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Abstract

We analyze multiscale Galerkin methods for strongly elliptic boundary in-
tegral equations of order zero on closed surfaces in IR?. Piecewise polynomial,
discontinuous multiwavelet bases of any polynomial degree are constructed
explicitly. We show that optimal convergence rates in the boundary energy
norm and in certain negative norms can be achieved with “compressed” stiff-
ness matrices containing O(N (log N)?) nonvanishing entries where N denotes
the number of degrees of freedom on the boundary manifold. We analyze a
quadrature scheme giving rise to fully discrete methods. We show that the
fully discrete scheme preserves the asymptotic accuracy of the scheme and that
its overall computational complexity is O(N (log N)*) kernel evaluations. The
implications of the results for the numerical solution of elliptic boundary value
problems in or exterior to bounded, three-dimensional domains are discussed.
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1. Introduction

Strongly elliptic boundary value problems in smooth and bounded domains Q C RR® can be
reduced to equivalent integral equations on the boundary manifold I' = 99 [4, 35]. For second
order elliptic systems, the solution is represented as a combination of so-called single and
double layer potentials and boundary integral equations are obtained by passing with the
source point to the boundary. The resulting boundary integral operators are often strongly
elliptic pseudodifferential operators on the boundary manifold T' [12]. The discretization of
these integral equations by finite elements on the boundary manifold leads to the so-called
boundary element methods. In the present paper we analyze Galerkin discretizations of a class
of boundary integral operators of order zero which contains in particular the classical Fredholm
equations of the second kind. We admit closed, piecewise analytic surfaces in R® and require
strong ellipticity of the boundary integral operators in the form of a Garding inequality in
L*(T'). The Galerkin method is based on subspaces VI C L?(T") of discontinuous, piecewise
polynomials of degree d > 0. We use a particular, fully orthogonal multiwavelet basis of
VL the construction of which we perform explicitly for subdivisions based on triangles or
quadrilaterals. Special cases include the Haar wavelets (d = 0) and the piecewise linear
multiwavelets introduced in [25].

Following [25] we show that the stiffness matrix in the wavelet basis can be compressed to
O(Np(log N1,)?) “essential” elements practically without affecting the asymptotic convergence
rate of the scheme. This analysis assumes, however, the exact evaluation of the entries in
the stiffness matrix which is unrealistic on general, curved surfaces. Hence we give here,
apart from a self-contained exposition of the boundary reduction of elliptic partial differential
equations, the construction of multiwavelets and the consistency analysis of the stiffness matrix
compression, a new and general scheme for the approximation of the nonzero entries of the
compressed Galerkin stiffness matrix by numerical quadrature. We show that with tensor
product Gaussian quadratures of judiciously chosen orders and possibly geometric subdivisions
of the region of integration, the asymptotic convergence rates of the Galerkin scheme based
on the compressed stiffness matrix can be retained with only slight increase in computational
complexity. Moreover, the resulting fully discrete scheme is ezplicit in that the compressed,
numerically integrated Galerkin stiffness matrix is evaluated directly. This is in contrast to
algorithms inspired by image compression, where first the whole Galerkin stiffness matrix is
evaluated (corresponding to a full, digitized image), then a fast wavelet transform is applied to
the rows and columns to change into the wavelet basis and only then small, nonzero entries are
dropped (this so-called “e-truncation” was first proposed in the context of integral operators
in [3]). Clearly, this approach is still of O(N?) complexity and in particular the quadrature
bottleneck to generate the dense Galerkin stiffness matrix makes it unattractive for large scale
applications.

In contrast, our quadrature error estimations in conjunction with the consistency analy-
sis of the compression allows to determine a-prior: which entries of the compressed Galerkin
stiffness matrix must be calculated to which accuracy and which entries can be dropped al-
together. This allows to generate a-priori an appropriate sparse matrix storage scheme which
handles only the O(N;, (log N1)?) essential entries of the compressed stiffness matrix. Further,
since our multiwavelets are piecewise polynomial in local coordinates standard quadratures
can be applied and different entries of the compressed stiffness matrix can be evaluated inde-



pendently of each other. This allows for the parallel evaluation and distributed storage of these
elements on different processing units without communication — in contrast to compression
type algorithms.

As far as we know, the present paper is the first analysis of a fully discrete multiscale
Galerkin scheme in R? that is not confined to a particular integral equation, but rather covers
a whole class of boundary integral operators. Recent related work on the analysis of fully
discrete, fast discretization schemes includes Rathsfeld [26] who considers the double layer
potential equation on a polygonal boundary and a different approach to numerical quadrature.

Although we confine ourselves in the present paper essentially to classical boundary integral
equations of the second kind, i.e. operators of order zero, we point out that the techniques
used in our analysis are quite flexible and apply to more general situations. For example, the
concepts of multiresolution analysis and the consistency analysis of the compressed Galerkin
scheme can be generalized to boundary integral operators of nonzero order, provided a stable
basis with the proper number of vanishing moments is available (the construction of specific,
necessarily biorthogonal bases and the proof of their stability appear to be the principal
issues here). For integral operators of orders +1 on polygons this was done in [23]. The
compression and quadrature error analysis in Sections 3 and 4 of the present paper applies
also for piecewise smooth surfaces such as polyhedra. There, however, the strong ellipticity of
the boundary integral equations considered here (i.e., the validity of a Garding inequality in
L? on the boundary manifold) is a delicate problem (see [8]).

The main result of the paper, namely the consistent quadrature approximation of the
compressed Galerkin stiffness matrix in essentially optimal complexity is likewise not confined
to zero order operators on smooth surfaces.

The paper is organized as follows. In Section 2 we briefly review the reduction of elliptic
boundary value problems to strongly elliptic boundary integral equations following [4, 35]. We
focus on the classical, so-called indirect method (see, e.g., [4]). In this case, no general principle
ensures strong ellipticity of the resulting boundary integral equations which are now Fredholm
equations of the second kind. Thus, strong ellipticity in the form of a Garding inequality in
L*(T) for these boundary integral operators must be checked on a case by case basis via
the associated principal symbol. As is well-known, strong ellipticity implies quasioptimal
asymptotic convergence rates of Galerkin discretizations [11]. We give several examples for
the boundary reduction which result in strongly elliptic boundary integral equations (for the
general theory we refer to [4]).

The description and the analysis of the multiscale Galerkin discretization schemes is di-
vided into two parts, Sections 3 and 4. In Section 3 we present, following [5, 6, 23, 25], a
multiwavelet Galerkin discretization for strongly elliptic boundary integral operators of order
zero. This class includes in particular all examples presented in Section 2. We give a consis-
tency analysis showing that most of the O((NN;)?) entries in the Galerkin stiffness matrix can
be neglected while essentially retaining the optimal asymptotic convergence rates of the full
Galerkin scheme. This is also true in negative norms which implies superconvergence of field
values at interior points obtained from inserting the Galerkin approximations to the bound-
ary densities into the representation formula used in the boundary reduction. In this part of
the analysis, we assume that all O(N(log Nz)?) entries that are kept in the “compressed”
Galerkin stiffness matrix are computed exactly — a rather unrealistic assumption.

The second part of our analysis, i.e. the derivation of a quadrature scheme for the direct



evaluation of the compressed Galerkin stiffness matrix, is presented in Section 4. We show
how a consistent (i.e. preserving all asymptotic convergence properties established in Section
3 for the compressed Galerkin scheme), fully discrete multiwavelet Galerkin scheme can be
obtained by using tensor product Gaussian quadratures of appropriate orders and, where nec-
essary, element subdivisions [30], to approximate the entries of the compressed matrix. Special
attention is paid to the evaluation of the singular integrals where the Galerkin scheme together
with certain regularizing coordinate transformations as in [10] allows for a stable and accurate
quadrature. The total work necessary to obtain the consistent quadrature approximation to
the compressed Galerkin stiffness matrix is shown be O(Ny(log N1)?) kernel evaluations for
the nonsingular and O(Np(log N1)*) kernel evaluations for the singular integrals.

2. Strongly elliptic boundary integral equations

We consider boundary value problems for elliptic systems of second order in variational form:
Given f € L*(Q), find U € H(Q) such that

LU =0 in €2 (2.1)
subject to the boundary conditions
BU = f onT. (2.2)

We will focus in this work on the case when L is a self-adjoint second order N x N matrix
differential operator and B a boundary operator, either the trace operator =, for the Dirichlet
problem or the boundary operator v, for the Neumann problem.

We assume that the boundary value problem (2.1) - (2.2) admits a unique weak solution
in H1(Q).

For the operators L, B, we may also consider exterior boundary value problems posed in
Q°¢ = R*\Q. Here the boundary conditions must be appended by suitable radiation conditions
at infinity in order to ensure the unique solvability of the boundary value problem in H} (Q°)

(see, in particular, [13] for exterior problems in elasticity). Throughout n(y) denotes the unit
normal vector at y € ' pointing into §2°.

We describe now the boundary integral equation reformulation for the boundary value
problem (2.1) - (2.2). We assume that we are given a fundamental solution of the differential
operator L in (2.1) which is a matrix function

G(r—y):R*x R\{z =y} — ¢

so that
LGx—-)=0z—")I (2.3)

holds in the sense of distributions.

For the boundary reduction, we look for w in the form of a potential with an unknown
density function v on I'. This approach will lead to boundary integral operators of order zero
and is also known as the indirect method.

We use the following potentials.



Double layer ansatz for the Dirichlet problem:

Uw) = [nGle = lulyds,,  zeQ (2.4)

r

Taking traces in (2.4) and using the Dirichlet boundary condition, we arrive with the jump
relations for the double layer potential (2.4) at the boundary integral equation

Au:(%uz{)u:fonr, (Ku)( /%y  — y)uly)ds,. (2.5)

Once the boundary integral equation (2.5) is solved, the density function u(y) is inserted into
(2.4) and the solution U(x) is obtained in §2.
Single layer ansatz for the Neumann problem:

/G x — y)ds,, x €S (2.6)

Applying the natural boundary conditions v; in (2.2) and letting = — I', we get the boundary
integral equation

Au = (%1 - K’> w=fonT, (Ku)(z)= F/ e Gl — y)]uly)ds,. (2.7)

Once the boundary integral equation (2.7) is solved, the density function u(y) is inserted into
(2.6) and the solution U(x) is obtained in §.

The unique solvability of the boundary integral equations (2.5), (2.7) can be ensured pro-
vided the boundary operator A is injective and satisfies, in each case, the following conditions:

1. Continuity:
[Aully < C(A) [lully - (2.8)

2. Garding Inequality: There exists a compact operator T : L*(T") — L*(T") and a positive
constant C' such that

Re (A + T)u,u) > C |[ul oy VYu € LX(T) (2.9)

3. Injectivity:
Au=0=u=0. (2.10)

A sufficient condition of the validity of (2.9) is the positive definiteness of the principal symbol
of the operator A which is defined, for example, in [12, 16].

We close this section with some examples of boundary value problems (2.1) - (2.2), ex-
hibiting in each case the boundary operator -y, the fundamental solution G and the principal
symbol of the boundary integral operators A in (2.5) and (2.7). Note that since the boundary
integral operators in (2.5), (2.7) are mutually adjoint, their principal symbol matrices coincide
up to Hermitean transposition.

We illustrate these considerations by some particular boundary value problems. In each
case, we exhibit the fundamental solution and the boundary operator ~; together with the
double layer kernel of the operator K in (2.5).



Example A: Boundary value problem for the Laplace equation

Here U7
LU = —-AU, BU =vU = —
on
1 n (x —
Olo—y)=— 1 Gl —y) = ")

Az —y|’ & —y|’
As is well-known, on smooth surfaces the double layer operator K and its adjoint K’ are
compact operators in L*(T") whence it follows that the principal symbol of the boundary
integral operator A is 1/2. This boundary value problem arises in many areas of engineering,
so for example in electrostatic field calculations where U is the electric potential and u(y) in

(2.6) is the charge distribution on the electrode I'.

Example B: Boundary value problem for the Lamé-Navier equations of linearized,
three-dimensional elasticity

Here the infinitesimal displacement field U : Q — R® is determined from (2.1) - (2.2) with
LU = —pAU — (A + p)graddivU

and the Lamé-constants A and p are given parameters characterizing the homogeneous and
isotropic material constituting the deforming body. Here v, is the traction operator which is
given explicitly on I' by

BU = U = X (divU) n(y) + QMZ—U + pn x curlU.
n
The fundamental solution is
A+3p 1 Atp @—y)@—y)'
G(x - y) = 3
8r(A+2u) ||z —y| A+3u |z — y

and

I {n(y)T (z—y),  nly (- y)' = (@—yn@)"’

Gz — = +
[717?4 ( y)] A ()\+2,U) |.T—y‘3 |x_y|3

L2004y (@ —y)
5
p |z —y|
To present the principal symbol, we denote for x € T" by
N(x) = (t1(2), ta(), n(2))

the matrix consisting of two mutually orthogonal unit tangent vectors at x to I' and the
exterior unit normal vector n(y). Then the principal symbol og(x, &) of A in (2.5) is given by
[35]

==}

elgl 0 —in&
0 elg] —in&g | N(z)
6 iv&  el¢

S b
oo(z,6) =N (a:)|§|



where v = /\—h and ¢ = 1 for interior and ¢ = —1 for exterior problems. Hence we see that

the boundary integral equations (2.5), (2.7) are strongly elliptic in this case, too.
Example C: Oblique derivative problem

Assume that Q C R® is a smooth and bounded domain. The oblique derivative problem for
L = —A in Q° consists in solving LU = 0 in 2¢ subject to the boundary condition

BU(z) = b(x) - gradU(z) + o(z)U(x) = f(z) zel (2.11)
and the radiation condition
| llim U(x)=0.
T|—00

Here b = b(z) : I' — R® is a given direction field of length one, i.e. b'b = 1, depending
smoothly on = and f(x) is a given, sufficiently smooth function on I'. It was proved by Giraud
that this problem has a unique solution if, for example, o(z) > 0 and b(z) 'n(z) >0 Vr el
(see, e.g., [19]).

Using the single layer ansatz (2.6) and inserting into (2.11), we get the following Cauchy-
singular boundary integral equation for the unkown density u(y) (see [19]):

)+/aGa:— (y)ds, + o(z /G’x— y)u(y)ds, = f(z) el (2.12)

fE

Here a(z) = b(x) "n(x). This equation arises for example in physical geodesy for the determi-
nation of the earth’s shape from gravity measurements [20]. In [19], the principal symbol of
the boundary integral operator in (2.12) is derived. We have

1

oo() = 5 (n(x) "b(x) + ir(z) "b(x)) (2.13)

where 7(x) 'n(z) = 0, i.e r(z) is any direction in the tangent plane. Since
1
Reoy(x) >  inf £ [b(z) "n(z)]

the boundary integral operator in (2.12) is strongly elliptic if the direction b(z) is not tangential
anywhere on I

Example D: Exterior Stokes flow

Here we are interested, for example, in determining the velocity field and the pressure dis-
tribution (U, p) of Newtonian, incompressible viscous flow exterior to a smooth and bounded
surface T in R®. For illustration we consider the exterior Dirichlet problem. Other cases can
be handled similarly, see, e.g., [17].

The governing equations are

—vAU +gradp = 0, divU =0 in Q°,
U = fonl

(2.14)



where f is a prescribed velocity field on the surface of the body satisfying [ f - nds = 0 and
r

v > 0 denotes the viscosity of the fluid. We require in addition that the fluid is at rest at
infinity, i.e.

U(z)| = o(1), |gradU(z)| = of|z| ")
p(x)| = oflz| ™), |gradp(z)| = o(|z|~*)
The fundamental velocity tensor, the so-called Stokeslet, is given by

(z—y)(x—y)'
|z —y[® }

for |z| — oo.

8y

1 _
6o 9) = gy {lo ol 1+
We represent (U, p) as double layer potentials of an unknown density u : I' — R?® as follows:

Ui(x) = z; /uj(y)ﬂjk(y — x)ni(y)dsy, (2.15)

ple) = 3 [ w)aly - 2)nily)ds, (2.16)

]7k:1F
where 3 540
. T Tk
Tij(2) == I ]x]|5
and 5 o
A v , T
p(2) = — < ——2L5 + 3L 4.
o) = {0

Letting in (2.15) the point x tend to I', we obtain the boundary integral equation (2.5) with
the hydrodynamic double layer potential

(Ku), (z) = Z

3
/uj(y)ﬂjk(y —x)ng(y)ds,, xe€l.
j,kilr

We observe that due to the classical estimate
(z—y)-ny)| <CT)|z—y* zyel

valid for smooth, bounded surfaces I' the double layer kernel 33 _, T;.(z — y)ni(y) admits the
estimate

; Tin(z — y)ni(y)| < C(0) |z —y| ",

i.e. it is weakly singular and thus integrable. Moreover, on smooth surfaces the hydrodynamic
double layer potential K is a compact operator on [LQ(F)]?’. Thus, the principal symbol of
the operator A = %I + K is equal to %I and hence A is a strongly elliptic boundary integral
operator in [LQ(F)]3. This can also be seen by letting formally A — oo in the fundamental
solution and the principal symbol for the elasticity problem. The proof of the injectivity of A
is given in [17, Theorem 3.1].



We remark that corresponding boundary integral equations are also obtained for the time
harmonic variants of the above boundary value problems. The positivity of the principal
symbols is unchanged then since the mass term —pw?U in the differential operator does not
contribute to the leading derivatives.

In summary, in each of the above examples we can reduce the boundary value problem
(2.1), (2.2) to a boundary integral equation

Au=f (2.17)

for the unknown density function u € L?(T") with a strongly elliptic pseudodifferential operator
A of order zero. It is for such problems that we develop and analyze now a wavelet based
Galerkin discretization scheme.

3. Multiscale Galerkin Boundary Elements

3.1. Preliminaries

Let Q C R® be a bounded domain with a piecewise analytic, orientable Lipschitz boundary
manifold I' = 09Q. More precisely, I' admits a partition into Ny disjoint open sets I';, j =
1,..., Ny and there exists a covering of I' by a collection of larger, open sets f‘j with I'; CC
fj crl,ie.
r= Y Ij= U I, T;nTy=0 j#k (3.1)
1<j<No 1<j<No

There exist local charts x; € C’O’l(fj, R?) which map f‘j bijectively onto certain reference
domains Z;IJO C R%. The set {(T';, x;)} forms a Lipschitz atlas of T.

We assume that each I'; is a curvilinear, either quadrilateral or triangular surface piece in
IR®*. We can therefore in particular assume that for all quadrilateral resp. triangular I'; there
exists a common reference domain U° C Z;{JO such that

k;NU%) =Ty, k;'isanalyticon 4%, j=1,.., Nj. (3.2)

Therefore U° is either the unit triangle {(&,&) @ —1 < & < 1,—1 < & < &} or the unit
square {(£1,&) : —1 < & < 1,i = 1,2} in R®. Admissible boundaries include therefore closed
C*-manifolds as well as polyhedra.

By do we denote the surface measure defined almost everywhere on I'. We consider the
space L*(T') of functions v : I' — € which are square integrable with respect to do. An inner
product on L*(T) is given by

(u,v) = /uz‘;do. (3.3)

r
We also consider the Sobolev spaces H*(T;) of functions with pullback in H*(U°) endowed
with the norm H*(U°) transported to I';. The space of functions u € L*(T") with u|Fj e H*(Ty)

for s > 0 is denoted by H;V:Ol H*(T'j). Evidently, the expression

1/2

No
lully = { D llul
j=1



is a norm in H;V:Ol H*(Ty).
An inner product (-, - ), equivalent to (-, -} (i.e., giving rise to equivalent norms) in L*(T),
can then be defined by

No

(wv) =3 / (w2 ulp,) (w3 T, ) dé dée. (3.5)

j:1u0

We are interested in the numerical solution of the operator equation (2.17) in the weak form

u € L*(T) (Au,v) = (f,v) vu € L*(T). (3.6)
Here the operator A is a boundary integral operator which can be represented in the form
(Au) () = c(x)u(x) +p-v-/K(9€,y)U(y)d0(y) (3.7)
r
where K(z,y) = K(z,y,z — y) and the kernel K has the form
K(x,y,2)= 3 salw,y)2[z[7". (3.8)
k<|a|<k+a

The coefficient functions s,(z,y) and c(z) are analytic functions of z € T; and y € T},
1,7 =1,....,Ng and a,k € INy. All kernels in the examples in Section 2 are of this type with
k=1ork=3.

The integral in (3.7) is in general to be understood in the Cauchy principal value sense,
ie.

e—0
M\ Be ()

po. [ K(e.yyuly)doly) =lim [ K(w.y)u(y)do(y). (3.9)
r
Here B.(z) = {y € R® : |x — y| < €} denotes the open ball of radius ¢ about the point 2. We
assume that the kernel K(z,y) is such that the limit in (3.9) exists (see [19] and Section 5.4
ahead for details).
Approximate solutions to (3.6) are obtained by the Galerkin method. Given a dense

sequence {V1}3°, of finite dimensional subspaces of L*(T"), we solve
ut e vF <AuL,v> = (f,v) Vo e VE. (3.10)

The Garding inequality (2.9) and the injectivity (2.10) of the operator A, ensure the unique
solvability of (3.6), provided L is sufficiently large [11]. We denote by Pj, the orthogonal
projection

P LA(T) — VE (v—=PL),p) =0 YpeVr (3.11)
Proposition 3.1 Assume (2.8) - (2.10). Then, for every f € L*(T") and sufficiently large L,
the approximate problem (3.10) is stable in the sense that

HPLAULHO > Cs

uLHO for all ut € V*. (3.12)

In particular, there exist unique solutions u” of (3.10) which converge quasioptimally to the
unique solution u of (3.6), i.e.,

Hu—uLHO <C inf, fu vl (3.13)
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For a proof, see e.g. [11].
Our interest is here in so-called multiscale discretizations which are based on special bases
for the spaces {V}%°, which we define next.

3.2. Multiwavelet Basis

To define V! C L?(T") we divide U° into 4' subsquares resp. congruent subtriangles {UL} by
successively halving the sides [ times. Then we define the spaces

Vi={uec L} | (“j u|Fj)

u cyU)) j=1,...,No,k=1,....4"}.

of discontinuous, piecewise polynomials of total degree d. Here x* is the usual pullback op-
erator, i.e. K*¢p := p(k1(u)). Throughout the construction of the multiwavelet basis in this
section, the notion of orthogonality is understood with respect to the inner product (3.5).

Let {¢,} v =1,...,04 with 6; = (d + 1)? for quadrilaterals and 0; = (d + 1)(d + 2)/2
for triangles be an orthonormal basis of II;(U°). The dimension of V! is N; = 6;Ng4!. We
introduce the multiindex

I=(lLkv), 1<j<NyleNg1<k<4 1<v<b,

Let 7/ denote the affine transformation which maps U}, to U° and define the function p;: T' — R
by

P k,Lr)

* 2lcﬁy o T]i in Z/{,l€
R j v - >
J (Qp(]’k’l’ ) Fj) {0 otherwise

nr,

For [ € Ny an orthonormal basis of V! is given by the functions { ¢; | I € Z; } where
T={(G,LEkv)|j=1,...,No,k=1,....4 v=1,....0;}.
Obviously, the spaces V! form a hierarchy, i.e.,
VicVvic...cvicvitic...

As usual, we define a sequence of spaces W' as orthogonal complement with respect to (-, -)
of V&=1in V

Wh={yeV|(p,)=0 VYpeV} (3.14)
Then V*! = Vi@ W and we obtain the multilevel splitting

Vi=w'eW!'e. ..o W" (3.15)
where W := V°. Hence every function u* € V¥ admits a unique decomposition
u =’ 4w + -+ wh, wewrl=0,..., L (3.16)

Let Py =0. Then w' = (P, — P,_1)u” in (3.16).
To obtain an orthonormal basis for W' we proceed similarly as for V!. First we consider the
space W1 of discontinuous, piecewise polynomials of total degree d on the four U}, k=1,...,4

which are orthogonal in L?(U4°) on all polynomials of total degree d on U°. Let vy, ... g,
denote an orthonormal basis of W1
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We define the functions ¢;:I' = R for [ > 1 by

. 21y, o7l in U
P o = v O Ty k , ke =0. 3.17
J <w(]vl7k7 ) Fj> {O Other ise ¢(J7l7k7 ) F\Fj ( )
For | = 0 we use the basis functions
vy =; for I =(j,0,k,v). (3.18)

Then for I € Ny an orthonormal basis of W' is given by the functions {¢; | I € J;} where

J={0G,LEv)|[1<j<Ny,1<k<4,1<v<30;} forl>1
Jo = TIy.

(3.19)

Remark 3.1 The multiwavelets ¢ in (3.17) are in fact fully orthonormal with respect to the
inner product (3.5). They are, moreover, piecewise polynomials in local coordinates. This will
be essential in the quadrature error analysis in Section 5 ahead.

By (3.15) an orthonormal basis of V¥ for L € Ny is given by

{Yr|1eFHU...UJL}

The L2-projectors P, onto V¥ admit the explicit representation

u = Pru= 3 (u,¢r) 1 (320)
=
and we have for w! in (3.16)
w'= (P —Pu= Y (u,45)1hs . (3.21)
JET,

Therefore the norm of functions in L?(T") can be characterized by the multiwavelet expansion
coefficients.

Proposition 3.2 For every u € L*(T'), there holds
. 2
ullZzqy ~ D2 D 1w, vs)] (3.22)
1=0 JET,
where ~ denotes the equivalence of norms.

Moreover, the higher order Sobolev norms of smoother functions can be estimated by properly
weighted sums of multiwavelet coefficients.

Proposition 3.3 Let 0 < s < d+ 1. Then for every u € ij:(’le(Fj) and every L € N

L L No

s 2 s v
Y22 3w, y)|F < C 2% IF < O LYYl (3.23)
=0 JeJ, 1=0 i=0

where v =0 for0 < s<d+1andv=1 fors=d+ 1.
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The proof is obtained exactly as that of [25, Proposition 4.2].
We use the multiwavelet basis (3.18), (3.17) in the Galerkin equations (3.10). To this end,
we write u” in the form

L
SY Y by ub— (u )

=0 JeJ;

and denote by u = (uﬁ) Jegi=o,...r, the vector of unknown coefficients of uk. Tt is determined

by the linear system

.....

L
ZZ whAwJ uJ_<’l/jluf>7 [E%/,ZIIO,...,L. (324)

=0 JeJ,
We denote the Ny x N; matrix by AF, i.e
Al = (W, Ayy)y, Te Ty, Je T, lI'=0,...,L. (3.25)

Then (3.24) corresponds to the linear system

where f = (Y1, [))1egyr=o,....- Note that AL is not symmetric in general. The condition
numbers of the sequence {A*} of matrices is bounded:

Proposition 3.4 There exists k* € R such that for all L
condy(A") < K*.

Proof: This follows from the stability (3.12) and the norm equivalence (3.22). O

3.3. Consistency Analysis for the Compressed Galerkin Scheme

The wavelet basis {t¢;} defined in (3.18), (3.17) has vanishing moments in local coordinates.
More precisely, for all J € J;, 1 > 1,

/(¢J|Fj o;)(s)sds =0 for |a| < d. (3.26)
Z/{O

The vanishing moment property (3.26) implies the smallness of certain entries of the matrix
A'. This is due to
cla, 5,T)

|x _ y|2+\a|+\6|

DeDJK (z,y)| < (3.27)

(here DY, Dyﬁ are Cartesian derivatives in R? acting on a smooth extension of K to a tubular
neighborhood of I') which is an immediate consequence of (3.8). By S; we denote the set

Sy={zel|¢y(z)#0} (3.28)
and we define d;; = dist(Sy,S;). Then there holds
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Lemma 3.1 The entries A% ;, in the Galerkin matriz (3.25) with d;; > 0 satisfy

|45 | < Cdy 7t Pgmtdrnu), (3.29)

The proof follows by (3.26) and Taylor expansion of the kernel about the barycenters of S;
and Sy (see, e.g., [25] for details).

We will now show that most of the N, x N entries of the stiffness matrix { A, } can be
replaced by zero without affecting the convergence rates of the resulting “compressed Galerkin
scheme”. To this end we introduce the following truncation strategy:

Ay = {AJJ’ ifdyy < o (3.30)

0 otherwise

where {J;,} is a matrix of truncation parameters at our disposal.
To estimate the consistency error thus introduced we define the block matrices

Ay ={Asr}seq.reqy,

with J;, Ji as in (3.19). Analogously we define Az,y, [,/ =0,...,L. These are submatrices
of the respective stiffness matrices. In the following lemma we estimate the effect of the
truncation (3.30) on each block.

Lemma 3.2 .
HAl,l' — Ay

< OO D@l ax (g2, 272, (3.31)

HAl,l’ - Al,l/’

| < OGNy max {2, 27 (3.32)
Proof: We have with Lemma 3.1

—2(d+2) — ’
=max » |A;p/<Cmax Y d (2 o= (d+2)(+1)
oo JeT ’ JeT JJ
bLogegy, bLoregy

dygr 28y dygr28

1ALy — Ay

We estimate the terms from the S closest to S; directly and majorize the remaining terms
by an integral

HAl,l' - Al,l’ < Cdist(Sy, SJ/)*Q(d+2)2*(d+2)(l+l’)
+ / dist (S, S )2+ - (@ lg=dl 457
zel
dist(x,S(,)Z&l’l,

< C(dist(Sy, Sp) 2D @R dist(,, §,) 2N (A=)

The estimate for HAl’l/ — Au/’

) follows in the same way with J and J’ interchanged. O
We estimate next the number of nonzero elements in Au/, denoted by N/ (Au/).

Lemma 3.3 B
N(Au/) S Nl—lNl’—l min{C(272l + 272[ + 5[27[/), 1} (333)
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Proof: We note that for each v, J € J; there are at most 1 + (272 + Céf’l,)Q*Ql’ values of

J' € J, such that dist(S;, Sy) < .

O

The stiffness matrices A", A" with respect to the multi-wavelet basis {1} define finite dimen-
sional operators ALY, AL : VI — (VE) where (V1) denotes the dual space of VE. We have

the following consistency estimate for the difference between these operators.

Theorem 3.1 Let s,5 € [0,d+ 1] and assume that

s+d+1 ~>§+d+1

BRI
Assume further that the truncation parameters {0, } in (3.30) satisfy
Oy > max{a2~Loel=09aL=t) o=l o=y
Then, for v € H*(I'),u € H5(T') there holds
(A" = AN Pru, Pri)| < Ca DN ) al;

where v = v] + 19 and

- s+d+1 s+d+1 ~
1/12{0 S D) <« and +1)<oz ’
1 otherwzse

vy=0ifs<d+lands<d+1,nn=1ifs=d+1ands=d+1, and vy =

Proof: Using Proposition 3.3 we find
(A" = AP Py, Prin)| < CL NG 92 | flallsl| B |2
where the matrix E* is now given by

(3.34)

(3.35)

(3.36)

% otherwise.

We estimate ||E”||; using the Schur-Lemma (see, for example [18], p. 269) with v, = 274,
Recall that A 1 and A;; denote the blocks of AL and AL corresponding to the levels [ and [’.

We estimate with Lemma 3.2 and (3.35)

L
STES g = D0 2sE D280 A L — Al
J’E%/ =0

IA

I'=0

L
S C Z 28(L—l)2§(L—l/)5&/2(d+2)2—(d+2)12—(d+1)l/51271, ,
1'=0

L
C Z Qs(Lfl)Qé(Lfl’)5ljl?(d+2)27(d+2)127(d+1)l’ max{ézz,z/a 2721’}
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since ¢,y > 27" by (3.35). Furthermore, (3.35) gives

L
Z |E§J/|'YJ/ S C Z 28(L—l)2§(L—l/)2—(d+1)12—(d+1)l/2—l
Jedy I'=0

min{a72(d+1)22(d+1)L272(d+1)a(L7l)272(d+1)d(l7l’) 22(d+1)l 22(d+1)l’}

L
< (Og-2d+Dg-l > o (s+d+1-2(d+1)a)(L—1) o (5-+d+1-2(d+1)@) (L—1')
1'=0
< C L a*2(d+1),yJ
The estimate for the column sum follows completely analogously. O

The consistency estimate Theorem 3.1 allows to show that the compressed Galerkin scheme
(3.30) has essentially the same asymptotic convergence rate as the original one while the
number of nonzero entries in A" is considerably smaller than N?.

Theorem 3.2 Let v(t) =0 for 0 <t <d+1 and v(t) =3/2 fort =d+ 1. Assume (3.35)
with1>a>(s+d+1)/(2d+2) fors <d+1 and o =1 for s =d+ 1, and analogously for
a. Let L be sufficiently large. Then there holds

1. If the constant a in (3.35) is sufficiently large, the compressed Galerkin scheme
ALt = P f (3.37)

18 stable, 1i.e.

HALULHO > CHULHO vol e VE (3.38)
2. Assume in addition that f,u € H*(I'), 0 < s <d+ 1. Then
|u—a"|, < (og No)" N2 |Jul, (3.39)
3. Assume further that that for any g € H*(T') the solution ¢ of the adjoint equation
A*p = g belongs to H*(T') for some 0 <5< d+ 1. Then
|(u— ", g)| < C (log Np)" O+ NZEFD2 | gl (3.40)
Proof:

1. Tt is well known that the Garding inequality (2.9) implies for L sufficiently large the
discrete inf-sup condition which can be written as

J+*|

< ¢ AULH vol e VF (3.41)
0 (VL)/
Using (3.36) with v* € V¥ and s = § = 0 we obtain with (3.41)

[ oy 2 A0y = 64" = A0 ) 2 7 o] = a7+ o]

(VL VL)’

This gives for sufficiently large a
ot < At Vet vt (3.42)

VL)’
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2. We have
et < - Pl + - 3

Using (3.42) and <ALuL,vL> = <Au,vL> for v¥ € V' we obtain

HPLU _ ﬂLHo <C HAL(PLu — U =C HALPLu — A“H(VL)’

NMevy
yielding

|l —@"|| | < llu— Prully+ C A = Pru) ey, + C [ (A - AL)PLUH(V

L)/

The first two terms are estimated using the approximation property and the continuity
of A. The estimate for the third term follows from (3.36) with § = 0 and PLvl = v%:

‘<(A — AL)PLu,vL>‘ < Ca 2 VLN ), ULHO

3. Let ol := Py, then
(u =t g)] = [(Aw = @) 0)] = [(Aw = a0 = )|+ [{Alu = ). ")

The first term can be estimated by C Hu — fLLHO |l — Preyl|, which gives the desired
bound using (3.39) and the regularity of ¢. For the second term we have

<A(u . aL)’SOL> _ <(AL _ A)ﬂL’wL>
— <(AL — A)(@" — Ppu), PL90> + <(flL — A)Pru, PL90>

The second term on the right hand side can be estimated by (3.36). Since a’— Pru € V¥
we have for the first term using (3.36) with s = 0

‘<(/~1L — A)P (i — Pru), PLSO>’ < ON;2pHe

< ONPLO(|i" = ul| + llu = Praully) ¢l
O

i — Puul| ¢l

Thus, up to logarithms, the compressed Galerkin scheme preserves the optimal convergence
rates of the original Galerkin scheme without compression.

Remark 3.2 Since the boundary integral equation (2.17) was obtained from the boundary
value problem (2.1), (2.2), an approximate solution UL of (2.1), (2.2) can be obtained by

inserting @ into the potential ansatz (2.4), (2.6). For the resulting error ’U(x) — ﬁL(x)‘ in

the solution U(z) of the elliptic boundary value problem at any interior point z € € the
estimate (3.40) (with s = § = d + 1 and smooth boundary I') implies

U(x) = U (2)| < C(x) (log N1 ) N £l (3.43)

i.e. twice the convergence rate achieved for the boundary density in L?(T).
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Analogous convergence estimates hold also for derivatives of the solution for which rep-
resentation formulas can be obtained by differentiating the representations (2.4), (2.6) with
respect to x € €. For example, if one uses the simplest Haar wavelet (d = 0) for the bound-
ary integral equation (2.6) of the Stokes problem (2.14), the pressure representation formula
(2.16) yields approximate pressures p* which converge pointwise at interior points with the
rate k2 (log h)® where h denotes the boundary meshwidth.

Finally we note that in general the constant C'(x) in (3.43) blows up as x — I'. Nevertheless,
with appropriate postprocessing the full rate of convergence (log IV, L)3 N; (@+1) can be recovered
also at the boundary [33, 34].

Remark 3.3 For §;y as in (3.35) and a,& < 1, the number of nonvanishing entries N (AD)
in the compressed stiffness matrix A% is bounded by

~ O(N,(log N.)2) if a=a=1,
w(ary = | OWellogNe)) it a=a (3.44)
O(Nplog Np) otherwise.

Remark 3.4 Although our construction of multiwavelet works for piecewise smooth surfaces
I', we emphasize that then the solution v and the auxiliary functions ¢ in Theorem 3.2, point
3., belong only to H*(I') for some s which is (possibly substantially) smaller than d + 1,
even if the data f and g are piecewise smooth. This is of course due to the edge and vertex
singularities induced by the unsmoothness of I'. The corresponding reduced convergence rate
can be compensated, however, by employing properly graded subdivisions of I' rather than the
quasiuniform ones used here. For an analysis of a multiscale Galerkin scheme on such graded
meshes on polygons, we refer to [24].

Remark 3.5 We will use Theorem 3.1 and 3.2 to analyze the effect of the quadrature error.
We will choose the quadrature in such a way that the matrix after truncation and quadrature
still satisfies (3.31), (3.32), (3.35). Since only these inequalities are needed the statements of
Theorem 3.2 will also hold for the fully discrete method with truncation and quadrature.

4. Quadrature error analysis

So far we assumed that the entries A, of the compressed stiffness matrix AL are computed
exactly. Except in very special circumstances, however, only approximate values Ay that
must be obtained by numerical quadrature are available. In this section we present and analyze
a quadrature strategy which a) preserves the asymptotic convergence rates of the compressed
scheme in Theorem 3.2 and b) essentially retains the asymptotic complexity (3.44) of the
compressed scheme. This will be achieved by tensor product Gaussian quadrature formulas of
properly selected orders. The case of triangular elements is treated by conical product rules.
Our purpose, then, is to determine a family of Gaussian quadrature rules () to compute
approximations A g =Qy J’A s+ of the nonvanishing entries A s+ of the compressed stiffness
matrix A such that (3.38) - (3.40) are preserved. We will show that this can be done with
O(Ny, (log N1)*) kernel evaluations in the far-field, i.e. all offdiagonal entries of the compressed
stiffness matrix and with O(Ny, (log N1)*) kernel evaluations for the singular integrals. The
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quadrature error analysis will utilize the consistency analysis introduced for the compression
error analysis (cf. Remark 3.5).

The outline of the section is as follows: in Section 4.1 we collect some classical derivative-
free error estimates for Gaussian Quadrature in one dimension and generalize them by a tensor
product argument. In Section 4.2 we investigate the analyticity of our integrands. Particular
attention is paid to the size of the region of analyticity. Section 4.3 then discusses the strategy
for the numerical evaluation of the regular integrals and its complexity. Section 4.4 contains
an analysis of the quadrature of the singular integrals arising on the diagonals of the blocks
Al,l’-

Throughout this section we denote by G" f the n-point Gauss-Legendre quadrature applied
to f(z) in [—1,1]. Further, we denote by £, C C the closed ellipse with foci at z = 1 and
with semiaxis sum p > 1.

4.1. Quadrature error estimates for analytic functions

In this subsection we collect some known error estimates for Gaussian quadrature formulas for
analytic functions. They have been used in the analysis of the discretization error for second
kind boundary integral equations in [14]. We begin with a classical derivative-free quadrature
error estimate in one dimension.

Proposition 4.1 Let f(x) be analytic in [—1,1] and admit an analytic continuation f(z) into
the closed ellipse £, C € with foci at £1 and semiaxis sum p > 1. Then

[E"f] =11] = G"f| < Cp™" max |f(z)]. (4.1)

This estimate goes back to Davis, see, e.g. [7, Eqn. (4.6.1.11)]. Higher dimensional analogs
of it can be obtained by a tensor product construction.

Proposition 4.2 Let f € C(); x Q). Define

1f = hnf = [ [ f(& &)d6ds,

O Qo
and let
Nioo A
Qig =Y wg(&),  i=12
j=1
denote quadratures with w§i) >0 and 5]@ €, i=1,2. Then
|Ef]=[(I —Q1Q2) f| < [$4] Inax (12 = Q2) f (&, )| + [€2e] max (L= Q) (&) (4.2)

Proof: Let Q) = Q)12 denote any tensor product formula. We write

I=Q)f = (Lila—=Q1Q2) f= (L1 — Q2+ 1Qy — Q:1Q2) f
= L [(I2—Q2) fl+Q2[([i — Q1) f]



19

and estimate

(=@ f] < [60] max |(I = Q2) f(a1,)] +f}ﬂ)§” (= @) £,

1601

< || max [(Is — Q2) f(x1, )| + [Qa] max [(I; — Q1) f(+, 22)]

r1€EM 22602

2) .

since (s = Z;le wj(?) by our assumption on the positivity of the weights w,™.

.From Propositions 4.1 and 4.2 we deduce the basic derivative-free quadrature error estimate
which we will use below.

Proposition 4.3 Let B = [-1,1], 3 = Qs = B x B and f(u,u’) : Q1 x Qs — R. Assume
further that for every u € 4, f(u,u’) admits an analytic continuation as a function of u' to
532 C €2 for some py > 1 with

. / !
Maim max {mxmag )+ s | >\} <o (13)

and that for every u' € Qo, f(u,u') admits an analytic continuation as a function of u to
531 c €2 for some py > 1 with

M; := max {max max |f(u,u')| + max max|f(u,u/)|} < 00 (4.4)

uw'E€BXB | u1€B u2€d€p, u1 €0Ep, u2€B
Then, for every ny,ns € N,
(T —cnanaray) f| < 0 {o Myt oMy} (4.5)

Proof: We apply Proposition 4.2 and must therefore estimate the quadrature error for the
double integral

max
ue

(- GG7) flu )|

and its counterpart with indices “1” and “2” interchanged. Applying Proposition 4.2 once
more to each of these two quadrature errors, we get that

|[Ef] < 2|9 max { max
u€EBXB u}€B

[ s byt — Gz s, ->‘
B

+ max
uy€B

[ Flust )t = G (s, )
B

|

/f(ul, ug; u')duy — Gy f(uq, - )
B

u'€BxB u1€B

+ 2| max { max

+ max

max fuy, ug; w')duy — Gy f (-, ugy )

B

} |
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We apply Proposition 4.1 to each of the four one-dimensional quadrature errors in the above
bounds. This yields (4.5) and an analogous bound for Ms. O
4.2. Analyticity of the kernel in local coordinates

To apply the error estimate (4.5) to the compressed Galerkin scheme, we must investigate the
analyticity of the kernel K (x,y) in local coordinates, i.e. the analyticity of

Kjp(u') = K57 (), k5 (1) 1< 5,5 <N (4.6)

(the dependence of K on j and j/ will not be explicitly indicated when it is clear from the
context).

Lemma 4.1 o
i) For every w € U°, K;j(u,v) is a real analytic function of

velUUN{u} ifj=j, vel® otherwise.

It admits, for every u' € Uy, u' # u, an analytic continuation (for convenience again denoted
by Kjji(u,v)) for

ve B, r)={we C®: (W —w) W —w)<r’}. (4.7)

Here 0 <r =% ‘/ij_l(u) - /ﬁ;l(u’) and the constant 4 > 0 depends only on the global shape of
I and on the domains of analyticity of the charts {k;} and of the functions s, in (3.8).
ii) Conversely, for every u' € U°, K;;(v,u') is a real analytic function of

velN{u'} ifj=j, veU® otherwise
and admits, for every u' # u € Uy, an analytic continuation for v € B(u',r) with r as above.

Proof: 1Tt is sufficient to prove only the first part of the lemma since the second part is
completely analogous. We show first that, for given u,u’ € U, the kernel f(jj/(u,v) is real
analytic in B(u/,r) N R%,

By assumption, the charts x;(u) are real analytic functions of u € U, and bijective. There-
fore, with = = k;(u), y = kj(u’) the numerators s,(x,y) in (3.8) are, as compositions of
analytic functions, real analytic for v,u’ € Uy. Their domains of analyticity are determined
by the domains of analyticity of the charts x;(u) and of s,.

Next, we consider the analyticity of

‘/ﬁ;l(u) — k()]

We distinguish several cases.
Case i) j =7’ o
Since the charts (/-@j)_l : U — T are bijective, there exists a global constant v such that

‘H;l(u) — k' (u)

ju — |

0<y i< <~ foru,u €Uy 1<j<Ny.
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. . T 12, -
Further, for # # y the Euclidean distance |x —y| = {(:c —y) (x— y)} is real analytic in
z for fixed y and vice versa. Since the charts (k;)" are analytic on U0, for fixed u,u’ €
Uy the expression ‘/{j_l(u) — /1;1(1))’ is an analytic function of v € B(u/,r) N R? for r <
min{?, 7y |5 (u) - k' (u)

chart /1;1.

The assertion of the lemma follows from the definition (3.8) of the kernel if

7 [R5 () = 5 (W)

} where % > 0 depends only on the domains of analyticity of the

< 4 (take 4 = 7). Otherwise, i.e. when

0<y<n ‘/ﬁ;l(u) — Ky ()

2>

)

select 4 < ~ such that % > A4|r —y|. Hence the asserted selection of r with 4 =
min{v,4/diam(Q)} works in all cases. Finally, since K (u,v) is a composition of real analytic
functions, it admits a complex analytic extension (e.g. via the classic power-series argument)
as a function of v € B(v/,r).

Case ii) j # 7' and dist(I';, ;) > 4 > 0. Here the assertion of the theorem is true for all
u, v’ € U°, since the kernel is nonsingular and real analytic in v’ € U° for every v € U° and
vice versa. Notice that the value of r in (4.7) must possibly be reduced depending on §

Case iii) j # j" and dist(I';,I';/) = 0. This is the case when two surface pieces are adjacent,
ie. F_J NI is either a line or a vertex. Fix u,u’ € U0 such that

Then it follows as above that for fixed u € U0 the function K (u,v) is analytic in v € B(u/, r)
where 7 is as in (4.7) and vice versa. O

The numerical quadrature rules Qs are constructed on the reference domain U4, i.e the unit
square S = (—1,1)? or the unit triangle T = {(z1,29) : =1 < 71 < 1,—1 < x5 < x1}. To this
end, the kernel Kj;(u,’) is mapped from U} x UL, to the reference domain U0 via the affine
transformations

U, — U°.
Denote by

Kyp(u) = Ky ((7) 7 (), (70) 7' () (4.8)
the transported kernel and let
dyy = dist (T(J),T(J"), T(J):= (1} o)) WU (4.9)

denote the Euclidean distance of the images I'(.J), T'(J’) of U° under the respective coordinate
transformations.
We consider first the case where U° = S, i.e. we have quadrilateral elements.

Lemma 4.2 Assume that d;; > 0 and that U° = (—1,1)%. Then there exists a constant
v > 0 which depends only on the kernel, the boundary I' and its parametrization such that
i) for every uy, ug, uhy € [—1,1), Ky (u,u') admits an analytic extension to u} € &, with

p=1+~2d;, (4.10)
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and

maX max
uy,uz,us€[—1,1] uj €€y

Kyp(ud)| < M) () (4.11)

Analogously, for every uy, ug, ) € [—1,1], Kyp(u,u’) admits an analytic extension to uy € Ey
with p' as in (4.10) and

N
Kypo(u, )| < M/ (dyr) (4.12)

max max
u,uz,uf €[—1,1] u2€<‘: /

ii) Conversely, for every uy,ub,us € [—1,1], f(JJ/(u,u/) admits an analytic extension to
Uy € gp with ~
p=1+~2d;p (4.13)

and
Ky, u)| < M/ (dy)" (4.14)

max max
ul,ubug€[—1,1] u1€E,

Analogously, for every uy, uy,uy € [—1,1], Kyy(u,u') admits an analytic extension to uy € &
with p as in (4.13) and

KJJ/(U u)‘SM/(CZJJ/)Q (415)

max max
ul,ubu1 €[—1,1] u2€é,

Here the constant M is independent of J and J'.

Proof: Assume first that [ = I’ = 0, i.e. 7/ is affine and does not change the area. Then the
assertion (i) follows from Lemma 4.1, since for every point u € U and every u' € U° there
exists B(u',r) such that K (u,v) is an analytic function for v € B(w/,r). Therefore we can
select 83, such that
U cc S_pz, cc |J B@, r(u,u))
w' €U0
The analyticity of K (u,v) and its homogeneity implies also the bound (4.11) for I’ = 0.
The proof of (ii) is analogous.

The case [,1I’ > 0 is then obtained by a scaling argument. O
We reduce the case that U° = T of triangular elements to the case where Y = S = (—1,1)?
via the degenerate mapping (sometimes also called the “Duffy-transformation” ) = O(¢),
u' = ®(¢') given by

S|
O(¢) = . (4.16)

—1+ (G +1)(&+1)/2

We define in this case the transformed kernel by
Kyp(6,€) = Ky ()~ 0 2(€), (7)™ 0 8(€))) - (4.17)

Note that an application of n X n tensor product Gaussian quadrature to Kyp(€,¢) in the
unit square corresponds to using a conical product rule for K ;j in the triangle.

To estimate the quadrature error on triangles, we need an analog of Lemma 4.2 for the
transformed kernel (4.17).
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Lemma 4.3 For the kernel K;;(, &) in (4.17) statements i) and ii) of Lemma 4.2 remain
true for K (&, &), with possibly different constants v and M in (4.10) - (4.15).

Proof: As in the proof of Lemma 4.2, we first consider [ =1’ = 0.

As before, we obtain from Lemma 4.1 the analyticity of the kernel K (u,u) defined in
(4.8) on T x T It therefore remains to show the following: if f(u) is analytic in T then f(®(€))
is an analytic function of £ € S. If f is analytic in T, for every ug € T there exists Ry > 0
such that

fluw)y = > —f ) (uo) (u — uo)® ¥ |u —ug| < Ro. (4.18)
ozEIN

We show that (f o ®)(£) can be expanded into a convergent power series about any point
& € T for which ug = ®(&). To this end, observe that

R > u—ul” = (& —&n)*+ ! 1 &+ 1)(& = &oo) + (o2 + 1)(&1 — Eon))”

i 4(& - 501) (& +1)*(& — &2)* — (& + 1)*(& — &o2)?
—e (S + 1% (&1 — &) + (o2 + 1) (& — &)’

> i E(fl —&0)* + (& + 1) (&~ 502)2/4}

v

where we selected € = 3/4.

This shows that inserting u = ®(&) into (4.18) yields a power series for f(®(&)) which
converges for sufficiently small |£ — &|. Now the assertion follows for [ =" = 0 as in the proof
of Lemma 4.2.

For [,1" > 0, we use once again a scaling argument. O

Lemmas 4.2 and 4.3 will be used when the surface is subdivided either only into quadrilaterals
or only into triangles. The arguments in the proof can, however, also be used in the case of
mixed partitions of I' consisting of both quadrilaterals and of triangles.

Corollary 4.1 Statements i) and i) of Lemma 4.2 remain also valid for the kernels

Kyp(&,€) = Ky (1) 71(€), () ™ 0 @(¢)))

and

Kyp(6,€) = Kiy () 0 (€), () 71(€)) -

4.3. Quadrature for the nonsingular integrals

We analyze the quadrature for the non-singular integrals, i.e. for those entries

/ / K (@) (@) (y)do(2)do(y) (4.19)

of the stiffness matrix for which

dist (supp)s, suppyyr) > 0 (4.20)
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(note that (4.20) implies that (cip;,1,) = 0.) According to (3.17), every ¢, (x) is a scaled
and transported copy of some v, a piecewise polynomial basis function of W

As indicated in Remark 3.5 we will determine the number of Gauss points in such a way
that the consistency estimates (3.31), (3.32) still hold for each block. This and corresponding
estimates for the singular integrals in the next section imply, via Theorems 3.1 and 3.2, optimal
(up to logarithmic terms) convergence rates of the fully discrete solution in the boundary
energy norms as well as at interior points of the domain.

Finally, we estimate the complexity of evaluating the nonsingular integrals. The numerical
evaluation of the singular integrals is the topic of the following section.

4.3.1. Basic error estimate

In local coordinates, the multiwavelets ¢ ;(x) are piecewise polynomial functions. This al-
lows to derive quadrature error estimates from corresponding results for piecewise polynomial
density functions.

Lemma 4.4 Let U° = (—1,1)*>. Let A\ N € Ng and J = (j, N\ k,v) € T\, J' = (§', N, K, V) €
Ty be such that dy; > 0. Let further

Tw)= D> cv®, w(v)= Y. ”

0<ai,az<d 0<oq,az2<d’

be polynomials of seperate degrees d and d', respectively.
Denote by |do(v)| = |0r;(v)/dv|™" the surface element at x = k; ' (v) and define

Fro(uat) = Ky () ()i (') [do ((72) 7 (w)| |do (7)) |- (4.21)
Then the following quadrature error estimate holds:

(1 - GuaueEa) fu

< O |l |7 ] dyd {pr e + oyt (4.22)

Here Uﬂ'” = Yjaj<d |Cal and |T|| = Xja<a |Cal. Further, py = 14+~2)y 0, po = 14+~2Yd;
with dyy as in (4.9). The constant C' in (4.22) is independent of J and J'.

Proof: We apply the error estimate (4.5). To this end, we must verify the analyticity assump-
tion and obtain an estimate of the constants p; and M;, i = 1,2, in (4.5).

Consider the integrand f;; defined in (4.21) for arbitrary, fixed uy,uq, v} € [—1,1] as a
function of w4 only. Assume first that A = X = 0. Due to the analyticity of the charts x;,
the surface element |do(v’)| is analytic in v5 € [—1,1] and thus admits an analytic extension
to v}, € &£,, for some py > 1.

Since 7(u') is, for fixed v} € [—1,1], a polynomial in u), of degree < d, it is sufficient to
refer to Lemma 4.2 to show the analyticity of f;;(u,u) in (4.21) as a function of u}. The
analyticity of f; in the remaining three variables is seen in the same fashion. This completes
the proof for the case A = X = 0.

The case that A > 0 and/or X' > 0 is deduced from the above one by a scaling argument,
keeping in mind the growth of 7 and of 7 for large complex arguments and the bounds for M;
and for My derived in Lemma 4.2. O

The following lemma presents a corresponding estimate for triangles.
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Lemma 4.5 Let U’ =T = {(x1,25) : =1 <z < 1,—1 < 29 < 31}. With the notations as in
Lemma 4.4, define

Frr( ") = fr(D(), D)) (v + 1)(v] +1). (4.23)
Let
T(u) = Y cou®, Fu)= > <, uel’

0<|o|<d 0<a|<d’

be polynomials of total degrees d, resp. d' onU°. Then the following quadrature error estimate
holds:

(1= GRaueRays) o

< 022 || [ dy5 {pr e 4 py et (4.24)

where we denote, as before, ||7|| = Xo<|aj<a|ca| and ||7|| is defined analogously. The constant
C' in (4.24) is independent of ny, ng and J, J'.

Proof: We proceed exactly as in the proof of Lemma 4.4 but use Lemma 4.3 in addition to
obtain the analyticity of f;, as a function of v;, v, after applying the transformation ® (note
that the Gaussian rules applied to the transformed integrand in (4.24) correspond to a use
of conical product rules). It remains to verify the bounds for M; and p; corresponding to
f75/(v,v"). The bounds for the kernel follow from Lemma 4.3 whereas the analytic extensions
of the surface elements do(x) are bounded independently of J, J' by a scaling argument. It

remains to consider the growth of 7(®(v)), 7(P(v') for large complex |v], [v'|. To this end

observe that
(@)= D cuv”

0<ai,az<d

for certain coefficients ¢,, since m(u) is a polynomial of total degree d. Thus 7w(®(v)) is, for
fixed |vy| < 1, growing as O(|vs|?) for large |vs| and vice versa. The polynomial 7(®(v)) is
discussed analogously. Taking into account the Jacobians |do(x)| composed with the affine
maps 7; and the additional linear term (v; + 1) (v} + 1) stemming from the Jacobians of ®(v)
and ®(v'), the assertion follows. O

4.3.2. Quadrature strategy

Based on Lemmas 4.4 and 4.5 we are now in position to estimate the quadrature error for
those entries A of the compressed stiffness matrix A” for which the integrand is nonsingular,
i.e. for which the distance d;; between the respective boundary elements defined in (4.9) is
positive. The singular case will be discussed in the next section.

To define the quadratures, we recall Remark 3.1, i.e that the multiwavelets ¢; are, in local
coordinates, piecewise polynomial functions. Consequently, we apply on each of the four pieces
of supp#; a tensor product Gaussian quadrature rule or a conical product rule if the boundary
elements are triangular. Throughout, we denote by n; the number of Gauss points used in
the quadrature over I'(J) and by ny the number of Gauss points used for the quadrature over
['(J’). In either case, we denote the resulting quadrature rule by QI @Q"?. Quadrature error
estimates will be obtained by applying Lemmas 4.4 and 4.5 to each piece.

We saw in Lemmas 4.4 and 4.5 that Gaussian quadratures exhibit exponential convergence,
provided the integrands can be extended analytically to £, D [—1,1]. The convergence rate
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p is, by Lemma 4.2, basically determined by d/ max{diam(I'(J)),diam(T'(J))}. If p > 1
were independent of J, J', uniform exponential convergence would result. When all boundary
elements I'(J) are of approximately the same size (quasiuniform partitions), this can indeed
be shown. For the multiscale discretizations under consideration here, however, the quantity
d s/ max{diam(I'(.J)), diam(I'(J"))} can become arbitrarily small, for example in the block
Ao, and hence p arbitrarily close to 1. The resulting degeneracy in the convergence rates
pi in (4.22), (4.24) can be compensated by subdivision of the larger element, as we show in
Theorem 4.2 below.
Let us first introduce the notation

d if I'(J) is quadrilateral,
(d) = (4.25)
d+1 if I'(J) is triangular.

This is convenient since the quadrature error bounds (4.22) and (4.24) can both be expressed
in the form
222\ ~1 G- —2n1+(d —2no+(d’
C2727 ||| 17 dg3 {pr T 4 py (4.26)

We consider first the case where the distance between boundary elements I'(J) and I'(J') is
larger than max{diam(I'(.J),I"(J")}.

Theorem 4.1 Let J = (j,l,k,v) and J' = (§, ', k', V") with | > I' be such that
JJJ’ Z ’)/_12_ll (427)

where dyy is as in (4.9) and let frp(u,u’) be as in (4.21). Let approzimations Ayp to all
nonzero entries Ayy of Ay for which (4.27) holds be computed by

AJJ/ e QZIQZ’QQJJ,(U/’U/) (428)

where

fro(u,u’)y  if U(J),0(J") quadrilateral,

fro(®(u),u) if U(J) triangular and U'(J") quadrilateral,
frp(u, @) if U(J) quadrilateral and T'(J') triangular,
frp(®(u), () of T(J),[(J) triangular.

g (U, U/) =

Here the product Gaussian quadratures are applied to each of the four pieces on which the
multiwavelets ¥y and ?z‘]/ are, in local coordinates, polynomial functions. We denote by Ay
the block of elements obtained from numerical quadrature. Assume further that the monzero
entries of Ay for which (4.27) is violated are computed exactly.

Then there hold the block consistency estimates (3.31) and (3.32) with « = & =1, i.e.

A=Ay

< -+ EL—D)gi-t (4.29)

A=Ay

< 9~ (1)L =D gl-V (4.30)
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provided we select the number of Gauss points in (4.28) according to
ny > V(a,{d),J,J), ny > V(a,(d),J' J) (4.31)

where d 21 I~ 4+ (d+2)2L —1—1
Wia,d, g, gy = 34 Py HIZ DA AL DEL -2 F)
2 2log, (1 + bt dJJ,)

Proof: We apply Lemmas 4.4 and 4.5 with A =1, N =" and 7 = ¢; and 7 = ¥y to each of
the four pieces on which 1; and 1 are, in local coordinates, polynomials. Due to the way
the 1 ; are normalized, we have

Irl = 02), |17l = 0@").
Hence we have, for J, J' such that (4.27) holds, the error estimate
~ _ gy ~ —2n1+(d) ;) ~ —2n2+(d)
AJJ/—AJJ/ SCdJ3/2 ! l{(1+’72ldjjl) +(1‘|"72ldJJ/) } (432)

We observe that in each row of AU’ there are at most C'a?2“~ nonzero elements. To achieve
the error bounds (4.29), (4.30) we require therefore

Ay = Ayp| < C27URCLTED - Crind. of ], 7.

Comparison with (4.32) gives

~ —2n d ’ )~
(1 i ,YQIdJJ,) 1+(d) < g (@@Lt 2
o~ ((d)+2) 2L—1-1') I+ (72165”)2 202

Taking log, on both sides and simplifying, we obtain
S (d) 2logyy +1—1U'+ ({(d)+2)2L —1-1)

ng > ——1+ = .
2 2log, (1 +~2'd;)
This is the asserted bound for n;. The bound for n, is obtained completely analogously, with
[ and !’ interchanged, however. O

By Remark 3.5, the choice (4.31) will ensure the preservation of (3.38)-(3.40) under quadrature.

Theorem 4.1 addressed only the case that (4.27) holds. As explained above, however, many
elements in off-diagonal blocks as e.g. Apg are such that (4.27) does not hold. This will be
overcome by binary subdivision of the larger of the two panels I'(J) and I'(J’) until (4.27) is
satisfied for all subelements. We assume w.l.o.g that [ > I’ and that diam(I'(.J")) > diam(I'(J)).
The following lemma shows how to construct the required subdivision of I'(.J’).

Lemma 4.6 Assume diam(I'(J’)) > diam(I'(J)), (4.20) and that (4.27) does not hold, i.e.
that

0<dyy <~ 127" (4.33)

Then there exists a binary partition {D(J):JeA(J,J)} of I'(J") such that d,;> 1271 for
all J € A(J,J"). Moreover, the number of subelements I'(J) C I'(J’) is bounded by

NG < CO)I—T). (4.34)
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Proof: The triangulation of I'(J’) is given by A(J,J") = F;(J') where the function F; is
recursively defined as follows:

f = {1 if d,; >y7127!
ne=q) i 7Y 4.35
Fold) { Uiy Fs(Jr) otherwise ( )

where Ji, k = 1,...,4 denote the indices (7, [+ 1,k, ) of the four subtriangles of triangle J.
One verifies that the above recursion terminates due to the assumption d;; > 0. The bound
(4.34) is evident in the case the surface piece I'; is planar, e.g. in the case of a polyhedron
where C'(vy) is bounded by 12. For general curved boundaries, it might be larger, depending
on the curvature present, but is always bounded independently of [ and [’. O

The smallest subelements I'(J) generated by the above procedure will belong to level [* =
O(—logy(dyy)), i-e. they result from at most O(I* — ') bisection steps applied to I'(.J’).

Remark 4.1 Evidently, all subdivisions can be performed in the parameter domain ° where
each subelement can be easily identified and stored.

Remark 4.2 If [ = I, i.e. for the diagonal blocks, no subdivisions are needed to ensure
asymptotically, i.e. as L — oo, an optimal convergence rate of the fully discrete scheme. In
practice, however, the decision whether or not to subdivide the regions of integration should
be based on the geometric distance to the singularity versus the element diameter. In this way
greater robustness for irregular geometries is achieved.

Theorem 4.2 Let J = (j,l,k,v) and J' = (§,U',K',V') with | > I' be such that (4.33) holds
where dy g is as in (4.9).

Let approximations Ay to the corresponding nonzero entries Ay of Ay be computed by
the variable order, composite quadrature rule

Agp = Z QZI(”Q?(”QJJ(MU’)

JeA(J,J")
where the integrand gy (u,u') is defined in (4.28) and the quadrature orders satisfy

Lo {d) logy(I =)+ ((d)+2)2L —1 1)+ —1—2(d)

and

logy(I = 1)+ ((d) +2)2L — 1 = 1') +1' =1 — 2 (d)

/ Z >
TLQ(J,J7 ) = 210g2(1 +27)

(4.37)

Let the remaining nonzero entries of ALI’ be computed exactly. Then the consistency estimates

(4.29) and (4.30) hold.

Proof: We apply Lemmas 4.4 and 4.5 to the quadrature errors for each of the pairs J, J,
J € A(J,J") which results in the error bound

BJj — 0211_1—2Z22i {(1 + 72l+1—l~>—2n12(l—1—l~)<d) + (1 + 2,}/)—2n22—<d)} .
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We require, in order for the accumulated quadrature error to be of the proper size for the
consistency estimates (4.29) and (4.30), analogous to the proof of Theorem 4.1 that

1 —((d L-1I'—1
Byj< = 1/2 (d)+2)(2 )

~

This yields the requirement

(1 +721+H") —2m < ([ = 1)t (D+DRL—A=I+=1—(=1-D(d)

and
(1+ 27)—2@ < (l~— l/)—12—(<d)+2)(2L—l—l’)+l—l’+<d)

from where we get (4.36) and (4.37). O

4.3.3. Complexity of the non-singular quadrature

We estimate the complexity of the numerical evaluation of the nonsingular integrals in the
compressed stiffness matrix A* using the Gaussian quadratures as described in Theorems 4.1
and 4.2, respectively.

Theorem 4.3 The computational complexity for the mnumerical integration of the
O ((Ny(log N1)?) nonvanishing, nonsingular entries of the compressed stiffness matriz A" with
the quadrature strategies in Theorems 4.1 and 4.2, respectively, is bounded by O ((Np(log N1)3)
kernel evaluations in local coordinates.

Proof: In the proof, we will utilize the following estimate which follows immediately from
integration by parts and asymptotic expansions of the exponential integral function (see, e.g.,
[22]):

L £ 41

t T
—dt < —_— > 1. .
1/ gt S 0y BLENg, w21 (4.38)

Since the asserted work estimate is asymptotic and since O(-) may depend on the geometry of
the domain and on the value of the constants vy and a in (4.31), we assume for our estimation
that v = a = 1 (this only affexts the constants in the work estimate). We will also assume
without loss of generality that [ > I’. Throughout, C' will denote a generic constant which is
independent of /,1’, L but which may depend on other parameters, as e.g. d, ) etc.

We consider first the work W, corresponding to the case where no element is subdivided,
i.e. the situation of Theorem 4.1. Here (4.27) and the truncation criteria (3.30) and (3.35)
(with & = & = 1) implying with our assumption that

27 < dyy < 2F (4.39)

The total work for the integrals in block Au/ satisfying (4.39) is given by

W =S )t~ 2 @), ) @ ), )

/ 1 11
JJ 2-V<d; py<ab—i-t
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kernel evaluations. Now, for fixed J', d;; = 27'r where 7(i,j) = dist((4, ), {i = j}). Esti-
mating the sum by an integral we get

d 1—U+d+2)@—1-1)]
[_—F 2(1 + logy 1) 1 .

2l—l’§T§2L—l’

SR G Ty B v

[d Zf—z+(d+2)(25—z—5f)rrdr

Changing variables 7 = 2"~y 1 = 2117 yields

le,z' < o

QSFSQLflJﬁl

7 _ _ 2
d+l l+(d+2)(2L~l I
[ =10 +log,T

ld+l’—l+(d+2)(2l—l—l’)

2
2=+ 5y
log, 7

To apply the Cauchy-Schwarz inequality we estimate

, v NEL—1—1)]*
Wll,ll — 221 / 4t [ =1+ (d—|— )( N l l) i
[ =10 +log,T

2§;§2L—l+1

Using (p + q)* < C1(p* + ¢*), we get

9L—1+1

4
Wi < catte | <7b+1‘2 T) Fdi
=2 &2

witha=1—-0'"4(d+2)2L—-1—-10)>0and b =1 —1{ > 0 independent of 7. Substituting
7 = 2°F, we estimate

2L—l+1

4 2b+L—l+1 4 2b+L—l+1 R
/ <7b - ) = | (1 ¢ ) > Wi <a'2® [ ar.
=2 tlog, T o N 0827 2y (logy7)

Using (4.38) with ¢ = 1, k = 4 and substituting back, we get

2L7l+1

4 4
/ (L) WSClz—H(dH)(zL—z—y)] Y2(-141)

b+ log, 7 [~V +L—1+1

and using p* + ¢* < Csy(p + ¢)* for p,q > 0, we arrive at

2L—-1-1U+1-0
[ — 1+ log,(2L—1+1

= C2°F ld+ Mr.

4

L-U+1
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Further, using again (4.38) we obtain analogously

, I 1+ (d+2)2L —1—1)]"
log, 7
2SFS2L—1+1
2L -1
< 2l 2L
s ¢ l+L—l+1]

The total quadrature work for entries which are computed according to Theorem 4.1 is there-
fore bounded by

W1<CZZW

I=01l'=

Since W = Wi and Wi < € (W) (W), we obtain first that
2L-D\* (2L -1)\" (L—1)*+ (L —1)*
it < 22" |t .
+(L-l+1> (L—l’+1 =C *

(L—1+1)2(L=10+1)?
Summing over all blocks, the first d*-term results in an O(L?>Ny,) bound. It remains to estimate
the second term.

Wit < c22F

L (=D -y

W, < o2*F ZZ

- —l’+1) (L—1+1)

2LL 1)4 l 1 1 l (L_l/>4
< LGy —z+1> {Z<L+1—l/>2}*<L+1—z>2{EO@H—W}
< (92 (Z-0 L’
= Z(L+1-l) MRS e

< C02°Fp3.

Consider next the work W, for those entries A%, which are computed as specified in
Theorem 4.2, i.e. by subdividing I'(J’) as described in Lemma 4.6. In this case we may

assume that [ > I’. Then we have, under our assumptions, that the quadrature work WQZ’II in
block A;; is bounded by

l
wyt= 30 DT (k)P (na(k))?
2-1<d; <2V k=1'+1
kernel evaluations with n;(k) = n;(J, J', k) as in (4.36), (4.37). Here k* ==k —I' <1 —1"is
the depth of the binary refinement of the larger boundary element I'(J’) (cf. Lemma 4.6). We
estimate the quadrature work in block A;; as follows:

’ ’ = ’ . Al 2
Wévl S 0221 Z 22(l—l )—jx Z (d + z ~> 22
jo=0 A I+1—k
2 = L ? 2,
= 2y 9 (d —>
220\ ) 2

j*:O k*=1
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where z = log, 7. + (d + 2)(2L — [ — I"). Changing the order of summation gives

, = 1=l 2
S <d+—*) ;
= s I~ +1—k
llfl’ . 1-1'— P 2 )
— 2ty 2 2]( —>
k*zl Z I—Ur+1-k) °
2Rk z 2
< 2 2—*<d —> z
= 22, vkt

= , z 2
— CQQl Z 27(l7l +1*k) (d 4 E) 52

k=1

where Z = log,(l —I') + (d + 2)(21 — I — I) is independent of k. Hence we get the bound
1= -~
Wil < ottt 22’“ (d+ k) 2.

Expanding the square, passing from sums to integrals and using (4.38) with £k =1 and ¢ =0
yields

2
Wi < o2 [d+l z'} 52

ot 712
< 2% [d + logy(! = ! )l+ (ZQ,L = )] (logy(I = 1) + (2L — 1 —1'))*.

Summing over all blocks gives

Wy = ZW <CZZW“’

INES I=010'=

< 02221 Zo ( %)2 (logy(l — ') + (2L — 1 = I))*

< CZQQl/Zolog;QZ—l)) (2L—l—l’)2+<2L(l__—ll;2ll>4

< 022211/20 D A=A L -1+ (1))
< 022” {(L — li(l — )77+ f(l — )P+ (1 -1)(L - 5)2}

O

Remark 4.3 In our asymptotic work estimates we used only certain simplified bounds for the
number of quadrature points. In computational practice, however, the full expressions (4.31),
(4.36) and (4.37) should be used. Note also that with a less sophisticated selection of ny, na,
one can still ensure the asymptotic convergence rates for the fully discrete scheme, but at the
expense of higher powers of log Ny, in the work estimates.
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4.4. Quadrature of the singular integrals

We turn now to the quadrature of the remaining entries of the compressed stiffness matrix
Al ie. those A for which

dist(suppt s, supptp ) = 0. (4.40)

Throughout this section, we assume w.l.o.g. that [ > I’. We distinguish three basic cases:
a) ['(J) CT(J"), b) I'(J) and I'(J’) share an edge and ¢) T'(J) and I'(J’) share a vertex.

4.4.1. Treatment of point functionals

Before discussing the singular integrals, we consider the terms

(g, ¥) (4.41)

which arise from the point functional ¢(x)u(z) in (3.7). In cases b) and ¢) we have obviously
that (c1);,1,) = 0. Due to { > I’ we have I'(J) C I'(J’) and hence that

(o) = [ elehi (@) (@)dofz). (4.42)

r(J)

We begin our analysis with the observation that o c|fj is an analytic function of u €

U° = (—1,1)? (we discuss only the quadrilateral case since the error analysis for triangular
U° is, after using Duffy coordinates, completely analogous). A change of variables in (4.42)
together with the definition (3.17) of the v, yields

@ﬂU,¢y>:ZQN_FQU/CC>Ofcw@)_lﬁyﬁw|d000|du. (4.43)

MO
We approximate the double integral with an n-point Gaussian quadrature rule and use the

derivative-free error estimate of Proposition 4.1.

Theorem 4.4 If the double integral (4.43) is approrimated by an n X n point tensor product
Gaussitan quadrature with

(d+1) 2L —1—1)—2(1—1)

= LI >
n=n(d, L 11')>d+ 2Tog, (1 +~21)

(4.44)

the block consistency estimates (4.29), (4.30) are preserved and the total quadrature work for
the point functionals is bounded by C' Ny, (log NL)3 integrand evaluations.

Proof: Let
frp(u):=2""co (T,f o /{j)il Uyiby |dol du.

Since v, and 1;,,/ are polynomials on 4° and c o /ﬁ;l, |do| are analytic on U0, the integrand in
(4.43) is, for fixed u; € (—1,1), analytically extendable into £, D [—1, 1] with p = 1 +~2° and
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likewise for uy. The maximum M of the extended integrand on 9&, is, as before, bounded by
Cp??. Hence, using Propositions 4.1 and 4.2 we get

—2n+2d

(T-cnan) frr| <C27 (14 92)) . (4.45)

Analogous error bounds hold also for U° a triangle if we map it to a square with (4.16),
provided d is replaced with (d) then.

As explained in Remark 3.5 we want to ensure that the errors caused by (4.45) satisfy
the estimates (3.31), (3.32) To this end observe that in each row/column of a block A;; of
the compressed stiffness matrix there are at most a finite, fixed number of entries of the form
(4.41). Therefore the required block consistencies (4.29), (4.30) hold if the error bound (4.45)
is of this order, i.e. if

ol (1 n ,YQl)*Q"”d < 9 (d+)@L-I-)gl—1"
After elementary manipulations we obtain (4.44) for the order of the Gaussian quadrature.
The work per each entry of type (4.41) is n? kernel evaluations. In block A, the diagonal

has O(2%) entries, hence the total quadrature work for the point functionals is bounded by

XY i L F <032 S | ]

W, < 2 n(d, L,1,1"))" < 2 a+—-—=—.

=0 1'=0 =0 1'=0 (I +logy7)?

Elementary estimates yield the asserted bound for the work. O

4.4.2. The case I'(J) CT'(J")

This case arises on the diagonals of the blocks A; ;. Discarding the point functionals, we must
evaluate
Agp=tin [ K@ g)es@)bs (y)do(y)do(). (4.46)

(z,y) €T (J)xT(J")
lz—y|>e

;From the rule for variable substitution in principal value integrals (see, e.g., [19, 31]), we get

Ay = 242 / co(w) (P, o ) (Wb © Th)du (4.47)
uEZ/{,lC
4 gltl=2 ll_)I% / f(jj/(u, u')(zﬂy o T,i)(@/;y/ o T,i/,) |do(u)| |do(u')| du'du.
(u,u’)eullcxullcl/
|u7u’|25

Here the point functional ¢q(u) is analytic with domain of analyticity independent of [, 1’. Its
quadrature can therefore be treated exactly as in Theorem 4.4.

Remark 4.4 If the charts k;, x;; are local tangential coordinates to the surface, we have
co(u) = 0. This is the case considered in [10].

We denote henceforth by A, the double integral in (4.47).
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Remark 4.5 For the evaluation of the singular integrals it is sufficient to consider the case
where both regions of integration are of the same size.

This is evidently so for [ = I'. If, however, [ > [’, the larger patch Z/l,i/, has to be dyadically
refined toward U}, NUL, with [ —1’ levels, as in Lemma 4.6. This yields a series of near singular

integrals which can be integrated exactly as described in Theorem 4.2. Therefore only (a
bounded number of) singular integrals over I'(J) C I'(J"), J = (j', 1, k, V') € A(J, J') for which

['(J)NT(J) # 0 remain to be analyzed. For these integrals, however, the sizes of I'(J) and
['(J) are (asymptotically) equal, i.e.|I'(J)| ~ ‘T(j)’ ~ 272

We will show now that for the singular double integrals (4.47) with equal sized domains of
integration the singularity can effectively be removed by coordinate transformations.
According to Remark 4.5, we may translate/rotate U. = Z/{;€ to U =

{u 0<uyy <h=2"0<u < ul} so that it remains to evaluate

B,y =2+ lim / H (u, v’ — u)dudu’ (4.48)
E—r

(u,u/)EMéXL{é

|u—u"26

where we defined

H (u, v’ —u) = Kjjo(u, o), 0 ) () (4 0 730) () [ do(u)| |do(u)]

Note that Kj; and |do| in H(u,v) are independent of I.
The first transformation consists in introducing the relative coordinates [10]

> (4.49)

Elementary manipulations show that the region U} x U} of integration becomes the union of
6 domains in R*, i.e.

6
Z/{é X Z/{(l] = U Vﬂ, VH = Vﬂ,l X Vﬂ,Q X Vﬂ,3 X VH74
p=1

with pi € VMJ’ 1= 1, 2 and q; € VM7Z‘+2, 1= 1,2, and

Vin=[-h0] Vip=[-h,pi] Vig = [—p2, I Via = [=p2, ¢

Vai = [=h,0] Vi =p1,0] Vas = [—p1, b Vau = [=p2.q1 + p1 — po]

Va1 =[-h,0] Vsp=1[0,p1+h]  Viz=[p2—p1,h Via=1[0,q1 + p1 — p2] (4.50)
Via=1[0h]  Vig=[p—h]  Vizg=[-p2,1-p] Via = [=p2, a1

Vi1 =[0,h] Vo = [0,p1] Vss = [0,h—pi] Vsa=0,q1]

Ve1 = [0, h) Voo =1[p1,h]  Ves=[p2—p1,h—p1] Vsa=1[0,¢1+p1— pal
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where h = 27!, Therefore

B,; =2""1im Z / H(q,p)dpdq. (4.51)

e—0 1
= lp|>e
Vi 1 XV, 2 XV 3%V 4

Next we map V,1 X V,2 to U} and transform ¢ via

p+(hh)"  p=1, p—(hh)"+q p=1,
—p n=2, q—p p=2,
(0" p=3, ] p=(0) g p=3
P g = (4.52)
—p+ (0" p=4 q p=4
p p=5, q p=09,
—p+(hh)T pu=6 q p=06
This shows that
By =2 lim [ (H\(p) + Hx(p) + Hs(p)) dp (4.53)
ug
|p|>e
where
h—p1 §1
1) = [ [ (H@5) +H(a+p,—5))di,
0o 0
P11 G1—Pp1+D2
Hy(p) = (H (g, (h,h)" =)+ H(@+ (b, )" = p,p— (b, 1)) dg,  (454)

13}*132 X 0
Hp) =1 | (H@ (00 —5)+H@G+(00) —pp—(h0)7))dd.

P2 G1—(p1—P2)

The functions H;(p) have singularities in the corners of U}. The purpose of the transformations
was to render these singularities weakly singular, i.e. the leading singularity is cancelled out.
This is a consequence of the following lemma.

Lemma 4.7 There exists k;j(u,v), analytic in u € U for every fized v # 0 and homogeneous
of degree —2 in |v| such that

H(u,v) = kjj(u,v) + Rjj(u,v). (4.55)
Here kjj; is antisymmetric w.r. to v, i.e.
kjy(u,v) = =kjjr(u, —v), v #0 (4.56)

and the remainder R;;(u,v) corresponds to a weakly singular boundary integral operator. In
particular, R;;(u,v) is analytic in u € UO for every ﬁxed v # 0 and analytic inv # 0 for every
u € U0 and satisfies the esstimate | R, (u,v)| < C |v| ™"
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Proof: The decomposition (4.55) is a consequence of Taylor expansions of the smooth parts of
H(u,v) about v = 0 and of the pseudohomogeneity of the kernel K (z,y) in local coordinates
(see [31]). The antisymmetry (4.56) of k;; follows from K(z,y) = K(z,y,z —y) with K as in
(3.8). O

Remark 4.6 The antisymmetry (4.56) implies in particular the Tricomi-Giraud-Mikhlin con-
dition
/ /{ij/(u,v) =0.
lv|=1

Notice however that (4.56) is actually a stronger condition which is, nevertheless, always
satisfied for zero order boundary integral operators arising in the boundary reduction of second
order elliptic PDE, as was shown in [15].

The idea is now that due to the antisymmetry (4.56) the integrand H(u,v) in the definition
(4.54) can be replaced by R,j(u,v). Hence the H;(p) are in fact weakly singular only at the
vertices of U.

After the tranformations (4.49) and (4.52) the integral is ready for numerical qudrature.
For convenience of exposition, we will state the detailed result only for H;(p) in (4.53), the
other two cases are treated in exactly the same fashion.

Theorem 4.5 Let ®(€) = (£,6&)" 1 UL — (0,h) x (0,1) denote the Duffy transformation.

Then
h—£&1 41

h 1
By =24 [m@as= [ [ [ [ 1660 @)dedidgds
00 0 O

where the integrand
f=8{H(G,®(8)) + H(q+ 2(§), —2(£))}
is independent of | and " and can be analytically extended in each variable past the region of
mntegration.
Let GGGyl Gy | denote the quadrature approzimation to B}]j by properly scaled Gaus-

2
sian quadrature formulas with

d+1)(QL—1-1) I

>d
me=dt 200+ 1) L

(4.57)

Tesp.
d+1)@QL—1-1) U

>d
e = A 2log, 6 log, §

(4.58)

nodes where 6 € (1,4.62) depends only on the reqularity of the chart k; (for regqular charts it
is uniformly bounded away from 1; a precise value was obtained for general surfaces in [32]).

Then the block consistency estimates (4.29), (4.30) are preserved and the total quadrature
work for the singular integrals (4.48) is bounded by C' Ny, (log NL)2 kernel evaluations.

Proof: The function H(q,p) + H(G + p, —p) is analytic for p # 0. It remains therefore to
investigate the situation at p = 0. We write

H(q,p) + H(q+p,—p) = H(q,p) + H(q,—p) +p- (0. H)(C(P, §), —P)
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where ((p, ¢) is analytic. By Lemma 4.7, this yields
H(q,p) +H(G+p,—p) = Rj;(¢,p) + Ry (¢, —p) + p - (01 H)(C(P, q), —P)-

Thus the integrand is weakly singular at p = 0.

The analyticity of the integrand f with respect to ¢ follows from that of the kernel R;; of
Lemma 4.7 and the charts, whereas the analyticity with respect to £ can be shown as in [32],
Theorem 1.

Next we estimate the quadrature error using a tensor product argument as in the proof of
Proposition 4.3. We use, however, for the ni-point quadrature error the estimate

h
[ f@)ma/hyde - G | < Cpemtor, (4.59)
0

where 7, is a polynomial of degree at most p independent of h.
For the ny-point quadrature we use, as before, Proposition 4.1. This yields the error bound

— }Bl GgllG Ganch < C {27(l+1)(2(n17d)+1) 4 572(n27d)} 2[+l/.

Here C' = C(ny,d) is independent of [,I',ny and § > 1 depends only on the domains of
analyticity of x; and of s, in (3.8). ;From the analysis for the consistency error due to the
matrix compression, we must have (cf. the proof of Theorem 4.4)

E < 02—(d+1)(2L—l—l/)21—l/ )

This gives the asserted quadrature orders (4.57), (4.58).
The work estimate is obtained as follows.

L !
wh < Y223 (n)’ns

=0 I'=0
Lol oL —1\°

< XY (1+ 5] (+(L-1)
=0 I'=0

< CiQQl{QLlJr(2L—l)4/(l+1)2}
=0

L L
< CLY 221+ CL* 27(1+1)?<CL*2*
=0 =0

where we used (4.38) with £ =1 and k = 2. O

4.4.3. I'(J) and I'(J’) share an edge

By Remark 4.5 it is once again sufficient to consider I'(J) and I'(J) C I'(.J') belonging to the
same level [. By translation and rotation of U}, and L[}C this case can be further reduced to

h u h 0

BJj:2l+l/////Huu — u)dudu’ (4.60)

0 —uy
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where h = 27! and the integrand function H(u,u’ — u) is defined in (4.48). The key to
the regularization is again an appropriate variable transformation which we present in the
following lemma.

Lemma 4.8 There holds

h 0
//// H (uy, ug; uy — uy, uy — ug)duydusduyduy =
000

[[[e {1 ent—6).ene000—6), ~€0+n8)) +
0 0 O 13
H(¢—&(1=n),&n;6(1—n), =§(1+n —0))] dC+ (4.61)

JIH (€61 =0):=€0—n), =61 +7-0) +
3

H(C.& —€n(1— 0).—€(1 1 o)) dé}dédmw

Proof:[28, Chap. 3.3] We map Z/lé ={u : 0 <u) < h,—u] <u) <0} onto U} by setting

u' = (wy, —ws

and

where

and

)". Hence
wp — U

—(wg -+ UQ)

B;;= //H(u,u'—u)dudu': B';+ B?;

Lgql
ut ul

h ui up wi

B}j:////H(Uhuz;wl—U1,—(w2+uQ))dwdu
0000

w1 w1 Ul

h
Bj;= // /H<u17u2;w1 — uy, — (w2 + ug))dwdu.
0000

0
Setting w; = u; — wy in B}j and %; = wy; — ug in B?]] yields

h uy ui up—w

B}]j = /// / H<u17 U2; —’IIJ17 —<U}2 + u2))dw2d’d]1duldu27
000 0

B?IJ = // / H(wy — @y, ug; Uy, —(we + ug))dwedw;diy dus.
0

In both terms thus the singular arguments are independent of u; resp. wq, i.e. the integrand
is analytic in these variables. We exchange the order of integration to move these integrations
to the innermost position.
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Since both terms are analogous, we concentrate now only on B2.. The region D of inte-
gration can be split into three subdomains, resulting in Bi F= B?]} + B?]; + B?];’ with

h w2 wa—11
Bi} :// / Ky (wg, Gy, ug; iy, —(wa + ug))dugdiy dwy,
00 0
h wy h—1u1
Bij :// / Ko(ws, Gy, ug; iy, —(wa + ug))dugdiy dwy,
0 0 wo—1uy
h h h—iy
Bi? - // / KQ(w%ﬂla Ug; ﬂla _(w2 + UQ))dUQdﬂld’LUQ
0 w2 O
where we set
h
K1 (wy, iy, ug; iy, —(wy + up)) = /H(w1 — 1y, ug; Uy, —(wy + uz)) dw
w2
and
h
Ky (wa, iy, ug; tr, —(wa + uz)) = / H (w1 — iy, ug; g, —(wa + ug)) dwy.
u1+u2
We substitute variables as follows: In B?]’}:
w |=10 11 i =1 @ [=]01 21 a |
2 00 1)\ u uy 00 1 iis
2,2,
in BJj.

|
—_
—_
—_
<
)
<
)
()
—_
o
¢
)

This yields
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2 U2

S

h
22
B3; _/

0

o

/KQ(wQ — Uy, Wy — U, Ug; Wo — Uy, —(Wa — Uy + Usg))diy dliadidy
0

and

2 U2

h
00 0

< w

Swapping the innermost integrations in Bi;’ and exchanging the variables 1, and 15 in Bi’?,

- 2,2 23 . : L
we can combine B’7 and B7; into a single term, resulting in

£

2 U1

2 o e - - - P A
B = K (g, Uy — g, g} Uy — Ug, — (W + Uz))dliadiy didy

+ Ky (g — Uig, Wo — Uy, Uy; W — U, —(Wo + Uy — Us))dUadiy dids.

S — T
o s P —
o\g(o\

Applying the triangular coordinates
Wy = gual = §n7a2 = 5779

in the first integral and
Wy =&, Uy = &N, Uy = 0
in the second integral yields, after backsubstituting K; and Ks, the first two terms in (4.61).

The substitutions for B}] 7 are exactly the same, with u and w interchanged, and yield the
last two terms in (4.61). O

The main point of the transformation (4.61) is that for H as defined in (4.48) and kernels as in
(3.8), the integrand on the right hand side of (4.61) is analytic in all variables of integration.
Thus, standard Gaussian quadratures will yield the consistency required by the Galerkin
scheme.

Theorem 4.6 Denote by f(wy,&,n,0) the integrand in (4.61). Let GP'G¢'GR2Gp* f denote

the quadrature approzimation to B ;; by properly scaled Gaussian quadrature formulas with

(d+1)2L—-1-1" n I
2(1+1) [+1

resp.
d+1)@L—1-1) I

2log, * log, 0

ny > 2d + (4.63)

nodes where § is as in Theorem 4.5.
Then the block consistency estimates (4.29), (4.30) are preserved and the total quadrature
work for the singular integrals (4.60) is bounded by C' Ny, (log NL)3 kernel evaluations.

Proof: ;From the definition of H in (4.48) we see that |do(u)l|, |do(u')| are, in the ((,&,n,0)
coordinates, analytic functions with domains of analyticity independent of [ and I’
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The product @Z;V@/;V/ is, in triangular coordinates, a polynomial of the form

Z Caca1§a277a39a4-
a; <4d

We claim that the integrand is analytic in the triangular coordinates and independent of the
level . The independence of [ follows directly from its definition. The analyticity as a function
of (n,0) for £ # 0 follows from H (u;v) being analytic in v and also in v # 0, since n(1 —6) and
1+n0 resp. 1 —n and 1 +n— 6 do not vanish simultaneously for any (n,6) € [0, 1]2. This also
shows the analyticity with respect to & provided £ # 0. The analyticity at £ = 0 (and thus
the uniform analyticity in &) follows from H (u;v) being pseudohomogeneous of degree —2 in
v. Using the pseudohomogeneous expansion of H (u;v) with respect to local polar coodinates
in v (see, e.g., [31]), we see that the factor £2 introduced by the triangular coordinates cancels
the singularity of H. This shows that the integrand is regular at £ = 0. Analyticity at £ =0
is then shown as in [32].

To estimate the quadrature error, we use a tensor product argument. For the double
integration in (¢,€) € (0,h)?, we use the error estimate (4.45) and for the integration in
(n,0) € (0,1)%, we use Proposition 4.1. This is analogous to what was done in the proof of
Theorem 4.5. We get the error estimate

E=|B,; - GIGrGrGyf

< OOl (27(l+1)(2n1+174d) + 572(n272d)) .

Matching this error bound with the block consistency estimates yields the lower bounds for
quadrature orders n;, and ns.

The work estimate is obtained as in the proof of Theorem 4.5, bearing in mind that we
now have to sum up 2%(n;)?(ny)? over all blocks (thus the power of [ + 1 in the denominator
is reduced by one resulting in one additional power of L). O

4.4.4. I'(J) and I'(J’) share a vertex

The final case where supports contain a common vertex is also treated using a special coordi-
nate transformation due to [10, 28]. We refer to [10, Section 2.3].

One introduces first a new coordinate w = u' — u and obtains, after careful examination
of the limits of integration, an equivalent integral

B,y =2 [ fn)n
D

over the domain
D={neR":0<m <h0<n<m;0<n <m;0<ng <ns}
Now, however, 4-dimensional triangle coordinates are introduced, i.e.
m=E& n=E&0; =234 (4.64)

This yields
(2]

By =2 /h / / [ €5(¢. €01, €02, 604 deav.
00 00
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We can now estimate the error as in Theorems 4.5, 4.6 using the tensor product argument of
Proposition 4.2.

This will yield again lower bounds for ny, the number of nodes for the ¢ integration and
for ng, the number of nodes for the 6 integration of the form (4.62), (4.63), with 2d replaced
by 3d.

The quadrature work is estimated as follows:

L
Wsl S 02221 nl(ng)g
=0 I'=0
L ! 2L —1
< (JZleZ( ﬁ) (14 (2L —1))?
=0 I'=0

L
< CLYY 2* < oLttt

1=0
Thus we have shown

Theorem 4.7 The singular integral where T'(J) and T'(J'") share a vertex can, after reduction
to integration domains of equal size as described in Remark 4.5, be treated with the coordinate
transformations described in [10, Section 2.3]. The product Gaussian integration of the regu-
larized integrands needs, to ensure the block consistency estimates (4.29), (4.30) and thus the
asymptotic convergence rates, O(Ny(log Np)*) kernel evaluations.

Remark 4.7 We point out that this type of element in the stiffness matrix is the only one that
requires O(Np(log Np)*) kernel evaluations. Note that the regularizing factor £2 introduced by
the coordinates (4.64) is actually not necessary to render the transformed integrand analytic
— &2 would suffice here. We therefore conjecture that the O(Ny(log Ny)*) complexity could be
reduced with a different regularization.

5. Conclusion

A multiwavelet basis for L? on curved, piecewise smooth surfaces I' C R? has been constructed.
The multiwavelet families are fully orthogonal and the construction applies for arbitrary degree
of approximation d € INg.

We have shown that stiffness matrices for corresponding multiscale Galerkin discretizations
for a class of strongly elliptic boundary integral operators of order zero on piecewise smooth
surfaces in R® can be compressed to O(Ny(log Np)?) nonvanishing entries while retaining
essentially (up to logarithmic terms) the full asymptotic convergence rates of the uncompressed
scheme, even in negative norms.

The location and required accuracy of the nonzero entries in the compressed stiffness matrix
can be determined a-priori and explicitly, thus bypassing the need to generate the full, dense
stiffness matrix prior to compression.

Due to our multiwavelets being piecewise polynomial in local coordinates, standard tensor
product Gaussian quadrature can be used for the computation of the entries in the compressed
stiffness matrix. We have given explicit estimates for the required quadrature orders and
shown that the approach of [10, 28] for the quadrature of the singular integrals can be used
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in a multiscale context as well. The total work for all quadratures, except for one type of
singular integral, was estimated to be O(Np,(log N1)?) kernel evaluations.

The condition number of the compressed stiffness matrix was shown to be bounded, so the
iterative solution with standard methods, as e.g. Richardson iteration or generalized conjugate
gradient methods can be obtained with an accuracy comparable to the discretization error in
O(Np(log N1)*) operations, provided we start on level 0 and use the approximation on level [
as initial guess on level [ +1 for [ =0,...,L — 1.

The consistency and quadrature error analysis presented here is quite flexible and applies
also to Galerkin schemes for strongly elliptic operators of nonzero order provided piecewise
polynomial, biorthogonal multiwavelet bases for H*'/?(T") with the appropriate number of
vanishing moments are available. We mention further that using families of biorthogonal
multiwavelets with the same approximation order, but a higher number of vanishing moments
than our family will allow to remove some of the logarithms in the complexity estimates [29].
As long as these families are piecewise polynomial, our quadrature error analysis will still
apply.

We emphasize in closing that no computational experience with the method presented here
has yet been obtained. Although the work estimates obtained here are slightly better than
corresponding ones for, say, the panel clustering Galerkin method, it must be borne in mind
that they are asymptotic. They have little predictive value for the performance of an actual
implementation of the method which depends on many other factors as well.

References

[1] B. Alpert, A class of bases in L? for the sparse representation of integral operators SIAM
J. Math. Anal. , 24 (1993), 246-262.

[2] B. Alpert, G. Beylkin, R. Coifman and V. Rokhlin, Waveletlike bases for the fast solution
of second-kind integral equations SIAM J. Sci. Statist. Comp., 14 (1993), 159-184.

[3] G.Beylkin, R. Coifman and V. Rokhlin, Fast wavelet transforms and numerical algorithms
I, Comm. Pure and Appl. Math., 44 (1991), 141-183.

[4] M. Costabel and W.L. Wendland, Strongly elliptic boundary integral equations, J. reine
angew. Mathematik, 372 (1986) 34-63.

[5] W. Dahmen, S. Prossdorf and R. Schneider, Wavelet approzimation methods for pseudod-
ifferential equations I1: Matrixz compression and fast solution, Advances in Computational
Mathematics 1 (1993) 259-335.

(6] W. Dahmen, S. Prossdorf and R. Schneider, Multiscale Methods for pseudo-differential
equations on manifolds, to appear in Chui (ed.) Wavelet Analysis and its Applications, 5
(1995), Academic Press.

[7] P.J.Davis and P. Rabinowitz, Methods of Numerical Integration, Academic Press 1975.

[8] J. Elschner, The double layer potential operator over polyhedral domains II: Spline
Galerkin methods, Math. Meth. Appl. Sci., 15 (1992) 23-37.



45

[9] W. Hackbusch and Z.P. Nowak, On the fast matriz multiplication in the boundary element

method by panel clustering, Numer. Math., 54 (1989) 463-491.

[10] W. Hackbusch, S.A. Sauter, On the efficient use of the Galerkin method to solve Fredholm

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]

integral equations, Applications of Mathematics (formerly: aplikace matematiky), 38 (4-
5) (1993) 301-322.

S. Hildebrandt and E. Wienholtz, Constructive proofs of representation theorems in
separable Hilbert spaces, Comm. and Pure Appl. Math. 17 (1964) 369-373.

L. Hormander, The Analysis of Linear Partial Differential Operators III Grundlehren
Series Springer Verlag, New York, 1985.

G.C. Hsiao and W.L. Wendland: On a boundary integral method for some exterior prob-
lems in elasticity Proc. Tiblisi University (Trudy Tibliskogo Ordena Trud. Krasn. Znam.
Gosud. Univ.) UDK 539.3, Math. Mech. Astron. 257(18) (1985) 31-60.

C. Johnson and L.R. Scott: An analysis of quadrature errors in second—kind boundary
integral methods STAM J. Num. Anal. 26 (1989) 1356-1382.

R. Kieser, Uber einseitige Sprungrelationen und hypersinguldre Operatoren in der Methode
der Randelemente, Ph.D. Dissertation Stuttgart University 1991.

H. Kumano-go, Pseudodifferential Operators MIT Press, Boston, 1981.

O. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, 2nd ed.,
Gordon and Breach, New York, 1969.

Y. Meyer, Ondelettes et opérateurs Vol. 1: Ondelettes, Vol. 2: Opérateurs de Caldéron-
Zygmund, Hermann & Cie. Publ. Paris, 1990.

S.G. Michlin, Multidimensional singular integral equations Pergamon Press Oxford 1965.
H. Moritz, Advanced physical geodesy Abacus Press, Tunbridge Wells, Kent, 1980.

P. Oswald: On function spaces related to finite element approzimation theory, Z. Anal.
Anwendungen, 9 (1990) 43-64.

F.W.J. Olver: Asymptotic and Special Functions, Academic Press New York 1975.

T. von Petersdorff and C. Schwab: Wavelet approximation for first kind boundary
integral equations on polygons (to appear in Numerische Mathematik).

T. von Petersdorff and C. Schwab: Wavelet approximation with mesh refinement for
integral equations on polygons (in preparation).

T. von Petersdorff, R. Schneider and C. Schwab: Multiwavelets for Second Kind Integral
Equations, Technical Note BN-1153, IPST, Univ. Maryland College Park, August 1994
(submitted to SINUM).



46

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]
[34]

[35]

A. Rathsfeld, A wavelet algorithm for the solution of the double layer potential equation
over polygonal boundaries, Journal of Integral Equations and Applications, 7 1 (1995)

V. Rokhlin, Rapid solution of integral equations of classical potential theory, J. Comp.
Phys., 60 (1985) 187-207.

S. Sauter, Uber die effiziente Verwendung des Galerkinverfahrens zur Losung Fredholm-
scher Integralgleichungen, Dissertation Christian-Albrechts-University Kiel, Germany,
1992 (in German).

R. Schneider, Multiskalen- und Wavelet-Matrizkompression: Analysisbasierte Metho-
den zur effizienten Losung grosser vollbesetezter Gleichungssysteme, Habilitation Thesis,
Technical University Darmstadt, Germany (1995).

C. Schwab, Variable Order Composite Quadrature of Singular and Nearly Singular Inte-
grals, Computing 53 (1994) 173-194 .

C. Schwab and W.L. Wendland, Kernel Properties and Representations of boundary in-
tegral operators, Math. Nachr. 156 (1992), 187-218.

C. Schwab and W.L. Wendland, On numerical cubatures of singular surface integrals in
boundary element methods, Num. Math. 62 (1992) 343-369.

C. Schwab and W.L. Wendland, in preparation.

T. Tran: The K-operator and the Galerkin Method for strongly elliptic equations on
smooth curves: Local Estimates, Math Comp 64 210 (1995) 501-513

W. L. Wendland, Strongly elliptic boundary integral equations in: The State of the Art
in Numerical Analysis (A. Iserles and M. Powell eds.) Clarendon Press Oxford (1987)
511-561.



Research Reports

No. Authors Title
95-08 T. von Petersdorft, Fully discrete multiscale Galerkin BEM
C. Schwab
95-07 R. Bodenmann Summation by parts formula for noncentered
finite differences
95-06 M.D. Buhmann Neue und alte These iber Wavelets
95-05 M. Fey, A.-T. Morel Multidimensional method of transport for the
shallow water equations
95-04 R. Bodenmann, Compact difference methods applied to
H.J. Schroll initial-boundary value problems for mixed
systems
95-03 K. Nipp, D. Stoffer Invariant manifolds and global error esti-
mates of numerical integration schemes ap-
plied to stiff systems of singular perturbation
type - Part II: Linear multistep methods
95-02 M.D. Buhmann, F. Der- Spectral Properties and Knot Removal for In-
rien, A. Le Méhauté terpolation by Pure Radial Sums
95-01 R. Jeltsch, R. Renaut, An Accuracy Barrier for Stable Three-Time-
J.H. Smit Level Difference Schemes for Hyperbolic
Equations
94-13 J. Waldvogel Circuits in Power Electronics
94-12 A. Williams, K. Burrage A parallel implementation of a deflation algo-
rithm for systems of linear equations
94-11 N. Botta, R. Jeltsch A numerical method for unsteady flows
94-10 M. Rezny Parallel Implementation of ADVISE on the
Intel Paragon
94-09 M.D. Buhmann, Knot removal with radial function
A. Le Méhauté interpolation
94-08 M.D. Buhmann Pre-wavelets on scattered knots and from ra-
dial function spaces: A review
94-07 P. Klingenstein Hyperbolic conservation laws with source
terms: Errors of the shock location
94-06 M.D. Buhmann Multiquadric Pre-Wavelets on Non-Equally
Spaced Centres
94-05 K. Burrage, A. Williams, The implementation of a Generalized Cross
J. Erhel, B. Pohl Validation algorithm using deflation tech-
niques for linear systems
94-04 J. Erhel, K. Burrage, Restarted GMRES preconditioned by de-
B. Pohl flation
94-03 L. Lau, M. Rezny, ADVISE - Agricultural Developmental Visu-

J. Belward, K. Burrage,
B. Pohl

alisation Interactive Software Environment



