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Abstract

The formulae for the Coulomb potential derived in this paper apply to the
situation most commonly encountered in applications: a basic cell containing
N charges and their periodic images. The Coulomb energy or the Coulomb
forces can then be calculated using e.g. Ewald sums. The formulae given here
have several advantages over the Ewald technique, in particular when N is
large.



1. Introduction

Consider a basic cell C' (a cube of side 1) containing N charges ¢; with total charge zero. A
standard situation is to consider all replicas of C' filling the whole three dimensional space
or else a two-dimensional layer of finite thickness. In both situations one is interested in
the Coulomb energy, more precisely, in the expression

(1) Ly s g —

2 i ;o T

For a two-dimensional layer one has 77 € Z? in the place of Z>.

Here the prime indicates that the singular term that would arise for ¢ = j is to be
excluded. 77 is a lattice vector and 7; is the position vector of a charge ¢;.

Since the infinite sum is only conditionally convergent one has to specify in (1.1) how
the summation has to be executed. Standard practice is to take spherical means, i.e.
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The first paper giving an expression for the Coulomb potential, i.e.

(1.3) U(r) = ZZ%H 7+H|

neZd =1

was by Madelung [6]. His expression is only valid for ¥ # 7; and is not correct for spherical
means. His method of derivation only works for the Coulomb potential. Ewald [2] then
derived his now well-known formula for the Coulomb energy. A variant of Madelung’s
formula applicable to (1.1) was derived by Lekner [4] and by different methods in [8]. The
formula of Lekner converges faster than Ewald’s but it is not simple to apply to the case
in which N gets large.

In this paper a new formula for the Coulomb energy (and also Coulomb forces) is
derived which converges at about the same rate as Lekner’s, but which has an advantage
in the application to dense systems, i.e. when N is large.

2. The Coulomb potential
Our starting point is the formula (3.30) of [8] which can be put into the following form:

DO —

Z — @,y — Yjn 2 — 2) + 2m(|z — 21" — [z — %))}

FQY g +2§ (i 0r)
=1 =1

(2.1)

The last term (dipole moment) was missing there, but is has to be included if in (1.1) one
wants a limit of spherical means (see DeLeeuw-Perram-Smith [1]). Without the dipole
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term E corresponds to a limit of two dimensional infinite plates. For the explicit form
of V(z,y, 2) in (2.1) we introduce the following abbreviations which will be used later on
also:

(2.2) Belp,z] :=4 > Ko(2mp- p) cos(2mpz), Ko = Besselfunction
p=1

and

(2.3) Ly, z] = log(1 — 2 cos(2my) exp(—2m|z|) + exp(—4n|z|)) .

With this notation one has

(2.4) Vi(z,y,z Z Be[\/(y+ k2 + (z 4+ 0)2,x] — i Lly, z + m]

k,{=—o00 m=—00

and the constant is

1 1 X
(2.5) Qo= 5 Z Be[Vk2 + (2,0] =5 Z L[0,m] + v — log(41) = —1.942248

2 k,f=—o00

where v = 0.577216 is Euler’s constant.
For the case of a layer of some finite thickness 0 < z < h extending to infinity only in
x and y-direction one has

(2.6) E= ;61 Gy {V (2 = 25,9 — yj, 5 — 25) — 2|z — 2]} + Qo - il q
Bl =
where now
(2.7) Vix,y, 2 Z Be[\/(y + k)2 + 22, z] — L[y, 2]
k=—00
and
(2.8) Qo = i Belk,0] + v — log(4m) = —1.95013246 .
k=1

We now derive alternative formulae for the Coulomb potential. The advantages of these
new formulae will become clear later on.

In order to transform the functions V(x,y, z) and 17(3:, Yy, z) we apply a simple Lemma
which was introduced in [7] and used extensively again in [8]. For the sake of completeness
we reproduce it here.

Lemma: Let the infinite sum S be given as

(2.9) S(z,r) = i p(lz+ k|, 7).

k=—o00

2



where r > 0 and p(,) is such that the series converges for x € [0,1] and any r > 0. Then

(2.10) S(x,r) = /OO (s,7) ds+42/ ) cos(2mls)ds - cos(2mlzx) .
0

The formula (2.10) is just the Fourier series of S(x,r). For more details see e.g. [8].
We now apply formula (2.10) to the case

(2.11) p(s,r) = Ko(2mpVs? +12) .

The integrals in (2.10) can be looked up in any standard collection of Fourier-transforms
or else Besseltransforms. One is then led to the identity (see [9], Eq. (3.5))

(2.12) Z Ko(2mp\/(y + k) +12) = e~V cos(2mly)

_ ]' —27r7"p
k=—00 ) p Z Vp +£2

We first apply (2.12) in the expression (2.7) for V(z,, z). Then it remains first to calculate

22 e 2P cos(2mpy) = 2Re / Z e "dw
(2.13) »=1 P

= 2Re / ¢ dw= —2Re(log(1 —e™%))
¢ l1l—e

with ¢ = 27(|z| — i - y). Calculation of the real part gives

(2.14) i

—27|zlp | Cos(QTi'py) == _L[y7 Z] ’

’@Il—‘

which is the second term on the right of (2.7).
After some rearrangement of equaton (3.4) and use of equations (2.12) and (2.14) one

finds

~ 1 . S
(2.15) Viz,y,z) =Y 7 exp[—27|7i| |z|] cos(2n7i - p)

n>0

with 77 € Z* and p'= (z,y).

In the case of V(z,y,2) we have to replace r in (2.12) by |z + m| and sum over m
from —oo to co. The first term on the right of (2.12) then leads to the second term on
the right of (2.4). The summation over m in

o0 o0 1
> Y o el 2l mlyp? + ) cos(2nty)

/=1 m=—o0

consists of two geometric series. Some routine steps and rearrangement show that one

has

v g A

|7i|>0

cos(2mmi - p) .



Note that also here 7 € Z2. The functions V(z,y,z) and V(x,y, z) are obviously
symmetric in z and y. An important point is that

(2.17) Ulx,y, z) = V(x,y,2) +2m(z* — |2])

is symmetric in z,y, 2! This is not obvious from the form of V' (z,y, ), but it has to be
true if one goes back to the original meaning. One can however check numerically that
U(z,y, z) is indeed symmetric in z,y, z.

We summarize our results in the form of

Theorem 1: The Coulomb energy as defined by (1.2) can be written as

(2.18) E=

DO | —

N o N o N
Z QinU<xi_xjayi_ijzi_zj)_'_?(Z Qi'ri) +Q0'Z q;
itj=1 i=1 i=1

where U(x,y, z) defined by (2.16), (2.17) is symmetric in x,y, z and Qo = —1.942248.

Remarks:

(a) If z; = z; we can take advantage of the symmetry and interchange in (2.16) the
variables x, v, z.

(b) The fact that the function V(z,y, 2) involves only a double sum in contrast to the
Ewald sum or the form (2.4) is a considerable improvement.

For the case of a layer the analogue of Theorem 1 is

Theorem 2: The Coulomb energy defined by (1.2) with i € Z* is given by

1 N N _ N
(2.19) E=§ Z QinU(xi_xjayi_yjazi_Zj)+QO'Z C]?
i#j=1 i=1
with
~ 1
(2.20) Ulz,y,z) = > — exp|—2nx|i]|z|] cos(2mp- i1) — 22|

|7|>0 |_)|
where i € %Z, = (x,y), Qo = —1.95013246.

Remarks:

) If z; = z; one has to use (2.4) instead of (2.19), (2.20).

a
b) If the basic cell is not a cube but still orthorhombic with sides a,b, ¢ the formulae
2.3) - (2.6) are just slightly changed (see Lekner [5]).

c) If the distance between two charges ¢;, ¢; is very small then the series in (2.4), (2.7),
2.16) or (2.20), converge slowly. One can then use identities derived in [8]. It was shown

(
(
(
(
(
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(Eq. (3.40) - (3.42) there) that if p = y/y? + 22 is small (say < 0.5) one has

x? + p?
where
(2.22) co = 4y — log(167%) = —5.0620485 ,
(2.23) Hly,z] = —Lly, ] + log p* + log(47?)
4
= 2m|z| + ? (y? — 2%) + 79T—0 (y* — 6y*2? + z*) + higher order terms

and

> 1/2
(2.24) G =3 ( / ) PP{C(204+1,14+2) +C(20+1,1—2)y —p(1+2) (1 —1x) .

=1
Here

[e.e]

(2.25) Z = S)

is the Hurwitz Zetafunction (a multiple of the polygamma function) and ¢ is the Digam-
mafunction The function G[p, x] is an even function of z and symmetric with respect to
r = i . One can therefore restrict  to the interval [0, 2]

Equatlon (2.21) gives a decomposition of V (z,y, z) into a regular and singular part
which will be used in the next section.

(d) The Coulomb forces follow from the gradient of the corresponding potential for which
we have different versions. For example the x-component of the force on charge ¢; can be
written as

nyCosh(mr| (1 — |z, — z]))

Al Simhmay @ (= 5)

Fai: —27T%Z%Z

(2.26) 4n j#i li>0
+ 56 > 4w —w)
J#i

if the form (2.16), (2.17) of the potential is used.
A different version follows for the same force from (2.4). One now obtains

Fi= —swazz z PE(2mpy/ (g5 — yi + 02 + (25 — 2+ 0)2)

(227) j#i p=1 kf=—o0 4
. i
- sin(2mp(x; — x5)) + 5 4 Z qj(z; — ;) -
Note that A]:él
>, gz —z)=¢q Y, ¢jz;j=¢ D,
i i=1

because of the charge neutrality. Two more versions are possible if in (2.16), (2.17) z,y, 2
are interchanged.



3. Dense systems

In this paper only the main ideas are presented. The detailed analysis and numerical
results will be given in a separate work.

If the number N of charges ¢; in the basic cell gets large (10* or more) it would be
very time consuming to calculate the energy E or all the forces pairwise. The procedure
for such dense systems is to use a product decomposition in the following sense.

Assume that we have to calculate

N
(3.1) =73 flz,z)
ij=1
for some f. Suppose now that we have a decomposition
(3.2) flaoxy) =37 ge(w:) ho(;) -
=1

Then we can approximate

I

(3.3) SN gl Zl he(z;)

(=1 i=1

so that we have 2+ L - N terms instead of N? terms to sum. In the case of the Coulomb
energy (or forces) there are several possible decompositions of the form (3.2).

The main problem in applying any decomposition formula (3.2) in the case of Coulomb
forces is that the limit L in (3.3) gets large as the distance of two charges gets small.

To account for this we split up the basic cell into M? sub-cells (“boxes”)

a—1 a -1 s ~v—1
{(x,y,z)‘ Vi §$<M,TSQ<M77§Z<

)

=[=

B,z =
(3.4) o
a,B,y=1,....,M .

The number of boxes will be chosen much smaller than the number of charges in the basic
cell.

For the Coulomb energy E one needs all 3+ N(N —1) pair interactions which we replace
by box interactions.

A. Distant boxes

Applying the addition theorems for cosines and exponential functions one is led to the

approximation G
V(- Y : (—2n]] 1) exp (2] =)
(35) TWVTPRETEIT S A= exp(—2nfil) b USRI

- cos(2m7i - p;) cos(2m - P

+ similar terms

where g'= (x,y) and z; > z; is assumed.



The limit v depends on the accuracy required. We restrict our attention to a typical
term as given by the right side of (3.5) since the remaining terms are of the same structure.
One can then first define sum over “layers”:

(3.6) L (|7] Z > qiexp(£2n|ii|z;) cos(27 - )
76 1 Ba,B'y

from which the energy contribution due to the interaction of two such layers follows as

(3.7) E(v,3)= > elil) Ly(Ial) - Lz (I7]) ,

0<|7i|<v(0)

where 6 =4 — v > 2. The value v(¢) is not hard to determine but we omit the explicit
dependence on 9 here. Finally one has to form

(3.8) E,= Z_: 2 B

to get the total energy contribution from these layer interactions.

We still have to calculate the interaction of all the charges within a layer Z, =
{(z, vy, z)|%1 < z < 37} At this point the (z,y, 2)-symmetry of the potential U(z,y, 2)
defined by (2.16), (2.17) can be exploited. One forms sums over “stripes”

(3.9) Sﬁw Z > g - exp(£2m|it| y;) cos(2mii - py)

a=1 Boz[i"yeZ"/

where now g = (z, z). The energy contribution due to such stripe interactions is then

(3.10) E,(8,0)= > ellii)- Sh(Ial) - 55 (I7l)

0<|7i|<v(8)

with § = 8 — 8 > 2. It remains to form

S

—2

(311) =3 E,(8.5)

L g>p+2

The last pieces to consider are boxes within a stripe, that is

(312> Baﬁw(‘ﬁ‘) = Z qi - eXp(i2ﬂ-|ﬁ|xZ‘ COS(Z’TFﬁ ' ﬁl)u ﬁ: (y,Z) )

Bagy

which leads to

(3.13) Bgy(a,a) = > c(lfi]) Bis,(I7il) Bg,, (7).

apy
0<|7]| <v(6)



0 =a—a > 2, and finally

M M M-2
(3.14) Eg=Y > > Egy(a, @) .
y=1 =1 a=1

aZa—l—Q
The contribution to the Coulomb energy is Fy + Es + Ep.

B. Neighboring boxes

In this section the interaction of a box B,g, with itself and all nearest neighbors is
discussed. The basic formula is now (2.4) and the decomposition (2.21). If ¢; € Bag,
and ¢; € Bz where @ — af, 18— 8|, |§ =~ < 1 then we can assume e.g. that
(s — 25)% + (yi — ;)% + (2 — 2)*)Y/? < 0.2. We decompose V (z,y, z) given by (2.4) as
follows:

Vie,y,2)= Y. BelJ(y+k2+(z+02 21— Ly, z+m]
(3.15) (k,0)#(0,0) m#0

+ Belp, x] = L[y, 2]

with p = /y? + 2?2 and applying (2.21)

Vie,y,2) = > BelJly+k?+(z+0%2] -3 Liy,z+m]
(k,£)#(0,0) ' M0
(3.16) + Hly, z| + Glp, x] + ¢o +

/$2+y2+22
1
/:L,2+y2+22 :

The important point is that W (x,y, z) has no singularities for 0 < 22 + 3>+ 22 < 1. In
addition the function

(3.17) W(z,y,2) +2r(2* — |2|) = é(z,y, 2)

= Wi(x,y,2)+

is symmetric in z,y, 2z and an even function of its arguments. In the range of variables
under consideration all series occurring converge very quickly. We first deal with the
regular part ¢(x,y, z) of the potential.
The boxes B,g, have sides of length ﬁ We approximate ¢(z,y, z) in a cube of side
A7 as P
(3.18) o(z,y,2) = > premCosh(kz) Cosh(lz) Cosh(mz) .

k.l,m=1

S =

The coefficients g, depend on P. Numerical tests show that for s = 0.3 and an error
< 107% P = 3 will suffice. Moreover, the ., have to be calculated only once.

Let N,s, be the neighboring boxes of N3, (in the basic cell). Then the contribution
to E stemming from ¢(z,vy, z) is

1
(3.19) E, = 3 > >, @i 5 O(Ti — Tj, Yi — Yir 20 — 25) -

Q'LEBQ,B'\/ qieBanUNa,B'y



The addition theorem for the hyperbolic cosine and (3.18) allow us to decompose ¢(z; —
T, Yi — Vi, 2 — %;) into eight products of the form

(3.20)  C,,, Cly = Cosh(ka;) Cosh(fy;) Cosh(mz;) Cosh(kz;) Cosh(fy;) Cosh(mz;)

‘m

so that E,. can be split up into expressions like

P .
(3.21) EV = Y @kgm{<82 q@'C’ifm)QJFBZ 4 Cl, NZ ¢ Clim } -

k,m=1 aBy aBy aBy

The last item and the real “piece de résistance” is the singular term (22 + y? + 22)~ /2.

We need the interactions

(3.22) Es(a,ﬁ,v):% > > qiqu%, i F7

0:€Bagy  4j€BapyUNapy — 7l
In order to calculate Eg(a, 3,v) we subdivide the box B,g, into two more subregions

1 2
B, ¢ BY) C B,g,

and similarly the whole neighborhood B,g, U N,g, into subregions

Bug, C N, c N&L ... .c NY)

afy — Baﬁv U Naﬁfy :

The size and number of these subregions depends on N. For the interaction

UBY)

afy

(1) (1)
Bopy % {Baﬁv

we calculate the energy pairwise according to (3.22). For the interactions

BY xNO 1=1,...s

we use the same approach as for the regular part since now Flfgl is bounded by a fixed
constant which depends on the size of the subregions. The limit P in (3.18) depends
sensitively on s.

As an illustration for the sensitive dependence a few values are listed for the function
(2% 4 a?)~Y/2, approximated in the interval I = (—0.13,0.13) by a set of functions

(3.23) by(z) = zp: af - Ch(l - x)

/=1

which are orthonormal on the slightly larger interval (—0.15,0.15). Setting
€ = max |(22 4 a®)~V2 — fp(x)| with

(3.24) fr(z) = Z:l cp - by()

9



one finds values listed in the following table:

a=0.2: P €
2 3-1072
3 3-1073
4 3-107*

a = 0.25: 2 1-1072
3 81074
4 6-107°

a=0.3: 2 6-1073
3 3-107¢
4 15-107

Remark: A different approach to calculate (3.22) is that of Greengard & Rokhlin [3].
Numerical tests indicate however that it is considerably slower.

Concluding Remarks:

a) Calculation of forces

It is quite obvious that for large N the forces can be calculated with a similar scheme
as used for the energy. The expression on the right of (2.31) can be decomposed into
products the same way as in (3.5). Furthermore, one will encounter the same terms
already calculated for the energy, just in new combinations now.

b) Modifications for the two-dimensional case

The potential U(x,y,z) defined in (2.20) has only (z,y)-symmetry. For all charges ¢;, q;
in the same layer |z; — z;| < §, 6 small, one has to use the form (2.7) and then apply
(2.21).

¢) Product decomposition involving Bessel functions

It is possible to decompose into products the expression Be[\/ (y+0)2+ (2 +0)2, x] oc-
curring e.g. in (3.15). One has to write the square-root term in polar coordinates and
then apply the Gegenbauer addition theorem which states that for R > r > 0

KO(\/R2 + 172 —2Rrcosy) = Ko(R) Io(r) + 2 i K, (R) I,(r) cos(vep) .

The analysis becomes however rather complicated (see [8]) and tests showed that the
procedure described in this paper is faster.

10



d) Tests show that when N > 100 with error < 107°, the product decomposition described
in Section 3 becomes faster than the pairwise calculation using (2.1).

For N = 10* the calculation of F and all forces with relative error less than 10~% on an
Alpha EV5.6 processor at 500 MHz required 4.5 seconds.
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