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Abstract

Mixed hp-FEM for incompressible fluid flow on anisotropic meshes are an-
alyzed. A discrete inf-sup condition is proved with a constant independent
of the meshwidth and the aspect ratio. For each polynomial degree k > 2,
velocity-pressure subspace pairs are presented which are stable on quadri-
lateral mesh-patches, independently of the element aspect ratio implying in
particular divergence stability on the so-called Shishkin-meshes. Moreover,
the inf-sup constant is shown to depend on the spectral order k like k—1/2
for quadrilateral meshes and like k=3 for meshes containing triangles. New
consistency results for spectral elements on anisotropic meshes are also proved.



1 Introduction

Many problems in fluid mechanics exhibit, as is well known (see, e.g., [1], [9] or [10]),
boundary layers. These are flowfields with rapid variation normal to the boundary and
smooth behaviour tangentially to it. The efficient numerical approximation of boundary
layers requires therefore anisotropic meshes (e.g. so called “viscous meshes”) which involve
cells of arbitrary high aspect ratio. For any FE discretization of viscous, incompressible
flow with velocity spaces that are not discretely divergence-free stability amounts, as is well
known (e.g. [5, 7, 15]), to the satisfaction of a discrete inf-sup condition by the velocity
and pressure spaces. For many pairs of velocity/pressure spaces, this condition has been
established (see [19, 5] and the references there for h-version FEM; and [21, 20, 17, 4]
and the references there for p-version/spectral FEM). Nevertheless, all presently available
techniques for establishing the divergence stability of velocity/pressure space pairs seem
to require the shape reqularity of the elements in some form. This precludes, of course,
anisotropic boundary layer meshes as described above. Recently, some attention has been
turned to this issue and it has been proved in [3] that a certain nonconforming element (the
@1 X Py element) is, on axiparallel meshes, indeed divergence stable independent of the
element aspect ratio. The result, however, seems to be limited to such meshes and elements
of degree 1, as in numerical experiments divergence stability was lost on affinely mapped,
anisotropic meshes that are not aligned with the coordinate axes.
To present an affine family of conforming velocity/pressure space pairs of any polynomial
degree resp. spectral order k that are divergence stable on possibly mapped, stretched
grids independently of the meshwidth h and of the element aspect ratio ¢ is the purpose
of the present paper. In fact, the considered family are the “Py X Py_s” elements already
discussed in [4]. We prove that the inf-sup constant for such pairs is independent of h and o
and is bounded from below by Ck~'/? (we admit anisotropic polynomial degrees in different
directions, thereby allowing for general anisotropic hp-refinements).
The plan of this paper is as follows. In Section 2, we briefly formulate the Stokes problem,
collect some standard a priori estimates for mixed Finite Elements and we introduce the
notion of boundary layer meshes. In Section 3, patchwise stability results are proved. Some
numerical estimates of inf-sup constants on patches confirm our results. Section 4 states our
main result whereas Section 5 illustrates the use of boundary layer meshes to approximate
viscous boundary layers. Some new anisotropic hp-FEM /spectral element approximation
results are also presented.
The usual notation is used in this paper: For a polygonal domain D C R? or an interval
D = (a,b) we denote by H*(D) the Sobolev spaces of integer orders k > 0 equipped with
the usual norms ||-||, , and seminorms |-, ,, H(D) = L*(D), Hy(D) = {u € H(D) :
trace(u) = 0 on 9D}, L3(D) = {p € L*(D) : (p,1), = 0} where (-,-), denotes the L*(D)
inner product. For s > 0 nonintegral, the Sobolev spaces H*(D) with norm |||, , are
defined as usually via the K-method of interpolation (see, e.g., [22] or [11]). We will deal
additionally with the Sobolev space HSO/Q(I ), I = (a,b) an interval, which are also defined
by the K-method of interpolation [22], i.e.

Hog*(1) = (L*(1), Hy (1)
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The interpolation norm on this space is denoted by |||, 5o ;- This norm is equivalent to
the following norm which we denote also by [|-[|; 5 o ; (see [11, Section 1.11.5])

N

2 —111?
||U||1/2,00,1 - <||u||1/271 + Hp 2uHo 1)

where p(z) = (r —a)(b — ). Let now I = (—1,1) and D = I x I. In Section 5 we deal
for m,n € IN with the tensor product spaces H™"(D) := H™(I, H"(I)) as defined e.g. in
[11, Chapter I] or [4, Remarque 1.1.18]. We write also u, and u, for the partial derivatives
% and %. The set of all polynomials of total degree < k on D C IR* will be denoted by
Pr(D), the set of all polynomials of degree < r in the first variable and of degree < s in the
second by 9, (D). We write shortly Q(D) for Qy x(D). If I = (a,b) is again an interval
we define Py (I) as the set of polynomials on I of degree < k. In the following we denote by
C generic constants independent of the meshwidth, the polynomial degree and the element

aspect ratio, but not necessarily identical at different places.

2 Problem Formulation

2.1 Stokes Problem

In a bounded, polygonal domain € C IR* we consider the Stokes boundary value problem
for incompressible fluid flow: Find a velocity field @ € [HL()]* and a pressure p € L2(€)
such that

v (Vﬂv VE)Q - <p7 V- v)Q = (fvv)gp <1>
(¢, V-u)q = 0 (2)

for all (v, q) € [H}(Q)]* x L2(€). Hereby, v > 0 is the kinematic viscosity which is related
to the Reynolds number Re of the flow by v = 1/Re. It is well-known (see, e.g., [7]) that
for every f € [L%(Q)]° there exists a unique weak solution (,p) of (1), (2) due to the
continuous inf-sup condition

inf sup M > C(Q2) > 0. (3)
0#£peLF(Q) oz i) |U|1,Q ||p||o,§2

A conforming FE-discretization of (1), (2) is obtained in the usual way: Given finite di-
mensional subspaces Vy C [HE(Q))* and My C L2(Q), find (Ty,pn) € Vi x My such
that (1), (2) holds for any (v,q) € Vy x My. A family {Vy x My}y is v(N)-stable, if the
following discrete inf-sup condition holds

V.,
inf  sup % > y(N) > 0. (4)
0£PEMN (_5eT ‘U‘LQ HPHO,Q

If v(N) in (4) does not depend on N, we say that the family {Vy x My}y is stable. If
a familiy is v(IV)-stable, the rate of convergence of the FE approximations {(uy,pn)}y of



(W, p) is determined by that of the best approximations of (g, p) in {Vy x My} N e we
have the error estimates [5]

|z — ﬂN||1,Q < Cy7Y(N) inf [w — 5”1,{2 +C inf |p— CJHO,Q ) (5)
veV N qEMN

lp = pnlloe < CY2(N) inf [[a—70l|, o+ Cy ' (N) inf |lp—qllq (6)
veEV N qEMN

with C' independent of N. The following lemma due to Fortin (see, e.g., [5] or [15]) is a
useful tool for establishing the discrete inf-sup condition.

Lemma 2.1. Assume that the continuous inf-sup condition (3) holds with a constant Cy =
C1(Q) > 0. Assume further that there exists a projector Iy : [HE(Q)]* = Vi such that for
every T € [HL(Q)]

(V-u,p)q = (V-ﬁNﬂ,p)Q:0 Vp € My,

}ﬁw\m < Oy [olq-

Then the discrete inf-sup condition (4) holds with v(N) = C,/Cly.

2.2 Finite Element Spaces
We define the pairs Vy x My to be analyzed below.

2.2.1 Meshes

A partition T of €2 into quadrilateral and/or triangle elements { K'} is called a regular mesh
on (2 if the intersection of any two elements K and K’ € T is either empty, a vertex or an
entire side. It is k-regular if

h
0<k<max -2 <k ! <oo (7)
KeT pg

where hx = diam(K) and where
PK = sup {2r : B, C F}

is the diameter of the largest circle B, inscribed into K. 7T is an affine mesh if each K € T
is affine equivalent to a reference element K which is either the square @ = (—1,1)? or the
triangle 7' = {(z,y) : 0 <z < 1,0 < y < z}, i.e.

A~

K = Fg(K), Fg() affine.

Definition 2.2. Consider a (coarse) k-reqular affine mesh T,, on 2 which is split into three
parts TPL, TC and T7E; the boundary layer patches, the corner patches and the interior
patches, respectively, where T,PY consists only of parallelograms. The (finer) regular affine
mesh T is called a boundary layer mesh with macro-element mesh 7, if it is obtained from
T by the following refinements:

e Interior patches K € T.. and corner patches K € TS are partitioned into v’'-regular
subtriangles and/or -quadrilaterals for some k' > k/2.
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e Boundary layer patches K € TPl are anisotropically refined as follows: Let TX
be a mesh on (—1,1) (depending on K) given by a partition {K,} of (—1,1) into
subintervals. Consider the corresponding product mesh on Q = (—1,1)?

(cf. Figure 3.3). Then K is partitioned into {FK(K)} K
Ke

Some or all quadrilateral elements K € 7, are therefore partitioned into “strips”.

Typically, the partition 7, of € into the macro-elements will be as in Figure 2.1 and the

boundary layer mesh is then obtained by anisotropic subdivision of the boundary layer

patches. In Figure 2.2 we show boundary layer meshes near corners. The macro-element

Figure 2.1: Partition of ) into boundary layer, corner and interior patches. The abbrevia-
tions BL, C, I indicate the sets 72X TC and T, respectively.

partitions are indicated by bold lines. Note the geometric mesh refinement in the corner
patches towards O, which is required to resolve corner singularities. The refinements in
TBL towards the boundary require corresponding refinements towards P, and P in the
corner patch to ensure the x’-regularity of the corner meshes.

Remark 2.3. It would be natural to use tensor products of geometrically refined boundary
layer patches in the corners of the domain. It seems that one can not prove divergence
stability of such meshes with the methods used in this paper. However, by techniques for
meshes with hanging nodes it is possible to obtain divergence stability on such mesh-patches
with an inf-sup constant only depending on the geometrical grading factor. This will be
presented in [14]. Note that we use here only one quadrilateral corner patch. But it is
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of course also possible to choose the boundary layer patches perpendicular to 02 and to
introduce several triangular/quadrilateral corner patches.

Figure 2.2: Boundary layer mesh patches near reentrant or convex corner.

2.2.2 Polynomial degree distribution

Let T be a regular affine mesh on 2. With each quadrilateral element K € T we associate
two polynomial degrees 7 and sx and set, if K is a triangle, rx = sx =: kx. We combine
all polynomial degrees in degree vectors

r={rg: KeT}, s={sk : KeT}.

~ A

We denote by V"*(K) and M"*(K) generic velocity and pressure spaces on the reference
element K (specific examples will follow shortly) and define

SEEL QT = {u € H'Y(Q) :ulg o Fx € VTK’SK([A()vK S T} J (8)
Sz,g,O(Q’T) _ {q c LQ(Q) : U|K o Fy € MT’K,SK(K),K S T} (9)
If the two polynomial degrees are the same (i.e. rx = sx =: kx VK € T) we use the

shorthand notation SE1(Q, T) and SE0(Q), T), and if one or both of the degrees are constant
(e.g. sx =: s VK € T) we write analogously S©*°(Q2, T) etc. We define further

SEENQ,T) = S=HQ,T) N HY(Q),  SE*°(Q,T) = S=%(Q, T)NL{(Q).  (10)

We will analyze the following specific subspaces: For K= Q and r, s > 2 we choose in (8),

(9)

VT’S(Q) = Qr,s(@), MT’S<Q> = Qrf2,sf2<Q)- (11)
If especially r = s =: k we see that the above spaces become
VHQ) = VHHQ) = Qu(@Q),  MMQ) = M"H(Q) = Qi2(Q). (12)



If K =T and k > 2 we set in (8), (9) rx = sg = kg and
VET) = Pu(T),  MMT)=PuoT). (13)

We note that in (11) - (13) the indices for the pressure spaces are shifted. Our purpose in
the following sections is to establish the discrete inf-sup condition (4) for the above pairs
with an inf-sup constant v(N) > 0 independent of the aspect ratio of the elements in the
boundary layer patches. (Though, v will depend weakly on the polynomial degrees.) As
usual, we will do this by first verifying local, i.e. patchwise inf-sup conditions; this is done
in the following section. The local stability results are then used in Section 4 along with
the fact that the discrete pressures are discontinuous to obtain the main results.

3 Local stability results

3.1 Stability on the reference triangle and square
Theorem 3.1. Let K = Q, k > 2 and let the generic velocity and pressure spaces be given
by (12). Then there exists a constant C > 0 independent of k such that

V- 70,p)s
inf sup w

A - > Ck 2 (14)
0£pEME(Q) Oﬁe[vok@)f |U|17Q ||P||0,Q

where VE(Q) == VF(Q) N HYQ), MFQ) := M*(Q)NLAQ). If K =T, k > 2 and the
generic velocity and pressure spaces are given by (13), then there holds

inf sup M > Ck™° (15)
0£peME(T) O#EE[VOI@(T)]Q |U‘1,T HPHO,T

with C independent of k.
Proof. (14) is proved in [20] and (15) in [17]. O
Remark 3.2. While (14) is known to be optimal, (15) is likely suboptimal.

Remark 3.3. The meshes we use in the corner and interior patches of the macro-partition
Tm are r'-regular. Applying standard arguments (see, e.g., [7, Section II.1.4] or [15, 20])
we get from Theorem 3.1 divergence stability on these patches with inf-sup constants inde-
pendent of the meshwidth used in the patches but depending on ' and depending on the
polynomial degree k as in (14) and (15).

3.2 Stability on boundary layer patches

In this section we consider a boundary layer patch on Q = (—1,1)%. Therefore, let 7, be an
arbitrary one dimensional mesh on I = (—1,1), given by a partition of I into subintervals
{K.}. We associate with 7, the affine product mesh

T={K:K=K,xI, K,eT},



o
|

Figure 3.3: Anisotropic product mesh on (—1,1)%.

as shown in Figure 3.3.
We want to prove the discrete divergence stability (4) for the pairings

{ [537871(9, T)] Y SO0, T)}

£78

in (8), (9) with an inf-sup constant independent of the mesh 7,. Moreover, the dependence
on r and s will be given explicitly. To this end, we use on the reference square the notations
in Figure 3.4 and set

~

HO) = {v e HYO) : vlp, =0 = U|F3} .

Note that for v € H(Q) we have vlr, € Holéz(l“z) and vlr, € Holéz(m). Further, we

~

introduce a projection operator II%, on H(Q) similar to the one in [21].

Definition 3.4. For v € H(Q) and r,s > 2, H?:Sv is defined as the unique function in

~ ~

Q,s(Q) N H(Q) satisfying the following equations:

(HS;}) (N) = 0, i=1,...,4 (16)

/p_ (Hgs“) (s)g(s)ds =

/F v(s)q(s)ds, Vg e Pro(ly), i=1,3 (17)
/F’ (HSSU> (s)q(s)ds = /r v(s)q(s)ds, Vg e Pso(I), i=2,4 (18)

/@ (Hf?sv) (@)q(@)dz = /@ v(®)q(E)dT, Vg € Qras(Q) (19)



Y
N4 1 N3
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Figure 3.4: Reference square Q and its notations.

N

In fact, (16) and (17) are redundant, since v € H(Q) vanishes on I'y UT'3. The heart
of our analysis are anisotropic norm estimates of the operator H?:S which are presented in
the subsequent Theorem. The proof of this Theorem, however, is postponed to the next
subsection.

Theorem 3.5. Let r,s > 2. Then there exist constants C' > 0 independent of r and s such
that

(@20 < Csliulig (20)

2
0,Q
2

2
2 S 2 2
< Crlullyg+ % (100 mo0r, + 1018 200, ) (21)

~

for allv e H(Q).

The trace operator t : H(Q) — Hyl*(T3) x Hol*(Ty) is continuous (cf. |8, Theorem
1.5.2.3]). Hence, there exists a constant C' > 0 just depending on the reference square )
such that

2 2 2 2
||U||1/2,00,1“2 + ||U||1/2,00,F4 <C ||U||1,Q <C |v|1,Q>
where we used also the Poincaré inequality. We conclude with (20) and (21) that
2 52

<C C ot C—li,. 22

vo = O lvllog +Clvlig (22)

)

H (Hgsv)y

Using the projection operator Hf?:s on the reference square we define on K € T
¥ : H(K) = Q. (K)NH(K) by TXuy= [Hﬁ?s (vo FK)} o Fl.

8



Here H(K) = {v € H'(K):vo Fx € H(Q)}.

The estimates of Theorem 3.5 can be anisotropically scaled as follows.

Corollary 3.6. Let K € T and r,s > 2. Then there exists a constant C > 0 independent
of r, s and the element K such that

2

‘Hfsv‘iK <C (max(r, s) + %) \vﬁK Vv € H(K). (23)

Proof. K is of the form (x1,25) x (—1,1), where —1 < x; < 25 < 1. Hence, the affine
transformation Fy : () — K is given by

~

1
x:hfc+§($1+$2), y=1,

where we denote by # and ¢ the coordinates on Q Further, h = % (r9 — x1). Scaling gives

2

A 2

Iwo Fllig = Rllvelite.  |@lve Bl = n @S]
2 1 2 Q 2 1 K 2

Iwe Flillig = 7lolbs.  |[@le By = 5 IS

Since further |v o FKﬁQ <+ \v\iK, the inequalities (20) and (22) yield for K € T
2 2
h H(Hfsv)xHQk S hCS ||'U90||O,K
1 9 1 52 2
ﬁCT lvllo s + ﬁ(]? vli ks
from which (23) follows. 0

o, <

If v = (v,v9) € [H(K)]* we set ﬁfﬁ = (II% v, 1TXv5).  Another very important

property of Hfs in order to prove divergence stabilify is the following one.

Proposition 3.7. Let K € T, 70 € [H(K)]2 andr,s > 2. Then
_ =K _
(V-up) = (V-TL0p) W9 € QaalK). (24)
Proof. By the formula of Green we see that for p € Q, o o(K)

(V-1,p)g=— (0, VD) + (T -7, p) g »

7 being the unit exterior normal to K. Since Vp € [QT,ZS,Q(K)]Q and the mapping F
is affine, we get from Definition 3.4

(v, Vp)g = (ﬁfﬁ Vp)K, (V-1,p) g = (Hr,ﬁ-ﬁ, p)

Integrating by parts again, the claim follows. O



Let now a polynomial degree distribution

1=

on the one dimensional mesh T, be given. For s > 2 we define the global projector
_ 2
. : [H(©Q)] = |55 (@ 7)) (25)

elementwise via B .
(HLSE) ‘K = Her,s <E‘K)7 K=K, x1I.

Here we use the generic velocity and pressure spaces as defined in (11). Due to (16)-(18)
continuity across the element boundaries is ensured. Hence, II, , is well-defined. We state
our main result in this section, a local inf-sup condition on the anisotropically refined
boundary layer patch (€2, 7).

Theorem 3.8. Let Q = (—1,1) and let T, be an arbitrary mesh on I = (—1,1). Let
r = {rk, 11k, > 2,K, € T.} be a polynomial degree distribution on T,. Let T be the
product mesh T, x I and s > 2. Let the generic velocity and pressure spaces be given by
(11). Then there exists a constant C' > 0, independent of r, s and T, such that

2

— _ 2 S 2 . 1 2
‘HLSU}LQ <C II(ES% (max(rg,,s)) + —— |v|17Q Vo € [HO(Q)] ) (26)
Ky€Te
Further, for v € [HH(Q)]* we have
(V-7,p)g = (V-I,0,p),  VpeSy**(QT). (27)

If we set
_ 2
My = SOLS’O(Q,T), V= [53’3’1(977')}

there holds the divergence stability

V., 2
inf  sup % > C'{ max (max(rg,,s)) + 87 (28)
0#pEMN o5y [Ul1,0 1Pllog K€ nin g,

with C > 0 independent of r, s and T,.

Proof. These statements are direct consequences of Lemma 2.1, Proposition 3.7 and Corol-
lary 3.6. 0

If in particular rx = r = s =: k for all K € T we are able to establish the divergence
stability for the elements [Q]* x Qk—2 on (€2, 7T) with an inf-sup constant independent of
the mesh 7. In that case we write II; instead of II, ;.

10



Corollary 3.9. Let Q = (—1,1)? and let T, be any mesh on I = (=1,1). Let T be the
product mesh T, X I and k > 2. The velocity and pressure spaces are given by (12). Then
there exists a constant C' > 0, independent of k and T, such that

W), <Ckli, Vo e [Hy(Q). (29)
Further, for v € [HH(Q)]* we have
(V-0,p)g = (V -Iw,p), YpeSgQT). (30)
If we set
My = S°QT). V= [siten)
there holds the divergence stability

V-7,
inf  sup % > O3 (31)
0PEMN (45eT ‘U‘LQ ”pHO,Q

with C' > 0 independent of k and T,.

Remark 3.10. We emphasize that the constant in (31) is independent of 7,. This means
that we can use for the mesh 7, rectangles of arbitrary high aspect ratio.

Remark 3.11. The divergence stability (31) implies immediately the same result if we set
in (12)

Vk(@) = Qk(@)u Mk(@) = 73#2(@)
since in that case the pressure space has been reduced. Argueing analogously we see that
(31) holds also in the case of continuous pressure spaces.

Remark 3.12. The inf-sup constant v(/N) in (78) is completely independent of the one-
dimensional meshes 7, used in the construction of the anisotropic refinements in the bound-
ary layer patches in Definition 2.2. Though, one has to observe that the refinements in the
boundary layer patches must be such that the x’-regularity in the corner patches is satisfied.
If the polynomial degree k is fixed and 7, is chosen to be a Shishkin mesh (see, e.g., [13]),
Theorem 3.5 implies that the pairs Vy x My of subspaces are divergence stable on two
dimensional Shishkin meshes.

3.3 Proof of Theorem 3.5

We introduce in this subsection a projector slightly different from H?:s in Definition 3.4,
namely the following one:

Definition 3.13. For r,s > 2 and v € H'"(Q) (e > 0), I, ,v is the unique function in
Q,s(Q) satisfying the following (r + 1)(s + 1) equations:

(L) (N) = o(N,), i=1,...,4 (32)
[ )@t = [ ooatslds, Vae P, =13 (3
/F.(Irvsv) (s)q(s)ds = /F.v(s)q(s)ds, Vg e Pso(Iy), i=2,4 (34)
[ ) @a@dr = [ @@, voe Qaal@ (35)
Q Q

11



Let Z(Q) be the set of all polynomials on the reference square Q = (—1,1)? and define
T(Q) = {v e T(Q) - o(N) =0, i =1,...,4}.

We want to analyze I,., defined on Z(Q) following [20] and [21]. This is sufficient since we
will prove Theorem 3.5 by a density argument. Observe also that

— 119

I T,S‘I(Q)OH(Q)'

rslz@nm©)

First, we establish some properties of the space Z (Q)

3.3.1 The space Z(Q)

Let {L;(z)};5, be the set of Legendre polynomials of degree ¢ > 0 on I = (—1,1). Define
further L_; = L_oy = 0. For i > 0 set 7; = 52— and 7_; = 1. Note that

2i+1
/h@ﬂ%@m=ﬁ%%, i>0,j>0. (36)
1
Define for ¢ € INg

The following properties are well-known:

) = 1 v > 1,
U(£1) =0 i > 1 (38)
Ul(z) = Li—1(x) 1> 0.

St

uniquely be written in the form

=33 0 @)U (). (39)

=0 7=0
where only finitely many terms are nonzero. Note that for v € IO(Q) we have in (39)
ago = ap1 = ayg = ay; = 0. (40)

For v € Q,.(Q) we may write

12



Lemma 3.14. Let v € Z(Q) be given in the form (39). Then we have

o o

2

lalls e = 4D 0> 71y (V-16i5 — Vi1 j12)
i=1 j=0

”UyHaQ = 42 Z”Yi’}/jfl (vi-1aij — %’+1az‘+2,j)2

i=0 j=1

2 2

|U‘1,I‘1 + |U‘1,r3 = 42%‘71 (%20 + a’zzl)
2 2

|,U‘1,F2 + |,U‘1,F4 = 427]71 (ag_] + a’%])

oo 1
2 2 2
||U||o,r1 + ||U||o,r3 = 42 Z%‘ (@ijYi-1 = Qiy2,Yit1)
i=0 j=0

1 0o
2 2 2
Wlge, +lvler, = 4)0> v (a1 — aijiavi)
i=0 j=0

(45)

(46)

Proof. (41), (42), (43) and (44) are proven in [21] and [20]. Nevertheless, we present the
proofs here for the sake of completeness. By changing the roles of x and y it suffices to

show only (41), (43) and (45).
Proof of (41): For v in the from (39) we have with (38)

Hence using (36),

o 1 0 2
lvlloe = 22%1/ (Z%‘@(@D) dy

i=1 -1

[e’s) 0 1 1
= > 29 Za?j/ U](y)2d9+22azkaij/ Ui(y)U;(y)dy
i=1 §=0 -1 k<j -1

First we bound the terms {A4;}. Due to (37) we have

0 1
A =2yl [ (o)
=0 !

(47)

= Z 2az2j7;71’7j + Z 2“?/7]2;1’7]'*2 =2 Z (a?j%{ﬂj + a?,j+2’7]2'+17j) . (48)
j=0

j=0 j=2
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Similarly,

1
B, = Zaz’kaz’ﬂkﬂg‘l/ (Lk - Lk72) (Lj - Lij) dy
—1

k<j
o o0

= 2 g ik k2 Vh—1Vk41 (—27%) = —4 g ik Qi g2 Vh—1Vk V41
k=0 k=0

(48) and (49) imply

|vx||oQ 22% {22%]% 15— A - 17J7J+1+a”+273+1%}

which is (41).
Proof of (43): Inserting y = £1 in (47) and using (38) we get

l‘ :i:l ZZCL”L U](:t]_) = Z(aioiail)Li_l(x).
i=0 j=0 1=0

Hence

1 oo 2 oo
/ v (2, £1)%dr = / (Z (aio £ a;1) Li 1(:10)) dx = 2 Z (aip £ aﬂ)2 Yie1
- i=1

1 (2
We obtain .
lollgr, + oyllgpy, = 4> vim1 (@ +afy) -
i=1
This is (43).
Proof of (45): Due to (39) and (38) we have

/_llv(:c,il)zdx = /_ <Zaw )>2daz

1,7=0

- /_ 1 (i(aioiaﬁ)Ui(az)>2d:c

1 \i=0
00 1

= S wotan? [ VA

i=0 -1
1
+ 2 Z(ako + ag1)(ap £ ap) / Uk (z)Uj(x)dx
k<l -1

such that

1

o2, + ol =23 Z 2, / D +23 aay / Un(2)U(x)dz

§=0 k<l
VvV TV

J/

14
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Using (36) and (37) we get for the terms {4;}
% 1
A= Sty [ (L) - Lis) o
i=0 -1
= 2 Z a?j%?—l%‘ +2 Z a?j%?—l%ﬁ
i=0 =2

= 2 Z {a?ﬂg—ﬁz‘ + az2+2,j%‘2+1%} .
=0

The second term treated analogously results in

1

B = 2 apaynri | (L)~ Lia(@) (Lao) - Liale)) da

k<l -1

o
= —45 Ak Q42,5 Vk—1Vk Vi+1
k=0

Adding together, we get
A+ By =2 i (avie1 — Gisavis1) (50)
i=0

The identity (50) implies (45). O

3.3.2 Norm estimates
Proposition 3.15. We write v € Z(Q) in the form (39). Then
[r,s'U(xv y) = Z Z CLZ]UZ<.§U>U]<y)
i=0 j=0

Proof. Let I, ;v be given in the form

Because of (32) and (38) we obtain easily
aij == bija 0 S ’L,] S 1. (51)

Next, we consider the sides y = £1: Let 2 < n < r. Since L/, ; € P,_(I) we have from
(33) that
1 1
/ I sv(x, £1)L), | (z)dx = / v(z, £1)L,_(x)dx
—~1 -1
which can be written as

T 1

> (bio £ bi) / Ui(x) L,y (x)dz =) (aio + an) / 1 Ui(z)L,,_ (z)dz.

i=0 -1 i=0

15



Upon integrating by parts and observing (51) this simplifies to

Z (bzo + bzl) /1 Li_l(l‘)Ln_l(ZL‘)de' = Z ((lio + ail) /1 Li_l(l‘)Ln_l(ZL‘)de‘.

From the last equation we get

271171 (bnO + bnl) = 271171 (anO + anl) .

So we conclude that
Ano = bn07 an1 = bnla 2 <n<r. (52)

The sides x = +1 give analogously
Aop = bOna Q1p = b1n7 2 <n<s. (53)
Finally, let 2 <m <r, 2 <[ < s and set

w = U&({L‘)Ulﬂ(y) S Qr—s,s—Q(Q)'

By (35)
Q Q
This is
T S 1 1
b [ v [ vty =Y, [ v [ voray
i=0 j=0 -1 -1 ij=0

Again upon integration by parts and using (51)-(53) this reduces to

ZZ% / i-1 L _1da / i 1dy—zzaw / i1 L 1da / Lj 1Ly ady

1=2 j=2 =2 j=2
which gives
4bml’ym—1’7/l—1 = 4a'ml’}/m—1’7/l—1-

Hence,
i = byt 2<m<r 2<Il<s. (54)

(51)-(54) prove the proposition. O

Proposition 3.16. Let r,s > 2 and v € Z(Q) be given in the form (89). Then there exist
constants C > 0 independent of r, s and v such that

IUnsv)allog < Cslluallog +C D vimrvsm (afy +adi) (55)
i=1
2
Ins0)llsg < Criluglls g +C D171 (ag; +aiy) - (56)
j=1

16



Proof. By symmetry we must only show (55). Applying Proposition 3.15 we have

I su(z,y) ZZCLU

=0 7=0
and get with Lemma 3.14
r s—2
2 2
IL)allie = DD 4y (Yi-10 — Vi1 j12)
i=1 j=0

T

+ Z {4%‘—1%—1 (%—2(11‘,5—1)2 +47i-17s (%—1%5)2}

=1

IA

”Um HS,Q + Z 47 1Ys—1 (%72&@',571)2 + Z 41 (%71%5)2 .

i=1 i=1
(. J (. J
' v~

:;A :ZB

We next bound the terms A and B.
Let first s be odd, s > 3: Then for each ¢ = 1,...,r we use the telescoping series

s—3
2

Vs—2Qj s—1 = — E (72m71ai,2m - ’Y2m+1az’,2m+2) + a0

m=0
and get by squaring and the Cauchy-Schwarz inequality that
5—3 2

2

(%—2%5—1)2 < 2 Z (72m—1ai,2m - 72m+1ai,2m+2) + 2(1,20

m=0
s—3
5—3 g 2 2
< 2 5 +1 mZ_O (72m—1ai,2m — Yom41Giom+2)” + 2aj.
Hence, because 751 < 7o, for m =0, ..., % there holds
A = 24%_1%_1 (%—2(11‘,5—1)2
i=1
s—3 3
5—3
< 2( 5 +1) 24% 127% (Yom—1@i2m — Yom+1i2m+2) +8Z% 1Ys— 1a’20
m=0 =1
< =Dl + 85X vy (57)

i=1
Here we used once more Lemma 3.14. Treating the second term B analogously by writing

s—3
2

Vs—1Qijs = — E (’Y2maz’,2m+1 - ’72m+2az‘,2m+3) + ajn

m=0

17



we get

B<(s—1)|vallgg+8)  vic17s0h < (s = 1) [uallg g + 8D vicrvemrah.  (58)

i=1 i=1

Together (57) and (58) imply that

2 2
I(rsv)allg g < (25 = D) llvsllg o +8 ) vimavs— (afo + afy) (59)

i=1

which is (55).
Let now s > 2 be even: In that case we get similarly the bounds

A = 24%‘71%71%217 s=2
i=1

A < (s-2) HUmHg,Q + 82%’—1%71%217 s=>4

i=1

B < s ”UmHg,Q + 82%71%71&?0, s> 2

i=1

such that (59) holds also. O

~

Proposition 3.17. Let v € Z(Q) be given in the form (39) and r,s > 2. Then there exist
constants C > 0 independent of r, s and v such that

" 1

S (@ +ad) < 0 (ki +oliy,) (60)

i=1

S v @+ ) < O (Il + 1ol (61)
Yi—17r-1 \Qoj 1) = , 1,0 L,y )

j=1

~

Let v € Zy(Q) be given in the form (39) and r,s > 2. Then there exist constants C > 0
independent of v, s and v such that

- r 2 2

Z%‘—l%—l (a?o + azzl) < C— (HUHO,Fl + ||U||0,F3) (62)
i=1 5

- 2 2 s* 2 2
S (@ +at) < 2 (i, + ol ) (63)
j=1

- 2 2 r’ 2 2

S v (@ +ad) < O (10l soor, + 10 20r,) (64)
i=1

- 2 2 5” 2 2
Z’ijl%’fl (%j + alj) < 07 (”U”1/2,00,F2 + HUH1/2,00,F4) : (65)

j=1
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Proof. Again, we remark that it suffices by symmetry to show only (60), (62) and (64).
Proof of (60): By Lemma 3.14 we have

o0
2 2
42%‘—1 (af+ afy) = lolir, + 1ol -

i=1

It follows that

- Vs—1 2 2 1 2 2
> v (ah +ad) < B {polhp, + ol | = s {lolin, +lolir, )

i=1

This is (60).
Proof of (62): Let now v € Zy(€2). We write for j =0or j =1

T
— 2
I; = E Yi-17s—1C;;-
i=1

We want to bound I;. Since v, < ~;_; for alli =1,...,r, there holds

Vel < s )il < yeryermax {97 al (66)
i=1

There exist indices i(j) € {1,...,r}, j =0, 1, such that
Vit 104, = max {ya b = my. (67)

Case 1: Assume that m; > 0 for j = 0 and j = 1. Since also (40) holds, we have that
i(j) = 2.
Let i(j) be odd, i(j) > 3: Using a telescoping series we can write

i(4)—3

2
Yi(5)-1Gi(5),5 = — g (’Y2ma2m+1,j - ’Y2m+2a2m+3,j)a

m=0

where we note that due to (40) a;; = 0. Applying the Cauchy-Schwarz inequality as before
we can estimate

2 Z(J) -1 2
(%(j)qai(j),j) < 2 (Yom@2m+1,j — Yom+202m+3,5)
m=0

r—3
T — 1 2 2
< 5 20(72ma2m+1,j —72m+2a2m+3,j) .
Putting this into (66) there results
r—3
2 T — ]_ 2 9
Vil < ovem1yer 5 Z (Yom@2m+1,7 — Vom+202m+3,5)
m=0
r—3
r—1 2 2
< Ysaar 5 Z Yom+41 (Vom@2m+1,5 — Yom+202m+3.5)

m=0
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(because v, < Youyq for m=0,..., %) Together with Lemma 3.14

w

r—
2

—

o1 T —1
L+ < 1 217“ 5 Yom+1 (VomQom+1,j — 72m+2a2m+3,j)2
Tr =0 m=0
2
VYs—1T 2 2
25 Vel + ol }- (68)

This is (62).
Let i(j) be even, i(j) > 2: Using the telescoping series
i()=2
2

Vi) -1%iG)s = — (Vam—102m,j — Yom+102m+2,5)

m=0

we see that (68) holds also.

Case 2: If my = 0 or my = 0 in (67), then (68) holds trivially which finishes the proof of
(62).

Proof of (64): This statement is proved by an interpolation argument. We therefore point
out that for each v € Zy(Q) we have vlp, € Hi(T;) and v|r, € H&{Z(Fi). As already
mentioned in the introduction the Sobolev space Hééz(Fi) is defined via the K-method of

interpolation:
1/2 :
Hoo/ (Iy) = (LQ(Fz‘), H&(Fi))l/m , 1=1,...,4.

We consider the edges I'y and I'; and define the linear space
Zo(T'y, T'3) = {(v[r,, vlrs) - v € Lo(Q)} -

Note that for v € Z(2) given in the form (39) there holds

o0

vl (z) = U($a+1):Z(az‘o+ai1)Uz‘($)
vlp,(z) = U(x,—l):Z(al-0+aﬂ)Ui(a:).

Let l,ZY be the space of sequences {\;};_; of length r equipped with the weighted norm

||{)\z}::1||i = 2%—1%—1&2- (69)
=1

We define the operator T : Zo(I'y,T's) — I2 x I2 by
(Z(aio + an)U;, Z(az‘o - ail)Ui> = ({aw};l ) {azl}:zl) . (70)
i=0 i=0

T is well-defined and linear. On the one hand we equip Zy(I',I'3) with the product norm
induced by Ly(T';) X Ly(T'3), on the other hand with the one induced by HJ(T';)x HJ(T'3). We
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get two normed spaces which we denote by (Zo(T'1,T'3), Ly X Lo) and (Zy(T'y, T'3), Hy x Hy),
respectively. By definition of these spaces and by (60), (62) we know that

T: (I(]<F17F3)7L2 X Lg) — l,%/ X l'2y
and
T:(Zy(Ty,Ts), Hy x Hy) = 12 x 12
are bounded linear operators whose squared norms are bounded by C' % and C' %, respec-

tively. Noting that the product space H0162(F1) X HSO/Z(F;),) equipped with the product

norm and the interpolation space (L?(T';) x L*(T'3), Hj(T;) x ['1701(113))1/272 equipped with
the interpolation norm are isomorphic, we can use interpolation theory for normed spaces.
Hence, we conclude that the square of the norm of

T (zo(rl,rg),ztfolg2 X Hgg2) SR x P
is bounded by C % This is exactly (64). O

I, 5 satisfies the following estimates.

Proposition 3.18. Letr,s > 2. Then there exist constants C' > 0 independent of r, s such
that

1
2 2 2 2
IUesalltg < Csluallyq+C3 (olir, +1vfir,) (71)
1
2 2 2 2
Ihsohlig < Crillig+C= (lfir, +Iohr,) (72)
for allv € I(Q) Additionally there exist constants C' > 0 independent of v, s such that
4
2 2 r 2 2
[hali < Cslivallyq+C= (Ioldr, +lollr,) (73)
4
2 2 S 2 2
[l < Crlivglg + 0= (I0lGr, + 0l r,) (74)
as well as
2
2 2 r 2 2
Iedelliq < Csllualyg+C% (01 oo, + 101 200r,) (75)
2
2 2 S 2 2
Ihsohlhg < Crliullg+ €% (10 moor, + 101 200, ) (76)

for all v € To(Q).
Proof. The statements of this Theorem are direct consequences of Propositions 3.16 and
3.17. O

Corollary 3.19. Theorem 3.5 holds.

Proof. We have A
. . — T . .
Lrslz@nm@) = Wislz@nmo)-

~ ~ ~

Since Z(Q) N H(Q) is dense in H(Q) there exists a unique norm preserving extension of

Hgs|z(é)mH(Q) to H(Q) which coincides with the operator in Definition 3.4. Therefore,
Theorem 3.5 follows from Proposition 3.18. 0
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3.4 Numerical estimates of inf-sup constants

We present some numerical estimates of inf-sup constants which confirm our stability results
on the boundary layer patches. To this end we consider an anisotropic two-element mesh on
the patch Q = (—1,1)? where the one-dimensional mesh 7, () is given by {(—1,4), (6,1)},
d € [0,1). The associated boundary layer mesh is as in Figure 3.3 given by 75 = 7,(0) x I.
We computed some inf-sup constants for [Qk]2 X Qp_o elements on (€2, 75). By Corollary
3.9 there holds

(V U, D )Q

inf sup #——2 > Ck™2 (77)
0#pesy? 07@6[55,1]2 |U|17Q ||p||07Q

with C' independent of §. In Figure 3.5 we show inf-sup constants for [Qk]Q X Qp_o elements
for different values of § at some fixed polynomial degrees. By symmetry, only the range
d € [0,1) is plotted. The graph is in agreement with (77); the inf-sup constant does not
deteriorate as 0 approaches one. Also, we remark that the values of the inf-sup constants
v(N) are rather moderate. In Figure 3.6 we vary the polynomial degree k for several

1

inf-sup constants
o
[¢)]
T
Il

04f ]

03f il

02} — @2-Qo0 ]
- - Q5-Q38

0.1 Q15-Q13 )

0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

delta

Figure 3.5: Inf-sup constants for [Qk]z X Qp_o elements on the two-element mesh 7;.

fixed 6 € [0,1). Both figures indicate that the [Qk]2 x Qp_o elements are indeed stable
independently of § and that this robustness increases with the spectral order k.

4 Stability on boundary layer meshes

We combine the local stability results in the previous section to a general stability result

of hp-FEM on boundary layer meshes 7 as defined in Definition 2.2. Our main stability
result is
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0.9t ~ - delta=0.5 1
— — delta=0.75
0.8 —— delta=0.95

inf-sup constants
o
a

0 1 1 1 1
2 4 6 8 10 12 14 16

polynomial degree k

Figure 3.6: Inf-sup constants for various [Qk]Q X Qp_o elements on ;.

Theorem 4.1. Let Q C R? be a polygon and T be a boundary layer mesh with macro-
element mesh T,, as in Definition 2.2. Assume that in each boundary layer patch K € TBL

the polynomial degrees are identical (i.e. r = s) and constant. Denote the polynomial degree
vector by k = {kx >2: K € T} and let |k| = max{kx : K € T}. For

— 2
Va=[sS'@m] . My =)

with generic velocity and pressure spaces on K given by (12) and (13), respectively, there
holds

V.,
inf  sup % >y(N)>0 (78)
O#pEMN O#EGVN |’U|LQ ||p||O,Q

with y(N) = C |E|7% if T does not contain triangles, v(N) = C |k|™® otherwise. Here C
depends only on the shape reqularity constants k and &' of T and on Q. In particular, the
constant C' is independent of the aspect ratio of the elements in the boundary layer patches
and of the polynomial degree vector k.

Proof. To prove (78), we pick any 0 # p € My and decompose it into p = p* + p,, where
Pm s piecewise constant with vanishing mean-value on the macro-element mesh 7,,. By
standard theory, there exists v, € V  such that

— 2 —
(VO pm)oo 2 Cllomlloas  [Omlig <lPmlloe, € =Cx,Q) > 0.

Next, consider p* € My. Since p* is discontinuous and p* € L3(K) for every K € T,,, we
can construct for every p*|x a corresponding v € V y N[Ha(K)]? satisfying (78), according
to Theorem 3.1, Remark 3.3 and Corollary 3.9. Putting v* = . Uk, U = 0" + 0,
with an suitably choosen 6 > 0 will give (78) globally in the usual way (see, e.g, [7, Section
I1.1.4] or [15, 20]). O
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Remark 4.2. We could select in the boundary layer patches also anisotropic polynomial
degrees r and s as in Theorem 3.8; Theorem 4.1 would still be valid, with 7(/N) depending
now on the lower bound in (28).

Remark 4.3. Asin Remark 3.11, Theorem 4.1 holds also if we use [Qk]Z X Pr_2 quadrilateral
elements instead of (12).

Remark 4.4. The subspace pairs V y x My are stable uniformly in h. If only h-stability
at fixed degree k is desired, one can likely succeed with smaller spaces V. For example,
the serendipity element [Q’Z]2 X Py is also stable on boundary layer patches independently
of 7. The velocity space Q) can even be replaced by a certain, still smaller, space.

5 Boundary layer approximations

In this section we want to show how one can use boundary layer meshes to resolve efficiently
boundary layers. We use the already existing boundary layer hp-approximation theory
of [16] and present some new anisotropic hp-approximation results. As indicated in the
Introduction, viscous boundary layers near smooth portions of the wall 0€) are, in the
simplest case, solution components of the velocity field which have the form

u(€, p) = c(€) exp(—pVRe), (79)

Re being the (eventually very large) Reynolds number. They arise, as is well-known (see,
e.g., [1], [9] or [10]), in laminar solutions of the Navier-Stokes equations. The other solution
components are smooth in the sense that their derivatives are bounded independently of
the Reynolds number. Above, (£, p) are the usual boundary-fitted coordinates in a tubular
neighborhood of 0f), with p denoting the normal distance to the wall and the function
c(£) is smooth independently of Re. We remark that not resolving these boundary layers
with appropriate meshes may pollute the entire numerical computation. Since a rigorous
asymptotic expansion of laminar solutions of the Navier-Stokes equations near walls does
not seem to be available, we confine ourselves here to the model solution (79) and the
“reference” boundary layer patch which is given by a partition of the square Q = (—1,1)?
into high aspect ratio rectangles; that is we consider again on €2 the product mesh

T={K:K=K,xIK,eT,}

where I = (—1,1) and 7, is an one dimensional mesh on [ given by a partition of I into
subintervals {K,} (cf. Figure 3.3). Remember that the refinements in the boundary layer
patches are obtained by mapping affinely this reference situation.

5.1 Approximation of exponential boundary layers

Let now u be an exponential boundary layer function on {2 which we assume to be of the
form

o) = e (~155) el vl <1 (50)

where ¢(y) is smooth on I, d = 1/v/Re is a small parameter € (0, 1] that can approach
zero. 1 — x is the (normal) distance to the boundary {z = 1}. We wish to approximate u
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by a function u, s belonging to the FE-space S=*!(Q, 7). Based on (80) we look for u, s in
the form

U, (%, ) = up(r)us(y)

with us € Ps(I), u, € S©'(I,T,). Here, the one dimensional FE-space S=!(I,T,) is defined
analogously to (8), i.e.

SPNIL,Ty) = {ue H'(I) 1 ulg, € Pre,(I), K, € T, }
r={rg, > 1,K, € 7.} being as usual a polynomial degree distribution.
Lemma 5.1. Let u be a boundary layer function of the form (80). Then we have

lu = sllf o + d Ju — vy o5
0,Q 1,0

< K {lell+ - wl } { @

2 ig 2 )
e —up + Kd|le — u|y
1,1 0,1 :

) )

_l-z
e 4 — U

for any u, € ST, T,), us € Ps(I). The constant K > 0 is independent of d, r, s and c.

Proof. Writing u — u, s = u — u,c + u,c — u,us we get by the triangle inequality

1—
lu = upsllg g < K{HcHgJHef_%

2 2 2
o, Tl lle = usllo s

2 2
e { (el + e = wal)

Similarly, there holds

2

_l-x
e d — U,
—10,1

e d

IA

+

1-z ||2 2
EEAS

8 2
d* || =—(u —
O (U — ups) .
1—z 2
< & {@ e <l Kl bl e - wl,
2 2 2| 1= 2 2| 1= 2 2
< K3 (el +lle—ulf,) ™ —w| | % e—ul,
and
a 2
d? || =
By (U — ) 00
1—x 2
< {7~} o o}
2 2 1=z 2 _l-z 2 2
< K (el + e =wlif) [l =+ e le—ualis -
_z —x 2
Since ||e~ 7" ’ < Kd and ’e_lT < Kd™!, the above estimates imply the statement of
0,1 1,1
Lemma 5.1. U
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Lemma 5.1 reduces the approximation of the boundary layer function (80) to two one-
dimensional problems, namely the approximation of e~ in StI(I,T,) and the approxi-
mation of ¢ in Ps(/). The later imposes no problems since ¢ is smooth and can be achieved
easily; we will not discuss this issue further. But for the z-direction we will show that
for the particular solution (80) we can achieve, by proper choice of T, and r, exponential
convergence independent of d = 1/v/Re.

Remark 5.2. The above analysis is based on the assumed form (79) of the boundary
layer. However, similar arguments can be applied to any other separable form w(, p) =
c(&)U(p, Re); here U(p, Re) can be, for example, a similarity solution of the boundary layer
equations (see, e.g., the discussions in [1, Section 6], [9] or [10]). Once again, the mesh
T, and the degree distribution r can be choosen a-priori to achieve robust exponential
convergence in the layer.

Several choices for the mesh 7, and the degree vector r are of course possible. We
present here two of them, the first being the two-element mesh as in [16].

Theorem 5.3. Let I = (—1,1) and u(x) = exp (—5%). Let further the one dimensional

mesh T, and polynomial degree vector r on T, be such that for r > 1

{1,7}, T. ={(—1,1=Xrd), (1 — Ard, 1)} if Ard < 2,
= {r}, T.={(-1,1)} otherwise

=13

where 0 < Ao < XA < A\ < 2 are independent of v and d. Then there exists u, € S2N(I,T,)
such that u,(£1) = u(£1) ‘and

||lu — < Cdz exp(—br), lu—ul, , < Cd” 2 exp(—br) (81)

tgllo,;

where b > 0 and C' > 0 are constants independent of r and d but depend on Ay and \;.
Proof. As already mentioned, this can be found in [16]. O

Using two-element meshes in the boundary layer patches the construction of x'-regular
meshes in the corner patches becomes difficult. To circumvent this it may be more con-
venient to use for 7, a mesh which is geometrically refined towards z = 1. Therefore, we
fix a grading factor o € (0,1) and a number L € IN of refinements. A geometric mesh
T. = {Kl}leo is obtained by subdividing I into L + 1 subintervals

Ky = (1-20%1), Ki=(1—-20""1-20"10 1=1 L.

goee ey

Corollary 5.4. Let I = (—1,1) and u(z) = exp(—15%). Let T, = {Kl}l o be a geometric
mesh as defined above with grading factor o € (0,1) and L € IN refinements such that the
smallest element has width O(d), i.e. let L be such that 20* < Cyd for some Cy > 0. Let
0 <M < g and let the polynomial degree vector be constant, i.e. r = {r}fzo for some
r> % Then there exists u, € S™(I,T,) such that u,(£1) = u(+1) and

||u — < Cd"? exp(—br), lu—ul, , < Cd” 2 exp(—br) (82)

gl ;

where b > 0 and C' > 0 are constants independent of r and d but depend on A\ and o.
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Proof. Let r > 1. Denote by Ty, the two-element mesh with degree vector r = {1,r}
introduced in Theorem 5.3. As in [12] it suffices to show that we can choose \g and A in
Theorem 5.3 satisfying 0 < \g < A < A\ < % such that

S™NI, Trwe) € S™HIL, T,). (83)

(82) follows then from (81). If the polynomial degree r satisfies A\jrd > 2 we can choose
A = A; and (83) holds. Let us therefore concentrate on the case A\jrd < 2. We observe
that in this case (83) is valid if there exists [ € {1,...,L} such that 1 — 20! = 1 — A\rd
for Ag < A < Aj. Since r > €1 /A, it is easy to see that this can be achieved for some
A€ [0, A O

Note that the number of layers in the geometric mesh depends (weakly) on d. Combining
Lemma 5.1, Theorem 5.3 and Corollary 5.4 results in

Corollary 5.5. Let T, be a two-element mesh or a geometrically refined mesh with cor-
responding degree vector r as in Theorem 5.3 or Corollary 5.4, respectively. Let u be a
boundary layer of the form (80). Then there exists u, € S©'(I,T,) such that

2 2 2 2 2
= g ally g + d = ol o < K (llelld; + lle = wl} ) exp(=br) + Kd e = w1

for any us € Ps(I). Here, K > 0 and b > 0 are constants independent of r, s, ¢ and d but
depend on \g, A1 or o as in Theorem 5.3 or Corollary 5.4, respectively.

If in particular ¢ is analytic in [—1, 1] independent of d, robust exponential convergence
results.

5.2 Anisotropic hp-approximation on boundary layer patches

Since the NSE-equations are nonlinear, the boundary layers do not necessarily have the
structure (79), but rather u(, p) = c¢(§)U(Re, p) where U is analytic and satisfies a certain
nonlinear ordinary differential equation (e.g., [1, Section 6] or [10, Chapter 10]). In this
case it is desirable to have general tensor product hp-/spectral approximation results on
anisotropic patches available which will be derived here. We introduced in Section 3 the
operator I, ¢ in order to prove divergence stability on boundary layer patches. However, by
a tensor product argument the same projector can be used to obtain such results. They
are of interest in their own right. Note that in our error estimates the dependence on the
regularity of the functions and on the polynomial degrees is given explicitly. We start with
a one dimensional approximation result.

Proposition 5.6. Let I = (—1,1) and v € H™"(I) for some m > 0. Then there exist
operators T, : H*(I) — P,(I) (r > 1) such that u(1) = T,u(E1) and

(r—a))l ) (@ 2
ot = o, < G 1o (549
B 9 (r—ag)! 1 (1) ||2
le=Tullor < i 14l (85)

for any integers 0 < ay, ap < min (r, m).
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Proof. This is proved, for example, in [15]. O

Proposition 5.6 is proved by developing v’ into the Legendre series > .~ b;,L;(x) and
then putting

(Tu) (z) == Z b;Li(x), Tou(x) := / (Touw) (t)dt + u(—1).

Therefore, if u is of the form u(z) = Y .-, a;U;(x) where only finitely many a; are non-
vanishing (the polynomials U; are defined in (37)) it is easy to see that

= Z a;Ui(z). (86)

For a function u(x,y) we may use the above one dimensional operators 7, with respect to
x or y. This will be indicated by the symbols ) or @ correspondingly. We introduce for
r,s > 1 the tensor-product operator 7, s by

Tpo:=TY @ T®. (87)

T

If v € Z(Q) is of the form (39), i.e

T,y) = Z ai;Ui(2)U;(y)

i.j=0

it is obvious from (86) that

(Tr,sv> (.T, y) = Z Z aile<x)U <y>

i=0 j=0

Because of the density of Z (Q) in H 1+6(Q) and the uniqueness of norm-preserving operator
extensions 7, ; is in fact nothing else than the projection operator I, ; already introduced
in Definition 3.13 (cf. Proposition 3.15) and can therefore be defined on H'*¢(Q). Note
that 7\ and T*) commute.

Proposition 5.7. Let u € H™ ™" (Q) for m,n
=1

> Then T, : HHE(Q) — Qm(Q)
(r,s > 1) satifies (T, su) (N;) = u(N;), (

0.

33) and (34). Further
(
(

—o)! 1 catly |2 —B) 1 Aty ||?
- Tl < 0y U2 |20k o ]
7 (r+a)tr(r+1) ||9zntt]y 5 (s+B)!s(s+1) [0y |g o
N 1 1 (r—an)! || 8+ |7 N (s — Bo) || 0%*2u |
r(r+1)s(s+1) | (r+ag)! [[Oydze2t||) 5 (s+ B)! || 0y 10z || 4
and
— 9oty (r—ag)! 1 do2t2y |2
T, < o] Tz +
[u ’ u‘l’Q - { (r 4 aq)! ||Qxatt 0.0 (r 4+ ag)lr(r+1) ||0xe2t10y 0.0
(5 — fB2)! Haﬁﬁl =g 1 H P2y ||
(s + B2)! || 9yP2+1 | 5 (8 + /) s(s+ 1) ||0yt1oz ||y 4
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for any 0 < oy, 9 < min(r,m) and 0 < 1, fo < min(s,n). Here, C > 0 is independent of
r,s, a1, (g, /81 and 62-

Proof. By density, it suffices to assume that v € C*° (5) Then

lu — Tr7su|1’Q < }u — TT(”C)UMQ + ’u — Ts(y)u}lc} + ’( T(y ) ® (I T7~($)) u}lQ.

=F =:

We bound F with Proposition 5.6 noting that a% and T commute.

2 0 @ ]2 @]
E* = —(u—TT u) +—(u—Tr u)
ox 1,0 Oy 1,0
Lo %, ? L d ?
_ O ) — L@ J / 9 @ 9. d
/| 8%,u<,y> g T vt [ 5t =TS )|y
gl 2 (r—ag)! 1 Ly goet2 2
dy + / | d
axmﬂ“( y) o Y (r+a)lr(r+1) /), 81‘0‘2+18yu( Y) o Y

92 +2y |2

Oz 10y ||,

(r—ag)! 1
* (r+ag)!r(r+1)

IA
S =
+ | |
L£\R
\

for any 0 < oy, @s < min(r,m). The analogous estimates for term F' yield

652+1u 2
1
ayﬁ2+ 0.0

(s — B2)!

2
= (s + B2)!

(s—=p)! 1 P2y
(s+ B! s(s +1) [0y oz ||, 4

where 0 < 1, 2 < min(s,n). By writing v = (1 —Tr(w))u we get for the term G in the same
manner

_(s=p)t 1 §%t2y §oatiy |

'U’ (8 — 64)'
o= (s+ Bs)ls(s+ 1) ||OyPstlox

0.0 (54 By)!

GQ:’v—

8y54+1 0.0 ’

Inserting u again in the last two terms above gives the estimates

OPst2y (r—ag)! || 9astBat2y ||
HW 0.0 = (14 ag)! || Qxos+ioyls+1||
and
Hbat1y, (r — aw)! 1 goatBat2y, 2
HW 0,0 = (r+ay)!lr(r+1) ' Ozeatloybatl]|,

Together this implies that

2 < (5= F5)! 1 (r—ag)l|| Qeotbetdy |?
(s4B3)! s(s + 1) (r + ag)! || QzesTloyhs+L ||

N (s =Bl (r—ay) 1 PatBat2y, 2

(s + B (r + ag)lr(r + 1) || QzoatidyPstt ||

29



for any 0 < ag,a4 < min(r,m) and 0 < f3,5; < min(s,n) . Choosing in particular
az =0 = P4, as = a4 and [3 = P there results

Ju — T”S“ﬁ , < C (r = an)! || 0% (r—ag)! Ho2+2y, |2
) ,Q (T + Oél)- Oxroat+l 0.0 (7’ + 042)! 7’(7’ + 1) 8xa2+18y 0.0
(s — B2)! 9Pty (S ) . o, |2
(s 4 B2)! || OyP2F1|, (5 + 1) s(s+ 1) || dyht1ox ||

for 0 < ay, s < min(r,m) and 0 < Sy, B < min(s,n). The constant C' is independent of
r, s, aq, as, 31 and By. The L*-estimates are obtained in an analogous manner. O

Let now (2, 7) be a boundary layer patch on = (—1,1)? with the mesh 7 = T, x I
as in Section 3. r, s are as usual the polynomial degrees on 7, and I, correspondingly.
Then the estimates of Proposition 5.7 can easily be scaled to high aspect ratio rectangles
K, x I € T, since on the right hand side of the estimates in Proposition 5.7 there are
only semi-norms. Continuity across the elements is also guaranteed. In this way one gets
analogous approximation results for S©59(Q, T) and S=%1(Q2, T).
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