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1 Introduction

Modeling and simulation of viscous, incompressible flow is a basic problem in many engineering
disciplines. Practically all models that are in use lead, upon linearization, to the Stokes problem
u,—vAu+Vp = f in Qx(0,7),

V-ew=h in Qx(0,7) (1.1)

plus suitable initial- and boundary values. This problem dictates, already in the stationary case
u, = 0, the variational setting: in two dimensions, it is a system of order

2 21
2 21
1 10

which is elliptic in the sense of Agmon, Douglis and Nirenberg. Consequently, if the boundary
08 is smooth, elliptic regularity holds for (1.1) with w, = 0, i.e. for any k£ > 0 holds a shift-

theorem (f,h) € HF(Q)? x HFY(Q) = (u,p) € H¥2(Q)? x HFL(Q), (1.2)

and if the data are analytic in Q, so are the solutions, even up to (analytic pieces of) 9, [20].
We refer to [10] for more on the regularity (1.2).

If 9 is not smooth, however, it is well known [8, 14, 15, 16, 18, 19] that (u, p) has singularities
at corners, even if (f,h) are smooth.

Analytic regularity results for the Navier-Stokes equations have been obtained in [17] and in
[9], the latter work in space and time, however for periodic boundary conditions. This analytic
regularity explains, to some extent, the success of spectral methods for flow problems at low
and moderately high Reynolds numbers, even though analyticity does not hold in the presence
of corners.

To prove analytic regularity for Stokes flow in polygonal domains for piecewise analytic data
is the purpose of the present paper. We establish a shift theorem for piecewise analytic data
where regularity is measured in countably normed spaces which were introduced by Babuska
and Guo in [2, 3] (see also [5, 6]). The results obtained here are analogous to those for the 2 —d,
linearized elasticity in [13]. The analysis there can, however, not be transferred directly to (1.1)
with u; = 0 since the structure of the problem changes considerably in the incompressible limit.
In particular, [13] does not give regularity of the pressure p in (1.1): this, however, is essential for
the numerical solution of the Stokes problem by mixed Finite Elements. Moreover, the results
in [1], heavily used in [13], do not apply here directly.

The present paper deals only with the linearized problem (1.1). However, the full Navier-
Stokes problem admits similar regularity, at least in 2 — d. The corresponding analysis shall be
given in a future paper. We remark that the present regularity results imply the exponential
convergence of suitably designed spectral discretizations, in particular of mixed hp-finite element
methods, see [12, 22, 23]. Even in the case of finite regularity, our estimates appear to be new.
For example, we prove that for u; = 0, h =0, and f € L?(2)2, the solution (u, p) of (1.1) belongs
to HE’Q(Q)2 X Hé’l(Q) (cf. Theorem 5.4) for any polygon € and any combination of Dirichlet-
and Neumann boundary conditions. This result contains the H2(2)? x H(2) regularity of (u, p)
in convex polygons for the stationary Dirichlet problem of (1.1) as special case and gives rise to
optimal convergence rates of low order FEM on graded meshes, cf. [21].

Acknowledgement: This research was initiated during a visit of B. Guo to the Research
Institute for Mathematics (FIM) at ETH Ziirich, whose support is gratefully acknowledged.
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2 Preliminaries

By O c IR?, we denote a polygon with vertices A; and open edges I'; connecting A; and A; 1,
1 < i < M. Throughout, we understand the subscript ¢ modulo M, i.e. Apriq = Ay, Typy1 =
I'y, see Figure 1. Let D and N be disjoint subsets of {1,2,..., M} and set [V = UZEDE,
rt.= Uz‘e/\ffi' Then I' = 9Q =I' UT!. Let further 3 = (B1,...,Bn) be an M-tuple of real
numbers satisfying 0 < 8; < 1, 1 < ¢ < M, and define the weight function

M

Ogin(x) =[] (ri(a)?**,

i=1
where r;(z) = dist(z, 4;) and k is any integer.

By H*(Q) we denote the usual Sobolev spaces, and by H;’Z(Q), k> ¢ > 0, weighted Sobolev
spaces equipped with norm

K
Hu”fgg,z(m = [lullFre-riy + D 1®Pstial—e D*ullF2(q)
o] >¢

where the [[ul| ge-1(q)-term is to be dropped if £ = 0. If k = £ = 0, we write also Lg($2) for
HE’O(Q). We adopted here the multi-index notation D%u, i.e.
oledly

D% = 9201 902 o= (0417042)a ’04‘ =o] + a2
1 2

for higher derivatives in cartesian coordinates.

Let @ = {(r,0) : 0 <r <4, 0 <6 < w} be a finite (§ < 0o) or an infinite (§ = oo) sector.
Then we denote by D%u the a-th derivative with respect to polar-coordinates (r,0), i.e.

o olely
Du:w, (X:(Oél,OéQ), ’(X‘:Oél‘i‘aQ,

and denote by Hg’E(Q) the weighted Sobolev spaces in terms of polar-coordinates, equipped with

the norm
k

HUH?HZ"(Q) = HuH%ﬂ—l(Q) + Z [ =47 D[z (q) -
|laf>¢

We shall further require the weighted spaces WE(Q) introduced by Kondratev ([14, 15, 16])
which are defined in terms of the norms

Hu“%/{/éc(Q) = Z Tz(ﬁ_k+a1)‘pau’27“dr de .
lal<k

By D ={(r,0): 7T € R, 0 <6 < w} we denote the strip of width w > 0 and define, for an
integer k > 0 and any h > 0 the spaces

H}(D) = {u € L*(D) : ||ullgp(py < o0}
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where
||u\|§{},:(D) = /62’”|D0‘u|2d7d9.
lo|<k D

In the polygon €2, we define the countably normed spaces BE(Q), £=0,1,2 by
k,l _
Bé(Q) = {u S k@g HB’ (Q) : Hq)ﬁJrk,g DauHL2(Q) < cdk Z(k — 6)'
for |a|_: k=4¢, £+1,... and some C,d > 1 independent of k} .
The spaces Bé(S) on a finite sector S are defined analogously, however in terms of polar coor-

dinates (r,6). Clearly, Bé and Bé depend on the constants C, d in their definitions and we shall

write Bé(Q, C,d), Bé(Q, C,d) if this dependence is considered. The spaces defined in cartesian
and polar coordinates are equivalent for 0 < ¢ < 2. More precisely, there holds (see Theorem

2.1 of [2)).

Proposition 2.1. Let S = {(r,0) : 0 <r < 6, 0 < 0 < w} be a finite sector and ®s(z) = 17,
0< B <1. Then, for £ =0,1,2, and for all k

I, ket
ue Hg'(S) <= ue My (S), wue By(S) <= uecBy(S).
k—1 -1 —1
We define Hy *" 2(I'y,) and By *(I'y,) on 'y, m € {D, N}, for £ = 1,2 as spaces of traces
of HS’K(Q) and BE(Q), respectively, and equip them with the norms

lolydobie,) = gpey 1€l -

By (u,v)q we denote the L?(Q) innerproduct, taken componentwise for vectors and tensors u, v.

3 Stokes Problem with data in weighted spaces

In the polygon 2, we consider the Stokes problem

—div(e [u,p]) = f in Q, (3.1a)
—divy = h in Q, (3.1b)

U {1‘0 = ¢ on o, (3.1c)
olupln = g' on rt. (3.1d)

Here, u is the velocity field, p the (hydrostatic) pressure and o [u, p] the hydrostatic stress tensor
of the fluid. For a Newtonian fluid, o is given by

ou.p]=-pl+2veluyl (32)
where €[u] denotes the symmetric gradient of u, i.e.
€fu =
and v > 0 denotes the (kinematic) viscosity of the fluid.
3
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Remark 3.1. If h =0 in (3.1b) we have dive [u] = 1 Au, and (3.1a) becomes

—vAu+Vp=f.

We will be interested in the variational formulation and in the solvability of (3.1) under the
following assumptions on the data:

g€ HE’Z’%Z(W, 0=0,1, (3.3a)
f €L, he Hy (Q). (3.3b)

By the definition of the traces, there exists G € H;fmfz(ﬁ) such that
g = G'lres gl g-cdme g, = 1€ I z-sarys £=01 (3.4)

The first step to a variational formulation is to transform (3.1) to homogeneous Dirichlet data.
Writing u; = u — G° with G® in (3.4), we find that u; € Wy where

Wo:={uecHQ)?: u

—‘I‘O = Q} . (3'5)

Then (3.1b) becomes N
—diviy =h:=h+divG®. (3.6)
If 9Q =I' 9, i.e. for the Dirichlet problem, we have
/ (h + divG°)dzx = / divy; de = / up -nds =0
Q Q o0N

and since also fQ divG® = /. 90 gO -nds, it follows that we must necessarily have the compatibility
condition

/hdx+/g0-ﬂds:01f ' =o00. (3.7)
Q 0N

To reduce (3.6) to homogeneous data, we require

Jo:={veWy: divu=0} and J3- :=={v e W,: (v,w)o=0 VYwe Jo}. (3.8)

The following result is classical (see eg. [10, 11]).
Proposition 3.2. Define the space Ly by

{ LX(Q) if [T >0,
L) ={g € L*(Q): (¢, 1)o=0 if [T'|=0.

Ly = (3.9)

Then the mapping
div : J& — Lo

is bijective. In particular, for every h € Lo there exists a unique w;, € JOL such that —divuy, = h.



For the weak formulation of (3.1), we introduce the bilinear forms
a(y,v) = 2v(elu], €u))q, b(p,v) == —(p,dive)e. (3.10)
Then the variational formulation of (3.1) reads:
Find u; € Wy and p € Ly such that

a(ﬂl,y) + b(p’y) = (ia Q)Q + <21,2>F1 - a(goay) Vv e Wy,
h,

(3.11)
b(q, uy) = (h,q)o — b(¢,G%) Vg€ Ly.

The solvability of (3.11) is a consequence of the Babuska-Brezzi theorem.

Proposition 3.3. Let X, M be real Hilbert spaces and let a(-,-), b(-,-) be continuous bilinear
forms
a: XxX—->R, b:MxX—>R.

Let further F € X', £ € M' be continuous linear functionals and define Vy := {v € X : b(q,v) =
0(q) Vg € M}. Assume that a(-,-) is X -coercive, i.e. there is a > 0 such that

alu,u) > olull}% Yue X, (3.12a)

and that the form b(-,-) satisfies the inf-sup condition

inf sup b(g,v)

>8>0, 3.12b
9eM yex |lvllx llgllm (120)

Then there exists a unique (u,p) X X € M solution of the saddle point problem:
Find (u,p) € X x M such that

a(u,v) +b(p,v) = F(v) YvelX,

(3.13)
(g u) = (v) VgeM,
and there holds the a-priori estimate
1 1 /C
lllx < 21FIx+5 (£) 1€l
(3.14)
1 C C C
ol < 5 (14 ) 1Pl + 55 (1+5) el -

For a proof, see for example [7].

We apply Proposition 3.3 to the Stokes problem (3.11). With the bilinear forms as in (3.10),
we select X = Wy, M = Ly as in (3.5) and (3.9), respectively, and the functionals F'(-), £(-) are

Fl) = (f,v)a—a(G"v)+{g' v)r, (3.15)

Uq) = (h,q)o—b(g,G°). (3.16)
We get

Theorem 3.4. Under the assumption |IT°| > 0 and (3.3), (3.7), the problem (3.11) admits a
unique variational solution (uy,p) € Wy x Lg. The solution satisfies the a-priori estimates

1
leallrscey + P12y < Ol a + 1Al ) + > Il

’Z’%’[(m} . (3.17)

@ pojw
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Proof: We apply Proposition 3.3 with a(-,-), b(-,-) as in (3.11). We select X = Wy, M =
Lo. Since [T°| > 0, by the first Korn inequality a(u,u) > « Hﬂ”?ql(g) for every u € Wy. By
Proposition 3.2, the form b(-,-) satisfies (3.12) for some 8 > 0, since M = Ly. It remains to
check that F(-) and ¢(-) in (3.15), (3.16) are in X', M’, respectively:

(@) < bl llalzz@) + llall 2@ Idiv G0l 20

< bl oy + 16N o) Nl (3.18)
As in [13], one verifies that
F@I < Clifl,@llelme + CIG0m @l o)
+ Clelso (121, 34,40, + I 16% 02033, )
< Ol (1ot + 16 g0 + 10, 34 ) (319
=l (I a0 + 18 3. o+ 121, 140 )-

The terms in parentheses in (3.18), (3.19) are upper bounds for ||¢|/5s/, and ||F|| x/, respectively.

Finally, to verify that £(-) € M’ in the case T'? = 99, we have M = L% and hence we must
have ¢(1) = 0. By (3.16), this is (3.7). Now Proposition 3.3 implies the existence and (3.14)
implies with (3.18), (3.19) the estimate (3.17). O

Remark 3.5. In Theorem 3.4, we assumed |I'°| > 0. If |T°| = 0, an existence result holds with
modified spaces, since in the proof of Theorem 3.4 the first Korn inequality cannot be used to
verify the coercivity (3.12). To cover this case, we introduce the “rigid body motions”

reamnd(3) (1) () o2

Evidently, € [r] = 0 for all r € R. The variational formulation (3.11) involves now the space
Wo={uecH(Q)?: (u,r)g=0 VreR}. (3.21)
The data f and gl in (3.1) must now be equilibrated, i.e. they must satisfy
(f.i)a+ (g, 1)on =0 VYreR. (3.22)

The compatibility condition (3.7) is not necessary now and from (3.9) we have Lo = L?(Q). It
is also not necessary to remove h’ now and Proposition 3.3 can be applied directly, if we use the
second Korn inequality: there exists o > 0 with

(lul, elu)a > o ullpg Yae W, (3.23)

to establish (3.12). Hence there exists a (unique up to rigid body motions) solution (u, p) of (3.13)
and the a-priori estimate (3.14) holds, now, however with M = L?(Q) and with X = H'(Q)?/R,
the factor space with respect to the rigid body motions.



Remark 3.6. (On the Neumann boundary condition).

As we indicated in Remark 3.1, if V- u = 0 in  the momentum conservation (3.1a) can be
written equivalently as
—vAu+Y¥Vp=f in Q.

If this equation is cast into the weak form (3.11), its bilinear form a(-,-) reads
2
a(u,v) = v (gradu, gradv)g = VZ (Vui, Vui)a (3.24)
i=1

which is different from (3.10). These variational formulations are not equivalent: in the pure
Neumann case considered in Remark 3.5, for example, the function space Wy in (3.21) is replaced
by

Wo={uec H(Q)?: (ta,1)0 =0, a=1,2} (3.25)

since then (3.24) satisfies a(u,u) > a||lu/|? for every u € W, by the second Poincaré inequality.
Note also that in this case the compatibility conditions (3.22) for the data change - no equilibrium
of momentum is required. Finally, and most importantly for our analysis, both formulations
imply different Neumann boundary conditions. In the formulation based on (3.10), the boundary
condition (3.1d) is enforced whereas in (3.11) with (3.24), the boundary condition

0
—pn + v 8_@ =g' on T! (3.26)
n 2

is in effect imposed. This boundary condition is not equivalent to (3.1d), even if V - u = 0,
and leads, in fact, to different corner singularities, as we will show in Remark 4.1 in the next
section. In what follows, we will therefore always consider the boundary condition (3.1d), but
occasionally comment on (3.26) to emphasize the essential differences between the two.

Remark 3.7. In Theorem 3.4, we obtained the a-priori estimate for (u,p). It is easy to deduce
estimates for (u,p), though, since, by the embedding H;’Q(Q) C HY(Q) and by (3.4),

lullmoy < lwllm@) + 1G°m e

IN

sl o) + C 1G22 (3.27)
syl ) + C g

33
H2’2

2oy

Using now (3.17) gives the same estimate also for (u, p).

4 Stokes Problem in an infinite sector

Let @ denote the infinite sector described in polar coordinates (r, ) by
Q={(r0): 0<r<oo, 0<6<w}.

In @, we consider the Stokes equations (3.1), in components

—u(2@+i<%+au2))+@ - 1,

022 " Oxy \dxg | 01y Dy
0 (O0uy Oug 0% us op 11
”(axl <ax2 +8:{31) 2 o > T o 4.1)
Ou | Juz _
63:1 63:2 N
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with any one of the following boundary conditions

ulpgo = 9" =(41,99)" (Dirichlet), (4.22)
(—pn +2v e(ﬂ)ﬂ)b:ow = gl = (g%,g%)T (Neumann) , (4.2b)
ul,_y = 9", —pn+2vewn|,_ =g" (Mixed), (4.2¢)
where 5 5 5
Uy 1 U1l U9
Er 3 (o + 32 n1
1 <% + %) % n2
2 \dzy  Omy O0xa
and 5 5 5
31 Ui U2
2n1 —— el et}
2ve(u)n = v " o e <5332 * 5901)
R <%+%>—l—2n%
! Odxy 01 2 O0x9

4.1 A system with a complex parameter A

We study the regularity of solution (w,p) to (4.1). To this end, we rewrite (4.1) in polar
coordinates (r,0)

—v(Auy — 12w, — 22 Opug + 0,(V - 1)) + 0rp = fr,
—v(Aug — 1 2ug + 2r 2 Ogu, + 171 (V- 10) + 17 Ogp = fo, (4.3)
Oty + 1 (uy + Ogug) = h

where A = Ay = (02 +r71 0, +77293), V-u = (Orur + 7 ', + 771 Bpup), and the components
(ur,ug) of @ and (fy, fg) of z are given by

o ur ) U _ cosf sin6 U = () _
_<u@>_A<u;>_<—sin6 cos@)(ui)’ i_<fg>_Ai'

The boundary conditions (4.2) read in polar coordinates:

I

gy, = 9= (395" (Dirichlet), (4.4a)

T (@D)|gp,, = (2ves,—p+20%n)|,_,, =9 = (9, 95)' (Neumann),  (4.4b)

where @, (7, p) = —pn + 2v e(@)n, n = (0,1)" and
— Crr €pg
€=\ _" _
(@) < €or €00 )

- - -1 - 1, 1 -1
€rr = Ortir, €99 =1~ (Oguo + ur), & = 5 (1" Opur + Orug — 77" up)

with



and the boundary conditions of mixed type

= w ‘ . (7
£ 7 Vg Jlomo = % = 7% ) e
gl Ac

O=w ge

Remark 4.1. The Stokes equations

—v(Au+ grad (divu)) + grad p =
divu = h,

[~

are occasionally also written in the form

—vAu+gradp = f+gradh =: f*, divu =h.

For this differential operator, the variational Neumann boundary condition differs from (3.1d).
It reads

(o e
P on GZO,UJ_Q.

In polar coordinates, it differs from (4.2b) in the gl-component:

§,1, = Tﬁl((?gur — Tﬁlue) .

This boundary condition excludes rigid swirl flows (u = (22, —21)") as solutions of the homo-
geneous Neumann problem. In the sequel, we analyze the regularity for the physical problem
(4.2), (4.4) and comment, where appropriate, on the Neumann boundary conditions.

To analyze the problem (4.1), (4.2) in the infinite sector, we introduce in (4.3) the variable
t = ¢n(1/r), thereby converting (4.3) into the problem

_V(2(atzt at - ﬂt) + 8929 at - 82529 ﬂg - 3(99’[79) — (8”7—{—]3') = ﬁ
—v( — 82 + 30p Uy + 02 Ug + 202, Ug — Up) + Do B = fo (4.5)
~ Oy U+ U+ Op g = h

in the infinite strip D = {(¢,0) : —oo < t < 00, 0 < § < w} and the boundary conditions (4.4)
become

gy, = ()" |,_y, =g° (Dirichlet), (4.6a)
E@’ﬁ)‘ezo,w = +(2Uey, —p+ QVEQQ)T{GZOM = gl (Neumann), (4.6b)
tl,_, = gg, 5(w,p)]y_, =39 (Mixed). (4.6¢)

Here, @(t,0) = we,0), p(t,0) == e 'ple,0), [(1,0) = e F(e,0) and (t,0) =
e ' h(e7t,0). The boundary data are Qz(t, ) =e“g(e',0), £=0,1, and
(€t0,€00) == (3 (8p Uy — Oy g — Up), (OpUp + Uy)).
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Finally, we apply the Fourier-transform to (4.5), (4.6) with respect to ¢, i.e.

o0

1 .
u=F(u):= \/—2_77 / e_l)‘t@(t,ﬁ)dt, AE&+in, —co< <0, n>0,

—0o0

and denote p = F(p), h = F(h), §* = F(G), £ = 0,1, and (¢, €pp) := (& (Fp s — (1 + Xi)Tp),
(Opug + uy)). This yields the two-point boundary value problem in the interval I = (0,w)
depending on the complex parameter A:
(02,0 — 21+ N T — (3+ Ni) Bplg) — (1 +iN)D = fi,
v ((3 = Ni) Bp iy + 202, g — (1 4+ A2) Tg) + 0P = fa, (4.7)
(1 =i\ + dplg = h

equipped with one of the following boundary conditions

@‘Gzo,w = (at’%)T‘ezo,w = go (Dirichlet) , (4.8a)
o(,p) = £(2v e, —p+2v%0) |o_o, = § (Newmann), (4.8b)

gy =90, 3@D),_, =g, (Mixed) (4.8¢c)

“lo=0 — 2o =\ o=w T Ly : ‘

Denoting dy = iD, (4.7), (4.8) may be written in symbolic form as

LD, N@P) = (f.h)  on I=(0w), (w9)
B(D.N@p = §°.3) on oI ={0,w} |
with the differential operator pencil
vD? + 2v(1 + \?) v(3+ X\i)Di —(1+ Xi)
L(D,)\) = —v(3=X)Di 2w D? 4+ v(1+ A2) iD
(1 —13X) 1D 0
and the boundary operator pencils
~ 100 ..
B(D,)\)|€:07w = ( 01 0 > (Dirichlet) ,
= B vDi —v(l4+X) O
B(D,)\)b:w} =+ ( oy 9 Di 1 > (Neumann) ,
= _ 100 5 ([ vDi —v(l+X) 0 .
BD,N)|,_, = (0 Lo ) B(D,A)\ew_< 0 gy _1> (Mixed) .

The principal parts EO(D, A), EO(D, A) of these operators are

v(D? + 2)?) —vAD —i\
Lo(D,\) = —vAD  v(2D?+X?) D
—iA iD 0

10



and

Bo(D, N, = (é ; 8) (Dirichlet) ,
vDi —vAi 0
)\)‘G:O,w =+ < 0 wDi —1 ) (Neumann),
~ 100\ = vDi —vXi 0 .
Bo(D,N)|,_, = (0 1 O),BO(D,)\)\GW:< 0 9 Di _1> (Mixed) .

We will prove certain a-priori estimates for solutions of (4.9) which are the basis for the regularity
theory. To this end, we introduce norms in I which depend on A: for integer k > 0, we set

k
@l Zregry = 3 AP N Zesy - (4.10)
/=0

Due to the interpolation of norms, there is an equivalent norm

@7 gy + INPFI@NZ 1) < M@ ey < CU@NTe ey + INPFIEIE: (7)) (4.10b)

where C' > 0 is independent of .
The rest of this section is devoted to the proof of the a-priori estimate for the problem (4.9):

for A = £ + in with n > 0 fixed, there holds for —oco < £ < oo and for any integer k > 2

I gy + WEN g1y < C (AN 2([>+Z|A|3 MR RN y)  (41D)

where the constant C' is independent of &.

Remark 4.2. The operators L(D, ), B(D, A) in (4.9) are not of homogeneous degree in D and
A. Hence the a-priori estimates in [1] and [14] for a parameter-dependent system of homogeneous
degree cannot be applied to (4.9). Therefore we shall prove next a-priori estimates (4.11) for
solutions of (4.9). The proof will be self-contained and follows the basic steps in [1]: First (4.11)
is established for the principal parts Lo, Bo on the whole real line (I = R) resp. on the half-line
(I = R4), then on the bounded interval I = (0,w) by a localization argument. Finally, (4.11)
will be obtained for L(D, \), B(D,\) by a perturbation argument.

4.2 A-priori estimates on the entire line IR'

Consider the principal part of the system (4.9):
Lo(D,N)(@,p) = (f,h) on I =R = (—00,00). (4.12)

By a Fourier-transformation with respect to 6,

e}

/ “0 (0, \)do = F(@),

—0o0

UEN) =

5~
3

11



(4.12) is reduced to an algebraic system

~
A~

Lo(6, @) = (1., 13)
with
det(Lo(&,\)) = v(€2 + A2)?,

Therefore, if €2 + A2 # 0, Eal(g,)\) exists and (4.13) admits the unique solution (/ﬂ\,@ =
Ly (€ N)(f. 1) where

3 A& iWA(E2 + N2

AS A2 g€ +22) | (414)
A2+ N2)  —iv€(E2 + N\2)  202(€2 + \2)2

1

(Lo(&, )" = @

In what follows, we denote for ¢g € (0,7/2) the sector by
Do = A EC||arg Al < o or |m—arg A < ¢o}.

h) € H*2(R)? x
k(]R)Q % Hk—l(]R)

Theorem 4.3. For A € >, with [A\| > Ao, Ao > 0 arbitrary and for any (

HFY(R), k > 2, the principal system (4.12) has a unique solution (4, p) €
satisfying

/i
e H

e gy + MBI gy < € (N a2y + 11BN e ) (4.15)
where the constant C' depends only on g, ¢o, k but is independent off,ﬁ.

Proof: Forreal { and for A € 37 . [A[ > Ao > 0 arbitrary, det(Lg) # 0. Thus, (4.13) is uniquely
solvable and due to (4.14) we have, for any k > 2,

(Ut N+ I P + (L N €7D PP < {1+ A+ 142 117 (416

+ (14 Al + [€)2ED AP

Further, (u,p) = (.7?*1@), .7?*1(]3\)) is the solution of (4.12), and (4.16) directly gives (4.15). O
To establish (4.15) for the full system (4.9), i.e
L(D,\)(@,p) = (f.h) on I =R,
we need a perturbation lemma.

Lemma 4.4. For any integer k > 2 and for |A\| > Ao > 0 with arbitrary Ao > 0, it holds for
I =R,R4,(0,w) that

ICZ(D, ) (@, ) = Lo(D M@, D)2l sy < CLNEIN s 1y + MBI oy }
II(Z(D,N)(@. D) = Lo(D N (@ D)alll < CLIN@N iy + MBIy} -

with C independent of A and of (u,p), but depending on \g.

Proof: This follows directly from the definition of Ly (D, \). O

Lemma 4.4 gives immediately

12



Theorem 4.5. For A € >, and for (f, ﬁ) € H*2(R)%? x H*"Y(R), there exists \g > 0 such
that the system R R
ED,N@H = (F,3) on [=R (4.17)

has a unique solution (U,p) € H*(R)? x H*=1(IR) and the a-priori estimate (4.15) holds.

Proof: We have R
det(L(E, ) = (A2 + (€ + (N + (€ = 1)2).

Therefore, for real £ and A\ € Z¢O with |[A\| > Ag and arbitrary Ao > 0, det(f(ﬁ, A) # 0.

For these (£, A) we may argue as in_the proof of Theorem 4.3. The solution (u, p) of (4.17)
hence exists in H*(R)? x H*"Y(R) if (f,h) € H*2(R)* x H*"(IR). Due to (4.15), there holds

the a-priori estimate

N gy + 1By < LT ez + s
+ (D@ D) ~ Zo(D, V@ 7)) ol

(LD N@F) ~ LoD NG D)) Bycs
where ( )... denote the components of the vectors and, by Lemma 4.4, we get
e gy + B2 gy < CEITN sy + Iy + s gy + PNy} -
By the equivalence (4.10b), we have for |A| > A\ with Ag > 0 sufficiently large
~ —~ 1 ~ ~
|||g|||?{k,1(R) + |HPH|§{1€72(R) = 20 (|HHH|§{1€(R) + |||PH|§{1€71(]R))
which leads to the desired estimate (4.15). O

4.3 A-priori estimate on the half-line R,

We consider again the principal system

Lo(D,\)(@ ) = (
By(D, N)(@,p) = (

h) on I =R, = (0,00), (4.18a)

I~

. (4.18b)

)

|Q&
Q)

We may assume that z =0, h = 0. Then the solution of the homogeneous system of second

order can be written as linear combination of fundamental solutions. Since EO(D, A) has constant
coefficients, the fundamental solutions have the form e* E where b satisfies

det (Lo(—ib, \)) = v(A2 = b*)> = 0.
Hence, b = +A with multiplicity 2 if A # 0 and b = 0 with multiplicity 4 if A = 0. Note that

et B with A # 0 may not be integrable on I = (0,00) if A # 0. There are only two solutions
which tend to zero as § — oo. Since either Re A < 0 or Re(—)\) < 0, we may assume that

13



Rel < 0 for A # 0. Then @; = e(1,i,0)" and @y, = e*(1 4+ \0,i\0,2iv\)T are two stable
fundamental solutions for A # 0 and the solution of (4.18) can be written in the form

(@,ﬁ)T =1 Wy + ca Wy .

The coefficients c1, ¢o are determined from (4.18b).

For the Dirichlet condition @|6:0 =3 = (30,97, we get c1 = —ig), c2 = g +ig) which
gives
L2 o a0men\ 201 4 62 AP O, €30 (4.19
P g £=20, -19a)
and .
dp?_ C PR N2 150120 >0 (4.19b)
a0t = g, v=75 '

We remark that A € 37, . Re A <0 and [A[ > Ag > 0 implies for any m > 1

/ g 2 fergp < ¢, [N 7MY (4.20)
0

which implies together with (4.19) for k& > 2

k—
b
/ {Z ‘deé‘ |)\|2(k £) Z ‘_g‘ |)\|2k 1-20) }d9<0|)\|2k 1|A0| (4.21)
/=0
For the Neumann Condition, &,(u,p)ls=0 = Ql — (:q\tl,:q\é)T, we have ¢; = _;_K %, cy =

% (Gt +1igg)- Hence we get

dﬁ@ 2 20Re X\ |y |2(¢—1) 292\ 15112

S| < oemRANED (1 o) g (4.22a)
dpp2 o

—gi| SO (4.22b)

The bounds (4.22) and (4.20) lead to
i A2 |\ o) P12 |\ 2(k-1-0) 2k—3|~1 12
» ‘W‘ V20 4 ‘d—‘ | o < AP (4.23)
0

Combining (4.21) and (4.23), we have shown

Theorem 4.6. For A € >, with |A\| > Ao > 0 sufficiently large, the principal problem (4.18)
admits, forze H2(R,)?, he HY(R,), k > 2, and any initial data Qg €t (=0,1, a
unique solution @ € H*(IR)?, p € H*"1(IR) which satisfies the a-priori estimate

NGyt g+ 1B e e <
C{‘HimHk—z(]R +‘HhH‘H,€ 1( +‘)\‘2k 1— 22‘ ’ }

14
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Proof: i) For f =0, h = 0, we constructed the explicit solution and estimates (4.21), (4.23)

lead to (4.24).

ii) For f # 0, h # 0, we extend f h to all of R preserving their norms. Theorem 4.3 implies

that there is a solution (ug,pp) € Hk(IR) x H*=1(IR) satisfying (4.17) and the a-priori estimate
(4.15).

Set now (¢, q) := (W — Uy,p — po)- Then

Lo(D,N)(@.9) = 0 in Ry,

AO D ~ ~ . .
= N g — Bo(D, ) (ug,po)  (Dirichlet) or
BO(Da)‘)(Qa q) == { :1 ~ A

g _BO(D7)‘) (QOaPO)-

By part i) of the proof, we have (4.24) for (z, q), i.e

APF1G” = Bo(D, ) (@, o)
2N 77 (e +WHaH%k1R‘f§CY{ JUREPN R (4.25)
(R) (R) ’)\’2]673 ‘gl o BO(D,)\) (ﬂ07p0)’2 .
By Lemma 4.7 ahead, we have
du
%1175 ()2 < 2% || 2k1H Yo
AP O < € {IAPE o2 gy + A .
< C I qey (420
< C U sy + B}
by (4.15). Similarly, we have
NP2 ag ()7 < C{APE Dol 72 gy + AP 1T 12y b
< ClllEo 7 (4.27a)
< c{|\|f\||Hk sty P, -
again by (4.15), and
APES B (0) < cwr“ D150l g+ P25 }
< ORI, + IR}
Now (4.25) - (4.27) yield the estimate (4.24) in the general case. O

It remains to prove

Lemma 4.7. Let complex-valued functionsv € H'(I) be given where I = R, Ry or (0,w). Then
for every Ao > 0 such that for |\| > Ao holds

A O < C{llvllzn gy + NP lolZ2y} = Clllolllzn g

15



Proof: By the embedding theorem, v € C(I), and

(v(0))?

I
—
c
—
8
SN—
~—

[N}
+
[\
<

—
~—
—~
o~
SN—
QU
~

This immediately gives for |A\| > Ao

N O < W[ To@Pdo+ [ (/@R + WP o) P)d
I I
<C {‘)“2 HUH%%I) + Hv/H?y([)} .
O
We now consider the system
L(D,N)(@,p) = (f,h) on I =Ry = (0,00), (4.282)
B(D,N)(@.p) = (3°.3")- (4.28b)

Theorem 4.8. For A € >, with [A\| > Ao > 0 for sufficiently large Ao > 0, (4.28) has a unique

solution (U,p) € H*(R4)? x HF=Y(R) for any (zﬁ) € H"2(Ry)? x H*Y(Ry), k > 2, and
the a-priori estimate (4.24) holds.

Proof: The solution for (4.28) can be constructed as the one for the principal system (4.18).
To prove the estimate (4.24), we need to show that there is A\g > 0 such that for A € Z¢O with
|A| > Ag holds

I(Z(D,A) = Lo(D, )@ P2l 2,y +
!H((E( A) = Lo(D, M) @ D)all B g, ) + AP3I(B(D, A) = Bo(D,A)) (@, )
< 55 (e, ) + B2 g, ) -

As shown in Lemma 4.4,

IICL(D, X) = Lo(D, M) @ D)5,y < C{N@N sy + 1P 2 }

and
|(B(D, \) — Bo(D, \) (@,p)]> = 0 for Dirichlet boundary conditions,
|(B(D, ) — By(D, ) (@,p)|> = v[@(0)|?> for Neumann boundary conditions.
By Lemma 4.7,

APES(B(D,A) — Bo(D, )@ B)P < CAPE (AP [@aqge, ) + 18 e, )
< Ol g, -
Therefore, for |A| > Ao > 0 with Ag sufficiently large
(D, ) = Lo(D. )@ D)1zl -2, ) +
I(Z(D, A) = Lo(D, N) (@ §)sll 36— ) + \P=3|(B(D, A) = Bo(D, N)(@, p)|*

< C{ENF -1 gy + BN 2y} < 5 {IIIUIIIHk(m 1Pk 1 gy ) -
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4.4 A-priori estimate on the interval I = (0,w)

We prove the a-priori estimate (4.24) by a localization argument and by using Theorems 4.5
and 4.8.

Theorem 4.9. There exists Ao > 0 such that for A € 3_, . |A[ > Ao, and any k > 1, and for
(za/ﬁ) € H*1(I)? x H*"1(I) the system

L(D,N)@,p) = (f,h) on I =(0,0), (4.29a)

Ib&
)

B(D,\)(@.p) = (3°.") (4.29D)

has a unique solution (w,p) € HF(I)? x H*1(I) and the a-priori estimate (4.24) holds with
I = (0,w) in place of R.

Proof: We deal with the problem with mixed type boundary condition. The Neumann or
the Dirichlet problem are similar. Let {I;}"_; be a covering I = [0,w] and let {p;}"; be a
subordinate partition of unity, Y1 | p;(z) = 1 Vo € I. Let further (4;,p;) == (¢i @, ©;p) with
support I; and I; C I, 2 <i < n — 1. Then (4;,p;) satisfies, for i = 1,...,n,

L(D, ) (@, pi) + Li(D, N) (@, 5:) = (@i fo:h) on T, (4.302)
B(D.N)(@;,pi) + Bi(D. N (@, 5i) = (@-3)) (4.30b)

where EZ are matrix differential operators of one degree lower than E, and

Z (DN @i B B2y < C {1l By + B sy} (4.31)

where Ei(D,)\) =0 at # =0, resp. Ei(D,)\) is a boundary operator of one order lower than
B(D, \) for Neumann conditions, and by Lemma 4.7

A BN @B < CINEW)P < Cllln gy + WP &Gy} (432)

with gl =0,2<i<n—landg =g’ i=1m,£=0,L

For ¢ = 2,. — 1, the system (4.30) can be extended to the whole line R, and for i = 1,n
to the half- hne IR+ Accordmg to Theorem 4.5 and 4.8, (u;,p;) are the unique solutions of these
extended problems and there exists Ao > 0 such that for A € > , . [\| > Ao and any k > 2 the
a-priori estimate

@By + B 21y < C NE N oy + MRl s gy + D N @i pid 2By
 IEDN @Bl B
+ IAPETL G+ [APE(1g)  + [Bu(D, M) @i 5i)IP) )
holds with J =R if2<i<n—-1,J=R;ifi=1,n.
By (4.31), (4.32), we may estimate for any k > 1
@By + Bl 21y < C LN g2y + MBI gy + D, M) @i i) ol i

+ (L (D) @i pi))3 G gy + NP G2 + (A3 1512
17



Selecting Ao > 0 so large that C'/\g < %, we get
@l 7 gy + MPilllFpe-1 0y < CLNLN G2y + IR gy + PRGN (g

Summation over i gives

n

M+ 1810y < © S )+ 11 o)
B 1
< Oy + sy + 3 NREO71 ).
=0 0

For Neumann or respectively Dirichlet boundary conditions on 91, the above estimate holds
with the term QO or gl omitted in the upper bound.

This establishes the a-priori estimate (4.24) on I = (0,w) for A € 37, . [A] > Ao, Ag suffi-
ciently large. To obtain it also in the bounded set |A| < A\, we must investigate the poles of the
resolvent.

4.5 Poles of the resolvent R(A) near the real line

Let U(X) := [L(D, ), B(D, )] denote the operator pencil in (4.9) which depends polynomially
on the complex parameter . Arguing asin [1],U(\) : HF(I)2x H*=1(I) — HF=2(I)2x H*1(I)x
@2 x@? realizes an isomorphism for all A € € except at certain isolated points. Consequently,
the resolvent R(A) = U(X)~! is an operator-valued, meromorphic function of A with poles of
finite multiplicity. The set of all poles of R(A) (resp. of eigenvalues of ¢ (\)) shall be denoted
by A CC.

The eigenvalues A are such that the homogeneous equation
UN(@,q) =0
admits nontrivial solutions (@, q), the corresponding eigenfunctions.
Let A = iz. Then, according to the theory in [21], [13], A is an eigenvalue of U/ () if and only

if z is a root of the transcendental equations

sin?(zw) = 2?sin’(w) (Dirichlet or Neumann), (4.33a)

cos?(zw) = 2%sin*(w) (Mixed type). (4.33b)

In [13], it has been shown that z = 0 is not an eigenvalue and that R(A) has no pole on
the real line for the problem with Dirichlet and mixed boundary conditions, and that A = 0 is
the only pole on the real line with multiplicity 2 for the homogeneous Neumann problem, with
corresponding eigenfunctions

e; = (cosb, —SiHH)T, [ (sinH,cosH)T.

By (4.33), for any eigenvalue A\ € @, also A is an eigenvalue. We denote by ; the smallest
positive imaginary part of the nonzero eigenvalues with positive imaginary part, and by 7, the
strip {\ €C|—h < Im X < h} with 0 < h < k1. Then, R()) has no poles in J} for the Dirichlet
and the mixed boundary conditions and A = 0 is the only pole of R()) in J} for the Neumann
problem.
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Remark 4.10. If the Neumann boundary conditions (3.26) are adopted, (4.33a) is replaced by
sin?(2w) = 92%sin’ w . (4.33c)

We shall next establish (4.13) for A = £ + ih with —co < € < 0o and h € (0, k1).

Evidently, z = £ 1 is a root of (4.33a) in the Neumann case with corresponding eigenfunction
u* = (w9, —x1)", the velocity field of a swirl flow. This (physical) eigensolution is absent in
(4.33c), since u* does not satisfy (3.26) with g' = 0.

Theorem 4.11. Let Ly, = {A €€ : ImA = h}. If R(\) has no poles on the line Ly, the
system (4.6), (4.7) admits a unique solution (@,p) € H*(I) x H*Y(I) provided (f, h,go,gl) €
HR=2(I) x H*Y(I) x @* x @2, and it holds for all X € L},:

ey + N80 Brics gy < € {UTI oy + WA ecry + 3 P20 g2 (4.34)
(=0,1

with C' independent of €.

Proof: Since the line £y is free of poles of the resolvent R(A), A = & + ih, the solution

(@, p) € H*(I) x H*"1(I) exists if f,h and gg are in H*=2(I) x H*1(I) xC? xC2. By Theorem

4.9, there exists A9 > 0 such that for A € Ly, |[\| > Ao, (4.34) holds. For X € Ly, |\ < Ao, by
assumption R(A) is bounded, i.e. for any k& > 2 the a-priori estimates

@y + 1813011y < C LTz + IRy + Wy + Do APEO1 (g2
£=0,1
and, for A € Ly, |A| < Ao:

AZE @22 ) + IAPED B2,

< C{INPE2 P12,y + INPEDRIZ, gy + 2y + D AREO1 52
£=0,1

hold with C' depending Ag but not on |A|. Combining these two inequalities leads to (4.34) and
completes the proof. O

4.6 Regularity of the Stokes problem in the infinite sector

We now prove the regularity for the Stokes problem (4.1), (4.2) in the infinite sector Q. We will
employ weighted spaces WE(Q) of Kondratev-type on @, and also weighted spaces H }]f(D) over
the infinite strip D. These spaces are equipped with norms given by

Y I TEDY| Ry ), k20,

2 _
“U“Wéc(Q) =
lo| <k

where Dv is as in Section 2, and

||57H§{;f(1:)) =Y 1" DG 72y k>0,
lof <k

8l*ly

W We need the following lemmas from [2]:

where D% =
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Lemma 4.12. Ifv(r,0) € WE(Q), k>0, theno(t,0) :=v(e™t,0) € HF(D) withh=k—1- 8,
and
Cillollmgpy < Ivllwr@) < C2 10l g () - (4.35)

Moreover, for 0 < (<1, 9(t,0) = e“2t%(e7,0) € HF(D), withh =k +1—{¢— 3, and
Crllvellzzg oy < llvellwr ) = C2 el g oy - (4.36)

Here C7 and Cy are independent of v,v.

Lemma 4.13. Define D = R x [ = (—00,00) x (0,w), and let v € HF(D), k > 0. Then
o(\, ) = F(v) € H*(I), and

oo+ih

ooy < [ 1l A < Ca el (4.37)
—oo+ih

where the positive constants C1 and Cy are independent of v.
For the proof of Lemmas 4.12 and 4.13, we refer to Lemmas 2.3 and 2.6 of [2].

Lemma 4.14. Let QZ(T,G) € 1/1/[/;‘24(62)2 with Qghw =7' £ =0,1, and let Qé = ]:(QZ), with

~0 —
G =e"G(e™,0). Then we have the a-priori estimate

APEEDIG 2 < CHIG sy, €= 0,1, k=2, (4:38)

Proof: By Lemmas 4.12, 4.13, Qé € H*>7Y(I) c C°(I). We have, by Lemma 4.7,
3~ _ ~1 ~1
AP G P < CIPE NG 1By < CNG -y

and
_ _ ~0 ~0
AL R < € DEEDNE B gy < OGNy -

which leads to (4.38). O
— _ 1
Theorem 4.15. Let J € WS 2(Q)% h € Wi (Q) and let g* € W5~ 3(T%)2, £ = 0,1, with

k> 2. If R(\) has no pole on the line L, = {\: Im X\ = h} with h =k —1— 3, then the Stokes
problem (4.3), (4.4) has a unique solution (u,p) € VVZ;C(Q)2 X ngl(Q) and

HEHWZ;(Q) + HZ_)HW[?*(Q) <C {Hszgﬂ(Q) + Hﬁuwgﬂ(Q) + é;l ngHwk_z_%(ﬂ)} : (4.39)

Proof: By the definition of Wg_g_l/z(FZ), there exists Qﬁ € Wg_K(Q)Q, ¢ = 0,1, such that
éﬂ[‘é =7g', and, for £ = 0,1,

1~ ) —£
-~ |G _ < < |G _ ) 4.40
D) |G ng L) = HQ ngfzf%(Q) < |G ng “Q) ( )
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Due to Lemmas 4.12 and 4.13, the partial Fourier transforms fe H*2(1)?, he H*1(I) and

~L
G € H*Y(I)% and (4.36), (4.37) hold. By Theorem 4.11, the system (4.29) has a unique
solution (u,p) € H*(I)? x H*=(I) for k > 2 and

@ 2y + 115121y < © LA pagry + I sy + 3 WPEO1 g 2]
0=0,1

A 0
where gﬁ = G'p—o or G |g—w, and by Lemma 4.14 we have

1 2y + 81 Zpar gy < € LIy + RN sy + D2 WGy}
0=0,1

Since R(A) has no pole on the line £, = {\: Im A = h} with h = k — 1 — j3, the solution

oco+ih
1
@) = F @) = —— / N (@, p)dA
V2
T —oo+1th

of the system (4.5), (4.6) is in HF(D) and by Lemma 4.12, 4.13 there holds

Ny + 11y < C {1 oy + IR o1y + D NG ey } -
¢=0,1

Consequently, (w,p) € Wg(Q) X ngl(Q) is the unique solution of the Stokes problem (4.3),
(4.4) and it follows from (4.35), (4.36) that for any k > 2

112 ) 7112 712
HHHW[I;(Q) + ||PHW§—1(Q) < C(k) {Hi”wgﬂ@) + HhHWéc 1 +zzo1 G’ HWk ‘o } (4.41)

which, together with (4.40), gives (4.39). O

Remark 4.16. The shift Theorem 4.15 is valid for k¥ > 2, but we shall use it in the following
mainly for £ = 2. For k > 2, Theorem 4.15 is not applicable in practice since the regularity of
the data in the right hand side of (4.41) implies, for k > 2, unrealistic compatibility conditions
near the origin of (). Therefore, we describe regularity in WE(Q) and in H ]E (Q) for k > 2 and
for > 1 — k;.

For the Stokes problem (4.1), (4.2) in Cartesian coordinates we have the following theorem.

Theorem 4.17. The Stokes problem (4.1), (4.2) in the sector has a unique solution (u,p) €

3_
W2(Q)2 x WA(Q) if f € WIUQ)% h € WAQ) and g' € W3 '(T%), £ = 0,1, provided that
B8 >1— k1, and there holds the a-priori estimate

2 2 2 2 2
ez + 1003y < C {1 Bvaq + 1011 g +€Zm lg’I

) } (4.42)

3
W2
W3

Proof: We start from (4.35) with & = 2 and pass from polar to Cartesian coordinates via
u= A~'%. Under such transformation, (4.42) follows from (4.41) as in [13], Corollary 4.2. [
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5 Regularity of the Stokes problem on the polygon (2

We discuss now the regularity of the weak solution (u,p) of (3.1) over the polygonal domain
Q with data f € Lg(Q)?, h € Hé(Q), Gt ¢ Hé_Z(Q), ¢ = 0,1, and in particular the relation
between the weak solution and the solution of the problem (4.1), (4.2) over the infinite sector
Q with data f,h, G’ of bounded support in Q. This is then used to prove analytic regularity
results for the Stokes problem (3.1), (3.2) in the scale of countably normed spaces. The analysis
parallels [13] in the case of elasticity problems.

Assume therefore now that A; coincides with the origin and that I'; coincides with the
positive xj-axis. Let (r,6) denote polar coordinates centered at A; and let S5 = {(r,0) : 0 <
r<6,0,0 <60 <w} CQ By ¢s(r) we denote a cut-off function in C*°(IR) such that ¢s =1
for 0 < r < 6/2 and ¢s = 0 for r > 0. Define (u,p) = ¢s(u — u(A;1),p) where (u,p) is the

3

303
weak solution of (3.1), (3.2) with f € Lg(Q)? h € Hé’l(Q), g' € Hj b2 Z(I‘g), ¢=0,1. By
zero extension outside of Ss, (@,p) is defined in the infinite sector @ = {(r,0)|0 < r < oo,
0 < 0 < w1}, and satisfies

L(@.§) = ¢5(f, 1) + Li(u, p, ¢5) =: (f,1) (5.1)

where L is the Stokes operator and
gy, =0s9"=13" if LUy cI? (5.2a)
00 (@) g, = 959" +l1(u,p,¢5) =g if T1UTy C T, (5.2b)

ily_o=0s59"=3", 0, (@P)|,_, = #s 90 + la(u,p,ds) =1 g, if T1 T Ty T (5.20)

here Ly and ¢; are lower order differential operators.

Consider next the solution (v, q) of the Stokes problem (5.1), (5.2) in an infinite sector @
in the weighted spaces WE(Q)2 X Wﬁl(Q) We shall analyze the relation between (v, q) and the
weak solution (u,p) € H(Q)? x L*(Q).

5.1 Relation between weak solutions in the polygon and in the infinite sector

We begin by observing that z and gg have bounded support in () and that there holds

Iz < C LNy + (L (wp, )2l )

< C{lflzsess) + Nl (ss\ss o) + 12122 (55085 2) } (5.3)
1Pllwig) < € {HhHWé(S(;) + (L1 (u, p, ¢5))3HW§(Q)}v
and
< C|g° <C|g° 5.4
g HWB%(?O) < Clg ”wﬁ%(ré) <Clg HH?’%(rg) (5.4a)
gt < {4 ¢ 5.4b
g HWB%@) < C{lg HH?%(rg)Jr [ 1(@’]9"755)”;1?%@;)} (5.4b)
1
< C{llg HHB%’%(rg) + lleell 1 (55085 2) }
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where I , £ = 0,1 denotes the extension of I'¥ NS5 to the infinite sector Q with interior opening
angle wy < 2.

By Theorem 4.17, the solution (v,q) of (5.1), (5.2) in the infinite sector @) exists and is

unique in the space Wg(Q)2 X Wé(Q) Since the data f and gg have bounded support in @, the
solution (v, ¢) has additional properties which will be essential to establish the relation between
(u,p) and (v,q). To this end, let

ow |2 ow |2

Dlwl? = D 2:‘ ‘ ‘

D= 32 Il =[]+ [l
ol=

and for vector-functions w, |D'w| is defined by summing over the components. Then we have
the following lemma:

Lemma 5.1. For the solution (v,q) of problem (5.1) in the sector @QQ with either Dirichlet
boundary conditions (5.2a) or mized boundary conditions (5.2c) and G°(A;) = 0 there holds

1D 0l Zeiq) + 7 0l 2y + lallzz(g) < oo- (5.5a)
For the solution (v,q) of (5.1) in Q with Neumann boundary conditions (5.2b), we have
HDlQH%Q(Q) + HQH%Q(Q) < 00. (5.5b)

The proof parallels that of Theorem 4.4 and Corollary 4.3 of [13] and will therefore be omitted
here. We can now prove

Theorem 5.2. For the problem (5.1) in Q with either Dirichlet or mized boundary conditions
(5.2a), (5.2c), it holds that (u,p) = (v,q) and there exists C(8,0) such that

3
6,3 ¢

&z @) + 11w < C{lIfllas,) + 1Rl 22 s +KZ lg“|
—o1

+ [lull 1 (55\85,0) + 1Pl L2(55\85/0) } -

3
Hg (I5) (5.6a)

where the term with £ = 1 is omitted for pure Dirichlet problem.

For the solution of the Neumann problem (5.1), (5.2b) in Q, (u —u(A1),p) = (v,q) and

I — @A) lwz (@) + 1Pllwig) < C{lI£Iaesy) Pl g sy +llg"l

11
HG™2(T3) (5.6b)
+ [l 1 (s5\85/0) + 1PN L2(55\852) } -

Proof: We establish (5.6) for the Dirichlet boundary conditions (5.2a), the argument for (5.2c)
being identical. Assume first that ¢°(0) = 0; then (u, p) satisfies

L@p) = (f-h) in Q, U,y =7
For any (w,0)? € H}(Q)? x L3(Q) where

Hy(Q) = {u] D ullr2(q) < 00, ulyg =0},

we have _
a(@, w)g +b(p,w)q = F(w)q,
b(o-a @)Q = E(O-)Q :
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where a(-,-)g, b(-,-)q are the bilinear forms in (3.10) with domain of integration taken over @
and

ﬁ@m:/fw, aa)Q:/zadx.
Q Q

=1 ~
On the other hand, for any w € Hy(Q)? := {w € H}(Q)*|w has bounded support in @} and
any o € L3(Q) we have by integration by parts

a(v,w)q + blg,w)o = Flw)g,
b(o,v)q = (o)

~1

which implies that for (w, o) € Hy(Q)* x LE(Q)
a(y — &,w)q +b(qg —pw)e = 0,
b(072 - E)Q = 0.

~1 ~
Since H,(Q)? is dense in H}(Q)? and (5.5) holds, we have
and

blg—pw) =0 YweH{Q).

Hence, v —u = 23

i1 ¢je; is a rigid body motion with

=J

e = (1,0)T, ey = (0, 1)T and e3 = (—xg,xl)T. (5.7)
Since (v — @)|sg = 0, it follows that v =u in Q.

Due to Corollary 2.4 of [11], there exists w € I:T(%(QR)Q such that divw = ¢ — p in Qg and
[divwlr2gn) < cllg = Pllrzgn) < clla — Pllrz) where Qr = {z € Q| |z| < R} denotes the
truncated sector. We extend w to all of () such that the norms are bounded and denote the

extension still by w. Then we let w = psw with the cut-off function s =1 in Qg and ps =0
in Q\Qpr+s. Then we have

02/(q—f5)div@d$:/(q—@2d$—|— / (g —p)divwdzr.
Q Qr Qr+s\Qr

We have, by the properties of the extension w to all of @,

‘ / (¢ —D) diV@dﬂ?‘ < Cllg = pllir2@@pos\or @l a@r)
Qr+s\Qr

and also, since |lg — pl[z2(q) < o0, that [|¢ — Pllr2(Qp,s\@r) — 0 @ 6 — 0. This implies that
lg = Pll2(@r) = 0. Since R was finite, but otherwise arbitrary, we have ¢ = p in Q.

We therefore conclude that (u,p) = (v,q) € VVE(Q)2 X Wﬁl(Q), and that (5.6a) holds, since

}

o) + 1Py < € Ul + Flbwy o'l 3

§
< {1 natsp) + Wbl sy +16°0 3.
B

+ lull 1 (s5\85,0) + 1Pl L2(55\85/0) ) -
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If g°(0) = G°(A1) # 0, & = ¢s(u — g°(0)) satisfies (5.1), (5.2a) with data z, go which, in turn,
satisfies the estimates

HfHLﬁ(Q) < O£z ses5) + Nl (s5\s5,0) + P22 (55085, + 19°(0)]}

< C{flyess) + HQOHHg,g + llll s (55\850) + 12122 (55\852) }
B

(T3)

and i
gl

OO <C 0
gy T O £ C LI 5

}.

Applying the a-priori estimate for the homogeneous case to @ := ¢s(u — gO(O)) and to p := ¢s p,
we have (5.6a) for the general case.

y S C{lg’l 53 3

3 ro
Wz (T

5 H

5 (rs)

We now show (5.6b) for the Neumann boundary conditions & = ¢su, p = ¢;5p satisfying
(5.1), (5.2b). For any w € H'(Q)? := {w| HDleLQ(Q) < 00}, and any o € L?*(Q) we have by
integration by parts that

a(i, w)g + b(p,w)g = Fo(w),
b, D)o = lq(0)
where / / /
ZQ(O’) = [ hoda, ﬁQ(Q) = z-wdaﬁ—i— glwds.
Q Q !

~1 ~
On the other hand, for any w € H (Q) := {w € H'(Q): w has bounded support in Q} and for

o € L?(Q) we have N
a(v,w)g + blq,w)g = Fo(w),
b(o,v)g = lg(0).

~1
which yields, for any w € H (Q) and for any o € L*(Q),

b(o,v —u)g =0.

Arguing as in the previous case, we have
alv—u, v—u) =0, [qg—plrg =0.

This implies that v — u = 2?21 i€ with certain constants c¢; where e; are the rigid body

motions (5.7). By Lemma 5.1, it holds || D' (v — @)||12(g) < oo which implies ¢z = 0 and

2
v-T=) cje, q=p
=1

and the a-priori estimate

2

12— eesllwag + IFlwie) < Cll L@ + Bl + 13
j=1

}

I

W2 ()

< C{If Il y055) + 1Rl gt sy + lg*

@ ol

2y
+ ull 1 (55085,0) + 1PN L2(55\850) ) -
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Observing that WE(Q) C Hg’z(se) C CYS.) for any £ > 0 (see [2]), we find u € C°(Q)?
and thus u(A;) exists. Note finally that r7=2(z — 23:1 cje;) € L*(Q)* which means that
u(Ar) = 23:1 cje; and that (5.6) holds also in the Neumann case (5.2b). O

5.2 Regularity of the second derivatives

We will now obtain one main result of our paper, namely the Hé’z—regularity for the velocities
u of the Stokes problem in a polygon. This result will allow, for example, to prove the optimal
convergence of low order FEM on properly refined meshes along the lines of [21], where explicit
decompositions of (u,p) in regular and singular parts were used, however. In addition, the main
result, Theorem 5.4, shall be the essential ingredient for the analytic regularity theory in the
next section.

We start the analysis with a result at each vertex.

Theorem 5.3. Let (u,p) be the weak solution of (4.1), (4.2). Then (u,p) € H;’Q(S(;/Z)Q X
Hg’l(S(;/Q) for any § > 0 and there holds the a-priori estimate

HQHH;’?(S&/Q) + ||pHHévl(55/2) < C(5) {Hi”Lﬁ(Sa) + ||hHHévl(56) + Z ||2£HH%4,%4 e
=01 s () (5.8)

505700 + 1P 220508520 }

Proof: Note that (u,p) = (u — u(A1),p) in S5/, and that HwHH“(S(;/Q) < kuwg(sé/g) for any
8
¢ > 0. It follows from Theorem 5.3 that

3 03¢

e = w2, + 10 s, gc{uzuww+uhuH;,1(55)+£Zm 190 31

o ull s 5515y + 122205055700 | -

Since HE’Z(S(;/Q) C C%Ssy2), u is continuous on Sspo. If Y] > 0, [u(4r)] = [g°(0)] <
Cllg° hich implies (5.8) immediately.
llg HHB%’%(FQ) which implies (5.8) immediately.
If [T'9] = 0, we have
[u(AD)] = [, 0) - T(AY]| < @) — TAD loosy < ClE-TADIwz) (59
and
Iz 5, < © (AR + 12~ EAD i)} (5.10)
Now (5.8) follows from (5.9), (5.10) and from (5.6). O

We combine the a-priori estimate Theorem 5.3 for each vertex to get

0.3

5—¢

3_
Theorem 5.4. Let f € Lg(Q)?, h € Hél(Q) and g* € Hj ()2, Assume further that
> 0 and that (3. olds 1 = . en (3.1), (3. as a unique solution (u,p) €
I'% > 0 and that (3.7) holds if T° = 0. Then (3.1), (3.2) h !
H;’Q(Q)2 X Hé’l(Q), for B=(B1,...,Bm) with B; >1 -k, 0< ki <1, and

HQHH§2(Q) + HpHHé’I(Q) <C {HiHLB(Q) + HhHHé’I(Q) + Z HQKHHB' (5.11)

3 03y } .
£=0,1 /5? ’ ()
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Proof: Theorem 3.4 implies existence and uniqueness of (u,p) € H'(Q2)? x L*(Q) and (3.17)
holds. Let §25/9 := Q\ UM, Sk for § > 0 sufficiently small so that S; C €. By the usual difference
quotient argument, u € HQ(Q(;/Q)Z, pE Hl(Q(;/Q), and the a-priori estimate

Il 20 2) + P30 < € {1l + IRl ) + D llg” I3 } (5.12)
£=0,1

holds.

In the vicinity Sg of each vertex A; we use the results of Section 4. More precisely, after
localization of (u,p) near A;, we are in the setting (5.1), (5.2) and have the a-priori estimates
(5.3), (5.4) for the localized data. Theorem 5.3 shows that, in each neighborhood S% of A;,
d > 0, we have

(u,p) € H3?(S5)> x Hy'(S§), 0<Bi<1

for B; > 1 — k! with x} > 0 denoting the smallest positive imaginary part of the roots A of the
transcendental equations (4.33), with w replaced by w;. Moreover, the a-priori estimate

1
. < ¢ :
Il gz spy + 1Plzs sy < O {IL ot + [l g + > o'l -0 w1

holds.
Combining (5.12), (5.13) completes the proof of (5.11). O

5.3 Analytic Regularity

We can now prove the main result of this paper.

Theorem 5.5. Let k > 0 and assume that f € HE’O(Q)2, h e HSH’l(Q) and g* € H 5434,
¢=0,1with 8= (B1,...,Bm), Bi > 1 — K. (where K\ is defined in Section 4.5 for each vertex
A;), 1<i< M.

Assume further |T°| > 0 and that (3.7) holds if T® = 0Q. Then the Stokes Problem (3.1),
3.2) admits a unique solution (u,p) € HM 2202 x HYR(Q) and the a-priori estimate
B B

”QHHIBC+2,2(Q) + HpHngﬂ,l(Q)

5.14
<C {HiHHg’O(Q) + ||hHH’5+1 1 "' Z ||g HHH—J 3-4re) } ( )

holds for all k > 0.

C/J

Moreover, if f € Bg(Q) g‘ e BE (FZ)Q, 0=0,1, and if h € Bé(Q), then (u,p) € BE(Q)2 X
BL(Q).
B

Remark 5.6. If [T = 0 and if (3.22) holds, the above result also holds for the Neumann
boundary conditions on all of 9.

Proof: The case k = 0 is just Theorem 5.4.
Let first § > 0 be sufficiently small and define

St ={(ri,0;) :0<r; <6, 0<6; <w;} CQ,
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the truncated sector at vertex A; of opening angle w; < 2w, and § > 0 selected so small that
SinSI=0ifi#j. Define further Qs := Q\ U@]\i1 Sk. Then, for any k > 0, by standard elliptic
regularity we have

1
leal s @) + Pl i1 05,y < C U ars g1 + Wbl a0+ D NG pisaray, 0} (5:15)
/=0

where QZ‘FZ = gg, £=0,1and

V4 4 14
HQ ”ngfz,%fz(rg) <G ”H’g”—“’?—f(g) < QHQ HH;JF%%’%%(N).

3 43

If fe 82(9)2, g‘ e B; b2 Z(Fz) and h € Bé’l(Q), these data are analytic in Q; and, by an
- - 4

argument of Morrey [20], (u,p) are analytic in (59, i.e. (u,p) € B%(Q(;/Q)Q X 8}3(95/2).

It remains to establish regularity in the truncated sectors Sg /2" We shall prove that if

3 _p3_
fe Q) he HyM(Q) and ¢ € H’;+2 “27 Y2,
then
“E|’H§j272(5§/2) + H]?”nglvl(sgm) {HfHH’“O 5%) + ”hHH’“Jr1 1 (S) + Z ”g H l/;:r ()

+ ||QHH§Z+1’1(S}§\SZ + || HHIB:(S'L\S'L/2)

(5.16)
3_p3_

and if f € Bg(Q)2, h e B}i(Q) and g* € B; b2 Z(FZ)Q, then for |o| =k + 2

rPiten=2 Da@”m(si + [Pt 1DOZPHLz y < CL; D B; 272k (5.17)

for certain constants L;, D;, F; that are independent of k. Here, |a| = k+ 2, k > 0, L;, P;, D;
are sufficiently large constants, but independent of k, as —2 =as —2if as > 2 and ag —2 =0
if ap < 2. This implies by Theorem 2.1 and Lemma 5.1 of [13] that

HQHH};;“(S(@/Q) + ||pHH’B€:r171(S§/2)

1
14
< O (Mg Wiy + 20 19" gy

(5.18)
)

and, for |o| =k + 2,

[P0 Do gy o+ 24 Dl ey ) < CLDEE™2RY (5.19)

(5.18) and (5.19) imply the assertion.

It remains to show (5.16), (5.17). Without loss of generality we assume to this end that
= 0. Due to Theorem 5.4, (5.16) and (5.17) are true up to order k + 1, k > 1 arbitrary but
ﬁxed in the following. To show (5.16) and (5.17) for k + 2, we introduce

& O
ok T Bk
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Then it is easy to verify that (T, q) solve in S}

o = 3kp akflp akp T
— N k=2 2 k—2
L@@ = 5o 07D — k(e g+ (6= 1) Gt Grigg) (5:20)
together with one of the following boundary conditions: for i =0,1,...
Tlp—o pm = 0 (Dirichlet) (5.21a)
*(rg') (0

5 _ k—1 I

o,(T, q)|9=0,wz~ = o + ( k=1 gh=1 ) ) ‘6:07% (Neumann)(5.21b)

ak 1
l,_, = 0, 0,,(T, q)| =kl (Tigwl) (Mixed)  (5.21c)
—16=0 =) =n\= O=w; ork

0
+< krk=1 k=1 > ‘O:wi'

Note that .
J0"p
o k—2
qo = kr (r ok +(k-1)

8k71p 8kp T
ork-1"’ Brk_laﬁ)
in the right hand side of (5.20) is a lower-order term, and by the induction assumption in Sg /2

and by the analyticity of (u,p) in Sf; /2 We have

1
) ¢
lgoll 2 (s3) = C{IIiIIH;;i—Lo(Sg) Rl gt s +> g I

§—¢
(=0 Bi (rs)

el e sgss ) + Ieln-rgspsg ) )

5/2 5/2
and
k—1
||(JOHL§¢(5§) <CL; D (k—1)!
respectively.

Applying now Theorem 5.3 to (T, q) gives (5.18), (5.19) with |a| = k + 1 and |ag| < 2.

Arguing exactly as in the proof of Theorem 5.2 of [13], we get then (5.18), (5.19) for D%u
for all o with |a|] = k + 2 and for D*p with |a| = k + 1. By Proposition 2.1, we have (5.18),
(5.19) for D*u with |a| = k + 2, and for D%p with |a| =k + 1.

Hence (a,p) € Hy *?(S},)? x Hy " (Si,,) (resp. (@,D) € B3,(S},)? x B} (S ). This
implies that (u,p) € H§j2’2(5§/2)2 X ngl’l(Sgﬁ) (resp. in JB%Z,(:S%/Q)2 X Béi(5§/2))' The
argument above is valid for each i = 1,..., M and gives, with (5.15), that (u,p) € H§+2’2(Q)2 X

HEH’I(Q), for any k > 0. Further, the analyticity of (u,p) in Q5 gives, together with (u,p) €
Béi(Sg/Q)2 X Béi(Sg/Q), i=1,..., M, the assertion. O
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