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Abstract

Using thin plate spline interpolants we derive error bounds for the recon-
struction of point values where the interpolation data is given by cell values.
Sonar investigates in [IMA J. of Num. Analysis 16, 1996, 549-581] numeri-
cal solutions of hyperbolic conservation laws where the local reconstruction
step is performed using thin plate spline interpolants. We show that local
reconstruction yields second order as in the global case but without assuming
additional boundary conditions and smoothness requirements.
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1 Introduction

In the interpolation of multivariate scattered data, radial basis functions are by now a well estab-
lished tool; we refer the reader to [6], [8], [9] for a general survey on this subject . In [12] and [13]
Sonar applies radial basis functions for reconstruction algorithms in finite volume methods for the
numerical solution of hyperbolic conservation laws. In reconstruction algorithms point values of
the unknown solution have to be recovered from cell average data. Polynomial recovery is shown
to be optimal only in trivial cases, while recovery with radial basis function interpolants is optimal
on a native space assigned to the radial basis function, cf. [13], [5] and [12].

Further in [12] and [13] numerical examples for the solution of the linear advection equation
and the Euler equations using radial basis function interpolants are given.

In the present paper we will focus on the approximation order of thin plate spline interpolants
in the reconstruction setting. Thin plate spline interpolants are optimal in the Beppo Levi space

BL?(R?) = {f € C(R?), %f € L*(R?) for |a| = 2}

equipped with the inner product

0f(z) Bg(z)  ,0"f(z) Og(z)  0°f(z) Py(x)
o€z g2 0E0n  OEOn o2  on?

< f,g >BL2 = dx,

R2

where z = (£,7)T. The inner product induces a semi norm on BL?(R?) via Hg”2 =< g¢,9 >pp2 that
represents the bending energy of an infinitely extended plate.

We investigate the recovery problem that reads as follows. Let T; € C'(R?), i = 1,...,N be
a set of N > 3 functionals. Here C’(R?) denotes the topological dual of linear space C(R?) that
means the linear space of all distributions of order 0 with compact support on R2, cf. [11]. Note
that the definition of the functionals is general to simplify some statements. In the main theorems
we will restrict to the recovery of point values of a function from given cell average data.

Assume that these functionals T;, ¢ = 1,..., N are unisolvent on the linear space of bivariate
polynomials

P12 = {29 |af <1},

i.e. T;p =0 implies p = 0 for all p € PZ.
Let f: R?> = R be a continuous function. Then the thin plate spline interpolant s subject to
the interpolation conditions T;s(x) = T;f(x), i = 1,..., N, has the form

N
s(@) = NTYS(||z = yll2) + Avia + Anr2é + Ansan (1)
i=1
where ¢ : RZ0 — R is the function
o(r) = r?log(r), r >0,

and T ¢(||x — y||2) represents the action of T; on ¢( ||z —yl|2) regarded as a function of y. Moreover,

the parameters A\;, ¢ = 1,..., N, satisfy the additional constraints
N N
Z X =0 and Z NT;x =0,
i=1 i=1



i.e. the interpolation scheme reproduces linear polynomials. The problem is well posed, cf. [5], and
following [12] the interpolant s(z) is an abstract spline in BL?(R?), therefore it is the solution of
the variational problem

s =min{||v|| | v € BL?, Tiw=Tif, i=1,...,N}.

In the second section we will generalize the results of [7] to situations where the interpolation
data are given by cell values on a cartesian grid instead of scattered point values. We prove
the interpolation scheme to be first order accurate in this case and, using the ideas of [10], we
show that even second order accuracy can be achieved under additional regularity assumptions.
To be more precise, we consider a fixed compact set and assume the functions to be generalized
differentiable up to the fourth order and to take homogenous boundary conditions in the second
and third derivatives.

In finite volume methods for the solution of conservation laws, cf. [5], [12], one is interested
in accurate local approximation schemes. Therefore the third section is concerned with local ap-
proximation. We show that the error improves to second order O(h?) accuracy without additional
boundary conditions or smoothness requirements on the function to be reconstructed. In particular
this means that the finite volume method used in [5] is of second order accuracy in space.

2 Global Approximation

Lemma 2.1. Let T; € C'(R?), i =0, ... ,N, be a set ofN—l— 1 > 3 functionals with compact support
and unisolvent on P3.

If

N
a; =0 and Zdﬂ}p =0 for all p € P},
i=0

e 1M

then the functional L =S &T; can be bounded above by

i=1

1/2

N
Lol < |8xllgll* Y G, TrTo(||x — yll2)| (2)
4,7=0

for any g € BL2(R2) and ¢(r) = 2 log(r), r > 0.

Proof: The space BL? is equipped with a reproducing kernel K (z,y). According to [12] we can
write K (x,y) in the form

2 2
K(z,y) = i<¢(||:v—y||z)—Zpk(ﬂc)Tzfﬂﬁ(llﬂc—yllz)—Zpk(y)T;i’<i>(llcv—yllz)

8
k=0 k=0

2
+ 3 0@ WTITE (| —yll2) |
k=0

if {Ty, Ty, T>} is a unisolvent subset of {7}, i = 0,...,]\7} and {po, p1, p2} a basis of P? with
Tipr = 65, i,k =0,1,2, where
5@:: { 1 5 i:: k,

0, ik



If we define g;(z) = T/ K (z,y), i = 1,. .. ., N, we obtain Tjg =< ¢, g; >prz,t=1,... ,N and

Lg

N N N
= > aTigl =1 di < g, >prz | < llgllll > dugill. (3)
=0 =0 =0

In order to prove (2) it remains to show

N N
IS at?o(z —yll)||* =87 3 autyTETYo( e — ylla), (4)
i=0 i,j=0

since the polynomials occuring in the kernel K are contained in the kernel of the semi norm on
BL2.
Following the lines of the proof of Lemma 2.1 in [7] the function

N
i(x) =) aT!o(l|z —yl)
i=0

has the decay
olel B 1|
i) = (a3, flall, > oo,
for |a| < 4.
This permits integration by parts, and we conclude with a regularization argument as in [4],
Theorems 1.3.2 and 4.1.5

~ 2 N 0%t(x) 0%t (x) 0%t (x)
i@l = g | [ [ G Gadr s G

M—o0

M—oo

M
—  lim / /Azf(ﬁﬂ)f(x)da:+0(M_1)
M

N N
= /Zo?iTi*A2¢ZoliTi*qﬁda:
Rz =0 g =0
——
87TT1'

N N
= 87y &Ti() 6T, ¢)
i=0 =0

N
= 87 Y &b TITYo(|| — yll2).
i,j=0

Here A? is the biharmonic operator, and we used that 8%(;5 is the fundamental solution of this
operator, cf. [11].

Lemma 2.1 enables us to estimate at a given point # € R? if the interpolation data are given
by cell averages.



1,...,N

Corollary 2.2. Let
1,1 2,2 v} 2 .
R; = [vj,v; + 1] x [v7,07 +h], vi= Ul2 eERr’, 1=
i
be the cells assigned to the functionals Ty, i =1,...,N defined by
1 N
T; = I, with Ir,p = ﬁ/gp(az) de, ¢€C(R?, i=1,...,N.
R;
Let Ty = 63 be the point evaluation in T and let a;, i =0, ... ,N, be given by
ag = —1,
N 5
di:ai,izl,...,N, Zaizl, (>
i=1
such that X
N
- h/2
xr — ( h§2 ) :Zaivi.
i=1

Then we obtain /

- - 2

£(@) = 5(@)] < [s7]l 7] w()]
for all f € BL? where VU is given by
N N
W) = 3 a5 14 olle — ylls) — 23" st 60117 — o),
i,j=1 i=1
and s denotes the thin plate spline interpolant with respect to the data Ig,f = Ig;s, i =1,... ,]\7

(6)

. N
Proof: Let g=f —s, Lg= > &T;g = s(Z) — f(Z). By Lemma 2.1 we conclude
i=0

5@ - s@| < [srllgl*w(@)]

Using
N N
. £ Vi 13
;aT<n> = —x+;o‘—2/<n )dgdn
R;
- Y [ (@ )2 — (0]
‘9“*22_( <v§+h>2—<v§>2>



and the fact that s is the solution to the variational problem
min{|[v|| | v € BL?, Tjw = T;f, i=1,...,N},
we get,

lgllZ=|lf =slP=<f—sf-s>=<ff>-2<sf—s>—<ss><|f|"
e
=0

This completes the proof.

The estimate in Lemma 2.2 is done in terms of a quadratic form whose argument « is connected
to the original reconstruction problem in a weak way, namely, by the constraint (5). In the following
theorems we will make use of the freedom to choose the coefficients « judiciously.

Remark: The generalization of Corollary 2.2 to data with unstructured geometries is much
more complicated, since this would require to prove

5
}:mnm:a
=0

In order to estimate the quadratic form W(«), let us consider the special case where the inter-
polation data contain two rectangles R; and I?; with a common edge that is divided by .

h
° . ®
h R; i 9 R,
° ® ®
(7 Vg

Figure 1

h .
This means v; + < 0 ) = vj, and if we set a; = 1/2 = a;, we can rewrite W :



Vo) = 3l Io(le ) +4IR 8(lle = yll2) + ;15,78 001z — 2
=801 — o) - 7,817 - o)
= 5 [, 0llle = vllo) + T, T, o(0le = )] - 21,6003 — yla)
“ i/ / Hw—yH%logHw—y|!zdydx—m | = vlog 2~ yldy
R; RiUR; RiUR;
h210g

2
/ x1 = y1)° + (2 — y2)?) dyrdyadridas
0

< z1 —y1)? + (22 — y2)?]log[(z1 — y1)* + (z2 — yz)Q]l/Z) dy1dyadxidxs

[
S

=c1

12
1
—h? logh// <(§ —y)? + (1 - y2)2> dyadyy
00

1 2
_h20/0/ ([(% - y1)2 +(1- y2)2] log[(% _ y1)2 +(1- y2)2]1/2> dyady,

/

110 ,2 1 c1
= hPloghl|=—= — (2 + 2| +h?[= — .
og [26 (3+6)]+ [2 ]
=0 2020

We obtain

Theorem 2.3. Let the given interpolation cells lie on a cartesian grid with mesh size h as depicted
in Figure 1, and let x be the midpoint of an interior cell edge.
Then we obtain first order accuracy of the thin plate spline interpolation scheme,

|[f(z) = s(@)] < C[| R,

where C = (8770)*1/2 and f € BL?, and s denotes the thin plate spline interpolant to f.

Remark: The statement of the above Theorem is still valid if we replace the quadratic grid by
a rectangular grid. In this case the side length A has to be replaced by v/hiho.

A generalization of Theorem 2.3 is given by

Theorem 2.4. Let us assume that the interpolation cells are given as in the previous theorem.
Then we get for the reconstruction points x € K, K C R? compact

|[f (@) = s(x)| < Ckl| £,

for all f € BL?, and s denotes the thin plate spline interpolant to f. Here Cx > 0 depends only on
the compact set K.



Proof: As in the proof of Theorem 2.3, we prove an upper bound for the quadratic form W. Let
Vg, V1, U2 be three unisolvent corners of the grid, such that the rectangles R; = [vl-l, vil +h] x [1)22, UZ-Q +
h], i =0, 1,2 belong to the interpolation data, and such that the evaluation point Z is a point in the
convex hull of vy, v1,v2. We assume vg = 0 without loss of generality. We choose the parameters «

in the way
2 2
m—<2g>:zav dai=1, i=0,1,2
=0 =0

Note that oy, 1 =0,1,2, and v;, + = 1,2, may depend on h, but their values are bounded indepen-
dently of h.
Thus, we get

2 2
V() = Y aglf I oo —yll2) =2 ) ailf o([E —yl2)

1,7=0 1,7=0

1
= 7 (ag—i—a%—i—a%)//+2a0a1//+2a0a2//+2a1a2// o(||z — y||2)dydx

Ro Ro Ro R1 Ro R2 R Ro
2
1 ~
23 aig [ ollz -yl
=0 R;

We can rewrite this representation for ¥(«) using the following two equations.

[ [ étlle = sllydyz =

R; R;

1 1 1
h®log h [HE(% - Uj)”22 + g} + O / ¢(llz —y + E(Ui = vj)||2)dydz
[0,1]2[0,1]?

[ otz = yllyay =
R;

F1—vid —vi—h  Fo—02Fe—vi—h 2 )
h410gh[ B e ey +§} h / (1% — yll2)dy.

[0,1]2

Because the integrals occuring on the right hand side of the equations are bounded by constants
depending only on the compact set K, it is sufficient to show that the terms containing the factor
h?log h cancel.

Using MATHEMATICA we calculate that the coefficient of h?log h,

h2
—(af + af + a3)

3
1 1 2 h 2
2 vl My — 1122 L 2 972 (A — ). (A — gy — 2,42
+2h ij_gowala](hQHvl vj |2 —|—3) 2h ZE_O ai((Z —v) - (Z— v <h ))/h +3),
i#]

vanishes for all values of v1, v9 and aq, as.



Powell [7] and Wu, Schaback [14] get for the case of point interpolation first order accuracy.
However, numerical results of [7] show that the order is between one and two, but that edge effects
prevent the achievement of a higher order.

In [14] error bounds are proven for functions f of the native space Fr2 that are characterised by
the condition that the Fourier transform f be in some weighted L? space where the weight depends
on the radial basis function. Although it is assumed that the native space of the thin plate splines
coincides with the Beppo Levi space, it is only known that

H?*(R?) ¢ BL*(R?) D Fgre.

In [10] Schaback is able to double the approximation order on an open set Q C R2. He restricts
to the space Hqo C Fre that contains functions f that are characterised in terms of a faster the
decay of the Fourier transform f and that satisfy suitable boundary conditions. For more details
we refer the reader to [14] and [10].

Here we will show that improved convergence rates hold for functions of the space

(0%

0
BL}(Q) = {f c HY(Q), %f =0 on 0N for |o| = 2,3 in the sense of trace}

where 0 C R? denotes an open, bounded set with a Lipschitz boundary such that integration by

parts is possible. The space H*(£2) denotes the Sobolev space with respect to the L? inner product.

By using Sobolevs imbedding theorem we get H*(Q) C Cg (Q), therefore the boundary values are

pointwise defined up to second order derivatives and in the trace sense for third order derivatives.
The space BL%(Q) is equipped with the semi norm

2 4\, o4 2
||f||BL4(Q) = Z a ||%f(x)”L2(Q)‘

|o|=4
Before stating the theorem we need an extension result.

Lemma 2.5. For

Fo = {feBL*R?),fla=0},
Fi = {flo,f € BL*(R*)},

let F/ = BLQ(R2) © Fy be the complementary subspace with respect to < , >BL2(R2) -
Then for f € F1 there exists an unique extension f' € F' such that

f'=F+fo, fo€Fy,

and f' is characterized by the smallest semi norm among all functions in BL2(R?) which have a
restriction to S that is equal to f.
Furthermore we get

< f/,U >BL2(R2) =< f,U >BL2(Q)
for allv e F'.

For the proof cf. [1] Part L.5.

Corollary 2.6. For f € BL%(Q), let s be the thin plate spline interpolant subject to the interpolation
conditions T;s(x) = T; f(z) where the support of T; is assumed to be contained in Q, i =1,...N.
Then

<flf—s >BL?(R2) = ||f||BL4(Q)||f - 5||L2(Q)-



Proof: From the previous lemma, by using integration by parts and a regularization argument as
in [2], Theorems 1.3.4 and 1.6.6, we obtain for v = ' — s

ot ot ot
< f/,U >BL2(R2) = / ((954 f(.%') + 285287’]2 f(x) + 8774 f(.%')) U(x)dx
Q

2 2 2
+ [ (Gl @ ggram (o) + 2505 @) grolea(o) + s o) o(avala) ) asia)
[2)9]

3 3 3
- [ (Ga@na@m @ + 255 fam) + 5 @) ()

o0N

where v(z) denotes the exterior normal vector to 2 at = € 9. This yields the statement in
connection with the homogenous boundary conditions. It remains to show that s € F’.
Observe that

I/l g2z = min{[|3]| | § € BL*(R?), T3 = T,f, i = 1... N}.
In particular, if we consider some s* € BL?(R?) with s*|q = s|q, we get with suppT; CC Q

”SHBLQ(RQ) < ”S*”BLQ(RQ)'

It follows
”SHBLQ(RQ) = min{||5]| [ 5 € BL*(R?), 3lq = sla},

and therefore we conclude s = (s|q) € F'.

Proposition 2.7. Let f € BL%(Q) and s be the thin plate spline interpolant subject to the inter-
polation conditions Ir,s(x) = Ig, f(x) with R; C Q, i =1,...N.
Using the same notation as in Corollary 2.2, we get

~ ~ 9 1/2
F@) = s@)| < [87l s P @] 2|
where the integration of V() is performed with respect to .

Proof: From Corollary 2.2 we conclude

~ ~\[12 2 2
1£(Z) = (@) 720 < 87l f" = sllgrame) 12 (@)[| 72 (-

Using the previous corollary we obtain

Hf/_SH}z3L2(R2) = <fLf —s>pemy

A

< | fllgra@llf = sll2(q)
V8 Hf”BL‘l(Q)”f/ - SHBLQ(RQ)”\II(O‘)HLQ(Q)?

IN

hence
[P SHBLQ(RQ) < V8m ”fHBL“(Q) H‘I’(Q)”H(Q)'
Inserting this in (6) with g = f’ — s yields the desired result.

We conclude the desired result on the improved approximation order of the thin plate spline
reconstruction.



Theorem 2.8. Let us assume that the interpolation cells are given as in Theorem 2.3. Then we
get for the reconstruction points x € K, K C R? compact

|f (@) = s(2)| < Caxllfl%,

for all f € BL?‘L(Q), and s denotes the thin plate spline interpolant to f. Here, Cq g > 0 depends
only on the compact set K and ().

Proof: The statement follows from the previous proposition together with the estimates on ¥(«)
given in the proof of Theorem 2.4.

Remarks:

e In the case of point interpolation, the statement of Theorem 2.8 can be viewed as a generaliza-
tion of convergence properties of the univariate natural cubic splines to the two dimensional
thin plate splines.

e In [3], point interpolation with thin plate splines on an infinite square grid of mesh size h is
investigated. It is shown that thin plate splines generate a cardinal function. Interpolation
with this cardinal functions reproduces the polynomial space 73?% and yields a convergence

order of O(h%), provided that f € C*(R?).

3 Local Approximation

Definition 3.1.: Let N € N be a fized number of functionals T; € C'(R?), i = 1,..., N, which are
independent of h. Define scaled functionals by

T oo f (@) = TF f(ha + 20), i =1,...,N.

Let s" denote any interpolant satisfying Tz‘,h,xosh =Tinaof, i=1,...N.
Then p is called the local approximation order of s in zy € R2, if

|f(xo + ha) — s"(zo + ha)| = O(KP), h — 0

for x in some open ball around 0 independent of h.

Remarks:

e Even in the one dimensional reconstruction of cell values with continuous piecewise linear
interpolants we obtain first order accuracy for global approximation, but second order in the
local case.

e One reason for the improvement of the order is that edge effects mentioned in the previous
section do not occur in the local context.

The application of Corollary 2.2 reduces again to an estimation of ¥(«).

Proposition 3.2.: Let all the functionals Ig,, i = 1,..., N in Corollary 2.2 be scaled by the positive
factor h, but the parameters a;, i =1,..., N be fived. Then ¥(a) is scaled with the factor h?.

10



Proof: We deduce from the definition of ¥(«) that the scaled value is the expression

N N
2 2 Y 2 Y = 2
h*¥(a) + h logh[ Z aiajfﬁiIRj |z —yll5 -2 ZaiIRi |z —yll5 ]
ij=1 IR i=1 et 2
=[lell2-22"y+yll2 =ll#ll2—22"y+[lyll2

5 , X Il X ) X

=23 ailpy [|2]3-2(2 el )T (3 aillyy) =23 ealfy [Jall3-22T (3 ailf w)
i=1 i=1 i=1 i=1 i=1

Using

N
i=1

and by the assumption of Corollary 2.2 we get the desired result.

Corollary 3.3. Reconstruction on a cartesian grid with mesh size h using thin plate spline inter-
polants yields local approzimation of first order on BL?(R?) and of second order on BL}(Q).

Proof: Corollary 2.2 and Proposition 2.7.

Using the cardinal representation of the thin plate spline interpolant gives even second order of
local approximation on C? without the requirement of boundary conditions.

Theorem 3.4.: Let f be C? in a region containing xo. Then the local approximation order of thin
plate splines is two, i.e.,

|f(zo + ha) — s"(x0 + ha)| = O(h?), h — 0.

Here s denotes the thin plate spline interpolant of the data Ith,xOsh =Ip, hzf, t=1,...N.

Proof: Without loss of generality we take zo = 0. We can describe s"(hx) by a sum of cardinal
functions uf(hz), i = 1,... N,

N
() = 3" ul (ha) I, f (h),

which are the unique solution of the linear system

< 1 p ) ( (wh(ha))y ) B ( (2,00l —nyll)) ) | -

T h
P* 0 (Uk(hx))k:LQ,?, (Pk(hx))k=1,2,3

A= (I ollhe —holl2)

P = (I]m%ipk(hx))i:L___N,k:OJ,Q7 po(z) =1, p1i(z) = ¢, pZ(x) =1

If we choose for p" the linear part of f

p"(y) = f(ha) + V f(ha)" (y — ha)

11



we get,

N
f(ha) = s"(ha) = " ul(ha) | Th,p" (h) - T%, f(ha)|

i=1

O(h?)

Obviously the vector (uzl (m))izl reproduces the scaled polynomials

7---7N

Zu x)If pe(hx) = pr(hx), k=0,1,2,

and if we take ¥(x) as the solution of

N
> ui (@) ||z]3 + o(x) = [l«[13,

we conclude from (7) for j=1,...,N

3
Zu V(W15 Ih o ([l = yll2) + h*log() I, [|=[13) + h* ) vi(2) I p(e) + h* log(R)D(x) =
k=1
Iy ¢(|lx = yll2) + h* log(h) =3

Adding h?log(h) I}’f2 2|5 — I:” z)Tz) on both sides of the equation, we see that

ul(he) = ul(x), i=1,...,N.

N
This means the Lebesgue constants Y |uf(hz)| are bounded independent of h which completes the
i=1

proof.

Remark: Note that for f € C! we achieve O(h) for the local approximation order using the
same arguments as in the proof above. If f is continuous the approximation is at least consistent,
i.e. |f(xo+ hx) — s"(xo + hx)| — 0, h — 0.

4 Conclusions

We showed that first order error bounds for point interpolation using thin plate splines can be
generalized if the interpolation data is given by cell values. Even second order of global approxima-
tion can be achieved if the reconstructed function is sufficiently smooth and satisfies homogenous
boundary conditions in second and third order derivatives.

For local approximation we showed second order accuracy if the reconstructed function is in
C2%. We observe from [12] that linear polynomials have local approximation order two, and we can
expect an order r only if the number of interpolation data is greater than dimP? = (TJ;Q). The
advantage of thin plate spline reconstruction in the local case manifests itself in the stability on
unstructured grids. For a fixed polynomial basis the local reconstruction leads to a singular linear
equation system if the position of the grid points does not match. Furthermore thin plate spline
reconstruction is consistent, that is, constants are reproduced. This is a basic property required
in the reconstruction step of finite volume methods. For more details on the efficacy of thin plate
spline reconstruction for the numerical solution of hyperbolic conservation laws cf. [5] and [12].

Acknowledgement The support of Armin Iske and Markus Melenk in proofreading is greatly
appreciated.
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