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Abstract

In this paper, we provide analytical stability estimates for the method of
transport. We first prove stability of the second-order method of transport
applied to the linear advection equation with constant coefficient in one di-
mension by using the von Neumann method and with the positive operator
technique. In a second step, we extend the proof to the linear advection equa-
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multidimensional schemes from van Leer, Colella, and LeVeque for the linear
advection equation with constant coefficients.
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1. INTRODUCTION

Many numerical methods for computing multidimensional flow were
developed during the last decades. Usually, such methods were con-
structed by applying one-dimensional schemes along all coordinate
axes. Recently, truly multidimensional schemes for solving hyperbolic
problems were constructed, examples of such schemes are van Leer’s
multidimensional differences scheme [16], Colella’s CTU scheme [4],
LeVeque’s scheme [11], Roe’s upwinding scheme [5], or Fey’s method
of transport [6], [7]. Once a new method is developed, the code has
to be validated. This can be done either numerically or analytically.
Numerical validation means to carry out computational experiments
and comparing the results with those of physical experiments or with
numerical results of other codes that are already well established. For
the method of transport, this is made in [7], [12], and [13].

Analytical validation consists of stability or convergence proofs. A
common technique to prove non-linear convergence is to first linearise
the scheme and to prove stability for this linearisation [1], [2]. For that
reason, stability analysis can be seen as a first step towards a conver-
gence proof. Since linearised schemes have variable coefficients, it is
necessary to derive stability estimates for linear, variable coefficients
problems.

In this paper, we provide analytical stability estimates for the method
of transport. A first stability analysis was provided by Fey and Schroll
[8] for the first-order scheme applied to non-linear scalar equations.
To make the proofs readable, we first prove stability of the second-
order method of transport applied to the linear advection equation in
one space dimension with constant coefficient. This is done by means
of the von Neumann method. The von Neumann method essentially
consists of proving that the symbol of the scheme is absolutely bounded
by one. For treating variable coefficients problems, the von Neumann
method has to be generalised. One technique to do this is given by
the positive operator technique described by Zhu et al. in [17] which
is applied in Sections 2.2 and 2.3. Analogies between this method and
the von Neumann analysis are worked out.

In the two-dimensional case, we start with proving stability for the first-
order method of transport with constant coefficients. Unfortunately,
Zhu’s technique for analysing stability of variable coefficients problems
cannot be generalised to two dimensions. For the second-order scheme
in two dimensions, the symbol becomes quite untractable and bound-
edness can no longer be proved analytically. However, comprehensive
computational experiments show that the symbol does not exceed one.
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FiGure 1. Flux Fg,q,., for a > 0.
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In Section 4, the von Neumann analysis is carried out for the first-order
method of transport in three dimensions.

2. ONE-DIMENSIONAL SECOND-ORDER SCHEME

The one-dimensional advection equation with constant coefficient is
given by

u+au, =0

The method of transport is described by

1
u?“ =u; — —— Z (FQQJ - FQjQi)’

||~
jefi—14i+1}

Cell Q; is the interval [z;_1/2, Zit1/2], |4] its length and €;_q, Q44 its
neighbouring cells. For a > 0, the flow Fo,q,,, from cell §; into ;,
cf. Figure 1, is described by

Tip1/2tAta ZTit1/2
Fo0,., = u(r — Ata)de = u(z) dx,
Tit1/2 Tip1/2—Ata

and for a <0, Fo,q,., is identical to zero.
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To get second-order accuracy for the fluxes, the transported quantity
u has to be reconstructed linearly and the fluxes become

otherwise

Ax ‘
Fﬂiﬂi-H B {At(aui—i_T(l —U)CL<Du)i) if a >0

alAt

where 0 = and (Dw) is some difference operator approximating

the derivative u,,.

2.1. Von Neumann method. The von Neumann method offers a
simple way of assessing the stability properties of linear schemes with
constant coefficients when the boundary conditions are assumed to be
periodic. The method is based on the Fourier decomposition of the
numerical scheme, from which a stability estimate follows. More infor-
mation about the method can be found in [9].

If a is assumed to be positive and if the operator (Du); = (Dyu); =
Uip1 — Ui—1

2Ax

reads

denotes the second-order centred differences, the scheme

n n n n 1 n n n n
(1) Uz'H = Uy _U[(Uz‘ _ui—1)+1(1_0) (ui—l—l_ui - ui—1+ui—2)]'

By replacing u! by the exponential and writing the symbol A of the
scheme as the quotient of u]'*! divided by u?

; 1 4 , ,
A=1-0l(1 =™ + 31 —0)(e" —1 ¢ 4 )]

and the square of its absolute value
(2)

— 1 1
A-A=1+ §(204—403+1402—120)+§Cos(7) (—o*+20% — 170 +160)

1 1
+ gcos(ny) (—20* +40° +20% —40) + gcos(?vy) (o' —20% + 0?)

(cos®() — 3 cos*(y) + 3 cos(y) — 1) (0! — 20% + 0?)
o(c—1) (=0 +0+3)+ (cos(y) —1)?0 (0 —1) (6> — o + 1)

(cos(y) — 1)*0? (o — 1)%
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If the CFL number o is restricted to the interval [0, 1], it follows that
that |A| <1 for all v and hence the one-dimensional scheme is stable.
It is interesting to notice that the scheme is also stable for a CFL num-
ber of 2, if the derivatives are approximated by first-order backward
differences and is stable for a CFL number of 1, if the derivatives are
approximated by first-order forward differences. However, the second-
order scheme for which the derivatives are approximated by second-
order forward differences is no longer stable. The explanation is given
by looking at the stencil of the scheme, in fact too much information
is taken from the downwind side of the characteristic. Similar investi-
gations were done by Childs and Morton for the one-dimensional ECG
schemes in [3].

2.2. Positive operator technique for constant coefficients. Next
we are interested to analyse stability of the advection equation with
variable coefficients. In [14] it was proved that under certain con-
straints for linear, non-constant coefficient problems a local von Neu-
mann analysis provides a necessary condition for stability. The analysis
was carried out by freezing the coefficients at their value at a certain
point and then applying the von Neumann method. This provides a
local stability estimate. In order to get a sufficient condition for stabil-
ity, additional restrictions on the amplitude of the symbol have to be
made. Kreiss (1964) has found that a scheme is stable, if the amplifica-
tion matrix is hermitian, uniformly bounded, and Lipschitz continuous
in z, and if the scheme is dissipative of order 27 and accurate of order
(27— 1), for some integer r. However, since the scheme treated here is
second order accurate, the method of Kreiss cannot be applied.

The goal of this section is to prove stability by applying the positive
operator technique, described by Zhu et al. in [17]. We have to show
that the stability inequality

[l 2" < (L4 Aw) [l

where || - || is the energy norm given by

lulls* = Az w2
)

To introduce the technique, we consider the method of transport for
the advection equation with constant coefficient. To this end we use a
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matrix formulation of the scheme. The discrete norm of (1) is given by

(3)

o
(32 = A3 (w0 (uf = wiy) = F(1 = 0) (uly = uf = uly + )

= ([Ju"[[87)* + Az ) af Ay,

where @; = (U1, Ui, ui—1,u;_2)T and the amplification matrix A is
defined as

A Ay Ais Ay

1| Aig Axp Agg Aoy

16 | Aiz Aoz Agz Asy |7
Ay Agg Agy Ay

with
All :A14:A44:0'4—20'3+ 0'2
A12 = A24: —04—203+702—4U
Alg = A34: —0'4+60'3—50'2
Agy = 0* +60% 4+ 0% —240
A23 = 0'4—20'3— 1902+2OO'
A33 = 0'4— 100'3—|—25O'2.

The trace and the sum of the entries of the first, second, and third
subdiagonals are given by

1

Dy = §(204—403—|—1402 —120)
1

D, = é(—o—4+203 — 170 + 16 0)
1

Dy = g(—204+403+202 —40)

1
D3 = §(04 —20% 4 0?%).

We recognise here the coefficients of 1, cos (7), cos (2), and cos (3 ) in
the von Neumann stability analysis (2). By analogy with trigonometric
equalities used before, we can decompose the matrix A into the sum
of three matrices B, C, and D with

By Bia Bis 0
1| Bia By Bys By
2 | Biz B3 B33 B3y

0 Bay B3y By

B =

2



Bll = 204—403+202

By = —40*4+403+40%— 40
Blg = —324:20'4—20'2

By =60*—403+20%>—200
ng = —120’2+120'

Bss = —60*+403+20%2+ 160
By =40* —40%4+80% 80
By =—-20*440*—60%+40.

Obviously B is a pseudo-null matrix, which means that the trace and
the sum of the entries of each subdiagonal are zero. The matrices C
and D are given by

1 1-3 3-1
1, .| =3 I | -3 9-9 3
C 1 (1—0) 3 (1-33 1)_—1—60— (1-0) 3.9 9-_3
~1 -1 3-3 1
and
0 00 0 0
1 1 1 0 1-2 1
D = co(o=1)(c*=o+1) | _, [(01-21)=o(c=1)(c"=0+1) | o 5 ,
1 0 1-2 1

The vector (1 -33 -1 )T defining C consists of the coefficients of
(cos (7) = 1)% = cos (7)* — 3 cos (7)> 4+ 3 cos () — 1
and the vector (0 1 -2 1)T defining D of the coefficients of

(cos () — 1)% = cos (7)* — 2 cos (7) + 1.

For CFL numbers ¢ € [0,1], C and D are both negative semi-definite
matrices. Hence, (3) becomes

(a2 =(Ju"l|2*)* + Ax Y af B+C+D]a

(4) ~ o
<([u"|$7)? + Az af By



We can rewrite the last term as
Az Z ul Bu; = Ax Z(BH u?H + Bygu? + Bsgu? | + Bygu? 5+ 2 Biouig u;
i + 2 Bog Zuz Uit + 2 Bsg w1 Ui—o + 2 Big Uip1 U + 2 Bog u; u—)
= Az Z(Bn + Boy + Bss + Bu) u;

+ 2A X Z(Blg -+ 323 —+ 834) U; Uj—1 + 2A x Z(BB —+ 824) U; Uj—2
Since B is pseudo-null, A x Z uf Bu; = 0 and (4) is given by

(™12 < ([l )%

We have found the same results as with the von Neumann method,
i.e. the scheme is stable in one dimension for CFL numbers between 0
and 1. The advantage of this method is that it can easily be extended
to linear equations with variable coefficients.

2.3. Positive operator technique for variable coefficients. The
linear advection equation with variable coefficients in conservative form
is given by

us + (a(z)u), = 0.
For future investigations, we assume a(x) to be differentiable. Note
that a(z) is therefore Lipschitz continuous and its Lipschitz constant
is given by L,. The second-order fluxes are given by

A
At(au; + Tx(l — Aa;)Rec; if velg,q,,, >0

FQ¢Q¢+1 = o

0 otherwise

where

Rec; = (a; (Du); + u; (Da);)),

— 0+ 2202 nap) (Da),

VelgiQHl 5
At . .
and \ = N The method of transport is described by
x
upth = = AM(af uf — @ uly)
A T n n n n n
(5) JF?(I_)“%‘)(% (Du)i + v (Da)})
Ax

——— (1 =Xaiy) (ai g (Du)iy +uy (Da)iy)].
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or by rearranging the terms
(6)

A
Wt = — Aa? ul + Tx(l —Aaj) aif (Du)]]

A
P [y w5 (= Al afy(Du)l ]

A A
A (L= Aap)ul(Da)} + A5 (L= Aalyuiy (D a)).

7

We define
A
Ri = Aaju} + 51— a}) @} (D u)}]
and

A
Qi = A5-(1= ) u(Da);,

so that we can rewrite (5) as
(7) ui™ =uf — R+ Ry — Qi+ Qi
(8)
(272 =Aw ) (uf,uf)
+AZY [=2(uf, R)+2(ul, Rim1)—2(Ri, Ricy)+(Ri, Ri)+(Riy, Riy)]

i

+AT Y [=2(uf, Qi) + 2 (ul, Qio1) + 2 (Ri, Qi) — 2 (Ri, Qi)
“2(Rily, Qi) + 2 (Riot, Qict) + (@1, Q) + (Qict, Qi)
— ("3 + Ty + To.

The term R; ; can be separated into a part similar to the constant
coefficients case and an additional part arising from the variation of
the coefficients. To this end, we replace a;—1 by a; + Axae, where
ag = az(§), with & € [z;_1, z].

Ax
Ry = Aajyuiy + 7(1 —Aaiy)aiy (Du)iy]
A
= M(ap = Awag)u, + S-(1 = A(a} = Awag))(a} — Awag) (Du)iy]
A
= Aa? upy + 51— Aa?) @} (D)l ]

A 22

— MNAzagul | —
= R+ R,

a2 a; —AAzas—1)(Du)l ]
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In the previous section, we have investigated the norm of 7T} for the
part R ; with D = Dy, so that we can rewrite 77 as

Tl =Ax Z ﬂ? [B +C+ D] ﬂ[—I—ASL’ 2[2 (u?v R$—1>_2 <R27 R;)—l)_'_( ;)—17 f—l)]v

where B, C, and D are defined as before, but depend now on the z-
variable, B = B;, C = C;, and D = D;, with ¢ = ¢;,. C and D are
negative semi-definite if the CFL numbers are between 0 and 1 and B
is a pseudo-null matrix. The second term can be written with the help
of some matrix E, defined by

Ev By Bz By
_ Az | Eyy Ey Eys Ey
4 | Bz Bz Esz Esy |7
Eyy By B3y By

E

where
Eij = Qg fj(CLg, a;, ASL’, )\)

T can be approximated by

Ty<Az) afBu;+ Az uj Euy.

The matrix B has the same form as before, but now the components
are functions of ¢;. Therefore the first term becomes

Axd ap By = Az ((B)uulyy + (Bi)au + (Bi)ssuy + (Biaa i,
+2 (Bi)12 Wis1 Ui + 2 (B;)2s w; w1 + 2 (B;)34 Uim1 Uiz
+2(B;)13 Uit1 Uim1 + 2 (B;)aa u; ui—2)

=Auw Z((B@el)n + (Bi)22 + (Bit1)ss + (Bit2)aa) uf
+2 Z((Biq)m + (Bi)23 + (Big1)34) Ui i1

+2 Z((Bzel)l:s + (B;)24) s Ui—o
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By using the Lipschitz continuity of a(z) and the pseudo-null property
of B, we can approximate the following term as

Z |(Bi—1)11+ (Bi)a2+(Bit1)33+(Bit2) a4l
= Z [(Bi—1)11 — (Biy2)11 + (Bi)aa — (Bit2)2e + (Biy1)33 — (Biy2)ss|

< Z |(Bi—1)11 — (Bi+2)11|+z |(Bi)a2 — (Bi+2)22|+z |(Bit1)33 — (Bita)ss|
< LZOAQ: Z Z

and similarly for

Z |(Bi—1)12 + (Bi)2s + (Bij1)sa] < Li Ax

and

Z |(Bi-1)13 — (Bi)2a| < Ly A .

So that Az Z u} By becomes

Ax ZQ?B Uy < Lg AZL‘(||U”||QA$)2+2 Ly Ax Z(U“ ui_1)+2 Lo Ax Z(Ul, ui_g),

and finally by using the Cauchy-Schwarz inequality, we get
Ao uf By < (Lo+2Li+2La)Aa((u||3*) = C A (u"][57)

For the second term Az Z ur E iy, we use similar ideas and get

Az ajBuy < Az(||Enl|%” +2||Bwll&” + 21| Eusl2” + 2] Eull2”
HIEa|l5” + 2| Easl|57 + 2 || Baall2
HIEssl5” + 2 [1Esal |27 + [ Eaall27) ([u"]12)?,
where || E;x||2% = max{|Ej.(a¢, a;, Az, \)|}. Tt follows that

Ty < Aa((fu”]l)*.

Now we can write the norm of ! as
(IJu"t|27)? = (1+ Az) (||Ju][37)?

Az [=2(uf, Q) + 2 (uf', Qi) +2(Ri, Q)

—2 (Rz‘aiQi—l) —2(Ri—1, Qi) +2(Ri1, Qi)
—2(Qi, Qi—1) + (Qs, Qi) + (Qi—1, Qi—1))].
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We have to investigate the other terms. First
—2A7 ) (uf, Qi) = —AMA2? Y, (uf, (1 — Nal') ul’ (D a);)
—ALa(1+ Allal[27) Az ([|ul|3*)
C Az (||ullz®)?,
|Ax

where ||a||3" = max|a}| and L, is the Lipschitz constant of a(z) such
that (D a) < L, holds. Similarly,

2A Y (1, Qi1) < C Az (|ul|3).

<
<

For the terms in 75, we get

QAJ:Z Ri, Q) = N> Ax? Z@ ul —ﬁa—mn) a? (Do u);(1 = Xa?) u? (Dya);)

2
< AzAfEllallM(1+)\|la||M)L ]| S
Azx
+A? 5 ——(1+ Mlal|2")? [|al|%F La sz Az (Dou);, ug)
< CAz(JJullg)?,

and similarly for —2Ax Z R;,Qi—1), —2Ax Z (Ri—1,Q;), and
2A x Z Rl',l, Qifl)- Flnally,
Ax3

Az (Qi Qi) = N , Z((l—)\an) u(Doa)i, (1 = Aaj) ui (Do a);)
‘ A z?

| /\

>\2L2(1+)\Ha||m) (I[ull3*)?
< CA$ (lullg)?,
Estimates for the terms —2A:EZ(QZ~,Q¢_1) and A$Z(Qi—1, Qi-1)

are derived in the same way. Using the above estimates in (8), we get
(" 12 )? < (L + Az)([[u"]]5 )%

for CFL numbers between 0 and 1, this means that the scheme is stable.
This proof can be adapted to other finite-difference operators, such as
first-order backward differences or first-order forward differences. Here
we have presented the proof for the centred differences, which is the
most complicated of the three schemes, since it has the largest stencil.
Moreover centred differences are always used in the limiting technique
by flux selection developed in [13].
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3. TWO-DIMENSIONAL FIRST-ORDER SCHEME
We consider now the scalar advection equation with constant coeffi-
cients in two dimensions

U +auy +bu, =0

and assume periodic boundary conditions on a closed interval.
The method of transport of first order gives the following numerical
scheme

n+1

n_
ij v

u :U?j_g(l - V)(u?j _u?—lj) —v(l- U)(U?j _U?j—l) - VU(U” U?—1j—1)>

for a and b positive. ¢ and v are the CFL numbers, defined as

Van Leer presented this scheme in [16] and he has shown that this can
be written in the form of a dimension splitting scheme

u;‘j'l =(1—0Dy;)(1— VD-i—y)u?j'

The symbol of this scheme is given by
A=1-0(1-v)(1-e)—v(l—0)(1—e) —vo(l—e0F))
and we have to analyse

ANA=1+4vo—20-2v+212—4120+4170% —4vo? + 207
+ (4120 +4vo?—4dvo+20—20% —41v%0?) cos(v)
+ (4120 -2V +4vo? —4120%+2v —4vo) cos(d)
+ (4120% —4120+4vo —4vo?) cos(y) cos(d)
=1 +2(c—0%)(cos(y) — 1)+ 2 (v — v*)(cos(d) — 1)
+4dov(l —0o)(1 —v)(1—cos(v))(1 —cos(d))
=1+ 2(c—0?) (cos(y) = 1)][1+ 2 (v — v?) (cos(d) — 1)].
It is obvious that [A] < 1for 0 <o <1 and 0 < v < 1. So that for
all ¢ and v between 0 and 1, the scheme is stable in two dimensions.
The same result can be found in the paper of Fey and Schroll [8]. They

also proved stability of the first-order method of transport for the two-
dimensional Burgers’ equation.
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4. TWO-DIMENSIONAL SECOND-ORDER SCHEME

The method of transport of second order to solve the two-dimensional
advection equation is of the following form

n n n n 1 n n
= Uiy — o(1—v)[(uf _ui—lj) - 5(_(1 —0) (Da:uij — Dyui ;)

1) 1=1j

+v(Dyul. — Dyul )]

Y Py Yy Hi—1y

—_

—v(l—o)[(ul, —ul )——(U(Dxu?j—Dmu” )

ij — Wij—1 ij—1

—(1 =)Dy uiy = Dyuij_y))]

Y Hayg 17—1

\)

1 n n
- Vo [(uzn] - uzn—lj—l) - 5((1 —0) (D, Ui5 — D, ui—lj—l)

+(1 = v)(D, ui; — D, U?fufl))]-

If the operators D, and D, are approximated by centred differences,
this scheme is identical to the second-order van Leer scheme [16] and
the second-order corner transported upwind scheme (CTU) by Colella
[4]. If the operators D, and D, are approximated by the first-order
forward differences, the scheme is identical to LeVeque’s T?2 scheme
[11].

Van Leer, Colella, and LeVeque investigated stability of their scheme
and all found that the condition

max(|o], |A]) <1

guarantees stability. LeVeque gives some numerical results of his
scheme.
The symbol of the scheme for backward differences is given by

1
A=1+ 3 (—30—31/+02+801/+1/2 —3vo?—301°

+ (=Tve +40—-20* +ov? +4ve?)e ™

+ (=Tov+4dv—212+4012 +vo?)e ™

+ (~vo?+vo—o+o?)e 2 4 (cv—vo?) et (27H9)

+(—v+ov+1?2—cv?)e 20 4 (cv—ov?) et (1+29)

+ 201/84(7”)) .
Once again we are interested in |A| which is now given by a huge al-
gebraic term that can no longer be analysed analytically. However,
computational tests supply evidence for this term to be less or equal
to 1 for all v and ¢ if 0 < ¢, v < 1. Unfortunately, the positive opera-
tor technique, which we used to prove stability of the one-dimensional

advection equation with variable coefficients can not be extended to
two-dimensions.
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5. THREE-DIMENSIONAL FIRST-ORDER SCHEME

We consider the scalar advection equation with constant coefficients in
three dimensions

(9) u +auy +buy, +cu, =0

with periodic boundary conditions on a closed interval.
The method of transport of first order is given by the following numer-
ical scheme

u?jkl:u?]k —o(l-v)(1—p) (u?jk - “?—uk) —v(l—0o)(1—p) (u?jk - “?j—m)
1—

—p(l—o)( V) (U?jk - u?jk—l) —ov(l—p) (uznjk - “?—13‘—119)
—op(l-v) (U?jk - U?fljkq) —vu(l—o) (U?jk - U?jqkq)

— oVl (u?jk — Uy K1)
for a, b, and ¢ positive. o, v, and u are the CFL numbers, defined as

At At At
c=a—, v=b—, and pu=c—.
Y

Az

The symbol of this scheme reads

A=l-o(l=v)(I-ml-e)—v(l-0)(1-p)(l-e™)
— (1= o) (L= ) (L= e ) —ow (1 p) (1 e-10)
— o= v) (1= ) (1= o) (1 — e99))
—vop(l—e0HoHh),

1—
1 —

And we have to analyse A - A

A-AN=[1+2(c—0%(cos(y) — D1+ 2 (¥ —v?) (cos(d) — 1)]
[1+2 (= p?) (cos(B) — 1)].

It holds again that [A| < 1,for0< o <1,0<v<1,and 0 < p < 1.
So that for all o, v and p between 0 and 1, the scheme is stable in three
dimensions.

The extension to second order can be realised in the same way as in
two dimensions. The method of transport, where the derivatives are
approximated with centred differences, is then identical to van Leer’s
scheme [16] and to the CTU scheme, cf. Saltzman [15]. If the deriva-
tives are approximated by forward differences, it is identical to the 7%22
scheme, cf. Langseth and LeVeque [10]. Notice, that these comparisons
are valid only for the advection equation with constant coefficients.
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6. CONVERGENCE

From the stability of a scheme, we are able to derive convergence, if
the scheme satisfies the conditions of Lax’s equivalence theorem [14].

Lax’s Equivalence Theorem: Given a properly posed initial-value
problem and a finite-difference approrimation to it that satisfies the
consistency condition, stability is the necessary and sufficient condition
for convergence.

For the advection equation with constant coefficients in one, two, and
three dimensions, the second order method of transport therefore con-
verges in the energy norm, defined in Section 2.2.

For the advection equation with variable coefficients in one dimension,
the method of transport converges in the energy norm, if the coefficients
are Lipschitz continuous.

7. CONCLUSION

In this paper, we have investigated stability for the method of trans-
port applied to the advection equation. In the one-dimensional case,
we proved stability estimates for both constant coefficient and vari-
able coefficient problems. In the two- and three-dimensional cases, it
was still possible to prove stability for constant coefficients problems.
However sufficient stability condition for smooth variable coefficients
problems are not yet found.

ACKNOWLEDGMENTS

This project at SAM is partly funded by the ERCOFTAC fellowship
program. The authors thank Prof. R. Jeltsch for his fruitful and con-
structive remarks.

REFERENCES

[1] R. Bodenmann and H. J. Schroll. High order discretisation of initial-boundary
value problems for mixed systems. Seminar fiir Angewandte Mathematik, ETH
Zirich, Report No. 96-05, 1996.

[2] R. Bodenmann and H. J. Schroll. Compact difference methods applied to
initial-boundary value problems for mixed systems. Numer. Math., 73:291-
309, 1996.

[3] P. N. Childs and K. W. Morton. Characteristic galerkin methods for scalar
conservation laws in one dimesion. SIAM J. Numer. Anal., 27(3):533-594,
1990.

[4] P. Colella. Multidimensional upwind methods for hyperbolic conservation laws.
J. of Comp. Phys., 87:171-200, 1990.



16

[5]

[17]

H. Deconink, R. Struijs, and P. L. Roe. Fluctuation Splitting Schemes for
the 2D Euler Equations. Technical report, Preprint 1991-11/AR, Von Karman
Intitute, Belgium, 1991.

M. Fey. Ein echt mehrdimensionales Verfahren zur Losung der Eulergleichun-
gen. PhD thesis, ETH Ziirich, 1993.

M. Fey. Decomposition of the multidimensional euler equations into advec-
tion equations. Technical Report 95-14, Seminar fur Angewandte Mathematik,
ETH Ziirich, 1995.

M. Fey and H. J. Schroll. Monotone split- and unsplit methods for a single
conservation law in two space dimensions. Technical Report 57, Inst. fir Ge-
ometrie und Praktische Mathematik, RWTH Aachen, 1989.

Ch. Hirsch. Numerical Computation of Internal and External flows, volume 1.
Wiley, 1988.

J. O. Langseth and R. J. LeVeque. A wave propagation scheme for three-
dimensional hyperbolic problems. Technical Report 96-02, Department of Ap-
plied Mathematics, University of Washington, 1996.

R.J. LeVeque. Wave propagation algotithms for multi-dimensional hyperbolic
systems. Technical report, Department of Applied Mathematics, University of
Washington, 1995. Submitted.

A.-T. Morel. Multidimensional Scheme for the Shallow Water Equations. In
Proceedings of the Hydroinformatics 96 Conference, Zirich, 9-13 September
1996. A.A. Balkema Publishers, 1996.

A.-T. Morel, M. Fey, and J. Maurer. Multidimensional High Order Method of
Transport for the Shallow Water Equations. In Proceedings of the ECCOMAS
96 Conference, Paris, 9-18 September 1996. A.A. Balkema Publishers, 1996.
R. D. Richtmyer and K. W. Morton. Difference methods for initial value prob-
lems. Interscience Publisher, New York, 1967.

J. Saltzman. An unsplit 3d upwind method for hyperbolic conservation laws.
J. of Comp. Phys., 115:153—-168, 1994.

B. van Leer. Multidimensional explicit difference schemes for hyperbolic con-
servation laws. In R. Glowinski and J.-L. Lions, editors, Computing Methods
in Applied Sciences and Engineering VI North-Holland, Amsterdam, 1984.
Y. Zhu, X. Zhong, B. Chen and Z. Zhang. Difference Methods for Initial-
Boundary Value Problems and Flow Around Bodies. Springer-Verlag, Berlin,
1988.



Research Reports

No. Authors Title
96-22 R. Bodenmann, Stability analysis for the method of transport
A.-T. Morel
96-21 K. Gerdes Solution of the 3D-Helmholtz equation in ex-
terior domains of arbitrary shape using H P-
finite infinite elements
96-20 C. Schwab, M. Suri, The hp finite element method for problems in
C. Xenophontos mechanics with boundary layers
96-19 C. Lage The Application of Object Oriented Methods
to Boundary Elements
96-18 R. Sperb An alternative to Ewald sums. Part I: Iden-
tities for sums
96-17 M.D. Buhmann, Asymptotically Optimal Approximation and
Ch.A. Micchelli, A. Ron  Numerical Solutions of Differential Equations
96-16 M.D. Buhmann, M.J.D. Powell’s work in univariate and mul-
R. Fletcher tivariate approximation theory and his con-
tribution to optimization
96-15 W. Gautschi, Contour Plots of Analytic Functions
J. Waldvogel
96-14 R. Resch, F. Stenger, Functional Equations Related to the Iteration
J. Waldvogel of Functions
96-13 H. Forrer Second Order Accurate Boundary Treatment
for Cartesian Grid Methods
96-12 K. Gerdes, C. Schwab Hierarchic models of Helmholtz problems on
thin domains
96-11 K. Gerdes The conjugated vs. the unconjugated infinite
element method for the Helmholtz equation
in exterior domains
96-10 J. Waldvogel Symplectic Integrators for Hill’'s Lunar
Problem
96-09 A.-T. Morel, M. Fey, Multidimensional High Order Method of
J. Maurer Transport for the Shallow Water Equations
96-08 A.-T. Morel Multidimensional Scheme for the Shallow
Water Equations
96-07 M. Feistauer, C. Schwab  On coupled problems for viscous flow in ex-
terior domains
96-06 J.M. Melenk A note on robust exponential convergence
of finite element methods for problems with
boundary layers
96-05 R. Bodenmann, Higher order discretisation of initial-bound-

H.J. Schroll

ary value problems for mixed systems



