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Abstract

A singularly perturbed reaction-diffusion equation in two dimensions is considered. We
assume analyticity of the input data, i.e., the boundary of the domain is an analytic curve
and the right hand side is analytic. We show that the hp version of the finite element method
leads to robust exponential convergence provided that one layer of needle elements of width
O(pe) is inserted near the domain boundary, that is, the rate of convergence is O(exp(—bp))
and independent of the perturbation parameter e. We also show that the Spectral Element
Method based on the use of a Gauss-Lobatto quadrature rule of order O(p) for the evaluation
of the stiffness matrix and the load vector retains the exponential rate of convergence.
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1 Introduction

Many boundary value problems (BVPs) arising in mechanics depend on a small or large parameter
and are singularly perturbed. Frequently, this causes difficulties in the convergence of discretiza-
tions of such BVPs and requires especially designed schemes for their effective numerical solution
(see, e.g., [1, 2, 3] and references therein). These difficulties are, roughly speaking, due to stability
problems (especially in convection dominated fluid flow problems) and due to boundary layers
which downgrade the approzimability of the solution.

The Finite Element Method (FEM) is today the most widely used discretization technique for
the numerical solution of BVPs. In recent years, in particular the p- and hp-FEM have emerged
(see [4] and the references there), which achieve exponential convergence for elliptic problems with
piecewise analytic solutions.

The aim of the present paper is to prove robust exponential convergence of the hp-FEM for a
class of two dimensional singularly perturbed problems, i.e., the convergence is exponential and
independent of the singular perturbation parameter €.

1.1 Model Problem and Main Results
Consider
Lou. = —e?Au. +u, = f on Q) C R?,
U = ¢ on 0f2

(1.1)

where 0f) is a closed, non-selfintersecting, analytic curve, f is analytic on €, ¢ is analytic on 99,
and € € (0,1] is a small parameter.

As usual, we denote by L?(€2) the square integrable functions on Q and by H'(2) those functions
of L*(Q2) whose (distributional) derivative is also in L?(Q2). The trace operator maps H'(Q) onto
the space H'/2(0S2) by restricting the elements of H'(f2) to the boundary 9. H{(Q) denotes the
kernel of the trace operator, that is, those functions in H'(Q) whose trace on 99 is zero.
Assume g = 0. The weak formulation of (1.1) is: find u. € H}(£2) such that

B.(ue,v) == 52/ Vu, - Vudxdy + / u.vdrdy = F(v) 1= / fodedy Vv € Hy(Q). (1.2)
Q Q Q
Associated with this problem is the notion of an “energy”
lull20 = Be(u,u) = €[ Vul[Taq) + [[ullf2(0) (1.3)
and an energy norm, being the square root of the energy. We have the a-priori estimate

[uelleo < [If 1|22 (1.4)

independently of e.
In the FEM a finite dimensional subspace Vy C H} () of dimension N = dim Vy is chosen, and
the finite element solution uy € Vy is then given by

B.(uy,v) = F(v) Vv € V. (1.5)



By Céa’s Lemma, the FE solution uy is the best approximant of u. in the energy norm, i.e.,
lue — unllea = inf flue —vflq. (1.6)
The question is therefore to choose the spaces Vi judiciously.

In [5] the one dimensional analog of (1.1) was analyzed, and it was shown that inserting one
element of width O(ep) at the boundary points is sufficient for the p version of the FEM to resolve
the boundary layer functions at a robust exponential rate. Hence, we may expect that in the two
dimensional situation one layer of needle elements of width O(ep) should be introduced to obtain
again robust exponential convergence. This was studied by Xenophontos in [6], who showed that
robust convergence of arbitrary algebraic order can be obtained if a boundary fitted tensor product
mesh is used that contains one layer of needle elements of width O(pe). The purpose of the present
paper is to extend those results in several ways. Firstly, we prove in Section 3 that the introduction
of one layer of needle elements of width O(pe) indeed leads to robust exponential convergence as
conjectured and observed numerically in [6]. Secondly, we relax the restriction to boundary fitted
tensor product meshes as we consider quite general quadrilateral as well as triangular meshes.
In fact, contrary to the boundary fitted tensor product meshes, where all elements satisfy the
maximum angle condition, the needle elements considered in this paper may violate the maximum
angle condition (in a controlled way) as the perturbation parameter ¢ tends to zero.

In Section 4 we analyze a spectral element method, which is in effect a Galerkin FEM with a
quadrature rule. We show that, under more restrictive assumptions on the mesh than for the
Galerkin FEM, the spectral element method based on a Gauss-Lobatto quadrature rule of order
O(p) retains the robust exponential convergence of the Galerkin FEM.

The main tool in our proof of robust exponential approximability is, just like in the analysis of
most schemes featuring robust algebraic convergence, the classical asymptotic expansion available
for (1.1). However, whereas the analysis of schemes that converge at robust algebraic rates rests
on asymptotic expansions of a fixed order, the expansion order in our analysis is variable. Thus,
estimates of the remainder of the asymptotic expansion which are explicit in both the expansion
order and the perturbation parameter ¢ are crucial to our analysis. Using the analyticity of the
input data, such explicit estimates are proved in [7] (see also [8] for the simpler analysis of the one
dimensional analog of (1.1)). We summarize the results of [7] in Section 2. Although we analyze
here only the model problem (1.1), our spectral element mesh design principles can be applied
whenever the length scale € of the boundary layer and the spectral order p are known; this is often
the case even without full asymptotics being available.

1.2 Notation

To define the asymptotic expansion of the exact solution, we introduce boundary fitted coordinates:
Let (X (0), Y (0)), 0 € [0, L) be an analytic, L-periodic parametrization by arclength of the bound-
ary 02 such that the normal vector (—Y’(), X’(0)) always points into the domain 2. Introduce
the notation k(@) for the curvature of the boundary curve and denote by T, the one dimensional
torus of length L, i.e., R/(o 1) endowed with the usual topology. The functions X, Y, and hence
also k are analytic on T by the analyticity of Q2. For the remainder of this paper, let pg > 0 be



fixed such that ]

0<py < 777
1Kl £ (o, L)

(1.7)

Then the mapping

w:[O,pO]XTL — Q

(p,0) = (X(0) —pY'(0),Y(0) + pX'(0)) (1.8)

is real analytic on [0, po] x Tr. The function ¢ maps the rectangle (0, po) X [0, L) onto a tubular
neighborhood € of 9€2. Furthermore by the choice of py, the inverse Pt Qy — [0, po] x Ty, exists
and is also real analytic on the closed set €2y. For 0 > 0 we introduce the stretching map s, via

So 1 (0,00) x [0,L) — RT x[0,L)
(p,0) = (op,0).
The boundary layer expansion, i.e., the inner expansion, will be defined only in a neighborhood

of the boundary 0€2. Therefore, we introduce a cut-off function x supported by a neighborhood
of 9€). To this end, let

(1.9)

0<p1<po (110)

be given and let y be a smooth cut-off function, defined on Q satisfying

(2. y) = {1 for 0 < dist((x,y),00) < py

0 for dist((z,y),00) > (p1 + po)/2. (1.11)

Finally, as f is assumed to be analytic on € there is complex neighborhood QCcCxCofQand
a holomorphic extension of f (also denoted f) to €). Therefore, we may assume that there are
constants C, v¢ > 0 such that

1D fll pe(@y < Crrflall Vo e N2, (1.12)

From this estimate, we can conclude with the aid of Cauchy’s integral theorem for derivatives (after
passing to a compact subset of Q which we denote again by Q) the existence of Caf, yay > 0 such
that

IAD f[| ooy < Cap(2)03,  VieN (1.13)

where A® denotes the iterated Laplace operator, i.e., A = 1d, AD = A, A®) = AA, etc.

2 Regularity of the Solution

The aim of this section is to clarify the regularity properties of the solution u. of (1.1). More
precisely, we are interested in the dependence of the higher derivatives of u. on the perturbation
parameter €. We will distinguish two cases:

(i) the asymptotic case where the order of the derivative is > e71;

(ii) the pre-asymptotic case where the order of the derivatives is < 71

All results of this section are proved in the second part of this work, [7].



2.1 The Asymptotic Case

The growth of the derivatives of the solution u. can be estimated using the techniques of [9].

Theorem 2.1 Let u. be the solution (1.1) with f, g, and 02 analytic. Then there are constants
C, K > 0 depending only on f, g, and €2 such that

| D%uc | 2(q) < CK*'max (Ja|,e 1)kl Va € N

We note that Theorem 2.1 yields estimates for the derivatives of u. which are independent of ¢
provided that |a| > ce™! for some ¢ > 0. Roughly speaking, this means that derivatives of order
O(e71) “don’t see” the boundary layers. Another observation is that, as the asymptotic behavior
of the derivatives of u. can be controlled independently of e, there is Q O Q such that . is analytic
on Q independently of £. Furthermore, it is not too hard to see that Theorem 2.1 yields robust
exponential rates of convergence for the p version of the finite element method, provided that the
polynomial degree p is at least O(s71).

2.2 The Pre-asymptotic Case

The solution u. of (1.1) has boundary layer character when the parameter ¢ is small. This means
that in a neighborhood of the boundary the behavior of u. in tangential direction differs substan-
tially from its behavior in the normal direction. This “anisotropic” boundary layer behavior is not
reflected in the results of Theorem 2.1 but can be described by means of the classical asymptotic
expansions: For each M € Ny, the solution u. can be decomposed as

Ue = wyy + xutE +ry (2.1)

where wy; is the outer expansion, uBl is the inner expansion, x is the cut-off function defined in

(1.11), and rj; is the remainder.
For a given expansion order M, we define the outer expansion by

M
1=0

where A® denotes the iterated Laplacian. As
L (ue — wyy) = eMP2AMFD) ¢ on

we see that asymptotically, as € tends to zero, the functions wy, satisfy the differential equation on
). However, the functions wj; do not satisfy the boundary conditions. Let us therefore introduce
a correction function u?% defined by

LBt = 0 on £,

BL

U = g—wy on 0f). (2.3)



The inner ezpansion is now an asymptotic expansion for this correction function w?”. In order
to define this expansion, we need to rewrite the differential operator L. in the boundary fitted
coordinates (p, ). If we introduce the curvature k() of 92 and the function

1
U(Pﬁ):m

we have (see, for example, [10])
Au(p,0) = 03 u— k(0)o(p,0)0,u+ o°(p, 0)9; u+ pr'(0)0*(p, 0) 0y .
Expanding the function ¢ in a converging geometric series gives
o(p,0) =Y [s(0)p]' =Y &' [x(0)7]
=0 =0

where we introduced the stretched variable notation p = p/e. Note that we chose py < |||z ((0,1))
in (1.7) so that the power series expansion converges uniformly in (p, ) € [0, po] x [0, L].

Recall that €2y is the tubular neighborhood of 092 which is the image of the rectangle (0, py) % [0, L)
under the map . In this tubular neighborhood g the differential equation (2.3) takes the form

—¢? {8§ uPt + Z P’ (aiap uPt + ab0; uPt + a0, uBL)} +uPt =0 in Qg (2.4)
1=0

where we introduced the abbreviations

@ =~ k@I, b=+ DO, @ = (o)), (2.5)

For technical convenience let us also formulate (2.4) in terms of the stretched variable p:

—RuPl — Z(Eﬁ)i (ea10, u" + 2ab 05 uP" + 2as0, uP") + Pt = 0. (2.6)
i=0

Now, in order to define the inner expansion, we make the formal ansatz v = >~ 5’61(@ 6)
where the functions U; are to be determined. Inserting this ansatz in (2.4) and equating like
powers of € we obtain a recurrence relation for the functions U;:
~RUA+T,=F, i=01,...,
]’;‘i _ ﬁ;l + Iﬁ; + ﬁi?,’

i—1 i—2 i—2
- o . . - BT
E'=) palo,Uiay, =) paojUsy,  F =) pPaol,,
j=0 j=0 j=0



where we used the tacit convention that empty sums take the value zero. As we expect the
boundary layer function u®* to decay away from the boundary 9 and as we want to satisfy the
boundary conditions, we supplement these ODEs for the U; with the boundary conditions

~

Uu, — 0 as p — 0o,
g — [f]ag ifi=0
Uilsa = Gii=1< —[AW2flaq if 0<i<2M is even
0 otherwise.

We have

Theorem 2.2 Let f, g, 9§ be analytic. Then there are constants K1, Ks, and K3 depending only
f, g, and 02 such that the functions U; are holomorphic on

C x{z||lm 2| < K}.

Additionally, for all o« € [0, 1), there are constants C,, depending only «, f, g, and Q2 such that for
alli € Ny

. i Ky \'. 1
U5+ 26 +0) gcae—apem(l_sa) ‘e (OECx (el < K}

The inner expansion of order 2M + 1 is defined as the function

2M+1 2M+1

uif (p,0) = U5, 0) = > e'Ti(p/e.9), (2.7)

and it satisfies the boundary conditions
[t loa = g = Y e [AD flaq.

Remark 2.3: We defined u} as the inner expansion of order 2M + 1 so that the first neglected
term of the formal asymptotic expansion Y ;- U, is of order e**2. This is precisely the same
power of ¢ as the first neglected term of the outer expansion » .~ 2 AW f truncated after the £2M

term.

As the boundary fitted coordinates (p, #) are only meaningful in a neighborhood of 02 we restrict
the approximation u%’ of uPr to a tubular neighborhood of 9Q by the cut-off function x defined
in (1.11). Finally, we define ), such that the following identity holds

ue = wyy + xudE 4+ rap (2.8)

Strictly speaking, the functions wy; and x are defined in cartesian coordinates (x,y) whereas the
function u%! is defined in boundary fitted coordinates (p, ) so that we should interpret uf as
uBF o 4~! in the tubular neighborhood €y where the boundary fitted coordinates can be defined
and we should understand xyu®! to vanish outside of €.

The following theorems clarify the derivative growth of the functions wy; and r,;. Contrary to
classical asymptotic expansions, the dependence on the perturbation parameter ¢ as well as the

expansion order M is made explicit.

BL
M



Theorem 2.4 Let f, g, and O be analytic, o € [0,1) be fized. Then the functions u¥t of (2.7)
are analytic and there are constants Ky, Ky, K3, C' > 0 depending only on f, g, €2, and o such
that

est) ‘82’ o ult (p, 9)‘ < CmIKPKPePemar/e p>0, pmée N,
€l0,L

as}épL) H@ﬁ o ult(, N2y < C’m!KgLKf&tl/%pe’ap/s p>0, p,meN
€10,

provided that € and the expansion order M satisfy
0<e(2M+2) < K. (2.9)

Theorem 2.4 shows that indeed the function uff and all its derivatives decay exponentially away
from the boundary 0f). Let us now see under which conditions this asymptotic expansion has
meaning, i.e., when the remainder rj; is indeed small. This is the object of the following theorem.

Theorem 2.5 Let f, g, and 0N be analytic. Then the remainder ry; of (2.8) vanishes on 02 and
for each k € Ny there are Cy, K > 0 depending only on k, f, g, 0Q and x such that

I7aell ey < Cre " (K (2M + 2))*M*2 k=0,1,2,...

Note that Theorem 2.5 guarantees that the remainder rj; is indeed small provided that the ex-
pansion order M and the parameter ¢ satisfy a condition of the form £(2M + 1) small. This is
precisely condition (2.9) which was necessary to control uP*. Theorem 2.5 suggests that in the

complementary case, (2M + 2) not small, the asymptotic expansions lose their meaning.

3 hp Finite Element Approximation

In this section we will prove the robust exponential convergence of the Galerkin FEM. To that
end, we introduce in Section 3.1 the notion of admissible boundary layer meshes which consist of
quadrilaterals and have one layer of needle elements of width O(ep) at the boundary. In Section 3.2
we compile some results on the approximation properties of the Gauss-Lobatto interpolation op-
erator on the unit square. In Section 3.3 we show that for admissible boundary layer meshes the
difference between the exact solution u. and its piecewise Gauss-Lobatto interpolant is exponen-
tially small (in the polynomial degree p) uniformly in e. These approximation results are extended
to meshes consisting of quadrilateral as well as triangular elements in Section 3.4.2. The admissi-
ble boundary layer meshes are essentially the “minimal” meshes that lead to robust exponential
convergence. However, they do depend on ¢ as well as the spectral order p. In Section 3.4.3,
therefore, we analyze fixed meshes which are refined geometrically towards the boundary 0f2.
With the proper number of layers, such fixed meshes have approximation properties similar to the
“minimal”, admissible boundary layer meshes.



3.1 Admissible Boundary Layer Meshes

Let us define regular meshes consisting of quadrilaterals €2; subject to the following standard
restrictions. Denoting S := [0,1] x [0,1] the usual reference square, we associate with each
quadrilateral €); a differentiable, bijective element mapping

Furthermore, we assume as usual that
(M1) The elements ©; partition of the domain €, i.e., Q@ = U;Q; and det M} > 0 on S for all i.

(M2) For i # j, Q; N Q; is either empty, or a vertex or an entire edge (vertices and edges are of
course the images of the vertices and edges of the reference element under the maps M;).

(M3) Common edges of _neighboring elements (2;, §2; have the same parametrization “from both
sides”: Let v;; = €2, N §2; be the common edge with endpoints (vertices) P, . Then for
any point P € «;;, we have dist(M; '(P), M; '(P)) = dist(Mj_l(P), Mj_l(Pl)), =12

Given such a mesh, we can define spaces SP, S{ of piecewise mapped polynomials in the usual
way:

= fue HYQ) [ulo, = g, 0 M for some g, € Q,(5)}. (3.10)
St o= SPHY(Q) (3.11)

where we used the notation ),,(.S) to denote the set of all polynomials of degree p (in each variable)
on the reference square S.

We indicated in the introduction that we would like to work with meshes which have needle
elements of width O(pe) near the boundary where p is the polynomial degree. Since we want to
achieve exponential rates of convergence it is necessary that the maps M; be analytic and that
the growth of the derivatives can be controlled in some way uniformly in ¢. This is the object
of the next definition. It formalizes the assumptions on a mesh with needle elements of width
(essentially) Ape and whose remaining elements are of size O(1).

Definition 3.1 (Admissible mesh family) A three-parameter family of meshes (Qi()\,p, 5)) ,
0<A<1 peN, 0<e <1, satisfying the conditions (M1)—(M3) is called an admissible
boundary layer mesh with critical width cq if there are constants A\p, Ay, C1, Cy, v > 0 independent
of the three parameters X, p, and € such that the following conditions hold.

If A\pe > cq then all elements are regular elements, i.e., the corresponding element maps M, satisfy

—1
| (M) || zes(s)
| D% M;|| oo s)

Ch (3.12)

<
< Cyylall Va e N2 (3.13)

If A\pe < ¢, then we distinguish two kinds of elements:



1. Q; abuts on the boundary: ;N O # O . Then Q; is a needle element, that is, it satisfies

Auco < po (3.14)
dist(z,0Q) < AyApe, Vo e Q; (3.15)
_ Ch
M) ey < e 3.16
(M) Nl < e (3.16)
| D (s;pl8 oy o M) ||pe(s) < Coy' ! Va € N2 (3.17)

where the stretching operator s is defined in (1.9).

2. Q;NON=0. Then Q; dist(Qy,0Q) > A pe, and Q; is a regular element, i.e., the map M;
satisfies (3.12), (3.13).

The notion of a regular element is the standard notion of “p version elements”. Let us comment
on the conditions imposed on needle elements, (3.14)—(3.17). (3.14), (3.15) stipulate that needle
elements are completely contained in the tubular neighborhood €2y of 02 where the boundary
fitted map 1 is invertible (cf. Section 1.2). This is merely a technical assumption to guarantee
that (3.17) makes sense. Condition (3.17) is the crucial assumption, and it reflects the anisotropy
of the needle elements. The map sgplg o ¢~ produces a stretching in the direction normal to
the boundary 99 by the factor (Ape)~!. Therefore, the needle elements are mapped under this
stretching to sets of size O(1) whose element maps (i.e., the maps s;ple o1~ to M;) can be controlled
independently of A, p, €, and 4, which is (3.17).

A different approach to the definition of needle elements is to introduce “reference needle” elements,
e.g., R; := (0, Ape) x (0,1) and then to control the maps from R; onto );:

Definition 3.2 (Regular admissible mesh family) An admissible boundary layer mesh fam-
ily with critical width cq is called regular if the needle elements satisfy the following additional
condition: In the case A\pe < ¢y there are C7, C', ~" independent of \, p, and € such that the maps

M;: R; = (0,Ape) x (0,1) — €
(&mn) = M/ (\pe),n)

satisfy

ot
1
| D M| oo (ry)

det]\AJi' < Cf

<
< Yol VaeN:

The additional conditions imposed on a regular admissible mesh guarantee that the maximal
angles of the needle elements do not degenerate. In effect, regular admissible meshes satisfy the
maximal angle condition known to be crucial for H' approximability (cf. [11]). However, as the
energy norm is an e-weighted H' norm, the maximal angle condition may be relaxed, and this
is reflected in our notion of admissible mesh families (Definition 3.1). In admissible meshes, the
maximal angle of the needle elements has merely to be greater than m — cAep for some fixed ¢ > 0,

i.e., the maximal angle of the needle elements is allowed to degenerate to 7 as € tends to zero (cf.
Fig. 3.1).



\ ol

o(1)

Figure 3.1: Example of admissible mesh

Remark 3.3: Note that for fixed ¢, the needle elements become “fatter” as p increases. Asymp-
totically, i.e., if p is at least O(e7!), admissible meshes do not contain any needle elements and
are just classical p version meshes. This ties in with our discussion of Theorem 2.1 where we saw
that the p version of the FEM (on a coarse mesh) yields exponential convergence if p is at least

O(e™1).

Remark 3.4: Let us see that the conditions for admissible meshes imply the existence of
constants C, v > 0 such that

DM, || sy < Cy*all  Ya e N3 Vi.

Clearly, we have to check this condition only for the needle elements. Let {2; be a needle element
with Ape < ¢p. Upon setting r = 1/¢o we have

Mi - (wos)\paosr) o (5;1 OS;pleOw_l OMZ) .

Note that s, ! o s;pla o)™t o M;(S) C (0, \pcg) x Tr. The analyticity of ¢ together with Aps < cg
and A\ycy < pp implies readily that

1D (4 0 $xpe © 8,) || oo (00 co)xTr) < CY ]! Va € N2 (3.18)

for some C, v > 0 independent of A, p, and . Assumption (3.17) together with Lemma 3.9 implies
that
1D (57 o (syk 0 ¥~ 0 M) [l1oe(s) < €' Malt Vo € N (3.19)

for some C’, 4" > 0 independent of A\, p, and . Applying Lemma 3.9 again with the estimates
(3.18), (3.19) implies the claim.

10



3.1.1 First family of admissible meshes

In this example we want to construct a family of admissible boundary layer meshes by defining the
needle elements as “rectangles in boundary fitted coordinates”. These are essentially the boundary
fitted tensor product meshes considered in [6]. To that end, let ¢y < py be given and fix a partition
0=0, <60y <---<0b,,1 =L (note that we can identify 6,,,1 with 6; on Tp).

For Ape < ¢ choose the needle elements €y, ..., €}, as the images of the rectangles

(07)‘p€) X (eiaei-f-l)v 'L.Zl,...,’)’L
under the map 1. Hence the needle elements €2; with corresponding maps M; are given by
Qi = ’QZ)((O, >‘p€) X (eiaei-l-l))) Mz(fﬂ?) :?/)()\P5§,91+71(91+1 _91))7 1= ]-7---an'

The elements Q,...,€Q, form a partition of 1 ((0, \pe) x Ty), and it is clear that they satisfy
(3.14)—(3.17) with all constants depending only on ¢ and the fixed partition 6y, ...,0,.1. Let us
note that

Sy 0T o Mi(&,m) = (&6 + 101 = 6:),  i=1,...,n. (3.20)

It is simple to add to these needle elements elements €,,1,...Qy of size O(1) such that the
total collection of elements €2y, ..., Qy satisfies (M1)—(M3) and the elements ,,,1, ..., Qy satisfy
(3.12), (3.13) with constants independent of A, p, and €. Note that by construction

dist(x,0Q) > Ape Vere;,, i=n+1,...,N.

Hence the meshes constructed in this way are admissible meshes in the sense of Definition 3.1
for the case A\pe < ¢p. For the case \pe > ¢y we simply take the mesh constructed for the case
Ape = ¢y and this concludes the construction.

In order to see that the family of meshes obtained in this way is a family of regular admissible
meshes in the sense of Definition 3.2, we consider for A\pe < ¢y andi=1,...,n

M;: R; = (0,\pe) x (0,1) — €
(&mn) = M(&§/(Ape),m),

which satisfies by (3.20)
S;pla otp Lo M; =4y oM,

Hence the conditions of Definition 3.2 are seen to be satisfied owing to the analyticity of .

3.1.2 Second family of admissible meshes

In this section, an admissible boundary layer mesh is constructed in a slightly different way. Again,
the meshes designed here form a regular admissible family of meshes.

We start out with the asymptotic mesh, i.e., a fixed, coarse mesh of quadrilaterals (£2;)Y, subject
to (M1)—(M3) whose corresponding maps M; satisfy

[(M]) Y zoo(sy < Ciy, 1D Mi||ze(s) < Coylall  Va eNZ i=1,...,N (3.21)

11



for some constants C, C5, and v independent of . Without loss of generality let us assume that
the quadrilaterals Qy,...,Q,, n < N, are the elements abutting on the boundary, i.e., Q;N9Q # 0
fori=1,...,nand ;N0 = 0 for i > n. For ease of exposition let us further assume that all
the elements €2;, © = 1,...,n abutting on the boundary are completely contained in the tubular
neighborhood in which the boundary fitted coordinates can be defined, i.e.,

dist(z, 0Q) < po, VeeQ;, i=1,...,n.

Let us assume additionally that the maps M, for these elements abutting on the boundary are
such that the line & = 0 is mapped onto a subset of 02 (and all the other parts of the boundary
of the reference square S are mapped into 2). This implies that for i = 1,...,n, the maps M;
satisfy

with R;, ©; analytic on the closed reference square S. Furthermore, there is a constant C3 > 0,
independent of 7 such that

0<Cs<Ri(§n) <Cy',  V(Em)ES. (3-23)
For A > 0 and p € N, we distinguish two cases.

1. Ape > 1/2. In this case we are in the asymptotic regime, and we use the coarse mesh defined
above.

2. Ape < 1/2. In this regime, we need to define needle elements. This is done by splitting the
elements €, i = 1,...,n into two elements Qe and Q. Split the reference square S
into two elements

greedle . (0, Ape) x (0,1) and S := (\ps, 1) x (0,1)

and set

aneedle = Mi(Sneedle)’ Qres  .— Mi(sreg)’
Mypeete(g,m) = Mi(Ape€, ), M{“(&mn) = M;(Ape + (1= Ape)€,m).

It is easy to see that the mesh Qqpeedle  Qneedle Fed O O 1y, ..., Qy satisfies the
conditions (M1)—(M3). Furthermore, (3.22) and (3.23) imply that the needle elements satisfy
(3.15) with Ay = C5 . The first estimate of (3.21) gives (3.16) for the needle elements. (3.22)
together with the analyticity of R;, ©; yields (3.17). In order to conclude that the mesh
constructed in this way is an admissible mesh, we have to see that the maps M, satisfy
(3.12), (3.13), and stay away from 0f2. (3.23) implies again that

dist(x, 0Q) > CsApe, Ve e QY

and the assumption Ape < 1/2 gives that the maps M satisfy the desired conditions on
the derivatives (3.13). (3.12) follows from the fact that Ape < 1/2 and that the maps M;
satisfy (3.12) already.
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In order to see that the mesh constructed in this subsection is actually a regular admissible
mesh, we note that the map M**d¢ here takes the form

NPeette ; By = (0, Ape) x (0,1) — Qecde
(&m) = MM/ (Ape),m) = M; (€,m)

and so the conditions for a regular admissible mesh are satisfied.

3.2 Polynomial Approximation Results
Lemma 3.5 Let I :=[0,1] and u € C*°(I) satisfying
|D7ull 20y < Caphy? (3.24)
for some C1, v > 0. Then there is a sequence of polynomials (P,);% of degree p such that
= Pl + Il (u = B sy < CaCie™
where the constants Cy, 0 > 0 depend only on ~.

Proof: From Sobolev’s imbedding theorem, we have that || DPul| ey < C1Ciply'” for some Cf,
~" depending only ~. Therefore, u is analytic on the closed set I and can be extended analytically
to a complex neighborhood of I. The result follows from standard theory: For example, the
polynomial P, may be obtained by interpolating w in the Tschebyscheff points (see Chap. 4 of [12]
for the details). O

For p > 1 define on the space C(I) the operator i, by interpolation in the p + 1 Gauss-Lobatto
points. By [13] we have the stability estimate

liullzen < Ca(l 4+ np) ul =, (3.25)
For the interpolation error in the Gauss—Lobatto points, we have

Lemma 3.6 Let u satisfy the assumptions of Lemma 3.5. Then there are C', o > 0 depending
only on v of Lemma 3.5 and Cq such that with Cy in (5.24)

lu — dpull ooy + 1] (w = Gpu) | poo(ry < CCre™ .
Proof: Let P, be the approximant of Lemma 3.5. As the interpolation operator ¢, reproduces
polynomials of degree p, we have
lu— Py —ip(u = B)| oo (ry < [L+ Co(1 + Inp)] [lu — Pyl
1w = Po)'ll ooy + Il [ip(u = Pp)] Nz
1w = Bp) oy + 20% ip(u = Pp)llzoe(r)

where the estimate involving the factor 2p? was obtained using Markov’s inequality. Using the
stability result (3.25) and appealing to Lemma 3.5 concludes the proof. U

||U - ipu||L00([)

1w = dpw)l|oe )

IN A IA

On the unit square S = I x I, we introduce the interpolation operator j, as the tensor product of
the two one dimensional Gauss-Lobatto interpolation operators iy, i4: j, = i, 01) =¥ o4;. From
the one dimensional stability estimate and Markov’s inequality in two dimensions, we obtain the

following lemma.
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Lemma 3.7 Let u € C(S). Then
lpullr=es) < C&(L+p)?[lullp=cs),
10, Jpull Loe(s), 10, Jptell sy < 2CEp™(1+ Inp)? | oo s).-
Lemma 3.8 Let u € C™(S) satisfy || D%ul|12(sy < Cila|!y!®! for all multi-indices o € N. Then
there are constants Cy, 0 > 0 depending only on v such that
[ = Jpullzoes) + [V (u = jpu)|[pe(sy < CoCre”

Proof: Again by Sobolev’s imbedding theorem we may assume without loss of generality that the
growth condition on the derivatives has the form

|5 < CrC iy
with constants C1, 7' depending only on . Hence u is analytic on the closed set S. We write
u—jpu = u—igu+i (u—iu)

lu = Gpulli=(s) < supsuplu — igul + Ca(1 + Inp) supsup u — iju|
yel zel vel yel

Consider now the first term. For each fixed y, we obtain from Lemma 3.6

sup |u — iyu| < CCre?

xel
where C' and o > 0 depend only on C], 7' and are independent of y. The second term can be
estimated similarly.
For the derivative, consider d, (u — jyu), the y derivative being handled analogously. As d, and
iy commute, we have

10, u — %0, ul| Loo(sy + 112 [0, (u — )] [ Loo(s)
10, u — %0, u||Lo(s) + Ca(l +Inp)||0, (u — iy)||Lo(s)

10, (u = Gpu)llL=(s) <
<

For the first term, we note that the function 0, u satisfies a similar growth estimate for the
derivatives as the original function v and therefore the reasoning of the first part of the proof
applies. The second term can be estimated again by Lemma 3.6. U

The regularity results of Section 2 allow us to control the derivatives of the solution u. of (1.1) on
the physical elements. However, as we formulated the approximation results above on the reference
square S, we need to see that inserting the map from the reference square to the physical element
does not affect the growth of higher derivatives adversely. This is shown in the next lemma.

Lemma 3.9 Let f and g be real analytic functions defined on Q) and S C R?, respectively. Assume
that range g CC Q and that

|al

sup |D*f| < Cylally;, sup | D%g| < Cylar|!y Va € N3.
ASY) zeS

g

Then there is C', v > 0 depending only on Cy, ¢, 74 such that the function f o g satisfies
sup |D* (f o g) | < CCla|ly! Va € Np.
€S
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Proof: The proof follows immediately from Cauchy’s integral representation of higher derivatives
for analytic functions in several variables. O

Lemma 3.10 Let Q C R? be a bounded, open set, S = [0,1]? the reference square. Assume that
g:S — g(S) CC Q is analytic, injective, 0 < ¢; < det g’ < ¢y < 00 on S, and satisfies
1Dl sy < Coyllalt Vo e NG
Let f : Q) — C be analytic on §2 and satisfy
1D fllz2(@) < Cprf max (o], el Vo e N}

for some Cy, v¢ >0, € € (0,1]. Then there are C, v > 0 depending only on Cy, 4, V¢, €1, Ca such
that

CrCy* max (|af, e~ 1)l Va € N3, (3.26)
CrCA|ale!/ Va € N. (3.27)

D% (fog) ||L2(S)
D% (fog) ”LQ(S)

Proof: The proof of (3.26) can be found in Lemma 3.13 of [7]. (3.27) follows readily from (3.26)
if we observe that

<
<

max (||, e ) < max (Ja|', |a|le/|a]l) < max (||l |a|le!/) < C|alel*le!/s Va € N2
by Stirling’s formula and then replace v of (3.26) with ~e. O

Piecewise interpolation in the mapped Gauss—Lobatto points yields a global H' conforming inter-
polant with global approximation properties as good as the local approximations permit:

Proposition 3.11 Let (2;(\, p,€)) be a family of admissible meshes in the sense of Definition 3.1

and let M; be the corresponding element maps. Let u € C(2) and assume that

IN

01
5 et if Q; is a regqular element (3.28)
11 if Q; is a needle element.

\u @) Mz — jp (u e} Mz) |Loo(s)
‘V(U o Mz — jp (u o MZ>>|LOO(S) <
Then the function m, defined on each element €2; by local interpolation in the mapped Gauss-Lobatto

points
Tpla, = Jp (wo M;) o M

is an element of SP C H'(Q) and
|u =7yl < 6

1
IV(u =)= = Ci-max (1,1/(Ap)) o

with Cy of Definition 3.1. If additionally u =0 on 02, then m, € Sj.
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Proof: To prove the claim that m, € S?, it is enough to see that m, is continuous across interele-
ment edges. Let 7;; = Q; N Q; be the common edge of two neighboring elements ;, Q;. Denote
vi = M; (i), 7 = M; '(yi;) the sides of the reference square corresponding to the common
edge. By construction, the pull-backs of the traces, t; := (m, o M;)|,, and t; := (7, o M;)|,,, are
polynomials of degree p on +;, v; respectively. Furthermore, as there are p + 1 Gauss-Lobatto
interpolation points on the sides v;, v;, the polynomials ¢;, ¢; are determined by the location of the
p + 1 Gauss-Lobatto points on the sides v;, 7, and by their values there. As the Gauss-Lobatto
points are distributed symmetrically with respect to the mid-point of the sides v;, 7;, the p +1
sampling points for the polynomials ¢;, ¢; are the same. It suffices to show that ¢, = ¢; in these
p + 1 sampling points. But this follows readily from the fact that the function t;, ¢; equal u o M,,
wo M; in the sampling points and from assumption (M3) of Section 3.1, which implies that these
p + 1 sampling points are mapped onto the same points in Q under the maps M; and M;.
Similarly, we see that, if w = 0 on 052, then the interpolant m, vanishes on 99, i.e., m, € S§.

It is enough to show now that u — m, satisfies the desired estimates on each element €);. This
follows readily from the assumptions on the element maps M;. In fact, we even have

IV (= mu) ey < IV ((wo M) = (o My)) [[oeis) | (M) Nl
Ci0y/e if Q; is a regular element
Cy/(Ape)dy i Q; is a needle element.

3.3 Main Result

Theorem 3.12 Let f, g, and 02 be analytic and let u. be the solution of (1.1). Let (i(\,p,¢€))
be a family of admissible boundary layer meshes in the sense of Definition 3.1. Let the function m,
be defined on each element Q; by local interpolation of u. in the (mapped) Gauss—Lobatto points,
1.€.,

Tpla: = Jp (ue 0 M;) o M.

Then m, € SP and there are constants C, Ao, A1, and b > 0 depending only on f, g, 00, and the
constants of Definition 3.1 such that for 0 < X\ < Ao and Ap > )\

[te = mp || L) + [V (ue = mp) [ o) < C(1 + Inp)*p?e ",

Furthermore, if g = 0, then 1, € S§.

Before we proceed with the proof of this theorem, let us make a few comments and extract from
it the exponential rate of convergence of the Galerkin FEM (1.5) based on piecewise polynomials
on admissible meshes.

Remark 3.13: Under the assumption 0 < A < A\g, Ap > A1, the constants C' and b in the state-
ment of Theorem 3.12 are independent of A, p, and . In practical applications of Theorem 3.12,
one has to make specific choices of the parameter A. In Theorem 3.14 below, we choose A = ),
but other choices are possible. For example, as Theorem 3.12 does not give a useful indication of
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the size of the constants g, A;, one choice for A could be to take it as a function of p: A = A(p);
e.g., the specific choice A(p) := 1/Inp for p > 2 guarantees that the conditions A < A\g and Ap > A,
are met provided that p is sufficiently large. Therefore, we may conclude from Theorem 3.12 that
there are constants C', b > 0 depending only on f, 02, g, and the constants of Definition 3.1 such
that

[ue = mpll oo () + IV (ue = mp) || o) < Ce™™/ P Vp > 2.

Theorem 3.12 implies the robust exponential convergence of the hp Galerkin FEM (1.5):

Theorem 3.14 Assume the hypotheses of Theorem 3.12 and assume additionally that g = 0 in
(1.1) (see Section 3.4.1 ahead for g # 0). Furthermore, let the number of elements in (€;(\, p,€))
be bounded independently of A, p, € by Ng € Nyg. Then there are C, b, \g > 0 independent of € and
p such that the choice Viy := S{ based on the meshes (Q;(Xo,p,€)) in the FEM (1.5) yields for the
finite element solution uy

|ue — unllen < Ce N

where N = dim Vy = dim S} ~ p?.
Proof: In view of (1.6), Theorem 3.12 guarantees the existence of C, b, \g, and A; such that

e — unlle < llue = unllia + €l V(= un)lz@) < CL+ Inp)?pPe
provided that 0 < A < Ao, Ap > \;. Fixing A = )y we see that the finite element solution uy
satisfies

e — un|le,0 < Ce™¥P

for some C, b’ > 0. As the number of elements in the family of meshes is bounded independently
of A, p, and €, we have dim S} ~ p? with constants depending only on Ny; this concludes the proof.

O

Proof of Theorem 3.12: The basis of the proof is an application of Proposition 3.11. It suffices
therefore to see that d;, 2 of the assumptions of Proposition 3.11 are exponentially small (in p),
that is, we have to show that

(0 M) = (e 0 Mi) sy < C(1+Tnp)pPe ™ i

e~ if Q; is a regular element

IV ((ue 0 M;) — jp(ue 0 M;)) |15y < C(1+Inp)pe

1 if €; is a needle element

(3.29)
where the constants C', b > 0 are independent of A, p, €, and 1.
The proof consists in considering the asymptotic case (i.e., pe large) and the pre-asymptotic case
(pe small) separately.
The asymptotic case A\pe > ¢y. By Theorem 2.1 there are constants C', K independent of &
such that

| D%uc | 2y < CK'"'max (Ja|,e 1)kl Va € N

For each element map M;, we can apply Lemma 3.10

1D (ue 0 M;) || 12(s) < CAalle!s Va e N}
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where the constants C', v > 0 are independent of € and i. According to Lemma 3.6, the Gauss-
Lobatto interpolant j,(u. o M;) satisfies

| (ue 0 M) — jp<u€ © Mi)HL“(S) + IV ((us 0 M;) — jp(“s o M;)) HLOO(S) < Cleoptl/e
where C', o are independent of € and 7. Using the assumption Ape > ¢y we arrive at
(e © M) = Gyt © M) vy + |V (e © My) = Gy (e 0 M) [|oe(s) < Ce™ /s

which produces the desired local estimates (3.29) if we choose Ay so small that o — A\g/co > 0.
The pre-asymptotic case Aps < c¢g. In the pre-asymptotic case, we have to exploit more
carefully the boundary layer structure of the solution u. which we analyzed in Section 2.2. We
decompose u, as

Ue = Wypr + XuﬁL +7ru

where the expansion order M € Ny is now chosen in dependence on Ap: We choose M such that
2M 42 = puAp (3.30)

where the parameter p > 0 is fixed and satisfies
tyarco < 1, peg < Ks, oK =:q < 1 (3.31)

where A was defined in (1.13), ¢ is the critical width of the family of meshes considered here, the
constant K3 is the constant K3 of Theorem 2.4, and K is the constant K of Theorem 2.5. Let us
remark at this point that, strictly speaking, we should take M as the integer part of (uAp —2)/2.
However, for the sake of simplicity of notation, we will ignore this point for the remainder of
the proof. In order for M to be non-negative (and for technical reasons below, we need that
2M + 2 > 3), we impose on A and p the condition

3
AP = Ay = o (3.32)

Let us now see that with this choice of the expansion order M, each of the three terms in the
decomposition of u. can be approximated by its Gauss-Lobatto interpolant with the desired ex-
ponential accuracy. Let us first consider wj;. By the definition of wj; we have

M
= 3 A0
=0

By Cauchy’s integral theorem for derivatives we obtain with the aid of estimate (1.13), the obser-
vation 2M = pulp — 2 < pAp, and the assumption pApe < pcy < 1

M M
ID"wu ey < CdelallY H A f] gy < Callall 3 292 (20)
=0 =0
< CdalY (ra2M)* < Cdlall S (ragidve)”
=0 =0
M .
< Cdfally (yasmer)” < Cdjal!

=0
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where the constants C, d depend only on f and pcy < 1. Hence, we may apply Lemma 3.9 (cf.
also Remark 3.3) for the estimation of wy; o M;, and using Lemma 3.6 we obtain

[ (war © My) — jp (war © M) || poo(sy + |V ((war © Mi) — jip (war © My)) || Loo(sy < Ce™ P

where the constants (', o are independent of € and 1.

Let us now turn to the approximation of yuf¥ by its Gauss-Lobatto interpolant. We will consider
the two cases of needle elements and regular elements separately. Let us first consider the case
of the needle elements. By the assumptions on the meshes (cf. Definition 3.1) we have that
Auco < po. Let us assume without loss of generality that the cut-off function y of (1.11) is chosen

such that p; = Ayc, ie., x =1 for 0 < p < Aycg. Therefore, for needle elements €2; we have

yult = uBF and

Xuﬁl’ o 1/)_1 oM; = (uﬁL o S)\pa) o (,s;pl6 o w_l o Ml)
where sy, is the stretching map introduced in (1.9) and + the boundary fitted coordinate trans-

formation of (1.8). Let us estimate now the growth of the derivatives of uf o sy,.. We have by
Theorem 2.4 (note that our choice of p and M guarantees that £(2M + 2) < K3)

’8;} " (unf o sxpe) (p,0)| < CmIKP KT (Ap)" Vn,m € Np.
As (\p)" < nle’? we obtain
1D (u¥F 0 sxpe) | ((0.00)x[0,2)) < Cla|!max (Ko, K7)1*le Vo € N
and by Lemma 3.9 with f = ufF oy~ o sy, and g = 8;1216 oyp~to M
ID* (u¥f o™ o M) [|poe(s) < CeMKall Vo € N}

where C', K are independent of A\, p, and €. Applying Lemma 3.6 yields the existence of C', o > 0
independent of )\, p, and ¢ such that (for the remainder of the proof we write ufr o M; instead
of uBl o4=t o M;, thus thinking of uPl as being given in carteasian coordinates (x,); a similar
abuse of notation applies to yu¥! below)

1(uri o Mi) = jp(usf © My)||oegsy + IV ((unf” © My) = Gp(uyy 0 M;)) [[1oo(s) < CePeP.
These are the desired estimates for uf on the needle elements if A < . Let us now consider the
regular elements 2. By assumption, in the case dist(x, 0Q) > ApApe for all x € Q;, Theorem 2.4
implies immediately

HXU%L o MiHLOO(S) CaeiaALAp,

<
N4 (Xuff ) Ml) | poe(sy < C e te—oMAp,
Appealing to Lemma 3.7 gives (after choosing o = 1/2)

| Ocusy o My) = jp(xupf © Mi)|[pe(s) < C(1+1In p)’e 72,
IV ((xusf o M) — jp(xulf o M;)) |lee(sy < C(L+1n p)*pPete 2o/
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which produces the desired estimates (3.29).
Finally, let us consider the remainder r;;. By Theorem 2.5 and Sobolev’s imbedding theorem we
have

Ce 2 (eK(2M +2))*M*2
HVTMHLoo(Q) S CH’T’M”HS(Q) 0873 <€K<2M -+ 2))2M+2

for some C', K independent of € and M. As || M]||1~(s) < C with C independent of A, p, €, and 4,
we get

IrmllLee(e) < Cllrmllrze) <
<

7ar 0 Myl posy < Ce 2 (eK(2M +2))*M7 v,
IV (rag 0 My) || ooisy < Ce™3(eK(2M +2))*M* Vi,
An application of Lemma 3.7 gives
[(rar © M;) — Gp(rar o Mi)||ze(sy < Ce 2(1+1n p)? (eK(2M +2))*M** Vi,
IV ((rar © Mi) = Gp(rar 0 My)) pe(sy < Ce®(1+1In p)°p? (eK(2M +2))"" Wi,

We observe that we can write
e P (eK(2M +2))*M2 = (K(2M +2))° (eK(2M +2))*M™F  5=23.

Using now the basic assumption on p that e K(2M + 2) = Kudpe < Kucop =: ¢ < 1 and the
assumption 2M + 2 > 3 (cf. (3.32)) we can bound

[(ras 0 My) = jp(rag o Mi)lleisy < C(1+1n p)*(up)’qg" ™2 Vi,
IV ((rar 0 M) = jp(rar 0 Mi)) [[zos) < C(L+1In p)°p(udp)’g" = Vi,

and hence we see that the interpolation of the remainder r); in the Gauss-Lobatto points also
satisfies (3.29). O

3.4 Extensions of the Main Result
3.4.1 Inhomogeneous Dirichlet Conditions

We considered in Theorem 3.14 the case of homogeneous Dirichlet data. For the FE formulation
of (1.1) with g # 0 we proceed as usual: Let @ € SP be such that @|gpqg = m, on 052 where 7, is
the Gauss-Lobatto interpolant of Theorem 3.12. This is easily accomplished as each quadrilateral
element €); abutting on 992 has p + 1 Gauss-Lobatto interpolation points located on 0€2; N 9N2.
Then the finite element formation is

find upp € Sy such that B.(upg,v) = F(v) — B(a,v)  Yv € S§.
The standard arguments then yield

[ue = (@ + upp)lleo < iensfp lue = (@ +v)[leo < flue = mplle0
V&R0

and hence robust exponential convergence for the case of inhomogeneous analytic boundary con-
ditions.
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3.4.2 Triangular Elements

We proved the approximation result Theorem 3.12 for meshes consisting of quadrilateral elements.
Let us outline in this section how similar results can be obtained for meshes consisting of quadri-
lateral as well as triangular elements.

Denote T the reference triangle consisting of half the reference square S. Again, the maps M;
denote the bijective, analytic maps from the reference elements K; (i.e., either the reference square
S or the reference triangle T') to the physical elements €);. We assume that the maps M; satisfy
(M1), (M2) of Section 3.1. As the edges of the reference triangle 7" have not all length 1, condition
(M3) has to be replaced with

(M3') (M3) of Section 3.1 holds with the condition dist(M; ' (P), M; '(P)) = dist(M; ' (P), M; ' (P))
replaced with dist(M; ' (P), M; ' (B,))/L; = dist(M; ' (P), M; '(P,))/L; where L;, L; denote
the lengths of the edges of the reference elements corresponding to ;.

(M4) For triangular elements, the maps M, : T'— ; can be extended analytically to S.

For such meshes, we may define spaces of piecewise mapped polynomials by

7 = {ue Hl(Q) |ulg, = ¢, 0 Mi_1 for some I, (K;)}
0 = TPNHLD)

where we write IL,(/;) to denote Q),(S) if €; is a quadrilateral and II,(K;) = P,(T), the spaces
of all polynomials of total degree p, if €); is a triangle.
In complete analogy to Definition 3.1, we may introduce the notion of admissible triangulations.

Definition 3.15 A three-parameter family of meshes (2;(\,p,€)), 0 <A <1, pe N, e € (0,1]
consisting of quadrilaterals and triangles and which satisfy (M1), (M2), (M3'), (M4) is called an
admissible family of triangulations with critical width co, if there are A, Ay, Cy, Co, v > 0 with
Auco < po such that the following holds.

If Ape > cq then all elements are regular elements and the corresponding maps M; satisfy

M) iy < Cr 1D Myllimgs) < Cor®llal! Vo€ N3, (3.33)
If Ape < ¢, then only the following two cases may occur.

1. Q; is a needle element, i.e., dist(M;(x),0Q) < A\yApe for all x € S and
_ C o - _ a
1) ey € 1o D% (s 007 0 M) sy < Conl®lall Ya €N (330

where the stretching operator s is defined in (1.9).

2. Q; is a regular element, i.e., it satisfies (3.33) and additionally dist(M;(x),02) > ApApe for
allz e S.
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Theorem 3.16 Let f, g, 02 be analytic and u. be the solution of (1.1). Let (2;(X\, p,€)) be family
of admissible triangulations in the sense of Definition 3.15. Then there are constants C, b, A,
A1 > 0 depending only on the data f, g, 02 and the constants of Definition 3.15 such that for
0< A< Ay and A\p > )\

ieanp e — || o) + €[V (ue — 0) || o) < C(1 + Inp)?pPe 7. (3.35)
If g =0, then the infimum in (3.35) may be taken over T .

Proof: The proof is very similar to the classical p version proof. It consists of finding first a
discontinuous piecewise (mapped) polynomial approximation and then correct the interelement
jumps with the aid of an appropriate lifting. Such a lifting may take the following shape: Let f,
be a polynomial of degree p defined on an edge v of the reference square (triangle) K, and assume
that f, vanishes in the endpoints of 7. Then there is a lifted polynomial F), € I1,(K) which equals
fp on v, vanishes on all the other edges of K, and satisfies

1Fpllzea) < CO I fylleeey, VPl < CoMl fpllrec)

for some generic C' > 0.

Let us now outline the proof. Without loss of generality we may assume that p is even. By
assumption (M4) we may assume that the element maps M; are always defined on S. Checking
the proof of Theorem 3.12, we see that the assumptions of Definition 3.15 guarantee that (3.29)
holds. Set the local (discontinuous) approximations v; = j,(u.0M;) € @Q,(5) if Q; is a quadrilateral
and choose v; = (jp/2(us 0 M;))|r € Po(T) if ©; is a triangle. Note that the vertices of the reference
elements K; are sampling points of the Gauss-Lobatto interpolation operators jp, j,/2. The above
lifting allows us to conclude the proof of Theorem 3.16 just as in the standard p version proof. [

3.4.3 Meshes graded geometrically towards the boundary

Theorem 3.14 shows that the hp-FEM based on admissible meshes yields robust exponential
convergence. However, the meshes depend on € as well as p. In practice, it may be more convenient
to fix a mesh and then increase the polynomial degree p until the desired accuracy is reached. Let
us demonstrate in a simple setting how Theorem 3.12 can be applied in such a situations. The
basic idea is to use a mesh that is refined geometrically (anisotropically) towards the boundary in
such a way that the smallest element has width O(g). This produces a fixed mesh that essentially
“contains” all the admissible meshes (£2;(Ag, p,€)) for some Ay sufficiently small as stipulated in
Theorem 3.12. Therefore approximation results similar to Theorem 3.12 hold true for that mesh
as well. We will construct such a geometrically graded mesh as a variation of the construction of
Section 3.1.2.

Let Q;, i = 1,..., N be the fixed coarse mesh of Section 3.1.2. Let us now create a mesh that
is graded geometrically towards the boundary by subdividing the element €2;, ¢ = 1,...,n. Fix
a grading factor 0 < ¢ < 1 and a number L € N of layers. Subdivide the square S into L 4 1
rectangles as follows:

S0:=(0,0") x (0,1),  S':= (" oY x(0,1), 1=1,...,L
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and then set fori=1,....n

Q? = MZ<SO>7 M0<£77]> = Mi<0L£777>
Qi = MZ(Sl)v Ml(g,ﬂ) = Mi(o-LiHl + gaLilvn)v [ = ]-7 <. -aL

It is easy to see that the element Q! i = 1,...,n, 1 = 0,..., L, together with the elements ;,
i=mn+1,..., N satisfy the conditions (M1)-(M3).

Furthermore, let us assume that the number of layers L is chosen such that the smallest element
has width O(¢), i.e., let L € N be such that

ol =cpe. (3.36)

Let us now denote S%,,,, the ansatz space of the type (3.11) based on this geometric mesh and
denote ST(A, €) the piecewise polynomial space of type (3.11) based on the mesh family described
in Section 3.1.2. We observe that

S o D ST(A\,e) if thereis I € {1,..., L} such that A\pe = o’

geom

By Theorem 3.12 there are C, b, )9, and A\; depending only on the input data f, g, 0f2, and
on the mesh family of Section 3.1.2 such that for 0 < A < A\g and A\p > A; > 0 the piecewise
Gauss-Lobatto interpolant 7, of the solution u. satisfies

luts = Tl + 1V (e — 7 ey < C(1 + Inp)pte™. (3.37)
To obtain estimates on the approximation properties of the spaces St it suffices to show that
for given p and ¢, a judicious choice of 0 < A < Ag yields S7(A,e) C SP_ .

If the polynomial degree p satisfies A\gpe > 1/2 then we may choose A = Ay, i.e., the spaces
S7(Xo,€): By construction, for A\gpe > 1/2 the space S7 (Ao, ) consists just of all continuous
piecewise (mapped) polynomials on the mesh €y, ..., Qy and thus S7(\, ) C SP,,, forall L € N.
Let us therefore concentrate on the case \gpe < 1/2. Let us assume additionally that the polyno-

mial degree p is such that
oAop > max (A1, cr) (3.38)

Under these assumptions on p and ¢, it is easy to see that there are A\ € [0, A\o] and [ € {1,..., L}
such that

A\pe = o'

Hence, we may conclude with the same constants as in (3.37) and the assumption (3.38) on the
polynomial degree p:

eisrgf e — || o) + El|ue — V|| o) < C(1 + Inp)?p’e o (3.39)
v geom

Thus, we obtain robust exponential rates of convergence of the FEM with fixed, geometrically
graded meshes by merely increasing p on a fixed mesh. However, the number of elements of this
mesh depends on ¢ as the number of layers in the geometric mesh refinement is linked to the
perturbation parameter . Nevertheless, by (3.36) L ~ |Ine|, and thus this dependence is quite
weak.
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4 Spectral Element Method

In a practical implementation of (1.5) we have to evaluate the bilinear form B.(u,v) and the right
hand side F(v) for functions u, v € S§ when creating the stiffness matrix and the load vector. As
the elements of S{ are mapped polynomials with analytic mapping functions M;, the integrands
arising on the reference element are no longer polynomial. Therefore the integrals cannot (in
general) be computed exactly, and we have to resort to some numerical quadrature scheme for
the calculation of the stiffness matrix and the load vector as in the spectral element method [14].
The aim of this section is to demonstrate that the spectral element method, i.e., the use of a
Gauss-Lobatto quadrature rule with O(p) points (in each direction) preserves the exponential rate
of convergence of the hp-FEM (Theorem 3.14).

We introduced two types of meshes in Section 3.1, admissible mesh families and regular admissible
mesh families. For the approximation result Theorem 3.12 we merely needed an admissible mesh
family. In these meshes, the maximal angle in needle elements is allowed to degenerate to m as &
tends to zero. For our analysis of the effect of the numerical quadrature, we exclude this case and
consider a subclass of these meshes, namely, regular admissible meshes. Note that the examples
of Sections 3.1.1, 3.1.2 are both regular admissible mesh families.

4.1 Preliminaries

On the reference square S = (0,1)?, we denote by GLPT the Gauss-Lobatto quadrature rule with
p+ q + 1 points in each direction, i.e.,

p+q pt+q
[ odsan G1770) = 3 3 w6

n=0 m=0

Here the points ¢, are given by § = 0, &4, = 1 and for 1 < n < p + ¢ — 1 the points &, are
the roots of the derivative of the Legrendre polynomial of order p 4 ¢ associated with the interval
I = (0,1). The weights w, are all positive and chosen such that the Gauss-Lobatto quadrature
rule is exact for polynomials of degree 2(p + ¢) — 1. For technical reasons, we will assume in all of
Section 4 that ¢ > 1 and this implies that

||g||%2(5) = GL (g% for all polynomials g of degree p. (4.1)

We will use Gauss-Lobatto quadrature rules for rectangles R = (0,a) x (0,b) and denote it by
GL%J“Z. Clearly, again polynomials of degree 2(p + ¢q) — 1 are integrated exactly on R.

Lemma 4.1 There is a generic constant C > 0 such that for any rectangle R and any p > 1
area(R)|| gyl 7 < CD'llgpll () for all polynomials g, of degree p.

Proof: The case of R being the unit square is standard. The case of a general rectangle follows
by a change of variables argument. O
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Lemma 4.2 Let R be a rectangle and GLS,’;q the Gauss-Lobatto rule of order p + q with ¢ > 1.
Denote by jyiq the Gauss-Lobatto interpolation operator on R as in Section 3.2. Then for all
polynomials w, of degree p and all functions g € C(R)

< |lg = Jpragllezm wpll 2m)-

gw, dzdy — G LY (gw,)
R

Proof: As the function (j,+,9)w, is a polynomial of degree 2(p + q) — 1 the Gauss-Lobatto
quadrature rule is exact for (j,+,9)w, by the assumption ¢ > 1. Hence,

/ gw, dzdy — GLY(gw,)
R

/R<9 - ijrqg)wp drdy — GLI;%Jrq((ijrqg - g)wp)
< g = Jpra9ll2m lwpllL2(r)

where we made use of the observation that j,1,9 — g = 0 at the sampling points of the Gauss-
Lobatto quadrature rule. O

Lemma 4.3 There is a generic constant C' > 0 such that the following holds true. Let R be any
rectangle and denote by j, the Gauss-Lobatto interpolation operator on R. Then forp, ¢ > 1 and
any polynomials vy, w, of degree p and any function g € C(R)

<O+ lnP)QPQHQ - quHLoo(R)HUpHLQ(R)prHLQ(R)-

/ v,gw, drdy — G LY (v,gw,)
R

Proof: Applying Lemma 4.2, we obtain

< lvpg = Jprg(vpg) HLQ(R) pr”LQ(R)

< Varea(R)[|vpg — Jpiq Upg)”L“ )pr”LQ(R)
= Varea(R)|(vpg — vpJq9) = Jprq (Vpg — Vpieg) HL“(R) pr”LQ(R)

/ v,gw, drdy — G LY (v,gw,)
R

By Lemma 3.7 (Lemma 3.7 is formulated for the reference square S but the invariance of the
L norm under transformations gives readily that the first estimate of Lemma 3.7 holds for any
rectangle R) we can estimate

||(vpg - vqug) — Jp+q (Upg - vqug) ||L°°(R) <(1+ C(Q})(l + 1np)2||vpg - vpjngL“(R)-

Lemma 4.1 gives /area(R)||vp||Loo(ry < Cp?||vp||r2(ry which allows us to conclude the proof. O
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4.2 The spectral element method

For u, v € S{ we can write
B.(u,v) = 252/ Vu - Vo dxdy—i—/ uv dxdy
= Z g2 / V(g,n)ﬂi . A,(f, n)V(g,n)f)j df'd?? -+ /S’EL,@Z det MZ/ df'd?? (4.2)

F(v) = Z /Q fu d:cdyzz /S fit; det M! d€dn

where

w; = uo M;, 0; = v o M, JEz = [ oM, (4.3)

Ay = (MH™" (M) det M. (4.4)

(2

Note that the functions 4;, 0; are polynomials of degree p as u, v € Sj. Replacing all the integrals
in the definition of B, and F by the Gauss-Lobatto quadrature rule of order p + ¢, we can define

BEGL(U, U) = Z €2GLp+q (V(f,n)ai : Aiv(f,n)@i) + GLerq (?ALZQAJZ det MZ/)
FOv) = Y aQLrt ( Fitn det M;)

for all u, v € S{. The spectral element method reads:
find ugy, € S such that BE*(ugr,v) = F¢*(v) Vv € SE. (4.5)

Theorem 4.4 Let f be analytic on Q, g = 0, and u. be the exact solution of (1.1). Let (i(\,p,€))
be a family of regular admissible meshes in the sense of Definition 3.2. Then there are C', o > 0
independent of A\, p, €, q such that the finite element solution ugr, of (4.5) satisfies

. — ugrlloa < C ( inf [Ju. — vllca+ (1+ 1np>2p2e0q) .
vES)

As the proof of Theorem 4.4 is based on several lemmas, it is deferred to the end of this section.
Theorem 4.4 shows that the use of Gauss-Lobatto quadrature rules of sufficiently high order
does not destroy the exponential rate of convergence of the finite element method (1.5): By
Theorem 3.14, the infimum can be bounded by Ce="? and hence choosing ¢ = vp with v > 0 allows
us to conclude that the error of the finite element approximation with Gauss-Lobatto quadrature
is exponentially small. The parameter ¢ is a measure of “overintegration”; this overintegration is
necessary as the integrals arising in the definition of B, are essentially weighted L? inner products
of polynomials of degree p and the overintegration guarantees that the weight function is accounted
for properly.

Remark 4.5: The proof of Theorem 4.4 shows that Theorem 4.4 holds true for other quadrature
rules as well, such as Gaussian integration. The proof also shows that one could use a Gauss-
Lobatto rule of order p (instead of p + ¢) for the integration of the load vectors F.
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Remark 4.6: Let us stress that the conditions on the mesh are more restrictive than in Theo-
rem 3.14 as we need a regular admissible mesh family rather than merely an admissible one (or
an admissible triangulation). However, the two examples of boundary layer meshes considered in
Section 3.1 are regular admissible meshes.

The proof of Theorem 4.4 will be done in the framework of a lemma of Strang ([15], [16]):

Lemma 4.7 (Lemma of Strang) Assume that the bilinear form BS* is coercive on S5, i.e., it
satisfies
6p+q”u”z,ﬂ < B§L<U7U) Vu € S¥

for some B4 > 0. Then problem (4.5) has a unique solution ucy, satisfying

B.(v,w) — B (v,w
Jue —ugLllen < (1 +5,L:q){ inf (||u6 — v||eq + sup | Be(v, w) — B )|>

vesy wesy [wl]e0

F _ FG’L
¢ up P =Pl
wes? Jwl|e0

The proof of Theorem 4.4 follows immediately from Lemma 4.7 if we can show that the two
consistency terms satisfy bounds of the form e~% and if we can show that the coercivity constants
Bp+q can be bounded from below uniformly in the integration order p 4+ ¢ and uniformly in the
perturbation parameter €.

For the rest of this section, we will make use of the fact that the meshes considered here are
regular admissible. This implies that we can define “reference needle elements”, and we define
these reference elements R; with corresponding element maps M; : R; — §; by

R = S if €2; is a regular element
o (0, \pe) x (0,1) if Q; is a needle element,

M;(&,n) if €; is a regular element

Vi) -
(&) {Mi(f/()\pa), n) if Q; is a needle element.

If we introduce the notation
w; = uo M, ﬁi:voj\z, E:fo]\z, (4.6)
- N-T 1 —
A = (M;) : (M;> det M. (4.7)

we can write B, and F as in (4.2) with A;, fi, M; and S replaced with Zi, ﬁ, ]\Z, and R;
respectively. The Gauss-Lobatto integrations read then

B () = LGOI (Vieni - AVgyi) + CLy (0 det MT,)

FCE(v) = Z GL <ﬁ@ det Z\A/[/Z’)
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where we write GL%’Z_L‘] to denote the Gauss-Lobatto quadrature rule with p + ¢ + 1 points in each
direction on the square R;. Let us note that the functions w;, v; are polynomials if u, v € S} and
that the Gauss-Lobatto formulas GL’;;;q integrate exactly polynomials of degree 2(p + ¢) — 1 on
R;.

In order to apply Lemma 4.7, we need to study the effect of the functions A; and det M/ on the
numerical quadrature. We have

Lemma 4.8 Let (Q;(\,p,€)) be a regular admissible family of meshes in the sense of Defini-
tion 3.2. Then there exist C1, Cy, and v > 0 independent of A, p, €, and i such that the symmetric
matrices A; and the Jacobians det M, satisfy

Crt < A< on R; Vi, (4.8)

Crl < detM! <O on R; Vi, (4.9)

ID*Al| ey < Coyall  VaeNZ Wi (4.10)
Dt M| ooy < Coyal!  Va e N2, Vi (4.11)

The proof of this technical lemma is postponed until the end of this section.

Lemma 4.9 Let (Q;(\,p,e)) be a regular admissible family of meshes. Then the bilinear form
BEL satisfies with the constant Cy of Lemma 4.8

Cr?ulZq < BE (u,u)  Vue Sy
for all p, ¢ > 1.

Proof: For u € S we note that the function u; is a polynomial of degree p in each variable.
Furthermore, by the assumption that ¢ > 1, we have that the Gauss-Lobatto rule on R; inte-
grates polynomials of degree 2p (in each variable) exactly. Hence we can estimate with the aid of
Lemma 4.8

B (uu) = Y PGLa(Vieniis - AiVienti) + GLn, (@ det M)
W))
= Crt ZeQ/R \v(m)mfdgdH/R |ﬁi|2d§dn>

> O 252/}% Vienli - AV (et dédn +

= Oy lullZe.

v

it | Y PGLe, IV eaytiil®) + GLa,(

R;

;|2 det M! dgdn>
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Lemma 4.10 Let C be as in Lemma 4.8. There exists a generic constant C' > 0 depending only
on the constants of Lemma 4.2, 4.3 such that for p, ¢ > 1 the following holds true.

R;

< elf )yl em (4.12)

< Cc(@)(1 + np)*p?|[vpl| r2ry)

Wyl 2y (4.13)

/ vpwydet M!d¢dn — GLE (vapdet M)
R;

/ Vo, - AVw,dedy — GLE (vvp.ﬁmp) < CCve( Ay i) (1 + Inp)2p? x (4.14)
R;
X va’fL,Ri wp’ﬁi,Ri

where

e(fsi) = | Fidet M} = jpig (et ML) |12y

o(Ai,i) = mI%3>1<2{||(Zz‘)m,n—jq(gz‘)m,nHLoo(Ri)}

(i) = | fidet M} = jy (FidetT}) llpr,
_ 1/2
Wlie = ([ Vo Avodean)  wenr)
R;

and where we used the standard notation (;L)mn to denote the (m,n) entry of the matriz A;.

Proof: (4.12) follows directly from Lemma 4.2. The proof of (4.13) is analogous to that of (4.14),
and we will therefore omit it. In order to prove (4.14), we write (£,1) = (&1, &) and decompose

/ Vo, - A Vw,dédny — GLE (wp : Zlivu;p> -
R;

2
3 /R Oe, 0p(As) e, wpidtdn = GL (9, vp(A e, wy )
m,n=1 i

Each of the terms in this double sum may be estimated by Lemma 4.3, and we get using the

definition of ¢(A;, 1)

/ Vu, - ;Lprdfdn — GL%’Z_L‘] (va . Zinpdfdn)' < C(1+In p)*p2c(4;, D) Vp || 2r) [[Vwpl 22(r,)-
R;

Finally, Lemma 4.8 allows us to estimate

1/2
IVl 2 < C1%]|v,]

1/2
dne IVwllzagy < G2 wyl

A R;
which concludes the proof. O

We are now in position to prove Theorem 4.4.
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Proof of Theorem 4.4: The proof of Theorem 4.4 follows from Lemma 4.7, if we can bound the
coercivity constant 3,, from below and if we can control the consistency terms. Lemma 4.8 gives
immediately that 3,., > C;' for all p, ¢ > 1. Let us therefore turn to the consistency terms.
Lemma 4.10 implies that

‘F(w) - FGL(w)‘ < Cmaxc(f,1)||w| 2@ Vw € S,

|B-(v,w) — B (v,w)| < CCi(1+Inp)*p” max{c(4;, 1), c(i)}Hvlleolwllea Vo, w e SE.
We are therefore left with estimating c(f, i), ¢(i), and ¢(A;, ). Let us just show how we will obtain
the desired estimates for the ¢(A;,7). By Lemma 4.8, we can control the derivatives of the entries
of A; uniformly in i. The functions

Ai(€,n) if €; is a regular element

Ai(EXpe,m)  if Q; is a needle element

are defined on the reference square S and satisfy growth estimates of the form required by
Lemma 3.6 with constants independent of A, p, €, and i (note that for the case of needle ele-
ments, Definition 3.1 stipulates that Ape < ¢g). Hence we obtain from Lemma 3.6 (using the
scaling invariance of L> norm)

[(Ai)mn — Jo(Ai)mnll oo (riy < Ce™
where the constants C'; 0 > 0 are independent of A\, p, €, and ¢. This completes the proof. U

Proof of Lemma 4.8: By the definition of regular admissible meshes, there are constants ¢y, cs,
c3, and 7y independent of A\, p, € such that

o < det]\A/f{SCQ on R; Vi, (4.15)
IDM;||pory < csyal! Vae N2 Vi (4.16)

(4.16) implies that there is § > 0 (depending only on ) such that the functions ]\A/[/Z are holomorphic
on
Bs ={(x+21,y+ 2) | (x,y) € R;, 21, 22 € C with |2, |22| <}

and that there is C' > 0 depending also only on « and c3 such that
IVl <C Vi (4.17)

With the aid of Cauchy’s integral formula for derivatives, we deduce from (4.17) that there are C,
~v > 0 such that .
[ D% M os

Byja) S 07‘a||a|! Va € Ng

where Bs/y defined analogously to Bs. This implies readily (4.11) and that the functions det]\f;f/{
are uniformly Lipschitz continuous on Bj/y. (4.15) together with this uniform Lipschitz continuity
gives the existence of ¢’ > 0 (independent of A, p, and ) such that

/2 < \det]\//vfz((x,y)\ < 2¢9 Vi V(z,y) € By. (4.18)
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Estimates (4.17) and (4.18) together with Cramer’s rule allow us to control the entries of ]\A/.Ii-_1 on
Bg. Cauchy’s integral theorem for derivatives gives the existence of C'; v > 0 such that

|D° M ey < CY™lal! V€ N3 (4.19)

and from this we can infer easily (4.10). It remains to see (4.8). For that, we have to get estimates
for the eigenvalues 0 < A; < Ay of the symmetric positive definite matrices A; = ]\Z_T . ]\A/fl-_ldet ]\AJZ/ .
Clearly, by (4.19), (4.18) we get uniform upper bounds for the eigenvalues, i.e., there is C7 > 0
independent of 7, (x,y) such that Ay < C]. For the lower estimates, we infer from (4.15)

oyt < det (M) ™' =det (M)T < ¢! on R;

and then conclude together with (4.15) that c;%c; < det A= Mg As Ny < (1, this implies the
desired uniform lower estimate for ;. O

5 Numerical Example

As we mentioned in the Introduction, robust exponential convergence was already observed and
conjectured in [6] for boundary fitted tensor product meshes. The present paper has rigorously
established this conjecture. We refer to [17] for a variety of examples where the introduction of
only one layer of boundary fitted elements of width O(pe) is highly successful. Our results indicate
moreover that strict boundary fitting is not necessary for robust exponential convergence. In fact,
as mentioned in Section 3.1 the elements may violate in a controlled way minimal and maximal
angle conditions. The purpose of our numerical examples is therefore to illustrate this insensitivity
of the exponential convergence rate with respect to mesh distortion. To this end, consider the
following quasi one dimensional model problem.

—&?Au. +u. = 1 on S :=(0,1)
u. = 0 on I'p :={(z,y) € 95|y =0}, (5.1)
Oyue = 0 on 'y =05\ Tp

The solution of this problem, which has no singularities and a boundary layer only at I'p, is given

by
ue(m,y) = 1 - U =y)/e) (5.2)

cosh(1/¢)
For our numerical calculations we chose ¢ = 1073 and used the commercial code STRESS CHECK,
a p version code with highest polynomial degree p,,.. = 8. Our first numerical example is designed
to illustrate the robustness with respect to mesh distortion. On a fixed quadrilateral mesh as
depicted in Fig. 5.1 the tensor product spaces ), with p ranging from 1 to py,., are used. The
relative error in energy (cf. (1.3)) versus square root of the number of degrees of freedom is
reported in Fig. 5.4. In the case b = 0.5, the mesh is not a boundary fitted tensor product mesh
but all quadrilaterals satisfy a maximum and minimum angle condition (even as € tends to zero).
For the case b = 0.25 the maximum angle is 7 — O(¢) and the minimum angle is O(g), i.e., the
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mesh is highly distorted. Nevertheless, the error curves in Fig. 5.4 are practically on top of each
other showing the robustness with respect to mesh distortion of the approximation properties of
admissible meshes. The situation is completely analogous for triangular meshes. Fig. 5.5 shows
the performance of the p version on the triangular mesh of Fig. 5.2. Again, the convergence is not
visibly affected by the use of highly distorted meshes in the boundary layer.

The needle elements should have width O(pe), i.e., the mesh should depend on ¢ as well as on
p. However, for practical purposes, it is more convenient to fix a mesh and to increase p. The
question arises then what the appropriate width of the needle elements is. If only one layer of
needle elements is used, we advocate the use of needle elements of width O(pma.€) (however, cf.
also the discussion in Section 3.4.3). In Fig. 5.6, we show the relative error in energy versus the
number of degrees of freedom for the mesh of Fig. 5.3. Again, the robustness with respect to mesh
distortion is clearly visible as the choice of the parameter b has practically no effect. However, we
note that the error curves in Fig. 5.6 level off at about O(10~7) corresponding to p = 6. Actually,
already for p = 5, some deterioration of the rate of convergence is visible. This is due to the
fact that the width of the needle elements is fixed at 4e instead of 8 = p..c. In fact, the
large elements are too close to I'p and dominate the global error reduction. The adverse effect
of choosing the needle elements too small is more clearly visible in the following one dimensional
analog of (5.1) which was studied in detail in [5]:

—*u! +u.=1 on(0,1), wu(0)=0, u.(1)=0. (5.3)

The solution u.(y) is given by the right hand side of (5.2). We consider the p version FEM based
on a two element mesh determined by the points 0 = yy < y; = ae < yo = 1. The performance for
e = 1073 and various choices of the parameter a is reported in Fig. 5.7. For fixed a, we note the
initial exponential convergence which deteriorates if p becomes large. In fact, the exponential rate
of convergence is visible until p &~ a. For p > a, the large element (which is ae away from y = 0)
dominates the overall possible error reduction. This can be seen as follows. As the boundary
layer function in this particular case is essentially e~¥/¢, the function to be approximated on the
large element is e %~ @~/ For small € polynomial approximation of e~#=9)/¢ on the element
(ag, 1) is quite poor (cf. [5] for sharp bounds for the case of interest p << £7!) and the factor
e~ is comparatively large if a is small (relative to p). However, if a is large (a > p, say), then
the boundary layer function e~%/¢ on the large element is exponentially small (in p), and thus the
contribution of the large element to the total error as well. We conclude therefore that for fixed a,
the error on the large element is negligible for p < a, and the global error reduction is controlled
by the error on the small element. In the regime p > a, the error on the large element dominates
the global error. The choice of a variable mesh, i.e., taking a = p balances the two errors; we see in
Fig. 5.7 that this choice allows us to obtain exponential convergence. Note that in our definition
of admissible meshes, width pe of the needle elements corresponds to taking a = p in this one
dimensional model problem.
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Figure 5.3: mesh (not drawn to scale)

6 elements; eps=10~(-3); both middle lines slightly skewed
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Figure 5.4: p version on mesh of Fig. 5.1; ¢ = 1073
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hp FEM; triangles; eps=10/(-3)
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Figure 5.6: p version on mesh of Fig. 5.3; ¢ = 1073
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p versions (2 elements); eps=10/(-3)
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Figure 5.7: p version for 1D example and various values of a; ¢ = 1073
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