formulation can be obtained by means of standard, low order boundary elements on the
surface. The drawbacks of our approach are:

e two extra unknowns are added.

e some regularity on the datum f is necessary to ensure the equivalence of the mixed and
primal formulations of the boundary integral equations.

Concerning the regularity of the data, we need to assume f € Hié(CUI‘l[‘,F) N LA(T).
In terms of the Hodge decomposition, let f = Vra + curlpf, a € H%(I’), B € H(T), our
assumption corresponds to @ € H(T'). If the conductor is irradiated by a plane wave, then
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f = 7, (E™) and this hypothesis is satisfied. We remark also that the two extra unknowns
introduced by the mixed formulation of the Beltrami operator lead only to sparse blocks of the
global stiffness matrix.

We now introduce the multipliers. We assume that j, and J,ty are Helmholtz-decomposed,
ie.

Jy = Vrp' +curlpy’  and jfy = Vrq + curlry,
with p', ¢ € H(T') and ¢/, ¢ € H%(I’) We set
m = —Arp’ m' = —Arq (49)

and we substitute them in equations (48). We then consider m, m* € H —2 (T") as new unknown
and new test function, respectively. We impose conditions (49) weakly by means of Lagrange

multipliers. This leads to a saddle point problem that we will prove to be equivalent to (48).
To formulate it, we introduce the space

X = H\(T)/R x H3(')/R x H, *(T') x H'(T)/R

and we denote by ||| - |||x the norm associated to X. With f = Vra + curlrf, we set

RHS = —/VFOC . qu — <AF,8,1/J>%7F.
I

The saddle point problem reads:
Find (p/,¢’,m,\) € X such that V (g,¢,m", \') € X

B(Vrp' + curlry’, Vg + curlry)) — JpVrq-VrA =RHS (50)
—C(m,m') +({m!, )\>%7F =0
— JxVrp' - VAl +(m, )\t>%7r =0

with B(.,.) and C(.,.) as in (44). Note that we do not assume that ¢ € H(I') and therefore,

in general, .]f{ = Vrq + curlry does not belong to Hfé(din, I') anymore. This is the reason
why more regularity of the data f is needed. The strong form of (50) reads:

wp divpr, (VVF) iwp divpmr, (chrlp) 0 —Ar P Ara
iwp curlpm, (VVF) twp curlpm, (chrlp) 0 0 ") —Arp
0 0 2=V 1 m [ |0
—Ar 0 1 0 A 0

(51)
We next prove the strong ellipticity of the system (50). To this end, we introduce the bilinear
form

B((, ¢ ,m, A), (¢, ,m", \")) = —C(m,m') + B(Vrp' + curlpy’, Vrg + curlpy) +  (52)

—/ Vrq -V + (mt, )‘>%,F — / Vrp' - VAl + (m, )\t> -
I I

NI

Theorem 4.7 The bilinear form B : X x X — C s continuous and strongly elliptic, i.e. there
erists a > 0, an isomorphism © : X — X and a compact form c: X x X — C such that for
every (p,p,m,\) € X there holds

1B((p, 0,m, A), O(p, 0,m, N)| = alllp,o,m, A% — |elp, @, m, N)] (53)

sup |B(p’§0ama>‘a%wamt’>‘t)| > 0 V(p,gp,m,)\)#OX. (54)
(g,p,mt A )eX
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In particular, for any f € H_%(curlp,l“) N LZ(T') the problem (50) admits a unique solution
(,¢',m,\) e X.
Finally, let (p,¢) € H(I')/R x H%(I’)/R be the solution of (48); then the following holds:

pP=p ¢=¢ m=-Arp. (55)

Proof: Choosing © : X — X as

G(p,, 80/’ m, )‘) = (_)‘? @la _m, _ﬁ/)
we obtain:

B(p,a 90,’ m, )‘a _5" @la _m,ﬁ,) = C(’I’I’L, m) + B(VFP/ + CUTII‘SD/, _VFS‘ + curlpgﬁl) +

+/ VA V[‘j\ — (’I’ﬁ, )‘>%,I‘ + / va/ . Vpp’ + (m,ﬁ’);F.
I I
The terms

B(Vrp +curlpy’, —VrA), B(Vrp,curlpg’), —(m, )\>%7F, (m,ﬁ'>%7F
are compact in X. Arguing as in the proof of Theorem 4.4, we obtain (53).

We prove now injectivity, i.e. (54), and at the same time (55). The third equation in (50),
imposes exactly that —Arp’ = m. By using as test functions (¢,0,—Argq,-) and (0,%,0,-) in
the system (50), we recover immediately equations (48) and this implies (55). Now, since any
solution (p',¢’,m,\) € X of (50) verifies (55) and th solution of (48) is unique, in order to
prove injectivity, we simply have to show that, given p’, ¢’ and m, there is only one possible
multiplier A € HY(T') solving (50).

Choosing now ¥ = 0 in the first equation of (50), we find

— / VrA-Vrq = B(Vrp + curlpp, Vrg) — / Vra - Vrq Vqe HYT). (56)
r r

By means of Proposition 4.5 the proof is complete. U

5 Boundary element method

We now present a discretization of the saddle point form (50) of the Rumsey principle by
boundary elements and analyze its convergence. Throughout, we assume that Q C R3 is a
simply connected polyhedron with Lipschitz boundary I' which is moreover a finite union of
planar sides I';, straight edges e; and vertices vy.

5.1 Galerkin Discretization

The Galerkin discretization of the problem (50) is based on a family { X} }5, of finite dimensional
spaces satisfying the following properties:

e Density: (J;, )9 Xn = X where the closure is taken w.r.t. ||| - |[|x;

e both variables p and A are discretized with the same subspace of H(T).
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If f = Vra + curlpf, set RHS), = — fF(Vra - Vrgqp + curlpf - curlpyy,). The Galerkin
discretization of problem (50) reads

Find (ph,aph,mh,)\h) € X}, such that V (qh,wh,mz,AZ) € Xy,

B(Vrpp + curlrey, Vg, + curlpyy,) — fF Vrqn - Ve, = RHS), (57)
—C(mh,m‘;L) +mel;L )‘h =0
~ Ve VN, + o ¥, ~0

Theorem 5.1 There exists a value hg > 0 such that for any h < hg the discretized problem
(57) admits a unique solution up, = (ph, Oh, Mp, )\h) € Xy,. This Galerkin solution is quasiop-
timal, i.e. there is a constant C' independent of h and of f such that if w= (p,p,m,\) € X is
the solution of the continuous problem (50),

- <C inf — . 58
= wlllx < € inf flu—&lllx (58)

Proof: Since X}, C X, the proof of Theorem 4.7 can be applied also to the well-posedeness
of the discrete problem (57). We sketch the argument for completeness: By Theorem 4.7, there
exists a continuous operator © : X — X realizing the inf-sup condition

|B(u, ©(w))| > alllull[} Yue X,
and such that © — © : X — X is compact. Given u, € Xj, let v, € X, be the best

approximation of v = é(uh) € X. According to our assumptions, we have ©(uy) € X, and
with the density of {Xp}, in X and the compactness of © — O it follows then easily that
[llvih — vl|lx < Olllun|||x with J; independent of uj and d, — 0 as h — 0. For h < hy
sufficiently small, one finds from this the discrete inf-sup condition

[B(un, vi)| = S l[alllx][lvalllx -

| D

The quasioptimal error estimate (58) is then straightforward. (]

The assumption of the density of the family X} in X implies with (58) immediately the
convergence of the Galerkin approximations as h — 0.

We emphasize that an advantage of the saddle-point formulation (50) is that suitable spaces
X}, can be built from standard finite element spaces on the surface I'. We illustrate this by the
easiest choice. Let 7'5;, ’77;‘; and 7" be three possibly different, regular meshes consisting of
shape-regular (triangular or quadrilateral) elements with meshwidths A, by, hy,, respectively,
on I'. We set

Skf’i(ﬁfz,r) = {u € H(I') such that U € Ph(K) VK e 77&}

for the fields £ = p, p,m and i = 0, 1. Here P*(K) denotes the space of polynomials of degree
ke on K if K is a triangle and, respectively, the space of polynomials of degree p; in each
variable if K is a quadrangle. We remark that for ¢ = 1 we have continuous finite elements,
while for ¢ = 0 we have discontinuous ones. For the Galerkin discretization (57), the lowest
order choice of Boundary Element space is

Xp = (SYHTP,T) x SUU(TET) x ST T) x ST 1) ) /R (59)

Note again that the finite element space for the variable A must be equal to the one for the
variable p. Without this condition the discrete inf-sup condition and hence the validity of
Theorem 5.1 is not assured.
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Remark 5.2 Looking at the system in its matriz form (51), it is not hard to see that only
two kinds of operators must be discretized: the Laplace-Beltrami operator and the single layer
potential integrals. The blocks can be built in a fast fashion and the Laplace-Beltrami part turns
out to be sparse. Moreover, zf’T}Z7 = 77;2 = T," = Ty which consists only of triangles T', the

matrix setup for (57) with the subspace (59) requires only the evaluation of the integrals
/ / d(z,y)ds(y)ds(z), T,T' € T.
T !/

5.2 Regularity

In this section, we discuss the regularity of the solution of the system (50). Before tackling di-
rectly this problem, we need the classification of singularities of the Laplace-Beltrami operators
on I'.

To describe the singularities, we require some geometric notions. For any vertex v, we
denote by w, C S? the domain on the unit sphere in R? cut out by the tangent cone K, to I’
with vertex at v. Then w, is a curvilinear polygon on S2, the boundary of which is a union of
arcs of great circles.

5.2.1 Regularity of Ar

Here, we consider regularity of the Laplace-Beltrami operator on I'; i.e. of the boundary value
problem: Find

uwe HY(T)/R  (Vru,Vro)or = (f,v)or Vv € H'(T)/R. (60)

This problem admits, for every f € H, }(T), a unique solution u € H'(I')/R. Assume now
that f € H*(T) for some s > —1. Then we are interested in whether u belongs to H?**(T').
The following result addresses this.

Theorem 5.3 If the data f in (60) satisfies f € H*(T') for some s > —1, the solution u of
(60) belongs to H'THT) for 0 <t < s*(s) where

s*(s) :min{%r,s+1} (61)

with L = maxyer{|Ow,|} denoting the mazimal boundary length (in radians) of the spherical
domains w, C S% corresponding to the vertices v.

Proof: We are going to use the nomenclature introduced in Subsection 2.2. The strong
form of (60) reads:
—Auj = fj in Fj, (62)

and on any edge e;; = ;N f’j there holds
ui=uj, T;-Vru=7;-Vru on e;. (63)

Let fij =T Uf’j and u;; = wyr,; and x;; be any regular function in the plane parametrized
by (7ij,T:) on I'; and (745, 7;) on I';. We assume that x;; has compact support on I'y;.

Using (62)-(63), we deduce that A(u;jx;;) € H*"1(I';;) for s < 3 (on the parametric plane).
By the standard shift theorem, we have that u;;x;; € HSH(Fij).
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Therefore, singularities of u can only arise in the vertices vy. By localization, it is sufficient
to consider a generic vertex v which we assume w.l.o.g. to coincide with the origin O in R?
and denote I'; and e only the faces and edges meeting at O. To determine the regularity,
we compute the dominant singular form. It is well known (see, e.g., [15],[11]), that the corner
singularities of Ar in I'; are of power-logarithmic type. We look for nontrivial solutions U =
U(|z|,z/|z|) of the homogeneous problem

ArU =0 on Ko (64)

subject to the transmission conditions (63) on all edges e, C Ko meeting at O. By homogeneity
of Ar, we separate variables and express the restriction U; of U to the face I'; in polar
coordinates r = |z| and 6 centered at O in the face T';:

ArUj = (=1 0n(r0y) + 7 205) (r,0)
As U; = u{\(r,@) = rAUI(9) with U7 (9) = ug\(l, @), this gives on each face I'; that
BUI+ XU =0 on (0,6) (65)
where 60; denotes the opening angle of I'; at O. This gives in I';:
U9 (0) = Crje ™ + Cye™? 0 € (0,0))

We denote the sum of opening angles of I'; at O by L =: 3, 6; and by U(f) the function
composed of the U”: Ul ;) = U’. Note that U(0) is a function of § € (0, L). The transmission
conditions (63) imply that U € CJ.([0,L]). Further, since U’ is analytic, U is piecewise
analytic in [0, L]. The transmission conditions (63) also imply that

T; - Vrui(1,0) = 0gu(1,0) = U'(0)

must be continuous and L-periodic in 6 € [0, L].

Evidently, A = 0 is a simple eigenvalue of (65) with eigenfunction U = const.. Consider
now an eigenvalue A # 0. The continuity and the piecewise analyticity of U and (65) imply
that U” € CJ,,.([0, L]). Iterating this argument, we obtain that U(#) € C52.([0, L]) and that U
is piecewise a trigonometric function. It follows that U(#) is globally on (0, L) a trigonometric

function, i.e. U(#) = Cexp(£iAd). The L-periodicity of U implies the value of A:

2 o
A= R =12, w(n0) = s (66)
The dominant singularity in the solution occurs for £ = 1 which proves the assertion. O

We remark that for polyhedra with a finite number of edges meeting at any vertex v, L remains
finite. This means that for f € H$(I') s > —1, the solution of problem (60), always belongs to
H'TH(T) for some strictly positive t. However, there are examples where ¢ can be arbitrarily
small, i.e. L arbitrarily large. For example, if the number of edges meeting in a vertex gets
large, it is possible that L — oco. These cases are rather pathologic, however.
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Figure 1: Example of a vertex where L is large.

5.2.2 Maxwell Singularities

In this section, we study the actual regularity of the solution (p, ¢, m, ) of the problem (50).
Once the regularity result is settled, we shall immediately know the convergence rate of the
boundary element discretization proposed in Section 5.1.

First of all, thanks to Theorem 4.4, we know that j., = —v,(H""). Now, from Theorem 4.7,
we also know that:

—,(H"") = Vrp +curlrp  divp(y, (H")) = m. (67)

Since all the considerations concerning regularity are independent of the radiation condition at
infinity, we denote by Br C R? the ball centered at the origin and with radius R large enough
to ensure that Q C Bp.

Finally, we need the following functional spaces for any p > 0:

H"(curlp,T) = {XAeHY(T) : curlrA € H*(I')}
H*(divp,I) = {XAeHY(T) : divrA € H*(T)}.
The main result of this section is the following:
Theorem 5.4 Assume that the datum f verifies:
f=Vra+ curlpg o, fe HYI)

forkeR, k> 2.

Then there exists a real o*, 0 < o* < %, such that the solution 3., of the problem (43)
belongs to H° (divp,T") for any o < o*.

Moreover, let (p, p,m,\) € X be the solution of the problem (50). Then the following holds:

pe HYT) meH'() @eH ) AeH' (D), (68)
where 0 < o < 0*, t < s*(0), s =min{l + 0,1+ t} and t* = max{l + 0,1 + t}.
The proof of this theorem requires the following lemma:
Lemma 5.5 Lets > 1, ¢ € H{(T), ¢ € H(T') and H5HT) = {u € HY(T) such that Aru €
H*~YT')}. Then the following Hodge decompositions hold:
Jaec HTYI)/R, BeH I T)/R ¢ = Vra+ curlpf Vit<s*(s—1); (69)
NaecHI)/R, B HT)/R o =Vra+curlpf Vi< s*(s—1). (70)
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Proof of Lemma 5.5: We focus our attention only on the proof of (69). In [5], it is proved
that
o, B € HY(T)/R such that ¢ = Vra + curlpp.

Moreover, (5 is the solution of the problem
curlpe = curlpcurlp8 = Appg.

Now, since curlpe € H* Y(T'), we deduce 8 € H* (I'). Using Theorem 5.3, we also know
that 8 € H'*(T), 0 <t < s*(s — 1). By difference, we deduce Vra € H” (T"). Using (19), we
deduce o € H'*{(T")/R. O
tot
|BR\Q
~-(¥) holds. Using equations (40), the known regularity results for Maxwell’s equations [10],
and the assumption on the datum, we have ¥ € H%J“’(BR \ Q) and curl ¥ € H%J”’(BR \ Q),
for any o < o* and where ¢* is the singularity exponent associated to the magnetic problem
[10]. By standard decomposition in regular and singular part [1], [12], we have that for any
o< o*:

Proof of Theorem 5.4: To shorten the notation, we rename ¥ := H Of course j, =

JEcH™(Br\Q), g€ H2T7(Br\ Q) such that ¥ = £ + Vg (71)
Taking now the tangential trace, and using (67), we have:
’YT(\I’) - VT(E) + curlpg diVF('}’T(E)) =m,

which immediately implies m € H(T").
We focus now our attention on 7, (€). Using Lemma 5.5, we have that

(€)= Vrp' +curlpd 9, ¢ € HT(T) 0<t<s*o).
Using this decomposition in (71) and comparing with (67), we obtain:
p=p, ¢=q+q, m=Arp,

which implies the regularity result for p and ¢.
Concerning now A, using the second equation of (50), we obtain:

A= V(m). (72)
we
Since we are working on a polyhedron, ¢ < ¢* and ¢* is smaller than the singularity exponent
for the Laplace operator with Neumann boundary conditions, we deduce that A € H'*o(T).
In order to prove that A € HF{(T), for any 0 < t < s*(0), we consider equation (56),
where without loss of generality we set &« = 0. Rearranging terms, we have:

/ VrA-Vrg =iwp / Vrq - 7 (V(Vrp + curlryp)). (73)
r r

Using the previous result on the regularity of p and ¢, we have Vrp+curlry € Hs:l(I‘). Since
s —1 < &, it is easy to see that ir(Vrp + curlpp) € H*!(I') = H*~1(I')®. Using standard
properties of the single layer potential on the polyhedral domains and the fact that s — 1 < o,
we deduce V(Vrp + curlpp) € H*(I') and then & := 7-(V(Vrp + curlpy)) € H{(I'). Using
now Lemma 5.5, we decompose £ as

& = Vru + curlpv w, ve HTT) 0<t<s*o),
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since s*(s—1) > s*(0). Plugging this decomposition into equation (73), we see that A = iwp u,
thus A\ € H'*Y(T"). The proof is complete.
g

The assumption on the datum f in Theorem 5.4 is unrealistic. In the next lemma, precise
and realistic assumptions are furnished on f. The influence of the regularity of the datum is
analyzed.

Lemma 5.6 The same regularity stated in Theorem 5.4, holds for any right hand side f veri-
fying:
fe€ H(curlp,T) N Hﬁ(I’) Vo <o*, t<s*(o). (74)

Moreover, if only f € H"(curlp,T') for any fixred p > o*, then the first three components
p, @, m of the solution w= (p,p,m,\) of (50) verify the same reqularity as in Theorem 5.4,
while A\ € H>(T) with t, = min{1 + u, 1 +t}, for any t < s*(o).

Proof: The assumption, f € H(curlp,T') for any o < o*, ensures that the solution

of the problem (40) belongs to Hfojo(curl,R3 \ Q). The proof of the regularity of the first
three components p, ¢, m of the solution u of (50) works with no change. Concerning A, the
regularity A € H!T7(T") comes from (72). Let now

f=Vra+ curlpg o, ﬁEHl(F).

Using equation (56), the proof of Theorem 5.4, proves that A —a € H!TH(T), for any t < s*(o).
Now, the assumption (74) ensures that € H'*¥(T). If we only have that f € H*(curlp,I') for
any p > o*, then, o € H*(I'), for s = min{1 + p, 1 + £}, VO < £ < s*(p). The assertion of the
Lemma is a consequence. ]

Remark 5.7 The two different reqularity assumptions on the datum in Lemma 5.6 are some-
how technical, but natural. The first assumption (74), corresponds to the situation when f
is the tangential component of a “regular field”, as E™. The assumption f € H*(curlp,T),
corresponds to a general charge density distributed on the boundary of the conductor €.

5.3 Convergence Rates

In order to deduce from the a-priori error estimate (58) asymptotic convergence rates, we shall
use the regularity results proved in the previous Subsection.
We set, for any s > 0,

X = H'(T)/R x H2t5(T')/R x H 2 T(T')/R x H'*(I')/R

with the convention X = X0.
Using the approximation properties of Xj in X, Theorem 5.1, and Theorem 5.4, we have:

Proposition 5.8 Let t,0,s be defined in Theorem 5.4. We denote by u := (p,p,m,\) € X
and wp, == (ph, Ph, mn, An) € Xj, be the (unique) solutions of (50) and (57) respectively. The
following holds:

+1 _1
lw—wl[lx <C {hf; (plle_r + M r) + b 2 [[mllor + b 2 |\80||s,F} (75)
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where t_ = min{1,t}. Moreover, let n = min{3 + o,t} for any t < s*(0) and o < o*, and
h = max{hy, hy, hyn}, we have:
Il = wn||lx < CR". (76)

C stand as a uniform constant both in (75) and (76).

When looking at the estimates (75) (76), it is clear that the convergence rate can be arbi-
trary small since ¢t (and 1 consequently) can be arbitrary close to zero. Moreover, these error
estimates are quasioptimal with respect to the considered norm. The error we are interested
in computing is actually Vr(p — pp) + curlp(¢ — ¢p,) in V. and m — my, in H 2 (T"). The next
Proposition has the purpose to study the asymptotic rate for the quantity:

IVe(p = pu)llvy + Il = @nll1 o + lm — mall 1 p.
By means of an Aubin-Nitsche duality argument we will now prove:

Proposition 5.9 Asin Theorem 5.1, we denote by w:= (p, o, m,\) € X and up, := (ph,goh,mh,)\h) €
X, be the (unique) solutions of (50) and (57) respectively. Let o,s as in Theorem 5.4 and
h = max{hy, hy, hin}. The following holds for any 0 < pu < S*(—%):

1P = prllip + IVe(p = pr)llv; < CRHYlJu— unlllx (77)
1

lo —¢nllsr < ChM[lu—wlllx +C'he [lllsr (78)
iy

lIm —mal|_1p < ChM[[lu— unlllx + C'hiy " [Imllor. (79)

where C' and C' are uniform constants with respect to the mesh sizes.

Proof:  First of all, we observe that the bilinear form B defined in (52) is symmetric. This
means that the corresponding differential operator is self-adjoint.

Let £ € HY(T") and v = (q,%, m?, \) be any function in X. We consider the problem: Find
x (&) € X such that

B(v,x(§)) = /Fqu - Vré. (80)

This problem admits a unique solution x(£§) € X. We want now to estimate ||[p — pp||1 [ and
27
write, by duality:

| | (dive X, p = pn)ip
p —pnllLp = sup :
21 aer,  [ldiveAl| s p

Integrating by parts and using the properties of the Laplace-Beltrami operator, we deduce:

llp—pullrp < sup fpvpg.vr(p_ph)-
20 T een(n) €]y

Now, we use the adjoint problem (80) with v = u—uy, and we obtain by Galerkin orthogonality:

B(u — uy, _
llp _thl’F < sup ( s X(€) — xn)
2T genm) 1€ll24(r)

for any x;, € X},. Using the continuity of the bilinear form B in X, we have:

Ix(§) — xulllx
lp = pulle p < C|lju —up|||x inf
0 N T
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By means of Theorem 5.3, H(I') C H'*#(T'), for any 0 < p < s*(—3). This implies that
¢ € H'W(T), for any 0 < p < s*(—3) and [|¢][14,r < [€ll7(r).- We are in the situation of
Lemma 5.6 with

f= Ve,

The proof of that lemma shows that x(§) € X*.
Using standard approximation properties of the space X3, we obtain:

P =pnlls p < ChH[llu = usllx

where C' is a uniform constant. We estimate now the quantity ||Vr(p — pn)[/vz, by duality:

v (Vr(p = pn), ANv,
IVe(p = pn)llv; = sup X
AEV, A
By Lemma 5.5 and using the same argument as before, we have:

Vr(p —pn) - Vra
Ve —pi)lvy < sup  JLYE@—pw)-Vra
acHH+1(D) lletll+1,0

Applying again the Aubin-Nitsche trick, we deduce (77).
For the estimate of ||¢ — ¢p||1 , it is enough to choose in the first equation of (50) and of
2
(57) the test function (0, vy,). By subtraction we obtain the Galerkin orthogonality:

B(Vr(p —pn) + curlp (o — pp), curlpyy) =0 Vi, € 81’1(7'“‘;, ).
By standard argument, we obtain that:

— SC \V4 - /‘FC inf — 1.
lp = ¢nlls p < CLlIVr(p = pa)llv; 2wh681’1(n“;,F)HSD Unlly

The inequality (78) is then straightforward using (77).
In order to prove now the estimate (79), we have to pass through the estimate of [[A=Ap||1 .
2 ’

The discrete solution verifies:

B(Vrph + curlpcph, quh) — / VFQhVF)\h = V<Vth,f>,T. th S 81’1(7-;;,F)
r
Consider the solution A € H'(I') to the problem
B(Vrpy + curlrpy, Vrg) — / VrgVrd = (Vrg, f)x. Vg HY(I).
r

By a duality argument applied to the operator fF Vrp - Vrqg = (f,q)1 ¢ and using Theorem
27
5.3, we obtain:

\ 3 1
A= Mllir < CRMIA=dullr Vi <s'(=3)

IA=Allr < C{lIVele —pa)llv; + lleurlr(e — on)lvs -

As a consequence, [|A — Ap||1 p < CRH|[|u — up|||x.
27
Now, using the second equation of (50) and of (57) and taking their difference, we obtain:

—C(m —mp,my) + (mh, A — )\h>%71“ = 0.

Using the same reasoning as in the estimate of |[¢ — ¢p||1 » and the previous estimate on the
2 ’

quantity ||A — Ap||1 , the inequality (79) is finally proved. O
27
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Corollary 5.10 Let n = min{% + o,t} for any t < s*(0), and p be any value satisfying
1< s*(—3). The following holds:

lis
190~ om)llvy + o = @nly p + llm —mill_y p < CRRT + h3+).

Remark 5.11 The leading singularities are the one of Laplace Beltrami operator only in
“pathological vertices” as the one in Figure 5.1. When such a situation occurs, the use of
the Aubin-Nitsche trick doubles the convergence rate. More in detail:
1 [l — unll|x < Chz*e
(o) >5+0 1y
190 = pa)llvy + 1l = gnly + lm = mal_y - < CRI*.
llw—uplllx < Cch® (@)
11 * 1
5(5+0)<s(o)<s5+40 1
2 (2 +0) 2 { Ve (e = pr)llvg + lle = enlls p + llm = mpll_y p < Ch2™?
llw—uplllx < Cch® (@)
IVe(p = pr)llvy + ll = @nlly p + lm —mal| 1 p < C.h2E"(0)=2)
(81)
where € > 0, C stands for a uniform constant and C; stands for a constant exposing with e.
The leading singularity is the one of Laplace Beltrami operator only when 2s* (o) < % + 0.

Remark 5.12 The convergence analysis of the scheme is done regardless of the characteriza-
tion of singularities at meighborhood of vertices and edges. The worse singularity exponent is
considered in any case.

Of course, far from the geometric singularities the local convergence will be much faster than
what announced in the present section. On the other hand, the exact singularity exponents for
edges and corners could be deduced for each variable using the results in [10], [11] and the ones
in this section. The convergence rate could be then improved considering local refined meshes.
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