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Abstract

In these lectures the planar problem of three bodies with masses m0, m1,
m2 will be used as a model of coorbital motion, thus leaving the analysis of
three-dimensional effects to later work. For theoretical as well as for numer-
ical studies the choice of appropriate variables is essential. Here Jacobian
coordinates and a rotating frame of reference will be used. The application of
the Hamiltonian formalism in connection with complex notation will greatly
simplify the differential equations of motion.

The results obtained are partially of experimental nature, based on reliable
numerical integration. Obviously, chaos plays an important role. An orderly
behaviour occurs for small mass ratios ε := (m1 + m2)/m0; however, the
typical phenomena persist even for mass ratios as large as 0.01. In particular,
proper coorbital motion seems to be chaotic, but stable for very long periods
of time. The interaction of the satellites, as they approach each other, is
qualitatively described by Hill’s lunar problem. Temporary capture between
independently revolving satellites is delicate and can only happen when close
encounters are involved. It seems to be able to persist for very long times,
though, even for mass ratios as large as ε = 0.1.



1 Introduction

Coorbital motion is a particular case of three-body motion: the motion of two small
satellites about a central body. For simplicity, only the planar case will be considered.
Although coorbital motion constitutes a simplified model of three-body motion it displays
surprisingly complex dynamics. In earlier work mainly a single close encounter in the
motion of satellites in close circular orbits was considered, see, e.g. [4, 9].

In this study the succession of many close encounters is considered. Dermott and Mur-
ray [2] observed that coorbital motion may eventually decay, and they gave an estimate
of the lifetime. The basic situation consists of a large central planet m0 and two small
satellites m1, m2 revolving about m0 in the same plane.

Pairs of small satellites revolving about a central planet are called coorbital if their
orbits are close in an appropriate sense. Three types of motion may be distinguished, all
of which actually occur in the Saturnian ring system: (1) one-to-tone resonance or proper
coorbital motion, such as the motion of Janus and Epimetheus, (2) stable revolution, such
as the motion of the F ring shepherds Pandora and Prometheus, (3) temporary capture,
such as the motion of two neighbouring ring particles who remain in bound state for an
extended period of time.

In order to handle the long-term evolution of coorbital motion it is important to use
appropriate coordinates. For describing a single close encounter coordinates which lead to
Hill’s lunar problem in the limiting case of small satellite masses seem to be appropriate
[9]. Therefore we will basically introduce Hill’s coordinates; however, the time intervals
of weakly perturbed Kepler motion between close encounters will have to be considered
as well.

Since we restrict ourselves to the planar case we will use complex notation for con-
venience. First, we will collect the tools of complex notation, complex gradients and
canonical transformations. Jacobian coordinates and Levi-Civita regularization will be
summarized for later use.

Then, the behaviour at a single close encounter will be summarized, following earlier
work by Hénon and Petit [4, 6], and by Spirig and Waldvogel [9, 12]. Various coordinate
systems with the above mentioned properties will be used with the goal of adequately
describing coorbital motion. Numerical experiments suggest that coorbital pairs of type
(1) have a finite lifetime that can be very long for small mass ratios and favourable initial
conditions.

2 Tools

2.1 Complex Notation

For discussing the planar three-body problem we use the Hamiltonian formalism and
complex notation. The basic equations will be collected together with the notation to be
used.

Let !z = (x, y)T be the Cartesian coordinates of a point mass, and introduce the
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complex coordinate z and its conjugate z̄ according to

z = x+ iy ∈ lC, z̄ = x− iy, i =
√
−1 . (1)

Consider the function H(x, y), e.g. a Hamiltonian with the dependence on the momenta
suppressed, and write it in terms of z and z̄,

H(x, y) = H̃(z, z̄) . (2)

Then the complex gradient

grdH :=
∂H

∂x
+ i

∂H

∂y
(3)

becomes

grdH := 2
∂H̃

∂z̄
, (4)

as is seen by differentiating (2) by means of (1).
Next, we consider a Hamiltonian depending on several complex coordinates zk (k =

1, . . . , N), their canonically conjugated momenta pk, and the corresponding complex con-
jugated variables z̄k, p̄k (k = 1, . . . , N). The typical transformation of variables to be
considered is a conformal map in each coordinate. Therefore, with Zk, Pk (k = 1, . . . , N)
being the new coordinates and momenta, we define the coordinate transformation by the
functions

zk = zk(Z1, Z2, . . . , ZN), k = 1, . . . , N , (5)

analytic in every variable, and we are looking for the definition of the canonically conju-
gated momenta Pk. Using the well-known technique of the generating function (see, e.g.
[8]) we proceed as follows. From the generating function

W (Zk, pk) := Re
N∑

k=1

zk(Z) · p̄k (6)

the new momenta are obtained as the partial derivatives of W with respect to the new
coordinates, in complex notation:

Pk = 2
∂W

∂Zk
, k = 1, . . . , N . (7)

2.2 The Hamiltonian

The technique discussed in the previous section conveniently allows to set up the equations
of motion in various coordinate systems. Consider now the three point masses m0, m1,
m2 at the inertial positions x0, x1, x2 ∈ lC, respectively, with the center of mass at rest,
Σmj xj = 0. We will formulate the equations of motion in terms of the relative coordinates
with respect to x0,

z1 := x1 − x0, z2 := x2 − x0 . (8)
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The position x0 of the reference body m0, in turn, may be recovered from

(m0 +m1 +m2) x0 = −m1 z1 −m2 z2 .

It is easily seen that the canonically conjugated momenta in complex notation are

pj = mj
dxj

dt
, j = 1, 2, .

The Hamiltonian H and angular momentum C of the planar three-body problem are then
given by

H =
|p1 + p2|2

2m0
+

|p1|2

2m1
+

|p2|2

2m2
−

m0m1

|z1|
−

m0m2

|z2|
−

m1m2

|z2 − z1|
,

C = Im(z̄1 p1 + z̄2 p2) .

(9)

In this study we will consider coorbital configurations with m0 as the central body and
m1, m2 as the possibly interacting satellites. Therefore, it is useful to introduce Jacobi
coordinates R,D with respect to m0 and the center of mass of m1 and m2:

R = µ1 z1 + µ2 z2, D = z2 − z1 , (10)

where
µj =

mj

m1 +m2
, j = 1, 2 (11)

are the relative masses of the satellites. This yields the transformation

z1 = z1(R,D) = R− µ2D, z2 = z2(R,D) = R + µ1D . (12)

With the generating function according to (6),

W (R,D, p1, p2) = Re
(
z1(R,D) p̄1 + z2(R,D) p̄2

)
,

we obtain the definition of the canonically conjugated momenta PR, PD from Equ. (7):

PR = 2
∂W

∂R
= p1 + p2

PD = 2
∂W

∂D
= µ1 p2 − µ2 p1 .

Solving this for the old momenta yields

p1 = µ1 PR − PD, p2 = µ2 PR + PD , (13)
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and the Hamiltonian and angular momentum (9) become

H =
|PR|2

2m0
+

|µ1 PR − PD|2

2m1
+

|µ2 PR + PD|2

2m2

−
m0m1

|R− µ2D|
−

m0m2

|R + µ1D|
−

m1 m2

|D|
,

C = Im(RPR +DPD) .

(14)

2.3 Regularization

Since repeated close encounters of m1 and m2 are involved in coorbital motion it may
be necessary to regularize the respective binary collisions. A review of Levi-Civita’s
regularizing transformation [5], written in complex notation, is given in this section.

(i) A single binary collision between a particle at position z with momentum p and a
central body at the origin is regularized by introducing new coordinates and momenta Z,
P according to Levi-Civita’s conformal canonical transformation

z = Z2, p =
P

2Z
. (15)

The second equation follows from (7) with the generating function W = 1
2 (Z

2p̄ + Z̄2p).
Regularization is achieved by introducing the fictitious time s and the new Hamiltonian
K according to

dt = r · ds, r = |z| = |Z|2

K = r(H − h) ,
(16)

where h is the fixed value of H on the orbit under consideration.

(ii) Hill’s lunar problem has a special significance for coorbital motion, see Section 3. It
approximates coorbital motion in a rotating (and pulsating) coordinate system during the
close encounters of the satellites [9]. The model is given by the Hamiltonian [12]

H =
1

2
|p|2 + Im(p̄ z)− 3

8
(z2 + z̄2)− 1

4
zz̄ − 1

|z|
. (17)

Using the transformations (15), (16) yields the new Hamiltonian

K =
P P̄

8
+ |Z|2

(1
2
Im(P̄Z)− 3

8
(Z4 + Z̄4)− 1

4
Z2 Z̄2 − h

)
− 1 , (18)

a polynomial of degree 2 in P and 6 in Z. For completeness the equations of motion are
given here:

dZ

ds
= 2

∂K

∂P̄
,

dP

ds
= −2

∂K

∂Z̄
,

dt

ds
= ZZ .

(iii) As a by-product, we mention the possibility of simultaneously regularizing all binary
collisions in the planar three-body problem [11]. The goal is to introduce two new complex
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coordinates Z1, Z2 such that the three complex relative positions z1, z2, z2 − z1 appear as
complete squares, z1 = ζ21 , z2 = ζ22 , z2 − z1 = ζ20 . Since this implies

ζ22 = ζ20 + ζ21 , (19)

it suffices to parameterize the relation (19) (formally Pythagoras’ theorem) by 2 new
variables Z1, Z2. We choose the well-known relations using quadratic polynomials for
ζ1, ζ2,

z1 =
(Z2

1 − Z2
2

2

)2
, z2 =

(Z2
1 + Z2

2

2

)2
, z2 − z1 = Z2

1 Z
2
2 .

Equ. (7), together with the generating function

W =
1

2
(z1 p̄1 + z̄1 p1 + z2 p̄2 + z̄2 p2)

provides the definition of the conjugated momenta:

(
P1

P2

)

=

(
Z1 Z1

−Z2 Z2

) 


(Z

2
1 − Z

2
2) p1

(Z
2
1 + Z

2
2) p2



 .

Solving for p1, p2 yields

p1 =
Z2 P1 − Z1 P2

2Z1 Z2(Z
2
1 − Z

2
2)

p2 =
Z2 P1 + Z1 P2

2Z1 Z2(Z
2
1 + Z

2
2)

.

Finally, the time transformation

dt = r0 r1 r2 · ds, rj = |zj|

transforms the Hamiltonian (9) into the regularized

K = K(Z1, Z2, P1, P2) = r0 r1 r2(H − h) ,

which turns out to be a polynomial of degree 2 in P , and of degree 12 in Z. A recent
account of implementing this regularization is given in [3].

3 A Single Close Encounter

We restrict ourselves to summarizing results obtained with the circular model described
in [9]. Approximative data from two known coorbital pairs in the Saturnian ring system
will be given.

Let
ε := (m1 +m2)/m0 << 1 (20)
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be the ratio of the total satellite mass m1 +m2 and the central mass m0, and assume the
satellites m1, m2 to initially move on nearly identical circles of radii R1, R2, respectively,
about m0. Following the definitions in Equ. (10) we introduce

R12 := µ1R1 + µ2R2, ∆ := |R2 − R1| (21)

as the “mean” orbital radius (more precisely, the orbital radius of the satellites’ common
center of mass at a close encounter) and the orbital separation.

Furthermore, we introduce the relative separation

δ := ∆/R12 (22)

and the impact parameter
c := δ · ε−1/3 . (23)

In [9] it is established that during a close encounter of the satellites coorbital motion
behaves like a particular solution of Hill’s lunar problem. This is seen by using Jacobi
coordinates R,D according to (10) and introducing scaled rotating and pulsating coordi-
nates z according to

D = ε1/3 Rz, z = x+ iy . (24)

If the coorbital configuration is near-circular, i.e. if

R = R0 e
iωt with ω2R3

0 = m0 ,

then the limit ε → 0 results in Hill’s lunar equations

ẍ− 2ẏ − 3x + x/r3 = 0, r =
√
x2 + y2

ÿ + 2ẋ + y/r3 = 0
(25)

with the energy integral
1

2
(ẋ2 + ẏ2)− 3

2
x2 − 1

r
= h . (26)

As a consequence of the definition (23), a single close encounter is described by the
uniquely determined orbit satisfying Hill’s lunar equations (25) and

lim
t→−∞

x(t) = c > 0 . (27)

The main result on circular coorbital motion is based on the limiting case c → 0. Intro-
ducing scaled coordinates

ξ = c−1x, η = c2y, τ = c3t (28)
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into (25), (26) yields in zeroth order

− 2η′ − 3ξ = 0

η′′ + 2ξ′ +
1

η|η|
= 0

1

2
η′2 − 3

2
ξ2 − 1

|η|
= c−2h ,

(29)

where primes denote derivatives with respect to τ . The orbit in the limit c → 0 exists if
h → ∞ such that c−2h has a finite limit. Elimination of η′ from the first and the third
equation of (29) yields

−3

8
ξ2 − 1

|η|
= c−2h .

Since the above limit corresponds to ξ → 1, η → ∞ we obtain c−2h → −3
8 , and the

possible limiting orbits are given by

η =
±8/3

1− ξ2
for |ξ| < 1 . (30)

In particular, the closest approach occurs for ξ = 0 which implies

|ηmin| =
8

3
. (31)

In order to characterize a close encounter in coorbital motion it suffices to consider solu-
tions of Hill’s lunar problem for which the limit (27) exists, referred to as non-oscillating
orbits. These orbits approximate the motion of coorbital satellites (described in rotating
Jacobi coordinates) during a close encounter in the limit of small mass ratios ε → 0.

In Fig. 1 (overview) and Fig. 2 (details) a few typical non-oscillating orbits corre-
sponding to various values of the impact parameter c > 0 are plotted. They all have
their incoming branch in the first quadrant. Three types of orbits may be distinguished
according to the value of c compared to the separating values

c1 = 1.33611 71883, c2 = 1.71877 99380 . (32)

These types will be briefly discussed in the following, using the same nomenclature as for
the types of coorbital motion introduced in Section 1.

Orbits of Type 1 are obtained if the impact parameter satisfies c ∈ (0, c1).

7



!6 !4 !2 0 2 4 6
!20

!15

!10

!5

0

5

10

15

20

x

y

Hill‘s Problem, Impact Parameter c=.6, .8, 1, 1.2, 1.8, 2.4, 3

Fig. 1 The family of non-oscillating orbits in Hill’s lunar problem.
The incoming branch is in the first quadrant. From left to

right, the values of the impact parameter are c = 0.6, 0.8,
1.0, 1.2 (Type 1), 1.8, 2.4, 3.0 (Type 2).

In the entire interval the orbit persistently escapes in the second quadrant as t → +∞.
For sufficiently small values of c (in practice for c < 0.8) the orbit is well approximated
by Equ. (30). In this interval the entire orbit depends continuously on the parameter c,
and it is bounded away from the collision singularity at the origin. The limiting orbit
for c = c1 is asymptotic to a periodic orbit of Hill’s problem with energy h = −.375c21
and never escapes. Accordingly, the close encounters of coorbital motion corresponding
to these values of c have the following properties:

- The leading body is the same before and after the close encounter.
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- The upper and lower bodies exchange their roles such that the center of mass of the
satellites remains at the same distance from m0.

- For c << 1 (in practice c < 0.8) the minimum distance of the satellites during the
close encounter is approximated by

Dmin = ε1/3 R · 8
3
c−2 =

8

3
Rεδ−2 , (33)

as follows from (24), (28), (31), and (23). Here ε and δ are defined by (20) and (22),
respectively.

!3 !2 !1 0 1 2 3
!2

!1.5

!1

!0.5

0

0.5

1

1.5

2

2.5

3

x

y

Nonoscillating Orbits in Hill‘s Lunar Problem

c=1.33611718831.3

1.2 1.1 1.0

c=1.7187799380

1.8 1.9 2 2.2 2.4 2.8

Fig. 2 Detail of Fig. 1. The limiting cases of orbits of Types 1
and 2 corresponding to c = c1 and c = c2, respectively (see

Equ. (32)) are asymptotic to kidney-shaped periodic orbits
of Hill’s problem. Due to the hyperbolicity of these orbits
(as fixed points of the Poincaré map) only a few revolutions

can be traced numerically.

In the Saturnian ring system the satellites Janus and Epimetheus are currently on orbits
of this kind. In Section 1 they were referred to as orbits of Type 1 or proper coorbital
motion. Other notions are one-to-one resonance or horseshoe orbits, due to the horseshoe-
like shape of the relative orbit in a rotating coordinate system. In Table 1 below the
approximate orbital data of this pair of satellites are collected.
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Close encounters of Type 2 are characterized by a sufficiently large value of the impact
parameter c, more precisely by the condition c > c2. Fig. 1 and Fig. 2 show that non-
oscillating orbits of this type end in an escape in the fourth quadrant for t → ∞. In the
whole interval the entire orbit again depends continuously on c and is bounded away from
the collision singularity at the origin. The limiting orbit for c = c2 is again asymptotic
to a periodic orbit of Hill’s problem and never escapes. The close encounters of the
corresponding coorbital motion have the properties

- The leading satellite becomes trailing and vice-versa.

- The upper satellite remains in the upper orbit, the lower satellite remains in the
lower orbit.

Therefore, the lower (and faster) satellite merely passes the upper (and slower) one,
without much interaction. In a circular configuration this stable revolution generally
persists for a long time if c > 3. In the Saturnian ring system the F ring shepherds
Pandora and Prometheus are an example of this situation (Table 1).

Non-oscillating orbits of Type 3 correspond to an impact parameter in the so-called
transition region defined by c ∈ (c1, c2). They depend on c in a very complicated, dis-
continuous way. The family has fractal structure with infinitely many orbits asymptotic
to periodic orbits. Short intervals of continuous dependence on c are always followed
by discontinuities. The orbits of the family cannot be bounded away from the collision
singularity at the origin; the family contains infinitely many collision orbits. The orbits
may generically end in an escape in the second, third or fourth quadrant (see Fig. 3).
Therefore the corresponding close encounter in coorbital motion

!1.5 !1 !0.5 0 0.5 1 1.5

!1.5

!1

!0.5

0

0.5

1

1.5

x

y

Hill‘s Problem, Transition Region, c=1.3, 1.4, 1.5, 1.6, 1.7, 1.8

c=1.3

1.41.51.8

1.7

1.6

Fig. 3 Non-oscillating orbits from the transition region correspond-

ing to the values c = 1.4, 1.5, 1.6, 1.7 of the impact pa-
rameter (from left to right on the incoming branch in the

first quadrant). Every orbit involves close approaches with
the singularity at the origin. The orbits corresponding to
c = 1.3 and c = 1.8 outside the transition region are added

for clarity.
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may ultimately be of Type 1 or Type 2, but only after possible collisions of the satellites.
Actual celestial bodies would thus not survive close encounters in the transition region.

!1.5 !1 !0.5 0 0.5 1 1.5

!1.5

!1

!0.5

0

0.5

1

1.5

Temporary Capture in Hill‘s Lunar Problem, c=1.337339

x

y

Fig. 4 Initial segment of the non-oscillating orbit with impact pa-

rameter c = 1.337339. The orbit is close to a quasiperiodic
solution (torus); it escapes only after hundreds of revolutions
(not shown).

An interesting phenomenon of non-oscillating orbits in the transition region is the ex-
istence of orbits close to quasiperiodic solutions (tori) of Hill’s problem. These orbits
carry out hundreds of revolutions about the origin before escaping (Fig. 4). In coorbital
motion this corresponds to temporary capture between the two satellites in orbit about
the central body. The experiments suggest that temporary capture can be achieved for
an arbitrarily long time span. However, near-collisions between the satellites seem to be
necessary.

In Table 1 below approximate orbital data of two actual coorbital pairs in the Saturnian
ring system are listed. For the central body, Saturn, a normalized mass (mass times
gravitational constant) of m0 = 3.8 · 107 km3 sec−2 is assumed. The quantities ε, R12

and ∆, δ, c, Dmin are defined in (20), (21), (22), (23), (33), respectively. The periods of
revolution Tk follow from the third Keplerian law,

Tk = 2π
√
R3

k/m0 , k = 1, 2 ,
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and the synodic period Tsyn (the time between two consecutive close encounters) is given
by

Tsyn =
1

T−1
1 − T−1

2

=̇
2

3
T1 δ

−1 . (34)

In the last line of Table 1 we give a measure Tenc of the duration of a close encounter of
coorbital satellites. We say that the interaction begins when the trailing satellite “sees”
the leading one in the tangential direction of its own orbit. The interaction is said to end
in the inverse constellation. Simple geometry yields

Tenc =
L

2πR12
· Tsyn ,

where
L =̇

√
8R12∆

is the length of the chord of the outer orbit which is tangential to the inner one. Combining
these equations yields

Tenc =̇
2
√
2

3π
T1 · δ−1/2 . (35)

Type 1 Type 2

Janus-Epimetheus Pandora-Prometheus

ε 8 · 10−9 1.64 · 10−9

R12 151 460 km 140 270 km

∆ 50 km 2350 km

δ 0.00033 0.0167

c 0.165 14.2

Dmin 29700 km 2350 km

T1, T2 16.68 h 14.7 h, 15.1 h

Tsyn 1404 days 24.8 days

Tenc 275 h = 16.5 revol. 2.3 revolutions

Table 1

4 Long-Term Evolution

The long-term evolution of a coorbital pair is determined by the close encounters between
the satellites. It strongly depends on the successive types of the close encounters as they
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are discussed in Section 3. We will first define coordinate systems appropriate for describ-
ing all phases of coorbital motion: the close encounters, the intervening time intervals of
perturbed Kepler motions, and the intervals of temporary capture between the satellites.

The starting point is the system of Jacobi coordinates R, D and their canonically
conjugated momenta PR, PD (see Equs. (10), (13)), resulting in the Hamiltonian (14).
In order to describe the relative motion of m2 with respect to m1 in a simple way we
introduce a rotating and pulsating coordinate system. One way to do this is to measure
the relative coordinateD with respect to the center-of-mass coordinateR, i.e. to introduce
the complex ratio

Q := D/R (36)

as a new coordinate. In order to carry out this transformation within the canonical
formalism we augment (36) by the identical transformation S := R, thus denoting the
new (unchanged) center-of-mass coordinate by S. Hence, the coordinate transformation
becomes

R = S
D = S ·Q .

(37)

Following the procedures of Section 2.1 we obtain the canonically conjugated momenta
PS, PQ from the generating function

W =
1

2
(S PR + S PR + SQPD + S QPD)

as

PS = 2
∂W

∂S
, PQ = 2

∂W

∂Q
.

Solving these equations for the old momenta yields

PR = PS −
Q

S
PQ, PD =

PQ

S
. (38)

Substituting (37), (38) into the Hamiltonian (14) yields

H =
1

2|S|2
(( 1

m0
+

1

m1 +m2

) ∣∣∣S PS −QPQ

∣∣∣
2

+
( 1

m0
+

1

m2

)∣∣∣PQ

∣∣∣
2
)

−
1

|S|

(
m0m1

|1− µ2Q|
+

m0m2

|1 + µ1Q|
+

m1m2

|Q|

)
.

(39)

Obviously, this coordinate system generates singularities when the center of mass of m1

and m2 passes through the origin, S = 0. This cannot happen during a close encounter
of m1, m2; however, it may happen if the satellites occupy nearly opposite positions on
their orbits about m0.
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The following consideration involving two small satellites moving on independent cir-
cular Keplerian orbits

zk = rk e
iωkt, (k = 1, 2), ω2

1r
3
1 = ω2

2r
3
2

will indicate the behavior of Q near this singularity. Equs. (10), (37) imply

Q =
z2 − z1

µ2z2 + µ1z1
.

Simplifying by z1 reveals the orbit of the variable Q as the image of the circle z = z2/z1 =
r2/r1 · ei(ω2−ω1)t under a Möbius transformation, i.e. again a circle. If S passes through
the origin, Q passes through infinity, i.e. its orbit is a straight line (a circle with infinite
radius).

On the other hand, during a close encounter of m1 and m2 the coordinate S nearly
travels on a Keplerian orbit; therefore Q describes the relative motion of z2 with respect
to z1 in the rotating-pulsating coordinates defined by the Kepler motion of S. Hence the
quotient Q behaves as Hill’s coordinates of Section 3 in every close encounter (compare
Fig. 1 with Fig. 6 below). These segments are connected by near-circular arcs (see Fig. 5
below). In the variable Q the types of motion discussed earlier can easily be distinguished:

Type 1: Proper coorbital motion is characterized by a long sequence of close encounters,
each one characterized by a single near-perpendi-cular intersection with the
imaginary axis. The orbit of Q has the shape of a horseshoe. For m1 = m2 the
connecting near-circular arcs may pass through the right or the left half-plane
and seem to change in a chaotic way.

Type 2: Stable revolution is characterized by an orbit of Q consisting of perturbed
circles without intersections with the imaginary axis.

Type 3: Temporary capture: Q enters the vicinity of the origin and stays there for a
long time.

The Hamiltonian (39) may finally be regularized in two steps: By applying Levi-
Civita’s transformation to the variableQ the collisions betweenm1 andm2 are regularized.
With q, Pq being the new coordinates and momenta, and τ1, K1 being the new time and
Hamiltonian, we transform

Q = q2, PQ =
Pq

2q
, dt = |q|2 dτ1 K1 = |q|2(H − h) , (40)

where h is the value of the Hamiltonian on the orbit under consideration.
The second step is to transform the variable S in a similar way:

S = s2, PS =
Ps

2s
, dτ = |s|4 dτ1, K = |s|4K1 . (41)

Here s, Ps, τ, K are again the new coordinates, new momenta, independent variable, and
Hamiltonian. In addition to being analogous to the transformation (40), (41) “linearizes”
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the unperturbed equations of motion of the center of mass [10] and introduces the true
anomaly of this motion as a new independent variable. These variables were used by
Scheibner [7] in the elliptic restricted three-body problem. The transformed Hamiltonian
becomes

K =
1

8

( 1

m0
+

1

m1 +m2

)
|q|2 |sPs − q Pq|2 +

1

8

( 1

m1
+

1

m2

)
|Pq|2

− |s|2
(m0m1 |q|2

|1− µ2q2|
+

m0m2 |q|2

|1 + µ1 q2|
+m1m2

)
− h |q|2 |s|4 ,

(42)

and the equations of motion are

dq

dτ
= 2

∂K

P q
,

dPq

dτ
= −2

∂K

∂q

ds

dτ
= 2

∂K

P s
,

dPs

dτ
= −2

∂K

∂s
,

dt

dτ
= |qs2|2 .

(43)

In the types of motion and time intervals considered in this work the collisions of the
satellites with m0 are excluded (i.e. the denominators in (42) are > 0); hence Equ. (43)
are expected to be well suited for studying planar coorbital motion.

5 Results and Conclusions

For generating orbits of coorbital pairs we use roughly opposite initial positions and
circular initial velocities. The initial positions will be defined according to Equ. (8), i.e.
by

x1 = x0 + z1, x2 = x0 + z2 ,

where

x0 = −
m1z1 +m2z2

M
, M = m0 +m1 +m2 .

Nearly opposite values for z1 and z2, e.g.

z2 = −1, z1 = 1 + δ, |δ| << 1 (44)

were chosen in all the experiments. According to Kepler’s laws the circular initial velocities
are given by the complex momenta

p1 = im1

√
M

x1
, p2 = −im2

√
M

−x2
. (45)

A large number of orbits of coorbital pairs of all three types were computed numeri-
cally, using initial data according to (44), (45) with δ and ε (Equ. (20)) in the range
10−1 . . . 10−3. For sufficiently small mass ratios ε motion of Type 1 is obtained initially if
|δ| < c · ε1/3 and c < 1.33. In this way it was possible to observe a sufficient number of
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revolutions of coorbital motion as well as the process of its decay. The representation of
the relative motion of m2 with respect to m1 in rotating-pulsating coordinates Q (Equs
(36), (10)) proves to be an excellent means for visualizing the long-term behavior of the
coorbital pair.

In all the experiments it was possible to continue the computation until the coorbital
pair broke up. Similar results were obtained by G. Auner and R. Dvorak [1] in a numerical
study with small mass ratios ε < 10−4. In most of their experiments with δ > 0.7 · ε1/3
break-up of the coorbital pair within 10′000 close encounters was observed. Therefore it
may be conjectured that coorbital pairs have a finite lifetime (which may be very long,
though).

We restrict ourselves to visualize the long-term evolution and decay of coorbital motion
by means of a typical example.

!20 !10 0 10 20 30 40
!25

!20

!15

!10

!5

0

5

10

15

20

25

Rotating!Pulsating Coordinates, Re Q

Im
 Q

Decay of Coorbital Motion, m0=512, m1=7/15, m2=8/15

Fig. 5 Relative motion in a coorbital pair, shown in rotating-
pulsating coordinates. Masses: m0 = 512, m1 = 7/15,
m2 = 8/15. Circular initial positions: z1 = −1, z2 = 1.01.

The pair breaks up after 10 close encounters; 4 more close
encounters of the subsequent Type-2 motion are shown.

Figure 5, giving an overall view of the relative motion in rotating-pulsating coordinates,
clearly displays 10 near-circular connecting arcs representing 10 intervals of weakly per-
turbed Kepler motion between 10 close encounters. These circles are slightly deformed
since the Kepler orbits have small eccentricities. The succession of connecting arcs is gen-
erally non-monotonic, in fact is seems to be totally irregular and impredictable. After the
break-up of the coorbital pair the motion of this system transforms into Type-2 motion
(stable revolution); 4 more close encounters are shown in the figure.
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The behavior near the close encounters is seen in Fig. 6, a mere close-up view of the
neighbourhood of the origin of Fig. 5. The 10 close encounters of Type-1 motion are
represented by the U -shaped branches entering the picture from above and from below.
These encounters slowly “deteriorate” in an irregular but systematic way: the minimum
distance decreases until the pair breaks up in a near-collision. The branches on the left
side of the figure represent the first 4 close encounters in the subsequent Type-2 motion.

!2 !1 0 1 2
!3

!2

!1

0

1

2

3

Rotating!Pulsating Coordinates, Re Q

Im
 Q

Decay of Coorbital Motion, m0=512, m1=7/15, m2=8/15, z1=!1, z2=1.01

Fig. 6 Detail of Fig. 5 (neighbourhood of the origin). The coorbital
pair breaks up with the tenth close encounter.

Finally, we mention a surprising observation concerning temporary capture between
two satellites in nearly identical orbits about a central body. In Section 3 (Figure 4)
we gave an example of long temporary capture in Hill’s lunar problem, which is the
limiting case ε → 0 of coorbital motion. Our experiments suggest that the phenomenon
of temporary capture, between coorbital satellites possibly for arbitrarily long times, exists
also for finite mass ratios ε > 0. Fig. 7 shows the initial section of an orbit corresponding
to ε = 1/343 which remains in bound state for more than 100 revolutions. Similar orbits
have been found for mass ratios as large as ε = 0.1. Note the striking similarity between
Fig. 7 and Fig. 4.

The analysis of some of the phenomena of this section by means of appropriate surfaces-
of-section is deferred to a later paper.
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Temporary Capture, m0=343, m1=m2=0.5, z1=!1, z2=1.142469

Fig. 7 Temporary capture between two satellites in orbit. Masses:
m0 = 343, m1 = m2 = 1/2. Circular initial positions:

z1 = −1, z2 = 1.142469. The bound state breaks up only
after more than 100 revolutions (not shown here). Note the

similarity with Fig. 4.
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