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Abstract

The paper is concerned with the modelling of viscous incompressible flow
in an unbounded exterior domain with the aid of the coupling of the nonlin-
ear Navier—Stokes equations considered in a bounded domain with the linear
Oseen system in an exterior domain. These systems are coupled on an arti-
ficial interface via suitable transmission conditions. The present paper is a
continuation of the work [8], where the coupling of the Navier—Stokes problem
with the Stokes problem is treated. However, the coupling “Navier—Stokes —
Oseen” is physically more relevant. We give the formulation of this coupled
problem and prove the existence of its weak solution for large data.
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0 Introduction

Very often the flow past bodies or obstacles is naturally formulated in exterior unbounded do-
mains. However, the numerical solution of nonlinear exterior problems is difficult and, therefore,
the unbounded domain is usually replaced by a bounded computational domain with an artificial
boundary I'. Then, of course, the problem of the choice of “nonreflecting” physically acceptable
boundary conditions on I' arises. Another possibility is to simulate the flow in the exterior of I'
with the aid of a suitable (preferable linear) approximation. This approach has become rather
popular in various areas. Let us mention, e.g. [2, 7, 10].

In [8] we investigated the coupling of the incompressible Navier—Stokes system in the interior
of I with the exterior Stokes problem. We proved in particular the existence of a solution of
the coupled problem even for large data. This model can be used only in 3D and, moreover, the
Stokes equations do not approximate sufficiently accurately the flow in the wake behind bodies.
Here we will deal with a more relevant model using the coupling of the interior Navier—Stokes
system with the exterior Oseen problem.

In comparison to [8], additional difficulties appear here. First, the transmission conditions
used for the coupling “Navier—Stokes — Stokes” (inspired by considerations from [1]) are not
suitable for the coupling between the Navier—Stokes and Oseen. In this case we have found that
it is suitable to use the continuity of the normal stress augmented by the mean of the difference
of the momentum flux transported from inside by the interior velocity 4~ and from outside by
a constant vector U equal to the exterior farfield velocity u,. This condition is in agreement
with one of the “natural” boundary conditions proposed in [3]. It can also be used for the
coupling between the Navier—Stokes problem and the Stokes problem, putting @, = 0. Then
the analysis carried out in [8] would be completely analogous.

The second obstacle arises from the special form of the weak formulation of the exterior
Oseen problem (cf., e.g., [9]). In contrast to the exterior Stokes problem, test functions cannot
be considered as elements of the weighted Sobolev space where we seek a weak solution. This is
the reason that the technique from [8] based on the properties of the Steklov—Poincaré operator
is not used in the present paper.

Here we proceed in a quite different way than in [8]. Namely, we construct a monotone se-
quence of bounded domains covering the whole exterior domain and a sequence of corresponding
approximate solutions converging to a solution of the coupled problem.

Since the exterior Oseen problem possesses a fundamental solution, see, e.g. [9], Vol. 11, it is
possible to reformulate this problem as a boundary integral equation on the artificial interface I'.
That is why our results represent a theoretical basis for the coupled finite element — boundary
element procedures simulating numerically viscous incompressible flow.

1 Classical formulation of the problem

Let Q C IRY be an unbounded domain representing a two-dimensional (N = 2) or three dimen-
sional (N = 3) region occupied by a fluid. We assume that its complement IR —Q (M denotes
the closure of a set M C IRY) consists of a finite number of components that are bounded
domains Q;, i = 1,...,k, with mutually disjoint closures €; and sufficiently regular boundaries
9. Then Ty := 9Q = |Jr_, 6.

We consider stationary incompressible viscous flow in the exterior domain 2 past imper-
meable bodies ;, i = 1,...,k, and assume that the flow is homogeneous far from the bodies.
We use the following notation: = = (z1,...,2y) € IRY denotes a point of the N-dimensional
Euclidean space, z; (i = 1,...,N) are the Cartesian coordinates of =, u = (uy,...,uy) is
the velocity vector with components w; in the directions x;, f = (f1,..., fn) the density of



outer volume force, p the kinematic static pressure, v > 0 the constant kinematic viscosity,
Uoo = (Uioos - - -, ZNoo) the farfield velocity, V = (0/0x1,...,0/0x ) the nabla operator.

The classical formulation of the corresponding flow problem reads: Find w : @ — RN
and p : Q — IR such that

(1.1a) u € C*Q), i=1,...,N, peCiQ),
(1.1b) —vAu+(u-V)u+Vp=Ff inQ,
(1.1c) divu =0 in £,

(1.1d) ulr, =0

(1.1e) im0 U(T) = Uoo-

This problem has been investigated in a number of works. A detailed treatment can be found,
e.g., in [9]. For N = 3, see also [5]. However, this formulation in the unbounded domain €2 is
not convenient for numerical simulation. That is why we introduce an artificial interface I' C Q
dividing €2 into two subdomains: a bounded interior domain 2~ with 92~ = ' U T, in which
we consider the Navier-Stokes system (1.1b - ¢), and an unbounded domain Q% lying outside I'
with 90+t =T and @ = QT UT. In QF we approximate the nonlinear Navier—Stokes equations
by the linear Oseen system. (For a detailed investigation of the exterior Oseen problem, see [9]
and the references therein, or [5] for N = 3.)

Similarly as in the case of the coupling of the Navier—Stokes problem with the Stokes problem
([8]), an important question is the choice of transmission conditions on I'. In [8] we proposed
transmission conditions according to [1] augmenting the condition of the continuity of the normal
stress on I' by the kinetic energy from the interior side. However, this condition is not suitable in
our case and, therefore, we propose its modification resembling a “natural” boundary condition
from [3]. We arrive then at the following classical formulation of the coupled problem:

Find u* = (uli,,u]i\,) SR RN, p* 0" = IR such that
(1.2a) uF e C2@Y), i=1,....N, pt e CY @),
(1.2b) —vAu +(u -V)u +Vp =f inQ,
(1.2¢) dive™ =0 in Q7
(1.2d) u |, =0,
(1.2e) —vAUT + (U - V)uT +Vpt =0 in QF,
(1.2f) divu™ =0 in QF,
(1.2g) lmy) o0 w™ (2) = Ue,
(1.2h) u” =ut onT,
(1.2i) —p_ﬁ—{—ya;;; —%(u_ A)u =
_ _p+ﬁ+ya(;"; _ %(uw-ﬁ)qﬁ onT.
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Here f, u~, v > 0 are given data. We assume that the support of f,i.e., supp f = {z; f(z) # 0} C
Q- UTly. (Hence, f =0 in §+). By n we denote the unit outer normal to 92~ on I'. This
means that 7 points from = into Q7.

Remark 1.1. For simplicity we consider the terms du™/0n in (1.2i), corresponding naturally
to equations (1.2b and e). If we use the relations

OD;(w) 10w Ou
Z S by =g (G5

valid for u € C?(Q%F) with divu = 0, then du®/0n can be replaced by Zj\le D;j(u®)n; as in
[8]-

2 Weak formulation

In what follows we will assume that 92~ = I'o U T is Lipschitz-continuous. First we
introduce some function spaces. If Q C Q is a domain, then 1 by LP(Q) and W*P(Q) we denote
the Lebebgue and Sobolev spaces, respectively, defined over € (cf., [12]). For a bounded domain
Q we set Wo 2(Q) = {v e W'2(Q); v]yg = the trace of v on 90 =0}. In W012(§~2) we can use
two equivalent norms

1/2
21) g =  [(0oF + 1902 do)

and

1/2
(2.2) ol = </Q]Vv]2dm> .

It is well-known that

(2.3) W&’Z(ﬁ) = closure of Cgo(ﬁ) in Wh2(Q),

where C§° (ﬁ) is the space of all infinitely continuously differentiable functions with compact
supports in Q : suppv C Q for v € C§°().
For the unbounded domain 2 we define the weighted Sobolev space

ou
31‘2‘

(2.4) wiQ) = {u; (14 |z~ V2onu e L2(Q), € LQ(Q)} ,

where oy (z) = 1 for N = 3 and on(z) = |In(2 + |z])|~! for N = 2, equipped with the norm
1/2

(2.5) [ullw @) = {/Q[( +z?) T o} Jul® + [Vul ]dﬂf} ,

which is equivalent to the seminorm

1/2
(2.6) [ulw o) = {/Q |Vu|2dx} .
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(See, e.g., [4, Theorem 1, page 118] or [9, Vol. I, page 60].)
Further, we put

(2.7) Wy () = closure of C§°(Q) in W(Q).
Then
(2.8) W3 (Q) = {ve W' (Q);v[r, =0} .
We write v € W/IIZ’E’(Q), if v|g = WkP(€) for every bounded domain Q C Q.
In what follows we will work with N-dimensional vector valued functions. To this end, for a
Banach space X with norm ||-||x we define the space X = X~ = {w: (uy,...,un); u; € X, i =

1,..., N}, equipped with the norm

N 1/2
(2.9) Jullx = <Z IIUz\|§(> ;o uw=(ug,...,un) € X.
i=1

In the same way we introduce the spaces L(Q), W(Q), etc.
Now let us define subspaces of W(Q):

(2.10) V() = {velCyr);divv=0in Q},
V(Q) = closure of V() in W1(Q).

For functions v from subspaces of Sobolev spaces, the restrictions v|r, v|r, etc. will be
understood in the sense of traces.

For v € V(), the limit at oo is zero and v|p, = 0. In order to realize condition (1.2g)
in the weak formulation, we introduce a function ¢, defined in the following way. Let B be a
sufficiently large ball with centre at the origin such that @ C B. Then Q* := (BNQ)—-Q c QF
and 0Q* = 'UTI™, where I and I'* is the interior and exterior component of J*, respectively,
— see Fig. 2.1.

F*

Qr —OF

Poo = Uco

Figure 2.1.



Since fr Uoo -1 dS = 0, in virtue of [11, Lemma 2.2, page 24|, there exists a function ¢* such
that

(2.11) P e WL QY), ¢*Ir=0, o' =us, dive* =0in Q.
Now we define ¢, : Q@ — RY:
0 in Q,
(2.12) b =4 ¢* in QF
U in QT —QF.
Obviously, ¢, € Wloc(Q) and div¢,, =0 a.e. in .
Let us assume that u®, p* form a classical solution of the coupled problem (1.2). Let
v € V(). Multiplying equation (1.2b) by v|g- and (1.2e) by v|q+, integrating over Q= and

QT respectively, summing these integrals, applying Green’s theorem and using the fact that
divo =0 in Q and v|p, = 0, we obtain the identity

(2.13) f-vde = / (—vAu" +(u” -V)u +Vp ) -vdx
. -

+ / (—vAu" + (U - V)u" +VpT) - vda
Ot

n / , Ou; Ov; n N - ou,; o\ e
- Z Ox; Ox; Z j 0z !
=1 i,j=1

Z?j 2
Jr
+ /(V(?u —-p n)-'vdS
T 371
N
Bu ov; ou;
00i ——v; p dr.
* /Q+ VZ 63:] Ox; +ijz,::1u 7 Oz N
We define u : Q — RN
(2.14) u”™ in Q
2.14 u =
ut in Q.

In view of (1.2h), u|r = w~|p = w'|p. Hence, u € W2(Q). Moreover, dive = 0 a.e. in €.

Now, using (1.2i), we get

ou; 81) ou; 81)
21 7 ) 7 ) zd
(2.15) / Z ij 8x] /Q+ Z 3$J 8x] / Z uj@ v dz

i,j=1

loc

N
ou; 1 N B
+/+_Z“wi%”idm‘5/[<“—“oo>'n1[u-v]d5— fvda.
0F =1 J r

a-



Let us introduce the forms

2.1 = '
210wl = v [ ST

N ow;
a1 (u,w,v) = / E ujGT%vidx,
- J

ij=1
az(u,w,v) = —% /[(u —Ux) - 1) [w - v]dS,
r
N
aui avi
b , == d ’
o(u,v) u/m ”Z::I o, oz,
al ou
bl(uav) = /Q+ i]g:l Ucoj axj Vi dx’

Lv) = /_f-'vda:,

a(ua ’U) - aO(“‘a ’U) + a1 (’U,, u, U) + a2(u’7 u, ’U) + bO(u’a ’U) + b1 (’U,, U)?

for u, v:Q — RY, u, w e W:2(Q), v e CPQ).

loc

On the basis of the above considerations we come to the following concept:

Definition 2.1. We call a vector valued function u : Q — RN a weak solution of the coupled
problem (1.2), if the following conditions are satisfied:

(2.17a) a)  u—¢,€V(Q),
(2.17b) b)  a(u,v)=L(v) VveVQ).

Remark 2.1. From (2.13)—-(2.16) it follows that the function uw defined on the basis of a
classical solution u® by (2.14) satisfies identity (2.17b). In (2.17a), conditions (1.2¢c,d,f,g) are
hidden and u € Wlloi(Q) Since v € V() has compact support, all integrals over € in (2.16)
have sense. Moreover, also the form as is well defined as follows from the trace theorem for
functions from WH2(Q), where  C Q is a bounded domain with I' € d9. However, it is not
possible to use v € V() as test functions in (2.17b), because the form b, (u,v) is not defined
for u € Wlloi(Q) and v € V(Q) in general (cf. [9]). This is the reason that we cannot carry out
the existence proof as in [8]. We will develop a completely different approach for proving the
existence of a solution of problem (2.17a -b). In fact, this new technique can also be applied to

the coupling of the interior Navier—Stokes problem with the exterior Stokes problem from [§].

Remark 2.2. On the basis of results from [9], Chap. VII, the weak solution u of problem
(2.17a-b) can be associated with the pressure p € L2 (£2) such that

(2.18) a(u,v) — (p,divv) = L(v) Yv € CF ().



3 Existence of a weak solution

First we prove some important properties of the forms ag, aj, as defined in (2.16). These forms
have sense, of course, also for functions from the space W12(Q7), as follows from (2.16) and
the continuous imbedding W?(Q~) < L*(27) and the continuity of the trace operator from
the space W12(Q7) into L3(T"). (We simply write W12(Q~) — L3(T).)

Lemma 3.1. aqg is a continuous bilinear form on W12(Q™). Further, a; and ay are continuous
trilinear forms on W12(Q™). O
Let us set
(3.1) Vo) = {ve W(Q );v|p, =0, divo =0 ae. in Q" },
Vo(O) = {'v € C®(Q );suppv C Q- UT, dive =0 in Q_} ,

1 ~ _
(3.2) a(u,v) = —5/(un) [v|?dS, u,v e W(Q7).
r
In virtue of [8], Lemma 2.1,
(3.3) Vo(Q7) = closure of Vo(Q7) in WH2(Q7).

Similarly as in [8], Lemma 4.1, Corollary 4.2 and Lemma 4.3, we can prove the following results.

Lemma 3.2. For u, v, w € V(Q2™) we have
(3.4) ar(u,v,w) = —a1(u, w,v) — a(u,v + w) + a(u,v) + a(u, w).
Proof. In virtue of Lemma 3.1 and (3.3) we can consider u, v, w € V(7). Using Green’s
theorem in 27, we get
(3.5) ar(u,v,v) = —a(u,v).
Now, setting v := v + w and using the trilinearity of the form a;, we get
—a(u,v +w) = a1(u,v + w,v + w) = a1(uw,v,v) + a1(u,v,w) + a1 (u, w,v) + a1 (u, w, w).

This and (3.5) yield (3.4). O

Lemma 3.3. Let us define the form
(3.6) d(u,v,w) = a1 (u,v, w) + ag(u,v,w), u, v, we WH3Q").

Then it holds: If z, v, z, € Vo(27), n=1,2,..., and if

(37&) |Zn|W1’2(Q_) < C, n = 1,2,...,

(3.7b) Z, — z strongly in L*(Q7)

(3.7¢) Zplr — z|p  strongly in  L3(T')
as n — oo,

then

(3.8) d(zpn, zn,v) — d(z,2z,v) asn — oc.



Proof. Since d is a continuous trilinear form and (3.7a) together with (3.3) hold, we can
suppose that v € V(27). By Lemma 3.2,

d(zp, 2n,v) = —a1(2n, 0, 2p) — a(Zn, 2n + V) + a(2n, 2n) + a2y, V) + a2(2p, 2, V).

Similar relation holds, if z,, is replaced by z. In view of (2.16),

N
0v;
|a1(2n, v, 20) — a1(z,v, 2)| = / z‘jzl(znjzm - 2j%i) 8—953 dr| <
N
< c(v)/ Z |2njzni — zjzi|de — 0

ij=1

due to (3.7b). The limit process in the terms with the form @ can be easily carried out on the
basis of (3.7c) and the Holder inequality over I'. (Cf. [8], Lemma 4.3.) O

For any positive integer n we denote by B,, the ball with radius n and centre at the origin.
We will consider n > ng with fixed ng such that B C B,, (C B,), where B is the ball used in
the definition of the function ¢.,. Hence, 9B, C Q and ¢ |op, = U for n > ng. We set
Q, = QN B, and QF = Q" N B,. Then for n > ng, we have Q= C Q,, 2, = Q- UTUQ},
00, =TouT, and 9Q,} =T UT,. Moreover, Q, C Q,,1 and U;o:no Q, = Q. I', is the exterior
component of 99, and 9Q,}.

For n > ng we define the forms

ou; Ov;
3.9 by = L ——d
(3.9) 0(u,v) V/Q; ”221 Ox; Oz
bl (u,v) = / EN o) ‘%v‘dx
1 9 - Qz 5 0] 31‘j 7 )

a"(u,v)

ap(u,v) + a1 (uw,u,v) + az(u, u,v) + bj(u,v) + by (u,v),
u, v e Wl’Q(Qn).

For every n > ng we introduce the spaces
(3.10) V() = {veCyFy,);divo=0in Q,} ,
V(Q,) = closure of V(Q,) in Wh?(Q,)
= {v € Wé’Z(Qn); divv =0 in Qn}

and consider the following auxiliary problem in Q,: Find u, : Q, — IRY such that

(3.11a) Up — Pola, € V(),
(3.11b) a"(up,v) = L(v) YveV(Q,)

(the form L(wv) has sense for v € V(§2,,) extended by zero on ). Condition (3.11a) implies
that w,|p, = 0, uy|r, = P and divu, = 0 a.e. in Q,. Conditions (3.11a-b) represent
the weak formulation of a coupled “Navier—Stokes — Oseen” problem in the bounded domain
Q,=Q UL uUQt.

The solution of problem (2.17) can be written in the form

(3.12) u=¢,+z zcV(Q).



Hence, (2.17) is equivalent to finding z : Q — IRY such that

(3.13a) zeV(Q),
(3.13b) a(ps + z,v) = L(v) YVve V).

Similarly we can reformulate problem (3.11): Find z,, : ,, — IR" such that

(3.14a) zn € V(Qy),
(3.14b) a"(Poo + zn,v) = L(v) YveV(Q,).
Then u,, = ¢, + zn. By (2.12), u,, = 2, in Q .

First let us prove the existence and estimates of the solution z,, of problem (3.14). Similarly
as in Lemma 3.1, we can establish some properties of the forms a”.

Lemma 3.4. Let n > ng. Then ag, b and b} are continuous bilinear forms on W12(Q,,). The
forms a; and ay are continuous trilinear forms on W12(€,,). O

Lemma 3.5. We have

(3.15) ai1(z,2z,z) +as(z,2,2) + b (o + 2, 2)
N
_ / 3 I R A1
=1 Oz,

Proof. In virtue of Lemma 3.4 and the density of the space V(£2,) in V(Q,), it is sufficient
to prove (3.15) for z € V(Q,,). By (2.16) and (3.9) we have for such a function

(3.16) a1(z,2,2) + az(z,2,2) + b (do + 2, 2)

al 0z; 1
e _ = — ‘n 2
/_ Z_: 2 oz, zidx 5 /F[(z Uso) - 1|27 dS
/ Z Uooj — o Ot + Foes) zjdz.
QX 1,j=1 x‘

Since z|r, = 0 and divz = 0, by Green’s theorem we find that

(3.17) /_Zz]a sde = = / szaldx_%/r(z-'ﬁﬂzﬁds.




Similarly, taking into account that z|p, = 0, ¢ |r, = Yoo, divz =0, divus = 0 and dive, =
0, we find that

0(zi + Pooi)
(3.18) /Q:{ ZZ Usoj oz, zidx

N
g f (avu) 2P [ 3 ey G

", j=1
1 =) 12 oo
BT by R T

Now (3.16) — (3.18) already yield (3.15). O

Lemma 3.6. There exists a constant ¢ > 0 such that
N
O0Pooi
(319) /Q+ ‘Zl uOO] WO]OZ Zj dl’ S C‘z‘Wlﬂ(Qn)
n )=

for every z € V(£,,) and every n > ny.

Proof. Taking into account that, by (2.12), Odci/0z; = 0 in QT — Q* and that Q* C QF, we
have

N N
TPl — Rhs. SR Py
/S;;’L_ szl uoo] axj Z; dx . iJZ1 uOO_] 8.%'] zi AT
This and the Cauchy inequality imply that
N Db
(3.20) / S 0 2290 | < efttoe) [oclwr2iam |12 g2 00
of 52 0z
Furthermore,
(3.21) 12l L2+ < 121l L2(@)-)

where (%) = Q*UT UQ™. Since I'y C 9(2*)” and z|r, = 0, we can use the Friedrichs
inequality ([12]):

(3.22) 120l L2~y < € lzlwrzan)-)
with a constant ¢* independent of z. Since (*)~ C €, for n > ng, we have

(323) ’Z’W1’2((Q*)*) S ’Z‘W1’2(Qn)'

Now from (3.20) —(3.22) we immediately get (3.19) with a constant ¢ independent of z and
n > ng. O
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Theorem 3.1. For each n > ngy problem (3.14) has at least one solution z,. There exists a
constant K > 0 independent of n such that

(324) |Zn|W1 2(0,) <K, n>ng.

Proof. We use the Galerkin method in a standard way as, e. g., in [11], Theorem 1.2, page 280,
[14], Chap. II, or [6], Par. 8.4.20. Cf. also [8], Section 4. For every n, there exists a sequence
{w'}2, C V() of linearly independent elements such that

(3.25) V() = closure of |32, X in WH2(Q,),
where X} is the linear space spanned by the set {w!,... w¥}. X} can be considered as a
Hilbert space with the scalar product
N
aui 81%

3.26 = dx.
( ) (w,v) /Q Z Ox; O v

n =1 J J

For any k = 1,2,... we define the Galerkin approximation z¥ € X, satisfying the condition
(3.27) a (P + 25, wh) = L(w?), i=1,... k.
By the Riesz representation theorem, for each z € X, there exists Py(z) € X such that
(3.28) (Pg(2),v)) = a" (¢ + z,v) — L(v) Yv e V(Q,).

(Of course, Py, depends on n.) Similarly as in [11, 14, 6, 8], it can be shown that Py, : X — X
is a continuous mapping. Let us show that it is coercive. For any z € X, by (3.9) we have

((Pk(z)7z)) - aO(Z7z) + al(z7zvz) + aQ(Zv'z?z) + bg(d)oo + Z,Z) + b?((:boo + zvz) - L(Z)'

From (3.9), the relation Q,, = Q- UTUQ! Lemmas 3.4, 3.5, 3.6, the Cauchy inequality and the
fact that O¢oci/O0x; = 0 outside Q* C Q,, it follows that

B 92 Opoei O,

(3.29) (P(2),2)) = V/Q Z B dx*”/m Z D, D"
g, =1 J J 7
N

=+ / Zuoojﬁjzidx—/ﬂf-zdx

V‘z’%vL?(Qn) - c’Z’WIvQ(Qn)

y = 1 Fll2 o Izl 2 -

- V|¢OO|W1’2(Q*)

(the constant c is independent of 2z, k and n). Since z|o- € WH2(Q7) and z|p, = 0, in virtue
of the Friedrichs inequality and the inclusion Q= C Q,,,

(3.30) 12l L2y < clzlwrzq-) < dzlwrzq,),

where the constant ¢ is independent of z and n. Now (3.29), (3.30) and the inequality [2|y1.2(g«) <
|zlw12(q,), imply the existence of a constant ¢* > 0 (independent of 2,k and n ) such that

(3.31) (Pe(2),2)) > u\z\%vm(gn) —cMlzlwrzq,), 2 € X, n>mno.

11



Hence, because v > 0, there exists K > 0 (independent of z, k and n) such that (Pg(z),z)) >0
for all 2 € Xy with [z|y12q,) = K. Since |- |y12(q,) is a norm in X, in virtue of [6],
Lemma 4.1.53 or [13], Chap. I, Par. 4.3, Lemma 4.3, there exists a solution

(3.32) zh € Xi, with [2}|yi2q,) <K

of the equation Px(zF) = 0, equivalent to (3.27).

Hence, we get a sequence {zX}%°, of solutions of (3.27) bounded in V'(£2,). Then there
exists a subsequence (for simplicity again denoted by {2F}%° ) and a function z,, € V() such
that

(3.33) 2F — 2, weakly in V(Q,) as k — oc.

From the compact imbedding W?(Q,,) < L*(Q,) and the compactness of the trace operator
from W12(Q,,) into L3(T) (we write W12(Q,,) <> L3(T)) it follows that

(3.34a) zF — 2z, strongly in L*(Q,),
(3.34b) 2F|p — zu|r  strongly in L3(T),
as k — oo.

Now we carry out the limit process in (3.27) for k& — oo. In virtue of the bilinearity and
continuity of the forms ag, b and b7 and (3.33), we get

(335) ao(zfl,'wl-) — ao(zn,wi),
bg(qboo + wawi) — bg((boo + Znawi)
ask —o0,1=1,2,..., a=0,1.

Furthermore, (3.32) and (3.34a) imply that

(3.36) |2 w2y < K,

2P — 2, strongly in L%(Q7) as k — oo.
We see from (3.36) and (3.34b) that the sequence {2k }3° | satisfies the assumptions of Lemma 3.3.
Hence,

(3.37) a1 (28, 28 w) + ag(2F, 28 w) — a1(zn, 20, wi) + a2 (zn, 20, w;)

ask —>o0,1=1,2,....

From (3.35) and (3.37) we conclude that z,, is a solution of problem (3.14). Moreover, in virtue
of (3.32) and (3.33), estimate (3.24) is valid. O

Finally, we come to the main result of this paper.

Theorem 3.2. There exists at least one solution u of problem (2.17). This w is a weak solution
of the coupled problem (1.2).

12



Proof. As was stated above, problem (2.17) is equivalent to problem (3.13). In order to prove
the solvability of problem (3.13), we extend the solution z,, of problem (3.14) (n > ng) by zero
from the domain €, onto €. For simplicity, we will denote this extension again by z,. Hence,
we have a sequence {z,};2,,, such that

(3.38) zn € V(Q), n>ny,
|Zn|W1(Q) = |Zn|W1’2(Qn) < K, n > ng.

Since the space V() is reflexive and the sequence {z,};2,,, is bounded in V'(£2), there exists
z € V(Q) and a subsequence of {z,}72,,, (let us denote it again by {z,}) such that

(3.39) zn, — z  weakly in V() as n — oo.

Our goal is to show that z is a solution of problem (3.13).
Let v € V(). Then there exists n* > ng such that suppv C Q,+ and, in virtue of (3.14),
(2.16) and (3.9) we have v|g, € V(£,) for n > n* and

(3.40) a(Poy + 2n,v) = a" (P + 2n,v) = a" (P, + 2n,v) = L(v), n>n*.

Taking into account that |zn|y12(g ) < [2Znlwi(q), from (3.38) we see that the sequence
{2znlq,. } is bounded in W12(€,,+). Thus, we can suppose that

(3.41) znla,. — zla,. weakly in WH2(Q,«) asn — oco.

This and the compact imbeddings W12(Q,,+) << L?*(Q,+) and Wh2(Q,,») <> L3(T") imply
that
(3.42) Znlo,. — Z|,. strongly in L?(,+),

Znlr — z|p  strongly in L3(T),

as n — oQ.

Now we are ready to carry out the limit process in (3.40) for n — co. Linearity and continuity
of the forms ag(Pa, +-,v) = ag(-,v), bo(Po+-,v) and b} (¢, +-,v) (let us remind that ¢, = 0
in 27) imply that

(3.43) ap(Poo + 2n,v) = ag(zpn,v) —> ao(z,v) = ap(P, + z,v),
b (Poo +20,0) — B (doo + 2,0),
O (poo + 20,0)  — B (doo + 2,0)
as n — oo.

It remains to prove that
(3.44) a1(zn, 2n, V) + a2(2n, 2n,v) — a1(z,2,v) + a2(z,2,v) asn — 0.

Concluding from (3.38) and (3.42) that the sequence {z, };2,,, satisfies conditions (3.7a—), we
see that (3.44) is a consequence of Lemma 3.3.
Now, (3.40), (3.43) and (3.44) imply that the function z € V(Q) satisfies the identity

a(¢p, + z,v) = L(v) for allv € V(Q).

This means that z is a solution of problem (3.13) and u = ¢, + 2z is a solution of problem
(2.17), which we wanted to prove. O

13



Acknowledgements. The research of M. Feistauer has been supported under the Grant No.
201/97/0217 of the Czech Grant Agency. The authors gratefully acknowledge this support.

References

1]

[10]

[11]

[12]

[13]

[14]

C. Bégue, E. Conca, F. Murat, O. Pironneau: The Stokes and Navier—Stokes equations with
boundary conditions involving pressure. Publications du Laboratoire d’Analyse Numérique,
Université P. et. M. Curie, Paris VI, R 88027, Novembre 1988.

H. Berger, G. Warnecke, W. Wendland: Analysis of a FEM/BEM coupling method for
transonic flow computations. Universitiat Stuttgart, Mathematisches Institut A, Preprint
93-9, 1993.

Ch. Bruneau, P. Fabrie: Effective downstream boundary conditions for incompressible
Navier—Stokes equations. Int. J. Numer. Meth. Fluids, 19 (1994), 693-705.

R. Dautray, J.L. Lions: Mathematical Analysis and Numerical Methods for Science and
Technology, Vol. 4, Springer—Verlag, Berlin — Heidelberg — New York, 1993.

R. Farwig: The stationary Navier—-Stokes equations in a 3D—exterior domain. TH Darm-
stadt, Fachbereich Mathematik, Preprint - Nr. 1911, April 1997.

M. Feistauer: Mathematical Methods in Fluid Dynamics. Pitman Monographs and Surveys
in Pure and Applied Mathematics 67, Longman Scientific & Technical, Harlow, 1993.

M. Feistauer, G.C. Hsiao, R. E. Kleinman, R. Tezaur: Analysis and numerical realization
of coupled BEM and FEM for nonlinear exterior problems. In: Methoden und Verfahren
der Mathematischen Physik, Band 40, “Inverse Scattering and Potential Problems in Math-
ematical Physics” (R. E. Kleinman, R. Kress, E. Martensen — eds.), P. Lang, Frankfurt am
Main, 1995, 47-73.

M. Feistauer, C. Schwab: On coupled problems for viscous flow in exterior domains. Math-
ematical Models and Methods in the Applied Sciences, 4 (8), (1998) (to appear).

G.P. Galdi: An Introduction to the Mathematical Theory of the Navier—Stokes Equations.
Springer Tracts in Natural Philosophy, Volume 38, Springer—Verlag, New York, 1994.

G.N. Gatica, G.C. Hsiao: The coupling of boundary element and finite element methods
for a nonlinear exterior boundary value problem. Numer. Math., 61 (1992), 171-214.

V. Girault, P. A. Raviart: Finite Element Methods for Navier-Stokes Equations. Springer
Series in Computational Mathematics 5, Springer—Verlag, Berlin, 1986.

A. Kufner, O. John, S. Fucik: Function Spaces. Academia, Praha, 1977.

J.L. Lions: Quelques méthodes de résolution des problémes aux limites non linéaires.
Dunod, Paris, 1969.

R. Temam: Navier—Stokes Equations. North—Holland, Amsterdam — New York — Oxford,
1977.

14



Research Reports

No. Authors Title
98-01 M. Feistauer, C. Schwab Coupling of an Interior Navier—-Stokes Prob-
lem with an Exterior Oseen Problem
97-20 R.L. Actis, B.A. Szabo, Hierarchic Models for Laminated Plates and
C. Schwab Shells
97-19 C. Schwab, M. Suri Mixed hp Finite Element Methods for Stokes
and Non-Newtonian Flow
97-18 K. Gerdes, D. Schotzau hp FEM for incompressible fluid flow - stable
and stabilized
97-17 L. Demkowicz, K. Gerdes, HP90: A general & flexible Fortran 90 hp-FE
C. Schwab, A. Bajer, code
T. Walsh
97-16 R. Jeltsch, P. Klingenstein Error Estimators for the Position of Disconti-
nuities in Hyperbolic Conservation Laws with
Source Terms which are solved using Opera-
tor Splitting
97-15 C. Lage, C. Schwab Wavelet Galerkin Algorithms for Boundary
Integral Equations
97-14 D. Schotzau, C. Schwab, Mixed hp - FEM on anisotropic meshes II:
R. Stenberg Hanging nodes and tensor products of bound-
ary layer meshes
97-13 J. Maurer The Method of Transport for mixed hyper-
bolic - parabolic systems
97-12 M. Fey, R. Jeltsch, The method of transport for nonlinear sys-
J. Maurer, A.-T. Morel tems of hyperbolic conservation laws in sev-
eral space dimensions
97-11 K. Gerdes A summary of infinite element formulations
for exterior Helmholtz problems
97-10 R. Jeltsch, R.A. Renaut, An Accuracy Barrier for Stable Three-Time-
J.H. Smit Level Difference Schemes for Hyperbolic
Equations
97-09 K. Gerdes, A.M. Matache, Analysis of membrane locking in hp FEM for
C. Schwab a cylindrical shell
97-08 T. Gutzmer Error Estimates for Reconstruction using
Thin Plate Spline Interpolants
97-07 J.M. Melenk Operator  Adapted  Spectral  Element
Methods. I. Harmonic and Generalized Har-
monic Polynomials
97-06 C. Lage, C. Schwab Two Notes on the Implementation of Wavelet
Galerkin Boundary Element Methods
97-05 J.M. Melenk, C. Schwab An hp Finite Element Method for convection-

diffusion problems



