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Abstract

This work is devoted to a convergence and performance study of finite-
infinite element discretizations for the Helmholtz equation in exterior domains
of arbitrary shape. The proposed approximation applies to arbitrary geome-
tries, combining an hp FE discretization between the object and a surrounding
sphere and an hp Infinite Element (IE) discretization outside the sphere with a
spectral-like representation (resulting from the separation of variables) in the
“radial” direction. The described approximation is an extension of our earlier
work, which was restricted to domains with separable geometry. The numer-
ical experiments are confined to these geometrical configurations: a sphere, a
(finite) cylinder, and a cylinder with spherical incaps, all within a truncating
sphere. The sphere problem admits an exact solution and serves as a basis
for the convergence study. Solutions to the other two problems are compared
with those obtained using the Boundary Element Method.



1 Introduction

The presented paper is motivated by our earlier work on elastic scattering (see [9] for the

latest results) and the new concept on various infinite elements by Burnett [4], Astley

et all [1], Cremers et all [5] and our own work [13, 8].

The eventual problem of interest deals with scattering of acoustic waves on elastic
or rigid (the simplified case) objects. The mathematical formulation consists of the

Helmholtz equation in the exterior domain accompanied by the Sommerfeld radiation

condition and Neumann boundary condition on the boundary of the scatterer (rigid

scattering). In the elastic scattering case, the Helmholtz equation is coupled to equations

describing behavior of the structure (elasto- or viscoelasto-dynamics). The presented

work discusses the rigid scattering case only.
Problems of the described type are usually solved using various versions of the Bound-

ary Element Method (BEM). The mathematics of the BE approximation (especially in

the Galerkin version) is well established and the method delivers reliable results in the

whole range of wave numbers. The main drawback of the BEM is its cost - the method

becomes prohibitively expensive for large wave numbers.

The approach based on the truncation of the infinite domain to a finite one and
application of the so called open boundary conditions has always been an alternative

technique to solve the problem. In particular, the recent versions of the Infinte Elements

based on multipole expansions seem to be especially attractive as they offer accuracy of

arbitrary high order and can be coupled with standard C0 finite elements. The recent

results on convergence of such methods [2, 8] support reliability of such an approach and

add to its attractiveness.
The common property of the methods presented in [4, 1, 5] is that both approaches

use a variable number of basis functions in the radial direction. The essential difference

appears in the underlying variational formulations (though never explicitly stated in

[4, 1, 5]). The scheme proposed in [1, 5] is based on a formulation in weighted Sobolev

spaces and consistent with the existence and uniqueness theory by Leis [16]. This is also

the approach which we investigated in [13] and continue to use in this work. The concept

presented in [4] is based on a different variational formulation, also shortly discussed in
[13].

Another essential difference between the various versions of the infinite elements has

been recently pointed out in [2]. The difference lies in the fact whether one does or does

not use the complex conjugate over the test functions (sesquilinear vs. bilinear form

formulation).
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In the presented approach we couple the standard FEM with the IEM, based on the
Leis sesquilinear variational formulation. The scatterer is surrounded with a truncating

sphere. In between the scatterer and the truncating sphere we use 3D hp-FE approx-

imations described in [9]. Outside the sphere, the compatible hp-discretization on the

sphere is combined with a spectral like approximation in the radial direction.

Numerical results are confined to these geometries: a sphere, a (finite) cylinder and

a (finite) cylinder with spherical incaps. The sphere problem admits an exact solution
which is used to compute the convergence rates. The numerical solutions to the cylinder

problems are compared with solutions obtained by the BEM discussed in [9].

The plan of the presentation is as follows. We begin by formulating the Helmholtz

equation and describing the IE in section 2. Numerical experiments are presented in

section 3. Section 4 discusses some preliminary results on a-posteriori error estimation

and hp-adaptivity, and we finish the presentation with concluding remarks in section 5.

2 Coupled FE/IE Discretizations for the Helmholtz
Equation in Arbitrary Exterior Domains

2.1 Notation

• Ω ⊂ IR3 is a domain occupied by the rigid scatterer and contained in the unit

sphere

• Ωe = IR3 − Ω is the domain exterior to the scatterer

• Γs = {x ∈ IR3; |x| = 1} is the surface of the unit sphere

• Ωe
s = {x ∈ IR3; |x| > 1} is the domain exterior to the unit sphere

• Γ = ∂Ω is the surface of the rigid scatterer

• Ωs = {x ∈ IR3; |x| ≤ 1}− Ω is the domain between the unit sphere and the rigid

scatterer

The notation is illustrated in Figure 1.

2.2 Classical Formulation of the Problem

The goal is to find a function u = u(x) satisfying:

2
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Figure 1: Notation. Cylinder within a unit sphere.

• the Helmholtz equation in the domain exterior to the scatterer,

−∆u− k2u = 0 in Ωe (2.1)

where k is the wave number;

• a Neumann boundary condition on the scatterer

∇n u = g̃ for x ∈ Γ (2.2)

where g̃ is a prescribed function on Γ;

• the Sommerfeld radiation condition at infinity,

∣

∣

∣

∣

∣

∂u

∂n
− iku

∣

∣

∣

∣

∣

= O
(

1

r2

)

(2.3)

2.3 Variational Formulation and Existence Theory

Given a “truncated” exterior domain Ωe
γ ,

Ωe
γ = Ωe ∩

{

x ∈ IR3 : |x| < γ
}

the Helmholtz equation is multiplied by the complex conjugate of a test function v,

integrated over the truncated domain Ωe
γ , and integrated by parts. Using the Neumann

3



boundary condition on ∂Ωe
γ results in the following equation, for any admissible test

function v,
∫

Ωe
γ

∇u ·∇v dΩe
γ − k2

∫

Ωe
γ

u v dΩe
γ −

∫

Sγ

∂u

∂n
v dSγ =

∫

Γ
g̃ v dS (2.4)

where Sγ is the “truncating” sphere with radius r = γ. Rewriting the Sommerfeld
radiation condition (2.3) in the form

∂u

∂r
= iku+ ϕ(x) (2.5)

where ϕ(x) = O (r−2) is an unknown function, and building it into the variational

formulation (2.4) by substituting for ∂u/∂n = ∂u/∂r in the corresponding boundary

term formula (2.5), we get
∫

Ωe
γ

∇u ·∇v dΩe
γ − k2

∫

Ωe
γ

u v dΩe
γ − ik

∫

Sγ

uv dSγ =
∫

∂Ωe
g̃ v dS +

∫

Sγ

ϕv dSγ (2.6)

Passing formally with γ → ∞, we obtain
∫

Ωe
∇u ·∇v dΩe − k2

∫

Ωe
u v dΩe − ik lim

γ→∞

∫

Sγ

uv dSγ

=
∫

Γ
g̃ v dS + lim

γ→∞

∫

Sγ

ϕv dSγ

(2.7)

From a general theory in [16, 19], it is known that the leading order term of u|Ωe
s
is of

the form

u0(x)
exp(ikr)

r
, x ∈ Γs

and, consequently, both u and its gradient, ∇u, are not L2-integrable over the exterior

domain, similarly as for the sphere problem. A remedy to this problem is again to employ

different test functions in Ωe
s, of order O (r−3). This makes it possible to interprete the

integrals in the usual Lebesgue sense. As for the sphere problem, this particular choice

of the test functions does not allow one to build the radiation condition into the weak

formulation, and the Sommerfeld condition has to be included directly in the definition
of the spaces. This leads to the definition of the following weighted Sobolev space

H+
1,w(Ω

e
s) =

{

u : ‖u‖+1,w < ∞
}

(2.8)

with the norm ‖u‖+1,w corresponding to the inner product

(u, v)+1,w =
∫

Ωe
w u v + w∇u ·∇v dΩe +

∫

Ωe

(

∂u

∂r
− iku

)(

∂v

∂r
− ikv

)

dΩe (2.9)

4



Two particular weights are of interest,

w(x) =







1 for r = |x| ≤ 1
1

r2
for r = |x| > 1

and a “dual” weight

w∗(x) =

{

1 for r = |x| ≤ 1
r2 for r = |x| > 1

The variational formulation reads now as follows










Find u ∈ H+
1,w(Ω

e) such that
∫

Ωe
∇u ·∇v dΩe − k2

∫

Ωe
u v dΩe =

∫

∂Ωe
g̃ v dS ∀ v ∈ H+

1,w∗(Ωe)
(2.10)

Remarks:

1. As for the sphere problem, the proposed variational formulation corresponds to
an extension of the operator setting of Leis [16], where the domain of the oper-

ator is restricted to a subspace of H+
1,w(Ω

e) consisting of all functions for which

the (Helmholtz) operator value is in the weighted L2
w∗(Ωe) space. With these as-

sumptions, Leis proves the uniqueness and existence of solutions, showing that the

resulting operator is bounded below with a constant locally independent of wave

number k.

2. Essentially the same formulation has been proposed in [1], [5], [6] and [13].

The Burnett formulation is introduced in the same way as for the sphere problem. Both

solution u and test function v are represented outside of the unit sphere in the form

u(r, θ,φ) =
exp(ikr)

r
u0(θ,φ) + U(r, θ,φ)

v(r, θ,φ) =
exp(ikr)

r
v0(θ,φ) + V (r, θ,φ)

(2.11)

where r, θ,φ are spherical coordinates, where functions u0(θ,φ) and v0(θ,φ) denote the

radiation patterns, and functions U(r, θ,φ), V (r, θ,φ) are from H1(Ωe
s), i.e. both U , V

and their gradients ∇U , ∇V are square-integrable. Function u of this form satisfies

automatically the Sommerfeld radiation condition. Upon substituting formulas (2.11)
into (2.4) and cancelling out terms involving the radiation patterns, one can pass to the

limit with γ → ∞. Contrary to the weighted spaces formulation, the integral over Sγ

involving the radiation patterns will not vanish in the limit, and the integral over the

exterior domain Ωe is to be understood in the CPV sense described above.
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2.4 Separation of Variables in Ωe

s
and the Asymptotic Form of

the Solution

Using the classical separation of variables approach, one arrives at the following form of

the solution, valid outside the truncating unit sphere.

u(r, θ,φ) =
∞
∑

n=0

n
∑

m=0

hn(kr)P
m
n (cos θ) (Anm cos(mφ) + Bnm sin(mφ)) (2.12)

where Pm
n (cos θ) are the Legendre functions.

Using the representation from [17], the spherical Hankel functions of the first kind

may be represented as

hn(kr) =
1

kr
exp (−i

π

2
(n+ 1) + ikr)

n
∑

m=0

im
(

n+
1

2
, m

)

(2kr)−m (2.13)

with
(

n+
1

2
, m

)

=











1 m = 0
m
∏

k=1

(n+ k) ·
m
∏

k=1

(n−m+ k)

k
m ≥ 1

The terms can be reordered to obtain

hn(kr) =
n
∑

m=0

exp (ikr)

rm+1

exp (−iπ2 (n+ 1))

k(2k)m
im

(

n +
1

2
, m

)

(2.14)

2.5 Definition of the hp-Infinite Element

The following shape functions in the radial direction were used for the sphere problem
in [8]:

the trial functions

ψj(r) =
exp (ikr)

rj
, j ≥ 1 (2.15)

the test functions

ψ̃j(r) =
exp (ikr)

rj+2
, j ≥ 1 (2.16)

Note the different powers of r in the denominators. The use of the sesquilinear formu-

lation eliminated the need of integration of the oscillatory component exp(ikr).

The infinite element shape functions were then defined as tensor products of 2D finite

element shape functions and the functions introduced in (2.15) and (2.16) respectively,

i.e. a typical infinite element trial shape function Nl(r,x) was given by

Nl(r,x) = Nl(i,j)(r,x) = ψj(r) · ϕi(x) , r > 1, x ∈ Γs (2.17)

6



In order to minimize the interaction with finite elements within truncated domain Ωs,
the IE trial shape functions are now modified as follows

Nl(i,j)(r,x) =

{

exp (−ik) ψj(r) ϕi(x) j = 1, r > 1, x ∈ Γs

exp (−ik) (ψj(r)− ψ1(r)) ϕi(x) j ≥ 2, r > 1, x ∈ Γs
(2.18)

with an identical modification for the test functions. In this way, all the shape functions

corresponding to j ≥ 2 will contribute to basis functions with supports outside of the

unit sphere only. Inclusion of the exponential factor exp (−ik) in the new definition
forces the infinite element shape functions to coincide with the standard 2D hp shape

functions on the surface of the sphere.

2.6 3D hp-Adaptive FE Discretization

The domain Ωs in between the scatterer and the truncating sphere is discretized using

(triangular) prismatic hp-elements introduced in [10].

Master element. The master prismatic element, shown in Figure 2, consists of six

vertex nodes and fifteen higher-order nodes: nine mid-edge, two mid-base, three mid-side

and one middle node. The corresponding shape functions are tensor products of the 2D
triangle shape functions χi(ξ1, ξ2) discussed in [12] and 1D incremental shape functions

χj(ξ3)

χk(ξ1, ξ2, ξ3) = χi(ξ1, ξ2) · χj(ξ3), k = k(i, j) (2.19)

For j = 1, 2, functions χj(ξ3) are the regular linear shape functions. Given a particular

order of approximation q in the “vertical” (ξ3) direction, functions χj(ξ3), j = 1, . . . , q−1,

coincide with the regular 1D Lagrange shape functions of order q, vanishing at the
endpoints.

Consequently, the mid-side and the middle node have two corresponding orders of

approximations: a horizontal p and a vertical order q. For that reason, we frequently

talk about the hpq FE approximations. For all details concerning the definition of the

master element we refer to [10].

Geometry representation. The domain Ωs is viewed as a union of disjoint blocks. For
each of the three considered configurations, the topology is the same, and the domain

is covered with 8 triangular, and 8 rectangular prisms. The bottom base of each of the

prisms coincides with a triangle or a rectangle on the scatterer and the top base lies on

the unit sphere. The concept is illustrated in Figure 3.

Each of the prisms is viewed as the image of a corresponding standard master trian-

gular or rectangular prism. The triangles and rectangles are parametrized using explicit

7
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Figure 3: Geometry model for a sphere within the unit sphere. Three quarters of the
model are displayed.
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parametrizations discussed in [11] and a linear parametrization is used in the “vertical”
direction. For all the details concerning the geometric modeling, we refer to [11].

The initial mesh is generated by using the idea of an algebraic mesh generator and

hp-interpolation. Given, for the reference prism numbers n and l of divisions in the

“horizontal” and “vertical” directions respectively, (compatible for neighboring elements,

the initial mesh is always regular), the reference blocks are covered with uniform, regular

grids consisting of elements K̃. By constructing a composition of the standard affine map
η transforming the master element K̂ onto element K̃ and the (restriction of) the block

parametrization xb, a map is constructed from the master element K̂ onto a curvilinear

element K, identified as the image of element K̃ under the particular parametrization

xb.

K = x(K̂) = xb(K̃) , x = xb ◦ η (2.20)

In principle, this map could be used directly to define the curvilinear element, i.e. in
the element calculations. In practice, it is approximated using the idea of isoparametric

approximation. More precisely, given a particular order of approximation for element K

(may vary for different nodes), transformation x is replaced with its hp-interpolation.

The idea of the hp-interpolation follows from the convergence theory for hp ap-

proximations [3] and has been introduced in [18] (comp. also [7]). Roughly speaking,

the hp-interpolation combines the classical interpolation for vertex nodes with local
H1

0 -projections for higher-order nodes. Given a sufficiently regular function, the cor-

responding hp-interpolant exhibits the same orders of convergence (in terms of both h

and p) as the corresponding global H1
0 -projection (solution to the Laplace equation with

Dirichlet boundary conditions imposed using the H1
0 projection on the boundary). The

same hp-interpolation technique is used during mesh refinements.

A typical initial FE mesh for a spherical scatterer with radius 0.5, located inside of
the unit sphere, is shown in Figure 4. In the example there are 2 layers of 3D finite

elements with 24 elements per layer, p = 4, q = 2 and 24 elements on the surface of the

unit sphere representing 24 infinite elements.

9
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Figure 4: Initial Finite Element Mesh for the rigid scattering on a sphere within the
unit sphere with p=4, q=2, 2 layers of finite elements. Three quarters of the mesh are
displayed.

3 Numerical Experiments

3.1 Implementation Details for the Helmholtz Equation

The integration of the exponential terms in the radial direction for the infinite element
involves terms of the following type

∫

∞

1
r2ψj(r)ψ̃j̃(r) dr =

∫

∞

1
r2
exp (ikr)

rj
exp (−ikr)

rj̃+2
dr =

1

j + j̃ − 1
(3.1)

∫

∞

1
ψj(r)ψ̃j̃(r) dr =

∫

∞

1

exp (ikr)

rj
exp (−ikr)

rj̃+2
dr =

1

j + j̃ + 1
(3.2)

∫

∞

1
r2
∂ψj(r)

∂r

∂ψ̃j̃(r)

∂r
dr =

∫

∞

1
r2

(

ik
exp (ikr)

rj
− j

exp (ikr)

rj+1

)

·

(

−ik
exp (−ikr)

rj̃+2
− (j̃ + 2)

exp (−ikr)

rj̃+3

)

dr

=
k2

j + j̃ − 1
+

ik(j − (j̃ + 2))

j + j̃
+

j(j̃ + 2)

j + j̃ + 1

(3.3)

Having these integrals computed ahead of time the calculation of the infinite element

stiffness matrices is straightforward and reduces to standard 2D FE-like calculations.
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The computation of the 3D finite element stiffness matrices is also standard and the
element contributions are then assembled by a frontal solver adapted to handle complex

matrices. The element load vector is calculated similarly.

It should be noted that the final global stiffness matrix is not symmetric.

3.2 Scattering of a Plane Wave by a Rigid Sphere with Radius
0.5

The derivation of the scattered wave on a rigid sphere with radius 0.5 corresponding to
an incident plane wave can be found, e.g. in [13]. The final form of the scattered wave

ps is

ps =
∞
∑

n=0

hn(kr)P
m
n (cos θ)An (3.4)

with An given by

An =
−Pinc(2n+ 1)in ∂jn(kr)

∂r

∣

∣

∣

r=0.5
∂hn(kr)

∂r

∣

∣

∣

r=0.5

∀ n ≥ 1. (3.5)

3.3 Error Calculations

Consistent with the variational formulation, the error between the numerical and the

exact solution is measured in the weighted H1-norm in Ωe, where

‖u− uh‖
2
1,Ωe = ‖u− uh‖

2
1,Ωe

s
+ ‖u− uh‖

2
1,Ωs

(3.6)

with

‖u− uh‖
2
1,Ωe

s
=

∫

Ωe
s

1

r2
|u− uh|

2 dΩe
s +

∫

Ωe
s

1

r2
|∇(u− uh)|

2 dΩe
s (3.7)

and

‖u− uh‖
2
1,Ωs

=
∫

Ωs

|u− uh|
2 dΩs +

∫

Ωs

|∇(u− uh)|
2 dΩs (3.8)

The exact solution u for the rigid scattering of a sphere with radius 0.5 is given by (3.4)

and the numerical solution in Ωe
s can be represented in the form

uh(r,x) =
N
∑

j=1

M
∑

i=1

ujiNl(i,j)(r,x) x ∈ Γs, r > 1 (3.9)

11



where Nl(i,j) represent hp-basis functions of the IE and uji denote the corresponding
degrees of freedom. In Ωs the numerical solution is given by

uh =
nrdof
∑

i=1

uiϕi (3.10)

where ϕi, i = 1, . . . , nrdof , represents the 3D finite element shape functions. The

evaluation of ‖u− uh‖21,Ωs
follows the standard FE computations. For the computation

of the error ‖u− uh‖21,Ωe
s
, we refer to [13].

Remarks:

1. In the error computation the term corresponding to the Sommerfeld radiation

condition is neglected; compare with (2.9).

2. The integrals in the radial direction in (3.7) are integrated exactly and a higher

order Gauss rule is used for the integration over ∂Ωe
s. Similarly, a higher order

Gauss rule is used for the evaluation of (3.8).

3.4 Choice of an Initial FE Mesh

Due to the oscillatory character of the solution, choosing an arbitrary initial FE/IE mesh

may not lead to any reasonable numerical solution. In particular, the initial mesh has

to be chosen dependently on the wave number k and the prescribed Neumann boundary

condition data on the surface of the scatterer.
For the sphere problem it is possible to compute the best approximation error in Ωs

inf
uh∈Vh(Ωs)

‖u− uh‖H1
w(Ωs) (3.11)

where Vh(Ωs) ⊂ H1(Ωs) is the finite dimensional FE subspace of the Sobolev space

H1(Ωs).

The minimization problem






Find uba
h ∈ Vh(Ωs) such that

‖u− uba
h ‖H1(Ωs) = inf

vh∈Vh(Ωs)
‖u− vh‖H1(Ωs)

(3.12)

is equivalent to the variational formulation
{

Find uba
h ∈ Vh(Ωs) such that

(uba
h , vh)H1(Ωs) = (u, vh)H1(Ωs) ∀ vh ∈ Vh(Ωs)

(3.13)
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where (u, v)H1(Ωs) is the H1-inner product

(u, v)H1(Ωs) =
∫

Ωs

∇u ·∇v + uv dΩs (3.14)

For a given wave number k and Neumann boundary condition data corresponding to an
incident plane wave restricted to the surface of the scatterer, the sphere with radius 0.5,

the exact solution u is given by (3.4). The best approximation error is then computed

as

‖u− uba
h ‖H1

w(Ωs) (3.15)

Table 1 shows the best approximation error for an incident plane wave with wave

number k = 10 for various meshes, depending on

• the polynomial degree in the angular (“horizontal”) direction p

• the polynomial degree in the radial (“vertical”) direction q

• the number of the layers of the 3D finite elements l

• the number of the 3D finite elements per layer n

3.5 Convergence Rates

The following discussion presents convergence rates for different examples of finite-

infinite element meshes. It focuses on the question of, how the number of the shape

functions in the radial direction affects the approximation of the exact solution.

A realistic example is the plane wave problem, described in Section 3.2. The assumed

incident plane wave generates a scattered plane wave, which has an infinite number of

terms in the radial direction. In the computations this series is truncated after 10 terms.
Figure 5 shows the p-convergence rates for wave number k = 2 with different q and

number of dof in radial direction. Figures 6 - 7 display the p-convergence rates for wave

number k = 10.

One does not observe the exponential shape of the p-convergence rates plots as it

might be expected. The reason for this behavior is that only one parameter, the polyno-

mial degree p in the angular direction, is varied, and that the quality of the approxima-
tion cannot be improved, if, for example, the discretization in the radial direction is not

fine enough. In summary, these graphs clearly indicate, that p-, q- and/or h-mesh refine-

ments for the 3D-FE mesh have to be performed simultaneously, along with a sufficient

number of terms used in the radial direction of the infinite element.
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p q l n
‖u− uba

h ‖H1
w(Ωs)

‖u‖H1
w(Ωs)

‖u− uba
h ‖L2(Ωs)

‖u‖L2(Ωs)

5 2 2 96 12.08 4.50
5 2 1 96 37.89 24.99
5 2 2 24 12.21 4.53
5 2 1 24 37.94 25.00
5 3 2 96 2.84 0.72
5 3 1 96 15.47 7.90
5 3 3 24 2.09 0.55
5 3 2 24 3.33 0.88
5 3 1 24 15.58 7.92
4 2 4 96 3.59 0.69
4 2 3 96 5.93 1.5
4 2 2 96 12.11 4.50
4 2 1 96 37.90 24.99
4 2 5 24 4.75 1.47
4 2 4 24 5.41 1.58
4 2 3 24 7.19 2.06
4 2 2 24 12.77 4.72
4 2 1 24 38.10 25.01
4 3 4 96 1.16 0.21
4 3 3 96 1.45 0.26
4 3 2 96 2.98 0.74
4 3 1 96 15.51 7.90
4 3 5 24 4.19 1.43
4 3 4 24 4.21 1.43
4 3 3 24 4.30 1.44
4 3 2 24 5.03 1.60
4 3 1 24 16.02 8.02
3 2 5 96 3.61 0.79
3 2 4 96 4.44 0.97
3 2 3 96 6.48 1.65
3 2 2 96 12.39 4.56
3 2 1 96 37.98 24.99

Table 1: Best approximation error in Ωs in percent measured in the H1- and L2-norm
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Figure 5: Scattering of a plane wave on a rigid sphere. Experimental p-convergence rates
with 48 3D finite elements and 24 infinite elements with N terms in the radial direction
for the Helmholtz equation with k = 2.

It is evident that the investigated finite-infinite element method works well for a

smaller wave number, i.e. k = 2, but, at the same time, the quality of the approximation

decreases as the wave number is increased. Nevertheless, the results show that the

method is reliable for higher wave numbers as well, provided sufficiently fine meshes are

used. The best approximation error results in Tables 1 indicate that the cost will increase
with larger wave numbers. Recent results by Ihlenburg [15] on the so called polution

error for the Helmholtz equation with high wave numbers imply that the number of dof

for a reliable numerical solution will be larger, compared with what follows from the

best approximation error analysis.

3.6 Numerical Results for Other Geometries

In this section, numerical results for the rigid scattering on a (finite) cylinder and a

(finite) cylinder with spherical incaps are presented. Both cylinders are contained within

the unit sphere. The Neumann boundary condition on the surface of the scatterer
corresponds to an incident plane wave.

The IEM is used to compute solutions for the rigid scattering on both cylinders with

wave number k = 1 and 10. The finite element mesh contains three layers of finite
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Figure 6: Scattering of a plane wave on a rigid sphere. Experimental p-convergence rates
with 48 3D finite elements and 24 infinite elements with N terms in the radial direction
for the Helmholtz equation with k = 10.
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Figure 7: Scattering of a plane wave on a rigid sphere. Experimental p-convergence rates
with 72 3D finite elements and 24 infinite elements with N terms in the radial direction
for the Helmholtz equation with k = 10.
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elements with 216 finite elements per layer, p = 3 and q = 2. There are 216 infinite
elements with p = 3 and 6 radial shape functions. Altogether, 864 elements are used.

Computing the numerical solution with the coupled FE/IE methodology takes fifteen

to twenty minutes on a DEC 3000 workstation. Numerical solutions obtained by the

BEM are only presented for k = 1, since the workstation was not capable of computing

solutions for k >> 1, due to the memory and CPU demands for higher wave numbers

of the particular BEM implementation.
From Figures 10, 11 and 13, 14 we see that the imaginary components of the total

pressure are in good agreement. The real component obtained by the BEM in Figure

9 does not appear to be as good as the real component obtained by the FEM/IEM

in Figure 8. Finally, the obtained absolut value of the total pressure for wave number

k = 10 is displayed in Figures 12 and 15.

4 Adaptive hp-Mesh Refinement

This section describes a strategy for performing automated adaptive hp-mesh refine-

ments. We intend to show only that the methodology of coupled finite/infinite element

approximations can be embedded into the usual adaptive mesh refinement procedures.

A rigorous error estimator for the exterior Helmholtz problem has not been developed
and for the sake of simplicity of the implementation, only a very crude error indicator

has been used to show the possibility of using the hp-mesh refinements in context of the

coupled finite/infinite element methodology. The error indicator decribed in the next

section will eventually have to be replaced with a more sophisticated, appropriate error

estimator for the exterior Helmholtz problem.

4.1 An Error Indicator on Ωs

The error indicator compares the numerical solution pointwise on two different meshes

and provides an error indication for each finite element. More precisely, the numerical
solution ui

h is computed on an initial mesh and then compared to the numerical solution

ur
h obtained on a refined mesh. The difference between ui

h and ur
h, measured in the

L∞-norm over each finite element Ωl, serves as the error indicator ηl, i.e.

ηl = ‖ui
h − ur

h‖L∞(Ωl) (4.1)
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 h-p 

 IEM/FEM 

 pressure        

 k  =    1.0 

 real component  

Figure 8: FEM/IEM. Scattering of a plane wave on a rigid cylinder with spherical incaps,
k = 1. Real part of the scattered pressure obtained with a mesh of 648 3D finite elements
(l = 3, n = 216) of order p = 3, q = 2, and 216 infinite elements with 6 terms in the
radial direction

 h-p BEM 

 pressure        

 k  =    1.0 

 real component  

Figure 9: BEM. Scattering of a plane wave on a rigid cylinder with spherical incaps,
k = 1. Real part of the scattered pressure obtained with a mesh of 216 2D finite elements
of order p = 3
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Figure 10: FEM/IEM. Scattering of a plane wave on a rigid cylinder with spherical
incaps, k = 1. Imaginary part of the scattered pressure obtained with a mesh of 648 3D
finite elements (l = 3, n = 216) of order p = 3, q = 2, and 216 infinite elements with 6
terms in the radial direction

 h-p BEM 

 pressure        

 k  =    1.0 

 imag component  

Figure 11: BEM. Scattering of a plane wave on a rigid cylinder with spherical incaps,
k = 1. Imaginary part of the scattered pressure obtained with a mesh of 216 2D finite
elements of order p = 3
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Figure 12: FEM/IEM. Scattering of a plane wave on a rigid cylinder with spherical
incaps, k = 10. Absolute value of the scattered pressure obtained with a mesh of 648
3D finite elements (l = 3, n = 216) of order p = 3, q = 2, and 216 infinite elements with
6 terms in the radial direction

In practice, ηl is obtained by comparing the values of ui
h and ur

h at the corresponding

Gauss points in each finite element Ωl, that is

ηl = max
xgp

∣

∣

∣ui
h(x

gp)− ur
h(x

gp)
∣

∣

∣ ∀ Gauss point xgp ∈ Ωl (4.2)

4.2 An Adaptive Mesh Refinement Strategy

The following adaptive mesh refinement strategy, based on the error indicator above,

intends to illustrate only the possibility of changing both p and h, to obtain a non
uniform hp-finite-infinite element mesh. The error indicator, given in the previous sec-

tion, is computed for every 3D FE, after solving the scattering problem using the FE-IE

methodology. Each element Ωl, for which the relative error indicator ηrl is greater than

a treshhold value τ , will be refined, i.e. if

ηrl =
ηl
ηt

> τ (4.3)

where ηt denotes the maximum element error indicator over the whole mesh. The com-

patibility between the FE and IE approximations is enforced by refining infinite elements
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Figure 13: FEM/IEM. Scattering of a plane wave on a rigid cylinder, k = 1. Imaginary
part of the scattered pressure obtained with a mesh of 648 3D finite elements (l = 3,
n = 216) of order p = 3, q = 2, and 216 infinite elements with 6 terms in the radial
direction

 h-p BEM 

 pressure        

 k  =    1.0 

 imag component  

Figure 14: BEM. Scattering of a plane wave on a rigid cylinder, k = 1. Imaginary part
of the scattered pressure obtained with a mesh of 216 2D finite elements of order p = 3
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Figure 15: FEM/IEM. Scattering of a plane wave on a rigid cylinder, k = 10. Absolute
value of the scattered pressure obtained with a mesh of 648 3D finite elements (l = 3,
n = 216) of order p = 3, q = 2, and 216 infinite elements with 6 terms in the radial
direction

adjacent to the refined finite elements. This means that an enrichement of the polyno-

mial degree in the angular direction of the 3D FE or/and the h4-refinement of the 3D

FE will also be carried out for the adjacent IE.

The scattering problem is solved on the refined mesh, and the error indicators are

calculated again, with the whole procedure repeated. More precisely, the following
algorithm has been used.

1. Compute the numerical solution on an initial mesh.

2. Perform a uniform p-refinement.

3. Compute the numerical solution on the refined mesh.

4. Compute the error indicator using the numerical solutions obtained in steps 1 and

3.

5. Perform a non-uniform p-refinement for elements, where ηrl > τ .

6. Compute the numerical solution on the non-uniform mesh.
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 z 

Figure 16: Adapted hp-finite-infinite element mesh.

7. Compute the error indicator using the numerical solutions obtained in steps 3 and

6.

8. Perform a non-uniform h-refinement for elements, where ηrl > τ .

9. Compute the numerical solution on the non-uniform hp-mesh.

Figure 16 shows a sample hp-finite element mesh obtained with the above procedure

by assuming an incident plane wave with wave number k = 5 and using for the initial

mesh: N = 6, i.e. six shape functions in the radial direction, q = 2 for the polynomial
degree in the radial direction of the finite elements, p = 2 for the polynomial degree in

the angular direction, and 2 layers of 3D finite elements with 24 elements per layer, i.e.

there are also 24 infinite elements present. The value for τ is selected as τ = 3.5%.

5 Conclusions

The work reports on numerical experiments on hp-adaptive, coupled IE/FE discretiza-

tions for the 3D Helmholtz equation in exterior domains of arbitrary shape. The IE/FE

23



approximation presents a challenging alternative not only for the traditional boundary
elements (BE) but also for the formulations based on various implementations of the so

called Dirichlet-to-Neumann (DtN) operator, see eg. [14].

Contrary to the BE and DtN methods, the IE approximation is local and can be

easily built into any FE code using standard C0 elements, including the hp-adaptive FE

discretizations.

The presented numerical results were confined to three cases:

• a sphere within the unit sphere,

• a (finite) cylinder within the unit sphere,

• a (finite) cylinder with spherical incaps within the unit sphere.

The sphere problem admits an exact solution and was the basis for a numerical

convergence study of the coupled FEM/IEM. In the remaining two cases the IE/FE so-

lutions were compared with numerical solutions obtained using the BEmethod presented

in [9]. The presented numerical evidence indicates that the method converges. Further,
the particular FEM/IEM is more efficient then the particular BEM implementation that

was used. It also seems that the FEM/IEM methodology will be more efficient, even if

the BEM will be specialized and tuned to the investigated problem.

In conclusion, several remarks suggest themselves:

1. The numerical results indicate that it is impossible, in general, to resolve the exte-

rior boundary-value problem with a fixed number of approximating basis functions
in the radial direction.

2. The method is stable for arbitrary hp FE discretizations in between the scatterer

and the truncating surface, making the hp mesh adaptation possible.

3. In a more sophisticated implementation, the number of basis functions in the radial

direction may vary from a node to a node and can be adapted during the solution.

4. Derivation of an a-posteriori error estimator indicating the error corresponding

both to the 3D FE and the IE (in the radial direction) discretizations is necessary
for a successful large scale implementation of the method.
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