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Abstract

A new finite element method for elliptic problems with locally periodic
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1 Introduction

Numerous problems in engineering and the sciences involve media with small-scale features,
such as a large number of rivets, stiffeners, fibers etc. In many cases scale resolution, i.e. the
discretization of the small-scale problem features with finite elements, is not feasible, even with
advanced hardware. The derivation of macroscopic models as the small scales tend to zero by
averaging or homogenization is by now well understood and established for periodic structures
(see, e.g. [3, 4, 11]). The averaged equations have smooth coefficients and are therefore well-
suited for Finite-Element discretization. The small-scale features of the solution, however, are
lost in this process. Recovery of such features requires the computation of so-called correctors
which are as difficult to compute as the original problem. Moreover, the averaged equations are
obtained as leading term in asymptotic expansions of the solution as the scale-length € — 0. In
practice, however, € > 0 is given and fixed and the asymptotic limit may be a poor description
of the phenomena of interest. Since asymptotic expansions generally do not converge, the
inclusion of higher order terms at fixed € > 0 into the homogenization process will not improve
the solution, in general. In addition, the homogenization is basically related to a global periodic
pattern of the microstructure.

Some researchers have therefore avoided the use of homogenization techniques. For exam-
ple, finite element multigrid and multiscale techniques have been developed for the resolution
of the small scales (see, e.g. [6]). Such schemes are successful in rather general situations, in
particular in the absence of periodicity. However, they require scale-resolution, i.e. with linear
elements in dimension d at least O(c¢~?) degrees of freedom. The multigrid techniques consti-
tute an optimal order process for the solution of the resulting system of equations, but cannot
overcome the requirement of scale resolution. If the scales are resolved, these approaches yield
algebraic convergence rates.

In the present paper, we develop a new p-FE approach for the numerical solution of homo-
genization problems. Its main features are as follows:

a) under the assumption of locally periodic structure, the scale can be resolved with com-
putational work which is bounded independently of &,

b) for piecewise analytic input data, the method will converge exponentially, independent
of the length scale ¢, in particular also at fixed, positive &.

c) as € — 0, the numerical solution converges to the homogenized limit with an optimal
rate in e.

d) the approach applies to general elliptic systems with locally periodic microstructure.

A related algorithm has been used successfully in large scale computations [1].

For the sake of illustration, the approach will be developed and analyzed here for the

classical elliptic problem

V- (a <§) Vu) +ag <§> w=f inQ, (1.1)

Bu=0 on 0. (1.2)
Here Q is a bounded, connected subset of R? with boundary 99 and boundary operator B



which may be either the trace operator or the conormal derivative operator. The problem is
assumed strongly elliptic, i.e. a(§),ap(§) are positive.
The Finite Element Method (FEM) for (1.1), (1.2) reads: find u5, € V¥ such that

a(u®,v) = / {a (E> Vu- Vv + ag (E> uv} dr = (f,v) YveV¥ (1.3)
[¢) 9 9
where VN c H'(Q) is a subspace of dimension N which carries the essential boundary condi-
tions (if any). The FE-solution u5, is optimal in the energy norm || - ||g
voe VY |uf —uylp < vt~ vllg (1.4)

and the performance of the FEM (1.3) depends strongly on the design of the subspace V.

The basic idea of our approach is the design of special, e-dependent subspaces Vév which
resolve the microscale with a number of degrees of freedom independent of € and which give
exponential convergence in N if the right hand side f of the problem is analytic. To this end,
we must assume the coefficients a(¢),ao(¢) in (1.1) to be 1-periodic. The subspaces VY will
be built by analyzing the Fourier-Bochner representation from [9, 10] of the solution of (1.1)
on the unbounded domain R?. We show that asymptotic expansion of the kernel with respect
to € about € = 0 reproduces the classical homogenization approach — thus the method is at
least as good as that approach. We obtain subspaces VV by sampling the Fourier-Bochner
kernel for fixed € > 0 in the frequency domain. We prove that if the sampling points are
properly selected, this yields function systems with exponential convergence independent of
€ > 0. We calculate the e-dependent shape functions by solving once a parameter-dependent
unit-cell problem with the hp-FEM. Finally, we address the calculation of stiffness matrices
for our e-dependent shape functions. We show that these matrices can be generated with
work independent of . In order to present the ideas in the simplest setting, we concentrate
here on the case d = 1 and globally periodic problems. We hasten to add, however, that all
proofs apply verbatim in dimensions d > 1 [7]. Likewise, the assumption on global periodicity
of the coefficients a, ag is not restrictive — if the coefficients are only patch-wise periodic, we
may resort to the partition of unity method (PUM) and use V¥ simply as local approximation
spaces in the PUM (see [2] for more on the theory and applications of the PUM). Finally, we
remark that the algorithms developed here have shown good results also in the non-periodic
setting, see e.g. [1], even though the theoretical results do not apply there.

The outline of this paper is as follows. In Section 2 we present the homogenization problem
on the unbounded domain and introduce the kernel ¢(y,¢,t) together with its properties. In
Section 3 we show how the classical homogenization result € — 0 can be obtained with our
approach and derive also the new spectral homogenization result. Exponential and spectral
convergence results are established.

Section 4 addresses the computational aspects of the kernel and of the stiffness matrices
if the e-dependent shape functions are used in a p-Version FEM. Computational examples in
full agreement with the theory conclude the paper.



2 The homogenization problem on R

2.1 Variational setting and representation formula

Based on (1.1), consider the following elliptic, second order equation

2 (1) @) +a (D)@ = r@) 21)

on R, in which a(-) and ag(-) are L*°(R), 2r-periodic functions, € > 0 is a real parameter and
f € L}(R). Tt is also assumed that there exist positive constants +,v; > 0 such that

0<vy<a(§),ap(é) <m, forae £€R. (2.2)

Then, it is shown in [9], [10] that (2.1) admits a unique solution u® with the following repre-

sentation:
(B)
/ Z% ) dt. (2.3)
R

Here, f represents the Fourier transform of f and the integral is understood as Fourier-Bochner
integral of Banach-space valued functions. The kernel ¢(-, ,t) is the 27-periodic weak solution
of the so-called unit-cell problem:

d d - ety _ i
_s%d_y (a(y)d_y (¢(y,€,t)emy)> +ao(y) ey, e ==,y € Q, (2:4)

where @ := {y : |y| < 7} denotes the fundamental period. To characterize precisely the notion
of solution of (2.1), we introduce the following weighted Sobolev spaces on R:

Definition 2.1 For j = 0,1 and for any v € R the weighted Sobolev spaces HIJ,(R) are defined
to be ‘ —
H}(R) = C5°(R; C) 7, (2.5)

ull2, = / (2%

Let us associate with (2.1) the sesquilinear form W(e)[-,-] : H1 (R) x H(R) — C

U(e)[u,v] = / {a (g) j—i(m)%—i— ap <§> u(x)m} dx. (2.7)
R

Proposition 2.2 There exist positive constants vy, C and n such that for all v € (0,19) and
all e > 0,

where

2
da:l ) el dg. (2.6)



1 (e)[u, v]] < Cllully, vl

2. inf sup |¥(e)[u,v]| >n >0,

lwllt, =1 o)y, =1

3. sup |¥(e)[u,v]| >0 for all 0 # v € HL(R),
ueH! (R)

4. for all f € (HL(R))", there exists a unique weak solution u® of (2.1), i.e.
uf € HY (R): T(e)[uf,v] =< f,v > (HL)* x H}» Vo € HY(R). (2.8)

Moreover, u¢ admits the integral representation (2.3) and the following a-priori estimate

holds
|l < (/MM gy

A proof of these statements is given in [9].
Next, we define

Y(y,e,t) := ¢(y,e, t)eitsy. (2.9)

With the above notations, for every ¢t € R the kernel 9(-/¢,¢,t) € H' (R) is the unique weak
solution of the problem

U(e) [¢ <get> ,v] =< "0 >y, Vo€ HYR). (2.10)

In the remainder of this paper, we will show how the kernels ¢(y, &,t),9(y, e,t) can be used
to design FE-approximations of (1.1), (1.2) which encode the microstructure and coefficient
regularity. A crucial role will be played by the kernels’ analyticity.

2.2 Analyticity of the kernels

It has already been shown in [10] that the kernel ¢(-,¢,t) can be continued analytically with
respect to (g,t) in a neighbourhood G' € C? of R?, with values in H! (0,27), H' (R). We

per

show here that for every fixed e > 0, ¢(-,¢,t) and 9(-,¢,t) can be continued analytically with
respect to ¢ in a strip neighbourhood of R, and the width of the strip is independent of €.
For d > 0 let us use the notation

Dy = {t € C such that [Imt| < d}. (2.11)
Then the following theorem holds

Theorem 2.3 For every v € (0,vp), the mappings

Dyjp 5t — 1) <gst> e H' (R), (2.12)
Dyjp3t—¢ <gst> e H',, (R), (2.13)

4



are holomorphic in D,y with values in the Banach spaces H! (R), H', (R) respectively.
Moreover, for allk >0, e >0 andt € D,y holds

& - (2k)!

e oo, = 2 2
dk . k!

' ﬁ(ﬁ (E,E,t) o S C(l + ’t’)w (215)

For the Proof of Theorem 2.3 we refer to Appendix A.

3 Finite dimensional approximation in the nonperiodic setting

3.1 Asymptotic approximation of (2.3) (expansion in ¢)
3.1.1 Derivation of the expansion

In this section we show how from the kernel ¢(y,e,t) the classical result of homogenization
can be derived.

Since the kernel ¢(-,¢,t) is analytic with respect to ¢ with values in H}.(—m, ), it can be
expanded in powers of ¢, for every fixed t € R, i.e.

(b('?a?t) = Z€k¢k('7t)' (31)
k=0

Note that the convergence radius depends on ¢, and the coefficients ¢ (-, t) are in H;er(—w, )
and depend holomorphically on t. Setting

™

(e, 1)[p, 0] == / a<y>d% (d(y)e=¥") d%(v@)eieyt) + a0 (y)d(y)v(y) dy, (3.2)

—T

we may write
B(e,t) = o + P (t) 4+ 2Po (1), (3.3)

in which
rodé. dv
Boloyv] = / a(y)d—‘j@)d—;(y)dy,

—T

&) = i [ aly) (w(y)j—;(y) —t%@)@) dy,

—T

™

Do (t)[p, 0] = /(!tlza(y)+ao(y))¢(y)@dy,

—T



for all ¢,v € H}

per

(—m,m),t € R. We note that

k

Op(1)[, 0] = Y (i) Dy, v, (3.4)

k'=0

with @[, ] independent of ¢ and ¢. Denote by
s
Wpler =q9¢€ H]%er(_W?ﬂ-) : /(b(y) dy =0
—T

Since ¢(-,¢,t) is the weak solution of the variational problem

s

O(,6,1) € Hyep(—m,m) : ®(e,8)[9(-,6,1),0] = &2 /”(y) dy, (3.5)
after substituting the expansion (3.1) into (3.3) and equating like powers of ¢, the following
expressions for ¢ (+,t) can be derived (for the proof we refer to [10] for example)

go(t), if k=0
wl = (36)

> g Oxe—i (0 +ge(t), ik >1,

=0

where for each k > 1, xx(-,t) € W, is the solution of

—®y(8)[1, ], if k=1

—Oq(t ), v] — Do(t)[1, v], if k=2
Bolxce(-11).v] = 1) [x1 (1), v] = @2(t)[1, 0] (3.7)

_q)l(t)[Xk—l("t)’v] - q)2(t)[Xk—2('at)’v]’ if k >3,

\
and the g(t) € C are defined recursively by

( 2

@1 ()[x1, 1] + Pa(t)[1,1] if k=0
=Y g (3.8)
=57 200 (@1t xkr1— (1), 1] + Do) xr—; (1), 1)), ik > 1.
7=0




Let now x1,1(-) € W, be the unique weak solution of
Do[x11 +y,0] =0, VveE Wy, (3.9)

Then, x1,1(+) is a real valued function and it can be deduced directly from the definition of
Xl(-, t) that
x1(t) = itxi (). (3.10)

Substituting (3.10) in the definition of gy we get

1

= A1
gO(t) A‘t‘z—i-AQ’ (3 )

where

™

1 1
Ay = — d A= —7 . =— . . . 12
0= /ao(y) Y, o olx1:1+v,y) o o(xt;1 + ¥ x1;1 +y) (3.12)

—T
Replacing in the integral representation (2.3) of u®(z) the kernel ¢(+,¢,t) by its asymptotic
expansion (3.1), we get the formal expansion for u® in powers of €

ut () =Y etugy ().

k>0

The leading term g, (7) = u(g)(z) is by (3.6) and (3.11) independent of ¢ and the unique weak
solution of the homogenized differential equation, with constant coefficients A and Ay defined
by the averaging formulas (3.12)

d d
—% (A Z;O)> + AQU(O) (.%') = f(x)

If f satisfies the usual assumptions, the coefficients ufk) (z), k > 1, may be represented as
Bochner integrals with kernel ¢g(-/e, t)

(B)
ufk)(x):\/% / F)e=te, (gt) dt. (3.13)
R

Solving for ¢1(-,t) now yields

$1(-,t) = go(t)x1 (-, t) + g1(t) = itgo(t)x1;1(-) + g1(2).

Therefore, by (3.13)
: dufo) T\ | e
U(1)(33) = Tgp Xt <g> + U(1)(35)a




where

Similarly,

(1) + g1(t)xa (- t) + g2(2)

$2(,t) = go(t)x2(,
((3t)2x2:2(-) + x200()) +itgr1(t)x1;1 () + g2(2),

= go(t)

where

™

Bl = - a<y>>a;1<y>j—2<y>dy+ / a(y)d%mwy)@dy, (3.14)

—T —T
T

D) [x2,0,v] = —/ao(y)@dy, Vo e Wpler. (3.15)

—T

d?u g T z dgy -
uiy(@) = —P@es () +uo@reo (2) + — L@ (2) + gy @),

9 9

By (3.4) and an induction argument it can be directly derived from (3.7) that

(]

Xk('7 t) = ZXk;k*ﬂ(')(it)k_m? (3'16)
1=0
where yy.;(-) are real valued functions which are independent of ¢, t.
Writing @1 (¢)[, -] = it®1.1[, ] and ®2(t)[-, ] = (it)? P, -] + Pao[-, -] we can easily find a
recursive system of equations for xp.x—2() :
] C
(@) Ro[xrh-2,0) = — Y (@) T Bra [k 1k-1-25, V]
=0 Jj=0

=2
- Z {(it)k_zm@zg[ka2;k7272m7U] + (it)k_z_zm%;o[ka2;k7272m7U]} .



Equating like equal powers of it in both sides we get a recursive set of variational problems for
Xkik—21(), for k> 1 (x—1;-1 =0, xo0 = 1) :

— Py [Xk—135-1,0] — P2 [Xk—2:6—2, V] l=0,

—® 11 k- 1h—1-215 V] — oo [Xh—236—2-21 V] — Poo[Xp—2k—2,v] 1 <1< [E] -1,
Qo[ Xkik—21, V) =

=11 Xk 13h—1-21, V] — Pos0[Xk—2:8—21, V] 1=1[%], k odd,
—®o0[Xk—2;6—21, V] =[], k even
\
(3.17)
Moreover, it can be also seen that
k+1 (k).
gi(t) = (90(1) " w5 (i1),
where pg-k)(-) designate a polynomial with real coefficients of degree j.
Proposition 3.1 For k > 0 and any t € R, ¢i(-,t) € Span{xr—;: k,j,Ql(-)}0<j<k 0<2<h_j"
with xi.;(-) defined recursively by (3.17) and the convention that xo.0 = 1.
Proof. By substituting (3.16) in (3.6) we can write for ¢y (-, t)
k 2
Nk—j—21
k() = Zgj(t) Z X—jih—j—21(-)(it)* 77 + gi(t) € Span {xs—; k—j—21() o< j< o<tk -
i=0 =

O

3.1.2 Justification

Taking the Taylor expansion of ¢(+,¢,t) with integral representation for the remainder, we can
write

(B)
€L+1 dL+1
¢('7€7t) - Z€k¢k I /(1 —S)LdeTJr?(',SE,t) ds

(0,1)
€L+1 dL+1¢
= Ze ¢k L+1)'d€L+1( 9(6) t)’

for some intermediate point 0 < #(¢) < . Therefore,

(B)
dL—H(jS
€ e,L pREL
: 0(e), t) dt
w (@) = uH ) 2MH/ o (Soen) a
R

Ne)



where u® ¥ (z) = Zé:o 6kufk)(az). Assume now that £ > 2 and take the k-th derivative with re-

. N oy dk
spect to ¢ in the variational definition (3.5) of ¢(-, ¢,t). It follows that ?f(-, e,t) € Hy (—m,m)
is the weak solution of

1dko 1 dile
[HW(H&Q?QJ] = -0 |:(]{7 — 1)| dek—1 ('7€7t)77}:|
1 dk_1¢ 1 dk—2¢
—2ed, [MF(.@J),U} — ®y [MW(.’E’”’U

™

26k / o0y) dy,

—T
with §5 denoting the Kronecker symbol. By an induction argument it can be shown that

e

Hl(—m,m)

uniformly with ¢ € R, where the constants C' > 0,7 > 1 are independent of £ and k. Assume
now that s > 0 and f € H*(R). Then,

1 dL+1¢ . 2 2
Ju® — w0 < Y fllme / Hmm (gae(e)’t) . (L+ [t} dt
2 ;
From the estimate (3.18) it follows that
lu® — w1 < M T £l s ), (3.19)

for f sufficiently smooth.
In conclusion, for sufficiently smooth data f and any ¢ > 0, the solution u®(x) can be
approximated to any order L in ¢ from the subspace

son s (2))

where . (y) are the functions arising in the classical homogenization approach (see, e.g. [11]).
One might therefore consider choosing Span{xx.(y)} as local FE approximation spaces. This
has indeed been tried (see, e.g. [3]) and gives reasonable results in special cases. However,
there are severe disadvantages of this approach: i) the number of xj.;(y) necessary to achieve
an error of order e¥ grows like L? (and worse in higher dimensions), ii) in practice, € > 0 is
given and not at our disposal; therefore, there is no guarantee that at fixed € > 0 the inclusion
of further terms in the asymptotic expansion will decrease the error, iii) the constant in the
error estimate (3.19) in general increases quickly with L.

10



3.2 Spectral approximation of (2.3)

The error estimate (3.19) is in analogy to h-type FEM based on Taylor series expansion of
the exact solution with € > 0 assuming the role of h (there, we can reduce h, but here we
cannot choose ¢ > 0, however). Taylor series will, in general, not give error estimates which
are optimal in terms of the polynomial degree of the approximation. We will therefore derive
in the present section a different system of microscale shape functions and establish spectral

approximation results for them.

The main idea is to approximate the Fourier-Bochner integral (2.3) by a finite sum by
truncating a (generalized) Poisson summation formula. To this end, let A > 0 and k be an

integer, and define S(k, h) by

sin[m(z — kh)/h] .

St h)(@) = — e —m/n

We shall refer to S(k, h) as the k’th Sinc function, with step size h, evaluated at x.

Lemma 3.2

w/h
_ i ikht—ixt
S(k,h)(z) = 5 / he dt,
—7/h
and
w/h
h? ,
/S(k7 h) (.%')S(L h) (.%')da’,‘ — 2— / ez(kil)htdt - hfskfl.
7
R —7/h

Proof. See, eg., [12], Theorem 1.10.1.
Definition 3.3 Assume that X is a Banach space. Then we will denote by
H?(Dy; X) = {9 : Dg — X| g is analytic in Dy and Np(g,Dg; X) < o0 },

where
1/p

im | [ leGIlal | L FL<p<o

lim sup |lg(2)|x ,  ifp=o0,
d—0t 2€Dy4(6)

and for 0 < § < 1, Dy(d) is defined by

Dq(0) ={2 € C : |Re(2)| < 1/6, |[Im(z)| < d(1 —9)}.

11

(3.20)

(3.21)

(3.22)

(3.23)



Definition 3.4 We say, a function f fulfills the 'usual assumptions’, if f € L*(R), and its
Fourier transformation f(-) can be extended to a holomorphic function in the strip Dy, with

d=d(v) =v/2 and [ satisfies the following growth condition :
f@I<C(fe, vzey,
for some positive constants C(f),a > 0.

Then the following theorem holds :

Theorem 3.5 Under the 'usual assumptions’ on f the mapping
1

V21

Dyt glt) = g:(t.") i= —=F(1)0 (Z.e.t) € HLy(R)

is in HP(Dg; H', (R)), for all 1 < p < co.

Moreover, there exist C(vy,v) such that g-(t,-) satisfies the growth condition:

1 a
lge(t, )l1—20 < C(v,v)C(f) <1 + a) e 2l vteD,,

where o and C(f) are as in (3.24).

(3.24)

(3.25)

(3.26)

Proof. Strictly speaking, g in (3.25) depends on e. However, all estimates which follow will be

robust with respect to € and we therefore do not write the dependence on ¢ explicitly.

From the usual assumptions on f and from (2.15) it follows easily that there exists a positive

constant C' = C(y,v) > 0 such that
lg(t, -2 < COr,)C(HA+[the M, VteDy.

It follows therefore that
1 a
lo(t. -2 < ConnCt) (145 ) e 8 e,

Then, for 1 < p < oo, we have that

1/p
N0 Dl o) = | [ ol ol
9Dy
1 pa
< comet (14 3) | [ e FHa
9Dy
1\ /8 \""
< Cly,v)C(f) (14‘&) (a—p>

1/p

(3.27)

(3.28)



The case p = oo is treated analogously. 0
Let L > 1 and assume in what follows that 7/h > 2L, i.e. h < x/(2L). Define, for z € Dy,

00 N

C(g,h)(z,z) := Z g(kh,z)S(k,h)(2), Cn(g,h)(z,x) = Z g(kh,x)S(k,h)(2)

k=—o00 k=—N
in H!, (R), and set
E(f,h)(z,z) :=g(z,x) = Clg,h)(z,2), En(f h)(z,z):=g(z,2) - Cn(g, h)(z,2) (3.29)
in H, (R). Define 6(f,h)(-), Sn(f,h)(-) € H, (—L,L) N H°,, (R) formally as
(B)

() = Jim, / O Tt B £ ) () dt, (3.30)
R
(B)

On(f h)(x) = Jim, e et B (f, h)(t, ) dt. (3.31)
R

It will be shown that the definitions above make sense, and that the limits in (3.30) and
(3.31) are well defined as Bochner integrals of H!, (—L, L), respectively H’, (R)-valued func-
tions. Notice that the weighted Sobolev spaces H', (—L, L) are continuously embedded in
H'(-L,L), and

IEONm -z < e IFOla,, oy YF() € Hly (=L, L). (3.32)
From the properties of the Sinc functions S(k,h)(-) in Lemma 3.2 it will be seen that
(B)

N
On (£, h)(x) = lim e_‘sltem{g(t,x)— > g(k:h,x)S(k,h)(t)} dt (3.33)

6—0
R k=—N

Zl’t t dt _h ]Ch Zkhl' if E
x) Z x) , if x| < .

%\@

/ e“ly(t, ) dt , if |z] > %,

R

in H%, (R) N H', (—L,L). To this end, define the following trapezoidal approximation of
(2.3)

_N
=1 J(2)—=h :Z 0 (Z,e.kh) Fih). (3.34)



Remark 3.6 Since

it follows that

Wial®) = g @)=t (£.20) fO)
1 a T A x .
+ 21 () o=h > {Rew (Z.2,kh) Re f(kh) —Tm (Z,2,kh) Im f(kh)}

and the solution of (2.3) can formally be written as u®(-) = ufy ,(-) + dn(f, h)(").

3.3 Exponential Convergence

We will now show that (3.34) approximates u® in (2.3) at an exponential rate, independent of
€. We start with the following result.

Lemma 3.7 Assume that f satisfies the "usual assumptions’, g is as in (3.25) and z € Dy is
arbitrary. Then holds the representation

E(f,h)(z,x) - g(z,m)—C(g,h)(z,x)

(B)
sin(mz/h) g(t —id™,x) B g(t +id ,x)
270 / { (t — 2z —id)sin[mw(t —id)/h]  (t — z +id) sin[n (¢t + id)/h] } dt,

where this equality has to be understood as equality between two elements of the Banach space
H', (R) and the integral as a Bochner integral of H', (R)-valued functions.

Proof. Let 0 < § < d, let n denote a positive integer, let D(n,d) denote the region
1
D(n,d) = {z € C||Rez| < (n—i— 5) hy|Im z| < 5} (3.35)

and consider, for z = a + ib € Dy fixed, ¢ = £ + in, the following Bochner-integral in H!, (R)

. (B)
E(n, s, f)(z,x)zw / (g—zg)fi’nx(zrg Ty 46 (3.36)
D (n,5)

Then, for n sufficiently large and § sufficiently close to d, z is in D(n,d) and |z — (| >
min { (n+ 3) h—|al,§ — |b|} > 0.
Along the vertical segments of the boundary dD(n, d)

1
C:i<n+§>h+iy
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and therefore |sin(7(/h)| = cosh(wy/h) > 1. Then, the H!, -norm of the integral (3.36) along
these segments is bounded by

|mm/h|/{|!9 n+g)h+iy )|,  lo((-n- %)hﬂyw)Hl,Qu}dy

=l [CET

< |sin(mz/h)|

- 2

(20)"/9N, (g, Dy; H 5, (R)) { Tt 11) hdl + [(n+ 11) h+ta| }
2 2

which tends to zero as n — oo (here 1/p + 1/¢ = 1). Now, since the following relations hold

sinh(wd/h) < [Cosh2(7r5/h) - COS2(7T7f/h)] 1z

= |sin[r(t £1id)/h]| < cosh(md/h),

and along the horizontal segments of 9Dy

|2 = ¢l = [(a— €)%+ (bl - )47,
the H!, -norm of the integral along these segments has the bound

1/q
|sin(mwz/h)| 1

27 sinh(wd/h) Ny(9, Da H-, (R)) / [(a — &)+ (|b] — §)2]9/2 “
R

This implies that E(n,d, f)(z,-) € H',,(R) admits the representation

n _1\k .
E(n,6,f)(z,:) = g(z,) —sin(mz/h) %
k=—n
n sin [ﬂw]
h
=g(z,)— > ey G

k=—n ™
h

ZSkh g(kh,-).

k=—n

Also, the limits n — 0o and § — d exist in H!,, (R) in both sides and the lemma follows.

Remark 3.8 We do not actually need the strong 'usual assumptions’ on f to deduce the above
integral representation for E(f,h)(z,-) for z in the strip D;. These assumptions on f just imply
that the integrand g defined in (3.25) is in HP(Dg; H!,,(R)), for every 1 < p < oo, as shown in
Theorem 3.5. For the proof of Lemma 3.7 is sufficient to know that g € HP(Dy; H!, (R)), for
some 1 < p < oo, and such a property on g holds under more general hypothesis on f than the
‘usual assumptions’, such as f € HZ,,,,(R) for some s > 1. In this case g € H**(Dy; H!', (R))
and again the representation in Lemma 3.7 is valid.

15



Theorem 3.9 Let f satisfy the "usual assumptions’ in Definition 3.4 with some a,d > 0 and
let L > 0 be arbitrary. Define
d \ /2
h = ( > ) (3.37)

aN

and assume N > (4dL?)/(ax), i.e. such that w/h > 2 L.
Then, with E(f,h)(t,-) as in Lemma 3.7 we have the following representation

(B)
O(f;m() = lim [ O ME(f,h)(t, ) dt
R
(B) (B)
= [ negte—iaydes [ e gl ia )t
R R

in H,,(R)N H', (~L,L). Here, the kernels fi and fo are defined by

xd+ixt : _E
e , ifr< N
- (2T ) (d+it)
hitx) = r_© TR s (3.38)
sl i 0 TR
T
0 ) —
L ) lfl' > h7
and ) -
0 ; _Z
, ifr< N
o (24 F ) (d—it)
fa(t,x) = _t_ e T s (3.39)
Sy yin B
—xd+ixt . E
e ,  ifx> %

\

Moreover, there exists a constant C = C(v,v)C(f) (1 +1/a)*(1/a) > 0, which depends on
f,a,d, 7y, but is independent of N and L, such that the following bounds

1/2

16Cf )Moz + 16(F, YOI, (—pry < Ce™ TN

hold.

For the proof of this theorem we refer to Appendix B.
Our main result on the trapezoidal approximation uy, ,(x) of the Fourier-integral (2.3) is :
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Theorem 3.10 Under the assumptions in Theorem 3.9, the error on(f,h)(-) = u®(-)—uy (),
with uﬁ\,h() as in (3.34), decays exponentially with respect to N and uniformly with respect to
e in the || - [lo,—2v, || - |51, (—r,1)-norms:

1 2 1 a2
o £ B2+ 188 (WOl 1. < O (147 ) e ™9™ a0
The constants C(v,v),C(f) are independent of ¢, N, L.

Proof. From the definitions (3.30) and (3.31) of §(f,h)(:) and dx(f,h)(:) and the properties
of the Sinc functions S(k, h)(-) in Lemma 3.2 it follows that

(B)

SnN(f, () = 8(f,h)() lim [ e~ MeCg(kh,-)S(k, b)(t) dt
\k|>N6_>O+
1 : .
= 5(f,h)(-)+ﬁl a2 () Y iR <g,a,kh)ekh(), (3.41)
|k|>N
in H°, (R), respectively
Sn(f,h)(-) = 3(f, h)( Z hf(kh)o (— e kh) eikh(), (3.42)
|k\>N

in H', (=L, L). Tt follows therefore that
1685 (s ) (llo,~20 < H5(f h) (Mo, ~2v

+ o= 2 nlfn o (Zoekn) OR
\k| >N ’
< SR Ollo 2w +C S BB,

|k|>N

lon(fs ) a, —op) < H(S(f R)at,, (—1,5)
+ g 3 g o (2e k) O
\lc| >N ’
< o, n)Ollar,, (—L,py +C Z h| f (k)]

|k|>N
since it has been shown in Lemma A.2 that ||¢(- /¢, &, t)e’O ||} o, < C(y,v), forallt € Dy C C,
therefore in particular for all ¢ € R. Since |f(kh)| < C(f)e=**",

R —ah
hY R < 20(Hhe N <o) e, (3.43)
|k|>N

17



which implies with our choice of h that the sum in (3.41) satisfies the estimate (3.40). It is
therefore enough to show that [|6(f,7)(-)llo,~2v + 0(f, B) ()l g1, (~1,r) satisfy (3.40), and this

is just the statement of Theorem 3.9. =
As a corollary, the following approximation result holds

Corollary 3.11 Let us assume that f satisfies the usual assumptions and that

rd \ /2 4dL2
h=(—— N > . 3.44
(aN) ’ ~ arm (344)
Let
N ._ z _ .

WY = Span{RezZ) (8,5, kh)  Imab (8,5, kh) L0<k< N} . (3.45)

Then
inf [|us <o) (1+ 2 "L~ (raany 2 3.46
UEH‘}W [ =l (roymo,, @ < COLVCU) |1+ o) af ; (3.46)

where C(f) and o = a(f) are those from Definition 3.4.

3.4 Spectral convergence

In this section we assume that f in (2.1) is in H,,,,,(R). We will show that for any ¢ > 0 the

comp
solution u® can be approximated by ufy € Span{Re 9(-/¢,&,kh),Im 9(-/e,&,kh)}x<n with
respect to || - ||1,—, at an algebraic convergence rate independent of e.

Proposition 3.12 Assume that f in (2.1) is H,,,(R) with s > 1 and let supp f C (=M, M),
with M > 0. Let d :== min{1/M,v/2} and N > 1. Then, for any € > 0 and all N

inf ||uf — < Cy, MY2EN—(5=1)/2 5(R)s 3.47
vélﬁvgv”“ vlly,— <Gy, £l s (m) (3.47)

where Cy, s > 0 is independent of ¢, N and M.

Proof. By a density argument it can be assumed that f € C§°(—M, M). It is known then that
the Fourier transform of f can be continued analytically in C and f is uniformly bounded in
a strip of width 1/M. Therefore, the integrand in the Bochner integral representation (2.3) of
uf is analytic in a strip with values in the Banach space H! (R)

g(t’ ) = f(t)w <ga€at) €A (Dmin{l/M,u/Z}; Hly(R)) .

Define d = min{1/M,v/2}, and let h = \/d/N. Let us split the solution u* again as

() = Y LA <gakh)

i=n V2T
) (B)
- ——h f(kh)Y (=, e kh) + [ g(t,)dt —h> g(kh,).  (3.48)
|k§+1 var <€ ) R/ %;
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We define u5, as the first sum in the right hand side of (3.48). The regularity of f implies that

af 1 _iy 4 1/2
= — _— < s < .
t f(t)‘ o / e W < OCMY4|fllasw), VteR, Va<s

upp f
It has been shown in Theorem 2.3 that ¢(-/e,,t) is analytic in D, /o with values in H! (R)
and uniformly bounded. Moreover, the norm [[1(- /¢, ¢, t) ||Loo(Dy/2;Hiy(R)) is bounded uniformly
with respect to . Hence, the second sum in (3.48) satisfies the estimate in (3.47)

1 R .
> —=hfkh) (=, kh < CMY2|| |l > (kh)”
kisn 1 V2T <€ ) - k|>N+1
< Cos MY fll s my (dN) =712,

It remains to find a similar bound for the remainder in (3.48). Define by

()
S(9) = [ gttt =3 ho(kh.)
% keZ
We can write §(g) as
®)
5(g) = / {g(t, )= glkh, -)S(k,h)(t)} dt. (3.49)
keZ

Since supsep, |9(t,-)|l1,—v < Cusupsep, |f(t)] < CyMl/QHfHHs(R), by Definition 3.3 g(t,-) €
H*> (Dd7 H' (R)) Therefore, as pointed out in Remark 3.8, the integrand in (3.49) can be

written as
=37 glkh, Sk, h)(E) =

keZ
(B)
sin(rt/h) g(r —id”,") glr +id—,)
2m / T—t—zd Tmlr(r —id)Ji]  (r 1+ id)snfa(r +id)n 7 (350

Substituting (3.50) in (3.49), changing the order of integration and integrating with respect to
t first, we get that

B
& i e—m/h(d+iT) i e—m/h(d—iT)

i(g) = / —— - gt —id ) — == - g(t +id,-) p dr. (3.51)
R

2 sin[n (1 — id)/h] 2 sin[n (7 + id)/h]
Taking the || - ||1,—, norm of d(g) in (3.51) we can estimate it as follows

1(9) 11,0 < Cuse™™ N M2 fl| 1o,
and conclude the proof. 0O
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4 Generalized p-FEM in homogenization

4.1 Convergence results

We return to the problem (1.1) on the bounded domain © := (—1,1) : let f(-) € L*(Q) and
e > 0 fixed. Denote by u®(-) € H}(Q) the weak solution of the following boundary value

problem
i (+(5) )+ (D) = 10)

u(—=1) = u(1) =0. (4.1)

FE-convergence results for (4.1) can be deduced from the unbounded domain case. We start
with a spectral convergence result.

Theorem 4.1 Let f € H*(Q) for some s > 1 and consider WY := WE 0 HY(Q), with WE as
in (3.45). Then, there exists a constant C' > 0 depending only on Q and s, such that

inf [lu® — |0 < Cu 2 f ] 0. (4.2)
vEWE
Proof.

The proof is based on Proposition 3.12 and on a well known extension result for Sobolev
functions. Indeed, there exist a continuous extension operator X : H*(Q2) — H*(R), such that
suppXg C Q, Vg e H*(2), with Q C Q and Q compactly embedded in R. Let us denote by f
the extension ¥ f of f. Then, by the continuity of &, ||f||ls & < C||f|ls,, with C > 0 a constant
depending only on s, and €, but independent on f. Let @ € H'  be the solution of (2.1)
corresponding to f. Then, its restriction %®|q solves the differential equation in (4.1), but does

not fulfill the boundary conditions. They can be enforced by solving two extra problems (2.1)
with right hand sides f1, fo € C§°(R), such that

(supp f1 U supp f2) N Q = 0. (4.3)

Let uj,w§ be the corresponding solutions (on R) of (2.1) with respect to fi, fa. Then, because
of (4.3), their restrictions uj|q, u5|q solve the differential equation in (4.1) with homogeneous
right hand side. Denoting by

u® = U + ai|o + cUsla,
then there exist unique constants c1, co € R, such that u® satisfies the homogeneous boundary
conditions in (4.1). Moreover, it can be seen that |c1| + |c2| < Cs | flls, 0, with the constant
Cs,, > 0 depending only on s, v.

By Proposition 3.12, %°, %, w5 can be approximated in H! (R) at an algebraic rate of
convergence pu~571/2 by elements of the FE space WY, and therefore their restrictions to
too.

O
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No exponential convergence can be proved in this way, since for analytic f € [-1,1], X f is
not an analytic function on R anymore; however, the following result shows that if subspaces
are designed corresponding to solution with polynomial right hand side, exponential convergence
is achieved. To this end, associated with the kernel ¢(-,¢,t) as in (2.9), we introduce the FE-
spaces V' € H{(—1,1) :

dlq,Z) . dlq,Z) .
A — (- << = — (- <[ < = +
VE Span {Re 7L (6,€,O> ,0<I<pu, I =2k Im 7 (6,5,0) 08I <, Il =2k 1},
f)éf = (Vé‘ + Span {v‘f,vi})' H&(—l, 1), (4.4)

where v5(-),v5() are the solutions of (4.1) with homogeneous data f = 0 and the following
inhomogeneous boundary conditions:

Theorem 4.2 Let f € A([—1,1]) be analytic in [—1,1] and let u® be the weak solution of (4.1).
There exist constants C,b > 0, depending only on f, such that for p € N sufficiently large

inf [[uf — vl g1, ;1 < Ce b 4.5
Ueng -1,y < (4.5)

With other words, the error with respect to the FE-space V¥ decays exponentially with respect
to .

We will call ¢®)(-/e,e,0), I = 0,1,2,... the micro-scale shape functions for the generalized
p-FEM and shall denote by p the microscale order.

Remark 4.3 We observe that V£ is spanned by products of the “micro” shape functions

j—:lqﬁ (%, £, t) ‘ times polynomials of degree at most p. In particular, we see that increasing the

number of “micro” shape functions must be accompanied by some increase in the macroscopic
polynomial degree p to achieve (4.5). We will address this computationally below.

Before giving the proof of Theorem 4.2 we need the following preparatory lemma.
Lemma 4.4 Let Li(-), k € N denote the k-th Legendre polynomial, and consider f € A([—1,1])
and its Legendre series f(x) =Y 72 arLi(x). Then,

o0

Sl g (4.6
2 25511 = Ml '

and there exist C(f),b > 0 such that
1f = F P20y < C(He, (47)
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where f®) is the truncated Legendre series

P
P = ZakLk- (4.8)
k=0

The constant b > 0 depends on the domain of analyticity of f(-).
For a proof of this result see e.g. [5].

Proof of Theorem 4.2. Denoting by (ﬁfk)(-) the weak solution in Hg(—1,1) of (4.1) which
corresponds to f = Ly, we get that

o
ui ()= 3 ard () (49)
k=0

solves (4.1) with the right hand side f*). By Lemma 4.4 the error with respect to the exact
solution u® satisfies the following bound

[[u® = ufu)HHé(—l,l) <CIf - f(“)HLQ(—m) < C(%f)efb“- (4.10)

It is therefore enough to show that ufu)(-) € V¥. Recall that d'/dt'y)(-/e,e,0) are solutions of
(2.1) corresponding to f = (iz)'. Since ¥(-/e,e, —t) = (-/e,e,1),

d (f0) - ® dy (L.0), if1=2kkeN,

dtt T
diap /- dy - .
Zr(2e0) = im =5 (220), ifl=2k+LkeN.

Therefore, (—i)'d!/dt'(- /e, €,0) solves (2.1) with f = 2! and takes in all cases real values.

4.2 Selection of the micro shape functions

We have seen so far that collocation of the kernel ¢)(x /e, £, t) at various sets of collocation points
N = {t;}; gives systems of shape functions with very favorable approximation properties for
elliptic problems with microstructure. In the present section, we present a FEM for the solution
of the unit cell problem and a methodology to derive a well conditioned set of shape functions
from the collocated kernels ¢ (z /e, e,t;), t; € N. This will be based on the SVD of the matrix
of coefficient vectors of the Finite Element approximations to the ¢(y,e,t;), t; € N.

Let N = {t; : j = 1,...,/1} be any set of collocation points in C. Given a partition
T of the unit cell Q = (—m,7) into intervals K, for an arbitrary ¢t; € A/, compute the FE
approximations

Hyse,t;) € Spn(Q,T) + ®(e,ty)[d,0] = 62/v(y) dy, VveSu(QT), (4.11)
Q
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where ® (e, t)[-,-] is as in (3.2) and the FE space Sk, (Q, T) is defined by

SE(@Q.T) = {u €H)(Q) : u| €PyK),VK € T} , (4.12)
K

and Py (K) is a space of polynomials of degree at most & on K. Since the sesquilinear form
(e, t)[, -] is coercive (in the sense that a Garding inequality holds and the unit cell solution
operator is injective), there exists a unique solution ¢(y, ¢, tj) € SSJ(Q, T) of (4.11).

Several questions arise in practice:

1. How to design the mesh 7 in Sﬁéi(@, T) for the computation of the unit-cell problem?

2. How to choose the collocation points ;7

3. Are the functions gzg(y, e,t;) suitable as basis functions for FE calculations?

4. How does Span {$(y,e,t;) : t; € N} depend on N'?

We have found the following answers:

1. If the coefficient functions a(y),ap(y) in (4.1) are piecewise analytic functions of y, so
are the &(y,a,tj). Therefore, 7 is selected such that the elements coincide with pieces of
analyticity of a(+), ag(-).

2. In agreement with Theorem 3.9, we choose t;(u) = jh where h = 1/\/p with j =
0,1,...,u—1. Notice that the values of d and « in (3.37) are generally not available. Therefore,
the choice of ¢; is to some extent heuristic (see, however, item 4. below).

3. By Theorem 2.3, ¢(y, €,t) is analytic in ¢ at t = 0. As u increases, the collocation points
t; will cluster near t = 0 (as, e.g. in W) resulting in almost linear dependence of the shape
functions gzg(y, g,t;); these functions are hence not well-suited as basis for a generalized p-FEM.
Some orthogonalization is needed to obtain a well-conditioned basis. In addition, the points
tj(1) depend on p meaning that the shape functions ¢(y, ¢,t;(u)) are not hierarchical.

We propose therefore an oversampling, i.e. to select i > p sufficiently large and

and to perform an orthogonalization as follows:
Algorithm 4.5 Let N(y) be a basis of S;fé}n(Q,T). Then é(y,e,t;) = ®i(e)"N(y), j =
1,..., . Compute the SVD

[@1(6), PN @ﬂ(&)] = Qdiag(al, e ,O'ﬂ)KT

with 01 > 09 > 03 > ... > 03 > 0 and set

f)é‘ := Span {(;Sj <E,e> = Q;»rﬂ (E) , Jj= 1,...,,u}, (4.13)
€ €
with U; being the j-th column of U.

It is clear that this orthogonalization changes only the basis, but not the span of the shape
functions if p = fi. If p < fi, however, the definition (4.13) will change the span. Nevertheless,
if 0; < eps for p < j < i with eps of the order of machine precision, change will be negligible.
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4. If |kh| < pg < 1, with pg being the radius of convergence of the power series of ¥(- /¢, €, t)
at t = 0, then the elements Re(-/e, e, kh),Im v(-/¢, e, kh) of the FE space WX in (3.45) can
be, up to an exponentially decaying remainder e ", approximated by elements in the FE
space V' introduced in (4.4), with u equal to the number of k such that |k|h < pg. Since the
kernel v(-/e,€,t) is analytic in ¢, for any set of collocation points {t;} which are close to the
origin, Span{y(-/e,e,t;)} is practically independent on the choice of the collocation points.
Therefore the precise choice of ¢; will not matter much, as long as with increasing ;1 they cover
the interval [—,/z, \/p] and are spaced as 1/,/i by Theorem 3.10.

We present in Figure 2 the shape functions {qﬁj(y,e)}?:l obtained with Algorithm 4.5
for the case when ap = 1, a(-) is as in (4.14), ¢ = 0.001 and based on Theorem 3.10 the
set of collocation points is N' = {t;() = j/v/i = 7 = 0,...,/, i = 64}. In this case the
number of j such that the corresponding singular values o; > eps = 10~ 10is 4 = 5. Hence
the orthogonalization has, as a byproduct, also reduced the number of micro shape functions
substantially. We clearly see the low regularity of these shape functions at the jumps of a(-) at
y = £7/2. Note also that, unlike the kernels ¢(y, ¢,t;), the ¢;(y, €) are piecewise polynomials.

10y <3, N
a(y) = ao(y) = (4.14)
1 else , 50 else .

Remark 4.6 We see in Figure 2 that ¢1(y,e) = const; this is due to ag = 1, in fact if ag # 1,
then the solution of (4.11) for ¢ = 0 is not the constant function equal to 1. To illustrate this,
we choose a(-) and ag(-) as in (4.14). Our numerical results indicate that in this case we have
?1(y,€) = const + O(g)p2(y,€) + h.o.t, see Figure 3.

Remark 4.7 In numerical experiments we found that Algorithm 4.5 is very robust with re-
spect to the choice of collocation points. After the SVD the first shape functions associated
with the largest singular values are practically independent of the number and of the choice of
tj. The shape functions ¢;(-,e) resulting from Algorithm 4.5 are therefore, at least numerically,
hierarchical, and enable hierarchic modeling of problems with microstructure.

4.3 Generalized p-FEM

We consider now the problem (1.3) with absolute terms ag = 1, ag = 0, respectively. Since
V¥ in (4.4) is not available (because the computation of the boundary correctors v§,v§ is
as expensive as that of the solution itself), we construct a space Sg’E(Q,T) C HY(Q) with
analogous properties:

pr+1pug+1

;ZU ¢u< )

uWler vEeT j=1. ..,pK—i—l,u:l,...,,uK—i—l}, (4.15)

SPEO,T) = {uGHO
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Figure 1: The coefficient a(-).

&= 0.001: 1 = 5 linear independent shape functions (orthogonalized by SVD)

-0.15 | q

02 L L L L L L L
-4 -3 -2 -1 0 1 2 3 4

Figure 2: ¢;(-,¢), j=1,...,5.

where VJ[K](x) = Nj; ((F[K])_1 (m)) VK e T. By FIKl : (=1,1) - K we denote the linear
mapping with respect to the element K = (zy,Tx)

v = FIFIE) = S(1- Qg + 51+ 0Tk, VEE(-1,1),

and {N;(&)} is the standard hierarchical polynomial basis

Ni(§) = (1=¢)/2, Nao(§) = (14+6)/2,
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[ (y.€) (obtained by SVD) for & = 0.01 ,(y, €) (obtained by SVD) for & = 0.001
-8.79 T T T T T T T -8.8025 T T T

-8.795 | -8.803F

-8.8035 -

-8.804 -

-8.805-

-8.8045 -

-8.811

-8.805-

-8.815
-8.8055 -

-8.82 L L L L L L L _ | | | | | | |
) 3 2 -1 0 1 2 3 4 8806, 3 2 ,1 ° ] > 3

Figure 3: 10%¢1(y, €) in the case when the absolute term ag(+) is not a constant, but piecewise
constant.

¢
N;(¢) = T/Lj_Q(t) dt, Vj>3. (4.16)

-1

By the vector p = {px }xe7 We denote the 'macro’ polynomial degree of the FE method, and
i = {pK feT stands for the 'micro’ degree of the spectral approximation.
The FE solution u% () is defined as usual:

1 1
upp(c) € SOB’E(Q,T) : /a (E> W (m)j—i(m) dr = /f(x)v(w) de, Vve SOB’H(Q,T).
]

e/ dx
-1
(4.17)
We see from (4.15) that each element contains products of standard polynomial shape func-
tions (4.16) and the first pux + 1 micro shape functions. We used in all our computations
the orthonormalized micro shape functions ¢;(y,€) in (4.13) from the unit cell problem with
absolute term ag = 1. The mesh T = T, |J 7o is selected to have the following properties:

- if K € Ty, (which means that K is a boundary element and the length of K is O(e)), then
we choose the standard p - FEM elements, since the microscale is resolved by Ty, i.e. uxg =0
and pg = p; these elements are needed to accommodate the homogeneous boundary conditions
and could be omitted for the Neumann problem.

- if K € Ty, then we take px = p and pg = p, which corresponds to the PUM using V£
as local approximation spaces. With this choice, the FE functions u € SOB’H(Q, T) will provide
excellent approximation properties on the interior elements K € 7Tg for the elements of V; it
turns out that the boundary correctors v, v5 are also very well approximated on these elements
by S5 (9, T).
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Remark 4.8 Equivalently, we may choose 7, = () and modify the shape functions ¢;(y,¢) in
the elements K € Ty abutting at the boundary, see [7] for details.

Remark 4.9 Computation of the stiffness matrix can be done with a fixed number of oper-
ations (independent of €) exploiting the periodicity of the coefficients a(-),ap(-) and that of
the special shape functions ¢;(y,e). We must compute only once integrals of ¢;(y,¢) and its
derivatives times monomials on the unit cell. This is the reason to use ¢;(y, €) times monomials
instead of ¥(y, ¢,t;). Full details can be found in [7].

4.4 Numerical results

We implemented the generalized p-FEM described in the previous section for (4.1) with a(-)
as in (4.14) and absolute terms ag = 1, ag = 0, respectively. Two different right hand sides
were chosen, namely

fl(x) = 1,
fo(z) = €. (4.18)

The exact solution u®(x) corresponding to ap = 0 and f(z) = f1(x) is piecewise cubic, otherwise
u®(x) is piecewise analytic but non-polynomial on the microscale. The goal of the numerical
experiments is to show a) that exponential convergence can be achieved (with subspaces (4.15)),
b) that the performance is indeed independent of ¢, ¢) that the particular choice of the subspace
Span {(;5“ (%, 6) ,w=1... ux+ 1} needs to take into account only the principal part of the
operator (4.1) and d) to investigate combination of px and pux necessary to obtain exponential
convergence. Note that our mathematical theory does not allow to draw conclusions on ¢) and
d).

In all experiments p is increased on a fixed mesh 7 = Tg U T, with 7, covering 4 periods
of length 27e at each boundary point for various values of u. Figure 4 shows the convergence
of the generalized p-FEM for ag = 1, f(x) = fa(x) and ¢ = 10~2. The curves corresponding
to u = 1 show the error when only macroscopic shape functions, i.e. global polynomials, are
used (recall that ag = 1 and that ¢1(y,e) = const, see Remark 4.6).

We see that for fixed p > 1 and increasing p, first exponential convergence is apparent,
however a saturation occurs at a p-level which depends on the micro degree p. Exponential
convergence requires therefore the joint increase of the micro degree p with the macro degree
.

So far, our theory concerned the case when ag > 0. In practice, however, also the case
ag = 0 is of interest, for example in diffusion problems. For ag = 0, our mathematical results
require several technical modifications. Since a change in ag does not affect the principal part
of the differential operator which strongly influences the shape functions, we investigate next
the performance of shape functions corresponding to ag = 1 for the problem (4.1) without
absolute term ay.

In Figure 5 we show analogous results for ag = 0, f(x) = fa(z) (with respect to the same
mesh) and different microscales ¢, varying from =2 1076 up to =2 10~!. We note that for u = 1
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f(x) = exp(x); 4 elements at the boundary; ¢ = 1E-2; ay=1
10 T T T T

Relative error for the energy
3
5
T

o,
T

w=1
5 w=2
. w=3
1070 w=4
= w=5

107 I I I I I I
1 2 3 4 5 6 7 8

"macro" degree p

Figure 4: Exponential rate of convergence for the FE energy. f(z) = exp(z)

and for € = 107! a very slow convergence is apparent - here the scales are resolved, but the
low solution regularity stalls the spectral convergence. As before, one can see from the results
in Figure 6 that keeping p fixed and increasing p does not lead to exponential convergence,
in agreement with Remark 4.3. Rather, Figures 4, 5, 6 show again that g must be increased
together with p to obtain exponential convergence that is robust, i.e. independent of &.

Comparing in Figure 5 the error plots for several € and the same fixed value of u we see
that the saturation level appears to be proportional to some power of €. This is more clearly
visible in Figure 7 and indicates that our finite elements with the choice u > 1 can represent
the correctors in classical homogenization theory and are consistent with the homogenized
problem at € = 0 of higher order in €.

In Figure 8 we show analogous results for f(z) = fi(x), ap = 0. Since the exact solution
uf(x) is piecewise cubic, for small € no change occurs when y is increased beyond p = 4, despite
our shape functions being obtained for ag = 1 rather than for ag = 0. We conclude that the
micro shapefunctions of the problem (4.1) with ag = 1 perform equally well if used for the
operator without absolute term.

Finally, in Figure 9 we show the pointwise error

for f(z) = fao(x) and various €. We see that the above conclusions apply also to these errors
with respect to the (stronger) W1 *°-norm.

d

—— (" = ufpp)

- (4.19)

L(—1,1)
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A  Proof of Theorem 2.3

Lemma A.1 The mapping
D, s i={t € C such that [Imt| < v/2} 5t — G(t) := €' € (H}(R))" (A1)

*

is holomorphic in D, o with values in the Banach space (H3(R))". Moreover, Gi(t) =
(iz)kelt® € (HL(R))" is the k—th derivative with respect to t of the (HL(R)) -valued map-
ping G(t) and its norm has the following bound

Proof. Tt is sufficient to show that Vv € H(R) the application
Dy/z >3t =< G(t),’l} >(H3(R))*><H3(]R)€ C (AB)

is C-differentiable. Let to € D,/ arbitrary, fixed, and t € D,/ such that [t — | < v/4. Then,

1
‘t _— < G(t) = G(to),v >y xmi®) — < G1(t0), v >(m1(w)* x HL(R)
1/2
eimt _ ei:vto ) 2 ) /
< [[vllLy / —ize'™| eIl dy
t—to
R
< CW)lt = tol[lv]l1v-
This implies that the limit
. 1
Jim s < G(t) = G(t0),v > (1 ()" x HL(R) (A.4)

exists and is equal to < G1(t0), v > (g1 (R))* x HL(R)-
Let us take v € H} and estimate | < Gy(t),v > (HLR))* x HL(R) |-

| < Ge(t), v >mmyy xmim) | = /(m)kemv(ﬂﬂ) dx
R
1/2
2%)]
< ol R/| | < Ihorf =
O
Now, for t € D,, s, let 95 (t) be the weak solution in H! (R) of the following problem
U (o) [ (1),v] =< Gi(t),v >(mmy) xmiw), Vv € Hy(R). (A.5)
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Lemma A.2 The mapping
Dyjp 5t — 1) (gz’ft) e H' (R) (A.6)

is holomorphic in D, ;5 with values in the Banach space H! (R). Moreover,

& .
Uit = 2z (2.t (A7)
and its norm
V2!
Wl < Y25 (A5)

k2]

uniformly with respect tot € Dy, 5.

Proof. The proof is similar to that of Lemma A.1 and is based on the fact that

U(e) [w (é,a,t) ,v} =< G(t),v > (g1 (R))* x HL(R) (A.9)

and on the properties of the sesquilinear form W(e)[, -] stated in Proposition 2.2. In order to
prove the analyticity of the H! (R)-valued mapping ¢t — (-/¢,,t) in the strip D, 2, it is
enough to show that for every v € H}(R) the C-valued function

Dyjp3t— V(e) [1/1 <é,€,t) ,v] eC (A.10)

is holomorphic. From the definition of ] it follows that

U(e) [w (5515) — ¢ <é,s,t0> ,v} — lim

t—ty t — to

lim
t—ty t — to

< G(t) = G(to),v >y xm

=< Gl(to)vv Z(HLY xHL= \I/(a)[lb%(to),v].
In addition, from (A.2)

|0 (2ie)

uniformly with respect to ¢t € D, 5. 0

(2k)!

m7 (A.ll)

1
< ;HGk(t)H(Hg)* <

1,—v

Theorem A.3 For a given v > 0 there exists a positive d = d(v) such that the mapping

Dist— o (gst) e H',,(R) (A.12)

is a holomorphic function of t € Dy with values in the Banach space H', (R). Moreover,
k!
<CA+|t|)—=, Vte Dy, (A.13)

d .
HWb(E’”) w2

where the constant C > 0 depends on v, 7y, but does not depend on t € Dy.
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Proof. Let d = d(v) = v/2 and ty € Dy arbitrary, fixed. Then, since we can write ¢(-/¢,¢e,t) =
e t0)qp(- /e, e,t) it follows that in the Banach space H', (R) D H' (R)

d—k(ﬁ <E € t) = Ek (—iz)! F e~ ttomy(k=1) (f g, t ) (A.14)

dtk 57 ) l 87 b 0 * *
t=tg =0

Taking now the || - ||1,—2,-norm in both sides we get that

e (1)

IA
I M»
o

—

|

-~

g

N—
N
~ =
v

[

s

o

8

<

El

L
VR

|

3‘)

~

o
N———

t=to 11, —2p

0,—2
o [ (et (o 2o
e l dx 02w
k k T
; 1T I 1 )e <€ 0) o

Let us estimate only the first term of the right hand side, the others can be treated analogously.

k
S (—ia) <’;> e=itozyy(k=1) <§’ ‘. to)

l:O 0,—21/

N 1/2
<3 k 22 | D <§ ; > ? 2lm(to)e] ,—~4vja] g
< ; T so6to)| e e T
<ci k l l(k—l)!<C 3]
- 1) \v/2e) (v/2)k-t =~ (v/2)k"

l

I
o

Here we used that zPe™* < (p/ve)?, Vo > 0, p € N and the estimations for the || - ||, —.-
norm of the derivatives with respect to t of ¢(-/e,e,t) from Lemma A.2. Summing up all the
estimates it follows that

d” x k!
(=, ,t) < C(1+ |to]) —e-. A15
w0 (52 TR 1)
t=to 11, —2v
This implies therefore that the series
2 (t—to)k d* <x >
— 0 —,e,t A.16
moar? (58 (A.16)
k:(] t:to

is absolutely convergent in the Banach space H1,, (R) for |t —¢y| < v/2 such that t € D;.
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B Proof of Theorem 3.9

In this appendix we will present the proof of Theorem 3.9. Our aim is to approximate the
Fourier-Bochner integral

(B) (B)
us (- — e,t dt = [ e*Cg(t,.)dt, (B.1)
- g [0
where 1 .
ot.1) = 7=F (000 (2,2.t) € ADy; H o, (R),

The integrals in (B.1) have to be understood as Bochner-integrals of H!, (R)-valued functions.
Recall that by Theorem 3.5

l9(t, V120 < C(7,1)C(f) <1 + é) 51 vieD,

Define the approximations

1 N :
Waon() =1 e ()b S FCkRYG (= e kR (B.2)
N,h [-7.7] /2 k:ZN (e’;‘ ¢ >
and its error
On(fiR)() = u(-) — ufy (") (B.3)

Proposition B.1 Assume that f € L>°(R?) N L' (R; L*(R)) and g € H%, (R). Then
(B)

/ g()f(t,) dt = g(.) / £t dt. (B.4)
R R

Proof. Let us verify that the expressions in (B.4) have sense. The Bochner integral is well
defined, since ||g(-) f (¢, )llo,—20 < [[9(:)|lo,—2 || f(t,-)||L and Hf( )|z is, as a function of ¢,
in L'(R). Then, the right hand side of (B.4) is an element of H%, (R) since

/f dt € L*(R).

We consider two cases:
Case 1: if g € C3°(R), the assertion is obvious.

Case 2: g € H°, (R) = CSO(R)”'”O’*QV, then take (gn)n C C3°(R), such that g, — ¢ in
H°,, (R), as n — oo. Then,

(B)
/ (g — 9) () (1. dt / 19n() = 902w | £ (£l el

R 0,—
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Now, the integrand ||g,(-) — g(*)|lo,—2v|| f (¢, )||Lee — 0, as n — oo, for almost every ¢t € R, and
is bounded by an L' application C/||f(t, )|, uniformly with respect to n. It follows therefore
that

(B) (B)
/ on () (t,) di / GOVt ) dt i HY,,,
R R

as n — o0o. Since

e / F(t)dt = g() / F(t)dt in H,, (R)
R R

as n — oo the proposition follows. 0

Proposition B.2 Assume that f € L®R; WL (—L,L)) N LY(R; WH>(~L,L)) and g €
H!,, (R). Then

(B)
/ gVt dt = g() / £ty dt (B.5)
R R

in H'y (=L, L).

Proof. First of all, let us convince ourselves that the expressions in (B.5) have sense. The
Bochner integral is well defined, since [lg(-)f(t, )lg1, (—r,0) < lgC)ll,—20 [l f & lwroo (- L,1)5

—2v

which is in L'(R) as a function of ¢£. Then, the right hand side of (B.4) is an element of
Hl, (-L,L), since

/f(t, Ndt € Wh°(—L, L).
R

As before, we use a density argument :
Case 1: if g € C§°(R), the assertion is obvious.

, then take (gn)n C C{°(R), such that g, — ¢ in

prvewe=an | K| FO-)Y

Case 2 g € HL, (R) = C°(R)
H', (R), as n — oo. Then

(B)
/(gn—g)(-)f(t, ) dt < /Hgn(')_g(')Hl,—Ql/”f(tv Mo (r,pdt.
R ) R

HiQV(fL,L
Now, the integrand [lgn() — ()12l £(t, )lwr=(-1.y = 0, as n — oo, for almost every

t € R, and is bounded by an L' with respect to t application C||f(t, Moo (—r, 1), for all n.
It follows therefore that

(B) (B)
/ an () (t,) dt / g()f(t, )t in H'y(~L, L),
R R
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as n — 0o, and the proposition follows since

() / F(t)dt = o) / f(t)dt in Hy (<L, L),
R R

as n — oo. 0
Recall now that

On(f;P)() = w() —ujp()

(B)

N
= /eit(')g(t, ) dt — Z hl[i
k=—N

R

] (')g(kh7 )eZkh() :

™
"h

=13

Proposition B.3 Let us assume that L > 1 is given, and h = (xd/aN)'/? satisfies
™

— > 2L
h_ )

i.e. N > 4dL?/am. Then,

(gkh, et (B.6)

_r T
h'h

lim g(kh, -)/e5|te“<'>5(k,h)(t) dt = h1
6—0t
R

in HQQV(R) N Hl?y(_lﬁ L)

Proof. First, let us notice that since g(kh,-) € H!,,(R) and

Fs(-) := / e Mt Sk, h)(t) dt € WHP(R), (B.7)
R
Fo() = F() = 11_z £ ()he™) € L¥R) N WH(~L, L), (B.8)

the terms in (B.6) are well defined as elements of H’, (R) N H', (—L,L). Then,

i 7
Fg(.%') _ /65|t€it$2i /heikhTiTth dt = 2i / eikhT /65t|eit:vi7't dt | ar
7T 7T
R

>3

r—T %—a})/é
h ikn khs___0 h ikn khor L
= ;ez v / ' 552 2 ds—;eZ v e 5 dr
e (~5-2)/
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It the following it will be shown that uniformly with respect to = and ¢

|Fs(x)] < h, VzeR, (B.9)
d h
—F, < —+kh? OV —L,L B.10
R < ZpemR Ve (L) (B.10)
and
Fs(z) — 1[71 1](av)heikh”‘:, as 0 — 01, for a.e. x € R, (B.11)
h’h
%Fg(:ﬂ) — %F(Cﬂ) = ikh%e*h® for a.e. x € (=L, L). (B.12)
The assertions (B.9) and (B.11) follow immediately from the representation of Fg(-):
% 5 . (F-2)/s X
7T . . .
F _ ikht _ Y jikhx / tkhdoT : B.1
5(@) h /e 2+ (x—71)2 dr 7€ ¢ 1+72 dr (B.13)
~h (=7-e)/0

From (B.13) it can be deduced that

h BT
d h ' —2(zx —1)d h ' 20s
~F - tkht dr = = tkhx / ikhs d
e = 2 / C Pr@- T T ey ”
h —hT
. (R-z)/o ,
N ikha ikhéT T
e / ¢ o(1+72)2 dr
()
(F—=)/o
T=(%—x)/0
_ _ﬁeikhzleikhns 1 (i-a)/ 4 ikha / kRO 1 1 dr.
T ) 1+ 72 re(cza)s T 1+ 72
(—7-z)/s
It follows therefore that for x € (=L, L) C [—n/h,7/h],
d _hikha ikh(n /) 1/6 h ikhe ikh(—r/h—z) 1/6
@) = e T+ /h—2)jf  =° © 1+ [(—n/h — ) /0]
L (F—=)/o )
+Z~_eikhx / eikh(ST dr
s 1472
(5
_ _Eeikw 1/6 + ﬁ —ikm 1/6
o7 1+ [(x/h—2)/0> = 1+ [(—7/h —x)/d]?
2 (7-=)/s .
, ikhx ikhoT
+ZT€ / e m dr. (B14)
(—F—z)/o
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Since |w/h £ x| > L,
1/6 <13
1+ [(x/h+2)/6)2 = 1+ (L/5)

as & — 0. This will imply that the first two terms in (B.14) converge to 0, as § — 0T,
uniformly with respect to x € (—L, L). Furthermore, it can be easily seen that the last term in
(B.14) converges to ikh?e’*"* as § — 0%, and is uniformly with respect to § and = € (—L, L)
bounded by kh?. Moreover, since

2—>0,

1/6

1
— < 1)
e S 070
it follows that 4 "
—F, < — 2 —L,L).
o 5(x)_7TL+kh, V>0, Vxe(—-L,L)
Then,
Jim lg(kh, ) (F5(-) = F()II5 —2, =0, (B.15)
—0t
since

Sim lg(kh,-)(F5(-) = F()l5 0, = lim /Ig(kh,ﬂf)l%4”'m'|Fa(:v)—F(w)l2dx,
—0+ 6—0t
R

which is 0 because of Lebesgue Theorem on dominated convergence. Indeed, the integrand is
in L'(R), converges to 0 for almost every x € R, and is bounded by an integrable function
12k g(kh, z)e= 212,

With similar arguments it can be shown that

i lg(kh, ) (Fs() = PO, (p.0) =0, (B.16)
since

lg(kh, (s () = PO,y gy <

—4v|T d ?
< [ lotnope || LA - P IR - F@P| d
(7L7L)
d 2
+ / ‘%g(/{h,x) e~ Fy(z) — F(2))? da. (B.17)
(7L7L)

The integrands in (B.17) are in L'(—L, L), converge to 0 a.e. in (—L, L), as § — 0T and are
uniformly (with respect to § > 0) bounded by an L!(—L, L) function. The Lebesgue Theorem
on dominated convergence implies therefore that

T (lg(sh, ) (F5 () = FODlm, (1,1 =O. (B.18)
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Now, it follows that

(B) N
Sn(f, h)() = / ¢g(t,)dt — > 515& g(kh,-) / e M) Sk, h) (1) dt (B.19)
R k=— R

in H°, (R)Nn H', (L, L). By Propositions B.1, B.2 the errors dy(f,h)(-) can be now inter-
preted as the following Bochner-integrals in H°, (R), respectively H!', (—L,L):

(B) N
ON(FR)() = Jim [ et0e0l (g(t, )= D glkh, -)S(k,h)(t)> dt
R k=—N
(B) -
— it() g—olt] 3 — :
Jim [0 (gt~ 37 gk (@) ) dt
R k=—o00
(B)
- it() o=l .
+ ) Jim [ et0e g(kh,)S(k, h)(t) dt
|k|>N+1 R
(B)
oy Git() =0t heikh() .
= lim E(f,n)(t)dt+ Yy 1z () g(kh,-),
. |k|>N+1
in HY,, (R), respectively
(B) N
ON(FR)() = Jim [ etOeol (g(t, = g(kh,-w(k,h)(t)) dt
R k=—N
(B)
= i #O e B(f, n)(t, ) dt he*mC) g (kh, -
Jim [ OB R Y dt+ Y ke Og(kh, ),
2 |k|>N+1
in H', (—=L,L). Now, it has already been shown that
> 1 he'* O g(kh, -) < C(fy,u)c( )e—vﬂdaN, (B.20)
k>N A 0.—2u “
S heOg(kh, ) < S evrmy,
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if h = (md/aN)"2.

It remains to find similar estimates for the | - ||o,—2, || - HH12 (—1,r)-norms of
(B)
/ OB (f h)(¢,-) dt, (B.22)
R

which are uniform with respect to d, as § — 07.
By Theorem 3.7, E(f,h)(t,-) has the following representation as Bochner-integral of H!, (R)-
valued functions

(B)
_ sin(nt/h) g(t —id™,-) _ g(r +id”,) -
E(f,h)(t, ) = 27 R/{ T—t—zd ) sin[m (T—id)/h] (T—t—l—id)sin[w(T—l—id)/h]}d ’

and
IECf, )@, )l1,—20 < C, (B.23)

uniformly with respect to ¢t € R. It follows therefore that

(B) (B) ' N
/eit(')e‘ME(f’ hY(t, ) dt = / Jit() =t STt/ h) {( g(r —id™,")
R

271 T —t —id) sin[n (7 — id)/h]
(7,t)ER?
B g(t+1id,) .
(r—t 1 id) sm[r(r + id) /7] } dr dt.

Here, the integrals will be alternatively considered as Bochner integrals of H®, (R), respec-
tively H', (—L,L)-valued functions. Now, since the H’, (R), respectively H', (—L,L)-
norms of the integrands are in L'(R?), we can change the order of the integration and we
get,

(B) 1 &) B )0t g( id=, )
I ‘ 1 . " e\Ve gt —wa -
/6 e "ME(f, h)(t,-)dt o {/5111(77/ )T—t—id sin[m (7 — id)/h]

® R R

etOe=dlt  g(r +id~,")
—sin(xt/h a4y
sin(mt/h) T —t+id sin[n (7 + id)/h] } '

We shall restrict ourselves to the first term, the second can be treated in an analogous fashion.
To this end, using Propositions B.1, B.2 we get that

(B)
et g(r —id~,-) gt —id,-) .
I! sin( Wt/h T —t —id sin[n (T — id)/h] dt = sin[m (7 — id)/h] Fs(r.) (B:24)
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in H°,, (R)N H!,, (—L, L), where

F, in(mt/h) S B.25
5(7’, ) .—/Sln(ﬂ't/ )m t. ( . )
R
We get therefore that
(B) (B) (B)
e g7 —id-, ) o(r —id".)
in(wt/h - dt p dr = " Fs(7,-)dr. (B.26
/ { /Sm“T /) = d sinfm(r — id) /R } T / snpr(r — i)/ L0 ) dre (B.26)
R R R
Assume now that the following hold: for all 7 € R
Fs(r,x) — Fy(r,x) = F(r,x), as § — 07, a.e. x € R, (B.27)
d d 4
%Fg(ﬂx) — %F(T,x), as 0 — 0", ae. x € (—L, L), (B.28)
where -
omisin[r(r — id)/h]e® T if g < -5
F(r,z) = — meilm/h=a)(r—id) L —g<a<s
T
0 if —.
, x> h
Moreover, assume that
|Fs(1,2)] < 2w, VzeR (B.29)
d 1
'd—Fg(T,x) < CO+|m|)+ T Voe (—-L,L), (B.30)
x

where C' > 0 depends on d, h, but does not depend on = € (—L,L),d or 7. Assuming that
(B.27), (B.28), (B.29), (B.30) hold for Fs(r,-), we claim that

(B) S (B) S
. g\T —1 . ) - g\T™ —1 5"
m, ) sinfr(r —id) /1] Fy(r,)d R/ sin[r(r — id) /1]

F(r,-)dr, (B.31)

in H%, (R)N H, (—~L,L). In order to prove (B.31), under the assumptions (B.27), (B.28),
(B.29), (B.30), let us estimate first

g E) —F(r) 2
Hg( ! ’)sin[w(f—id) h lo,—2v
< /e—4w|g(7 —id~,z)|?|F3(r,z) — F(r,z)|? dz, (B.32)

R
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Fé(Ta')_F(T") 2

sin[n (7 — id)/h]

Hg(T—id,-)

HiQu(ilﬁL)

< [ eyl —id P

dx
(~L,L)
d 2
I / 6—41/\9:\ %Q(T —id, 1-) ’Fg(T, .%') - F(T7 -%')P dx.
(7L7L)

IFo(r,) — F(r, o)l + | <= Fi(r, ) — - F(r,)
X

2
]daz

(B.33)

Now, since the integrands converge to 0, as § — 0T, for a.e. = € R, respectively for a.e.
x € (=L, L), and are bounded by integrable functions, we conclude by Lebesgue Theorem on

dominated convergence that

Jotr i,
respectively o Fy(r.) — F(r.") N
Hg( ) Sinle(r = i) /) HH;JL,L) ’

as § — 0T, for a.e. 7 € R. Moreover,

Fs(r,-) — F(1,")
sin[m (7 — id)/h]

ng —id )

0,—2v

< Cllg(r —id™, )lo,~2v [|F5(7:-) = F(7,-) || L= m)

< 0l (1+4) e 30,

respectively

Fg(T, ) - F(T’ ) H
sin[m(r —id)/h] || (1.1

HQ(T —id, ")

< Cllg(r —id™, )l ~2u [|F5(7, ) = F(7 ) lwroe (L)

< C(y,)C(f) (1 + é)Q eI,

The Lebesgue Theorem on dominated convergence implies therefore that

g(t —id™, ") N Pl
R/ Sin[ﬂ'(T — Zd)/h] (F5( ) ) F( ) )) 02w —
g(t —id™,) N Py
R/ sin[m (T — id)/h] (Fatr ) = Fir, ))‘ H,, (~L,L) -
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(B.35)

(B.36)

(B.37)



as § — 07, which proves (B.31).
It remains to show (B.27), (B.28), (B.29) and (B.30) for Fs(r,-). As a Fourier transformation
of a L' function, Fj(r,-) is continuous with respect to z, for all 7 € R and all § > 0. One can

see that .
Fy(r,") = ]—"(%) ), (B.38)

where by F we denote the Fourier transformation and
g5(t) = e M sin(wt/h).

Then, Fs(r,-) satisfies the following first order differential equation (in x):

L () = i(r — i) Fs(r, ) = ~iF () (@) = -

0 0
e e o

Therefore, for every a € R, Fs(7,z) admits the following representation

Fy(r,3) = Fy(r, a)e—iC—id)z _ /e—i(T—id)(s—m)

a

o B o
Pt (s+F) P+ (s-F

)2] ds. (B.40)

Lemma B.4 Let 7 € R and 0 > 0 be arbitrary. Then,

lim Fs(r,z) =0. (B.41)
|z| =00
Proof. It is enough to show that
eity
lim / e M — dr=o. (B.42)
ly|—o0 T—1t—1d
R
Let us first notice that
it i (r—idycos(ty) [ in(ty)
s €Y (1 —id) cos(ty gt / _st tsin(ty gt B.43
/e p———h /e e AT e @ B4
R 0 0

We will show that the second integral converges to 0 as |y| — oo, because the first one can be
treated in the same fashion.

00 t=00
_ tsin(ty) 1 te™%
ot
]t = —= cos(ty) 5
/e +(d+ir)? y W e gy
t=0
17 t 24 (d+i1)? — 242
= 5 dt
+y [ et [ Er@ra? @ |
0
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which converges to 0 as |y| — oo. 0
It follows therefore that

oo

Fy(rz) = /e—i(r—id)(s—x)

T

0 0
5 — 5 ds,
T me

(B.44)

and this implies that |Fs(7,x)| < 27. Moreover, through changes of variables we can rewrite
(B.44) in the following form

b o 1 by o 1
Fg(T, 1_) _ / e*l(T*ld)(éS*lB*ﬂ'/h) o ds— / e*l(T*ld)(éS*lB“rﬂ'/h) o ds, (B45)
(742)/3 (- o)

and now (B.27) and (B.29) follow straightforwardly. In order to show (B.28) and (B.30) we
make use of (B.39):

o o

— B.46
CRPE A e

%Fg(ﬂ x) =i(r —id)Fs(1,2) —

Since

0 0
<

F+(zxm)? T PHL

< Vee (—-L,L), Yo>0,

1
2L

(B.28) and (B.30) are now immediate. With these results, we get that

(B) (B)
lim eit(-)eié‘ﬂE(fa h) (t7 ) dt = / fl (t7 )g(t —d”, ) dt
6—0t
R R
(B)
+ [ Bttt vid
R

in H°, (R)N H!, (L, L), where fi(t,-) and fa(t,-) are as in (3.38), (3.39). Notice that

1
It My, 12t Mo < gy

respectively

1
11t )wroe—r,nys 2t )lwieo(—r,0y < C(d)(1 + |ﬂ)m-
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It follows therefore that

16Cf, h)()llo,~2v

IN

J I e e = id o2
R
+ / oty Mzoe gt +id™ ) lo,—20 dt,

v t+id- _oy dt,
sinh( 7Td/h /Hg )HO o+ [lg(t +1i )HO, 2

respectively

16 R, (—z.1)

IN

J I oy gt = i)
R
b [ 18att Mwson -y lgte + id™ ) dt,
C(d g -
s [t = 0 s + g+ i) (0 ) .
R

This implies that

[0Cf; ) ()llo,—20 < Ce(ﬂdaml/?/\lg(t—id,-)Ilo,2y+||g(t+id,')Ho,zudt
< (e (mdaN) ”2/ Ft—id )| (1 + [t —id]) + f(t +id™)|(1 + |t +id]) dt
R
< <1+ > —(7rclozN)1/2
respectively
—(wdaN)/ L o
18 WO la,, (rpy < CeTROT / (lg(t = id™, )12 + lg(t + id™, 1) (1 +|¢]) dt
R
< e [(1f = ia] + |t - id)
R
L+ id )1+ e+ id])) (1 + [¢]) dt

1/2

1\’ 1 —(rdaN)
< Cv,v)C(f) (14-5) €

The proof of Theorem 3.9 is now complete.
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f(x) = exp(x); 4 elements at the boundary; ¢ = 1E-3
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Figure 6: Convergence rate for fixed macro polynomial degree p and increasing micro degree
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Figure 7: Relative error for the energy versus 1/¢ for increasing micro degree .
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