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Abstract

The dynamics of a differential algebraic equation takes place on a lower di-
mensional manifold in phase space. Applying a numerical integration scheme,
it is natural to ask if and how this geometric property is preserved by the
discrete dynamical system. In the index-1 case answers to this question are
obtained from the singularly perturbed case treated in [6] for Runge-Kutta
methods and in [7] for linear multistep methods. As main result, it is shown
that also for Runge-Kutta methods and linear multistep methods applied to an
index-2 problem of Hessenberg form there is a (attractive) invariant manifold
for the discrete dynamical system and this manifold is close to the manifold
of the differential algebraic equation.



1 Introduction

The dynamics of a differential algebraic equation (DAE) is restricted to a manifold. When
applying a numerical integration scheme to a DAE, does the discrete dynamical system
preserve this geometric property of the continuous dynamical system? We investigate
Runge-Kutta methods (RKMs) and linear multistep methods (LMMs) applied to DAEs
of index 1 and index 2.

In Section 2 we show that the existence of invariant manifolds for RKMs and LMMs
applied to DAEs of index 1 as well as convergence results and global error estimates are
obtained from the singularly perturbed case (treated for RKMs in [6] and for LMMs in
[7]) just by putting the singular perturbation parameter ¢ = 0. Indeed, we show that
there is a commuting diagram for the two cases.

In Section 3 we consider index-2 problems of Hessenberg form. In Paragraph 3.1 we
first deal with RKMs and LMMs applied to the index-1 formulation and show that at
least for the case of a linear constraint the commuting diagram of Section 2 still exists also
containing the additional ‘index-2 submanifolds’. In the nonlinear case we prove a linear
(in ¢) drift off the index-2 submanifold of the DAE. In Paragraph 3.2 we consider RKMs
and LMMs applied to the index-2 formulation of the DAE which is preferred in practice
(no reduction to index 1). Here, the question of interest is the existence of an attractive
invariant ‘index-1 manifold’. Again, for the case of a linear constraint it can easily be
verified that there is such a manifold. In the nonlinear case, we prove the existence of such
an invariant manifold and derive important additional properties for BDF-like RKMs and
for LMMs.

For DAEs of index 2 we follow the lines of [2] and [4] where also a standard bibliography
for DAEs may be found. It is to mention that in [1] invariant manifold techniques similar to
ours have been applied to the index-1 formulation of index-2 DAEs in order to investigate
stabilizations of the linear drift mentioned above. The results and invariant manifold
techniques of this paper may also be applied to index-3 problems of Hessenberg form
(cf. [2], [4]) which admit three types of manifolds that may or may not ’persist’ under
numerical approximation.

In this introductory section, in order to introduce the notation and to keep the paper
mostly self-contained and legible, we first summarize the results for singularly perturbed
ODEs and their approximations by RKMs and LMMs given in [6], [7]. There, RKMs and
LMMs are applied to stiff systems of singular perturbation type of the form

&= flz,y)

o ey = g(z,y)

satisfying

Hypothesis H.

1) f and g are bounded and there is r with » > 2 such that f € Cy (R™xR",R™), g €
CI(R™xR", R").

2) There is a function sy € Cj (R™,R") such that g(x, so(z)) = 0 for z € R™.
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3) There is a positive constant by such that all eigenvalues of the Jacobian g,(z, so(z))
have real parts smaller than —b, for all x € R™.

By C} we denote spaces of functions of class C" with bounded derivatives.

Under these assumptions Eq. (1). admits, for all £ > 0 small enough, an attractive
invariant manifold M. which is the graph over z-space of a smooth function s

M. = A{(z,y)lr € R"™, y = s(z,€)}

with s of class C] with respect to x and € (for € € (—¢¢, €9), €0 small) and s(z,0) = so(z).
M. is highly attractive, i.e.,

ly(t) = s(2(t), )] < K xz |y(0) = s(x(0),e)|, >0,

where x! := e P¢ with 3 € (0, by).

M. possesses a stable foliation, i.e., there exists a positively invariant family of stable
fibers which are smooth manifolds over y-space. The ’steepness’ of the fibers is of the order
of L3, = eLip,(f), i.e., if (x,y) and (Z,y) are two points on a fiber then z —z = O(e). As
a consequence, the property of ‘asymptotic phase’ holds: For every trajectory of Eq. (1),
there exists a unique trajectory on M, such that the two trajectories tend to each other
exponentially with rate x. The whole situation is sketched in Fig. 1.

Fig. 1: The attractive invariant manifold M. of Eq. (1), stable foliation
and 'asymptotic phase’

For RKMs applied to Eq. (1). it is assumed that the following assumptions hold.

Hypothesis Hrxu
1) The RKM has order p and stage order 1 < g < p.
2) The RKM-matrix A is invertible.

3) The stability function R(z) := 14 2b" (I,—2zA) "1, 2 €C, where 1, := (1,...,1)T €
R?, satisfies |R(oc0)| < 1.



Here, s is the number of stages of the RKM. Since A is invertible, R(co) =1 — b7 A71 1,
holds. For RKMs with ag; = b;,7 = 1,...,s, this implies R(co) = 0. Under Hypothesis
HRKM the RKM

X = 1,@z+h(A®1,) f(X,Y)

h
Y o= Loyt (Aeh)gx.y)

T = x+h(b'®1,)f(X,Y)
Iyt 0T e L) g(X.Y)

defines a smooth map (I)p. : (x,y) — (X,¥) from R™ x IR" into itself. (We have used
the notation X := (X1,..., X)T e R™, f(X,Y) = (f(X,V1),..., f(X, Ys)T € R,

etc., ® denotes the Kronecker product.) In coordinates measuring the difference to M,

y=s(x,e)+z2, Y=sX,e)+Z7

this map may be written as (we often suppress the dependence of s(x, ) on ¢ for short)

- T = z+h('®IL,) f(X,s(X)+2)
(Dne (R(0co)I, + O(e/h))z+ (BT A @ I,) + O(e/h)) E — ¢

il
|

where the stages X, Z satisfy

X = Li®x+h(AR1,) f(X,s(X)+ 2)
Z = 0O(e/h).

The functions E and e are defined as

E(x,X) = 8<X)—]13®8<5L’)—§ (A® I,) g(X, s(X))
e(r,z,X) = s(x)—s(z)— g W' @ 1,) g(X,s(X)) .

Note that g(X, s(X)) = O(e).

The RKM-map (I),. admits an attractive invariant manifold M), . which is the graph
of a smooth function o(x, h, €):

M. =A{(z,y)|lx € R", y = o(x,h,e)}

with o of class C] with respect to z and ¢ (also for e = 0) and

OV

o(x,h,e) =s(z,e) +
( ) () {O(ehq),if bi=as,i=1,...,s.
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The attractivity rate is x5 = |R(c0)| + ce/h < 1. M), . again has a stable foliation with
fibers of “steepness’ O(e) (since the Lipschitz constant L5 of the right-hand side of the
first equation of (T)h,8 is O(¢g)) and every RKM-orbit has an accompanying ‘asymptotic
phase’ orbit on M), .. In Fig. 2 a sketch of these results is given. For the global error of
the RKM applied to Eq. (1). we have for A and ¢/h small enough and for jh < Nh =T

fixed
z; —z(jh) = O(hP) + O(eh®™h) + O(elyo — s(zo,)|)

(GE>h,€ . .
yi —y(ih) = O(h*1) + O((e + xi.2) lyo — s(xo,€)|)

where for b; = a,, i =1,...,s, the term O(h?™!) in the y-equation is replaced by O(h?) +
O(eh).

Fig. 2: The attractive invariant manifold M), . of the RKM-map (I)y, .,
stable foliation and asymptotic phase and closeness to M.

For LMMs we have the analogous results although the situation is somewhat more
complicated. This is due to the fact that LMMs cannot be considered as a map from
phase space into itself. They are best described by a map in a high-dimensional space.

A k-step method applied to Eq. (1) is defined by

k k
s, = b Biflziy)
i=0

i=0
, O = 1 )
k h k
oays = = > Biglai,ui)
i=0 &€ 0
where (z;,v;),1=0,...,k— 1, are given starting values. We make the following assump-

tion.



Hypothesis Hy

1) The LMM is an irreducible k-step method of order p > 1.

k )
2) The LMM is p;-strictly stable, i.e., the polynomial p(z) := Y. «;2’ has 1 as a simple
=0
zero and all other zeros have modulus smaller than p; < 1.

3) The LMM is o;-stiffly stable, i.e., 5; # 0 and all zeros of the polynomial o(z) :=

k .
Bj%’ have modulus smaller than oy < 1.
3=0

Note that Zf:o a; = 0 and since aj = 1 this implies Zf;ol a; = —1. Under the above
assumptions, the LMM defines a smooth map (I), . from R*™ x R*™ into itself. Defining
o= (ag,...,a,_)T €R", B:=(Bo,...,Bk-1)" € RF and

R = 0 o1 s Xz: ) La;:ekaT: )
0 Titk—1 ag ... 01

etc., and again measuring the difference to M. by the change of coordinates y = s(x,¢)+z
this map has the form

X1 = ((R—=La)®In) Xo+ h(Ls @ I,) f(Xo, $(Xo) + Zo)
+ hB(er ® f(zr, s(z) + 21))

Z = [(R& L) -~ (Ly® L)+ |81 O( max |o; — g
Bk 0<i<k
+h+d+e/h)+O(e/h)] Zy + O(e/h)

mapping (Xo, Zo) € R™ x R* N {|Zy|e < d} to (X1, Z1) € RF™ x RF™,

The LMM-map (I)p. admits an m-dimensional attractive invariant manifold Sy . in

ka % Rkn

Sh,g = {.To,. oy Le—15 Yo, - - - ,yk,1|.§lfo € Rm,
x; = DY (xg, hye), y; =0o(zi,h,e), i=0,....,k—1}.

The function @ is a one-step method of order p for the differential equation & = f(x, s(x, €))
(by ® we denote the i-th iterate) and

o(x, h,e) = s(x,e)+ O(eh?) .

If started appropriately, i.e., z; = ®(xg, h,e), 1 =0,...,k — 1, the manifold

Mye ={(z,y) |z € R™, y=o(z,h,e)}



is invariant under the map (I),. and is O(eh?)-close to M.. The attractivity rate in
y-direction is xp. = max{pi,01} + O(h +¢/h+d) < 1 and for § = 0 one has y,. =
p1+O(h+e/h) < 1and y;—o(x;, h,e) = 2;+O0(ch?) = O(e/h) for j > k as seen from (1),
giving the y-attractivity const - ¢/h - Xfw, j > k. Again there exists a stable foliation
(L?f = O(e), i.e., 'steepness’ of the fibers O(g)) implying the property of asymptotic
phase. Hence, Fig. 2 again gives the right picture also for LMMs (after the k-th step).
For the global error of the LMM applied to Eq. (1). we have for A and /h small enough
and for jh < T fixed:

zj = x(jh) = O(R) + O(max{|z; — x(ih)|})
+ Ok [ max {ly; — y(ih)[} + [yo — s(z0, £)l])
(GE>h,€ . - .
yi —y(ih) = O(W) + O(max {|z; — x(ih)|})
+ O((h+ i) max {ly: =y} + yo — s(zo,)]]) -

For = 0 the factor h in the z-equation is replaced by ¢ and the factor (h + Xi,s) in the
y-equation is replaced by the factor (¢ + O(e/h)V/H).

Notation: Throughout this paper, we denote the continuous dynamical system of singular
perturbation type by (1). (satisfying Hypothesis H.), its invariant manifold by M, with
attractivity x. and ’steepness’ of the stable fibers L5,. Similarly, for both RKMs and
LMMs applied to (1). we denote the discrete dynamical system by (I)., its invariant
manifold by M) . with attractivity x». and 'steepness’ of the stable fibers L' and the
global error estimate by (GE),.. If we consider the variable z (instead of y) measuring
the distance to M. we put a ™~ on (I),., i.e., we write (I)j..

In the DAE case, we replace the € by 0 for index 1: (1), (satisfying Hypothesis Hy),
My, X5, L%: (Do, Mo, Xno» Li3, (GE)n and (I)no. For index 2 we keep the notation
but put a ~on top, i.e., (1) (satisfying Hypothesis Hy), Mo; (I)n0, M40, etc. -

2 Systems of index 1
Consider the DAE
(1o
satisfying
Hypothesis Hj
1) f and g are bounded and f € CJ(R™ x R",R™), g € C; (R™ x R",IR") for r > 2.

2) There is a function so € Cj (R™,R") such that g(x, so(z)) = 0 for z € R™.

3) The matrix g,(, so(z)) is invertible and g, (x, so(2))~! is bounded for x € R™.



Under these assumptions, Eq. (1) is of index 1 since g(z,y) = 0 has a unique solution
y = so(x) for (z,y) € Qq :={z € R™, |y — so(z)| < d} if d is small enough. All solutions
of the DAE (1), in €24 lie on the m-dimensional surface

MO = {($,y)| T e Rma Yy = So(l')} CR™xR".

Remark 1): 1) If, for (zo,y0) € 4, we define the ‘impulse solution’ (x(t),y(t)) with
x(0) = zo, y(0) = so(zo) the set My may be viewed as ‘infinitely attractive invariant
manifold” of (1)y (there is no dynamics off My) with a vertical stable foliation (L9, = 0,
i.e., all points on a fiber have the same x-coordinate). Note that the index-1 case is just
the limit case (¢ = 0) of the singularly perturbed case (except for Hypothesis Hy 3)).

ii) Note that in Hypothesis Hy 3) we do not assume that g,(z, so(x)) has eigenvalues with
negative real part as we did in Hypothesis H, 3). M, is 'infinitely attractive’ independently
of the sign of the real part of the eigenvalues as is the invariant manifold M, . (and M,
below) of the discrete dynamical system (since |R(oo)| < 1). Hence, since there is also
an invariant manifold of Eq. (1), in the case of Hy 3) which is hyperbolic, however, all
assertions of Section 2 hold under Hypothesis Hy 3). In this case, for the global error
of RKMs and LMMs applied to Eq. (1), one has to consider solutions of (1), on M.,
however. .

2.1 RKMs
We follow the lines of [2] and [4].

a) The indirect approach. The RKM
X = 1I,@x+h(A®1,) f(X,Y)

0 = g(X)Y)
T = z+h(b'®I,)f(X,Y)
= g(i‘,g)

is, due to Hypothesis Hy, equivalent to applying a RKM to the m-dimensional system
& = f(x,s0(z)) and defining y, = so(xy). If the method is of order p the global error is
O(h?) (for a nonstiff vector field f).

b) The direct approach. Here, the RKM is derived via (1). and (I),. and putting € = 0.
For the RKM assume Hypothesis Hrxy. If we put € = 0 in Hypothesis H., in the
differential equation (1). and in the map (I),., in the invariant manifolds M, and M, .,
in the attractivity constants x% and xj., and in the Lipschitz constants L$, and Liff we

obtain Hypothesis Hy, Eq. (1), the map
X = Iy@zx+h(A®1,) f(X,s0(X)+ 2)

_ 0 A
I
(o 7 o= a4+ h(T @1 F(X,s50(X)+ 2)

z = 1-=b"TA )2+ (b A @ I,)Ey — e
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where Ey := so(X) — 1, ® so(x), e := 5o(Z) — so(x), and the invariant manifolds My with
attractivity x§ = 0 and

Mo ={(z,y) |z € R™, y = o¢(z,h) == o(x,h,0)}

with attractivity xno = |R(c0)|, and L}y’ = 0. From [6] we know that (b" A~ ®@1I,)E—e =
O(h™™)+O(e) and o(x, h,e) —s(x,e) = O(h?™!) implying (b" A ®1,)Ey—ey = O(hT™)
and og(x, h) — so(x) = O(h4*1). Note that in the z, y-variables (in ;) the RKM-map has
the form

X = I,@x+h(A®1,) f(X,Y)
Dno O T ey
’ T = z+h(b"®I,)f(X,Y)
g = (1-0"A'1)y+ (0 "A'RI,)Y

considered in [2] and [4]. The global error (GE), of (I)n is also obtained from (GE)y, .
by putting € = 0.

Hence, we have shown that the RKM-map (I), o admits an m-dimensional attractive

invariant manifold Mj, o which is O(h?™1)-close to My. The precise results are given in

Theorem 1 Let Eq. (1) satisfy Hypothesis Hy, apply a RKM satisfying Hypothesis Hrxu
and assume r < p.

Then there exist positive constants d, hg, K and a function oo : R™ x (0, hg] = R", of
class C} with respect to x, such that for h < hy and for (x,y) € Q4 = {(z,y) |z € R™,
ly — so(z)| < d} C R™ x R" the following assertions hold.

i) The set Myo = {(z,y) |z € R™, y = o¢(z,h)} is invariant under the RKM-map
(Dr.o-

ii) For (z,y) in Qq the invariant manifold My is attractive with attractivity constant
Xno = |R(00)], i.e.,
|5 — 00(Z, )| < Xnoly — oolz, b
holds.

iii) My has a stable (vertical) foliation of the form

We(z,y) ={(En) [E ==, |n—so(§)] < d},
implying the property of asymptotic phase, i.e., for (xqg,yo) € Qq there is (z,7) €
My o such that the RKM-orbits (z;,y;) and (Z;,9;) satisfy
T;=x;
195 — y3] < K X0 190 — o0(x0, h)|
for 7 € INg.



i) ooz, h) = so(x) +hTH Q(x, h)

with og of class C] with respect to x and |Q| < K, for all x € R™.

v) Let (z(t),y(t)) be a solution of Eq. (1)y with x(0) = zo and let (xo,yo) € Qq. Then
for every T > 0 fixed, there is K > 0 such that the global error satisfies

|z —x(Gh)] < KhP

(GE)no ; +1 J
ly; —yGR)l = KT+ x50 [0 = s0(20)1)

for jh < T.

The assertions of Theorem 1 are illustrated in Fig. 3.

Fig. 3:  The invariant manifolds for the DAE (1)y and the RKM-map ()i

Remark 2): In the case where the RKM satisfies as, = b;,7 = 1,..., s (implying R(co) = 0,
since A is invertible), we have § = so(Z) in (I)no and therefore o¢(z,h) = so(x) and
My, = Mo, xno = 0 (infinite attractivity). The global error satisfies

z; —x(jh)| < Knm
(GE)no . , Jh <T.
ly; —y(h)| < KhP
For a,, = b;, i =1,...,s, the direct and the indirect approach are identical. —

Summarizing, we have shown for the direct approach that the diagram of Fig. 4 com-
mutes, i.e., the results for the RKM applied to Eq. (1) are obtained from the results of
the RKM applied to Eq. (1). just by putting e = 0. Of course, the DAE-results could be
derived by directly applying the invariant manifold theory for maps (cf. [5]) to the map
(T)hp. However, on the one hand, the results for the singularly perturbed case have been
derived before (cf. [6]) and, on the other hand, the diagram of Fig. 4 gives additional
insight.



(1)e; £y (1)o;

M67X27L§2 e=0——— M07X67L?2
RKM | |RKM
(I)h,e; e=0 (Dh,O;
Mh,€7 Xh,es Llféeﬂ (GE)h,E Mh,Oa Xh,0, L;Lé()? (GE)}LO

Fig. 4: The correspondence between the DAE and the singularly perturbed
differential equation and their RKM-maps

2.2 LMMs

For a LMM satisfying Hypothesis Hpyy applied to Eq. (1) we obtain analogous results
as for the RKMs of Paragraph 2.1, in particular, there is again a commuting diagram.
There is one major difference, however, the ‘discrete’ manifold M} is always equal to
the ‘continuous’ manifold M,. More precisely, by putting ¢ = 0 in (T)h,E we obtain the
LMM-map in R¥™ x R*" (Y = 5¢(X) + Z, | Z|os < d, d small enough)

X1 = ((R — La) ® [m) XO + h(Lﬁ ® [m) f(Xo, S(](Xo) —+ Z(])

(Do + h(Be @ f(@k, so(zk) + 21))
Zy = {(R®I,)+ (Ls ® Clzx, 2) ") diag[Bo(Xo) + B(Xo, Z0)))} Zo

where C(zy, ) = —Be(Bo(zx) + Blxk, 2)), Bo(z) == g,(x, so()), B(z,0) = 0. (Note
that it can be seen directly that Z = 0 is an invariant manifold of (I) ).

Again, all results are inherited from the singularly perturbed case by putting ¢ = 0:
e Invariant manifold of (I)po: Mpo = M, .

o Attractivity in y-direction:  xp0 = max{py, o1} + O(h+ |5|d) .

e Stable (vertical) foliation and asymptotic phase.

e Global error for j < N:

oy — 2| < Kz {lee — 2(0h)[} + b gmas {lye — y(eh)]}

+ |yo — so(xo)|) + 17]
(GE)no .
lv; —y(h)| = Kn[max {|ze — 2(Ch)|} + (h +x7,0) (1ax {lye — y(Ch)1}

+ [4o = so(wo)|) + 7] .
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Remark 3): For f = 0 (BDF-like methods, corresponding to as, = b;, i = 1,...,s, in the
RKM case) we have:

. Xﬁ,o = 0 (infinite attractivity in y-direction), i.e., y; = so(z;) for j > k independently

of the starting values o, ..., yr—1 (this is easily seen from (I), with 8 = 0).

e Global error for 7 < N:

|2 —2(jh)| < Kn[max {|ze — 2(Ch)[} + h7]
(GE)no ly; —y(ih)| < KN[O%;E%HW —x(Ch)|} + h?

. X%/Ok](olg?éﬂw — y(h)[} + lyo — so(z0)])] -

3 Systems of index 2

We consider the semi-explicit problem of so-called Hessenberg form

& = f(z,y)

. = Gl)

satisfying
Hypothesis H,
1) fis bounded and f € C; ™ (R™ x R",R™), G € C; T (R™, R"), r > 2.
2) There is a function sy € C7(R™,R") such that G,(z) f(z,s%(z)) = 0 for x € R™.

3) The matrix G, () f,(z, so(x)) is invertible and the inverse is bounded for z € R™.

Under these assumptions, Eq. (1) is of index 2 since differentiating 0 = G(x) with respect
to t yields 0 = G.(z) f(z,y) which together with # = f(x,y) is an index-1 problem by
Hypothesis Hy. The algebraic system 0 = G,(x) f(z,y) has a unique solution y = so(z)
for (z,y) € Q4 :={x € R™, |y — so(x)| < d}, d small enough. All solutions (z(), y(t)) in

Q4 of the index-1 DAE (the so-called index-1 formulation of the index-2 problem (1))

(1)o _ .
= g(z,y) = Gu(x) f(z,y)

lie in the m-dimensional surface

My :{({L‘,’y)|l‘€Rm, yZSO(:E)} € R™ x R".

11



In addition, they satisfy for all ¢ € R

/Ot Go(z(7)) f(z(7), so(z(r))dr =0

implying
G(z(t)) — G(z(0)) =0.

This means that Eq. (1) has G as first integral. The manifold
My ={(z,y)|G(x) =0, y = so(x)} € My CR™ x R" .

is invariant under (1)o. Hence, we have shown that under Hypothesis Hy all solutions of
Eq. (1)o (in €y) lie in the submanifold My of My (cf. Fig. 5). Again the set My may
be viewed as ‘invariant manifold being infinitely attractive in y-direction with a vertical
stable foliation’ (cf. Remark 1)).

Fig. 5: The invariant manifold M, of Eq. (1),

—F const

Remark 4): Note that every manifold M, = {(z,y)|G(x) = const, y = so(x)} is
invariant under Eq. (1)p and lies in My, i.e., the m-dimensional surface M, consists of
—rconst

submanifolds M, . And, of course, all solutions of (1) satisfy & = f(x,y), G(z) =
G(z(0)). .

3.1 RKMs and LMMs applied to the index-1 formulation

Obviously, applying a RKM satisfying Hypothesis Hrxy or a LMM satisfying Hypoth-
esis Hyyy to the index-1 formulation (1) yields the results of Paragraphs 2.1 and 2.2,
respectively, with the commuting diagram Fig. 4. However, the question of interest is if
the dynamical systems (1)., (I)n. and (I)no, respectively, also possess a ‘first integral’,
i.e., a submanifold of M., M}, . and M} o, respectively.

12



A) (1).: The invariant manifold M. is the graph of the function s(z, ) which satisfies the
invariance equation

T = f(z,s(x,¢€))
e sz(x,¢) f(z,s(x,e)) = glx,s(z,¢)).

The second equation is equivalent to e = G, (x) & implying
els(z(t),e) — s(2(0),¢)] = G(z(t)) — G(x(0)) -
Hence, Eq. (1). with g(z,y) = G.(z)f(z,y) admits the invariant manifold

M, ={(x,y)|G(x) —es(z,e) =0, y = s(x,e)} C M. .

Of course, again any set
MSON&t ={(z,y) | G(x) — e s(x,e) = const, y = s(zx,e)} C M,

T const

is an invariant manifold of Eq. (1).. Putting e = 0 one obtains My C My or M, C My,
respectively.

B.a) (D)ne and (Dno for RKMs. i) The linear case: We assume
G(z) = Bx+c

where B is a n X m-matrix and c¢ is a n-vector both independent of x. This implies
g(x,y) = Gu(z) f(z,y) = Bf(x,y). In the RKM case the discrete invariant manifold M, .
is the graph of the function o(z, h, ¢) satisfying the invariance equation

i=1

elo(z, h,e) —o(x,h,e)] = h ibig(Xi,Yi) =B(z—=x).

This implies the existence of the invariant manifold
My ={(z,y)|G(x) —co(z,h,e) =0, y = o(z,h,e)} C My,
for the RKM-map (I)p.. Putting ¢ = 0 we obtain the invariant manifold
Mo ={(z,y)|G(z) =0, y = oo(z, h)} C My
for the RKM-map (I), 0. We know that og(z, h) = so(x) + O(h?™!). The situation for the
DAE in the linear case is sketched in Fig. 6. Note that if a;, = b;, ¢ = 1,...,s, we have

My, o = My and M ho = M, i.e., the continuous and the discrete manifolds are the same.
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Mo O(hat1)

£L’1

Fig. 6: The manifolds My and My of Eq. (1)y and the invariant manifolds
Mo and My, o of the RKM-map (1), for G(z) = Bx + ¢

For RKMs applied to the index-1 formulation of Eq. (1) we have shown that in the
linear case the commuting diagram of Fig. 4 also holds if the submanifolds M, M., M .
and M, o, respectively, are added into the picture.

Remark 5): The invariant manifolds My, M., M} . and M, respectively, inherit the
attractivity of the invariant manifolds M, ME, M, - and M, o, respectively, in y-direction.

conet = = {(z,y) | G(x) = const, y = so(x)}, MconSt
(defined analogously) is also invariant. -

Moreover, every ‘shifted manifold’” M|
const const

Mh,e thO

it) The nonlinear case: For RKMs applied to Eq. (1). we have the following invariance
equation for M, .

(2)
elo(x)—o(x)] = h Z b; G.(X;) f(X;,Y5)

where we have suppressed the dependence of ¢ on h,e. The stages X;,Y;, 1 =1,...,s, are
functions of x, h and € (smooth with respect to x, ). We define the function Q(x;h,e) by

(3) Q(z; h,e) := G(T) —h Z b; G.(X;) f(Xi,Y5) .

Starting the RKM with G(x¢) — eo(zy) = Ay we obtain using the definition of ) and
Eq. (2) that for j > 1

7j—1

(4) G(zj) —eo(zj, he) =Y Qzeh,e) + Ay .

=0
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We want to estimate the function Q(zy; h, €). Let (z(t), y(t)) be a solution of Eq. (1), with
initial values z(0) = z¢, y(0) = y, = o(x,). Integrating & G(z(t)) = Gu(z(t)) f(z(t), y(t))
between 0 and h we get

o) Gla() ~ Gl = [ GCulalr) flalr), y(r)) dr
From the definition of ) we have
(6) G(xpy1) — G(zg) = h i b; Go(X;) f( X3, Y:) + Q(zg; by €)

where X;,Y; are functions of x4, h and €. From Egs. (3) and (6) we obtain

Q(we; h,e) = G(wey1) — G(z(h) — [P — Py

with Py := h 3500 Go(X;) f(X;, Vi) and Py := [ Go(x(7)) f(x(7), y(r))d7. From [6],
Theorem 2 and Theorem 3 (with proof) we know that
Tor1 —x(h) = O(RP™) 4+ O(eh®™) + O(elo(z) — s(z0)])
= O(h**™) + O(eht™) .

Since G is of class C} this implies G(z¢y1) — G(x(h)) = O(h**1) + O(eh?™).

It remains to estimate P, — P,. From nonstiff RKM-theory (cf. [3]) we know that for
a RKM applied to @ = f(u, s(u)), u(0) = ug := z, the relations

u(ch) —uy = h zs: aij f(u(c;h), s(u(cih))) + O(RTT) | i=1,...5,
(7) N
ulh) —uy = h; bi f(u(c;h), s(u(c;h))) + O(RPT)

hold. Moreover, for the function G, (u(t)) f(u(t), s(u(t))) the RKM is a quadrature for-
mula of order p, i.e.,

/Oh Go(u(7)) f(u(r), s(u(r)))dr =
) 5
= h; b; Gx<u<cih)> f(u(cl-h), S(U(Cih))) + O(thrl) .

We introduce Z;,i = 1,...,s, and 2(t) by Y; = s(X;) + Z; and y(t) = s(x(t)) + 2(t) and
we estimate -
Ph—P =P —Pi+P1—Py+Py— D

where

Pr o= h Y bGL(U) £(U s(U)
Py, = h il b; G (u(c;h)) f(ul(ch), s(u(ch))) .
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We have

P -P = hO(11r<1a<X | X — U|+max |Z|)
P, —Py, = hO(11r<1a<x \U; —u(c,h)|)

and with (8)

?Q—szO(hp“)thO(maX |z (t) — u(t)| + max \z(t)\) :

<t<h 0<t<h

From [6] we know that

Zi=0(eh?), X;—U=0(ht), i=1,...5.

The first relation of (7) implies

Uy —u(ch) = O™, i=1,...,s,

and a simple Gronwall type argument yields

max |z(t) —u(t)] = hO(max |z(t)]) .

0<t<h 0<t<h

For z(t) we apply Theorems 1 and 3 of [6]:

At) = a(t) = s(x(t) = O(e™*|y(0) — s(x(0))])
= O(lo(ze) = s(zo)]) = O(h*H) .

Adding up, we finally have
Qg3 h,e) = O(hT?) .

(We have used the fact that the € < h and ¢ < p which cancels out the O(hP™!)- and
O(gh?*)-terms). Hence, Eq. (4) implies for all j € IN

(9) G(zj) —eo(zj;h,e) = Ao+ jh - O(hT™)

where the constant in O(h4*1) is independent of j. This means a RKM-orbit starting
on Mj,. and O(h?™)-close to M), has at worst a linear (in ¢ = jh) drift off in the a-
component. (Of course, starting off M, . there is the attractivity in the y-component with

Xh,e)-

Remark 6): Using the global error estimate (GE)y . it is simple to get the estimate

G(x;) —eo(zj, h,g) = Ag + O(R?) + O(ch®™) .

const-jh

However, here the constants in the O-terms are of the form Konst - e which is a

much weaker result than the one of Eq. (9).

The above results also hold for e = 0. We state the DAE case in
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Theorem 2 Let Eq. (1), satisfy Hypothesis Hy, apply a RKM satisfying Hypothesis Hrium
to its ‘index-1 formulation’ (1)o and assume r < p. Consider for Ay € R"™ the set

Mo = {(2,y) | G(x) = Ao, y = oo(x,h)} C My

with oo and My from Theorem 1. Then the following assertions hold.
i) A RKM-orbit (x;,y;), j € N, with G(zo) = Ao, yo = o(x0, h) satisfies

|G(x;) — Ao| < jh- Kh™' | y; = og(x;, h)

for some constant K independent of j.

ii) If G is linear, G(x) = Bx+c, the set Mﬁg is an invariant manifold of the RKM-map
(Dno-

Remark 7): i) Note, that for a5, = b;, i = 1,...,s, oo(z,h) = so(x) and hence Mﬁg =
A
My* ={(z,y) | G(x) = Do, y = s0(z)} C Mo.

ii) If the RKM-orbit is started such that |yo—so(x)| < d small enough, one obtains due to
the vertical stable foliation of M}, o the same z-estimates as in Theorem 2 and exponential

attractivity to Mﬁg in y-direction (cf. Theorem 1). =
iii) The global error is (GE)p of the index-1 problem as given in Theorem 1 v) and in
Remark 2).

B.b) (Dn. and (I)no for LMMs. The invariance equation for M, . is

k k
S ajzy = h Y Bif(w,o(x))
(10) ) =0 i?O
€ ajo(z;) = h Z Bi Go(xi) f(2i,0(3))
i=0 i=0
together with z; = ®(z¢, h,€), i = 1,2,.... Here, we again have suppressed the depen-
dence of o on h and €. We define the function
k k
(11) Q(xo;ha 5) = Z aiG(xi) —h Z Bi Gx(%)f(xz‘,U(!Ei)) .
i=0 i=0

We will also need the fact that ® is a one-step method of order p for @ = f(u, s(u,€)) (cf.
[7], Theorem 2). For Ag € R" we take xq such that G(x¢) — eo(xg) = Ay and we define
for j =0,1,2,...

A; = G(zj) —eo(x;)

and

Qj = Q(zj;h,¢)

17



where Q(z;; h,e) is defined as in (11) with x; replaced by z;4,. From Egs. (10) and (11)
we have for j > 0

k
> il =Q;
=0

or with 6° := (Ag, ..., Ap_1)T € RF, 61 = (Ay,..., AT, 0 := (0,...,0,Qy)" € R,
rt:=(0,...,0,Q)%, etc.,

8 =(R—Lo) @ L) & v 4ri7t - 5 >1,
and, therefore,

j—1
¢ = ((R=La) @ L)) 0+ 3 (R= L) ® L) r ™71, j > 1.
£=0

By Hypothesis Hyy the £ X k-matrix R — L, has one eigenvalue 1 and all others have
modulus smaller than p; < 1. Hence, we have

|Aj+k;—1| S |5J|oo S KO|5O|OO +] 'KOKla j = 1a27"'7

if Ko > 0 1is such that |((R— La) ® I,)’| < Kj for j > 0 and if we assume that |Q;| < K;
for all j. This second assumption has to be verified. In fact, with similar techniques as
for RKMs using the results in [7], one finds K; = K, h?™! and A; = Ag + O(hPTY), i =
1,...,k — 1. The role of Eq. (7) is taken by the relation

M=

L(G(u),t:h) = ) i G(u(ih)) — hi3; Go(u(ih)) f(u(ih), s(u(ih))]

hp-i—l)

-
Il

—~ O

= 0

(cf. [3]).

Summarizing, we have for j € IN
‘G('TJ) - 80’(.’17j’ h’7 8)| < jh - Kh” + Ko 0H<1a}§€ ‘Al|
<i<
with constants K, Ky independent of j. This, of course, again means at worst a linear

drift (in ¢ = jh) off G(z) — eo(x,h,e) = Ay. For G linear, G(z) = Bx + ¢, it is easy to
see that the set G(x) — eo(x,h,e) = Ag is an invariant set of the LMM-map.
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In the DAE case (¢ = 0), we thus have analogously to Theorem 2 in the RKM case:

e The LMM-orbit (z;,y,), 7 € N, with G(z9) = A and lying in M,y = M, =
{(z,y) |z € R™, y = so(x)} satisfies

(12) G (;) = Aol < jh- KW, y; = so(x;)
for some constant K independent of j.

e If G is linear, G(z) = Bx +¢, and if in addition Bx; +¢= A, i =1,...,k—1, then
the set MOAO ={(z,y) |G(x) = Ay, y = so(x)} € M) is an invariant manifold of the
LMM-map (I

If we take starting values off M satisfying z; — x(ih) = O(hP™Y), i = 1,...,k — 1, where
x(t) is the solution of Eq. (1) with x(0) = zg, G(xg) = Ag and/or |y; — so(z;)| < d,
i=20,...,k—1, d small enough, then the z-estimate (12) still holds and in y-direction
one has exponential attractivity to My. For g = 0, M, is ‘infinitely y-attractive’, i.e.,
y;j = So(z;) for j > k (cf. Paragraph 2.2, Remark 3)).

3.2 RKMs and LMMs applied to the index-2 formulation

While appropriate numerical integration of the index-2 formulation preserves G(z) = 0,
here, the point of interest is the existence of a y-attractive invariant index-1 manifold for
the discrete dynamical system.

a) RKMs. We apply a RKM satisfying Hypothesis Hrxy to the DAE of index 2

& = f(z,y)

(1)o 0 = O

satisfying Hypothesis Hy. Following [2] and [4] we have

X = I,@z+h(A®L,) f(X,Y)

(13) 0 = G(X)

for the stages and

[
&I

= z+h(T @1, f(X,Y)

I
( )h,O _ (1 o bT Afl ]]-s) y + (bT A*l ® In) Y

<

for one step of the RKM. Introducing the variable z by means of y = so(x) + z and
similarly for z this is equivalent to
T = x+h0®l,) f(X,Y)

(T)h,o = R(x)z+ (BT AT L)Y — 1, @ so(x)) + so(x) — s0(T) .

Y
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Of course, we have to show that (I),o and (I)n, respectively, are well defined maps in
phase space, i.e., we have to show that Eq. (13) has a unique solution (X,Y") given x
appropriately in IR™. This is done in Lemma 3 below. There, we consider an altered
system (Eq. (14)) and show that for all z € R™ it has a unique solution near (1,®z, 1, ®
so(x)). For our original system (13) this implies the existence of unique solution not
only for z-starting values satisfying G(x) = 0 but also for perturbed values in a O(h?)-
neighbourhood of G(z) = 0. Note that the solution does not depend on the y-starting
value.

Lemma 3 Let A : R™ x Ry — R" be a bounded function of class Cj.
Then, there are positive constants hy, K such that for h < hy and x € R™ the non-

linear system
X = I,ex+h(A®1,) f(X,Y)

(14)
GX) = 1,8 (G(z) - h Az, h)

has a unique solution (X,Y)(x, h), C} with respect to x, satisfying
[ X(z,h) =My @a| < Kh, [Y(z,h)—1,&so(z)| < Kh.

Proof: If we introduce Z € R*™ by Y = s¢(X) + Z and add the term h>75_, a;; G (X;)
f(X;,s0(X;) + Z;) on both sides of the second equation, Eq. (14) in components (i =
1,...,s) takes the following form

X =xz+hY ayf(X;, s0(X;) + Z)

+h2a” X (Xj)+Zj) .

Using the first equation of Eq. (15) we find
1
G(X;)—G(x) = / Go(x 4+ 7(X; — 2))dr - (X; — )

1
= h, ZO’U / .T + T(X .’,U))d’?' . f(Xj7 80<X]) —+ Z]) .
Hence, the second equation of Eq. (15) is of the form

b X G 50X) 4 2) = S [[1GAX) = Gl + 705, = )l

- f( X5y s0(Xj) + Z5) — Az, h)
= Qi(x, X, Z;h) .
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Since the norm of the integrand is bounded by L¢, (| X; — x| + |X; — z|) < const - h due
to the first equation of (15) and since A is bounded by assumption, the functions @,
1 =1,...,s, are bounded for all A small. Hence, back to the ‘big space’ and since the
Runge-Kutta matrix A is invertible by Hypothesis Hrxn, Eq. (15) has the form

X = 1,@r+h(A®1I,) f(X,s0(X) + 2)

diag[G.(X)] f(X,50(X) + Z) = h(A™'® 1) Q(a, X, Z: h)

with @ bounded and of class C} with respect to z, X, Z. By Hypothesis Hy we know
that diag[G,(X)] f(X,s0(X)) = 0 and that diag[G,(X)] f,(X, so(X)) is invertible with
bounded inverse. Hence, for |Z| < d, d small enough, the second equation can be written
as

Z=hC(X,2) " A ®1,)Q(z,X,Z;h)

with C(X, Z) = diag|G.(X)] f,(X, s0(X)) +O(|Z]) and C(X, Z)~! bounded. Considering
the two equations as a fixed point equation (for some map) the contraction principle
implies the existence of a unique solution (X, Z)(x, h) satisfying | X — 1y ® z| < const - h,
|Z| < const - h. The smoothness follows from the implicit function theorem. L

Remark 8): For an z-starting value such that G(z) = h? A(z, h), Lemma 3 corresponds
to Theorem 4.1 of [2] (cf. also [4], Theorem 7.1). We have given a different proof and we
do not need their assumption G, (x) f(z,y) = O(h). =

i) The linear case: We assume that G(z) = Bz + ¢ for the function G and that the
starting values x and y are such that G(z) = 0 and |y — so(z)| < d, d small enough.
From Lemma 3 with A = 0 it follows that Eq. (13) has a unique solution (X,Y)(z,h)
near (1, ® z, 1, ® so(z)). It is easy to see that by our assumptions G(X) = 0 implies
g(X,Y) = diag[G,(X)] f(X,Y) = 0 and vice versa. Hence, for G(z) = 0 and |y — so(z)]

small enough the maps (I)y o (i.e., the RKM applied to the index-1 formulation of Eq. (1))
and (I)no create the same (z,7y) and therefore the same orbit. Moreover, G(x;) = 0 for
all 7 > 0. Summarizing (cf. Theorem 1), we have the existence of an invariant manifold

for the map (I)no B
Mo ={(z,y)|G(z) =0, y = oo(x, h)}

which is attractive in y-direction and satisfies oo(z, h) = so(x) + O(h?™). (Again, M} =
My (y = so(x)) if a5, = b;, i = 1,...,s.) Hence, for linear G and z-starting value such
that G(z) = 0 it does not matter if we approximate numerically by an appropriate RKM
the index-2 problem (1), or its index-1 formulation (1).

ii) The general case: For RKMs applied to Eq. (1)o which satisfy Hypothesis Hrxy and
as;, = b;, 1 =1,...,s, we are also able to prove the existence of an attractive invariant
(‘index-1’) manifold. This is done by first extending the RKM-map to all R™, applying
the invariant manifold theorems of [5] to this altered map and then taking the restriction
to the subspace G(x) = 0. The result is given in Theorem 4 below and is sketched in
Fig. 7.
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Y

Fig. 7:  The invariant manifolds of Eq. (1) and of the RKM-map (I)n
with a,, =b;, 1=1,...,s

Theorem 4 Let Eq. (1)g satisfy Hypothesis Hy, apply a RKM satisfying Hypothesis Hrxu
and a5, = b;, 1 =1,...,s, and assume r < p.

Then there exist positive constants hg,v, K and a function oy : R™ x (0, ho] = R", of
class C} with respect to x, such that for h < hg the following assertions hold.

i) The set My = {(z,y) |G(x) = 0, y = ooz, h)} is an invariant manifold for the
REKM-map (D).

i) Mpyo is ‘infinitely attractive’, i.e., (z,y) € {|G(x)| < vh%*} x R" implies for the

image (z,7y) under (I

G(x)=0, y=o0o(7,h).

i1) My has a vertical stable foliation implying the existence of an ‘asymptotic phase’
orbit (z;,y;) with &; = x;, j >0, and y; = y; = oo(z;,h), j > 1.

iv) Closeness to M :
loo(x, h) — so(x)| < Kh?.

Proof: i), ii), iii) For x € R™ we consider
X = L,@z+h(A®1,) f(X,Y)
GX) = 1,®G(x)

(16)
T = z+h(V"'®1,) f(X,Y)

1-bTA )y +(TA ' 1,)Y .

N
I

22



By means of Lemma 3 with A = 0 we know that Eq. (16) describes a well defined map
from R™ x R"™ into itself. Introducing z by y = so(x) + 2z and Z by Y = so(X) + Z, this
map has the form

T =ax+hb"®I,) f(X,s50(X)+ Z)

(17) Z=R(0)z+ 0T AT QL) Z+ (BT A @ 1) (s0(X) — 1, ® so())
+so(z) — s0(T) .

By means of Lemma 3 and since R(0c0) = 0 by Hypothesis Hrxy and a5, = b;, i =1, -+, s,
we have for every d > 0 that for h small enough Eq. (17) defines a smooth map from
R™ x R" N {|z| < d} into itself. We apply the invariant manifold theorems of [5] to this

map of the form
T = x+hFi(x,h)

= FQ(I‘, h) .

I\

In the domain considered, F} is invertible with respect to x, i.e., for every z, z there is x
such that £ = Fj(z,z,h). For the ‘lower’ Lipschitz constant of Fy with respect to = we
find I';; = 1 4+ O(h). For the Lipschitz constant of F} with respect to z we have L5 = 0.
For F, we have Loy = O(h) and Lgy = |R(c0)| = 0. Hence, the conditions B1, B2, B3(r)
of [5] are satisfied and we obtain the existence of an m-dimensional invariant manifold
Mo ={(z,y) |z € R™, y = o¢(z, h)} for the map (16).

Now restricting the map (16) to the subspace G(x) = 0 it follows immediately since
as, = b;, i = 1,..., s, that this subspace is positively invariant under (16). On the other
hand, since in Eq. (16) G(X) = 1, ® G(x) there is for every z with G(z) = 0 a pre-image
x with G(z) = 0 obtained by iteration of z*' = 7 — h(bT ® I,,,) f(X (2%, h), Y (2*, h)),
¢ >0, 2° = z. Hence, we have shown the existence of the invariant manifold

Mo ={(z.9)|G(x) =0, y = oo(x,h)} C My .

From Lemma 3 we know that for a starting value (g, o) with G(zy) = h* Ay the RKM-
image (z1,y1) exists. Due to as, = b;, i = 1,...,s, we have G(x1) = 0. Due to R(co) =0
and Lis = 0 we have y; = oo(x1, h). Together this gives an infinite attractivity to Mh,o-

The smoothness of 0y as well as the foliation of M},  follows from the invariant manifold
results applied to Eq. (17). Due to Lip; = 0 the foliation is vertical and the asymptotic
phase orbit therefore satisfies ; = x;, j > 0. Due to the infinite attractivity in y-direction
we also have y; = y; = o¢(z;,h), j > 1. Hence, we have shown Assertions i), ii), iii) of
the theorem.

iv) For the closeness of M, to M, we have to estimate the right-hand side of the z-
equation of (17). We consider the nonstiff equation @ = f(u, so(u)) with initial condition
u(0) = x. Applying the given RKM with uy = u(0) we obtain

U = ﬂs®$+h<A®[m)f(U7$0(U>>
i = xz+hb"®1,)f(U, so(U)) .

23



Taking into account the z-equation of (17) (with the corresponding X-equation) we there-
fore find
(18) X—-U=0(Mh)Z and 2—u=0(h) Z .

Taking the z-equation of (17) and adding zero appropriately we have

Z = R(oo)z+ (VTA'®I,)Z
+ (0T AT @ 1) (s0(X) = s0(U)) + s0(@) — 50(Z)
+ (WTA @ 1) (s0(U) — 1, ® so(z)) + so(x) — so(a) .

As seen in Paragraph 2.1 the last two terms together can be studied via the singularly
perturbed case of [6] and the limit € — 0 yields the estimate O(h4™'). Thus, we have
together with Eq. (18)

zZ = R(c0)z + O(1)Z + O(h*) .

It remains to estimate |Z|. Taking the components we have taking into account the
solution (z(¢), y(t) = so(z(t))) of Eq. (1) at the t-values ¢;h

Zi =Y — s0(X;) =Y — so(x(cih)) + so(z(cih)) — so(X;), i=1,...,s.

From [2], Lemma 4.3 and proof (cf. also [4], Lemma 7.4) we have the ‘local error’ estimates

X, — aeih) = (™), Yi—y(eh) = O(hY), i=1,....s,

implying Z; = O(h?). Hence, we have Z = R(c0)z + O(h9) and the invariant manifold
results of [5] give the assertion claimed. 1

Remark 9): Having an estimate for the global error of the z-component which is at
least O(h?*1) for jh < const (see, e.g., the results in [2] or [4]) we may estimate for the
y-component for 7 > 1

ly; —y(Gh)| < ly; — ooz, h) | + [oo(;, h) — so(z;)]|
+ [s0(w;) = so(z(jh))| + [so(z(Fh)) — y(ih)]

where (z(t),y(t)) is a solution of (1)y with |zg — x(0)] < vh?. The first and the last term
on the right-hand side are zero due to the infinite attractivity in y-direction of M, o and
My, respectively, the third term is of the order of |z; — x(jh)|. Hence, we have

ly; —y(Gh)| < loo(xj, h) — so(x;)| + K |z; — 2(jh)]

and the x-estimate together with Assertion iv) of the theorem give an estimate O(h?) for
the y-component. -

In the case of general RKMs (i.e., b; # ag; for at least one i € {1,..., s} and Hypothesis
Hgrkw) we are not able to prove the existence of an index-2 manifold. The y-attractive
index-1 manifold M}, o(yo = oo(z,h)), however, exists in the following sense. If the
RKM orbit is started wit z such that G(x) = O(h?) then the orbit (z;,y;) approaches
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exponentially the manifold M}, o which is O(h?)-close to My. This holds for all j > 0 such
that |G(z;)] < yh? for a given v > 0.

b) LMMs. For LMMs applied to Eq. (I)q we have (cf. [4])

k k
ZO@% = h Zﬁz‘f(xi,yi)
(19) i=0 i=0

with Zf:o a; = 0, ap = 1, B # 0 by Hypothesis Hry. The existence of a unique
solution (xg, yx) for h small enough follows from Lemma 5 below. As in the RKM case (cf.
Lemma 3) we again consider an altered system (Eq. (20)) and thus obtain the existence
of a solution of Eq. (19) for z;-values in an O(h?)-neighbourhood of G(z) = 0.

Lemma 5 Let the z-starting values satisfy |x; — x| < const - h for i, =0,...,k—1,
and let A : RF* x Ry — R™ be a bounded function of class C}.

Then, there are positive constants hy, d, K such that for h < hy and for |y;—so(z;)| < d,
1=20,...,k—1, the nonlinear system

k k
ZO@%’ = h Zﬁz‘f(%',yi)
(20) i=0 i=0
k—1
G(zy) = —Z G(z;) — h*A(xg, . .., 2413 h)
i=0
has a unique solution (g, yx)(To,+*, Th_1; Yo, - - -, Ye_1; h), C} with respect to the x- and
y-arguments, satisfying
k-1 k—1
ok + Y v < K(h+1B1d), [y — so(= Y awwi)| < K(h+|8]d) .
i=0 i=0

Proof: The second equation of (20) is equivalent to

(21) 0= a[G(zy) — G(z;)] — h*A

I
—

.
o

where we have skipped the arguments of A for short. We may write
k—1 k—1 1
> a;[Glay) — Glzy)] = ozi/o Gz + 1(xp — 21))dT - (T8 — T5) -
i=0 i=0

Moreover, multiplying the first equation of (20) from the left by G.(zx) yields with
S =1

k—1 k-1 k
> i Golwy)z; — > oy Go(ap)ze = h Y B Gulay) [ yi) -
=0 =0 i=0
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Adding this equation to (21) and dividing by h? we thus obtain

% gﬁi Go(wr) f (i, yi) —% ]:Zé%‘ /(]I[Gm(ﬂfi + 7(z) — x;)) — Go(xp)]dr - (2 — ) — A
= Q(zg,...,x13h) .
We estimate -
Ty — i —xk+2am+2ag i — 1 = O(h)
=0 =0

by means of the first equation (20) and by our assumption on |z; — z;|. We therefore
conclude that the function @) is bounded. It remains to show that the nonlinear system

Ty = _Zaz$l+h2ﬁz l’z,yz
(22)

/Bk‘Gl‘(ka)f(xkﬂyk) = _Zﬁz x,,yz)+hQ(xo,...,xk;h)

has a unique solution (zy,yx) near (—SF )z, so(— ¥} az;)). We introduce the
variables z; by y; = so(x;) + 25,4 = 0,...,k, with |z| < d,i = 0,...,k — 1. Since,
by Hypothesis Hy, G,(z)f(x,s0(z)) = 0 and Gy () fy(z,s0(z)) is invertible and its in-
verse is bounded for z € R™ we can apply, for |z;| < di small enough, the Newton-
Kantorovich theorem implying for A and |3|d sufficiently small the existence of a unique
solution (xg, yr)(To, - - -, Tu_1; Yo, - - - Yr_1; h) satisfying |2p+SF1 o 2| < const-(h+|B|d),
|zk| < const - (b +|5|d) (cf. [7]). The smoothness follows from the implicit function the-

orem.
1L

Remark 10): i) For z;,i = 0,...,k — 1, such that — > a;G(2;) = h?A, Lemma 5
corresponds to Theorem 6.1 of [4]. With our type of proof we do not need their assumption
y; —y(ih) = O(h), i =0,...,k — 1, but only |y; — so(z;)| < d, d small enough (if 8 # 0).
If we choose the y; such that y; — so(x;) = O(h), i =0,...,k — 1, we have

k—1
‘xk + Z oy X4
i=0
as in [4]. For BDF-like methods, i.e., 5 = 0 in Eq. (19) this estimate holds independently
of the y-starting values y;. In this case, there is no restriction on the y; and the solution
(2, yr) does not depend on the y-starting values y; at all.

i) In [4] also LMMs with 0 = 3% | 8;G(x;) as second equation (in Eq. (19)) are considered.
Lemma 5 yields a solution (xg,yx) of such a method for z-starting values x; such that

— S0 (0 — §)G(xi) = h*A. ;

< Kh, lyp — so(zr)| < Kh

In the linear case, it is again easy to verify that the maps (I), and (I),o create
the same orbit if G(x;) = 0,7 =0,...,k — 1, implying the existence of the y-attractive
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invariant manifold My = {(z,y) | G(z) = 0, y = so(z)} (for B = 0 and 3 # 0) with the
properties already derived in Paragraph 3.1 for (I)p.

In the nonlinear case we consider for § = 0 (BDF-like methods)

k
Z aizg = hBy f(Tn, yr)
(23) =0

Gla) = =Y aiGla).

For z; defined by yx, = so(xx) + 2, we know from the proof of Lemma 5 (with A = 0) that
the solution (zg, zx)(xo, . .., zx_1; h) of Eq. (23) satisfies

k-1

(24) v = = 3okl f(n sole) + 2)

2 = hQ(xg,..., 25 1;h)

with @ = O(|Q]) (cf. Eq. (22) for 8 = 0). For every 7y € R™ and v > 0 the function Q
is bounded and of class C} with respect to xo, ..., x5 if |z; — 29| < h,i=1,...,k—1.
We extend @ to all R* by modifying it in the following way: Inside the tube Qo =
{X, € R |2y € R™, |2; — 1| < 2h,i=1,...,k—1} we put Q := Q, outside the
tube (2, we put Q = 0 and, in between, @ is taken such that it is Cj. The first equation
of (24) may be considered for all X, € R*". Hence, for d and h small enough we have a
smooth map from R*™ x {Z € R* | |Z|» < d} into itself of the form

X1 = ((R—Ly) ®1,) X+ hle, @ P(Xo; b))

(25) ~
Zy = (R@I,)Zo+ hier @ Q(Xo; b)) .

As done in [7] we apply the invariant manifold theory of [5] and the analogous construction
yields the existence of an m-dimensional attractive invariant manifold for the modified
map (25) (in the z, y-variables)

Mh,O = {(l’,y) ‘ T e IR‘m7 Y= O'(](.T, h)}

if started appropriately, i.e., z; = ®(z9,h),i = 0,...,k — 1. The closeness to M is
oo(x, h) — so(z) = O(h|Q|) = O(R|Q|), the attractivity in y-direction is y; — oo(x;, h) =
2+ 00(xj, h) — so(x;) = O(h|Q|) for j > k and Xho=0if z; = ®'(x,h), 1 =0,... ., k—1,
and M, o has a vertical stable foliation (L}’ = 0, since the O(h)-terms in Eq. (25) do not
depend on Zp). Since on M}, o we have x; = ®(xg,h), ; — 29 = O(h), i =0,...,k—1, it
follows that for 7 large enough, M}, is an invariant manifold for the original map (24).

For the closeness of Mjy to M, we have to get a better estimate for the function )
established in the proof of Lemma 5. This is done using similar techniques as for RKMs.
As seen in Paragraph 3.1 the solution z(t) of Eq. (1)y with x(0) = z, satisfies

= o Gla(ih) — h G Gl (k) £k, sulz (b)) = O(#*).
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Since G(z(t)) =0, t > 0, we thus have together with

hB Go(ar) [k, so(xp) + 21) = B2 Q(xo, . . ., xx; h)

that
hQ = Bi [Ge(xr) [, so(en) + 2) — Gulw(kh)) f(2(kh), so(x(kh))] + O(hP) .
The term in brackets is of order O(|zx|) + O(|zx — x(kh)|). We estimate

2 =Yk — so(wx) = yr — so(z(kh)) + so(x(kh)) — so(ws)
= yr —y(kh) + O(Jzx — x(kh)]) .

Since on My, o we have x; = ®*(xg, h) with z; —z(ih) = O(hP*1), i =0, ..., k—1, it follows
from the results in [4] that

x — x(kh) = O(h?), yr —y(kh) = O(RhP)

implying h@Q = O(hP).

Taking the restriction to the subspace G(z) = 0, i.e., taking G(z;) =0,71=0,...k—1,
it follows from Eq. (23) that G(x;) = 0 and, hence, that this subspace is positively
invariant under the LMM-map. It is easy to see that this subspace is indeed invariant.
Summarizing we have:

e Invariant manifold of (I)y0:

Myo={(z,y)|G(x) =0, y=o00(z,h))} C My .

Closeness to Mjy:
oo(z, h) — so(x) = O(hP) .

Infinite attractivity in x-direction:

k—1
| = > a;G(x;)| < const-h* implies G(z;) =0 for j>k.
i=0

Attractivity in y-direction:
infinite (i.e., Xﬁ,o =0) if oy = ®'(wg,h) for i=0,....k—1;

in any case,
lyj — oo(z;, h)| < K" for j>k.

Stable (vertical) foliation and asymptotic phase.
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Remark 11): 1) We have shown that also for LMMs with 5 = 0 the situation of Fig. 7
holds (if started appropriately) but with closeness O(h?) instead of O(h9).

ii) As for RKMs the global error estimate for the z-component which is O(h?) (cf. [4])
immediately gives the estimate O(h?) for the y-component by means of

ly; —y(Gh)| < loo(zj, h) — so(x;)| + K |z; — x(jh)] .
_|

In the case of general LMMs (i.e., 8 # 0 in Eq. (19) and Hypothesis Hyyy) the same
invariant manifold result holds as in the BDF-like case (cf. also [7]). The attractivity in
y-direction is |y; — o(xj, h)| < Kxfho maxo<i<k{|yi — oo(xs, h)|} for j > k with xpo =
max{py, o1} + O(|3lh) + O(h) < 1 if x; = ®*(xg,h), i =0,...k — 1. The stable fibers are

not vertical anymore.
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